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Abstract

Ž .The Quantum Stationary HJ Equation QSHJE that we derived from the equivalence principle, gives rise to initial
conditions which cannot be seen in the Schrodinger equation. Existence of the classical limit leads to a dependence of the¨
integration constant lls ll q i ll on the Planck length. Solutions of the QSHJE provide a trajectory representation of1 2

quantum mechanics which, unlike Bohm’s theory, has a non-trivial action even for bound states and no wave guide is
present. The quantum potential turns out to be an intrinsic potential energy of the particle which, similarly to the relativistic
rest energy, is never vanishing. q 1998 Elsevier Science B.V. All rights reserved.

PACS: 03.; 03.65.-w; 04.60.-m
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Let us consider a one-dimensional stationary sys-
Ž .tem of energy E and potential V and set WW'V q

w xyE. In 1 the following equivalence principle has
been formulated

For each pair WW a,WW b, there is a transformation
a b ( a)q ™q sÕ q , such that

WW a q a ™WW aÕ q b sWW b q b . 1Ž . Ž .Ž . Ž .

1 E-mail: faraggi@mnhepo.hep.umn.edu
2 E-mail: matone@padova.infn.it

Implementation of this principle uniquely leads to
Ž . w xthe Quantum Stationary HJ Equation QSHJE 1

2 21 E SS q "Ž .0 � 4qV q yEq SS ,q s0,Ž . 0ž /2m E q 4m

2Ž .

where SS is the Hamilton’s characteristic function0

also called reduced action. In this equation the Planck
constant plays the role of covariantizing parameter.
The fact that a fundamental constant follows from
the equivalence principle suggests that other funda-
mental constants as well may be related to such a
principle.
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w xWe have seen in 1 that the implementation of
the equivalence principle implied a cocycle condition
which in turn determines the structure of the quan-
tum potential. A property of the formulation is that

w xunlike in Bohm’s theory 2,3 , the quantum potential

"
2

� 4Q q s SS ,q , 3Ž . Ž .04m

like SS , is never trivial. This reflects in the fact that0

a general solution of the Schrodinger equation will¨
have the form

i i
y SS SS01 0" "

cs Ae qBe . 4Ž .X ž /SS( 0

Ž D .If c ,c is a pair of real linearly independent
solutions of the Schrodinger equation, then we have¨

2 i
wq i llSS0 i a"e se , 5Ž .
wy i ll

where wsc Drc , and Re ll/0. We note that ll ,
on which the dynamics depends, does not appear in
the conventional formulation of quantum mechanics.

In this Letter we show that non-triviality of the
quantum potential of the free particle with vanishing
energy is at the heart of the existence of a length
scale. Actually, we will show the appearance of the
Planck length in the complex integration constant ll ,
indicating that gravity is intrinsically and deeply
connected with quantum mechanics. Therefore, there
is trace of gravity in the constant ll whose role is

Ž .that of initial condition for the dynamical Eq. 2 . In
this context we stress that ll plays the role of
‘‘hidden’’ constant as it does not appear in the
Schrodinger equation. This is a consequence of the¨
fact that whereas the Schrodinger equation is a sec-¨
ond-order linear differential equation, the QSHJE is
a third-order non-linear one, with the associated
dynamics being deeply connected to the Mobius¨
symmetry of the Schwarzian derivative.

Before going further it is worth stressing that the
basic difference between our SS and the one in0

w xBohm’s theory 2,3 arises for bound states. In this
case the wave function c is proportional to a real
function. This implies that with Bohm’s identifica-

Ž . Ž . Ž .tion c q sR q exp i SS r" , one would have SS0 0

scnst. Therefore, all bound states, like in the case

of the harmonic oscillator, would have SS scnst0
Ž .for which the Schwarzian derivative is not defined .
Besides the difficulties in getting a non-trivial classi-
cal limit for psE SS , this seems an unsatisfactoryq 0

feature of Bohm’s theory which completely disap-
Ž .pears if one uses Eq. 4 . This solution directly

follows from the QSHJE: reality of c simply im-
< < 2 < < 2plies that A s B and there is no trace of the

solution SS scnst of Bohm theory. Furthermore,0

we would like to remark that in Bohm’s approach
some interpretational aspects are related to the con-
cept of a pilot-wave guide. There is no need for this
in the present formulation. This aspect and related

w xones have been investigated also by Floyd 4 . Nev-
ertheless, there are some similarities between the
approach and Bohm’s interpretation of quantum me-
chanics. In particular, solutions of the QSHJE pro-
vide a trajectory representation of quantum mechan-
ics. That is for a given quantum mechanical system,

Ž .by solving the QSHJE for SS q , we can evaluate0
Ž .psE SS q as a function of the initial conditions.q 0

Thus, for a given set of initial conditions we have a
predetermined orbit in phase space. The solutions to
the third-order non-linear QSHJE are obtained by
utilizing the two linearly independent solutions of
the corresponding Schrodinger equation.¨

In the case of the free particle with vanishing
Ž . 0Ž 0.energy, i.e. with WW q sWW q '0, we have that

two real linearly independent solutions of the
Schrodinger equation are c D 0

sq0 and c 0 s1. As¨
the different dimensional properties of p and q led

w xto introduce the Planck constant in the QSHJE 1 , in
the case of c D 0

and c 0 we have to introduce a
length constant.

Let us derive the quantum potential in the case of
0 Ž . Ž .the state WW . By 3 and 5 we have

2
22 " ll q llp ž /0 000Q sy sy , 6Ž .402m < <8m q y i ll 0

0Ž 0.0where p sE SS q . Therefore, we see that the0 q 0

quantum potential is an intrinsic property of the
particle as even in the case of the free particle of
vanishing energy one has Q 'u 0. This is strictly0

related to the local homeomorphicity properties that
the ratio of any real pair of linearly independent
solutions of the Schrodinger equation should satisfy,¨
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a consequence of the Mobius symmetry of the¨
w xSchwarzian derivative 5 . In this context let us recall

� 4that SS ,q is not defined for SS scnst. More0 0

generally, the QSHJE is well defined if and only if
2 ˆŽ .the corresponding w/cnst is of class C R with

2 ˆE w differentiable on the extended real line RsRq
� 4 w xj ` 5 .
We stress that Q does not correspond to the

Bohm’s quantum potential which, in a different con-
w xtext, was considered as internal potential in 6 . Here

we have the basic fact that the quantum potential is
never trivial, an aspect which is strictly related to
p–q duality and to the existence of the Legendre

w xtransformation of SS for any WW 1,5 .0

Besides the different dimensionality of c D 0
and

c 0, we also note that similarity between the equiva-
lence principle we formulated and the one at the
heart of general relativity would suggest the appear-
ance of some other fundamental constants besides
the Planck constant. We now show that non-triviality
of Q0 or, equivalently, of p , has an important0

consequence in considering the classical and E™0
limits in the case of the free particle. In doing this,
we will see the appearance of the Planck length in
the complex integration constant ll of the QSHJE.

Let us consider the conjugate momentum in the
w xcase of the free particle of energy E. We have 5

" ll q llž /E E
p s" , 7Ž .E 2y1< <2 k sinkqy i ll coskqE

'where ks 2mE r". The first condition is that in
the "™0 limit the conjugate momentum reduces to
the classical one

'lim p s" 2mE . 8Ž .E
"™0

On the other hand, we should also have

" ll q llž /0 0
lim p sp s" . 9Ž .E 0 2< <E™0 2 qy i ll 0

Ž . Ž .Let us first consider the limit 8 . By 7 we see
'that in order to reach the classical value 2mE in

the "™0 limit, the quantity ll should depend onE

E. Let us set

ll sky1 f E," ql , 10Ž . Ž .EE

where f is dimensionless. Since l is still arbitrary,E
Ž .we can choose f to be real. By 7 we have

'2mE f E," qmE l ql r"Ž . Ž .E E
p s" .E 2i k qe q f E," y1ql k coskqŽ .Ž .E

11Ž .

Observe that if one ignores l and sets l s0, thenE E
Ž .by 8 we have

lim f E," s1. 12Ž . Ž .
"™0

We now consider the properties that l and f shouldE
Ž .have in order that 12 be satisfied in the physical

case in which l is arbitrary but for the conditionE

Re ll /0, as required by the existence of theE

QSHJE. First of all note that cancellation of the
divergent term Ey1r2 in

y1r222" 2mE f E," q" l qlŽ . Ž . Ž .E E
p ; " ,E y1r2 2E™0 < <2 qy i" 2mE f E," y ilŽ . Ž . E

13Ž .

yields

lim Ey1r2 f E," s0. 14Ž . Ž .
E™0

Ž .The limit 9 can be seen as the limit in which the
trivializing map reduces to the identity. Actually, the

w xtrivializing map, introduced in 1 and further investi-
w xgated in 5 , which connects the state WWsyE with

the state WW 0, reduces to the identity map in the
E™0 limit. In the above investigation we consid-
ered q as independent variable, however one can

Ž 0. 0also consider q q so that lim q sq and inE E ™ 0 E

the above formulas one can replace q with q .E
Ž .We know from 14 that k must enter in the

Ž .expression of f E," . Since f is a dimensionless
constant, we need at least one more constant with the
dimension of a length. Two fundamental lengths one
can consider are the Compton length

"
l s , 15Ž .c mc

and the Planck length

"G
l s . 16Ž .(p 3c
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Two dimensionless quantities depending on E are

2 E
x skl s , 17Ž .(c c 2mc

and

2mEG
x skl s . 18Ž .(p p 3

"c

On the other hand, concerning x we see that it doesc

not depend on " so that it cannot be used to satify
Ž .12 . Therefore, we see that a natural expression for
f is a function of the Planck length times k. Let us
set

f E," seya Ž x p
y1. , 19Ž . Ž .

where

a xy1 s a xyk . 20Ž .Ž . Ýp k p
kG1

Ž . Ž .The conditions 12 , 14 correspond to conditions
on the coefficients a . For example, in the case ink

which one considers a to be the function

a xy1 sa xy1 , 21Ž .Ž .p 1 p

Ž .then by 14 we have

a )0. 22Ž .1

In order to consider the structure of l , we noteE

that although eya Ž x p
y1. cancelled the Ey1r2 diver-

gent term, we still have some conditions to be satis-
fied. To see this note that

y1ya Ž x .p'2mE e qmE l ql r"Ž .E E
p s" ,E 2y1i k q ya Ž x .pe q e y1qkl coskqŽ .E

23Ž .
Ž .so that the condition 8 implies

lE
lim s0. 24Ž .

""™0

To discuss this limit, we first note that
y1y1 ya Ž x .p2"k e q" l q lŽ .E E

p s" . 25Ž .E 2y1y1 y1 ya xŽ .p2 k sinkqy i k e q l coskqŽ .E

So that, since

lim ky1eya Ž x p
y1.s0, 26Ž .

E™0

Ž . Ž .we have by 9 and 25 that

l s lim l s lim ll s ll . 27Ž .0 E E 0
E™0 E™0

Let us now consider the limit

lim p s0. 28Ž .0
"™0

First of all note that, since

" ll q llž /0 0
p s" , 29Ž .0 20< <2 q y i ll 0

we have that the effect on p of a shift of Im ll is0 0

equivalent to a shift of the coordinate. Therefore, in
Ž .considering the limit 28 we can set Im ll s0 and0

distinguish the cases q0 /0 and q0 s0. Observe
that as we always have Re ll /0, it follows that the0

Ž .denominator in the right hand side of 29 is never
vanishing. Let us define g by

Re ll ; "
g . 30Ž .0

"™0

We have

"
gq1 , q /0,0

p ; 31Ž .0 1yg½"™0 " , q s0,0

Ž .and by 28

y1-g-1. 32Ž .
A constant length having powers of " can be con-
structed by means of l and l . We also note that ac p

constant length independent from " is provided by
l se2rmc2 where e is the electric charge. Thene

ll can be considered as a suitable function of l , lc p0
Ž .and l satisfying the constraint 32 .e

The above investigation indicates that a natural
way to express l is given byE

l seyb Ž x p.l , 33Ž .E 0

where

b x s b x k . 34Ž . Ž .Ýp k p
kG1

Ž .Any possible choice of b x should satisfy thep
Ž . Ž .conditions 24 and 27 . For example, for the modu-

Ž .lus ll built with b x sb x , one should havep 1 pE

b )0.1
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Ž . Ž . Ž . Ž .Summarizing, by 10 , 19 , 27 and 33 we
have

ll sky1eya Ž x p
y1.qeyb Ž x p. ll , 35Ž .E 0

Ž .where ll s ll l ,l ,l , and for the conjugate mo-c p e0 0
mentum of the state WWsyE we have

y1y1 ya Ž x . yb Ž x .p p2k "e q"e ll q llŽ .0 0
p s" .E 2y1y1 y1 ya x yb xŽ .Ž .p p2 k sinkqy i k e q e ll coskqŽ .0

36Ž .

It is worth recalling that the conjugate momentum
does not correspond to the mechanical momentum

w xmq 4,5 . However, the velocity itself is strictly˙
related to it. In particular, following the suggestion

w xby Floyd 4 of using Jacobi’s theorem to define time
parametrization, we have that velocity and conjugate

w xmomentum satisfy the relation 5

1
qs , 37Ž .˙

E pE

which holds also classically.
We stress that the appearance of the Planck length

is strictly related to p–q duality and to the existence
of the Legendre transformation of SS for any state.0

This p–q duality has a counterpart in the c D–c

w xduality 1,5 which sets a length scale which already
appears in considering linear combinations of c D 0

s
q0 and c 0 s1. This aspect is related to the fact that

we always have SS /cnst and SS Au qqcnst, so0 0

that also for the states WW 0 and WWsyE one has a
non-constant conjugate momentum. In particular, the
Planck length naturally emerges in considering
lim p sp , together with the analysis of theE ™ 0 E 0

"™0 limit of both p and p .E 0
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