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Abstract

Recently we showed that the postulated diffeomorphic equivalence of states implies quantum mechanics. This approach
Ž .takes the canonical variables to be dependent by the relation psE SS and exploits a basic GL 2,C -symmetry whichq 0

underlies the canonical formalism. In particular, we looked for the special transformations leading to the free system with
vanishing energy. Furthermore, we saw that while on the one hand the equivalence principle cannot be consistently
implemented in classical mechanics, on the other it naturally led to the quantum analogue of the Hamilton–Jacobi equation,
thus implying the Schrodinger equation. In this letter we show that actually the principle uniquely leads to this solution.¨
Furthermore, we find the map reducing any system to the free one with vanishing energy and derive the transformations on
SS leaving the wave function invariant. We also express the canonical and Schrodinger equations by means of the brackets¨0

recently introduced in the framework of Ns2 SYM. These brackets are the analogue of the Poisson brackets with the
canonical variables taken as dependent. q 1998 Published by Elsevier Science B.V. All rights reserved.

It is well-known that the classical Hamilton–
Ž .Jacobi HJ formalism stems from the problem of

finding the canonical transformation yielding a van-
w xishing Hamiltonian. In 1 we took the canonical

variables q and p as dependent through the momen-
tum generating function, that is psE SS , and, ac-q 0

cording to the diffeomorphic equivalence principle
w x1 , we looked for coordinate transformations con-

1 E-mail: faraggi@phys.ufl.edu.
2 E-mail: matone@padova.infn.it.

necting different physical systems including the free
one with vanishing energy.

The equivalence principle was suggested by a
Ž .basic GL 2,C -symmetry of the canonical equation

associated to the Legendre transformation of the
Hamilton’s characteristic function. This connection
between the Legendre transformation and differential
equations, which was used in the framework of the

w xSchrodinger equation in 2 , had been introduced in¨
w x3 for deriving the inversion formula in Ns2 super

w xYang–Mills, and had been further investigated in 4 .
The formalism naturally fits with the brackets intro-
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w xduced in 5 . Remarkably, we can express the canon-
w xical 1 and Schrodinger equations in terms of these¨

brackets that in our approach are analogous to the
Poisson brackets with the canonical variables taken
as dependent.

A basic step in the construction was the proof that
the equivalence principle cannot be consistently im-
plemented in classical mechanics. Actually, this prin-
ciple leads to the quantum analogue of the HJ equa-

w xtion and in turn implies the Schrodinger equation 1 .¨
We now proceed to show that the equivalence princi-
ple uniquely leads to this solution.

Let us start with a very explicit example of the
transformations we will consider. Given two func-

Ž . m Ž . ntions, say f x sx , f x sx , we can associate1 1 1 2 2 2

the coordinate transformation x ™x sx m r n which1 2 1
Ž .is naturally induced by the identification f x s2 2

Ž .f x . This is equivalent to say that given the func-1 1
Ž . m Ž . m r ntion f x sx , the map x ™x sÕ x sx1 1 1 1 2 1 1

induces the transformation f ™ f , defined by1 2
Ž . Ž .f x s f x . In other words, the diffeomorphism2 2 1 1

Ž .x ™x sÕ x induces the functional transforma-1 2 1

tion f ™ f s f (Õy1.1 2 1

Let us now consider the case of two physical
systems with Hamilton’s characteristic functions 3

SS and SS Õ. Let us denote the coordinates of the0 0

two systems by q and qÕ respectively. Setting

SS Õ qÕ sSS q , 1Ž . Ž . Ž .0 0

induces the map

q™qÕsÕ q , 2Ž . Ž .
where ÕsSS Õy1

(SS , with SS Õy1
denoting the in-0 0 0

verse of SS Õ. This construction is equivalent to say0
Ž .that the map 2 induces the transformation SS ™0

Õ y1 Ž . ÕŽ Õ .SS s SS ( Õ , that is SS q ™ SS q s0 0 0 0
Ž Ž Õ..SS q q . In other words, for a given Õ there is the0

induced map Õy1 ) defined by

Õy1 ) : SS ¨Õy1 ) SS ,Ž .0 0

ÕŽ Õ. Ž y1Ž Õ.. Õthat is SS q sSS Õ q so that SS is the0 0 0

pullback of SS by Õy1 ). We will call the diffeo-0

3 In literature the Hamilton’s characteristic function is also
called reduced action.

Ž .morphism 2 Õ-transformations. Let us consider the
w xLegendre transformation 1

SS q spqyTT p , 3Ž . Ž . Ž .0 0

E SS ETT0 0
ps , qs . 4Ž .

E q E p

Ž .The second derivative of 3 with respect to ss
Ž .SS q yields the ‘‘canonical equation’’0

2 2s s' 'E qUU s q p s0s E qUU s p , 5Ž . Ž . Ž .Ž . Ž .
Ž . � 4 � 4' 'with UU s s q p r p ,s r2 s q,s r2, and

XXX 3 XX 2Ž . Ž .h x h x� Ž . 4where h x , x s y , denotes theŽ .2X XŽ . Ž .h x h x

Schwarzian derivative. Observe that the choice of the
coordinates q and qÕ, which of course does not
imply any loss of generality as both q and qÕ play
the role of independent coordinate in their own
system, allows us to look at the reduced action as a

ÕŽ Õ. Ž .scalar function. In particular, since SS q sSS q ,0 0
Ž .we see that the transformations 2 leave the Legen-

Ž .dre transformation of TT 3 unchanged. Conse-0
ÕŽ Õ. Õ y1 Ž .Õquently, since E SS q s E q E SS q , weŽ .q 0 q q 0

have

y1Õp™p s E q p. 6Ž .Ž .Õ q

However, while the Legendre transformation of TT0

is invariant under arbitrary diffeomorphisms, this is
not the case for the canonical potential UU. Neverthe-
less, there is an important exception as under the

Ž .GL 2,C -transformations

qÕs AqqB r CqqD ,Ž . Ž .
2p sp CqqD r ADyBC , 7Ž . Ž . Ž .Õ

�Ž . Ž . 4 Ž .we have AqqB r CqqD ,s r2sUU s , so that
Ž .we can speak of the GL 2,C -symmetry of the

canonical equation. Involutivity of the Legendre
transformation and the duality

SS lTT , qlp ,0 0

Ž .imply another GL 2,C -symmetry, with the dual ver-
Ž .sions of Eq. 5 being

2 2t' 'E qVV t p q s0s E qVV t q , 8Ž . Ž . Ž .Ž .Ž .t

Ž . � 4 � 4' 'where VV t s p q r q ,t r2 s p,t r2, with
Ž .tsTT p . We note that for psgrq the solutions0
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Ž . Ž .of 5 and 8 coincide. Therefore we have the
self-dual states

SS sg lng q , TT sg lng p , 9Ž .0 q 0 p

where the three constants satisfy

g g gse. 10Ž .p q

Observe that

SS qTT spqsg , UU s sy1r4g 2 sVV t .Ž . Ž .0 0

11Ž .

Ž . Ž .The canonical Eq. 5 and its dual 8 correspond to
two equivalent descriptions of the physical system.
Remarkably, for the self-dual states the two descrip-
tions overlap. Furthermore, we observe that the
canonical equation and its dual are covariant under
arbitrary transformations. Actually, under q™q, SS˜ 0

˜ Ž .™SS q the transformation properties of TT are˜0 0
˜ Ž .determined by the fact that TT p is the Legendre˜0

˜ ˜Ž . Ž . Ž .transformation of SS q : TT p ™TT p spqy˜ ˜ ˜ ˜0 0 0
˜ Ž .SS q . Repeating the above derivation one sees that˜0

the canonical equation and its dual have the same
form as the original ones.

Ž . Ž .The transformations in 2 and 6 do not corre-
spond to canonical transformations. Since p and q
are considered dependent, a transformation of q
induces a transformation of p and vice versa. Thus,

w xin 1 , as in the search for canonical transformations
leading to a system with vanishing Hamiltonian one
obtains the HJ equation, we looked for transforma-

Ž .tions on the dependent quantities q and psE SS qq 0

reducing to the free system with vanishing energy.
The answer to this basic question led to the

formulation of an equivalence principle, suggested
by the fact that UU, though invariant under Mobius¨
transformations, changes under arbitrary diffeomor-
phisms. This equivalence principle led to the quan-

w xtum analogue of the HJ equation 1 . Therefore, we
have the following problem: given an arbitrary re-

Ž . 0 Ž .duced action SS q , find the map q™q sÕ q ,0 0

such that the new reduced action SS 0, defined by0

SS 0 q0 sSS q , 12Ž . Ž .Ž .0 0

corresponds to the free system with vanishing en-
ergy. Observe that the structure of the states de-

scribed by SS 0 and SS determines the ‘‘trivializing0 0

coordinate’’ q0 to be

q™q0 sSS 0y1
(SS q , 13Ž . Ž .0 0

Ž .Let us set WW'V q yE, where V is the poten-
tial and E is the energy. We denote by HH the space
of all possible WW ’s. If the above question has solu-
tion then there is the following ‘‘diffeomorphic

w xequivalence principle’’ 1
For each pair WW a,WW b gHH, there is a Õ-trans-

formation such that

WW a q ™WW aÕ qÕ sWW b qÕ . 14Ž . Ž . Ž . Ž .
This implies that there always exists the trivializing

0 Ž . 0Ž 0.coordinate q for which WW q ™WW q '0. In
particular, since the inverse transformation should
exist as well, it is clear that the trivializing transfor-
mation should be a continuous, locally one-to-one
map.

w xIn 1 it has been shown that this principle cannot
be consistently implemented in classical mechanics.
Actually, note that the Classical Stationary HJ Equa-

Ž .tion CSHJE

1 2clE SS q qWW q s0, 15Ž . Ž . Ž .Ž .q 02m

provides a correspondence between WW and SS cl.0
cl ÕŽ Õ.In particular, SS q must satisfy the CSHJE0

Ž c l Õ Ž Õ .. 2 Õ Ž Õ .ÕE SS q r2 m q WW q s 0. Sinceq 0
cl ÕŽ Õ. clŽ . Ž .SS q sSS q , by 150 0

y2Õ Õ ÕWW q ™WW q s E q WW q . 16Ž . Ž . Ž . Ž .Ž .q

Therefore, in classical mechanics consistency re-
Ž .quires that WW q belongs to the space QQ of func-

tions transforming as quadratic differentials under
Õ-maps.

Let us now consider the case of the state WW 0. By
Ž .16 it follows that

y20 0 Õ Õ Õ 0 0
0WW q ™WW q s E q WW q s0.Ž .Ž . Ž .Ž .q

17Ž .

w xThen we have 1
In classical mechanics consistency requires that a

state WW transforms as a quadratic differential under
the Õ-maps. As a consequence the state WW 0 is a
fixed point in HH. EquiÕalently, in classical mechan-
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ics the space HH cannot be reduced to a point upon
factorization by the diffeomorphisms. Hence, the

( )equiÕalence principle 14 cannot be consistently
implemented in classical mechanics.

It is therefore clear that in order to preserve the
equivalence principle we have to deform the CSHJE.
As we will see, this request will determine the
equation for SS . Let us discuss its general form.0

First of all observe that adding a constant to SS0
Ž .Ž .does not change the dynamics. Actually, Eqs. 3 4

are unchanged upon adding a constant to either SS0

or TT . Then, the most general differential equation0

that SS should satisfy has the structure0

F SS
X , SS

XX , . . . s0, 18Ž . Ž .0 0

X Ž .where 'E . Let us write down Eq. 18 in theq

general form

1 2
E SS q qWW q qQ q s0. 19Ž . Ž . Ž . Ž .Ž .q 02m

The properties of WWqQ under the Õ-transforma-
Ž .tions 2 are determined by the transformed equation
Õ Õ

2
ÕŽ Õ. ÕŽ Õ.ÕE SS q r2mqWW q qQ q s0 that byŽ .Ž .q 0

Ž . Ž .1 and 19 yields

y2Õ Õ Õ Õ ÕWW q qQ q s E q WW q qQ q ,Ž . Ž . Ž . Ž .Ž .Ž .q

20Ž .

that is

WWqQ gQQ. 21Ž . Ž .

A basic guidance in deriving the differential equa-
tion for SS is that in some limit it should reduce to0

the CSHJE. Therefore, in determining the structure
of the Q term we have to take into account that in
the classical limit Q™0. In doing this we need
some parameter which will suitably select the classi-
cal phase.

According to the equivalence principle, all the
WW ’s are connected by a Õ-transformation. On the
other hand, we have seen that if WWgQQ, then WW 0

would be a fixed point in the HH space. This remark
Ž .and Eq. 21 imply

WWfQQ , QfQQ. 22Ž .

Therefore, the only possible way to reach WW Õ/0
from WW 0, is that it transforms with an inhomoge-

Ž .Ž .neous term. In particular, by 21 22 it follows that
for an arbitrary state WW a we have

y2Õ Õ Õ a a a Õ
aWW q s E q WW q q q ;q , 23Ž . Ž . Ž . Ž .Ž .q

and

y2Õ Õ Õ a a a Õ
aQ q s E q Q q y q ;q . 24Ž . Ž . Ž . Ž .Ž .q

a 0 Ž .Setting WW sWW in Eq. 23 yields

WW Õ qÕ s q0 ;qÕ , 25Ž . Ž .Ž .
Ž .so that, according to the equivalence principle 14 ,

all the states correspond to the inhomogeneous part
in the transformation of the state WW 0 induced by
some diffeomorphism.

Let us denote by a,b,c, . . . different Õ-transfor-
mations. Comparing

2b b a a a a b 0 b
bWW q s E q WW q q q ;q s q ;q ,Ž .Ž . Ž . Ž .Ž .q

26Ž .

with the same formula with q a and q b interchanged
we have

2b a b a b
aq ;q sy E q q ;q , 27Ž .Ž . Ž .Ž .q

Ž .and in particular q;q s0. More generally, compar-
ing

2b b c c c c b
bWW q s E q WW q q q ;qŽ .Ž . Ž .Ž .q

2 2a a a c a c
b bs E q WW q q E q q ;qŽ . Ž .Ž . Ž .q q

q qc ;q b ,Ž .
Ž .with 26 we obtain

2 2a c b a b b c b
c cq ;q s E q q ;q y E q q ;q ,Ž . Ž . Ž .Ž . Ž .q q

28Ž .

which is a direct consequence of the equivalence
principle.

Thus, we see that the choice of representing the
state transformations by the pullback of SS by0

Õy1 ) is the simplest one. In particular, under the
Ž a b.Õ-transformations WW , Q and q ;q transform as

Ž .projective connections. We will see that Eq. 28 ,
that can be seen as a cocycle condition, implies
Ž Ž .. Ž Ž . .q;g q s0s g q ;q , with g a Mobius transfor-¨
mation. As this is a crucial step in the formulation
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we will analyze it in detail. Actually, it is remarkable
that besides the translations and dilatations there
appears a highly non trivial symmetry such as the
inversion.

Ž .Let us first evaluate Aq;q with A a non vanish-
Ž .ing constant. Since q;q s0 we have

`
n

Aq ;q s a q Ay1 . 29Ž . Ž . Ž . Ž .Ý n
ns1

Ž .To evaluate the q-dependent coefficients a q ’s wek

first observe that

q ; Ay1q s AAy1q ; Ay1qŽ . Ž .
`

ny1s a A q Ay1 , 30Ž . Ž .Ž .Ý n
ns1

Ž .which can be also evaluated by first using 27 and
Ž .then the expansion 29

q ; Ay1q syA2 Ay1q ;qŽ . Ž .
`

nnq1 2yns y1 a q A Ay1 .Ž . Ž . Ž .Ý n
ns1

31Ž .
Ž . Ž . Ž y1 .Comparing 30 with 31 yields a A q sn

Ž .nq1 2yn Ž . Ž . ny2y1 A a q , that is a q sa q wheren n n
Ž .a s0, ngZ ; moreover, since q;q s0, we have2 n q

Ž .that Aq;q is vanishing at qs0, so that a s0.1
Ž .Therefore 29 becomes

`
2 nq3 2 nq1Aq ;q s a Ay1 q . 32Ž . Ž . Ž .Ý 2 nq3

ns0

Ž .To fix the a ’s we first consider qqB,q with Bk

an arbitrary constant. We have
`

nqqB ;q s b q B , 33Ž . Ž . Ž .Ý n
ns1

Ž . Ž .Ž .which follows by q;q s0. By 27 33 we have
Ž . Ž . ` Ž . nq;q q B s y q q B;q s yÝ b q B , thatns1 n

Ž . Ž .compared with q;qqB s qqByB;qqB s
` Ž .Ž . n Ž .Ý b q q B yB yields b q q B sns 1 n n

Ž .nq1 Ž . Ž .y1 b q , that is b q sb , where bn 2 ny1 2 ny1 2 n
Ž .s0, ngZ . Therefore 33 becomesq

`

2 nq1qqB ;q s b B , 34Ž . Ž .Ý 2 nq1
ns0

Ž . Ž . Ž .Subtracting yq;yqqB s yq;q y yqqB;q
Ž . Ž . Ž .from q;q y B s q;y q q B y q y B;y q q B

Ž . Ž . Ž . Žgives yq;yqqB y q;qyB y yq,q y qy
. Ž . Ž .B;yqqB s0, that by 32 and 34 becomes

`

2 nq12 b BÝ 2 nq1
ns0

`
2 nq12 nq3 2 nq1y a 2 q q ByqŽ .Ž .Ý 2 nq3

ns0

s0. 35Ž .
Since this equation must be satisfied for any B and
q, we have

b s4a , a s0, b s0. 36Ž .1 3 k ) 3 k )1

Ž . Ž . y2 Ž .Note that by 28 AqqB; Aq sA AqqB;q
y2 Ž . Ž . ŽyA Aq;q . On the other hand, 36 implies Aq
. Ž . Ž .3qB;q sb B and Aq;q sa Ay1 q, so that,1 3

as b s4a , we have1 3

32AqqB ;q sa 4 A Bq Ay1 q . 37Ž . Ž . Ž .3

Now observe that

AqqB ;q syAy2 q ; AqqBŽ . Ž .
syAy2 Ay1 QyAy1B ;Q , 38Ž .Ž .

Ž . Ž y1where QsAqqB. By 37 we have A Qy
3y1 y2 y1 y1.A B;Q s a 4 A yA B q A y 1 Q ,Ž . Ž .3

Ž . Ž .so that 38 becom es A q q B ; q s
32 y2 y1 y1ya A 4 A yA B q A y1 AqqB ,Ž . Ž . Ž .3

Ž .that compared with 37 yields b sa s0. There-1 3

fore

Aq ;q s0s q ; Aq , 39Ž . Ž . Ž .
and

qqB ;q s0s q ;qqB . 40Ž . Ž . Ž .
Ž . Ž a b. y2 ŽŽ a b.Eq. 28 implies q ; Aq s A q ;q y

Ž b b.. Ž .Aq ;q so that by 39

q a ; Aq b sAy2 q a ;q b . 41Ž .Ž . Ž .
Ž . Ž . Ž a b .By 27 and 41 we have Aq ;q s

Ž a.2Ž b a. Ž .by E q q ;q , then using again 27q

Aq a ;q b s q a ;q b . 42Ž .Ž . Ž .
Ž .Likewise, by 40

q a qB ;q b s q a ;q b s q a ;q b qB . 43Ž .Ž . Ž . Ž .
Ž . y2 Ž y1 . Ž .Ž .Let us set f q sq q;q . Eqs. 27 42 imply

Ž . Ž y1 . Ž y1 . Ž y1 .f Aq syf q , so that q;q s0s q ;q
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Ž . Ž a by1 . b4Ž a b.that together to 28 yields q ;q sq q ;q .
It follows that

2y1 y1 y1a b a b a
bq ;q sy E q q ;qŽ . Ž .ž /q

2a b a a b
bsy E q q ;q s q ;q .Ž . Ž .Ž .q

Therefore

q ay1
;q b s q a ;q b sq by4

q a ;q by1
. 44Ž .Ž .Ž . Ž .

Since dilatations, translations and inversion generate
Ž . Ž .the Mobius group, we have by 41 – 44¨

g q a ;q b s q a ;q b , 45Ž . Ž .Ž .Ž .
and

4a b b a bq ;g q s Cq qD q ;q , 46Ž .Ž . Ž . Ž .Ž .
Aqq B ABŽ . Ž .where g q s , with gGL 2,C . We alsoCqq D ž /CD

have

g q ;q s0s q ;g q . 47Ž . Ž . Ž .Ž . Ž .
Ž a b.The above investigation implies that q ;q is pro-

� a b4portional to q ;q . To show this, we first note that
Ž .28 is the transformation rule of the Schwarzian
derivative. Then note that the identities E hX1r2hXy1r2

x

s0sE hXy1
E hX1r2hXy1r2h, imply that the second-x x

order operator

E 1 E E 2 1
X1r2 X1r2 � 4h h s q h , x , 48Ž .X 2E x h E x 2E x

has solutions

E 2 1
Xy1r2� 4q h , x h AhqB s0Ž .2ž /2E x

E 2 1
Xy1r2� 4s q h , x h ChqD . 49Ž . Ž .2ž /2E x

Therefore, the Schwarzian derivative of the ratio of
Ž 2 Ž ..two linearly independent solutions of E qV x fx

Ž .s0, is twice V x . Noticing that for any A and B,
Ž 2 Ž .. Ž .not simultaneously vanishing, E qV x f x s0,x k
Ž XX XX. Žks1,2, is equivalent to Vsy Af qBf r Af q1 2 1

. � Ž . 4 � 4Bf , we have g h , x s h, x , which implies2
� Ž . 4 � 4 � 4g x , x s x, x s0. Conversely, if h, x s0, then

X XX 1 X X 2Ž Ž .. wŽ Ž .. xsolving ln h x y ln h x r2 s 0, gives2

Ž . Ž .h x sg x . Summarizing, we have

� 4 � 4f , x s h , x , 50Ž .

Ž .if and only if fsg h . Let us now solve the
Ž a.Schwarzian equation for f q

4m
a b a bf q ,q sy q ;q , 51� 4Ž . Ž .Ž .2b

Ž .where b is a constant that 51 fixes to have the
dimension of an action.

Ž .Eq. 47 , which represents the core of the proper-
Ž a b. Ž .ties of q ;q derived from 28 , is crucial to de-
Ž a. Ž a Ž a..rive f q . Actually q ;g q s 0 implies

� Ž a. Ž a.4 Ž . Ž a.f q ,g q s0. On the other hand, by 50 f q
Ž X a X. Ž X a X.s A q qB r C q qD . Therefore, we can state

the central result

b 2
a b a bq ;q sy q ,q , 52� 4 Ž .Ž .

4m

which, as we have seen, uniquely follows from the
Ž . Ž .equivalence principle 14 . Remarkably, 52 also

naturally selects the parameter leading to the classi-
ÕŽ Õ. Õ y2

cal phase. Actually, comparing WW q s E qŽ .q
Ž . Ž Õ. ÕŽ Õ.WW q q q;q , with the classical version WW q s

Õ y2 Ž .E q WW q one sees that in the classical limitŽ .q
2� Õ4b q,q r4m™0. Thus b is precisely the parame-

ter we are looking for. In particular

lim Qs0, 53Ž .
b™0

cl Ž .Ž .and lim SS sSS . Eqs. 25 52 imply that WWb ™ 0 0 0
ÕŽ Õ .itself is a Schwarzian derivative WW q s

b 2 0 Õ� 4y q ,q . We will see that the unique possible Q4m

Ž .in 19 is

b 2

� 4Qs SS ,q , 54Ž .04m

Ž .that by 19 and the basic identity

2 i
SS02 b2 � 4E SS sb e ,q y SS ,q r2, 55Ž .Ž .q 0 0½ 5ž /

is equivalent to

2 i2 SSb 0
b

WWsy e ,q . 56Ž .½ 54m

Ž . Ž . w xBy 48 and 49 it follows that 1

2 i DSS Ac rcqB0
be s , 57Ž .DCc rcqD
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where c D and c are linearly independent solutions
of the stationary Schrodinger equation¨

b 2 E 2

y qV q csEc . 58Ž . Ž .2ž /2m E q

Thus, for the ‘‘covariantizing parameter’’ we have

bs" . 59Ž .
Ž .To show the uniqueness of the solution 56 we

b 2 � 4 Ž . Ž .first set Qs SS ,q yg q , so that by 19 and04m
2 i2b SS cl0bŽ . � 4 Ž .55 WWsy e ,q qg q . Since SS does04m

not depend on b , we have

b 2

� 4lim SS ,q yg qŽ .0ž /4mb™0

b 2
cl cls lim SS ,q yg qŽ .� 404mb™0

syg cl q ,Ž .
Ž .and by 53

g cl s0. 60Ž .
� 4 � 4Note that we used lim SS ,q s lim SS ,qb ™ 0 0 b ™ 0 0

� cl 4 � cl 4s SS ,q . However, it may happen that SS ,q is0 0

not defined, e.g. in the case of the state WW 0 the
associated classical reduced action is a constant. In

2� 4these cases one has to consider lim b SS ,q .b ™ 0 0

Let us then first consider an arbitrary state WW for
� cl 4 Ž .which SS ,q can be defined. Observe that by 240

Ž .g q gQQ. On the other hand, the only possible
elements in QQ that can be built by means of SS0

have the form

1 2
g q s E SS G SS , 61Ž . Ž . Ž .Ž .q 0 04m

Ž .with G SS an arbitrary function of SS . In other0 0

words, there is no way to construct an element of QQ

by means of higher order derivatives of SS , because0

these terms would break the covariance properties of
Ž .g note that these arise as consistency conditions .

Ž . Ž .Furthermore, 18 implies G SS sc, where c is a0
Ž .constant. On the other hand, as by 61 this constant

Ž .is dimensionless, it follows by 60 that cs0. Hence

gs0. 62Ž .

The extension to an arbitrary state WW follows from
the observation that since ggQQ, we have that it is

Ž .sufficient that gs0 for some WW in order that 62
holds for all WWgHH.

Therefore, we have seen that the equivalence
principle actually uniquely leads to the quantum
analogue of the HJ equation which in turn implies
the Schrodinger equation.¨

Let us now derive the Õ-transformation q™q0

such that WW™WW 0. Note that, under the transforma-
b bŽ . Ž . bŽ b. Ž .tion q ™ q sÕ q , SS q ™ SS q s SS q ,0 0 0

we have

2 i 2 i
b bŽ . Ž .SS q SS q0 0b b" "e ,q s e ,q½ 5 ½ 5

2 i
Ž .SS qy2 0b "s E q e ,qŽ .q ½ 5

y2b by E q q ,q , 63� 4 Ž .Ž .q

y 2
"

2b b bŽ . Ž .that is WW q s E q WW q q =Ž .q 4 m

Ž b.y2 � b 4E q q ,q . Therefore, ifq

2 i
Ž .SS q0

"Ae qB
bq s , 64Ž .2 i

Ž .SS q0
"Ce qD

2 i b bSS Žq . b0"Ž . � 4then, according to 63 , we have e ,q s0.
Ž . bŽ b. 2Therefore, if 64 is satisfied, then WW q sy"

2 i b bSS Žq . b 00"� 4= e ,q r4m coincides with the state WW .
This implies that q b is a Mobius transformation of¨
q0. It follows that the solution of the inversion

Ž .problem 13 is

2 i
Ž .SS q0

"X XA e qB
0q™q s . 65Ž .2 i

Ž .SS q0
"X XC e qD

Ž .The particular choice of the coefficients in 57
depends on the initial conditions of the Quantum

Ž . Ž .Stationary HJ Equation QSHJE 19 , which is a
third-order differential equation. Since SS should be0

a real function, and since it is always possible to
choose c D and c to be real linearly independent
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Žsolutions of the Schrodinger equation, we have ws¨
D .c rc

2 i
� 4 wq i llSS d0 i a"e se , 66Ž .

wy i ll

� 4where ds a , ll , with agR and ll integration
constants. Observe that SS /cnst is equivalent to0

Ž .non-degeneracy of the Mobius transformation 66 ,¨
Ž .i.e. Re ll/0. We note that Eq. 19 and its solution

Ž . w x66 have been investigated by Floyd 6 .
Let us denote by c the Schrodinger wave func-¨E

tion associated to a given state of energy E. For any
fixed set of integration constants d , there are coeffi-
cients A and B such that

i1 i SS0�d 4� 4y SS d "0"� 4c d s Ae qBe . 67Ž .ž /E X � 4SS d( 0

Let us define

a
yi De c y i llcŽ .2'fs 2 , 68Ž .

1r21r2 < <" W llq llŽ .

where the Wronskian Wsc
X
c D yc DX

c is a real
non vanishing constant. We have

2 i
� 4 fSS d0

"e s , 69Ž .
f

X X Ž . < Ž . <and since ffyff sy2 iW llq ll r" W llq ll ,
we obtain

< <y2pse f , 70Ž .
Ž . < Ž . <where the value of esW llq ll r W llq ll s

w Ž .xsgn W llq ll fixes the direction of motion. We
observe that a basic property of p is that, due to the
Q term, it takes real values and is not vanishing even
in the classically forbidden regions. Exceptions con-
cern the cases in which there is some space region
where c s0, such as in the case the infinitely deepE

potential well. In this case any linearly independent
solution is infinite in this region and we have ps0
Žthis situation arises by considering a suitable limit-

.ing procedure .
We now consider the effect of the Mobius trans-¨

formations on the wave function together with the
properties of the trivializing map. Then we will

discuss the case of the harmonic oscillator. In partic-
ular, we first consider the important point of deter-
mining the transformations d™d

X leaving the state
described by c invariant. To this end it is useful toE

2 i SS 0"write e in a different form. First of all observe
2 i SS 0" Ž .that the expression of e in 66 can be seen as

the composition of two maps. The first one is the
Ž . Ž .Cayley transformation w™zs wq i r wy i g

2 i1 SS 0"S . Then e is obtained as the Mobius transforma-¨
tion

2 i
azqbSS0

"e sg z s , 71Ž . Ž .SS 0 czqc

Ž .where, by 66 , the entries asd, bsc of the
matrix g areSS 0

i i
a a

2 2e 1q ll e 1y llŽ . Ž .
g s . 72Ž .SS 0 i i� 0y a y ae 1y ll e 1q llŽ . Ž .2 2

Let us now consider the moduli transformation
X � X X4d™d s a , ll , so that

2 i 2 i X
X� 4 � 4 wq i llSS d SS d X0 0 X i a" "e ™e sg z se ,Ž . XSS 0 wy i ll

73Ž .
X Ž .where g is the matrix 72 with a and ll replacedSS 0 2 i XXX SS �d 40"by a and ll respectively. Note that e s

g g z , where g sg
X

gy1. We can nowŽ .˜ ˜Ž .SS SS SS SS SS0 0 0 0 0

determine the possible transformations d™d
X such

� X4that c d describes the same state described byE
� 4c d . That is, we consider the transformations ofE

the integration constants of the QSHJE, correspond-
ing to real p, such that c remains unchanged up toE

some multiplicative constant c, that is

� 4 � X 4 � 4c d ™c d scc d . 74Ž .E E E

� X 4 X y 1 r 2
O bserve that c d s " E g r 2 iŽ .E q SS 0

X . X y1AqBg . Since g sg g , we haveŽ ˜SS SS SS SS0 0 0 0

Eg̃SSX 0
E g sE g g z s E gŽ .˜ Ž .q SS q SS SS q SS0 0 0 0EgSS 0

E gq SS 0s , 75Ž .2
˜cg qd˜ž /SS 0
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˜ ˜Ž . Ž . Ž .where we used g g s ag qb r cg qd ,˜ ˜ ˜SS SS SS SS0 0 0 0˜ ˜with asd, bsc, denoting the elements of g˜ ˜ ˜SS 0˜Ž .given by 72 with the d-moduli replaced by ds
˜� 4a , ll . Therefore˜

y1r2X
c d s "E g r2 iŽ . Ž .E q SS 0

= ˜ ˜AdqBbq AcqBa g , 76Ž . Ž .˜ ˜ SS 0

Ž .and Eq. 74 is solved by

2 2˜ ˜A bqABasABaqB b , 77Ž .˜ ˜
which explicitly shows that there are transformations
of the d-moduli, and therefore of SS and psE SS ,0 q 0

such that the unit ray C associated to c remainsE E

invariant. In the case in which either A or B vanish,
Ž .one has by 77 that the transformations of SS0

leaving C unchanged, correspond to a phaseE

change. However, as we will see, non-trivial trans-
formations arise for bounded states.

2 i SS 10"Since e takes values in S , reality of the
Ž . 0trivializing map and Eq. 65 imply that q s

Ž D . Ž D .l Ac rcqB r Cc rcqD , where l is a real
constant with the dimension of a length which can be
determined together with the real coefficients

� 4A, B,C, D. Let us denote by d s a , ll the moduli0 0 0

associated to the state WW 0. In this case we can
choose c D 0

sq0 and c 0 s1. Since the trivializing
0Ž 0. Ž . Ž .map is defined by SS q sSS q , by 66 we0 0

have

0q q i ll wq i ll0i a i a0e se . 78Ž .0 wy i llq y i ll 0

Therefore, the trivializing map transforming the state
� 4 0WW with moduli ds a , ll , to the state WW with

� 4moduli d s a , ll is given by the real map0 0 0

ib yi b i b yi bll e q ll e wq i ll ll e y i ll ll ež /0 0 0 00q s ,
yi b yi b2 sinb wq ll e q ll eŽ .

79Ž .
Ž .where bs aya r2. Let us consider the case in0

which the functional structure of two reduced actions
aŽ a. bŽ a.differs for a constant only, that is SS q sSS q0 0

Ž . aŽ a. bŽ b.q" a ya r2. Since SS q sSS q , it fol-a b 0 0
Ž . Ž .lows that p q sp q , that is the functionala a b a

structure of p and p coincide. This is already cleara b

from the fact that SS a and SS b define the same0 0

system. Therefore, we can set asa q2kp and0
Ž .79 becomes

ll q ll wq i ll lly i ll llž /0 0 0 00q s . 80Ž .
llq ll

We will call Mobius states the states parameterized¨
by ll associated to a given WW .

Let us consider some properties of the QSHJE.
First of all note that since it contains the Schwarzian
derivative of SS , it follows that in order to be0

defined, the reduced action should be of class C 2

XX Ž .with SS differentiable. By 66 this is equivalent to0

require that c and c D be of class C1 with c
X and

c DX differentiable. Possible discontinuities of c
X

and c DX, which may arise for example in the case of
the infinitely deep potential well, should be studied
as limit cases. The above properties was already
expected as we required continuity and local univa-
lence of the trivializing map. However, the Mobius¨
symmetry symmetry of the Schwarzian derivative
implies that the continuity properties should be ex-
tended to "`. In other words, the Õ-maps are local

ˆhomeomorphisms of the extended real line RsRj
ˆ 0� 4` into itself. This means that as q varies in R, q

spans the extended real line a countable number of
w xtimes. In 7 we will see that these conditions on the

trivializing map, a direct consequence of the equiva-
lence principle, actually imply the standard results
about quantized energy spectra which follow from
the conventional approach. Since the Mobius trans-¨

Ž . Ž .formations, such as 79 and 80 , are globally univa-
lent transformations of the extended real line into
itself, we have that the index of the trivializing map
coincides with the index of w

0 w xI q s I w sk . 81Ž .
Since according to Sturm theorem, between any two
consecutive zeroes of c there exists a zero of c D,
we have that k is strictly related to the number of

D Žzeroes, including the vanishing at infinity, of c or
. w x 4c 7 .

4 This theorem can be seen as a duality between c D and c . In
this context we note that, while in the standard approach one

Ž .selects a solution of 58 as the Schrodinger wave function, with¨
the dual one being usually ignored, we have that SS and ps0

E SS contain both c D and c .q 0
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As an example we consider the case of the har-
w xmonic oscillator. In 7 we will show that the only

possible solutions for the QSHJE which are consis-
tent with the equivalence principle are those corre-

Žsponding to the well-known spectrum E s nqn
.1r2 "v, ns0,1, . . . . To derive the trivializing map,

we note that by Wronskian arguments, it follows that
if c is a solution of the Schrodinger equation, then a¨

5 DŽ .linearly independent solution is given by c q
Ž . q y 2 Ž .s y Wc q H dx c x so that w sq 0

q y2Ž .yWH dxc x . We can choose c to be theq0

normalized Hamiltonian eigenfunction c sn
mv 2y q 1r2 th2" ŽŽ . .c e H mvr" q , with H denoting the nn n n

1r4 n'Ž .Hermite polynomial and c s mvrp " r 2 n! .n

For the dual solution we have c D sn
q y2Ž . DyWc H dxc x . Note that replacing c and cn q n n n0

with two real linearly independent combinations,
which is equivalent to perform a real Mobius trans-¨
formation of w sc Drc , corresponds changing an n n

and ll in SS .0

Since c has n-zeroes at finite q and vanishes atn

`, we have that the trivializing map for the nth-state
of the harmonic oscillator has covering index ks
w xI w snq1. As an example, note that w s0

mv 2 Xy2 q x
"yc WH dxe is univalent, i.e. w /0 in R,0 q 00

and vanishes at qsq .0
Ž . Ž .Observe that by 67 – 70 we have f s

i1r2 y SS y1r2 1r20" � 4'e e r p and c d s Ae f q Be fE
y1r2 1r2Ž .note that e se . Let us determine A and B

Ž .for bounded states e.g. the harmonic oscillator . By
Ž .68 we have

'2
c sn 1r21r2 < <" W llq llŽ .

= Aey1r2eyi a r2 c D y i llcŽ .ž n n

1r2 i a r2 DqBe e c q i llc , 82Ž .Ž . /n n

so that
1r2i ae "W

yi aAs i , Bsye e AsA. 83Ž .
2 llq llŽ .

This allows us to find the transformations of SS0

5 Note that both c D and c can be written in terms of
hypergeometric functions.

leaving invariant the unit ray. Actually, according to
˜Ž .77 we have that SS and SS , with0 0

2 i
SS02 i "˜ ae qbSS 0

"e s , 84Ž .2 i
SS0

"
be qa

where

Im asye Im eyi a b , 85Ž . Ž .
correspond to the same unit ray defined by c .n

Let us now consider the expectation value

`

ˆ ˆ² :OO s dqc OOc , 86Ž .H
y`

where c is some superposition of eigenstates of the
harmonic oscillator Hamiltonian. Since csÝ a cn n n

ˆand OOcsÝ b c , we have that to consider then n n
Ž .effect of the trivializing map on the integrand of 86

reduces to the problem of considering its action on
< < 2 Ž .c for any n. By 67 we have that c transformsn n

as a y1r2-differential under Õ-maps. In this context
we note that since there is a trivializing map for any
Ž .Mobius state it should be possible to consider¨
different coordinates for each c . This is just then

Ž . Ž . Ž .case as we can replace c q sÝ a c q in 86n n n
Ž .with Ý a c q and simultaneously changing then n n n

measure, that is
` ` ``

ˆ² :OO s dq a c q b c q .Ž . Ž .Ł Ý ÝH k m m m n n n
y` ks0 ms0 ns0

87Ž .

It is interesting that considering the trivializing map
for an arbitrary state leads to consider the measure
Ł` dq . In this context we note that very recentlyks0 k

the transformations leading to the free system with
vanishing energy have been considered by Periwal in

w xthe path-integral framework 8 .
Ž .Observe that by 66 it follows that the two

iŽ .self-dual states 9 with gs" " correspond to2

complex Mobius states of WW 0. Actually, the differ-¨
i0 0 sdŽ .ence between SS q and SS s " "lng q0 0 q2

amount to a complex Mobius transformation which¨
2 i 0 00 2 SS Žq . 00"� 4has no effect on WW sy" e ,q r4ms0.

While in the standard approach the solution corre-
sponding to the state WW 0 coincides with the classi-
cal one, here we have a basic difference as the
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equivalence principle cannot be implemented if one
considers the solution SS 0 scnst. In particular, the0

Schwarzian derivative of SS 0 is not defined for0

SS 0 scnst. This aspect is strictly related to the exis-0

tence of the Legendre transformation of SS for0
w x � 4any state 1 . Using the identity q, SS s0

Ž .y2 � 4y E SS SS ,q , one sees that the quantum cor-q 0 0

rection to the CSHJE corresponds to the conformal
w xrescaling of the conjugate momentum 1

21 E SS0 21y" UU SS qWWs0. 88Ž . Ž .0ž /2m E q

This shows the basic role of the purely quantum
mechanical state WW 0 as in this case the QSHJE is
solved by the overlooked zero-modes of the confor-
mal factor, that is

0
" q q i ll 021y" UU ln s0. 89Ž .0ž /2 i q y i ll 0

Our formalism naturally fits with the brackets

E Ey1 i j� 4X ,Y ' X E t E YŽ . Ž .b b bi jE a E a

E Ey1 i j
y Y E t E X , 90Ž .Ž .b bi jE a E a

w xintroduced in 5 in the framework of Ns2 SYM
w x9 . In particular

� i j4 D D i D ia ,a s0s a ,a , a ,a sd .Ž . � 4 � 4b i j j jŽ . Ž .b b

91Ž .

w x Ž .Ž .We refer to 5 for notation in 90 91 . In the
one-dimensional case, setting

D D' 'as p , a sq p , tsE a , E sE ,a b s

Ž .the canonical Eq. 5 , whose canonical potential
essentially coincides with the quantum potential, has
the bracket representation

' 'p ,q p s1. 92Ž .� 4Ž .s

Similarly, setting asc , aD sc D, E sE , we seeb q
Ž .that the Schrodinger Eq. 58 is equivalent to the¨

bracket

c ,c D s1, 93� 4 Ž .Ž .q

w xwhich matches with the formalism in 2,4 . These
Ž . Ž .brackets, which according to 90 and 91 can be

extended to higher dimensions, can be seen as the
analogue of the Poisson brackets in the case in which
p and q are dependent. In this context, we also

w xobserve that the inversion formula in 3 , including
w xits higher dimensional extension 10

i ai
Dus FFy a , 94Ž .Ý iž /4p b 21 i

w xsatisfies the equation 5

LL usu , 95Ž .b

where LL is a second-order modular invariant oper-b

Ž .ator. In our approach, Eq. 94 corresponds to the
higher dimensional analogue of the Legendre trans-
formation of TT . The generalization of the above0

Ž .GL 2,C -symmetry is just the simplectic group.
w xWe observe that in 11 Gozzi showed, in the

framework of the HJ theory, that the classical ‘‘sym-
metry’’ associated to the Lagrangian rescaling is
broken by quantum effects with the corresponding
‘‘anomalous’’ conservation law leading to the
Schrodinger equation.¨

In conclusion, we note that the equivalence prin-
ciple suggests a new view of quantum mechanics
and the reexamination of its basic foundation. In this
context we observe that some aspects of the investi-

w xgation are reminiscent of Bohm theory 12 . How-
ever, there are basic differences, some of which have
been emphasized by Floyd who investigated the

w xQSHJE in 6 , and which we derived from the equiv-
w x w xalence principle 1 . As stressed in 6 , there is no

wave guide in this approach. Another feature is that
Ž .by 70 p is a real quantity also in classically

forbidden regions. Furthermore, unlike in Bohm the-
ory, the classical limit arises in a natural way. As we

w xwill show in 7 , the simple but basic difference with
respect to Bohm theory is that while he identified the

i SS 0"physical wave function with Re , we in general
i SS 0"have that c is a linear combination of Re andE

i iy SS SS0 0" "Ž Ž .Re reality of Eq. 58 implies that if Re is
iy SS 0" .a solution, then also Re is a solution . The

consequence is that while in Bohm theory SS van-0

ishes for physical wave functions which are real up
to a possible complex constant, e.g. in the case of the
harmonic oscillator, this is never the case in our
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approach. Actually, as we have seen, this is strictly
related to the equivalence principle as SS is never a0

constant. Then in this approach we never have SS s0

0. Thus, while in Bohm theory one has to consider
the question of recovering SS cl in the "™0 limit,0

this problem is completely under control and natural
in this approach.

Our approach has a wide range of consequences,
w xsome of which will be considered in 7,13 . Besides

the existence of trajectories in the classical forbidden
w xregions 6,7 , a remarkable aspect concerns the ap-

pearance of the quantized spectra from the properties
w xof the trivializing map 7 .

It is a pleasure to thank G. Bertoldi, G. Bonelli,
E. Floyd, E. Gozzi, and M. Tonin for several inter-
esting discussions. Work supported in part by DOE

Ž .Grant No. DE-FG-0586ER40272 AEF and by
the European Commission TMR programme

Ž .ERBFMRX-CT96-0045 MM .

References

w x1 A.E. Faraggi, M. Matone, Quantum Mechanics from an
Equivalence Principle, hep-thr9705108.

w x Ž .2 A.E. Faraggi, M. Matone, Phys. Rev. Lett. 78 1997 163.
w x Ž .3 M. Matone, Phys. Lett. B 357 1995 342.
w x4 R. Carroll, hep-thr9607219; 97010216; 9702138; Nucl. Phys.

Ž .B 502 1997 561.
w x Ž .5 G. Bonelli, M. Matone, Phys. Rev. Lett. 77 1996 4712.
w x Ž .6 E.R. Floyd, Phys. Rev. D 25821547; D 26 1982 1339; D 29

Ž . Ž . Ž .1984 1842; D 34 1986 3246; Phys. Lett. A 214 1996
259.

w x7 A.E. Faraggi, M. Matone, paper in preparation.
w x Ž .8 V. Periwal, Phys. Rev. Lett. 80 1998 4366.
w x Ž .9 N. Seiberg, E. Witten, Nucl. Phys. B 426 1994 19; Nucl.

Ž .Phys. B 431 1994 484.
w x10 J. Sonnenschein, S. Theisen, S. Yankielowicz, Phys. Lett. B

Ž .367 1996 145. T. Eguchi, S.-K. Yang, Mod. Phys. Lett. A
Ž .11 1996 131.

w x Ž .11 E. Gozzi, Phys. Lett. B 158 1985 489; Erratum-ibid. B 386
Ž .1996 495.

w x12 P.R. Holland, The Quantum Theory of Motion, Cambridge
Ž .Univ. Press 1993 .

w x13 G. Bertoldi, A.E. Faraggi, M. Matone, paper in preparation.


