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1 Introduction

Suppose that G is a finite group and fix a subset X of G. For any positive integer
t, let fGðX ; tÞ denote the number of ordered t-tuples ðg1; . . . ; gtÞ of group elements
such that G ¼ hX ; g1; . . . ; gti. The number PGðX ; tÞ ¼ fGðX ; tÞ=jGj t is the probabil-
ity that t randomly chosen elements generate G together with the elements of the
subset X . Clearly

P
XJHcG fHðX ; tÞ ¼ jGj t; applying the Möbius inversion formula

we obtain

fGðX ; tÞ ¼
X

XJHcG

mðH;GÞjHj t; ð1:1Þ

where m is the Möbius function associated with the subgroup lattice of G. In view of
(1.1), we may write

PGðX ; tÞ ¼
X

XJHcG

mðH;GÞ
jG : Hj t

: ð1:2Þ

We may interpolate the above integer function and define PGðX ; sÞ for any complex
variable s. Rearranging the summands in (1.2) we obtain a Dirichlet polynomial as
follows:

PGðX ; sÞ :¼
X
n AN

an

ns
where an :¼

X
jG:Hj¼n;
XJHcG

mðH;GÞ:

The formula (1.2) when X ¼ q was discovered by Hall [7]; in this case PGðq; sÞ is
the multiplicative inverse of a zeta function for G, as described by Mann [9] and
Boston [2].



The ring D of Dirichlet polynomials with integer coe‰cients is a unique factori-
zation domain. In [5] it is shown that if X ¼ q then knowledge of the chief factors of
G gives a factorization of PGðX ; sÞ in D. Our aim here is to prove similar results for
arbitrary choices of X . The starting remark is that normal subgroups play a crucial
role in the factorization of PGðX ; sÞ. Indeed (see Proposition 16) if NtG, then there
exists a polynomial PG;NðX ; tÞ A D such that

PGðX ; sÞ ¼ PG=NðXN; sÞPG;NðX ; sÞ: ð1:3Þ

By taking a chief series of G, and iterating the above formula, we obtain an expres-
sion of PGðX ; sÞ as a product indexed by the factors of the series. As in the case
X ¼ q, the main result is that the factors of PGðX ; sÞ obtained in this way are inde-

pendent of the choice of the chief series. We shall describe the Dirichlet polynomials
that arise in this kind of factorization. A key tool in the case when X ¼ q was an
equivalence relation on the set of irreducible G-groups. Here we refine this equiva-
lence relation, to take account of the behaviour of the irreducible G-groups with re-
spect to the subset X . We place the results of [5], [8] in this more general setting.
Though in some cases the modifications required are slight, we have included them in
order to make our exposition self-contained.

2 (G ,X )-equivalence and crowns

Throughout this paper, G denotes a finite group and X is a subset of G.

Definition 1. Let A and B be two G-groups. We say that they are ðG;X Þ-equivalent,
and write A@G;X B, if there are isomorphisms f : A ! B and F : AzG ! BzG

such that

(1) xF ¼ x for all x A X , and

(2) the following diagram commutes:

1 ���! A ���! AzG ���! G ���! 1???yf

???yF

����
1 ���! B ���! BzG ���! G ���! 1:

This relation is an equivalence relation and it was studied by Jiménez-Seral and
Lafuente [8] when X ¼ q. In this particular case we write A@G B instead of
A@G;X B and we say that A and B are G-equivalent. Clearly if A@G;X B, then
A@G B, but, as we will see, ðG;X Þ-equivalence is in general strictly weaker than G-
equivalence. However most of the results proved in [8] concerning G-equivalence can
be generalized to ðG;XÞ-equivalence.

Arguing as in [8, Proposition 1.2], we can translate our definition of ðG;X Þ-
equivalence in terms of non-abelian cohomology. Given a G-group B and a 1-cocycle
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b A Z1ðG;BÞ, we get that bg h ¼ bggb

defines a homomorphism h : G ! AutB. The
corresponding G-group is denoted by Bb. We write

Z1
X ðG;BÞ ¼ fb A Z1ðG;BÞ j xb ¼ 1 for all x A Xg:

Proposition 2. Let A and B be two G-groups. Then A@G;X B if and only if there exists

b A Z1
X ðG;BÞ such that AGG Bb.

Proof. Given b A Z1
X ðG;BÞ and an isomorphism f : A ! B such that agf ¼ afggb

for
all a A A, g A G, we may define F : AzG ! BzG by ðgaÞF ¼ ggbaf and obtain
A@G;X B. On the other hand if A@G;X B, then we may define b : G ! B by
gb ¼ g�1gF. The result follows.

A consequence of the previous proposition is that if AGG B, then A@G;X B, in-
dependently of the choice of X (indeed we can take b A Z1ðG;BÞ such that gb ¼ 1
for all g A GÞ. Moreover, if A and B are abelian, then Bb ¼ B for any b A Z1

X ðG;BÞ,
and hence if A@G;X B, then AGG B. Therefore two abelian G-groups are ðG;X Þ-
equivalent if and only if they are G-isomorphic. However in the non-abelian case the
ðG;XÞ-equivalence relation depends on the choice of the subset X , as illustrated in
the following example:

Example 3. Take a non-abelian simple group S and let G ¼ S2. The minimal normal
subgroups S1 ¼ fðs; 1Þ j s A Sg and S2 ¼ fð1; sÞ j s A Sg are irreducible G-groups. De-

fine b A Z1ðG;S2Þ by setting ða; bÞb ¼ ð1; b�1aÞ. Then S1 GG ðS2Þb since the map

f : S1 ! S2 defined by ðs; 1Þf ¼ ð1; sÞ satisfies the condition agf ¼ afgg b

for any
a A S1, g A G; hence if X J fðs; sÞ j s A Sg, then b A Z1

X ðG;S2Þ and S1 @G;X S2. How-
ever if X ¼ S2, then S1 and S2 are not ðG;XÞ-equivalent. Otherwise there would
exist b A Z1

S2
ðG;S2Þ such that S1 GG ðS2Þb, but in this case gb ¼ 1 for all g A G, and

S1 @G;S2
S2 would imply that S1 GG S2, which is false since CGðS1Þ0CGðS2Þ.

Note that a G-group B which is ðG;XÞ-equivalent to an irreducible G-group A is
not necessarily irreducible; indeed consider the following example:

Example 4. Let S be a non-abelian simple group and let T be a subgroup of S.
Consider the direct product G ¼ S � T and let X ¼ fðt; tÞ j t A Tg. Define actions
ai : G ! AutS for i ¼ 1; 2 in the following way:

xðs; tÞ
a1 ¼ xs; xðs; tÞ

a2 ¼ xt for any x A S; ðs; tÞ A G:

Denote by S1 and S2 the G-groups corresponding to these two actions. Define
b : G ! S1 by ðs; tÞb ¼ s�1t. For any ðs1; t1Þ; ðs2; t2Þ A G we have

ððs1; t1Þðs2; t2ÞÞb ¼ ðs1s2; t1t2Þb ¼ ðs1s2Þ�1
t1t2 ¼ ðs�1

1 t1Þs2ðs�1
2 t2Þ

¼ ððs1; t1ÞbÞs2ðs2; t2Þb ¼ ððs1; t1ÞbÞðs2; t2Þ a1 ðs2; t2Þb;
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and hence b A Z1
X ðG;S1Þ. Moreover for any x in S and ðs; tÞ A G we have

xðs; tÞ
a1 ðs; tÞ b ¼ xss�1t ¼ xt ¼ xðs; tÞ

a2
;

so that S2 ¼ ðS1Þb and S1 and S2 are ðG;XÞ-equivalent. Clearly S1 is G-irreducible,
while if T < S, then T is a proper G-subgroup of S2.

Another example is the following:

Example 5. Let G ¼ Altð6Þ, N ¼ Altð5Þ6 and consider the following elements of
G : t1 ¼ ð1; 6Þ; t2 ¼ ð2; 6Þ; . . . ; t5 ¼ ð5; 6Þ; t6 ¼ 1. If g A G and i A f1; . . . ; 6g, then
6ðtig�1gtiÞ ¼ 6, and hence tig�1gti can be viewed as an element of Altð5Þ. Define ac-
tions ai : G ! AutN for i ¼ 1; 2 in the following way:

ðx1; . . . ; x6Þg
a1 ¼ ðx1g�1 ; . . . ; x6g�1Þ;

ðx1; . . . ; x6Þg
a2 ¼ ðx1g�1

t
1g�1gt1 ; . . . ; x6g�1

t
6g�1gt6Þ:

Denote by N1 and N2 the G-groups corresponding to these two actions. Define
b : G ! N1 by gb ¼ ðt1g�1gt1; . . . ; t6g�1gt6Þ; since b A Z1ðG;N1Þ and ng a2 ¼ nga1g b

for
any n A N, g A G, then N1 and N2 are G-equivalent. The semidirect product Nza2

G

is isomorphic to the twisted wreath product Altð5Þ twra Altð6Þ, where a is the embed-
ding obtained by identifying Altð5Þ with the stabilizer of 6 in Altð6Þ; this is a primitive
permutation group, and so G is a maximal subgroup of Nza2

G and the action a2 is
irreducible. On the other hand, the diagonal subgroup fðx; . . . ; xÞ j x A Altð5ÞgcN is
G a1 -invariant.

Let CFðGÞ be the set of all chief factors of G. Our target is the study of the ðG;X Þ-
equivalence relation between elements of the set CFðGÞ. First we need a definition.
Given a G-group A let

IGðAÞ ¼ fg A G j g induces an inner automorphism of Ag:

An immediate consequence of Proposition 2 is that if A@G;X B, then IGðAÞ ¼ IGðBÞ.
When A is abelian, IGðAÞ ¼ CGðAÞ, whereas in the non-abelian case this is not
true and it is possible that CGðAÞ0CGðBÞ. (In Example 3, S1 @G;X S2 and
IGðS1Þ ¼ IGðS2Þ ¼ G but S2 ¼ CGðS1Þ0CGðS2Þ ¼ S1.) However if A is a non-
abelian chief factor of G, then G=CGðAÞ is a monolithic primitive group, and its
socle IGðAÞ=CGðAÞ is G-isomorphic to A. So if A;B A CFðGÞ and A@G;X B, then
IGðAÞ ¼ IGðBÞ ¼ I and I=CGðAÞG I=CGðBÞ. We also observe that if A is a non-
abelian chief factor and B is a G-group, then the condition A@G;X B does not
imply IGðAÞ=CGðAÞG IGðBÞ=CGðBÞ. In Example 4, S1 can be identified with a
chief factor of G ¼ S � T , S2 @G;X S1, but IGðS1Þ=CGðS1Þ ¼ G=T GS, whereas
IGðS2Þ=CGðS2Þ ¼ G=SGT .

In order to proceed with our discussion, we need another definition.
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Definition 6. Let H1=K1;H2=K2 A CFðGÞ. We say that H1=K1 and H2=K2 are ðG;X Þ-
related if either H1=K1 GG H2=K2 or G has a normal subgroup N such that

(i) G=N is a primitive permutation group which contains distinct minimal normal
subgroups M1=N and M2=N;

(ii) there exists a subgroup U containing hX ;Ni such that U=N is a complement
for both M1=N and M2=N in G=N;

(iii) H1=K1 GG M1=N, H2=K2 GG M2=N.

Now we are ready to prove the following generalization of [8, Proposition 1.4].

Proposition 7. Let H1=K1;H2=K2 A CFðGÞ. Then H1=K1 and H2=K2 are ðG;X Þ-
equivalent if and only if they are ðG;X Þ-related.

Proof. Assume that H1=K1 and H2=K2 are ðG;X Þ-equivalent but not G-isomorphic.
Then IGðH1=K1Þ ¼ IGðH2=K2Þ ¼ I , while C1 ¼ CGðH1=K1Þ0CGðH2=K2Þ ¼ C2. Set
C ¼ C1 VC2. We have

B ¼ C2=CGG I=C1 GG H1=K1 and A ¼ C1=CGG I=C2 GG H2=K2:

Hence A@G;X B and there exists b A Z1
X ðG;BÞ such that AGG Bb; thus U ¼ ker b is

the required subgroup of G.
In order to prove the converse it su‰ces to show that if N1 and N2 are minimal

normal subgroups of a primitive permutation group G and U is a common comple-
ment for N1 and N2 in G containing a subset X of G, then N1 @G;X N2. Consider

f : N1 ! N2 and b : G ! N2

given, respectively, by n
f
1 ¼ n2 if n1n2 A U and gb ¼ n2 if g A G, n2 A N2 and gn2 A U .

Then b A Z1
X ðG;N2Þ and f is a G-isomorphism between N1 and ðN2Þb.

Definition 8 (see [4]). Let L be a monolithic primitive group and let A be its unique
minimal normal subgroup. For each positive integer k, let Lk be the k-fold product
of L. The crown-based power of L of size k is the subgroup Lk of Lk defined by

Lk ¼ fðl1; . . . ; lkÞ A Lk j l1 1 � � �1 lk modAg:

Clearly socðLkÞ ¼ Ak, Lk=socðLkÞGL=A and the quotient group of Lk over any
minimal normal subgroup is isomorphic to Lk�1, for k > 1. Moreover any normal
subgroup of Lk either contains or is contained in socðLkÞ. Furthermore let Q be a
subset of L and consider

DðQÞ ¼ fðq; . . . ; qÞ j q A QgcDðLÞ ¼ fðl; . . . ; lÞ j l A LgcLk:

Proposition 7 implies that the minimal normal subgroups of Lk are all ðLk;DðQÞÞ-
equivalent. Indeed, if A is abelian, then they are Lk-isomorphic. Suppose that A is
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non-abelian; then the minimal normal subgroups of Lk are precisely the direct factors
A1; . . . ;Ak of socðLkÞ ¼ Ak. For i0 j set N ¼

Q
r0i; j Ar. Then Ai GG AiN=N and

Aj GG AjN=N; moreover DðLÞN=N is a complement for both AiN=N and AjN=N in
Lk=N, so that Ai and Aj are ðLk;DðQÞÞ-related.

We say that a factor H=K of G is X -complemented in G if there exists a subgroup
U of G containing X such that UH ¼ G and U VH ¼ K . An abelian chief factor
H=K of G is X -complemented if and only if there exists a maximal subgroup of G

which contains hX ;Ki but not H. This does not hold if H=K is non-abelian; never-
theless we have the following criterion, which can be proved arguing as in [8, Prop-
osition 1.3].

Proposition 9. Let H=K be a non-abelian chief factor of G. Then H=K is X-

complemented in G if and only if there exists a G-group B which is ðG;XÞ-equivalent
to H=K and satisfies the condition HcCGðBÞ.

We say that a chief factor H=K of G is X -Frattini if it is abelian and not X -
complemented. If X ¼ q, or more in general if X JFratG, then H=K is X -Frattini
if and only if H=KcFratðG=KÞ.

Definition 10. Let A be an irreducible G-group, and consider the set NG;X ðAÞ of nor-
mal subgroups N of G which satisfy the following properties:

(i) Nc IGðAÞ;

(ii) IGðAÞ=N@G;X A;

(iii) IGðAÞ=N is not an X -Frattini chief factor.

We define RG;X ðAÞ ¼ 7
N ANG;X ðAÞ N, if NG;X ðAÞ0q and RG;X ðAÞ ¼ IGðAÞ other-

wise.

We set RG;qðAÞ ¼ RGðAÞ; clearly RGðAÞcRG;X ðAÞc IGðAÞ. The quotient group
IGðAÞ=RGðAÞ is called the A-crown of G, as described in [5], [8]; generalizing this
definition we call IGðAÞ=RG;X ðAÞ the ðG;XÞ-crown associated with A. Note that two
ðG;XÞ-equivalent G-groups define the same ðG;XÞ-crown.

We want to study the structure of G=RG;X ðAÞ when RG;X ðAÞ0 IGðAÞ, i.e. when A

is ðG;XÞ-equivalent to a non-X -Frattini chief factor of G; in the sequel we shall as-
sume A to be a chief factor of G.

Let r : G ! AutA such that gr : a 7! ag for all a A A. The monolithic primitive

group associated with A is defined as

LGðAÞ ¼
G rAGAz ðG=CGðAÞÞ if A is abelian;

G r GG=CGðAÞ otherwise.

�

We define

QG;X ðAÞ ¼ X r:
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When A is abelian, A ¼ socðLGðAÞÞ is QG;X ðAÞ-complemented in LGðAÞ.
If a chief factor B is ðG;XÞ-equivalent to A, then there exists an isomorphism

g : LGðAÞ ! LGðBÞ such that ðQG;X ðAÞÞg ¼ QG;X ðBÞ. This follows immediately
from the definition when A and B are abelian, since then CGðAÞ ¼ CGðBÞ. There-
fore assume that A is non-abelian. Then A@G;X B and BGG IGðBÞ=CGðBÞ, so that
there exists b A Z1

X ðG; IGðBÞ=CGðBÞÞ such that AGG ðIGðBÞ=CGðBÞÞb. Now we define
g : LGðAÞGG=CGðAÞ ! LGðBÞGG=CGðBÞ by ðgCGðAÞÞg ¼ ggbCGðBÞ.

The existence of an isomorphism g : LGðAÞ ! LGðBÞ such that

ðQG;X ðAÞÞg ¼ QG;X ðBÞ

does not imply that A@G;X B. For example let S be a non-abelian simple group
and let Y be a subset of S containing at least one element s0 1. Take G ¼ S2

and X ¼ Y 2 JG. If S1 and S2 are the two direct factors of G, then the map
g : G=CGðS1Þ ! G=CGðS2Þ defined by ððs1; s2ÞCGðS1ÞÞg ¼ ðs1; s2ÞCGðS2Þ is an iso-
morphism between LGðS1Þ and LGðS2Þ such that ðQG;X ðAÞÞg ¼ QG;X ðBÞ. However
S1 and S2 have no common complement in G containing X , and so, by Proposition 7,
S1 and S2 are not ðG;XÞ-equivalent.

Let A be a chief factor of G. To simplify our notation we identify A with
socðLGðAÞÞ and we set I ¼ IGðAÞ, R ¼ RGðAÞ, RX ¼ RG;X ðAÞ, L ¼ LGðAÞ,
Q ¼ QG;X ðAÞ and N ¼ NG;X ðAÞ.

Lemma 11. If N A N, then there exists an epimorphism: h : G ! L such that

(1) ker h ¼ N;

(2) I h ¼ A;

(3) gh 1 gr modA for each g A G;

(4) xh ¼ xr for each x A X ;

(5) if A is abelian, then Gr is a complement for A in L and it contains Q ¼ X r.

Proof. There exist b A Z1
X ðG;AÞ and an isomorphism f : I=N ! A such that

af�1gf ¼ agg
b

, for all a A A and g A G. If A is abelian, then I ¼ CGðAÞ and, as I=N
is X -complemented in G, there exists a subgroup U of G such that X JU , IU ¼ G

and I VU ¼ N. We define h : G ! AzAutA by setting gh ¼ ðcNÞfur where g ¼ cu

with u A U and c A I . If A is non-abelian, then define h : G ! AutA by ag h ¼ af�1gf.
We have gh ¼ gry where y is the inner automorphism of A induced by conjugation
with gb; in particular y A socL. Let g A ker b. If A is abelian then gh ¼ ðcNÞfur ¼ 1
implies that g A I VU ¼ N. If A is non-abelian then gh ¼ 1 if and only if
g A CGðI=NÞ ¼ N. In both cases, ker h ¼ N and G h ¼ L. Finally let x A X . If A is
non-abelian, then xh ¼ xr since xb ¼ 1; if A is abelian, then x A U and again xh ¼ xr.

The next result explains the role played by the crown-based powers in the study of
G=RX .
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Proposition 12. There exist d ¼ dG;X ðAÞ A N and an epimorphism a : G ! Ld such that

(1) ker a ¼ RX ;

(2) X a ¼ DðQÞ ¼ fðq; . . . ; qÞ j q A QgcDðLÞ ¼ fðl; . . . ; lÞ j l A Lg;

(3) socðLdÞ is X a-complemented if A is abelian.

Proof. Let r : G ! AutA be the homomorphism induced by the conjugation ac-
tion of G on A. Assume that fU1; . . . ;Udg is a minimal subset of N such that
7

1cicd
Ui ¼RX . For each i A f1; . . . ; dg let hi : I=Ui ! L be the epimorphism defined

in Lemma 11. Note that ghi 1 ghj modA, and so we may define a homomorphism
a : G ! Ld by setting ga ¼ ðgh1 ; . . . ; ghdÞ. We have ker a ¼ 7

i
ker hi ¼ 7

i
Ui ¼ RX .

For i A f1; . . . ; dg let Ni ¼ 7
j0i

Uj . It can easily be seen that N
hi
i ¼ A while N

hj
i ¼ 1 if

i0 j; thus a is surjective. If x A X then xa ¼ ðxr; . . . ; xrÞ A DðQÞ. When A is abelian,
we deduce from Lemma 11 that DðG rÞ is a complement of socðLdÞ ¼ Ad in Ld and
contains X a.

This proposition has the following consequence:

Lemma 13. Let H=K be a chief factor of G. If RX cK < Hc I , then H=K is ðG;X Þ-
equivalent to A and is non-X-Frattini.

Proof. Let C be the set of chief factors H=K such that RX cHcKc I and let
a : G ! Ld be the epimorphism defined in Proposition 12. It can easily be seen that
if H1=K1;H2=K2 A C, then the chief factors H a

1 =K
a
1 and H a

2 =K
a
2 are ðLd;X

aÞ-related;
this implies that H1=K1 and H2=K2 are ðG;X Þ-related. Hence all factors in C are
ðG;XÞ-equivalent, and in particular they are ðG;X Þ-equivalent to A, as I=N A C for
any N A N. Moreover, if A is abelian, then H a=K a is X a-complemented in Ld, and
hence H=K is X -complemented in G. We conclude that H=K is non-X -Frattini.

We can also prove a converse result:

Lemma 14. Let H=K be a chief factor of G. Then H=K is non-X-Frattini and ðG;X Þ-
equivalent to A if and only if RXH=RXK0 1 and RXHc I .

Proof. If RXK0RXHc I , then, by Lemma 13, RXH=RXK is non-X -Frattini and
ðG;XÞ-equivalent to A; hence also H=K satisfies these properties.

Now assume that the chief factor H=K is non-X -Frattini and is ðG;XÞ-equivalent
to A. There exists a maximal subgroup, say M, which contains K but not H. Let N
be the normal core of M in G. Since H and K are normal in G, from KcM and
HGM we deduce that KcN and HGN. In particular HN=N is a minimal normal
subgroup of the primitive group G=N and it is G-isomorphic to H=K , hence ðG;X Þ-
equivalent to A; moreover when H=K is abelian, since H=K is X -complemented in G,
we may assume that X JM, so that HN=N is X -complemented. By the definition of
I ¼ IGðAÞ, the socle of the primitive group G=N is I=N. Then either I=N ¼ HN=N
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and N A NX or G=N is a primitive group with distinct non-abelian minimal normal
subgroups HN=N and Y=N. In the first case RX cN ¼ NK < NH ¼ I and thus
RXK0RXHc I . In the second case I=N ¼ HN=N � Y=N, so that I=Y GG HN=N
is non-abelian and ðG;XÞ-equivalent to A; this implies that Y A NX and RX cY . We
deduce that RXHcYHc I ; moreover RXKcRXNcY , while HGY , and hence
RXK < RXH.

Theorem 15. Each chief series of G contains exactly dG;X ðAÞ factors which are non-X-

Frattini and are ðG;XÞ-equivalent to A.

Proof. Let S : 1 ¼ Gt < Gt�1 < � � � < G0 ¼ G be a chief series of G. For 0c ic t de-
fine Hi ¼ GiRX . If i < t then either Hi ¼ Hiþ1 or Hi=Hiþ1 is a chief factor of G=RX .
Moreover the set of non-trivial factors Hi=Hiþ1 coincides with the set of factors of a
chief series of G=RX . Since a normal subgroup N=RX of G=RX either contains I=RX

or is contained in I=RX , either Hic I or Hid I . Let j be the smallest integer such that
Hj c I . Lemma 14 implies that if i < j then Gi=Giþ1 cannot be non-X -Frattini and
ðG;XÞ-equivalent to A. Moreover, if id j, then Hi=Hiþ1 0 1 if and only if Gi=Giþ1 is
non-X -Frattini and ðG;XÞ-equivalent to A. Let Y ¼ fGi1=Gi1þ1; . . . ;Gid=Gidþ1g be the
set of factors of S which are non-X -Frattini and ðG;XÞ-equivalent to A and assume
that i1 < i2 < � � � < id. From above we have

I ¼ Hi1 > Hi1þ1 ¼ Hi2 > � � � > Hijþ1 ¼ Hijþ1
> � � � > Hidþ1

¼ R

and Hij=Hijþ1
is a chief factor of G; in particular d ¼ jYj does not depend on S and it

coincides with dG;X ðAÞ.

3 The Dirichlet polynomial PG (X , s)

We define a Dirichlet polynomial PGðX ; sÞ as follows:

PGðX ; sÞ :¼
X
n AN

an

ns
with an :¼

X
jG:Hj¼n;
XJHcG

mðH;GÞ;

where m is the Möbius function of the subgroup lattice of G. When t is a positive
integer, PGðX ; tÞ is the probability that t random elements generate G together with
the elements of X . The ring D of Dirichlet polynomials is a unique factorization do-
main. If NtG, then we may consider the Dirichlet polynomial PG=NðXN; sÞ, where
XN ¼ fxN j x A Xg; this polynomial divides PGðX ; sÞ in the ring D. More precisely,
we have the following result.

Proposition 16. If N is a normal subgroup of a finite group G, then

PGðX ; sÞ ¼ PG=NðXN; sÞPG;NðX ; sÞ
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where

PG;NðX ; sÞ :¼
X
n AN

bn

ns
with bn :¼

X
jG:Hj¼n
XJHcG
HN¼G

mðH;GÞ:

This proposition will be proved by applying the complement theorem of Crapo:

Theorem 17 ([3], Theorem 12). Let L be a finite lattice and fix x A L. Let

x? ¼ fy A L j x5y ¼ 0; x4y ¼ 1g. Then

mLð0; 1Þ ¼
X

y; z A x?

ycz

mLð0; yÞmLðz; 1Þ:

In particular, if x? is an antichain, then

mLð0; 1Þ ¼
X
y A x?

mLð0; yÞmLðy; 1Þ:

Proof of Proposition 16. Let H be a subgroup of G. We apply Theorem 17 to the
lattice LH of subgroups of G containing H and we take x ¼ HN. Let us define

SH :¼ fY cG jHcY ;YN ¼ G;Y VN ¼ H VNg;

we have x? ¼ fY cG jHcY ; hY ;HNi ¼ G;Y VHN ¼ Hg ¼ SH . Notice that if
Y A SH then jG : Y j ¼ jN : N VHj, and hence x? is an antichain and by Theorem 17

mðH;GÞ ¼
X

Y ASH

mðH;Y ÞmðY ;GÞ:

Consequently

PGðX ; sÞ ¼
X

XJHcG

mðH;GÞ
jG : Hjs ¼

X
XJHcG

X
Y ASH

mðH;YÞ
jY : Hjs

mðY ;GÞ
jG : Y js

 !

¼
X

XJYcG
YN¼G

mðY ;GÞ
jG : Y js

X
H ATY

mðH;Y Þ
jY : Hjs

 ! !

with TY ¼ fH jX JHcY ;H VN ¼ Y VNg. Now fix Y with the properties X JY

and YN ¼ G and let LXN be the lattice of subgroups of G containing hX ;Ni. It can
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easily be verified that H 7! HN induces an isomorphism between TY and LXN (with
inverse the map K 7! K VY ); this implies that

mTY
ðH;YÞ ¼ mLXN

ðHN;YNÞ ¼ mLXN
ðHN;GÞ ¼ mðHN;GÞ:

Moreover if H A TY and HcKcY , then K A TY and so

mðH;YÞ ¼ mTY
ðH;Y Þ ¼ mðHN;GÞ:

In addition, if H A TY , then jY : Hj ¼ jG : HNj. This implies that

PGðX ; sÞ ¼
X

XJYcG
YN¼G

mðY ;GÞ
jG : Y js

X
H ATY

mðH;Y Þ
jY : Hjs

 ! !

¼
X

XJYcG
YN¼G

mðY ;GÞ
jG : Y js

X
K ALXN

mðK ;GÞ
jG : K js

 ! !

¼
X

XJYcG
YN¼G

mðY ;GÞ
jG : Y js PG=NðXN; sÞ
� �

¼ PG=NðXN; sÞ
X

XJYcG
YN¼G

mðY ;GÞ
jG : Y js

¼ PG=NðXN; sÞPG;NðX ; sÞ;

and so we have proved our statement.

Notice that if a chief factor H=K of G is X -Frattini, then PG=K ;H=KðXK ; sÞ ¼ 1.
Hence, by taking a chief series

S : 1 ¼ Nl < � � � < N1 < N0 ¼ G

and iterating Proposition 16, we obtain an expression of PGðX ; sÞ as a product in-
dexed by the non-X -Frattini chief factors in the series

PGðX ; sÞ ¼
Y

Ni=Niþ1

non-X -Frattini

PG=Niþ1;Ni=Niþ1
ðXNiþ1; sÞ: ð3:1Þ

Now our aim is to describe the factors in (3.1). In order to do this we need a defini-
tion.

Let L be a finite monolithic primitive group, and let A be its socle. Assume also
that QJL and that A is Q-complemented when A is abelian. We define
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~PPL;1ðQ; sÞ ¼ PL;AðQ; sÞ;

~PPL; iðQ; sÞ ¼ PL;AðQ; sÞ � ð1 þ qþ � � � þ qi�2Þg
jAjs ;

ð3:2Þ

where g ¼ jCAutLðL=AÞVCAutLðQÞj and q ¼ jEndL Aj if A is abelian and q ¼ 1 oth-
erwise.

Lemma 18. Let L be a finite monolithic primitive group, with socle A. Let G ¼ Ld for a

positive integer d, and assume that N is a minimal normal subgroup of G. Suppose that
QJL and that A is Q-complemented when A is abelian. Then

PG;NðDðQÞ; sÞ ¼ ~PPL; dðQ; sÞ:

Proof. For d ¼ 1 there is nothing to prove. Assume that d > 1. We have
socðGÞ ¼ A1 � � � � � Ad and we may identify N with Ad. Write M ¼ A1 � � � � � Ad�1.
Define

S ¼ fHcG jDðQÞcH;HN ¼ Gg; S1 ¼ fH AS jMcHg; and S2 ¼SnS1:

By Proposition 16, PG;NðDðQÞ; sÞ ¼ P1ðsÞ þ P2ðsÞ, with

P1ðsÞ ¼
X
H AS1

mðH;GÞ
jG : Hjs ; P2ðsÞ ¼

X
H AS2

mðH;GÞ
jG : Hjs :

Let p : G ! L be the restriction to G ¼ Ld cLd of the projection pd : L
d ! L onto

the dth factor and let T ¼ fT cL jQcT ;TA ¼ Lg. The map H ! H p defines a
bijection between S1 and T; moreover mðH;GÞ ¼ mðH p;LÞ and jG : Hj ¼ jL : H pj,
so that

P1ðsÞ ¼
X
H AS1

mðH;GÞ
jG : Hjs ¼

X
H AS1

mðH p;LÞ
jL : H pjs ¼

X
T AT

mðT ;LÞ
jL : T js ¼ PL;AðQ; sÞ:

Now assume that H A S2 and let K ¼ H VM. Then K is a normal subgroup of
G ¼ HN as ½M;N � ¼ 1, and hence KGAi with ic d� 2. Since HN ¼ G we have

jG : Hj ¼ jN : H VNjc jNj ¼ jAj; ð3:3Þ

while

jG : Hjd jMH : Hj ¼ jM : H VMj ¼ jM : K j ¼ jAjd�1�i: ð3:4Þ

Comparing (3.3) and (3.4) we deduce that H has the following properties:
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(1) K ¼ M VH is the direct product of d� 2 minimal normal subgroups of G;

(2) G=KGL2, and H=K is a common complement of the minimal normal sub-
groups NK=K and M=K of G=KGL2 and it contains DðQÞK=K .

Conversely, if H is a subgroup which contains a normal subgroup K of G in such a
way that the previous properties are satisfied, then H A S2.

Note that the subgroups of L2 which are complements of two distinct mini-
mal normal subgroups and contain fðq; qÞ j q A Qg are precisely those of the form
fðl; l aÞ j l A Lg, with a A CAutLðL=AÞVCAutLðQÞ. Thus a subgroup H with the previ-
ous properties is uniquely determined by K and a. The number of choices for K is
1 þ qþ � � � þ qd�2, while the number of choices for a is g. Moreover a subgroup H

which satisfies (1) and (2) is a maximal subgroup of G, and so mðH;GÞ ¼ �1 for each
H A S2. Hence

P2ðsÞ ¼
X
H AS2

mðH;GÞ
jG : Hjs ¼

X
H AS2

�1

jAjs ¼ �ð1 þ qþ � � � þ qd�2Þg
jAjs

and the proof is complete.

Theorem 19. Let A ¼ H=K be a non-X-Frattini chief factor of G. If RX ¼ RG;X ðAÞ
then

PG=K ;H=KðXK ; sÞ ¼ PG=RXK ;RXH=RXKðXRXK; sÞ ¼ ~PPL;kðQ; sÞ;

where L ¼ LGðAÞ, Q ¼ QG;X ðAÞ and k ¼ dG=K ;XKðAÞ.

Proof. Let S ¼ fU cG jX JU ;KcU ;UH ¼ G; and mðU ;GÞ0 0g; notice that

PG=K;H=KðXK ; sÞ ¼
X
U AS

mðU ;GÞ
jG : U js :

Observe that mðU ;GÞ0 0 only if U is intersection of maximal subgroups of G. Now
let M be a maximal subgroup of G containing U and let N be the normal core of M
in G; HN=N is a minimal normal subgroup of the primitive group G=N and it is G-
isomorphic to H=K , and hence ðG;XÞ-equivalent to A; when H=K is abelian, HN=N
is also X -complemented. By the definition of I ¼ IGðAÞ, the socle of the primitive
group G=N is I=N. Then either I=N ¼ HN=N and N A NG;X ðAÞ or G=N is a primi-
tive group with two distinct non-abelian minimal normal subgroups HN=N and Y=N.
In the second case I=N ¼ HN=N � Y=N and M=N is a common complement for
HN=N and Y=N in G=N, so that HN=N@G;X Y=N@G;X A; since I=HNGG Y=N
and I=Y GG HN=N, both HN and Y belong to NG;X ðAÞ. In each case we deduce
that RX cNcM. Hence RXK cU for any U A S. This implies immediately
that PG=K ;H=KðXK ; sÞ ¼ PG=RXK ;RXH=RXKðXRXK ; sÞ. Combining Proposition 12 and
Lemma 18, we conclude that PG=RXK;RXH=RXKðXRXK ; sÞ ¼ ~PPL;kðQ; sÞ.
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Since in any chief series of G the number of non-X -Frattini factors ðG;X Þ-
equivalent to A is precisely dG;X ðAÞ, we get that the total contribution to PGðX ; sÞ
from these factors is

Q
1cicdG;X ðAÞ

~PPLGðAÞ; iðQG;X ðAÞ; sÞ. Thus, given a chief series
1 ¼ Nl < � � � < N0 ¼ G, we can collect together the ðG;XÞ-equivalent terms and
we obtain

PGðX ; sÞ ¼
Y

Ni=Niþ1

non-X -Frattini

PG=Niþ1;Ni=Niþ1
ðXNiþ1; sÞ

¼
Y
A

� Y
Ni=Ni�1@G;XA

PG=Niþ1;Ni=Niþ1
ðXNiþ1; sÞ

�

¼
Y
A

� Y
1cicdG;X ðAÞ

~PPLGðAÞ; iðQG;X ðAÞ; sÞ
�

where A runs over a set of representatives of the ðG;X Þ-equivalence classes of non-
X -Frattini chief factors of G. Thus we get the following factorization, which is inde-
pendent of the choice of the chief series.

Theorem 20. Let G be a finite group. Then

PGðX ; sÞ ¼
Y
A

� Y
1cicdG;X ðAÞ

~PPLGðAÞ; iðQG;X ðAÞ; sÞ
�

ð3:5Þ

where A runs over a set of representatives of the ðG;XÞ-equivalence classes of non-X -
Frattini chief factors of G. Moreover, the factorization of PGðX ; sÞ corresponding to the

non-X-Frattini factors in a chief series S of G is precisely (3.5), independently of the

choice of S.

Corollary 21. Let t A N. Then there exist g1; . . . ; gt such that G ¼ hX ; g1; . . . ; gti if

and only if ~PPLGðAÞ; dG;X ðAÞðQG;X ðAÞ; tÞ > 0 for any non-X-Frattini chief factor A of G.

Proof. Recall that PGðX ; tÞ is the probability that t random elements together with the
elements of X generate G. Thus there exist g1; . . . ; gt such that G ¼ hX ; g1; . . . ; gti if
and only if PGðX ; tÞ > 0. By definition, if ic dG;X ðAÞ then

~PPLGðAÞ; iðQG;X ðAÞ; tÞd ~PPLGðAÞ; dG;X ðAÞðQG;X ðAÞ; tÞ;

and so if ~PPLGðAÞ; dG;X ðAÞðQG;X ðAÞ; tÞ > 0 for any non-X -Frattini chief factor A of G

then

PGðX ; tÞ ¼
Y
A

� Y
1cicdG;X ðAÞ

~PPLGðAÞ; iðQG;X ðAÞ; tÞ
�

> 0:
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Conversely, assume that PGðX ; tÞ > 0 and let A be a non-X -Frattini chief factor
of G. We want to prove that ~PPL; dðQ; tÞ > 0, where L ¼ LGðAÞ, d ¼ dG;X ðAÞ and
Q ¼ QG;X ðAÞ. Let R ¼ RG;X ðAÞ and let N=R be a minimal normal subgroup of
G=R. By Theorem 19,

~PPL; dðQ; tÞ ¼ PG=R;N=RðXR; tÞ ¼
PG=RðXR; tÞ
PG=NðXN; tÞ ;

clearly PG=NðXN; tÞ > PG=RðXR; tÞ > PGðX ; tÞ > 0, and so we reach our conclusion.

Suppose that H is a finite group and let A be an abelian irreducible H-group. It is
well known (see for example [1]) that

jZ1ðH;AÞj ¼ qdjZ1ðH=CHðAÞ;AÞj ð3:6Þ

where q ¼ jEndH Aj and d ¼ dH;qðAÞ is the number of non-Frattini factors H-
isomorphic to A in a chief series of H. This result can be generalized as follows:

Proposition 22. Suppose that H is a finite group and let A be an abelian irreducible H-

group. If X JH, then

jZ1
X ðH;AÞj ¼ qdH;X ðAÞjZ1

QH;X ðAÞðH=CHðAÞ;AÞj:

Proof. Let G ¼ HA; note that PG;AðX ; sÞ ¼ 1 � c=jAjs where c is the number of com-
plements of A in G containing X . These complements are precisely the subgroups of
G of the form Hb ¼ fhhb j h A Hg, with b A Z1

X ðH;AÞ. Hence

PG;AðX ; sÞ ¼ 1 � jZ1
X ðH;AÞj
jAjs : ð3:7Þ

Let L ¼ LGðAÞ, Q ¼ QG;X ðAÞ, g ¼ jCAutLðL=AÞVCAutLðQÞj and

q ¼ jEndL Aj ¼ jEndH Aj:

It can easily be verified that

g ¼ ðq� 1ÞjZ1
QðL=A;AÞj: ð3:8Þ

Moreover H=CHðAÞGL=A and

PL;AðQ; sÞ ¼ 1 �
jZ1

QðL=A;AÞj
jAjs : ð3:9Þ

Let d ¼ dH;X ðAÞ. Since dG;X ðAÞ ¼ dþ 1, by Theorem 19 we have
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1 � jZ1
X ðH;AÞj
jAjs ¼ PG;AðX ; sÞ ¼ ~PPL; dþ1ðQ; sÞ

¼ 1 �
jZ1

QðL=A;AÞj
jAjs � ð1 þ qþ � � � þ qd�1Þg

jAjs

¼ 1 �
jZ1

QðL=A;AÞj
jAjs �

ð1 þ qþ � � � þ qd�1Þðq� 1ÞjZ1
QðL=A;AÞj

jAjs

¼ 1 �
qdjZ1

QðL=A;AÞj
jAjs

and hence jZ1
X ðH;AÞj ¼ qdjZ1

QðL=A;AÞj.

4 An application

Denote by dðGÞ the smallest cardinality of a set of generators of G. Given an element
g A G we ask whether there exists a set of cardinality dðGÞ which contains g and gen-
erates G. This is equivalent to asking whether

PGðfgg; dðGÞ � 1Þ > 0: ð4:1Þ

Let X ¼ fgg. By Corollary 21, the condition (4.1) is satisfied if and only if for any
non-X -Frattini chief factor A of G the following holds:

~PPLGðAÞ; dG;X ðAÞðQG;X ðAÞ; dðGÞ � 1Þ > 0: ð4:2Þ

Let

WG ¼ fA j ~PPLGðAÞ; dGðAÞðq; dðGÞ � 1Þc 0g:

If A B WG, then ~PPLGðAÞ; dG;X ðAÞðQG;X ðAÞ; dðGÞ � 1Þd ~PPLGðAÞ; dGðAÞðq; dðGÞ � 1Þ > 0,
and so it su‰ces to verify condition (4.2) just for A A WG. On the other hand if
A A WG and g A RGðAÞ, then RG;X ðAÞ ¼ RGðAÞ, dG;X ðAÞ ¼ dGðAÞ, QG;X ðAÞ ¼ 1 and
(4.2) does not hold; therefore PGðfgg; dðGÞ � 1Þ > 0 implies that g B 6

A AWG
RGðAÞ.

This last condition is also su‰cient when G is supersoluble.

Theorem 23. Let G be a supersoluble group and fix g A G. There exists a subset of G of

cardinality dðGÞ which contains g and generates G if and only if g B 6
A AWG

RGðAÞ.

Proof. Let A A WG; to prove our theorem it su‰ces to show that if g B RGðAÞ then
(4.2) holds. We may assume that RGðAÞ ¼ 1, so that GGLd with L ¼ LGðAÞ and
d ¼ dGðAÞ. Since A is isomorphic to a chief factor of G and G is supersoluble,
jAj ¼ jEndL Aj ¼ q is a prime number. Let N be a minimal normal subgroup of G;
arguing as in the proof of Proposition 22 we deduce that
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~PPL; dðq; sÞ ¼ PG;Nðq; sÞ ¼ 1 � qd�1jZ1ðL=A;AÞj
qs

:

Moreover Z1ðL=A;AÞ ¼ fba j a A Ag where ðAlÞba ¼ ½a; l �, and hence

jZ1ðL=A;AÞj ¼ qy;

where y ¼ 1 if A0L and y ¼ 0 otherwise. Consequently ~PPL; dðq; sÞ ¼ 1 � qd�1þy�s.
Since A A WG, we have ~PPL; dðq; dðGÞ � 1Þc 0 so that dðGÞc dþ y. On the other
hand, since PGðdðGÞÞ > 0 we have dðGÞ > dþ y� 1, and hence dðGÞ ¼ dþ y. Now
let d� ¼ dG;X ðAÞ and Q ¼ QG;X ðAÞ; we have

~PPL; d � ðQ; sÞ ¼ 1 �
q d ��1jZ1

QðL=A;AÞj
qs

:

If hgiV socG0 1, then d� < d and

~PPL; d � ðQ; dðGÞ � 1Þ ¼ 1 �
jZ1

QðL=A;AÞj
qdþy�d �

d 1 � qd ��d > 0:

If hgiV socG ¼ 1, then, since g0 1, we deduce that Q is a non-trivial subset of
AutA. Hence in particular y ¼ 1, and moreover Z1

QðL=A;AÞ ¼ fba j a A CAðQÞg and
CAðQÞ ¼ 1, so that jZ1

QðL=A;AÞj ¼ 1 and

~PPL; d � ðQ; dðGÞ � 1Þ ¼ 1 � qd ��d�1 > 0:

This concludes the proof.

The previous result does not hold if we drop the hypothesis that G is supersoluble.
For example consider the crown-based power G ¼ ðAltð4ÞÞ2. It can easily be seen
that dðGÞ ¼ 2; moreover A A WG if and only if A is G-isomorphic to a minimal
normal subgroup of G, and then we have RGðAÞ ¼ 1. Therefore 6

A AWG
RGðAÞ ¼ 1.

Now let g be a non-trivial element of a minimal normal subgroup M of G. If there
exists x such that G ¼ hg; xi then G ¼ hM; xi, and this implies that G=MGAltð4Þ
is cyclic.
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