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The X-Dirichlet polynomial of a finite group
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1 Introduction

Suppose that G is a finite group and fix a subset X of G. For any positive integer
t, let ¢(X,t) denote the number of ordered z-tuples (gi,...,g;) of group elements
such that G = {X,gi,...,g:>. The number P(X,t) = ¢5(X,1)/|G|" is the probabil-
ity that r randomly chosen elements generate G together with the elements of the
subset X. Clearly >y o #u (X, 1) = |G|'; applying the M&bius inversion formula
we obtain

do(X,0)= Y wH GIH, (L1)

XSH<G

where u is the Mobius function associated with the subgroup lattice of G. In view of
(1.1), we may write

w(H,G)
|G: H|"

Po(X, )= Y

XcH<LG

(1.2)

We may interpolate the above integer function and define Pg(X,s) for any complex
variable s. Rearranging the summands in (1.2) we obtain a Dirichlet polynomial as
follows:

The formula (1.2) when X = & was discovered by Hall [7]; in this case Pg(,s) is
the multiplicative inverse of a zeta function for G, as described by Mann [9] and
Boston [2].
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The ring & of Dirichlet polynomials with integer coefficients is a unique factori-
zation domain. In 5] it is shown that if X’ = ¢ then knowledge of the chief factors of
G gives a factorization of Pg(X,s) in &. Our aim here is to prove similar results for
arbitrary choices of X. The starting remark is that normal subgroups play a crucial
role in the factorization of Pg(X,s). Indeed (see Proposition 16) if N <2 G, then there
exists a polynomial Pg y(X, 1) € Z such that

Po(X,5) = Pg/n(XN,5)Pg (X, s). (1.3)

By taking a chief series of G, and iterating the above formula, we obtain an expres-
sion of Pg(X,s) as a product indexed by the factors of the series. As in the case
X = ¢, the main result is that the factors of Pg(X,s) obtained in this way are inde-
pendent of the choice of the chief series. We shall describe the Dirichlet polynomials
that arise in this kind of factorization. A key tool in the case when X = ¢J was an
equivalence relation on the set of irreducible G-groups. Here we refine this equiva-
lence relation, to take account of the behaviour of the irreducible G-groups with re-
spect to the subset X. We place the results of [5], [8] in this more general setting.
Though in some cases the modifications required are slight, we have included them in
order to make our exposition self-contained.

2 (G, X)-equivalence and crowns

Throughout this paper, G denotes a finite group and X is a subset of G.

Definition 1. Let 4 and B be two G-groups. We say that they are (G, X )-equivalent,
and write 4 ~¢, x B, if there are isomorphisms ¢: 4 — Band ®: 4 X G— BX G
such that

(1) x® = x for all x € X, and

(2) the following diagram commutes:

] — 4 ——— AXG — G —— 1

bl

l——— B —— BXG — G —— 1.

This relation is an equivalence relation and it was studied by Jiménez-Seral and
Lafuente [8] when X = (. In this particular case we write 4 ~g B instead of
A ~g x B and we say that 4 and B are G-equivalent. Clearly if 4 ~g y B, then
A ~¢ B, but, as we will see, (G, X)-equivalence is in general strictly weaker than G-
equivalence. However most of the results proved in [8] concerning G-equivalence can
be generalized to (G, X)-equivalence.

Arguing as in [8, Proposition 1.2], we can translate our definition of (G, X)-
equivalence in terms of non-abelian cohomology. Given a G-group B and a 1-cocycle
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BeZ'(G,B), we get that b9" = h99" defines a homomorphism 7 : G — Aut B. The
corresponding G-group is denoted by Bg. We write

72 (G,B)={peZ'(G,B)|x’ =1forall xe X}.

Proposition 2. Let A and B be two G-groups. Then A ~g x B if and only if there exists
B € Zy(G, B) such that A =g By.

Proof. Given ff € Z}((G7 B) and an isomorphism ¢ : 4 — B such that a% = a?9” for
all ae A, g€ G, we may define ®: A X G — B> G by (ga)d) — ggPa? and obtain
A ~g x B. On the other hand if 4 ~g y B, then we may define f: G — B by
g? = ¢g~1g®. The result follows.

A consequence of the previous proposition is that if 4 ~; B, then 4 ~¢ x B, in-
dependently of the choice of X (indeed we can take ff € Zl(G, B) such that g# =1
for all g € G). Moreover, if 4 and B are abelian, then By = B for any ff € Z}((G, B),
and hence if 4 ~g x B, then 4 =~¢ B. Therefore two abelian G-groups are (G, X)-
equivalent if and only if they are G-isomorphic. However in the non-abelian case the
(G, X)-equivalence relation depends on the choice of the subset X, as illustrated in
the following example:

Example 3. Take a non-abelian simple group S and let G = S2. The minimal normal
subgroups S| = {(s,1)|s€ S} and S» = {(1,s)|s e S} are irreducible G-groups. De-
fine feZ'(G,S,) by setting (a,5)” = (1,b7'a). Then S, = (82); since the map
¢: S — S, defined by (s,1)? = (1,s) satisfies the condition a% = a®*" for any
ae Sy, geG;hence if X = {(s,s)|se S}, then e ZL(G, S,) and S; ~¢.x S>. How-
ever if X =S,, then S| and S, are not (G, X)-equivalent. Otherwise there would
exist f e Zéz(G, S,) such that S| ~¢ (Sz)ﬁ, but in this case g# =1 for all g € G, and
S1 ~ag,s, S» would imply that S} ¢ S», which is false since Cg(S1) # Cg(S2).

Note that a G-group B which is (G, X)-equivalent to an irreducible G-group 4 is
not necessarily irreducible; indeed consider the following example:

Example 4. Let S be a non-abelian simple group and let 7' be a subgroup of S.
Consider the direct product G =S x T and let X = {(z,¢) |t e T}. Define actions
o : G — Aut S for i = 1,2 in the following way:

(50" _ s X<S"t)12 "

X x°, x' forany xe S, (s,1) € G.

Denote by S; and S, the G-groups corresponding to these two actions. Define
B:G— S by (s,))f =s't. For any (s1,11), (52, 1) € G we have

((s1,11) (52, )" = (5180, 0112)" = (su82) 't112 = (s'0)%(s; ' 1)

= ((s1,11)") 2 (52, )" = ((s51,0)) > (52, 1),
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and hence € Z}(G, S). Moreover for any x in S and (s, ) € G we have

(5,0 (s,00)% _ _ssVt Lt (s,0)%
xS0 EOT = 8T = x50

so that S, = (S7) 5 and S; and S, are (G, X)-equivalent. Clearly S; is G-irreducible,
while if 7 < S, then T is a proper G-subgroup of S,.

Another example is the following:

Example 5. Let G = Alt(6), N = Alt(5)° and consider the following elements of
G:t1=(1,6),t, =(2,6),...,t5=(5,6),t6=1. If ge G and ie{l,...,6}, then
6(t;,-19t;) = 6, and hence t;,-1gt; can be viewed as an element of Alt(5). Define ac-
tions o; : G — Aut N for i = 1,2 in the following way:

o1

()Cl7 e 7.>C6)g = (Xlg—l, e 7)66971),

)912 l,~191 l‘ﬁt,flgle)
, .

(xl,...,x6 = (.XI!]—I ey Xogol
Denote by N; and N, the G-groups corresponding to these two actions. Define
B:G— Ni by gf = (11,191, ..., 16, 19t6); since e Z'(G,Ny) and n9* = n?"9" for
any n € N, g € G, then N and N, are G-equivalent. The semidirect product N <,, G
is isomorphic to the twisted wreath product Alt(5) twr, Alt(6), where « is the embed-
ding obtained by identifying Alt(5) with the stabilizer of 6 in Alt(6); this is a primitive
permutation group, and so G is a maximal subgroup of N < ,, G and the action o, is
irreducible. On the other hand, the diagonal subgroup {(x,...,x)|x e Alt(5)} < N is

G™-invariant.

Let €7 (G) be the set of all chief factors of G. Our target is the study of the (G, X)-
equivalence relation between elements of the set €7 (G). First we need a definition.
Given a G-group 4 let

I5(A) = {g € G| g induces an inner automorphism of A}.

An immediate consequence of Proposition 2 is that if 4 ~g x B, then I(A4) = I5(B).
When A is abelian, I3(A4) = Cg(A4), whereas in the non-abelian case this is not
true and it is possible that Cg(4) # Cg(B). (In Example 3, S} ~g xS, and
I6(S)) = I6(S2) = G but S, = Cg(S1) # Cs(S2) = S1.) However if 4 is a non-
abelian chief factor of G, then G/Cg(A) is a monolithic primitive group, and its
socle I(A4)/Cg(A) is G-isomorphic to 4. So if 4,Be 4% (G) and 4 ~¢ x B, then
I6(A) =Ig(B) =1 and I/Cg(A) = 1/Cg(B). We also observe that if 4 is a non-
abelian chief factor and B is a G-group, then the condition 4 ~g y B does not
imply I(A4)/Cg(A) = I6(B)/Cs(B). In Example 4, S; can be identified with a
chief factor of G=SxT, S ~g xSi, but I(S1)/Ce(S1) = G/T =~ S, whereas
I(;(Sz)/CG(Sz) = G/S ~T.
In order to proceed with our discussion, we need another definition.
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Definition 6. Let H, /K, H,/ K, € €7 (G). We say that H, /K, and H, /K, are (G, X)-
related if either H,/K; ~¢ H>/K> or G has a normal subgroup N such that

(i) G/N is a primitive permutation group which contains distinct minimal normal
subgroups M;/N and M;/N,

(ii) there exists a subgroup U containing (X, N) such that U/N is a complement
for both M, /N and M,/N in G/N;

(111) H]/K] =g Ml/N, Hz/Kz ggMz/N.
Now we are ready to prove the following generalization of [8, Proposition 1.4].

Pl‘OpOSiﬁOll 7. Let Hl/Kl,Hz/Kz € %@'(G) Then Hl/Kl and Hz/Kz are (G, X)-
equivalent if and only if they are (G, X)-related.

Proof. Assume that H,/K; and H,/K, are (G, X )-equivalent but not G-isomorphic.
Then Ig(H,/Ky) = Ig(H>/K>) = I, while Cy = Cg(H, /K1) # Co(Hy/K>) = Cy. Set
C= Cl n Cz. We have

B = Cz/C %’01/C1 %(;Hl/Kl and A= Cl/C %’(;I/CZ %(;Hz/Kz.

Hence 4 ~¢ xy B and there exists f € Z}((G, B) such that 4 ~¢ Bg; thus U = ker f8 is
the required subgroup of G.

In order to prove the converse it suffices to show that if N; and N, are minimal
normal subgroups of a primitive permutation group G and U is a common comple-
ment for Ny and N, in G containing a subset X of G, then N; ~¢ x N». Consider

¢:Ny— N, and f:G— N,

given, respectively, by ni" =mifmmeUand g’ =nyifge G, nye N, and gn, e U.
Then f € Z} (G, N,) and ¢ is a G-isomorphism between N; and (N,) 5

Definition 8 (see [4]). Let L be a monolithic primitive group and let A be its unique
minimal normal subgroup. For each positive integer k, let L* be the k-fold product
of L. The crown-based power of L of size k is the subgroup L; of L* defined by

Ly ={(l,....,)e L*|l =--- =, mod 4}.

Clearly soc(Ly) = A%, L;/soc(Ly) = L/A and the quotient group of L; over any
minimal normal subgroup is isomorphic to Li_i, for k > 1. Moreover any normal
subgroup of L either contains or is contained in soc(Ly). Furthermore let Q be a
subset of L and consider

AQ) ={(¢,---,q)lqe @} <AL) ={(/,....]) |l e L} < Ly.

Proposition 7 implies that the minimal normal subgroups of L; are all (L, A(Q))-
equivalent. Indeed, if A is abelian, then they are L;-isomorphic. Suppose that A is
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non-abelian; then the minimal normal subgroups of L; are precisely the direct factors
Ay,..., Ay of soc(Ly) = AX. For i # j set N = [1.4:,;Ar Then 4; = A;N/N and
Aj =G A;N/N; moreover A(L)N /N is a complement for both A;,N/N and A4;N/N in
Li/N, so that 4; and 4; are (Li, A(Q))-related.

We say that a factor H/K of G is X-complemented in G if there exists a subgroup
U of G containing X such that UH = G and UN H = K. An abelian chief factor
H/K of G is X-complemented if and only if there exists a maximal subgroup of G
which contains (X, K) but not H. This does not hold if H/K is non-abelian; never-
theless we have the following criterion, which can be proved arguing as in [8, Prop-
osition 1.3].

Proposition 9. Let H/K be a non-abelian chief factor of G. Then H/K is X-
complemented in G if and only if there exists a G-group B which is (G, X)-equivalent
to H/K and satisfies the condition H < Cg(B).

We say that a chief factor H/K of G is X-Frattini if it is abelian and not X-
complemented. If X = ¢, or more in general if X < Frat G, then H/K is X-Frattini
if and only if H/K < Frat(G/K).

Definition 10. Let 4 be an irreducible G-group, and consider the set A4 x(A4) of nor-
mal subgroups N of G which satisfy the following properties:

(i) N <Ig(A);
(ii) I6(4)/N ~6 x 4;
(iii) Ig(A)/N is not an X-Frattini chief factor.

We define Rg,x(4) = (Ve vy N if VGx(4) # & and Rg, x(4) = Ig(A4) other-
wise.

We set Rg, (A) = Rg(A4); clearly Rg(A4) < Rg,x(A) < Ig(A). The quotient group
I(A)/Rg(A) is called the A-crown of G, as described in [5], [8]; generalizing this
definition we call IG(A4)/Rg x(A4) the (G, X)-crown associated with 4. Note that two
(G, X)-equivalent G-groups define the same (G, X)-crown.

We want to study the structure of G/Rg, x(A) when Rg x(A) # Ig(A), i.e. when A4
is (G, X)-equivalent to a non-X-Frattini chief factor of G; in the sequel we shall as-
sume A to be a chief factor of G.

Let p: G — AutA such that g” : a+— a? for all a e A. The monolithic primitive
group associated with A is defined as

Lo(A) = G’A = A (G/Cg(A4)) if A is abelian,
STV 6 = G/Cg(A) otherwise.

We define

Qg .x(4) = X".
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When 4 is abelian, 4 = soc(Lg(A4)) is Qg, x(A)-complemented in Lg(A4).

If a chief factor B is (G, X)-equivalent to A4, then there exists an isomorphism
7:Lg(A) — Lg(B) such that (Qg x(A4))" = Q¢.x(B). This follows immediately
from the definition when A4 and B are abelian, since then Cg(A4) = Cg(B). There-
fore assume that A4 is non-abelian. Then 4 ~¢ y B and B ~¢ I5(B)/Cg(B), so that
there exists € Z}(G, I6(B)/Cg(B)) such that 4 ~¢ (IG(B)/Cg(B));. Now we define
y: Lo(4) = G/Cg(A) — L(B) = G/Cg(B) by (9C6(A4))" = g9’ C6(B).

The existence of an isomorphism y : Lg(A) — Lg(B) such that

(Q6.x(4))" = Q. x(B)

does not imply that 4 ~; y B. For example let S be a non-abelian simple group
and let Y be a subset of S containing at least one element s # 1. Take G = S
and X =Y>< G. If S; and S, are the two direct factors of G, then the map
7 G/C6(S1) — G/CG(S,) defined by ((s1,52)C6(S1))” = (51,52)C6(S2) is an iso-
morphism between Lg(S1) and Lg(S2) such that (Qg x(A4))” = Qg x(B). However
S; and S; have no common complement in G containing X, and so, by Proposition 7,
S1 and S, are not (G, X )-equivalent.

Let 4 be a chief factor of G. To simplify our notation we identify 4 with
soc(Lg(A4)) and we set I =15(A), R= Rg(A), Rx =Rg x(A), L= Lg(A4),
0 =06 x(A4) and N = NG x(A).

Lemma 11. If N € A", then there exists an epimorphism: n : G — L such that

(1) kern =N,
(2
(3) g"=g’ modAfor each g € G;
4
(

5

xT = x? for each x € X;

) 1
)
)
) if A is abelian, then G* is a complement for A in L and it contains Q = X*.

Proof There exist feZY(G,A4) and an isomorphism ¢:I/N — A such that
a? ' = q99" for all a e A and g € G. If A is abelian, then I = C5(A4) and, as I/N
is X~ complemented in G, there exists a subgroup U of G such that X cU,IU=G
and INU = N. We define 7 : G — A > Aut 4 by setting g7 = (cN) u” where g = cu
with u € U and c € I. If 4 is non-abelian, then define 7 : G — Aut 4 by a9" = a? ‘99,
We have g” = g”y where y is the inner automorphism of A4 induced by conjugation
with g#; in particular y € soc L. Let g € ker 8. If 4 is abelian then ¢g” = (cN )¢u/’ =1
implies that ge INU =N. If A4 is non-abelian then ¢g” =1 if and only if
g€ Cg(I/N) = N. In both cases, kery = N and G7 = L. Finally let xe X. If 4 is
non-abelian, then x” = x” since x¥ = 1; if 4 is abelian, then x € U and again x” = x”.

The next result explains the role played by the crown-based powers in the study of
G/Ry.
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Proposition 12. There exist 6 = dg, x(A) € N and an epimorphism o.: G — L such that
(1) keroo = Ry;

(2) X*=AQ) ={(¢,-.-,9) g€ O} <A(L) ={(L,...,]) |l e L};
(3) soc(Ls) is X *-complemented if A is abelian.

Proof. Let p: G — AutA be the homomorphism induced by the conjugation ac-
tion of G on A. Assume that {Uj,..., Us} is a minimal subset of /" such that
ﬂlgi@ U;=Ry.Foreachie{l,...,0}lety, : I/U; — L be the epimorphism defined
in Lemma 11. Note that g7 = ¢g"» mod 4, and so we may define a homomorphism
o : G — Ls by setting g* = (¢9"1,...,9"). We have kera = (), kern, = (), U; = Ry.
Forie {l,...,d}let N; = (), U;. It can easily be seen that N = A while N} = 1if
i # J; thus a is surjective. If x € X then x* = (x”,...,x”) € A(Q). When 4 is abelian,
we deduce from Lemma 11 that A(G”) is a complement of soc(Ls) = A° in Ly and
contains X *.

This proposition has the following consequence:

Lemma 13. Let H/K be a chief factor of G. If Ry < K < H < I, then H/K is (G, X)-
equivalent to A and is non-X-Frattini.

Proof. Let € be the set of chief factors H/K such that Ry < H < K <[ and let
o : G — L; be the epimorphism defined in Proposition 12. It can easily be seen that
if H /K, H,/K; € €, then the chief factors H{"/K{ and H}/KJ are (Ls, X *)-related;
this implies that H,/K; and H,/K, are (G, X)-related. Hence all factors in € are
(G, X)-equivalent, and in particular they are (G, X)-equivalent to 4, as I/N € € for
any N € A/". Moreover, if 4 is abelian, then H*/K* is X *-complemented in Ls, and
hence H/K is X-complemented in G. We conclude that H/K is non-X-Frattini.

We can also prove a converse result:

Lemma 14. Let H/K be a chief factor of G. Then H/K is non-X-Frattini and (G, X )-
equivalent to A if and only if RyH/RxK # 1 and RyH < 1.

Proof. If RyK # RyH < I, then, by Lemma 13, RyH/RyK is non-X-Frattini and
(G, X)-equivalent to A4; hence also H/K satisfies these properties.

Now assume that the chief factor H/K is non-X-Frattini and is (G, X)-equivalent
to A. There exists a maximal subgroup, say M, which contains K but not H. Let N
be the normal core of M in G. Since H and K are normal in G, from K < M and
H £ M we deduce that K < N and H £ N. In particular HN /N is a minimal normal
subgroup of the primitive group G/N and it is G-isomorphic to H/K, hence (G, X)-
equivalent to 4; moreover when H/K is abelian, since H/K is X-complemented in G,
we may assume that X = M, so that HN /N is X-complemented. By the definition of
I = I(A), the socle of the primitive group G/N is I/N. Then either I/N = HN/N
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and N € Ay or G/N is a primitive group with distinct non-abelian minimal normal
subgroups HN/N and Y/N. In the first case Ry < N = NK < NH =1 and thus
RyK # RyH < I.In the second case /N = HN/N x Y/N,sothatI/Y ~; HN/N
is non-abelian and (G, X )-equivalent to 4; this implies that ¥ € Ay and Ry < Y. We
deduce that RyH < YH < I; moreover RyK < RyN < Y, while H £ Y, and hence
RyK < RyH.

Theorem 15. Each chief series of G contains exactly dg, x(A) factors which are non-X-
Frattini and are (G, X )-equivalent to A.

Proof LetX:1 =G, < G, <--- < Gy = G be a chief series of G. For 0 < i < ¢ de-
fine H; = G;Ry. If i < ¢ then either H; = H;,; or H;/H;., is a chief factor of G/Ry.
Moreover the set of non-trivial factors H;/H;. coincides with the set of factors of a
chief series of G/Ry. Since a normal subgroup N /Ry of G/Ry either contains I/Ry
or is contained in I /Ry, either H; < I or H; > I. Let j be the smallest integer such that
H; <I. Lemma 14 implies that if i < j then G;/G;;1 cannot be non-X-Frattini and
(G, X)-equivalent to 4. Moreover, if i > j, then H;/H;,; # 1 if and only if G;/ G, is
non-X-Frattini and (G, X)-equivalent to 4. Let ® = {G;, /G, 41, . .., Gi;/Gi;+1} be the
set of factors of ¥ which are non-X-Frattini and (G, X)-equivalent to 4 and assume
that i1y < i < --- < i5. From above we have

I'=H >Hyn =Hy, > >Hypy =Hy,, > >H,, =R

and H; /H;,, is a chief factor of G; in particular 6 = |®| does not depend on X and it
coincides with d¢, y(4).

3 The Dirichlet polynomial P (X, s)
We define a Dirichlet polynomial Pg(X,s) as follows:

PG(X,s) ;:Z% witha, == Y u(H,G),

nelN |G:H|=n,
XcH<LG

where u is the Mobius function of the subgroup lattice of G. When ¢ is a positive
integer, Pg(X,?) is the probability that 1 random elements generate G together with
the elements of X. The ring & of Dirichlet polynomials is a unique factorization do-
main. If N == G, then we may consider the Dirichlet polynomial Pg,/y(XN,s), where
XN = {xN | x € X} this polynomial divides Ps(X,s) in the ring 9. More precisely,
we have the following result.

Proposition 16. If' N is a normal subgroup of a finite group G, then

Pg(X, S) = Pg/N(XN,S)PG.’N(X, S)
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where

by
Ps n(X,s) ::Z; with by, = Z u(H,G).

nelN |G:H|=n
XcH<LG
HN=G

This proposition will be proved by applying the complement theorem of Crapo:

Theorem 17 ([3], Theorem 12). Let & be a finite lattice and fix xe ¥. Let
xt={yeZL|xrny=0,xvy=1}. Then

1e(0,1) = Z 10, ¥)pg(z,1).

y,zext
ysz

In particular, if x* is an antichain, then

r(0,1) =" g (0, o (3, 1).

yext

Proof of Proposition 16. Let H be a subgroup of G. We apply Theorem 17 to the
lattice ¥y of subgroups of G containing H and we take x = HN. Let us define

S ={Y<G|H<Y,YN=G,YNN=HNN};

we have xt = {Y < G|H < Y,{Y,HN)=G,YNHN = H} = ¥y. Notice that if
Y € #y then |G : Y| =|N : NN H|, and hence x* is an antichain and by Theorem 17

WH,G) = Z wH, Y)u(Y,G).

YEyH
Consequently
wH,G WH,Y)ulY, G
Poxy)= S MO s (o M) udG)
xém<cl G Iy S\ ez, |Y 1 HIT |G Y]
e \G: Y\, Y - HI
YN=G

with 7y ={H|X < H< Y,HNN = YNN}. Now fix Y with the properties X = Y
and YN = G and let Fyy be the lattice of subgroups of G containing (X, N). It can
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easily be verified that H — HN induces an isomorphism between 7y and Fyy (with
inverse the map K — KN Y); this implies that

Uy, (H,Y)=pugy (HN,YN) = ugy (HN,G)= u(HN,G).
Moreover if H e Ty and H < K < Y, then K € Ty and so

W(H,Y) ::u,/o“y(Hﬂ Y) = u(HN, G).

In addition, if H € Iy, then |Y : H| = |G : HN/|. This implies that

u(Y,G) WH,Y)
PG<X»S) = E s g
X§Y<G<|G: Y| He.7y|Y:H‘

YN=G

_ ﬂ(YvG) ﬂ(K, G)
X)gNZYSGGQG :Y)? (KGZH%(N |G : K|‘Y>>

wY,G)
= (G Y|YPG/N(XN7S)
XcY<G :

YN=G

uY,G)
= Pg/n(XN,s) s
2 G

YN=G

= PG/N(XNv S)PG.N(X7S)a

and so we have proved our statement.

Notice that if a chief factor H/K of G is X-Frattini, then Pg/g y/x(XK,s) = 1.
Hence, by taking a chief series

2:1=N<--- <N <Ny=G

and iterating Proposition 16, we obtain an expression of Pg(X,s) as a product in-
dexed by the non-X-Frattini chief factors in the series

Pg(X,S): H

Ni/Nit
non-X-Frattini

PG/N,y NNy (XNit1, ).

(3.1)

Now our aim is to describe the factors in (3.1). In order to do this we need a defini-
tion.

Let L be a finite monolithic primitive group, and let 4 be its socle. Assume also
that Q = L and that 4 is Q-complemented when A is abelian. We define
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PLJ(Q) S) = PL,A(st)’

(L+q+-+q72)y (32)
|A|A )

Pri(0.5) = P 4(0,s) —

where y = |Cautr(L/A) N Cau(Q)] and ¢ = |End;, 4] if A4 is abelian and ¢ = 1 oth-
erwise.

Lemma 18. Let L be a finite monolithic primitive group, with socle A. Let G = Ls for a

positive integer 0, and assume that N is a minimal normal subgroup of G. Suppose that
0 < L and that A is Q-complemented when A is abelian. Then

PG,N(A(Q)a S) = PLﬁ(Qa S)'
Proof. For 6 =1 there is nothing to prove. Assume that ¢ > 1. We have
soc(G) = A} X - -+ X As and we may identify N with As. Write M = Ay X -+ X As_;.
Define
S ={HLG|AQ<H,HN=G}, S ={HeS|M<H}, and 9% =S\%.
By Proposition 16, Pg n(A(Q),s) = Pi(s) + Pa(s), with

wW(H,G)
|G : H|"’

(H,G)

P = -
1(S) |GH|s

He 9'}1

Py(s) =

Heyz

Let 7 : G — L be the restriction to G = Ls < L? of the projection 75 : L’ — L onto
the Jth factor and let 7 ={T < L|Q < T,TA=L}. The map H — H" defines a
bijection between %) and 7 ; moreover u(H,G) = u(H",L) and |G: H| = |L: H"|,
so that

WH,G) w(H”, L) (T,L)
s = B L-H** =PL4(Q,s).
H;(/] G H]' g IL:H LTI

Now assume that H € % and let K = HN M. Then K is a normal subgroup of
G = HN as [M,N] =1, and hence K =~ A4’ with i <J — 2. Since HN = G we have

|G:H|=|N:HNON|<|N|=|4], (3.3)
while
|G:H|>|MH :H|=|M: HO\M|=|M:K|=4""". (3.4)

Comparing (3.3) and (3.4) we deduce that H has the following properties:
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(1) K = M N H is the direct product of 6 — 2 minimal normal subgroups of G;

(2) G/K = Ly, and H/K is a common complement of the minimal normal sub-
groups NK/K and M /K of G/K = L, and it contains A(Q)K /K.

Conversely, if H is a subgroup which contains a normal subgroup K of G in such a
way that the previous properties are satisfied, then H € %5.

Note that the subgroups of L, which are complements of two distinct mini-
mal normal subgroups and contain {(q,q)|q € Q} are precisely those of the form
{(l,I*) |1 e L}, with o € Cayr.(L/A) N Caye.(Q). Thus a subgroup H with the previ-
ous properties is uniquely determined by K and «. The number of choices for K is
1+¢q+---+¢°?, while the number of choices for « is y. Moreover a subgroup H
which satisfies (1) and (2) is a maximal subgroup of G, and so u(H, G) = —1 for each
H e %,. Hence

(H,G) Z—l_ (I4+g+--+¢" )y

|G:H\‘Y: B

PZ(S) = 5 g
4] 4]

He9» He%,
and the proof is complete.

Theorem 19. Let A = H/K be a non-X-Frattini chief factor of G. If Ry = R x(A4)
then

Pk 11/x (XK, $) = Pg/ryk. Re Rk (XRx K, s) = Pp (0, 5),
where L = Lg(A), Q = Q¢ x(A4) and k = gk, xx(A).
Proof Let ¥ ={U < G|X < U,K < U,UH = G, and (U, G) # 0}; notice that

WU, G)
|G: U’

Pk n/x (XK, s) = Z
Ues

Observe that 4(U, G) # 0 only if U is intersection of maximal subgroups of G. Now
let M be a maximal subgroup of G containing U and let N be the normal core of M
in G; HN /N is a minimal normal subgroup of the primitive group G/N and it is G-
isomorphic to H/K, and hence (G, X)-equivalent to 4; when H /K is abelian, HN /N
is also X-complemented. By the definition of I = I5(A), the socle of the primitive
group G/N is I/N. Then either I/N = HN/N and N € A x(A4) or G/N is a primi-
tive group with two distinct non-abelian minimal normal subgroups HN/N and Y /N.
In the second case I/N = HN/N x Y/N and M/N is a common complement for
HN/N and Y/N in G/N, so that HN/N ~g x Y/N ~¢ x A; since I/HN =Y /N
and I/Y =g HN/N, both HN and Y belong to 4§ x(A4). In each case we deduce
that Ry < N < M. Hence RyK < U for any U € .. This implies immediately
that Pgx 1/ (XK, ) = Pg/ryk, Reir/rRek (XRx K, s). Combining Proposition 12 and
Lemma 18, we conclude that Pg/r,k, ryr/rek (XRxK,s) = Pri(Q,s).
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Since in any chief series of G the number of non-X-Frattini factors (G,X)-
equivalent to A is precisely dg x(4), we get that the total contribution to Pg(X,s)
from these factors is []<;<s, ,(4) Pro(a),i(Qa,x(4),s). Thus, given a chief series
l=N;<---<Ny=G, we can collect together the (G, X)-equivalent terms and
we obtam

PG(X,S): H PG/N[-[,N[/Ni+|(XNi+1?S)
Ni/Ni1
non-X-Frattini

H < H PG/NHI‘NI'/NI'H (XNiJrlys))
A

Ni/Ni-i~6 x4

=H( IT  Prow.(Qox(A),s ))

1<i<dg x(A4)

where A runs over a set of representatives of the (G, X )-equivalence classes of non-
X-Frattini chief factors of G. Thus we get the following factorization, which is inde-
pendent of the choice of the chief series.

Theorem 20. Let G be a finite group. Then

Pe(X,s) =] ( 11 pLG(A),i(QGA,X(A%S)) (3.5)

A 1<i<dg, x(A)

where A runs over a set of representatives of the (G, X )-equivalence classes of non-X-
Frattini chief factors of G. Moreover, the factorization of Pg(X,s) corresponding to the
non-X-Frattini factors in a chief series ¥ of G is precisely (3.5), independently of the
choice of X.

Corollary 21. Let t € N. Then there exist gi,...,g; such that G = <X, gu,...,9:) if
and only if Pr 4.6, ¢(4)(Q6,x(A4),t) > 0 for any non-X-Frattini chief factor A of G.

Proof. Recall that Pg(X, ¢) is the probability that  random elements together with the
elements of X generate G. Thus there exist g1, ..., g, such that G = {X,gy,..., g,y if
and only if Pg(X, ) > 0. By definition, if i < Jg x(A4) then

Pro),i(Q6.x(A),1) = Ppo(ayse v (a)(Qa.x(A), 1),

and so if Pr ()5, v(4)(Q x(A),7) > 0 for any non-X-Frattini chief factor 4 of G
then

X l = H < H PLG(A),i(QG,X(A)7[)> > 0.

A 1<i<(50_}((A)
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Conversely, assume that Pg(X,7) > 0 and let 4 be a non-X-Frattini chief factor
of G. We want to prove that P; s(Q,1) >0, where L = Lg(A4), =g x(A) and
QO =0¢ x(A). Let R=Rg x(A) and let N/R be a minimal normal subgroup of
G/R. By Theorem 19,

PG/R(XRv t) .

PLo(Q:0) = Poym YR 1) = 5 g

clearly Pg/n(XN,t) > Pg/r(XR, 1) > Pg(X,1) > 0, and so we reach our conclusion.

Suppose that H is a finite group and let 4 be an abelian irreducible H-group. It is
well known (see for example [1]) that

2! (H, 4)| = ¢°|Z' (H | Cy (4), 4)] (3.6)

where ¢ = |Endy A| and 0 =0y, »(A) is the number of non-Frattini factors H-
isomorphic to A4 in a chief series of H. This result can be generalized as follows:

Proposition 22. Suppose that H is a finite group and let A be an abelian irreducible H-
group. If X < H, then

|Zy(H. A)| = ¢ D|Z,, oy (H]Cr(A4), 4)].
Proof. Let G = HA; note that P _4(X,s) = 1 — ¢/|A4|" where c is the number of com-

plements of 4 in G containing X. These complements are precisely the subgroups of
G of the form Hy = {hh# |h e H}, with f e Z},(H, A). Hence

1
Poa(X,s)=1— 'ZX|(A’7|[;A)|. (3.7)
Let L = Lg(A), 0= QG,X(A); Y= |CAU[L(L/A) N CAulL(Q)| and
q = |EndLA| = |E1’1dHA|
It can easily be verified that
y=1(q-1)IZp(L/4,4)]. (38)
Moreover H/Cp(A) =~ L/A and
|Zo(L/4,4)]
Pr 4(Q,s) =1 _Q|T (3.9)

Let 0 =0y, x(A). Since dg x(4) =J + 1, by Theorem 19 we have
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ZV(H. A _
1 —% = PG 4(X,s) = Prs11(0,5)

12/l (gt gy
|4]° |AJ°

L Zp/a ) (g4 + g7 (g - DIZy(L/A,4)]
A[° |A[°

_ oy _21Z(L/4,A)
4]

and hence |Z} (H, 4)| = ¢°|Z,(L/ 4, 4)|.

4 An application

Denote by d(G) the smallest cardinality of a set of generators of G. Given an element
g € G we ask whether there exists a set of cardinality d(G) which contains g and gen-
erates G. This is equivalent to asking whether

Ps({g},d(G) —1) > 0. (4.1

Let X = {g}. By Corollary 21, the condition (4.1) is satisfied if and only if for any
non-X-Frattini chief factor 4 of G the following holds:

Pro(a).06 v()(Qa,x(4),d(G) = 1) > 0. (4.2)
Let

Q6 = {A| Prgia),s004)(B,d(G) — 1) < 0}.
If A¢Qq, then Pria)s,,(4)(Q6 x(A4),d(G) = 1) = Prya).s404)(F,d(G) — 1) >0,

and so it suffices to Verlfy condltlon (4.2) just for A € QG On the other hand if
AeQgandge R(;(A), then RG~X(A) = Rg(A), 5G7)((A) = 5@(14), QG’)((A) =1and
(4.2) does not hold; therefore Pg({g},d(G) — 1) > 0 implies that g ¢ UAEQG Rs(A).
This last condition is also sufficient when G is supersoluble.

Theorem 23. Let G be a supersoluble group and fix g € G. There exists a subset of G of
cardinality d(G) which contains g and generates G if and only if g ¢ UAEQG Rg(A).

Proof. Let A € Qg; to prove our theorem it suffices to show that if g ¢ Rg(A) then
(4.2) holds. We may assume that Rg(A4) =1, so that G = Ls with L = Lg(A4) and
0 =0dG(A). Since A is isomorphic to a chief factor of G and G is supersoluble,
|4| = |End; 4| = ¢ is a prime number. Let N be a minimal normal subgroup of G;
arguing as in the proof of Proposition 22 we deduce that
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Prs(F,5) = Pon(T,s) =1 —

¢ Z'(L/A, 4)|
q° '

Moreover Z'(L/A4, A) = {p,|a € A} where (Al)" = [a,]], and hence
2 (L4, 4)| =",

where 0 = 1 if 4 # L and 0 = 0 otherwise. Consequently P; ;(F,s) = 1 — ¢~ 1+0-s.
Since 4 € Qg, we have P 5(,d(G) — 1) <0 so that d(G) <J+ 0. On the other
hand, since P;(d(G)) > 0 we have d(G) > 6+ 0 — 1, and hence d(G) =J + 0. Now
let 0" =dg x(A) and Q = Qg x(A); we have

0 —1 1
. q° Zp(L/A, A)]
Py (0,5)=1- Qqs :

If <g>Nsoc G # 1, then 6" < J and

. |ZL(L/A,A)| L
P s (0,d(G)—1)=1 —QqMT >1—¢">0.

If {g>NsocG =1, then, since g # 1, we deduce that Q is a non-trivial subset of
Aut 4. Hence in particular § = 1, and moreover ZIQ(L/A,A) ={p,lae C4(Q)} and
C4(Q) =1, s0 that |Z},(L/4, 4)| = 1 and

Py (Q.d(G) =) =1-¢" """ >0.
This concludes the proof.

The previous result does not hold if we drop the hypothesis that G is supersoluble.
For example consider the crown-based power G = (Alt(4)),. It can easily be seen
that d(G) = 2; moreover 4 € Qg if and only if A is G-isomorphic to a minimal
normal subgroup of G, and then we have Rg(A) = 1. Therefore | | seq, Ra(4) = 1.
Now let g be a non-trivial element of a minimal normal subgroup M of G. If there
exists x such that G = <{g, x) then G = (M, x), and this implies that G/ M = Alt(4)
is cyclic.
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