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Let R be a ring andC a class of rightR-modules closed under finite direct sums.
we suppose thatC has a set of representatives, that is, a set V(C) ⊆ C such that every
M ∈ C is isomorphic to a unique element[M] ∈ V(C), then we can view V(C) as a monoid
with the monoid operation[M1] + [M2] = [M1 ⊕M2]. Recent developments in the theo
of commutative monoids (e.g., [4,15]) suggest that one might obtain useful insigh
decompositions of modules by considering the monoids V(C).

Suppose, for example, thatR is a semilocal ring andC = proj-R (see Section 1 fo
definitions and notation). Then V(C) is apositive normal monoid, equivalently [4, Exercise
6.4.16], it is isomorphic to the submonoid ofNt (t ∈ N) consisting of solutions to a finit
system of homogeneous linear equations with integer coefficients. (These monoid
also been calledDiophantine monoidsin the literature.) The first author and Herbera [1
showed, conversely, that given a positive normal monoidM, there is semilocal ringR such
thatM ∼= V(proj-R). Thus the direct-sum behavior of finitely generated projective mod
over a semilocal ring is precisely delineated by the structure of positive normal mon

For another example, letR be a commutative Noetherian local ring andA a finitely
generatedR-module. Let add(A) denote the class ofR-modules that are isomorph
to direct summands of direct sums of finitely many copies ofA. ThenE := EndR(A)

is a semilocal ring, and V(add(A)) is naturally isomorphic to V(proj-E). (See, for
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example, [9].) Thus V(add(A)) is a positive normal monoid. Moreover, the second au
showed in [16] that every positive normal monoid arises as V(add(A)) for some finitely
generated moduleA over a suitable commutative Noetherian local ring. A consequen
this realization theorem is the fact [16, (4.2)] that every positive normal monoid a
also in the form V(add(A)) for some Artinian moduleA over a suitable ring. Sinc
unique factorization can fail in positive normal monoids, this shows how much the K
Schmidt theorem can fail for direct-sum decompositions of finitely generated mo
over Noetherian local rings and for direct-sum decompositions of Artinian mod
Further examples of modules with semilocal endomorphism ring are finite rank to
free modules over commutative semilocal principal ideal domains or valuation dom
linearly compact modules, and modules of finite Goldie dimension and finite dual G
dimension; cf. [11, §4.3].

In this paper we prove a version of the realization theorems described abov
restricted by finite generation assumptions. SupposeC is a class of rightR-modules with
the following three properties:

• C has aset of representativesV(C) (that is, V(C) is a set—not a proper class—
contained inC, and everyA ∈ C is isomorphic to a unique[A] ∈ V(C));

• C is closed under finite direct sums, under direct summands, and under isomorp
• EndR(A) is semilocal for eachA ∈ C.

The first author showed in [12] that in this case V(C) is a reduced Krull monoid
(see definitions at the beginning of the next section). Moreover, ifMR is the direct sum
of the modules in V(C), E is the endomorphism ring End(MR), SE denotes the ful
subcategory of Mod-E consisting of finitely generated projective rightE-modules with
semilocal endomorphism ring, andC is viewed as a full subcategory of Mod-R, then the
categoriesC andSE turn out to be equivalent via the functors HomR(MR,−) :C → SE

and− ⊗E M :SE → C. In particular, the monoids V(C) and V(SE) are isomorphic. The
main theorem of this paper states that every reduced Krull monoid arises in this fash
V(SR) for a suitable ringR. Thus reduced Krull monoids coincide both with the mono
that can be realized as V(C) for some classC of modules satisfying the three propert
above, and with the monoids that can be realized as V(SR) for some ringR. To compare
our result with the earlier realization theorems, we note that the classesC in [13,16] that
represent a given positive normal monoid do indeed satisfy the three properties abo
that the positive normal monoids are exactly thefinitely generatedreduced Krull monoids
(see Proposition 1.4).

1. Definitions, notation and conventions

Monoids are always assumed to be commutative and will be written additively,
0 as the identity element. Recall that the monoidM is said to becancellativeprovided
a + b = a + c ⇒ b = c for all a, b, c ∈ M, andreducedprovideda + b = 0 ⇒ a = b = 0
for all a, b ∈ M. A monoid homomorphismf :M1 → M2 is a divisor homomorphism
provided wheneverf (x) + z = f (y) (with x, y ∈ M1 and z ∈ M2) there is an elemen
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w ∈ M1 such thatx + w = y. (In multiplicative language: iff (x) dividesf (y) thenx

dividesy.) A submonoidM ′ of a cancellative monoidM is said to be afull submonoid
provided the inclusionM ′ → M is a divisor homomorphism, equivalently,M ′ = G ∩ M,
whereG is a subgroup of the quotient groupQ(M) := {x − y | x, y ∈ M} of M.

If G is an abelian group or, more generally, a commutative additive monoid, andΩ is
a set, we shall denote byG(Ω) the direct sum of|Ω | copies ofG, and byGΩ the direct
product. We denote byN the monoid of non-negative integers and byZ the additive group
of integers. The free monoid on a setΩ is then the direct sumN(Ω).

Definition 1.1. A Krull monoid is a commutative cancellative monoid admitting a divi
homomorphism into some free monoidN(Ω).

Remark 1.2. It is easy to see that ifM is a reduced monoid any divisor homomorphi
from M into a cancellative monoid must be injective, and hence thatM is cancellative
as well. Up to isomorphism, a reduced Krull monoid is one of the formM := G ∩ N(Ω),
whereΩ is a set andG is a subgroup of the free abelian groupZ(Ω).

A (possibly non-commutative) ringR is said to besemilocalprovidedR/J (R) is
Artinian, whereJ (R) is the Jacobson radical ofR. We denote by Mod-R the category
of all right R-modules and by mod-R the full subcategory of Mod-R consisting of all
finitely generated rightR-modules. The full subcategory of mod-R consisting of finitely
generated projective rightR-modules will be denoted by proj-R.

Example 1.3. Let (R,m) be a commutative Noetherian local ring withm-adic com-
pletion R̂. The map V(mod-R) → V(mod-̂R) taking [A] to [A ⊗R R̂] is a divisor ho-
momorphism [16, (1.3)]. Moreover, by the Krull–Schmidt theorem for direct-sum
compositions over complete local rings, V(mod-̂R) is a free monoid (on the set{[C] |
C is an indecomposable element of mod-R̂}). Thus V(R) is a reduced Krull monoid.

More generally, letR be an arbitrary ring andC a class of rightR-modules closed unde
isomorphism, finite direct sums, and direct summands, and such that EndR(M) is semilocal
for everyM ∈ C. Assume thatC has a set of representatives V(C). In [12] the first author
defined a set Spec(C) and a divisor homomorphismφ : V(C) → N(Spec(C)), thereby showing
that V(C) is a reduced Krull monoid.

The main theorem in this paper is a strong converse to the theorem in [12]. We sh
only that every reduced Krull monoid (with a divisor homomorphismφ into a free monoid)
arises in this fashion (for a suitable ringR), but also that the classC that realizes a give
reduced Krull monoid can be taken to be the classSR of all finitely generated projectiv
R-modules with semilocal endomorphism ring:

SR := {P ∈ proj-R | EndR(P ) is semilocal}.

Moreover, the divisor homomorphismφ is represented very simply, as the natural m
τ : V(SR) → V(SR/J (R)).
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Recall that apositive normal monoidis a monoid isomorphic to one of the formG∩ Nt

for somet ∈ N and some subgroupG of Zt . The following well-known result relates th
results of this paper to the earlier results discussed in the introduction:

Proposition 1.4. Let M be a monoid. ThenM is a positive normal monoid if and only
M is a finitely generated reduced Krull monoid.

Proof. If M is a finitely generated reduced Krull monoid, one can clearly replace the
setΩ in Remark 1.2 by a finite set, so thatM is positive normal. Conversely, any positi
normal monoid is finitely generated (see, e.g., [13, Lemma 3.2]).✷

Modules with semilocal endomorphism rings form a natural class of module
our study, since direct-sum cancellation is assured for these modules. This canc
theorem is due essentially to Evans [10] (see [11, Theorem 4.5]).

2. The main theorem

Here is the precise statement of our main result:

Theorem 2.1 (Main theorem).Let k be a field,M a reduced Krull monoid,Ω a set
and T :M → N(Ω) a divisor homomorphism. Then there exist ak-algebraR and two
monoid isomorphismsM → V(SR) andh : N(Ω) → V(SR/J (R)) such that ifτ : V(SR) →
V(SR/J (R)) is the homomorphism induced by the natural surjectionπ :R → R/J (R), then
the diagram of monoids and monoid homomorphisms

M
T

∼=

N(Ω)

∼=h

V(SR)
τ

V(SR/J (R))

(1)

commutes.

Remark 2.2. The maph in (1) actually comes from a bijection betweenΩ (the set of atoms
of N(Ω)) and the set of atoms of V(SR/J (R)). Indeed, this is automatic: any isomorphis
of free monoids has to carry the atoms of one to the atoms of the other, and any bi
on the atoms of two free monoids induces a unique monoid isomorphism.

The monoid homomorphismτ : V(SR) → V(SR/J (R)) is the obvious map[PR] �→
[P/PJ (R)]. To see that this makes sense, we need to know thatP/PJ (R) has semiloca
endomorphism ring wheneverP ∈ SR . In fact, the endomorphism ring ofP/PJ (R) is
semisimple Artinian:
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Lemma 2.3 [1, Corollary 17.12].Let R be any ring andP a finitely generated
projective rightR-module with endomorphism ringE. The natural homomorphismE →
EndR/J (R)(P/PJ (R)) is surjective with kernelJ (E). In particular,P ∈ SR if and only if
EndR/J (R)(P/PJ (R)) is semisimple Artinian.

Notice, however, that base change does not in general makeR �→ V(SR) into a functor
from the category of rings to the category of monoids. For instance, ifI is an infinite
index set, the diagonal embeddingε : k → kI does not induce a homomorphism V(Sk) →
V(SkI ), because thek-modulek is in Sk but kI is not inSkI . For a Noetherian exampl
one could takek → k[x], wherex is an indeterminate.

Of course, the mapτ in (1) is a divisor homomorphism. In fact, more is true:

Lemma 2.4 [14, (2.10)].For any ringR the homomorphism

V(proj-R) → V
(
proj-R/J (R)

)
is a divisor homomorphism.

Moreover, the target V(SR/J (R)) of the homomorphismτ is always a free monoid:

Proposition 2.5. Let R be a ring with J (R) = 0. Then SR is the class of all
finitely generated projective semisimple rightR-modules. In particular, the Krull–Schmid
theorem holds forSR , that is,V(SR) is a free commutative monoid generated by the sim
projectives.

Proof. Let P ∈ SR . By Lemma 2.3E := EndR(P ) is semisimple Artinian. Therefor
there is a complete set{e1, . . . , en} of idempotents ofE such thateiEei is a division
ring for every i. Thus PR = e1PR ⊕ · · · ⊕ enPR . By [1, Proposition 17.19], eac
eiPR = eiP/eiPJ (R) is simple, whencePR is semisimple. Conversely, ifP ∈ proj-R
is semisimple, clearlyP ∈ SR . ✷

3. Preliminary results

To prove the main theorem, we must build ak-algebraR with a prescribed monoi
V(SR). We will build it in finite stages and then take the direct limit. The basic build
block is provided by Lemma 3.4, which is a synthesis of two remarkable results, The
3.1 and 3.2, due to Bergman [2]. We recall some terminology from [2] that we will n
here and later. Given a fieldk and ak-algebraR, anR-ringk is a k-algebraS together
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with a k-algebra homomorphismR → S. A morphismS1 → S2 of R-ringsk is ak-algebra
homomorphismf :S1 → S2 making the following diagram commute:

S1
f

S2

R

(2)

Theorem 3.1 (Bergman [2]).Let k be a field and letP be a nonzero finitely generate
projective right module over ak-algebra R. Then there exist anR-ringk S and an
idempotentS-module endomorphismϕ of P ⊗R S such that given anyR-ringk T and any
idempotentT -module endomorphismψ of P ⊗R T , there exists a unique homomorphis
S → T of R-ringsk such thatψ = ϕ ⊗S T .

Moreover, the commutative monoidV(proj-S) may be obtained fromV(proj-R) by
adjoining two new generators[P ′] and [Q′] and one relation[P ′] + [Q′] = [P ], where
P ′ andQ′ are the image and the kernel ofϕ, respectively.

Finally, if R is hereditary, then so isS.

Theorem 3.2 (Bergman [2]).Letk be a field and letP,Q be two nonzero finitely generate
projective right modules over ak-algebra R. Then there exist anR-ringk S and an
S-module isomorphismϕ :P ⊗R S → Q ⊗R S such that given anyR-ringk T and any
T -module isomorphismψ :P ⊗R T → Q ⊗R T , there exists a unique homomorphis
S → T of R-ringsk such thatψ = ϕ ⊗S T .

Moreover, the commutative monoidV(proj-S) is obtained fromV(proj-R) by imposing
the relation[P ] = [Q].

Finally, if R is hereditary, then so isS.

Notation 3.3. Let W be a finite index set, and let Free(2W + 1) denote the free monoid o
the 2|W | + 1 symbolsI, pw andqw (w ∈ W). Next, we fix positive integersnw, w ∈ W .
SupposeS is a ring andϕS

w is an idempotent endomorphism of the rightS-moduleSnw

for eachw ∈ W . Denote byPw and Qw the image and the kernel ofϕS
w. Given an

elementx = aI +∑
w∈W bwpw +∑

w∈W cwqw ∈ Free(2W + 1) (with a, bw, cw ∈ N), we

denote byx(ϕS
w | w ∈ W) the finitely generated projectiveS-moduleSa ⊕ (

⊕
w∈W P

bw
w )⊕

(
⊕

w∈W Q
cw
w ). Fix a finite setA ⊆ (Free(2W + 1)− {0})× (Free(2W + 1)− {0}).

Lemma 3.4. Let k be a field andR a k-algebra, and keep the notation established in(3.3).
There exist anR-ringk S, |W | idempotentS-module endomorphismsϕS

w of Snw (w ∈ W),
and |A| S-module isomorphismsψS

(x,y) :x(ϕS
w | w ∈ W) → y(ϕS

w | β ∈ W) ((x, y) ∈ A),
with the following universal property: given anyR-ringk T , |W | idempotentT -module
endomorphismsϕT

w of T nw (w ∈ W), and |A| T -module isomorphismsψT
(x,y) :x(ϕT

w |
w ∈ W) → y(ϕT

w | w ∈ W) ((x, y) ∈ A), there exists a unique homomorphismS → T

of R-ringsk such thatϕT
w = ϕS

w ⊗S T for everyw ∈ W andψT
(x,y) = ψS

(x,y) ⊗S T for every
(x, y) ∈ A.
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Moreover, the commutative monoidV(proj-S) may be obtained fromV(proj-R) by
adjoining 2|W | new generators[Pw] and [Qw] (w ∈ W) and |W | + |A| relations
[Pw] + [Qw] = nw[S] (w ∈ W) and [x(ϕS

w | β ∈ W)] = [y(ϕS
w | β ∈ W)] ((x, y) ∈ A),

wherePw andQw are the image and the kernel ofϕS
w, respectively, for eachw ∈ W .

Finally, if R is hereditary, then so isS.

Proof. Proceed by induction on|W |+|A|, takingS = R when|W | = |A| = 0. One applies
Theorem 3.1 when|W | increases and Theorem 3.2 when|A| increases. The details are le
to the reader. ✷
3.5. Localization

A crucial step in our construction will be a version of non-commutative localization
to Cohn. Suppose we are given ak-algebraR and a collectionΣ of matrices overR. Then
there is a universalΣ-invertingR-ringk λ :R → RΣ [8, Theorem 7.2.1]. That is, the imag
of each matrix inΣ is invertible overRΣ and if S is anyR-ringk over which each matrix
in Σ becomes invertible, then there is a unique homomorphism ofR-ringsk fromRΣ to S.

Lemma 3.6 (Cohn [6]).Let R be ak-algebra andϕ :R → D be a surjectivek-algebra
homomorphism, withD commutative and von Neumann regular. LetΣ be the set of squar
matrices overR that become invertible overD, and letϕ̄ :RΣ → D be the map coming
from the universal property ofRΣ . Then the kernel ofϕ is the Jacobson radical ofRΣ .
Moreover,V(proj-RΣ) is a cancellative monoid.

Proof. SinceRΣ/ker(ϕ) ∼= D is von Neumann regular, we have thatJ (RΣ) ⊆ ker(ϕ). For
the converse, we appeal to [6, Theorem 3.1], which says that ifC is a square matrix ove
RΣ such thatϕ(C) is invertible overD, thenC is already invertible overRΣ . Therefore,
if x ∈ ker(ϕ), then 1+ x is invertible inRΣ . As ker(ϕ) is a two-sided ideal, it follows tha
x ∈ J (RΣ). Therefore kerϕ = J (RΣ).

For the second statement, we recall that every finitely generated projectiveD-module is
isomorphic to a direct sum of principal ideals generated by idempotents. It follows e
that V(proj-D) is cancellative. SinceD ∼= RΣ/J (RΣ), V(proj-RΣ) → V(proj-D) is a
divisor homomorphism (Lemma 2.4) and hence V(proj-RΣ) is cancellative as well. ✷

We also need the following proposition, whose standard proof is left to the reader

Proposition 3.7 [3, p. 320].Let ∆ be a directed set and{Rδ | δ ∈ ∆} be a direct system
of rings with direct limitR. The canonical monoid homomorphismlim−→

δ

V(proj-Rδ) →
V(proj-R) is an isomorphism.

4. Two special cases of the main theorem

In this section we prove two special cases of the main Theorem. We begin by
some notation that will be used throughout the paper.
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Notation 4.1. Since in the statement of the main theoremT :M → N(Ω) is a divisor
homomorphism, we can suppose that there exists a subgroupG of Z(Ω) such thatM =
G ∩ N(Ω), T :M = G ∩ N(Ω) → N(Ω) is the inclusion, andG is the subgroup ofZ(Ω)

generated byM. AsM ⊆ N(Ω), every element ofM is a sum of indecomposable elemen
The set of all indecomposable elements ofM is the unique minimum generating set
the monoidM and consists exactly of the minimal non-zero elements ofM (relative
to the partial ordering induced by the product ordering onN(Ω)). (SinceM is a full
(Section 1) submonoid ofN(Ω), this partial ordering agrees with theintrinsic partial
ordering (“divides” in multiplicative terminology) onM.)

For everyw ∈ Z(Ω), let supp(w) be the set of alli ∈ Ω with w(i) �= 0; thus supp(w) is
a finite subset ofΩ . Set supp(M) =⋃

w∈M supp(w).

4.2. The finite case

Suppose supp(M) = Ω andΩ is a finite set. In this case,M has only finitely many
indecomposable elements (because they form an antichain inNΩ ). Therefore the sumu of
all indecomposable elements ofM is an order-unit ofM (that is, all of the coordinates o
u for the embeddingM ⊆ NΩ are positive). In this case, by [13, theorem 6.1] there e
a semilocal hereditaryk-algebraR and a commutative diagram

M

∼=

N(Ω)

∼=

V(proj-R) V(proj-R/J (R)).

SinceR is semilocal, proj-R = SR and proj-R/J (R) = SR/J (R).

4.3. The caseM = {0}

WhenM = 0 (equivalently, supp(M) = ∅), there is still something to prove, since w
have to replicate the given divisor homomorphismM → N(Ω). To do this, we must build a
k-algebraR such thatSR = {(0)}, but V(SR/J (R)) ∼= N(Ω). We put

D = kN

k(N)
× kΩ.

(The factorkN/k(N) is necessary only in the case thatΩ is finite.) We will chooseR so
thatR/J (R) ∼= D, and we will compute V(SD) using the following lemma.

Lemma 4.4. Let A be a commutative von Neumann regular ring. ThenV(SA) is the free
monoid generated by{[A/m] | m is an isolated point ofSpec(A)}.

Proof. By Proposition 2.5, V(SA) is the free monoid generated by the simple projec
A-modules. The simple projectives are exactly the modulesA/m, wherem is a principal
maximal ideal ofA, that is, an isolated point of Spec(A). ✷
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Since Spec(kN/k(N)) has no isolated points and since the isolated points of Spec(kΩ)

are the maximal idealsmi := {f ∈ kΩ | f (i) = 0}, for i ∈ Ω , we see that V(SD) ∼= N(Ω),
as desired.

Now let X be a set of noncommuting indeterminates overk with |X| = |D|, and let
ϕ : k〈X〉 → D be a surjectivek-algebra homomorphism from the freek-algebrak〈X〉
ontoD. It is well known thatk〈X〉 is a two-sided fir [8, Corollary to Proposition 2.4.2
Let Σ be the set of square matrices overk〈X〉, whose images inD are invertible, and
let λ : k〈X〉 → R := k〈X〉Σ be the universalΣ-inverting k〈X〉-ringk (Section 3.5). By
Lemma 3.6 we haveD ∼= R/J (R), and we need to show thatSR = {(0)}.

SupposeA,B are (not necessarily square) matrices with entries ink〈X〉 such that
AB ∈ Σ . If A is r × s then r � s, sinceϕ(A)ϕ(B) is invertible over the commutativ
ring D. We claim that one can adjoin rows toλ(A) and columns toλ(B) to get invertible
s × s matrices overR. This will show thatΣ is factor-complete[7]. Sinceλ(A)λ(B)

becomes invertible when we pass toD, [6, Theorem 3.1] implies thatλ(A)λ(B) is already
invertible overR. Therefore the kernel ofλ(A) and the cokernel ofλ(B) are stably free
R-modules and hence free, by Lemma 3.6. The claim follows easily.

SinceΣ is factor-complete, [7, Theorem 1] implies that the localizationR = k〈X〉Σ is
a semifir, so that every finitely generated projective module is free of unique rank. SiR

is not semilocal (i.e.,R/J (R) is not Artinian), it follows thatSR = {(0)}, as desired.

5. Reduction to the case where supp(M) = Ω and Ω is infinite

Returning to the general case of the main theorem, let us writeΩ as the disjoint union
of Ω1 := supp(M) and its complementΩ2 := Ω − supp(M). Suppose we can prove th
theorem in the case whereΩ is infinite andΩ1 = Ω . By Section 4.2 we will then know
that the theorem is true wheneverΩ1 = Ω .

In the general case, the image of the divisor homomorphismT :M → N(Ω) is
contained inN(Ω1). Moreover, the induced homomorphismT1 :M → N(Ω1) is a divisor
homomorphism. By the caseΩ1 = Ω , we obtain ak-algebraR1 and a commutative
diagram

M
T1

∼=

N(Ω1)

∼=h1

V(SR1)
τ1

V(SR1/J (R1)).

(3)

Also, by the case treated in Section 4.3, we obtain ak-algebraR2 and a commutative
diagram

{0}
∼=

N(Ω2)

∼=h2

V(SR2)
τ2

V(SR2/J (R2)).

(4)
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TakingR = R1 × R2, we obtain the direct sum of the two diagrams (3) and (4), wh
yields the desired diagram in Theorem 2.1.

• Thus we may assume from now on that supp(M) = Ω andΩ is infinite. The proof in
this case will occupy the rest of the paper.

6. Proof of the main theorem

We now begin the proof of the main theorem in the remaining case, when supp(M) = Ω

andΩ is infinite. We preserve the notation established in Notation 4.1. The proof pro
in several steps.

6.1. The monoidsMF ⊆ CF

The first step is to writeM as a convenient direct limit of finitely generated monoi
We shall actually enlargeM a bit in order to keep track of its relations. After taking t
direct limit, we will be able to identify and discard the unwanted stuff (see Section 6.

Let 1 be the element of the direct productZΩ with 1(i)= 1 for everyi ∈ Ω . LetF(Ω)

be the directed set of all finite subsets ofΩ . For eachF ∈ F(Ω), letCF be the submonoid
of NΩ consisting of elements that are constant onΩ−F . ThusCF = NF ⊕χΩ−F N, where
χΩ−F is the characteristic function, taking the value 0 onF and 1 onΩ −F . In particular,
CF is a free monoid of rank|F | + 1. PutMF := ((ZF ∩G)⊕ 1Z)∩ NΩ . Note thatMF is
a full submonoid ofCF .

If F,F ′ ∈F(Ω) andF ′ ⊆ F , we have a commutative diagram of monoids:

MF ′

⊆
⊆ CF ′

⊆

MF ⊆ CF

(5)

The direct limit (union) of the embeddingsMF ⊆ CF is

(G⊕ 1Z) ∩ NΩ ⊆ C := N(Ω) ⊕ 1N. (6)

6.2. The generating setsWF

We shall fix, for eachF ∈F(Ω), a finite setWF ⊆ MF −{1} such thatMF is generated
as a monoid byWF ∪ {1}. Moreover, we shall choose these sets in such a way
WF ′ ⊆ WF wheneverF ′ ⊆ F . We do this by induction on|F |, starting withW∅ = ∅.
ForF �= ∅, we note thatMF is finitely generated, being a full submonoid ofCF . Now we
choose anyWF containing the union of the finitely many finite setsWF ′ , F ′ ranging over
the proper subsets ofF , such that1 /∈ WF andWF ∪ {1} generatesMF .

If w ∈ (G ⊕ 1Z) ∩ NΩ =⋃
F∈F(Ω)MF , we writew = g + z1 with g ∈ G andz ∈ Z.

SinceG ⊆ Z(Ω) andw ∈ NΩ , we must havez � 0. Choose a positive integerz′ such that
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−g + z′1 ∈ NΩ . We putuw := −g + z′1 andnw = z+ z′. Thus we have defined function⋃
F∈F(Ω)MF →⋃

F∈F(Ω)MF , w �→ uw, and
⋃

F∈F(Ω)MF → N − {0}, w �→ nw , with
the property thatw + uw = nw1. Notice that ifw ∈ MF thenuw ∈ MF too (since the ele
mentsg and−g are then inZF ∩G). We emphasize, however, that the elementuw and the
positive integernw depend only onw and not on the particular monoidMF containingw.

6.3. The presentationTF : FreeF → MF

Recalling Notation 3.3 and the generating setsWF from Section 6.2, we put FreeF :=
Free(2WF + 1) for eachF ∈ F(Ω). We have a surjective homomorphism of mono
TF : FreeF → MF taking the images ofI,pw , andqw to 1,w, anduw , respectively. Thes
maps are compatible with the inclusionsF ′ ⊆ F , and we can enlarge (5) to the followin
commutative diagram, in which the horizontal arrows are surjections:

FreeF ′
TF ′

⊆

MF ′ ⊆ CF ′

⊆ ⊆

FreeF
TF

MF ⊆ CF .

(7)

Let ∼F be the kernel of the homomorphismTF : FreeF → CF (that is, the congruenc
{(x, y) ∈ FreeF ×FreeF | TF (x) = TF (y)}). Since FreeF is finitely generated,∼F is
finitely generated as well [5, Theorem 9.28]. We note that the|WF | elements(pw +
qw,nwI) are in ∼F . We shall fix a finite setAF ⊆ FreeF ×FreeF that generates∼F .
Moreover, we choose the setsAF , by induction on|F | (as we did for the setsWF in
Section 6.2), so thatAF ′ ⊆ AF wheneverF ′ ⊆ F . (This is possible since(x, y) ∈ AF ′
implies x ∼F y, by the commutativity of diagram (7).) Notice that the only elemen
FreeF that is mapped to zero viaTF is the zero element of FreeF , because the generato
I , pw , andqw of FreeF are mapped to the positive elements1, w, anduw of NΩ . Thus
the only element in∼F of the form(x,0) or (0, y) is (0,0), and we may suppose that a
the elements ofAF are pairs of non-zero elements of FreeF . We record the result of thi
discussion:

Lemma 6.4. For eachF ∈ F(Ω), we haveAF ⊆ (FreeF −{0}) × (FreeF −{0}). The
monoidMF is obtained from the free monoidIN ∼= N by adjoining2|WF | new generators
pw,qw (w ∈ WF ) and imposing|AF | relationsx = y ((x, y) ∈ AF ).

6.5. The isomorphismshF :CF → V(proj-DF )

In this and the next sections we establish a context to which we can apply Lemm
We will define a direct system of rings and certain projective modules over these rin
well as certain isomorphisms among these projective modules. In order to do this, w
to specify exactly where these projective modules “live,” and creating this habitat r
in some technical complications that we have been unable to avoid.
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Let D = k(Ω) ⊕ k · 1kΩ , thek-subalgebra ofkΩ generated by the idealk(Ω). For every
F ∈ F(Ω) (the set of finite subsets ofΩ), put DF := kF ⊕ k · 1kΩ ⊆ D, a semisimple
Artinian subring ofD. Letting eFi be the idempotent ofDF with support{i} and eF∞
the idempotent with supportΩ − F , we see that ak-basis ofDF is given by the se
{eFi | i ∈ F ∪ {∞}}. (We have put the unnecessary superscripts on the “finite”ei in order
to allow simultaneous treatment of the idempotentseFi andeF∞.)

Let {v(j,:,t) | j, :, t ∈ N} be the standard basis of the freeD-module of countable ran

D(N×N×N). (Thus the value ofv(j,:,t) is 1 at(j, :, t) and 0 elsewhere.) We linearly ord
the standard basis by means of the lexicographic order onN × N × N. All of our projective
modules will be embedded as explicit submodules ofD(N×N×N). This means that chang
of rings (as in Lemma 3.4) can be made very explicit as well: ifF ′ ⊆ F ∈ F(Ω) and
P is a direct summand ofD(N×N×N)

F ′ , thenP ⊗DF ′ DF can be identified withPDF , the
DF -submodule ofD(N×N×N) generated byP .

For F ∈ F(Ω) and j, : ∈ N, we will now define a natural functiong(F,j,:) from the
free monoidCF of Section 6.1 to the class proj-DF of finitely generated projectiveDF -
modules. The imageg(F,j,:)(c) of each elementc ∈ CF will be a direct summand of th
freeDF -module

⊕
t∈N v(j,:,t)DF ⊆ D(N×N×N). Given an elementc ∈ CF , we letci ∈ N

be theith coordinate ofc for eachi ∈ F andc∞ the constant value ofc onΩ −F . We put

g(F,j,:)(c) :=
⊕

i∈F∪{∞}

ci⊕
t=1

v(j,:,t)e
F
i DF .

Thusg(F,j,:)(c) has a canonicalk-basis consisting of the elementsv(j,:,t)e
F
i (i ∈ F ∪{∞},

t = 1, . . . , ci ). The modulesg(F,j,:)(c) are all isomorphic (asj and: vary), and their sum

insideD
(N×N×N)
F is a direct sum. The mapsg(F,j,:) are compatible with inclusions i

F(Ω). In detail, supposeF ′ ⊆ F ∈ F(Ω). We have the equations

eF
′

∞ = eF∞ +
∑

i∈F−F ′
eFi and (for i ∈ F ∪ {∞} − F ′) eFi = eFi eF

′
∞ . (8)

If, now, c ∈ CF ′ , it follows from (8) that

g(F ′,j,:)(c) ⊆ g(F,j,:)(c) and g(F,j,:)(c)= (
g(F ′,j,:)(c)

)
DF (9)

in D(N×N×N).
All of the mapsg(F,j,:) induce the same monoid isomorphismhF :CF → V(proj-DF ),

and this monoid isomorphism is compatible with inclusions. That is, ifF,F ′ ∈F(Ω) with
F ′ ⊆ F , we have a commutative diagram

CF ′
hF ′

⊆

V(proj-DF ′)

CF

hF
V(proj-DF )

(10)
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in which the horizontal arrows are isomorphisms.

6.6. Thek-algebra surjectionsξF :RF → DF

We begin this section by constructing certain idempotent endomorphismsϕ
DF
w of the

freeDF -modulesDnw
F , where thenw are the positive integers defined in Section 6.2. H

F is an arbitrary finite subset ofΩ , andw ∈ MF . In keeping with our plan to embe
everything explicitly inD(N×N×N), we identify the free moduleDa

F with g(F,0,0)(a1) for

eacha ∈ N. We will define the idempotent endomorphismϕDF
w by specifying its imagePw

and kernelQw (in the notation of Section 3.3). Since we will need to handle direct s
of many copies ofPw andQw, we will create these copies via a direct-sum decompos
of eachof the free modulesg(F,j,:)(nw1), wherej, : ∈ N.

For F ∈ F(Ω) andw ∈ MF , we recall the setup of Section 6.2. We have the rela
w + uw = nw1, whencewi + (uw)i = nw for eachi ∈ F ∪ {∞}. The “(j, :) copy” of Pw

will be the direct summandg(F,j,:)(w) of g(F,j,:)(nw1). For the complementary summa
(corresponding toQw), we let

K(F,j,:)(w) :=
⊕

i∈F∪{∞}

nw⊕
t=wi+1

v(j,:,t)e
F
i DF .

Then K(F,j,:)(w) has a canonicalk-basis consisting of the elementsv(j,:,t)eFi with
i ∈ F ∪ {∞} and t = wi + 1, . . . , nw . The modulesK(F,j,:)(w) areDF -submodules o
D(N×N×N) and are isomorphic tog(F,j,:)(uw) (and of course their isomorphism class do
not vary with(j, :)). If F ′ ⊆ F andw ∈ MF ′ , we see, from Eqs. (8), that

K(F,j,:)(w) = K(F ′,j,:)(w)DF in D(N×N×N), for all j, : ∈ N. (11)

There is an internal decomposition

g(F,j,:)(nw1) = g(F,j,:)(w)⊕ K(F,j,:)(w),

for F ∈ F(Ω),w ∈ MF and j, : ∈ N. In particular, forj = : = 0, there is a unique
idempotent endomorphismϕDF

w of g(F,0,0)(nw1) ∼= D
nw
F such that Im(ϕDF

w ) = g(F,0,0)(w)

and ker(ϕDF
w ) = K(F,0,0)(w) for every F ∈ F(Ω) and everyw ∈ MF . A k-basis of

g(F,0,0)(nw1) is given by the elementsv(0,0,t )eFi with i ∈ F ∪ {∞} and t = 1, . . . , nw ;
and the idempotent endomorphismϕDF

w maps such an elementv(0,0,t )ei to itself for t � wi

and to zero fort > wi . Since the elementsuw and the integersnw depend only onw and
not on the setF , we have a commutative square

g(F ′,0,0)(nw1)

⊆

ϕ
D
F ′

w
g(F ′,0,0)(nw1)

⊆

g(F,0,0)(nw1)
ϕ
DF
w

g(F,0,0)(nw1)

(12)
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wheneverF ′ ⊆ F ∈ F(Ω) and w ∈ MF ′ . We have (g(F ′,0,0)(nw1)) ⊗DF ′ DF =
(g(F ′,0,0)(nw1))DF = g(F,0,0)(nw1) by (9), and now (12) implies that

ϕDF
w = ϕ

DF ′
w ⊗DF ′ DF , (13)

wheneverF ′ ⊆ F ∈F(Ω) andw ∈ WF ′ .
Let Z = {zi | i ∈ Ω} denote a set of noncommuting indeterminates overk. Fix F ∈

F(Ω) and putZF := {zi | i ∈ F }. Let ωF : k〈ZF 〉 → DF be the surjectivek-algebra
homomorphism from the freek-algebrak〈ZF 〉 to the semisimple Artinian ringDF taking
zi to the idempotenteFi with support{i}. Thus we viewDF as ak〈ZF 〉-ringk.

We now apply Lemma 3.4 withW = WF (see Section 6.2), withA = AF (see
Section 6.3), and with the positive integersnw (w ∈ WF ) of Section 6.2. LetRF denote
thek〈ZF 〉-ringk S provided by Lemma 3.4, and letϕRF

w andψRF

(x,y) be the idempotents an
isomorphisms provided.

We wish to exploit the universal property ofRF to get a homomorphismξF :RF → DF

of R-ringsk. To do this, we have to produce certain idempotents and certain isomorp
over DF . We already have the|WF | idempotent endomorphismsϕDF

w of the freeDF -
modulesg(F,0,0)(nw1) for w ∈ WF . In order to define, for each(x, y) ∈ AF , the desired
isomorphismψ

DF

(x,y) :x(ϕDF
w | w ∈ WF ) → y(ϕ

DF
w | w ∈ WF ), we will embed these

projective modules as explicit direct summands ofD(N×N×N). Given x ∈ FreeF (see
Section 6.3 for notation), writex = aI +∑m

:=1b:pw: +∑n
:=1 c:qw: with a, b:, c:,∈ N

andw1, . . . ,wm ∈ WF . We specify that

x
(
ϕDF
w | w ∈ WF

) := (
g(F,0,0)(a1)

)
⊕
(

m⊕
:=1

b:⊕
j=1

g(F,j,:)(w:)

)
⊕
(

m⊕
:=1

c:⊕
j=1

K(F,j,:)(w:)

)
. (14)

We observe that this is an internal direct sum insideD
(N×N×N)
F and that, for eachi ∈

F ∪ {∞}, x(ϕDF
w | w ∈ WF )eFi has a canonicalk-basis consisting of the elements

v(0,0,t )ei (t = 1, . . . , a),

v(j,:,t)ei (: = 1, . . . ,m, j = 1, . . . , b:, t = 1, . . . , (w:)i), and

v(j,:,t)ei (: = 1, . . . ,m, j = 1, . . . , c:, t = (w:)i + 1, . . . , nw:).

Therefore we have, for eachi ∈ F ∪ {∞},

dimk

(
x
(
ϕDF
w | w ∈ WF

)
eFi
)= a +

m∑
:=1

b:∑
j=1

(w:)i +
m∑

:=1

b:∑
j=1

(
nw: − (w:)i

)
.

Referring to Section 6.3, we see that, for eachi ∈ F ∪ {∞}, thek-dimension ofx(ϕDF
w |

w ∈ WF )eF is precisely(TF (x))i , theith coordinate ofTF (x) in MF .
i
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Suppose now that(x, y) ∈ AF (notation in Section 6.3). ThenTF (x) = TF (y), and
by the last paragraph we see thatx(ϕ

DF
w | w ∈ WF )eFi and y(ϕ

DF
w | w ∈ WF )e

F
i have

the samek-dimension for eachi ∈ F ∪ {∞}. Therefore, for eachi ∈ F ∪ {∞}, there is
a unique order-preserving bijection from the canonicalk-basis ofx(ϕDF

w | w ∈ WF )e
F
i

to that of y(ϕDF
w | w ∈ WF )e

F
i . This bijection induces a uniquek-linear isomorphism

from x(ϕ
DF
w | w ∈ WF )e

F
i ontoy(ϕ

DF
w | w ∈ WF )e

F
i , and, taking the direct sum of the

isomorphisms over alli ∈ F ∪ {∞}, we obtain the desiredDF -isomorphismψ
DF

(x,y) :
x(ϕ

DF
w | w ∈ WF ) → y(ϕ

DF
w | w ∈ WF ).

Applying Lemma 3.4, withDF playing the role of the ringT in the lemma, we obtain
a unique homomorphismξF : RF → DF of k〈ZF 〉-ringsk satisfying the universal proper
promised by the lemma. Since the mapωF : k〈ZF 〉 → DF is surjective,ξF is surjective as
well by (2).

Next we prove that the isomorphismsψDF

(x,y) are compatible with the extension
DF ′ ⊆ DF , for F ′ ⊆ F ∈ F(Ω). Suppose(x, y) ∈ AF ′ andF ′ ⊆ F ∈ F(Ω). (Thenx

andy are non-zero elements of FreeF ′ .) We shall prove thatψDF

(x,y) :x(ϕDF
w | w ∈ WF ) →

y(ϕ
DF
w | w ∈ WF ) coincides withψ

DF ′
(x,y) ⊗DF ′ DF . Observe thatx(ϕ

DF ′
w | w ∈ WF ′) ⊗DF ′

DF = x(ϕ
DF ′
w | w ∈ WF ′)DF = x(ϕ

DF
w | w ∈ WF ), by Eqs. (9) and (11); and a simila

identification holds fory. (In formula (14), and in the analogous expression fory(ϕ
DF
w |

w ∈ WF ), the elementsw1, . . . ,wm are all inWF ′ , sincex, y ∈ FreeF ′ .) To prove that the
two maps coincide, it will suffice to check that the restrictions tox(ϕ

DF
w | w ∈ WF )e

F
i of

the mapψDF

(x,y) and of the map induced byψ
DF ′
(x,y) agree for eachi ∈ F ∪ {∞}.

The first map is induced by an order-preserving bijection between the canonicalk-bases
of x(ϕ

DF
w | w ∈ WF )e

F
i and y(ϕ

DF
w | w ∈ WF )e

F
i , while the second is induced by a

order-preserving bijection between the canonicalk-bases ofx(ϕ
DF ′
w | w ∈ WF ′)eF

′
i and

y(ϕ
DF ′
w | w ∈ WF ′)eF

′
i . If i ∈ F ′ thenx(ϕ

DF ′
w | w ∈ WF ′)eF

′
i andx(ϕDF

w | w ∈ WF )eFi have
exactly thesamecanonicalk-bases (and similarly fory), so evidently the two maps a
the same. If, on the other hand,i ∈ F ∪ {∞} − F ′, we have an order-preserving bijecti

v �→ veFi from the standard basis ofx(ϕ
DF ′
w | w ∈ WF ′)eF

′
∞ to that ofx(ϕDF

w | w ∈ WF )e
F
i

(and similarly fory), and hence the two maps agree in this case as well. We have p
that

ψ
DF

(x,y)
= ψ

DF ′
(x,y)

⊗DF ′ DF , (15)

wheneverF ′ ⊆ F ∈F(Ω) and(x, y) ∈ AF ′ .
Still assuming thatF ′ ⊆ F ∈ F(Ω), we apply Lemma 3.4 withR = k〈ZF ′ 〉, S = RF ′ ,

and T = RF . We obtain a unique homomorphismRF ′ → RF of R-ringsk such that

ϕ
RF
w = ϕ

RF ′
w ⊗RF ′ RF for all w ∈ WF ′ , and such thatψRF

(x,y) = ψ
RF ′
(x,y) ⊗RF ′ RF for all

(x, y) ∈ AF ′ . From the universal property of the mapsR → RF and the compatibility
conditions (13) and (15), we deduce that the surjectionsξF : RF → DF are compatible
with inclusions. That is, ifF ′ ⊆ F ∈F(Ω), the following diagram commutes:
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RF ′
ξF ′

DF ′

RF

ξF
DF .

(16)

Applying the universal property again, we see that thek-algebrasRF with the maps
RF ′ → RF form a direct system ofk-algebras, and that theξF give a surjective
homomorphism of this direct system ofk-algebras onto the direct system ofk-algebras
{DF | F ∈F(Ω)}.

6.7. The isomorphismsfF :MF → V(proj-RF )

Let F ∈ F(Ω). By [8, Corollary 2.4.3], every right or left ideal ofk〈ZF 〉 is free; in
particular,k〈ZF 〉 is hereditary. By [8, Corollary 1.4.2], every right or left projectivek〈ZF 〉-
module is free. In particular, V(proj-k〈ZF 〉) ∼= N via the homomorphism that maps[k〈ZF 〉]
to 1. In view of Lemma 6.4 and the presentation of the monoid V(proj-RF ) given in
Lemma 3.4, we see that there is a unique isomorphism of monoidsfF :MF → V(proj-RF )

takingw to [Im(ϕ
RF
w )] anduw to [ker(ϕRF

w )] (because the elements(pw + qw,nwI) are
already in the congruence∼F generated byAF ). These isomorphisms are compatible w
the inclusion maps inF(Ω). Putting everything together, we obtain, forF ′ ⊆ F ∈ F(Ω),
the following commutative diagram of monoid homomorphisms:

V(proj-RF ′) V(proj-DF ′)

MF ′
fF ′

∼=

CF ′
hF ′

∼=

MF

fF

∼=

CF

hF

∼=
V(proj-RF ) V(proj-DF ).

(17)

The arrows in the outer square are the homomorphisms induced by thek-algebra
homomorphisms in (16), and the inner square is (5).

6.8. Localizing thek-algebrasRF

For F ∈ F(Ω), let ΣF be the set of square matrices overRF that become invertible
over DF (via the surjective mapξF ). Let λF :RF → (RF )ΣF be the universalΣF -
invertingRF -ring (Section 3.5), and letηF : (RF )ΣF → DF be the unique homomorphis
(necessarily a surjection) such thatηF λF = ξF . By Lemma 3.6,J ((RF )ΣF ) = ker(ηF ).
Thus(RF )ΣF /J ((RF )ΣF )

∼= DF is a semisimple Artinian ring, and(RF )ΣF is hereditary
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by [3, Theorem 5.3]. The monoid homomorphism V(proj-ξF ) : V(proj-RF ) → V(proj-DF )

factors as V(proj-ξF ) = V(proj-ηF ) ◦ V(proj-λF ). By [13, Theorem 5.1], V(proj-λF ) is an
isomorphism for everyF .

GivenF ′ ⊆ F ∈F(Ω), we have a commutative rectangle

RF ′
λF ′

(RF ′)ΣF ′

??

ηF ′
DF ′

⊆

RF

λF
(RF )ΣF

ηF
DF ,

(18)

and we want to fill in the questionable arrow to obtain two commutative square
α ∈ ΣF ′ , the image ofα in DF ′ is invertible, and therefore so is its image inDF . It
follows that the image ofα in (RF )ΣF (obtained by passing throughRF ) is already
invertible. Thus the mapRF ′ → (RF )ΣF inverts all matrices inΣF ′ , and by the universa
property of the mapλF ′ , there is a unique arrow making the left-hand square in
commute. Commutativity of the right-hand square now follows from the uniquene
the factorization of theΣF ′ -inverting mapRF ′ → DF through the universalΣF ′ -inverting
mapRF ′ → (RF ′)ΣF ′ . Thus we have a natural commutative diagram

(RF ′)ΣF ′
ηF ′

DF ′

⊆

(RF )ΣF

ηF
DF ,

(19)

in which the horizontal arrows are surjectivek-algebra homomorphisms. A routin
argument (another application of the universal property of the mapsλF ) shows that the
k-algebras(RF )ΣF with the maps(RF ′)ΣF ′ → (RF )ΣF form a direct system ofk-algebras,
and that theηF give a homomorphism of this direct system ofk-algebras into the direc
system ofk-algebras{DF | F ∈ F(Ω)}. As V(proj-λF ) is an isomorphism for everyF ,
diagram (17) becomes

V(proj-(RF ′)ΣF ′ ) V(proj-DF ′)

MF ′

∼=

CF ′
hF ′

∼=

MF

∼=

CF

hF

∼=
V(proj-(RF )ΣF ) V(proj-DF ).

(20)
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6.9. Taking the direct limit

Taking the direct limits of diagrams (19) and (20), we get a surjectivek-algebra
homomorphismπ : lim−→

F

(RF )ΣF →⋃
F DF and a commutative diagram

⋃
F MF

∼=

⋃
F CF

∼=

lim−→
F

V(proj-(RF )ΣF ) lim−→
F

V(proj-DF ).

Set R = lim−→
F

(RF )ΣF . Recall (6) that
⋃

F MF = (G ⊕ 1Z) ∩ NΩ and
⋃

F CF = C :=
N(Ω) ⊕ 1N. Also,

⋃
F DF = D := k(Ω) ⊕ k · 1kΩ (see Section 6.5). AsD is von Neumann

regular andπ :R → D is surjective,J (R) ⊆ kerπ . For the reverse inclusion, ifx ∈ kerπ =
ker lim−→

F

ηF , thenx is the image of anx ′ in kerηF for someF , so thatx ′ ∈ J ((RF )ΣF ).

Hence 1+ x ′ is invertible in (RF )ΣF ; thus 1+ x is invertible in R. Therefore the
inclusion kerπ ⊆ J (R) holds as well, andJ (R) = kerπ . Using Proposition 3.7, we obta
a commutative diagram of monoids and monoid homomorphisms

(G⊕ 1Z)∩ NI

∼=

⊆
C

∼=h

V(proj-R)
V(proj-π)

V(proj-D).

Since π :R → D is a surjective homomorphism with kernelJ (R), one has tha
End(PR)/J (End(PR)) ∼= EndD(P ⊗R D) for everyPR ∈ proj-R (Lemma 2.3); therefore
PR ∈ SR if and only if P ⊗R D ∈ SD . By Lemma 4.4, the projectiveD-modules with
a semilocal endomorphism ring are those corresponding, via the isomorphismh :C →
V(proj-D), to the elements ofN(Ω). Since(G ⊕ 1Z) ∩ NΩ ∩ N(Ω) = G ∩ N(Ω) = M, it
follows that we have a commutative diagram

M
T

∼=

N(Ω)

∼=

V (SR) V(SD),

and the proof of the main theorem is complete.
It is interesting to speculate on what further restrictions there might be on

homomorphisms V(SR) → V(SR/J (R)) if one assumes thatR is commutative. The refere
has pointed out that the ring in Section 4.3 could be replaced by a commutative
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elpful

York,

(1974)

(1978)

Soc.,

demic

ses of

noids,

ópez-

m 48
That is, given any setΩ one can find a commutative ringR such that V(SR) = {(0)}, but
V(SR/J (R)) ∼= N(Ω).
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