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Let R be a ring and’ a class of rightR-modules closed under finite direct sums. If
we suppose thaf has a set of representatives, that is, a s@)\C C such that every
M e C is isomorphic to a unique eleme] € V(C), then we can view YC) as a monoid,
with the monoid operatiofM1] + [M2] = [M1 & M>]. Recent developments in the theory
of commutative monoids (e.g., [4,15]) suggest that one might obtain useful insights on
decompositions of modules by considering the monoid%)V

Suppose, for example, th& is a semilocal ring and = proj-R (see Section 1 for
definitions and notation). Then(¥) is apositive normal monoicequivalently [4, Exercise
6.4.16], it is isomorphic to the submonoid Nf (r € N) consisting of solutions to a finite
system of homogeneous linear equations with integer coefficients. (These monoids have
also been calleBiophantine monoidi the literature.) The first author and Herbera [13]
showed, conversely, that given a positive normal moéjdhere is semilocal rin@ such
thatM =V (proj-R). Thus the direct-sum behavior of finitely generated projective modules
over a semilocal ring is precisely delineated by the structure of positive normal monoids.

For another example, le® be a commutative Noetherian local ring aAda finitely
generatedR-module. Let ad@A) denote the class oR-modules that are isomorphic
to direct summands of direct sums of finitely many copiesAofThen E := Endz (A)
is a semilocal ring, and {ddA)) is naturally isomorphic to Yproj-E). (See, for
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example, [9].) Thus Yadd A)) is a positive normal monoid. Moreover, the second author
showed in [16] that every positive normal monoid arises &dd A)) for some finitely
generated modula over a suitable commutative Noetherian local ring. A consequence of
this realization theorem is the fact [16, (4.2)] that every positive nhormal monoid arises
also in the form \(add A)) for some Artinian moduleA over a suitable ring. Since
unique factorization can fail in positive normal monoids, this shows how much the Krull-
Schmidt theorem can fail for direct-sum decompositions of finitely generated modules
over Noetherian local rings and for direct-sum decompositions of Artinian modules.
Further examples of modules with semilocal endomorphism ring are finite rank torsion-
free modules over commutative semilocal principal ideal domains or valuation domains,
linearly compact modules, and modules of finite Goldie dimension and finite dual Goldie
dimension; cf. [11, §4.3].

In this paper we prove a version of the realization theorems described above not
restricted by finite generation assumptions. Supjbisea class of rightR-modules with
the following three properties:

e C has aset of representative¥ (C) (that is, MC) is a set—not a proper class—
contained irC, and everyA € C is isomorphic to a uniqued] € V(C));

e C is closed under finite direct sums, under direct summands, and under isomorphisms;

e Endr(A) is semilocal for eaclt € C.

The first author showed in [12] that in this caséCY is a reduced Krull monoid
(see definitions at the beginning of the next section). MoreoveM#fis the direct sum
of the modules in C), E is the endomorphism ring Ex#r), Sg denotes the full
subcategory of Mod< consisting of finitely generated projective rightmodules with
semilocal endomorphism ring, aiddis viewed as a full subcategory of Makl- then the
categorie€ andSg turn out to be equivalent via the functors HptMz, —):C — Sg
and— ®g M :Sg — C. In particular, the monoids ) and (Sg) are isomorphic. The
main theorem of this paper states that every reduced Krull monoid arises in this fashion, as
V (Sg) for a suitable ringR. Thus reduced Krull monoids coincide both with the monoids
that can be realized as(¥) for some clas€ of modules satisfying the three properties
above, and with the monoids that can be realized @xY for some ringR. To compare
our result with the earlier realization theorems, we note that the cl@sgefl3,16] that
represent a given positive normal monoid do indeed satisfy the three properties above, and
that the positive normal monoids are exactly timtely generatededuced Krull monoids
(see Proposition 1.4).

1. Definitions, notation and conventions

Monoids are always assumed to be commutative and will be written additively, with
0 as the identity element. Recall that the mongddis said to becancellativeprovided
a+b=a+c=b=cforalla,b,ce M, andreducedprovideda + b=0=a=b=0
for all a,b € M. A monoid homomorphisny : M1 — Mo is a divisor homomorphism
provided wheneverf (x) 4+ z = f(y) (with x, y € M1 andz € M>) there is an element
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w € Mj such thatx + w = y. (In multiplicative language: iff (x) divides f(y) thenx
dividesy.) A submonoidM’ of a cancellative monoid/ is said to be dull submonoid
provided the inclusiod?” — M is a divisor homomorphism, equivalently’ = G N M,
whereG is a subgroup of the quotient gro@(M) :={x — y | x,y € M} of M.

If G is an abelian group or, more generally, a commutative additive monoidQaisd
a set, we shall denote by“? the direct sum ofs2| copies ofG, and byG* the direct
product. We denote b the monoid of non-negative integers andsbyhe additive group
of integers. The free monoid on a s@tis then the direct sul?),

Definition 1.1. A Krull monoidis a commutative cancellative monoid admitting a divisor
homomorphism into some free mondit?.

Remark 1.2. It is easy to see that i#/ is a reduced monoid any divisor homomorphism
from M into a cancellative monoid must be injective, and hence Migs cancellative
as well. Up to isomorphism, a reduced Krull monoid is one of the fafm= G N N2,
wheres2 is a set and5 is a subgroup of the free abelian grazi® .

A (possibly non-commutative) rin® is said to besemilocalprovided R/J(R) is
Artinian, whereJ (R) is the Jacobson radical &. We denote by ModR the category
of all right R-modules and by moa the full subcategory of Modr consisting of all
finitely generated righR-modules. The full subcategory of magl-consisting of finitely
generated projective riglR-modules will be denoted by praj-

Example 1.3. Let (R, m) be a commutative Noetherian local ring with-adic com-
pletion R. The map \(mod-R) — V(mod-R) taking [A] to [A ®x R] is a divisor ho-
momorphism [16, (1.3)]. Moreover, by the Krull-Schmidt theorem for direct-sum de-
compositions over complete local rings(mod—ﬁ) is a free monoid (on the s€iC] |

C is an indecomposable element of mﬁ(}i}. Thus MR) is a reduced Krull monoid.

More generally, leR be an arbitrary ring and a class of rightk-modules closed under
isomorphism, finite direct sums, and direct summands, and such that Hnds semilocal
for everyM € C. Assume that has a set of representatives(V. In [12] the first author
defined a set Spé€) and a divisor homomorphisg: V(C) — N(SPeEO)  thereby showing
that V(C) is a reduced Krull monoid.

The main theorem in this paper is a strong converse to the theorem in [12]. We show not
only that every reduced Krull monoid (with a divisor homomorphigsimto a free monoid)
arises in this fashion (for a suitable ri), but also that the clags that realizes a given
reduced Krull monoid can be taken to be the cl&gsof all finitely generated projective
R-modules with semilocal endomorphism ring:

S :={P € proj-R | Endg (P) is semiloca).

Moreover, the divisor homomorphisth is represented very simply, as the natural map
T ZV(SR) —> V(SR/J(R)).
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Recall that gositive normal monoié a monoid isomorphic to one of the forghn N’
for somer € N and some subgrou@ of Z*. The following well-known result relates the
results of this paper to the earlier results discussed in the introduction:

Proposition 1.4. Let M be a monoid. TheM is a positive normal monoid if and only if
M is a finitely generated reduced Krull monoid.

Proof. If M is afinitely generated reduced Krull monoid, one can clearly replace the index
setf2 in Remark 1.2 by a finite set, so that is positive normal. Conversely, any positive
normal monoid is finitely generated (see, e.g., [13, Lemma 3.2]).

Modules with semilocal endomorphism rings form a natural class of modules for
our study, since direct-sum cancellation is assured for these modules. This cancellation
theorem is due essentially to Evans [10] (see [11, Theorem 4.5]).

2. Themain theorem
Here is the precise statement of our main result:

Theorem 2.1 (Main theorem).Let k be a field,M a reduced Krull monoidf2 a set
and T:M — N a divisor homomorphism. Then there exisk-algebra R and two
monoid isomorphisma? — V(Sg) and/:N®? — V/(Sg,,(r)) such that ift : V(Sg) —
V(Sr,J(ry) is the homomorphisminduced by the natural surjectiorR — R/J(R), then
the diagram of monoids and monoid homomorphisms

M—T N

l; hl; )

V(Sg) ——= V(Sr/s(r)
commutes.

Remark 2.2. The map: in (1) actually comes from a bijection between(the set of atoms

of N*9)) and the set of atoms of \8r, (r)). Indeed, this is automatic: any isomorphism

of free monoids has to carry the atoms of one to the atoms of the other, and any bijection
on the atoms of two free monoids induces a unigue monoid isomorphism.

The monoid homomorphism:V(Sg) — V(Sg/sr)) is the obvious mag Pr] —
[P/PJ(R)]. To see that this makes sense, we need to knowRK&t/ (R) has semilocal
endomorphism ring whenevet € Sg. In fact, the endomorphism ring a?/PJ(R) is
semisimple Artinian:
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Lemma 2.3 [1, Corollary 17.12].Let R be any ring andP a finitely generated
projective rightR-module with endomorphism ring. The natural homomorphis@ —
Endg,7(r)(P/PJ(R)) is surjective with kernel (E). In particular, P € Sg if and only if
Endg,s(r)(P/PJ(R)) is semisimple Artinian.

Notice, however, that base change does not in general RakeV (Sg) into a functor
from the category of rings to the category of monoids. For instanck,isf an infinite
index set, the diagonal embeddingc — k! does not induce a homomorphisni&y/) —
V(S,1), because thé-modulek is in S, butk! is notinS,;. For a Noetherian example,
one could také& — k[x], wherex is an indeterminate.

Of course, the map in (1) is a divisor homomorphism. In fact, more is true:

Lemma 2.4[14, (2.10)].For any ring R the homomorphism
V(proj-R) — V(proj-R/J (R))

is a divisor homomorphism.
Moreover, the target ¥5z,;(r)) of the homomorphism is always a free monoid:

Proposition 2.5. Let R be a ring with J(R) = 0. Then Sy is the class of all
finitely generated projective semisimple rigtimodules. In particular, the Krull-Schmidt
theorem holds foSg, that is,V (Sg) is a free commutative monoid generated by the simple
projectives.

Proof. Let P € Sg. By Lemma 2.3E := Endg(P) is semisimple Artinian. Therefore
there is a complete sdt, ..., e,} of idempotents ofE such thate; Ee; is a division
ring for everyi. Thus Pg = e1Pr & --- & e, Pg. By [1, Proposition 17.19], each
eiPr = ¢; P/ei PJ(R) is simple, whencePr is semisimple. Conversely, iP € proj-R
is semisimple, clearly € Sg. O

3. Preliminary results

To prove the main theorem, we must buildcalgebraR with a prescribed monoid
V(Sgr). We will build it in finite stages and then take the direct limit. The basic building
block is provided by Lemma 3.4, which is a synthesis of two remarkable results, Theorems
3.1 and 3.2, due to Bergman [2]. We recall some terminology from [2] that we will need
here and later. Given a field and ak-algebraR, an R-ringy is a k-algebraS together
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with a k-algebra homomorphisiR — S. A morphismS; — S» of R-rings; is ak-algebra
homomorphisny : S — S» making the following diagram commute:

514>S2

%

Theorem 3.1 (Bergman [2]).Let k be a field and letP be a nonzero finitely generated
projective right module over &-algebra R. Then there exist arR-ring;y S and an
idempotents-module endomorphismof P ®g S such that given anR-ring, 7 and any
idempoten?-module endomorphism of P @ T, there exists a unique homomorphism
S — T of R-rings, such thaty = ®s T.

Moreover, the commutative monoif(proj-S) may be obtained fronV (proj-R) by
adjoining two new generatorfs?’] and [Q’] and one relationf P’] + [Q'] = [P], where
P’ and Q’ are the image and the kernel of respectively.

Finally, if R is hereditary, then soiS§.

Theorem 3.2 (Bergman [2]) Letk be afield and leP, Q be two nonzero finitely generated
projective right modules over &-algebra R. Then there exist amR-ring; S and an
S-module isomorphisnp: P ®g S — O ®g S such that given anyg-ring; T and any
T-module isomorphismy: P @ T — Q ®g T, there exists a unigue homomorphism
S — T of R-rings; such thaty = ¢ ®s T.

Moreover, the commutative monadidproj-S) is obtained fromV (proj-R) by imposing
the relation[P] = [Q].

Finally, if R is hereditary, then so iS§.

Notation 3.3. Let W be a finite index set, and let Fi@dV + 1) denote the free monoid on
the 2W| + 1 symbolsI, p, andg,, (w € W). Next, we fix positive integers,,, w € W.
SupposeS is a ring andy; is an idempotent endomorphism of the rightnodule §™»
for eachw € W. Denote byP, and Q,, the image and the kernel @f3. Given an
elementx =al + ), cwbwPw + D pew Cwqw € Fre&q2W 4 1) (with a, by, ¢, € N), we
denote by (¢35 | w € W) the finitely generated projectiemoduleS* & DB pew Pb“’) @
D,ew 05Y). Fix a finite setA C (Freg2W + 1) — {0}) x (Freg2W + 1) — {0}).

Lemma 3.4. Letk be afield andrR a k-algebra, and keep the notation established3rB).
There exist arR-ringy S, |W| idempotents-module endomorphian@i of S"™ (w e W),
and |A| S-module |somorph|sm$rs 0" x(pS |we W) — y(ps | BeW) ((x,y) € A),

with the following universal propert;gwen anyR-ringy T, |W| |dempotentT -module
endomorphisms! of T"» (w € W), and |A| T-module |somorph|sm$(x)y) x(pl |
weW)— y(<p£ | we W) ((x,y) € A), there exists a unique homomorphism- T
of R-rings; such thatp! = ¢35 ®s T for everyw € W and 1//&!),) = w(sx_y) ®s T for every
(x,y) € A.
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Moreover, the commutative monoié(proj-S) may be obtained fronV (projR) by
adjoining 2|W| new generatory P,] and [Q,] (w € W) and |[W| + |A]| relations
[Pu] + [Qu]l =nu[S] (we W) and [x(¢}, | B € W] =[y(ps | B € W] ((x,y) € A),
whereP,, and Q,, are the image and the kernel @f , respectively, for eacty € W.

Finally, if R is hereditary, then so iS§.

Proof. Proceed by induction o |+ |A|, takingS = R when|W| =|A| = 0. One applies
Theorem 3.1 whehW | increases and Theorem 3.2 whd increases. The details are left
to the reader. O

3.5. Localization

A crucial step in our construction will be a version of non-commutative localization due
to Cohn. Suppose we are givek-algebraR and a collection®’ of matrices oveR. Then
there is a universal-inverting R-ring; »: R — Ryx [8, Theorem 7.2.1]. That s, the image
of each matrix inX' is invertible overRy and if S is any R-ringx over which each matrix
in X becomes invertible, then there is a unique homomorphisRfigs, from Ry to S.

Lemma 3.6 (Cohn [6]).Let R be ak-algebra andy: R — D be a surjectivet-algebra
homomorphism, witl® commutative and von Neumann regular. Bebe the set of square
matrices overR that become invertible ovad, and letg : Ry — D be the map coming
from the universal property oRx. Then the kernel op is the Jacobson radical oR 5.
Moreover,V (proj-Rx) is a cancellative monoid.

Proof. SinceRy/ker@) = D is von Neumann regular, we have thigiR ;) C ker(@). For
the converse, we appeal to [6, Theorem 3.1], which says tltaisfa square matrix over
Ry such thatp(C) is invertible overD, thenC is already invertible oveR . Therefore,
if x e ker(p), then 1+ x is invertible inR 5. As ker®) is a two-sided ideal, it follows that
x € J(Ryx). Therefore kep = J(Ry).

For the second statement, we recall that every finitely generated projectivedule is
isomorphic to a direct sum of principal ideals generated by idempotents. It follows easily
that V(proj-D) is cancellative. Sinced = Ry /J(Ryx), V(proj-Rx) — V(proj-D) is a
divisor homomorphism (Lemma 2.4) and hena@hoj-R x) is cancellative as well. O

We also need the following proposition, whose standard proof is left to the reader:
Proposition 3.7 [3, p. 320].Let A be a directed set anflRs | § € A} be a direct system
of rings with direct limit R. The canonical monoid homomorphwtmn V(proj-Rs) —
V(proj-R) is an isomorphism.

4. Two special cases of the main theorem

In this section we prove two special cases of the main Theorem. We begin by fixing
some notation that will be used throughout the paper.
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Notation 4.1. Since in the statement of the main theordmM — N®? is a divisor
homomorphism, we can suppose that there exists a subgronfpZ “?) such thatM =
GNNS T:M =G NN - NE s the inclusion, ands is the subgroup oZ »
generated by/. As M € N9 every element oM is a sum of indecomposable elements.
The set of all indecomposable elementsMfis the unique minimum generating set of
the monoidM and consists exactly of the minimal non-zero elementg/ofrelative
to the partial ordering induced by the product orderingM/f?’). (Since M is a full
(Section 1) submonoid oN®?, this partial ordering agrees with thetrinsic partial
ordering (“divides” in multiplicative terminology) o .)

For everyw € Z¢?, let supgw) be the set of all € £ with w(i) # 0; thus suppw) is
afinite subset of2. Set suppM) = < ps SUPRW).

4.2. The finite case

Suppose supp!) = 2 and £2 is a finite set. In this casé/ has only finitely many
indecomposable elements (because they form an antichhifi JnTherefore the sum of
all indecomposable elements &f is an order-unit of\ (that is, all of the coordinates of
u for the embedding/ € N¥ are positive). In this case, by [13, theorem 6.1] there exist
a semilocal hereditar-algebraR and a commutative diagram

M - N@®

- l;

V(proj-R) —— V(proj-R/J(R)).
SinceR is semilocal, projR = Sg and projR/J(R) = Sg/(r)-
4.3. The casé! = {0}
When M = 0 (equivalently, supgV) = @), there is still something to prove, since we

have to replicate the given divisor homomorphism- N2, To do this, we must build a
k-algebrar such thatSg = {(0)}, but V(Sk,s(r)) = N2, We put

(The factorkN /k™N) is necessary only in the case thatis finite.) We will chooser so
thatR/J(R) = D, and we will compute VSp) using the following lemma.

Lemma 4.4. Let A be a commutative von Neumann regular ring. TN&S ) is the free
monoid generated bjf A/m] | m is an isolated point oSpecA)}.

Proof. By Proposition 2.5, S4) is the free monoid generated by the simple projective
A-modules. The simple projectives are exactly the moddlgs, wherem is a principal
maximal ideal ofA, that is, an isolated point of Spet). O
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Since Spe@N/k™)) has no isolated points and since the isolated points of $ffgc
are the maximal ideals; := {f € k| f(i) =0}, fori € £2, we see that USp) = N2,
as desired.

Now let X be a set of noncommuting indeterminates okexith | X| = |D|, and let
¢ k(X) — D be a surjectivek-algebra homomorphism from the fréealgebrak(X)
onto D. It is well known thatk(X) is a two-sided fir [8, Corollary to Proposition 2.4.2].
Let X be the set of square matrices o%€X ), whose images irD are invertible, and
let L:k(X) — R := k(X)y be the universall-inverting k(X)-ring; (Section 3.5). By
Lemma 3.6 we hav® = R/J(R), and we need to show th&k = {(0)}.

SupposeA, B are (not necessarily square) matrices with entrie&(iK) such that
AB e X. If Aisr x s thenr <s, sincep(A)p(B) is invertible over the commutative
ring D. We claim that one can adjoin rows 1gA) and columns té.(B) to get invertible
s x s matrices overR. This will show thatX' is factor-completg7]. Since L(A)A(B)
becomes invertible when we passiio[6, Theorem 3.1] implies that(A)A(B) is already
invertible overR. Therefore the kernel of(A) and the cokernel of(B) are stably free
R-modules and hence free, by Lemma 3.6. The claim follows easily.

Since X is factor-complete, [7, Theorem 1] implies that the localizatha k(X) 5 is
a semifir, so that every finitely generated projective module is free of unique rank.&ince
is not semilocal (i.e.R/J (R) is not Artinian), it follows thatSg = {(0)}, as desired.

5. Reduction to the case where supp(M) = £ and £2 isinfinite

Returning to the general case of the main theorem, let us Wriss the disjoint union
of 21 :=suppgM) and its complemen®; := 2 — supgM). Suppose we can prove the
theorem in the case where is infinite and$2; = 2. By Section 4.2 we will then know
that the theorem is true whenew@i = 2.

In the general case, the image of the divisor homomorphisn/ — N2 is
contained inN“?V, Moreover, the induced homomorphisfp: M — N“? is a divisor
homomorphism. By the cas®; = 2, we obtain ak-algebraR; and a commutative
diagram

i
M —— N(&

l; hll; @®)

V(Sry) —= V(Sky/s(kp)-

Also, by the case treated in Section 4.3, we obtainagebraR, and a commutative
diagram

0 — = N(22)

l; hgl% 4)

V(Sg,) 2. V (SR, I (Ry))-
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Taking R = Ry x Rz, we obtain the direct sum of the two diagrams (3) and (4), which
yields the desired diagram in Theorem 2.1.

e Thus we may assume from now on that sggp = 2 ands2 is infinite. The proof in
this case will occupy the rest of the paper.

6. Proof of the main theorem

We now begin the proof of the main theorem in the remaining case, whe(dypp <2
ands2 is infinite. We preserve the notation established in Notation 4.1. The proof proceeds
in several steps.

6.1. The monoida/r C Cr

The first step is to write as a convenient direct limit of finitely generated monoids.
We shall actually enlarg#/ a bit in order to keep track of its relations. After taking the
direct limit, we will be able to identify and discard the unwanted stuff (see Section 6.9).

Let 1 be the element of the direct produt¥ with 1(i) = 1 for everyi € 2. Let F(£2)
be the directed set of all finite subsets®f For eacht € F(52), let Cr be the submonoid
of N consisting of elements that are constantda F. ThusCr = N @ xo_rN, where
x—r is the characteristic function, taking the value Ofoand 1 ons2 — F'. In particular,
Cr is a free monoid of rankF| + 1. PutMr := ((ZF N G) & 1Z) N N¥. Note thatMr is
a full submonoid ofCr.

If F, F' € F(£2) andF’ C F, we have a commutative diagram of monoids:

Mp C Cp

lg lg (5)
Mp C Cfr

The direct limit (union) of the embedding4r € Cr is
(GB1Z)NN? C C:=N* @ IN. (6)
6.2. The generating sei®g

We shall fix, for eachF’ € F(£2), afinite setWr C My — {1} such thatV/r is generated
as a monoid byWr U {1}. Moreover, we shall choose these sets in such a way that
Wr € Wr wheneverF’ C F. We do this by induction onF|, starting with W = @.
For F £ ¢, we note thatVr is finitely generated, being a full submonoid®@f.. Now we
choose any¥r containing the union of the finitely many finite sétg-, F’ ranging over
the proper subsets @f, such thatl ¢ Wy andWr U {1} generated/ .

If we (G®1Z) NN? =Upero) Mr, We Writew = g + z1 with ¢ € G andz € Z.
SinceG < 2 andw € N¥, we must have > 0. Choose a positive integet such that
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—g+7/1eN*¥. We putu,, := —g + 7’1 andn,, = z + 7. Thus we have defined functions
Urery Mr = Urere) Mr, w = uw, @ndUpe gg) Mr — N — {0}, w = ny, with
the property thatv + u,, = n,,1. Notice that ifw € Mg thenu,, € Mg too (since the ele-
mentsg and—g are then irz? N G). We emphasize, however, that the elemgptand the
positive integen,, depend only onv and not on the particular monoid ¢ containingw.

6.3. The presentatiofiy : Free- — Mp

Recalling Notation 3.3 and the generating séts from Section 6.2, we put Free=
Free2Wr + 1) for eachF € F(£2). We have a surjective homomorphism of monoids
Tr :Freer- — M taking the images of, p,,, andg,, to 1, w, andu,,, respectively. These
maps are compatible with the inclusioR$C F, and we can enlarge (5) to the following
commutative diagram, in which the horizontal arrows are surjections:

Ty
Freger —— Mg C Cp

L

Freee —— Mp C Cp.

Let ~r be the kernel of the homomorphishy : Free= — Cf (that is, the congruence
{(x,y) € Freer x Freer | Tr(x) = Tr(y)}). Since Frege is finitely generated~f is
finitely generated as well [5, Theorem 9.28]. We note that|tlig| elements(p,, +
quw,nyl) are in~p. We shall fix a finite setdr C Freer x Freer that generates .
Moreover, we choose the setsr, by induction on|F| (as we did for the set§/r in
Section 6.2), so thatt ; € Ar wheneverF’ C F. (This is possible sincéx, y) € Ap
implies x ~¢ y, by the commutativity of diagram (7).) Notice that the only element of
Freer that is mapped to zero viBr is the zero element of Fregbecause the generators
I, py, andq,, of Free- are mapped to the positive elemettsv, andu,, of N¥. Thus
the only element invf of the form(x, 0) or (0, y) is (0, 0), and we may suppose that all
the elements ofA  are pairs of non-zero elements of Fre&\Ve record the result of this
discussion:

Lemma 6.4. For each F € F(£2), we haveAfr C (Free- —{0}) x (Free- —{0}). The
monoidM  is obtained from the free monoidN = N by adjoining2| Wg| new generators
Pw, qw (w € Wg) and imposingA g| relationsx =y ((x, y) € Ap).

6.5. The isomorphisnisg : Cr — V(proj-Dr)

In this and the next sections we establish a context to which we can apply Lemma 3.4.
We will define a direct system of rings and certain projective modules over these rings, as
well as certain isomorphisms among these projective modules. In order to do this, we need
to specify exactly where these projective modules “live,” and creating this habitat results
in some technical complications that we have been unable to avoid.
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Let D =k @ k - 1,2, thek-subalgebra of‘* generated by the ideal). For every
F € F(R) (the set of finite subsets a®), put D := k¥ @ k - 1,2 € D, a semisimple
Artinian subring of D. Letting ¢/ be the idempotent oDy with support{i} and ef
the idempotent with suppor® — F, we see that &-basis of Dg is given by the set
{eiF |i € FU{oo}}. (We have put the unnecessary superscripts on the “fipjtef order
to allow simultaneous treatment of the idempotefitande?.)

Let {v(; e | j, £, t € N} be the standard basis of the frBemodule of countable rank
DMN>N>N) (Thys the value of ;¢ is 1 at(j, ¢, ) and O elsewhere.) We linearly order
the standard basis by means of the lexicographic ordéF oM x N. All of our projective
modules will be embedded as explicit submodule®81*N<N) This means that change
of rings (as in Lemma 3.4) can be made very explicit as welF'ifC F € F(£2) and
P is a direct summand OD}'\,'XNXN), thenP ®p,, Dr can be identified with? D, the
Dr-submodule oD (N*NxN) generated by,.

For F € F7(£) and j, £ € N, we will now define a natural functiogr, ;¢ from the
free monoidCr of Section 6.1 to the class préj of finitely generated projectiv® -
modules. The imagegr, ;¢ (c) of each element € Cr will be a direct summand of the
free Dp-module@®, .y v(j.e.n Dr € DNNN) Given an element € Cr, we lete; € N
be theith coordinate of for eachi € F andcy the constant value efon 2 — F. We put

¢
8(F.joy(c):= @ @v(j,e,z)efDF.

ie FU{oo} r=1

Thusg(r, j,¢)(c) has a canonical-basis consisting of the elemen@g,,)ef (i € FU{oo},
t=1,...,¢). The modulegr, j ¢ (c) are all isomorphic (ag and¢ vary), and their sum

inside D}NXNXN) is a direct sum. The mapgr, ;¢ are compatible with inclusions in
F(£2). In detail, supposé&” C F € F(£2). We have the equations

€£=e§<>+ Z eiF and (forie FU{oo}—F') eineiFegZ. (8)
ieF—F'

If, now, ¢ € Cr, it follows from (8) that

gr,j,0)(c) S g, jo(c) and g(F,,/,e)(C)=(g(F/,j,e)(C))DF 9

in D(NxNxN)_

All of the mapsg(r, ;. ¢ induce the same monoid isomorphigm: Cr — V(proj-Dr),
and this monoid isomorphism is compatible with inclusions. That i, F’ € F(£2) with
F’ C F, we have a commutative diagram

h o
Cpr —— V(proj-Dg)

]
h

Cr . V (proj-Dr)
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in which the horizontal arrows are isomorphisms.
6.6. Thek-algebra surjectiongr: Rp — Dp

We begin this section by constructing certain idempotent endomorpl@ié’l’ﬁmf the
free Dp-modulesD’” , where ther,, are the positive integers defined in Section 6.2. Here
F is an arbitrary finite subset a2, andw € M. In keeping with our plan to embed
everything explicitly inDMN*N<N) 'we identify the free modul®4 with g(r 0,0)(al) for
eacha € N. We will define the idempotentendomorphiaﬁ*‘ by specifying its imageP,,
and kernelQ,, (in the notation of Section 3.3). Since we will need to handle direct sums
of many copies of,, andQ,,, we will create these copies via a direct-sum decomposition
of eachof the free modulegr, ; ¢)(n,1), wherej, £ € N.

For F € F(£2) andw € Mp, we recall the setup of Section 6.2. We have the relation
w + 1y = nyl, whencew; + (uy); = ny, for eachi € F U {oo}. The “(j, £) copy” of P,
will be the direct summang s, ; ¢y (w) of g(r, j ¢) (1, 1). For the complementary summand
(corresponding t@,,), we let

K, jow):= @ @ vij.enel DF.

ie FU{oco} t=w;+1

Then K(r,j ¢ (w) has a canonicak-basis consisting of the element@-,g,t)ef with

i€ FU{oo}andt =w; +1,...,n,. The modulesKr ;¢ (w) are Dr-submodules of
DWNXNxN) and are isomorphic tor, j.¢) () (and of course their isomorphism class does
not vary with(j, £)). If F' C F andw € M, we see, from Egs. (8), that

K jo(w) =K jo(w)Dp in D(NXNXN), forall j, ¢ e N. (11
There is an internal decomposition

&, j,0(mwl) =g jow) ® K, jo(w),

for F € F(2),w € Mg and j, ¢ € N. In particular, forj = £ = 0, there is a unique
idempotent endomorphismﬁ*‘ of gr.0,0)(nyl) = D}"’ such that |nq¢£f‘) = g(r.0,0)(w)
and ke(go,fF) = Kr.0,0(w) for every F € ]—‘(.Q) and everyw € Mp. A k-basis of
8(F.0,0)(ny1) is given by the eIemente(oo,)e with i € FU{oo} andr =1,...,ny;
and the idempotent endomorphuﬂﬁ’” maps such an elemetyp o ;)e; to itself fort < wj;
and to zero for > w;. Since the elements, and the integers,, depend only onw and
not on the sef’, we have a commutative square

ol

87,00 (Mwl) —— g(r.0,0)(Nwl)

l c l . (12)

Pw
8(F,0,0)(nyl) —— g(F,0,0(nwl)
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whenever F/ € F € F(£2) and w € Mp. We have (g 0,0 (nwl) ®p, Dr =
(&(F,0,0(mwl))Dr = g(r,0,0)(nwl) by (9), and now (12) implies that

Dy
90" =¢uw" ®p, Dr. (13)

wheneverF’ C F € F(£2) andw € Wg.

Let Z = {z; | i € £2} denote a set of noncommuting indeterminates avefix F €
F(2) and putZp :={z; | i € F}. Let wr:k{Zr) — Dp be the surjective-algebra
homomorphism from the frele-algebrak(Zr) to the semisimple Artinian ring r taking
z; to the idempoten&f with support{i}. Thus we viewDr as ak(Zr)-ring.

We now apply Lemma 3.4 withW = Wr (see Section 6.2), wittA = Ar (see
Section 6.3), and with the positive integers (w € Wr) of Section 6.2. LetRy denote
thek(Zp)-ring; S provided by Lemma 3.4, and Ietf’” andw(’ffy) be the idempotents and
isomorphisms provided.

We wish to exploit the universal property ff- to get a homomorphis#y : Rr — Dp
of R-rings;. To do this, we have to produce certain idempotents and certain isomorphisms
over Dp. We already have theWr| idempotent endomorphisms,” of the free Dp-
modulesgr,0,0)(ny1) for w € Wr. In order to define, for eacty, y) € Ar, the desired
isomorphisml//gfy):x(wg‘” | we Wr) > vy | w e Wr), we will embed these
projective modules as explicit direct summands@f\*N*N) Given x € Free- (see
Section 6.3 for notation), write = al + Y ;1 b¢pu, + Y p—1 Ceqw, With a, b, ce, € N
andws, ..., w, € Wr. We specify that

x(pDF |we Wr) = (gr,00/(al)
m by m  ce
® (@@g(m,o(we)) ® <@@K(F,j,é)(w€)>~ (14)
t=1,=1 (=1 j=1
xNxN)

We observe that this is an internal direct sum inslﬂ%' and that, for each ¢
F U {00}, x(<p£‘” |w e Wp)ef has a canonical-basis consisting of the elements

voone t=1...,a),
vgene (E=1....m, j=1...by t=1,...,(we)i), and

V(j.e,1)€i €=1....m, j=1...,¢c¢, t =(wp);i +1,. ..,nw).
Therefore we have, for eachke F U {00},

m by m by

dimy (x (o0 | w e Wr)ef ) =a+ Y > (woi+ Y Y (rw, — we)i).

e=1j=1 e=1j=1

Referring to Section 6.3, we see that, for eachF U {oo}, the k-dimension Ofx((puD,F |
wE WF)ef is precisely(Tr(x));, theith coordinate off’r (x) in Mg .
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Suppose now thatx, y) € Ar (notation in Section 6.3). Thefir(x) = Tr(y), and
by the last paragraph we see thdp,’ | w € Wp)e! and y(pp" | w € Wr)e! have
the samek-dimension for each € F U {oo}. Therefore, for eachh € F U {oc}, there is
a unique order—preserving bijection from the canonicdlasis ofx(wul?*' | w e Wp)ef
to that Ofy((pr | w e Wp)e This bijection induces a unique-linear isomorphism
from x((pr |we Wp)e OntOy(gowF |we Wp)eF and, taking the direct sum of these
|somorph|sms over all € F U {oo}, we obtain the desired - |somorph|sm1p(x )"
x((pu,“ |we Wg) — y((pw’ | we Wg).

Applying Lemma 3.4, withDr playing the role of the ring in the lemma, we obtain
a unique homomorphisgy : Rr — D of k(Z r)-rings; satisfying the universal property
promised by the lemma. Since the map: k(Zr) — Dp is surjective&r is surjective as
well by (2).

Next we prove that the isomorphlsmﬁ(x ,) are compatible with the extensions
Dp: C D, for F/ C F € F(§2). Supposex,y) € Apr and F' C F € ]-‘(.Q). (Thenx
andy are non-zero elements of que) We shall prove thaw(x 0 x((pr |we Wg) —
y((pw‘L |we WF) coincides Wlthlﬁ(x 1) ®pp DF. Observe that(wul))* |we Wp)®p,,

Dp = x(<pu, "|we Wp)Dp = x((pr | w e Wr), by Egs. (9) and (11); and a similar
identification holds fory. (In formula (14), and in the analogous expressionyfars "

w € Wp), the elementsuy, ..., w, are all inWg/, sincex, y € Freg..) To prove that the
two maps coincide, it will suffice to check that the restrictions tp.,” | w € Wr)e! of
the mapy F} and of the map induced hy agree for eache F U {oo}.

The f|rst map is induced by an order—preservmg bijection between the canbiiaaks
of x((pr | w e Wp)e and y((pr | w e Wp)e while the second is mduced by an
order—preservmg buectlon between the canonicﬁiases ofx(gow* | w e WF/)e " and
y((pr |w e Wp/)el. AfieF’ thenx((pr |we Wp/)el. andx(<pr |w e Wp)el.F have
exactly thesamecanonicalk-bases (and similarly fop), so evidently the two maps are
the same. If, on the other hande F U {oco} — F’, we have an order-preserving bijection
v ve! from the standard basis ofgn |we WeeE! to that ofx (¢l | w e Wr)el
(and similarly fory), and hence the two maps agree in this case as well. We have proved
that

W(x y) = I//(x y) ®DF/ Dp, (15)

wheneverF’ C F € F(£2) and(x, y) € Ap.

Still assuming that’ C F € F(£2), we apply Lemma 3.4 witlR = k(Zp/), S = Ry,
and T = Rp We obtain a unique homomorphisfyz — Rp of R-rings, such that
oRr (pw ' ®r,, Rr for all w € W, and such thaw 1//§F;) ®r,, Rr for all
(x,y) € Ap. From the universal property of the maﬁs—> Rr and the compatibility
conditions (13) and (15), we deduce that the surjectignsRr — Dy are compatible

with inclusions. Thatis, i’ C F € F(£2), the following diagram commutes:
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EF’
RF/ —_— DF/

l l (16)
193

R —— Dr.

Applying the universal property again, we see that thalgebrasRyr with the maps
Ry — Rp form a direct system ofc-algebras, and that thér give a surjective
homomorphism of this direct system kfalgebras onto the direct system iofalgebras
{Dr | F € F(£2)}.

6.7. The isomorphismgr: My — V(proj-Rr)

Let F € F(£2). By [8, Corollary 2.4.3], every right or left ideal df(ZF) is free; in
particulark(Zr) is hereditary. By [8, Corollary 1.4.2], every right or left projectide -
module is free. In particular, §proj-k (Z r)) = N via the homomorphism that maps Z r)]
to 1. In view of Lemma 6.4 and the presentation of the monoigrdj-Rr) given in
Lemma 3.4, we see that there is a unique isomorphism of morfid&fr — V (proj-Rr)
taking w to [Im(¢~¥)] andu,, to [ker(pX")] (because the elements,, + gu, nyI) are
already in the congruencer generated by ). These isomorphisms are compatible with
the inclusion maps itF (£2). Putting everything together, we obtain, f6f C F € F(£2),
the following commutative diagram of monoid homomorphisms:

V(proj-Rg) V(proj-Dgr)

JEr hp
MF/ —_— CF/

[

Mg —— Cf
fF hr

~ ~

V(proj-Rr) V(proj-Dr).

The arrows in the outer square are the homomorphisms induced by-#hgebra
homomorphisms in (16), and the inner square is (5).

6.8. Localizing the&-algebrasrk

For F € F(£2), let X be the set of square matrices o that become invertible
over D (via the surjective magr). Let Ar:Rr — (Rr)s, be the universalXr-
inverting Rr-ring (Section 3.5), and lefr : (Rr) 5, — D be the unique homomorphism
(necessarily a surjection) such thgiir = &r. By Lemma 3.6,/ ((RFr) x,) = ker(nr).
Thus(Rr)x,./J((RF)x,) = Dr is a semisimple Artinian ring, an@Rr) x,. is hereditary
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by [3, Theorem 5.3]. The monoid homomorphiskpYoj-£r) : V (proj-Rr) — V (proj-Dr)
factors as \(proj-¢r) = V(proj-ng) o V(proj-Ar). By [13, Theorem 5.1], Yproj-Ar) is an
isomorphism for every.

GivenF’ C F € F(£2), we have a commutative rectangle

)‘F’ U
Rpr —— (RF/)EF/ — Dp

L

F nr
Rr —— (RF)sy — Dr,

and we want to fill in the questionable arrow to obtain two commutative squares. If
a € Xpr, the image ofx in Dgs is invertible, and therefore so is its image By It
follows that the image ok in (Rr)x, (obtained by passing througRr) is already
invertible. Thus the maR» — (RF) 5, inverts all matrices in¥'s/, and by the universal
property of the map\.g/, there is a unique arrow making the left-hand square in (18)
commute. Commutativity of the right-hand square now follows from the uniqueness of
the factorization of the&Z - -inverting mapRp» — D through the universal s -inverting
mapRp — (Rp/)x,,. Thus we have a natural commutative diagram

Ngr
(Rp) s, ——= Dpr

C

nr
(RF)EF e DF7

in which the horizontal arrows are surjectivealgebra homomorphisms. A routine
argument (another application of the universal property of the mapshows that the
k-algebragRr) . withthe mapgRr)s,, — (Rr)x, form adirect system of-algebras,
and that theyr give a homomorphism of this direct systemiehilgebras into the direct
system ofk-algebras{Dr | F € F(£2)}. As V(proj-Ar) is an isomorphism for every,
diagram (17) becomes

V(proj(Rr") x,.) V (proj-Dy)
By
MF/ —_— CF/

|

Mg —— CF
hF

~

V(proj-(Rr) x,) V (proj-Dp).

11
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6.9. Taking the direct limit

Taking the direct limits of diagrams (19) and (20), we get a surjecthadgebra
homomorphisnx :liM(RF) 5, — \Ur Dr and a commutative diagram
F

LJFAlF LJFCf

limV(proj-(Rr)x;) ___ limV(proj-Dr).
F F

Set R = lim(RF)x,. Recall (6) thatl J Mr = (G @ 1Z) "N? and U Cr = C :=
F

N2 & IN. Also, U Dr = D := k) @ k - 1, (See Section 6.5). AB is von Neumann

regularandr : R — D is surjective,/ (R) C kerx. For the reverse inclusion,if e kermr =

kerlimnr, thenx is the image of an’ in kernr for someF, so thatx’ € J((RF) z;).
F

Hence 14 x’ is invertible in (Rf)x,; thus 1+ x is invertible in R. Therefore the
inclusion ketr C J(R) holds as well, and (R) = kerr. Using Proposition 3.7, we obtain
a commutative diagram of monoids and monoid homomorphisms

C
Ge1Z)NN —————C

l; hl%
V(proj-m)

. (proj-r .
V (proj-R) ———— V(proj-D).

Since 7: R — D is a surjective homomorphism with kerndl(R), one has that
End(Pr)/J(End(Pr)) = Endp (P ®p D) for every Pr € proj-R (Lemma 2.3); therefore
Pr e Sg ifand only if P g D € Sp. By Lemma 4.4, the projectiv®-modules with
a semilocal endomorphism ring are those corresponding, via the isomorphi€r>
V (proj-D), to the elements o>, Since(G @ 1Z) NN NN =G NNE) = m, it
follows that we have a commutative diagram

M—— = N@

i; E

V(Sgr) — V(Sp),

and the proof of the main theorem is complete.

It is interesting to speculate on what further restrictions there might be on the
homomorphisms \Sr) — V(Sr,j(r)) if one assumes tha is commutative. The referee
has pointed out that the ring in Section 4.3 could be replaced by a commutative ring.
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That is, given any se® one can find a commutative ring such that (Sz) = {(0)}, but
V(Sgr/sr) =N,
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