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ON THE EXCEPTIONAL SET OF HARDY-
LITTLEWOOD’S NUMBERS IN SHORT INTERVALS

By
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1. Introduction

In 1923 Hardy and Littlewood [4] conjectured that every sufficiently large
integer is either a k-power of an integer or a sum of a prime and a k-power of an
integer, for k = 2,3. Define a Hardy-Littlewood number (HL-number) to be an
integer which is a sum of a prime and of a k-power of an integer, k e NV, k > 2.
Let X be a sufficiently large parameter. Denote by E; the set of integers which
are neither an HL-number nor a power of an integer, let Ex(X) = ExN[1, X]
and Ey(X.H)=E;N[X,X + H], where H = 0(X). Hardy-Littlewood’s conjec-
tures are equivalent to Ex(X) « 1.

The best known result on E>(X) was independently proved by Briinner-
Perelli-Pintz [1] and A. I. Vinogradov [14]:

There exists a (small) positive constant & such that

|E2(X)| < X170

In 1992 Zaccagnini [15] proved that such a result holds in the general case

k > 2 too. Concerning short intervals, Perelli-Pintz [10] and Mikawa [6] proved

independently:
Let A>0, e>0 be arbitrary constants and H = X"/%%¢; then

|E2(X, H)| « H log™ X.
In 1995 Perelli and Zaccagnini [11] proved that such a result holds in the
general case k > 2 too.

The aim of this paper is to prove that we can save a power of H in the
estimate of |Ex(X,H)|, ke N, k =2, for H in some suitable range.

THEOREM. Let k > 2 be a fixed integer and K = 252, There exists a (small)
positive absolute constant & such that for H = X7/121-1/ki+d

|Ex(X, H)| « H'7Y/CK),
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To prove our result we follow the circle method setting used by Briinner-
Perelli-Pintz [1], Zaccagnini [15], Perelli-Pintz [10} and Perelli-Zaccagnini [L1] to
treat the major arcs. So we estimate the contribution of the zeros of Dirichlet
L-functions located in a suitable thin strip near ¢ =1 as ‘‘secondary” main
terms. In the body of the proof we will use the zero-density estimate

S SN, T < (PPT)? 7 log PT)™. (1)

g<P x

for o €[1/2,1], see Ramachandra [13], and the log-free zero-density estimate

ZZ N(a,T,y) « (P*T)+au-a) (2)

g<P x

for o € [4/5,1], see Jutila [5], where * means that the summation is over primitive
characters and N(o,T,y) =[{p=B8+iy: L(p,x) =0, =0¢ and |y| < T}|.

In the proof we insert a localization parameter Y = o(X) for the primes
and write an HL-number ne [X,X + H] as p+m* with X - Y <p<X+Y
and Y/4 <m* < ¥. The Theorem is obtained using Y = X7/121100+¢ apnd H =
y(-1/k)+8, The meaning of the previously mentioned constants 7/12 and
(1 —1/k) can be explained as follows. In the error term of the explicit formula
we have to choose T > X!"%,-!log? X and, to estimate the contribution of the
secondary main terms using (2), we have to choose 7 < X'/>7*=2. Combining
such relations we get ¥ > X !/2+¢*% which is already satisfied since in the centre
of the major arcs our treatment requires (1) and hence Y > X7/12+¢+103 More-
over, in the mean-square estimates of the minor arcs and of the periphery of
major arcs, we will choose H > Y{-1/k)+3,

The paper is organized as follows: in section 2 we shall define the quantities
involved; section 3 will be devoted to arithmetic and analytic lemmas while in
section 4 we will prove suitable mean-square estimates for minor arcs; in section 5
we will treat the contribution of the major arcs and in section 6 we will study the
singular series of this problem. Finally, in section 7, we will deduce the Theorem.
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2. Notations and Definitions

Let n be an integer,

Rmy= > A(h) and Mm= > 1,

h+m*=n h+m*=n
XY-Y<shsX+Y X-Y<hsX+Y
Y/d<smt<y Y/d<mb <Y

where A(n) denotes the von Mangoldt function. Defining

S(o) = Z A(h)e(ha), Fi(a) = Z e(mta), e(a) = e,
X-Y<h<X+Y Y/id<smh<Y
it is an easy matter to see that S(a)Fy(«) =ZX~3)’/4_<_nsX+2Y R(n)e(na) and
R(n) = [, S(x)Fi()e(—nx) dx. Let now Q = 4Y '~V and consider the Farey dis-
section of level Q of [1/Q.1+ 1/0Q]. Let a/q be a Farey fraction,

a P+ p4
I' =<~+nyneé s where & ={ -——,—].
Jou {C/ 1. E ¢y where ¢, qY (]Y

q
m= U"Il;vus and m=[1/0,1+1/0\M,

<P u=1

where * means (g,¢) =1 and P < Q will be chosen later. Hence

R(n) = (Lﬁ +.L‘)S(a)Fk(oc)e(—noc) do = Ryp(n) + Rn(n), (3)

say.

Let now Py = Y’ 0 <& < 1/2. According to Lemma 13’ below, applied with
P'=P, and |f| < T = XY 'PTlog? X, we denote by f the Siegel zero, 7 the
Siegel character and by 7 its modulus. Let now
pr— {Pl if 7 < P}

- P} otherwise,
where v = v(k) < 1/2 is a parameter which will be specified later. Now Lemma
13’ remains true for P’ = P,, with a suitable change in the constant ¢;. Hence
F< Py, if it exists.

Following [1] and [15], and according to Lemmas 13'~14' below, we define
the P>-excluded zeros as the zeros of the functions L(s,y), where y is any primi-
tive character (mod ¢). g < P, lying in the region

2
o> 1 (126 +6) Iogloqu
log X

|t| < T, if the Siegel zero does not exist, (4)
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and, if the Siegel zero exists,

2
o1 (12k + 6) loglog X log ecy LT 5)
log X (1—f) log P

excluding the Siegel zero relative to P,. Then define the Pj-excluded characters as
the primitive characters (mod ¢) for which L(p,x) = 0, p being an excluded zero.
The Py-excluded moduli are the moduli of the excluded characters. Let now

& = {Py-excluded characters}, &' = {Py-excluded zeros},
& = {Siegel character} and &’ = {Siegel zero}.

Let further P = P>.
Now we write

S(24n) =i 5 wlar(Stn) + Ollog? 4X),

q % (mod ¢)
where

Sty = >, ADxDelln).

X-Y<igsX+Y
Let now

T)= >, e(ly) and T,(n)= > I"e(ln).
X-Y<l<X+Y X-Y<gigsX+Y

Hence the corresponding approximation for S(«) becomes

S(g + n) = ;% T(n) + D(a,q,n) + E(a,q,n) + O(log? ¢X), (6)

where

D(a,q.n) = @ S (D@ W),
X

S(xo,4:1) — T(m) if x = 0,45
W(rn) =4S+ pesus Tp(n) if x =00 2" €U,
Lip,x*)=0
S(xm) otherwise,

Eagn=-3% 3 X0.2(@)7(To gX)

2e8US peg'Us’ ¢(q)
cond ylg L{p.y)=0

T'I’(W%

cond y is the conductor of y and y,, is the principal character (mod ¢).
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Moreover we define

1
L(Ymy= 3 Ir'= [ Feln) T, (n)e(—nn) dn
I+m* =n 70
X-TY<gl<X+Y
Y/d<mh <y

and
1
L(Y.n) = L Fen) T(n)e(—rm) diy.

For Fy(x) we use the following approximation (see [15], Lemma 5.1 and
p. 409):

a V a, ¢
F/\' <A + ;7) = ——k—(;[—-*l—)Fj\(”) + Ak(“"ﬂ '])’

q
where
Arla,q.n) < q(1 +n[Y) (7
and (see eq. (10) of [11])
Vila.g)= > e(m"g) « gV (8)
nt (mod ¢)

Let further

s na
Hi(x.q.n) = Zx(a)Vk(a-q)e(— 7), Hi(g.n) = Hi(xo 42 4.1),

a==1

. SR = ffffflﬂk(q,n),

o a9(9)
(g.r)=1

() Hi (1o 1)

Ti(x.r.n) = ror)

Sk R) = Si(n.R.1) and pi(d.n) = |{h (mod d),h* =n (modd)}|.

3. Lemmas

In the following we denote by ¢ a positive absolute constant, not necessarily
the same at each occurrence.

ARITHMETIC LEMMAS. We recall some lemmas of Zaccagnini [15] (in the case
k =2 they are due to Briinner-Perelli-Pintz [1]).
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LemMa 1 (Lemma 4.1 of (15)). Let (q1,q2) =1 and x, be a character
(mod g;), i =1,2. Then

Hk(XqIqua 9192, I’l) = qu (‘]2))&,2 (ql)H/\'(qu »4q1, n)Hk (quﬂ q2, I’l).

Lemma 2 (Lemma 4.2 of [15]). Hi(p,n) = p(pi(p.n) — 1). If u(q) # 0 then
|Hi(g,n)| < qlk — 1))

The next lemma is Lemma 5.2 of Montgomery-Vaughan [7].

LemMma 3. If y is a character (mod q) induced by the primitive character
x* (mod r). Then rlg and t(y) = p(q/r)x*(a/r)(x") and |t(x")] = r'/>.

LeEmMMA 4 (Lemma 4.4 of [15]). Let y (modr) be a primitive character. Then

| Hi (1, r,m)| < r3/2H(1 ~J<(_§_’3_)> <
rir

In the next lemma we cite Lemma 4.5 of [15] and we state also a short
interval version of it whose proof is totally analogous.

LeMMA 5. Let AeN. We have

ZA‘“(” « T(log T)* "

J<T

Let further Y = o(X). We have

A“" « Y(log X)47".
X—-(3/4)Y <n< X+2Y

LemMa 6 (Lemma 4.6 of [15]). Ler x (modr) be a primitive character,
Y=0(X) and X —(3/4)Y <n< X +2Y. Then

ZE%%))Q—IIH’((XO#X:%”)I « (log P)".
q<P

rlg

LemMMas ON Fy(ax). We first state Gallagher’s famous lemma (Lemma | of
(3]) which is a fundamental tool to estimate truncated L2 norm of exponential
sums.
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Lemma 7. Let uy,...,uy be arbitrary real numbers. Then for any 6 >0
P 2 o | o
J Z upe(nn)| dn « J 0 Z uy| dx.
=0lp<N - n=x

Using Lemma 7 the following lemmas can be proved.

LemMma 8 (Lemma 5.2 of [15]). For any integer s = ck*logk, ¢ being a
suitable absolute constant, we have

1
|| 1Fn P an < ytet
0

LemmA 9 (Lemma 5.4 of [15]). Let 0 <@ < Y'A=' Then

4
| 1R dn < v
—

The next lemma was proved by Perelli-Zaccagnini [11], eq. (39)-(40).

LemMa 10. Let (a,9) =1 and |n| < 1/gQ. Then

a
Fi (:ﬁ”)

The next Lemma is a modified version of the Lemma proved at page 199

Yl//wl
Ul

<<

of Perelli-Zaccagnini {11]. The difference is in the last term and follows from a
different estimate of the divisor function involved in the proof in [11].

LemMMa 11. Ler F(x,y) = x% + Z}’;OI bi(y)x! where g = 2 is a fixed integer

and b;(y) are real-valued functions. Let |» — a/q| < 1/q* and (a.q) = 1. Then for

T.R g <X and for every ¢ >0 we have

Z e(aF(n.d))

n<R

11 q R e/K plg~1)e/K
<<11TR<5+—R5+-7-;}—2";) T R N

I<d<T

- )
where K = 2K-2,

ANALYTIC LEMMAS. In the following we state several results on the distribu-
tion of zeros of Dirichlet L-functions and on some summations involving such
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zeros. The following Lemma can be proved following the line of the proof of
Lemma 12 of Briinner-Perelli-Pintz [1].

LemMma 12, Ler |y| < X/qQ and 1/qQ < |n| < 1/2. Then

yh-1
T,(n) « ——
! ||

Now we recall some analytic results on zero-free regions for Dirichlet L-
functions.

LemMma 13, Assume T = 0. There exists a constant ¢; >0 such that
Liog+it,x) # 0 whenever
o> 1 - hll o <7
max{log P’; (log(T + 3) loglog(T + 3))"""}

Jor all the primitive characters y modulo ¢ < P’, with the possible exception of at
most one primitive character y (mod F). If it exists, the character 3 is quadratic
and the (unigue) exceptional zevo [§ of L(s.3) is real, simple and satisfies

IS 5 €

T oo s<1-f< T
2 log? 7 max{log P'; (log(T + 3) loglog(T + 3))*"*}

The previous form of the zero-free region for Dirichlet L-functions can be
found in Prachar (12], ch. 8, Satz 6.2. In our case we have log T = log P’. Hence
(log(T + 3) loglog(T + 3))3/4 < log P’ for X sufficiently large. So in fact the zero
free-region Lemma [3 becomes

Lemma 13'. Assume T = 0 and log(T + 3) < log P'. There exists a constant
¢y >0 such that L(o +it,y) # 0 whenever

C|
cz2l—-——, T
log P’ i
Jor all the primitive characters y modulo q < P’, with the possible exception of at
most one primitive character 7 (mod 7). If it exists, the character y is quadratic
and the (unique) exceptional zero [ of L(s,7) is real, simple and satisfies
() Cy

1-4 .
= ﬂslogl”

7172 log® F



Hardy-Littlewood’s numbers in short intervals 177

Concerning again the distribution of the zeros of Dirichlet L-functions, we
state the following form of Deuring-Heilbronn phenomenon. It can be proved
using the function max(log P’; (log(T + 3) loglog(T + 3))*%) instead of the func-
tion log P’ + (log(T + 3) loglog(T -+ 3))3/4 in the proof of Lemma 2 of Peneva
(8].

LemMa 14,  Under the same hypotheses of Lemma 13, {'}"/E exists, then for all
the primitive characters y modulo g < P', L{g + it,x) # 0 whenever

¢ ey
o= 1 —— lo - , 0 =<T.
J(P.T) g((l -B (P, T)) i
where f(P'.T) = max{log P": (log(T + 3) loglog(T + 304 and B ois still the

only exception.

Using the same remark after Lemma 13 we have.

LemmMa 14/, Under the same hypotheses of Lemma 13, if B exists, then for all
the primitive characters y modulo ¢ < P', L{o + it,x) # 0 whenever

13 e
og>1- lo = ., =T,
log P’ g((lw,/)’) logP’> il

with /E is still the only exception.

The next lemma is a localized version of Lemma 4.3 of Montgomery-
Vaughan [7].

LEMMA 15, Let Y > x7/12+1004 7 — y1e%y-1 602 X' and P be as defined
in section 2. Then

N Y -1 X 4
DD DS G e gs) | A0
r<Pytmodr l=x—h
« G(log Y) ! 4 P13, (9)

where

X

S (A =1) if r=1

= Y A+ ) s
I=x-h ped'Uys’
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and {(1 —B)log P if P exists

1 if B does not exist.

ProOF. The proof follows the line of Theorem 7 of Gallagher [3] (in its
effective form due to Montgomery-Vaughan [7], Lemma 4.3) in which x is
localized near X. The differences here are that we sum only over the not-excluded
zeros, the use of Lemmas 13’~14’ above and of the zero-density estimates (1) and
(2). For seek of completeness, we sketch the proof. First we insert, in the left
hand side of (9), the explicit formula, see, e.g., Davenport [2], ch. 19,

f »
3 Alm)x(m) = 8x — 8,3 ~ Z’x—+0(; 1og2qx+.x-'/4logx>. (10)

m<x lpl<T

where 6, = 1 if y is the principal character, 6, = 0 otherwise, d, ; = 1 if ¥y = 3 and
dy.7 = 0 otherwise. We get that the error term of the explicit formula furnishes a
total contribution in (9) which is

YN'x, ,  PSx ., .
P B 5, (1 ) T8 r s T 08 K
since for our choice of T the second error term in (10) is negligible. We
remark that (x” — (x — h)?)/p « hx?~! and that maxy_oy<y<x+2y MaXyach<y
(h+ Y/PHY "hxf' « (X —2Y)"' « XP! | since X —2Y » X,

Using the definition of Z#, the explicit formula and the previous remarks we
have to estimate

Z Z Z X1 « JI—V(P’T)X"" Z z N(o,T,x) log X do
12

q<Py(modq)p¢d'Uuys’ g< Py (modg)
yEEUS YUY
PS5 w(37), a
4< Py (mod q)

where #(P, T) is one of the functions defined in (4)—(5) (according to the existence
of the Siegel zero).
By (1) the second term in (11) is

6/5
9 2
< X2 (Pl X l;fg X) (log X)? « X~l/2P—6/5(X5/12—e/2)6/5(log X)2

« PN (12)
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Now we split the integral according to the range of validity of the zero-
density estimates (1) and (2). For o€ [1/2,4/5] we get

12/25
4/5 9 2
j x'ST 3" N(o.T,x) log X do « (log X)¥x~'/° (M}g——{>
b2 ¢< Py (mod g)

« (log X)23X—l/5(X5/lZ-l:/2)12/25P—12/25 « P—l/:“. (13)

Let now oge[4/51— (P, T)]. We have

quP X”IZ Z (o,T,x) log X do

4/5 g<P y(mod q)

1-n(P.T) 9 ) (2+¢)(1-a)
[ g X(E__X_l_g_{) w

J4/5 Y
1-n(P.T)
X J4/q X (1/6+2d)(a-1) Iog X d()‘ << —(1/6)n(P, T). (14)

If the Siegel zero does not exist, then
X~WOmP.T)  exp(—(1/6)(12k + 6) loglog X) = (log X) %1, (15)

If the Siegel zero exists, then

X-WomPT) o exnl —(2k + 1) loglog X log | —SL
p| —( ) loglog X log (0 — ) log P

« (1= f) log Pexp(—(2k + 1) loglog X)
« G(log X)‘Zk‘l. (16)

Lemma 15 now follows from log X =<log Y and (11)-(16). O

Using the same argument in Lemma 15 one can obtain the following result
on a sum over the excluded zeros.

LEmMma 16. Let T < X'/27¢P~2. There exists a positive constant ¢ such that

Z Z ZX/’« GXexp(—c‘ll(O)ii),

g< Py (modgq) peé’
X€d

where G is defined as in Lenuna 15.
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Proor. We argue as in Lemma 15 starting from (I11). We have

~m(P.T
x> ST S xr- '<<XJ X”“‘ > > N(@T.x)log X do
q= Py (mod q) ped’ t=m(P.T) g<Py (modg)
xed reé

+ XN TN N = (PT) T ), (17)

¢< Py (mod )
where #,(P, T) is one of the functions defined in (4)—(5) and #.(P,T) is one of
the functions defined in Lemmas 13’ and 14’ (according to the existence of the
Siegel zero). Using the density estimate (2) and integrating, we have that the right
hand side of (17) is « X '~@P-T) 4 x1=t/6m(PT) « x -2 T Hence, if the

Siegel zero does not exist, we get that the right hand side of (17) is

lo
< X exp(~f ] ‘2/};)

If the Siegel zero exists, we have that the right hand side of (17) is

« X exp lgxlog L
log P (1-p)log P

~ 1
< X(l—p)logP exp(—ellzg X) « GX exp(—c 08 X)

g P log P

and Lemma 16 follows. d

The last two lemmas of this section will be useful to evaluate the behaviour
of the main term and of the “secondary” main terms.

Lemma 17. Let ne[X — (3/4)Y, X +2Y| and ye.%. Then there exists u
constant ¢ >0 such that L(Y,n) ~ Ly(¥,n) > cGYVE,

Proor. By Lagrange’s theorem we have

LY. = Ly(Y,n)= 5. (1= zcy' 1 -pi
I4+m*=n
X-Y<l<X+Y
Y/4<mf <Y
> Y% (1 = ) log P> ¢cGY %, O

Lemma 18. Let ne X — (3/4)Y. X +2Y]. Then there exists an absolute
constant ¢ > 0 such that |L,(Y,n)| < cYVkxF-1,
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ProOF. We have

IL,(Y.n)| < Z n—mkFt < YUk (x -yl yUkxs-t

n-X-Y<mben-X+Y
Yid<mt <V

since X — Y » X. 0

4. Minor Arcs

Following the argument of Perelli-Pintz [10], we subdivide [1/0,1+ 1/0Q]
in H adjacent intervals [, j=1....H. and we use the estimate K(n)=
S vemeys g elmy) <min(H. 1/]p[). Then we obtain, using also the Prime
Number Theorem, that

X+ H R
Z |Rm(”)l2 = [ ‘S(E)FA(:)[ S() Fie () K(x — &) dad &
e r Jm

JmMm

H H
: H
« S(EVFL(E) [ S(2) Fi(2)| ———— dad&
;;Jmml ORI | ISRy e
,I 7 R
« Hlog HZ([ |S(2)]” doz) (J | Fi(2)|” doc)
i1 \J4hm 4,Nm
« HY(log X‘f( max J |Fe ()] doc). (18)
ol H Im

Recalling Q = 4Y' V% and letting H = QP, we remark that, for 1 < ¢ < P,
we have 1/¢Q > 1/H and that, if P < ¢ < Q, we have 1/¢Q < 1/H. We will prove

-PjqY 1/4Q
-1/40 PiigY
2H
J'AZ/H

Let 1 <4 < P. By Lemma 10 we have

—PijqY 1/4Q 2 , 190 y2/k-1
J +J Fk(g+n>l dn < Y*/k‘zj dn « ——
-1/4Q PiqY q

Py |1l P
and the first part of (19) follows.

F (gdrr/)‘ dn <« YF-1p712 for 1<g< P,
q

Fy (34"'7)]-61’7 « Y¥E-1p=l2K for P< g < Q. (19)




182 Alessandro LANGUASCO
Let now P < ¢ < Q. Arguing as in eq. (41)-(43) of Perelli-Zaccagnini [11],

we get
2/H
[

| Y (20)

H bl

2
Ay e

lsdsH/Y'"'/"'
where

=3 e(P(n, d)i—]’) max (0,‘; - ki(jf)nfd"‘f)

Yisnst Jj=0

P(n,d) = 45 ()widh and ¥y = (/8 + H/4)Y¥, Y2 = (2Y - H/4)"*. Hence
by Abel’s inequality we have

;6<P(n,d) ?I)l (21)

Applying Lemma 11 with g=k—1, a=ka/q, F(x,y)=P(x,y), T=
H/Y'"Vk R =y into (21), we have, since ka/q=a'/q' for some ¢’ > ¢ and
(',¢') = 1, that

§ « H max
d Yi<y<ta

dl « HRyk-1+ep-1/K (22)
I<d<H/Y'-1k

Now by (20), (22) and H = QP, the second part of (19) follows.
Using (18) and (19) we finally get

X+H 2/k 2 2/k
2 HY**(log X) HY
E | R (1) « BT/CEK) < B3R - (23)

5. Major Arcs

Using what we have seen in section 2, we can write

Ron) = - LD bgn) | R Tense(—m)
!1<P g

Z Vila.g)e( ) L; Fi(n)D(a, q,n)e(~mn) d

g<P1 y=1

a
D Z} age(=n2) [ AlE(@, g n)e(—m) d

q
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+ZZ ( ‘) L Ak(aqﬂ)S< +n>e( ny) dn

g<Pa=
=8+ 5+ 83+ 34, (24)

say.

EsTIMATE OF S4. Using (7), the Cauchy-Schwarz estimate and the Prime
Number Theorem, we have that

e gdy{lo ) (o) @)

P olg) ([ s\ (Y log X)2p1s Y\'/?
<—,—,-1/—2-qsp;1—172—(j0 SePan) o D EE BV

for d > 0 sufficiently small.

EvaLuaTION OF S). First of all we remark that

1
5= X 20 () | BT Or)et=mn) d

¢[<P
~P*gY 1/2
<Z“ |Hilg,n )|(j q+[4 )|Fk(U)T(’7)|d’7)- (26)

q<rd ~1/2 PijqY

In the error term we estimate explicitely only the integral over [P*/qY,1/2].
The other one can be estimated in a completely similar way. Applying Lemma 2,
Holder inequality with s as in Lemma 8, T(#) « min(Y,1/|y|) and Lemma 5, we
get that the error term in (26) is

_1)e 125/ 1/2 N
« =D R dn 2/ dy
200

g<P P4lqY

Yl/k-l/lvyl/i’.s (k_l)(u(q)

PR 2 ola)

<L

« Y (log P)P3/% « yVkp-1is)

for 6 > 0 sufficiently small. Hence (26) becomes
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L(Y,r )Z (9) j Hi( (g,n) + O(Y'/kPI1)
(1<P q
= Ci(n, PYL(Y,n) + O(YVkp~1/%), (27)

ESTIMATION OF S». Using (6), the Cauchy-Schwarz estimate and, for d >.0
sufficiently small, Lemma 9, we have that

2<Z

12 172
Xq.n F.(m|*d I W)l d
,,<qu>2' %4 l(jé;nm n) (E,I (o) n)

=g

« y2-k/2% qu(p q) Z (o) Hi (20, ,}X,q,n)l<[

r<Py<P (mod r) h
rlg

5

-

1
W o)l a”l)

(28)

We remark, for primitive characters y, cond y = r

: g, that W (o ,on) = Win) +
O((log 4X)~). It is easy to see that such an error term is negligible. Using Lemma
6 and the explicit formula for y¥(x,y), see (10), we get

1/2
* H .4,
A RGP DD (L,lwu,n)lzd’f) 5o I i g 4. 1)
) \"er

r<Py(modr 4<P q(p(‘l)
rlg
1/2
« YERK(og YRS N <J W (x.n)? df?)
r<Py(modr)

ZA

I=x~h

Y% (log Y)*
< Og Z Z X- 7Y<\<X+7Y Y/I;trial‘z)i)’

r< Py (modr)

)

(29)

Choosing now 7 = X¥Y~'P] log? X and using Lemma 15 with Y = Xx7/12+¢p|0,
we get, from (28)-(29), that

Yy Uk YVk(log Y)*
(10g Y)k+1 + P1/3

(30)

EsTIMATE OF S3. First of all we remark that
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T |
Si=-> > ¥ (XO‘qX)Hk(Xo_qx,q,n) > JFk(n)Tp(n)e(——nn) dn

=P e S 19(9) ped Uy’ 40
cond y=rig rig

+0 Z Z ZE(KT)(;—‘%)JIHk(XO,quq’n”

r<P yedUy q=p 919
cond y=rly rig

PA/t/Y 1/2
" peﬂZL;,V" (f—l/z * Jp4/qy) [Fe(mT,(m) dn | (31)

In the error term we estimate explicitely only the integral over [P*/qY,1/2].
The other one can be estimated in a completely similar way.
Now we split the interval of integration according to P4/qY <y < 1/¢Q and

1/q@<n<1)2
Using the Cauchy-Schwarz inequality, Lemma 10 and Parseval identity, the
first integral is

9

1/40 1140 , 172
|- mwnwrians (" 5o an (
Y PifgY

Pily
1/4Q
«< J Yz/"“zlryl"2 dn
PifqY

« PRy VIt (32)

9

Jl T, dr7>1/_

0

12
(YXZIK—Z) 172

Using Holder inequality with s as in Lemma 8, Lemma 8 and Lemma 12
(since T = XY~'P] log? X < X /40 for § > 0 sufficiently small), the second inte-
gral is

1/2 1 1/2s 12 (25—-1)/2s
2 2s/(25—
J |Fe(n) Ty ()] dy < ([ [Film)[* dn) <j Ty ()Y dn)
Q 40 1/40

1/q
172 (2s-1)/2s
&« Yl/l‘—]/(l\\Xﬁ—] J |’7l—2.\',/(2s—]) 61'77
1/4Q

« Yl/k—l/(l\‘)X/S—l(qQ)l/(?--\‘) « P—l/(ls]yl/kxﬁ-l. (33)
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Hence, using (32)—(33), Lemmas 6 and 16, the error term in (31) is

< PV YUkt N "og P)F ST ST xF

r<pP XeEUY pes'UYy!
« PV y 1k g-) XP 4 XP |« YVRpmUG9 - (34)
;xezé'pezd’
since f§ < 1.
Using Lemmas | and 3, the first term in (31) becomes
OHE (3, rn) ~ p1l
D ’; ( ) Lo,V Hk o g jom) S Ly(¥.n)
r<P yesUy¥ J<P/ir JelJ ped Uy’
x (mod r)
VH . (x,r,n 1 j .
=3 3o SRR 5 LB G S L)
r<P yedU¥ I‘(D( ) J<P/r j(P(j) ped'Us’
x (mod r) (j.r)=1
=—Z Z Ti(x,r, n)G/‘(n — r) Z L,(Y,n) (35)
r<P yesUY ped’uy’

x (mod r)
Hence, by (31)-(35), we finally get
P 17k p=1/(3s)
= — : — ). (3
S;==>" Y TA(X,r,n)6k<n,r,r> > L(Y.,n)+o(r'kp ). (36)

r<P yedUs ped'uy’
x (mod r)

Hence, from (24), (25), (27), (30) and (36) we get

Ru(n) = S¢(m, P)L(Y,n) = > Y Tu(x.r.n)S <n = r) Z L,(Y.n)

r<P yebUY ped’Us’
X (mod r)

Yl/k

+ 0<Y1/kP—1/(3s) + Gm) . (37)
og

6. The Singular Series

Here we follow closely the approach of Zaccagnini [15] and Perelli-Zaccagnini
[11].
As in section 12 of Zaccagnini [15], let P* = P*> and write
F ={1}U{r < P",r is an excluded or Siegel modulus}.

In the following we will call the r < P as small moduli and the P* < r < P large
moduli.
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LARGE mopuLlL.  The contribution of the large moduli, ie. P* <r < P, can
be performed as in section 13 of [15]. We just sketch the main differences.
By eq. (13.1) of {15] we have

Tk(x,r,n)z%@a(r,g,n), where o(r,x,n) = Y x(f(h)  (38)
h (mod r)

and f(h) = h* —n. Now we need the following lemma.

LemMMA 19. Let y (mod r) be a primitive character. Then for all but Hr 3/
integers ne [X, X + H], we have

ol(r, y, n) « pl=Y7k=10

uniformly for r < X/100.

In the proof we have to study
AX H,r)=|{ne[X, X+ H]:(r,n) =r"?} and
B(r) = |{n (mod r) : (r.n) = r'/?}|.

Since it is clear that A(X,H,r) « (H/r+ 1)B(r) and B(r) « d(r)r'/?, we get
H
A(X,H,r) <« ;‘3—/‘8*

which is the analogue of eq. (13.8) of [15]. The rest of the proof is the same of
Lemma 13.1 of [15].

Using Lemma 19 we get that for all but H(P*)
we have that

“1% integers n e (X, X + H|,

a(r.z.n) « pl- k=1 (39)

holds for all excluded or Siegel moduli r e (P*, P).
From Lemmas 2 and 5, we have, letting R = P/r, that

Sin Ry Y A7) [T 1c(p.m) = 1] < (log R)*. (40)
g<R »lq) Pl
(g.r=1

Hence we get, by (38)-(40) and Lemmas 18 and 16, that
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> Tk(x,r,n)sk<n,§,r> > L(Y,n)

Pr<r<P yeUY pes'Us’
x (mod r)

« YExY(log PYRri(pr)yT/TU=IN L N S Ny g xf

Pr<r<P yeé peé’
x (mod r)

« Yk p=1/010(=1) (41)
holds for all but « HP~'/ integers ne [X,X + H].

SMALL MODULL. The contribution of the small moduli follows the line of the
Corollary in section 3 of Perelli-Zaccagnini [11]. We just sketch the main dif-
ferences. Let R = P/r and

An,q,r) = (PEII (@03 [](px(pn) = 1).

rlg
Then
1
Al pr) = ———ul(p,r))) 3 Am = 3 o).
p 4 (mod p) xed(p)
X#Xo
XA=X0

say, where |/ (p)| <k —1 and |c(y)| < ¢(p)~'. We approximate

_ N e _
Si(n, R, r) = ,,Es;z () H(ﬁk(.ﬁwn) 1)

(g,r)=1

by
O, R,ry= [ (1+4(,p.r),

PR

say, where R’ = R1/2. Let Z(R') = {ge N\{0} : u(q) # 0, plg = p < R’}. Hence

Si(n,R,r) —(n, R, r) = Z A(n,q,r) + Z A(n,q,r Z +Zv’ (42)

R'<qg<R q>R
q¢2(R') ge#(R')

say.
To estimate ), we argue as in equations (12.10)—(12.12) of [15]; we just
choose differently the parameter A there. We choose 1 = (log P)'”2 to obtain

Z « exp(—c(log P)”’) (43)



Hardy-Littlewood’s numbers in short intervals 189

To estimate the mean square of ), we argue as in eq. (53) of [11]. We finally

get
>

X<n<X+H

5

H . H
(¢ ('R—/ -+ R) (log X) < ‘P—l/—zo—
and hence, for all but «H!=/4" integers in [X,X + H], we have

Z; « P, (44)

Using (42)-(44) we have, for all but H'~%4" integers in [X, X + H| and all
re . #, that

Si(n.Rory = [[ (1+ A(n. p.r)) + O(exp(—c(log P)'"?))

PSR’
- 17 (E=pden) _r-l —cllog P2
B pgz< p—1 ) pg(/(p - pk(p,n)> Fexp(=cllog P (43)

plr

Before ending this section we state other two lemmas on the singular series
that we will use to finish the proof of the Theorem.

LEmMA 20.  For all but <« H'=* integers ne [X,X + H| and all r e F\{1},
we have

Ti(x,r.n)Cy <n.-§.r>

<c H (—-——~——p ~ pk(p,zz)) + O(exp(—c(log P)'/?)).

psP p- 1
The proof of Lemma 20 is essentially the same of Lemma 14.1 of [15].

LemMa 21 (Lemma 14.2 of [15]).

11 (p - plp, n)) > (log P).

p<P p—-]

7. Proof the Theorem

Now we are ready to finish the proof.
From (23) we get

|Ro(n)| « Y17k p~1/010K) )
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for all but « HP~'/CK) integers ne [X,X + H]. Let C(X,H) the union of all the
exceptional set encountered in (41), (45), Lemma 20 and (46). It is clear that

|C(X,H)| « HP~V/GK),
Now, from (37) and (41), we have, for every ne [X,X + H\C(X, H), that

Ru(n) = Si(n, PYL(Y,n) — Tk(%, F,n)@x(n, P/7, F)L4(Y )

-5 ST Tulerm@e(n Pirr) Y LY n)
r<P* xeé ped’
x (mod r)

1/k
+ O(Yl/kp—l/(.%s) + G"‘%‘"ﬁ) (47)
log"™' ¥

Now by (45), Lemmas 20 and 21 we obtain that

P pk pv
(n, P) > 2[1 (48)
p<P
and
P - N
Ti(x,r,n)Sx <n,—r—,r) <2c H (ﬁ.pp_i(é’_l) (49)
p<P
for re #\{1}, if P is sufficiently large.
Now, by Lemma 17 and (47)-(49), we have
R\J)t Hp pk(Pa Clel/k__4cZ Z ZIL/J(Yvn)l
p<F r<P* yed peéd’
x (mod r)
Yl/k
+ O(G——W—+ Y‘/"P"/(m). (50)
log"t' ¥

By Lemmas 18 and 16 we get

S DLy <Y RS T N S X < e@)GY VR (s1)

r<P* yed ped’ r<P* yed ped’
X (mod r) x (mod r)

where ¢(6) can be chosen arbitrarily small.
Recalling Lemma 13’ and the definition of G we obtain

"

G ~ c
—h= P/2log X

log P
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Letting v = v(k) = 1/(3s), from (47)-(51) and Lemma 21, we finally get

Gyl/k

Ry(n) » ————
.UE( ) (log Y)k

for every ne[X, X + H\C(X, H).
Now, from (3), (46) and (52), we have that
R(n) » GY'*(log Y)7*,

for every ne [X,X + H] with at most O(H'~/%) exceptions. The Theorem
follows.
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