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The SUs2d3Us1d Chern-Simons spin-charge gauge approach developed earlier to describe the transport
properties of the cuprate superconductors in the “pseudogap” regime, in particular, the metal-insulator cross-
over of the in-plane resistivity, is generalized to the “strange-metal” phase at higher temperature/doping. The
short-range antiferromagnetic order and the gauge field fluctuations, which were the key ingredients in the
theory for the pseudogap phase, also play an important role in the present case. The main difference between
these two phases is caused by the existence of an underlying statisticalp flux lattice for charge carriers in the
former case, whereas the background flux is absent in the latter case. The Fermi surface then changes from
small “arcs” in the pseudogap to a rather large closed line in the strange metal phase. As a consequence the
celebrated linear inT dependence of the in-plane and out-of-plane resistivity is explicitly derived. The doping
concentration and temperature dependence of theoretically calculated in-plane and out-of-plane resistivity,
spin-relaxation rate and ac conductivity are compared with experimental data, showing good agreement.
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I. INTRODUCTION: THE “STRANGE METAL PHASE”

In spite of the intensive studies on high-Tc superconduct-
ors for almost two decades, the phase diagram of this fasci-
nating system is still under debate.1 According to the RVB
sResonant Valence Bondd scenario,2 the temperature-doping
concentration plane is divided into four regions: The
pseudogapsPGd, the strange metalsSMd, the superconduct-
ing sSCd state, and the Fermi liquid state. An alternative is
the quantum critical pointsQCPd scenario3 assuming the ex-
istence of a QCP under the SC dome controlling the behavior
of the system in a rather large quantum critical regime. In a
sense that regime corresponds to the SM phase in the RVB
picture, the difference being that the PG phase in the QCP
scenario has a true long range order, and the boundary be-
tween PG and SM phases is a phase transition line, whereas
in the RVB picture it is a crossover and it coincides with the
superconducting transition line at high dopings. There are
several theoretical as well as “experimental” proposals on the
origin of the QCP.4–10

Recently, we have developed a spin-charge gauge ap-
proach to describe the PG phase in cuprate superconductors,
particularly focusing on the metal-insulator crossoversMICd
phenomena.11–15Within a unified framework we have calcu-
lated the in-plane and out-of-plane resistivity, including the
effect of external magnetic field, optical conductivity,
nuclear magnetic resonancesNMRd relaxation rate and the
spectral weight of the electron Green’s function, finding a
good agreement with experimental data. In this approach
based on spin-charge decomposition applied to the two-

dimensionals2Dd t-J model, the spinon dynamics is de-
scribed by a nonlinears-model with a theoretically derived
mass gapms,Jsduln dud1/2, whereJ is the exchange integral,
d the doping concentration. The holon is fermionic with
“small” Fermi surfaceseF, tdd swith t as the hopping inte-
grald centered arounds±p /2 , ±p /2d in the Brillouin zone
and a “Fermi-arc” behavior for the spectral weight. Both
holons and spinons are strongly scattered by gauge fluctua-
tions. As an effect of these gauge interactions, the spinon
mass picks up a dissipative term:ms→MT=sms

2− icT/xd1/2,
wherex, td−1 is the diamagnetic susceptibility andc a nu-
merical constant. This shift in turn introduces a dissipation in
the spinon-gauge sector, whose behavior dominates the low
energy physics of the system. The competition between the
mass gap and the dissipation is responsible for the MIC,
giving rise to a broad peak in the dc conductivity. At low
temperatures the antiferromagneticsAFd correlation length
j,ms

−1 is the determining scale of the problem, leading to a
insulating behavior, while at higher temperatures, the de Bro-
glie wave lengthlT,sx /Td1/2 becomes comparable, or even
shorter thanj, giving rise to metallic conductivity.

Since this theory was originally11,14 formulated to de-
scribe the MIC in the in-plane resistivityrab and related
phenomena taking place in the PG “phase,” its range of ap-
plicability was, therefore, limited to underdoped systems and
low temperatures where the AF correlation lengthj is
smaller or of the order of the thermal de Broglie wavelength
lT. In fact, our theory correctly describes the low-
temperature insulating behavior and MIC up to the inflection
point, where the second derivative ofr w.r.t. temperature
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vanishes. However, the “high temperature asymptotics” de-
rived from the theoryr,T1/4 is not correct. At higher tem-
peraturesT,T* , the PG temperature, underdoped cuprates
crossover to a new, SM phase. Overdoped cuprates also
reach this phase increasingT, but presumably from an ordi-
nary Fermi liquid state. The SM phase ismetallic in nature
with anomalous yet rather simple temperature dependence of
physical observables such as the celebratedT linearity of
both in-plane and out-of-plane resistivity at sufficiently high
temperatures.

Experimentally, the SM phase shares with the PG phase
an AF short range order which in our approach originates
from the spin excitations, gapful due to scattering against
spin vortices attached to the moving holes. There are strong
indications, in particular from the angle-resolved photoemis-
sion spectroscopysARPESd experiments,16 that charge de-
grees of freedom undergo a radical rearrangement near the
crossover temperatureT* : The excitations far from the zone
diagonals, i.e., located nearsp ,0d of the Brillouin zone, be-
come gapless and lead to alarge closed Fermi surface. This
means that the density ofeffectivecharge carriers has grown
from d, characteristic of the PG phase, to 1−d, the value
expected from the band structure calculations.

The transport and optical properties in the SM phase were
considered earlier by various theoretical treatments, includ-
ing the slave-particle mean field theory,17 the gauge field
approach,18–20 “nearly AF Fermi liquid” theory,21 and the
closely related spin-fermion model.9 In the last approach a
special role is assigned to the “hot spots,” i.e., those points
on the Fermi surface, separated by the AF vectorsp ,pd from
their counterparts. As a kind of opposite limit, the “cold
spots” sintersections of Fermi surface with zone diagonalsd
model was also considered,22 where these cold spots are ar-
gued to dominate the in-plane and out-of-plane transport
properties. However, it is fair to say that a complete under-
standing of the diversified experimental findings in this un-
usual phase is still lacking.

In this paper we generalize our spin-charge gauge ap-
proach to consider the SM phase, and compare the calculated
transport properties with experimental data in this regime.
The AF short range order and the gauge field fluctuations
which were the key ingredients in the theory for the PG
phase still play an important role here. The main difference,
however, is the following: In the PG phase near half filling
there is an underlying statisticalp flux lattice for holons. As
the dopingsor temperatured increases, thisp flux lattice is
more and more disturbed, and at certain point it “melts.” The
free-energy favorable configuration should then correspond
to zero flux, instead ofp flux sAssumption0d. It turns out
that our spin-charge gauge approach can be generalized to
this case to describe the large Fermi surface instead of
“Fermi-arcs.” As a consequence the celebrated linear inT
dependence of in-plane and out-of-plane resistivity is explic-
itly derived. Since the formalism is similar, we will only
sketch the major steps, referring the reader to our previous
papers, Refs. 11 and 14, for more detail. The rest of the paper
is organized as follows: The spin-charge gauge approach is
outlined in Sec. II, while the effects of the gauge field are
considered in Sec. III. The comparison of theoretical results
with experimental data on in-plane and out-of plane resistiv-

ity, NMR relaxation rate and ac conductivity is presented in
Sec. IV with some brief concluding remarks in Sec. V. The
proof that one can satisfy theAssumption0 for the free en-
ergy minimum is given in the Appendix.

Readers only interested in the final theoretical results for
the SM phase and comparison with experiment can skip
Secs. II and III, and go directly to Sec. IV.

II. SPIN-CHARGE GAUGE APPROACH

As mentioned above, to discuss the “SM phase” we fol-
low the same strategy as that adopted for the “PG phase.”
Therefore, we outline the changes instead of repeating the
whole procedure. The discussion, however, will be suffi-
ciently complete that using Refs. 11 and 14 as a guide the
interested reader will have no difficulty to fill in the missing
steps. From now on we adopt the lattice constanta=1.

We use the 2Dt-J model to describe the CuO layers in
high Tc cuprates and we treat it in an “improved mean-field
approximation” sMFAd via a gauge theory of spin-charge
decomposition, obtained by gauging the global spin and
charge symmetries of the model by introducing Chern-
SimonssCSd gauge fields.23 To the fermionc of the gauged
model we apply the spin-charge decomposition:c,Hza,
whereH is the holon, a charged spinless fermion, andza is
the spinon, neutral spin 1/2 boson of a nonlinears model.
To derive the MFA a key step is to find a “reference spinon
configuration”w.r.t. which one expands the fluctuations de-
scribed byza. Such reference configuration was found by
optimizing the free energy of holons in a self-consistently
fixed holon-dependent spinon background, in a kind of Born-
Oppenheimer approximation. In Ref. 14 it has been shown
that a lower bound on this free energy can be obtained via
the optimization of the free energy of a gas of spinless holes
with the same density of holons, on a square lattice, with n.n.
hopping parameter given bytUki j l. Here Uki j l is a time-
independent complex gauge field related to the CS charge
and spin gauge fields, denoted byB andV, respectively, by

Uki j l , e−ieki j lBssx
ui usPeieki j lVdsx

u j ud11, s1d

whereP denotes the path-ordering,sx the Pauli matrix and
ui u=0 if i is a site on the Néel sublattice containing the origin
and ui u=1 if i is on the other Néel sublattice.

At low temperature and small doping concentration, i.e.,
in the parameter region to be compared with the PG phase of
the cuprates, it has been argued in Ref. 11 that the optimal
configuration ofU carries a fluxp per plaquette and it has
been shown that one can find configurations ofB and V
reproducing this behavior on average. Then neglecting the
feedback of holon fluctuations onB and that of spinon fluc-
tuations onV, the charge CS gauge fieldB carries fluxp per
plaquette and via Hofstadter mechanism converts the spin-
less holonH into a Dirac fermion with a small Fermi surface
centered at the four nodess±p /2 , ±p /2d; the spin CS gauge
field V dresses the holons with spin vortices and the spinons
in this gas of “slowly moving dressed holons” acquire a mass
ms,JÎud ln du. The concentration dependence of the AF cor-
relation lengthj,ms

−1 derived from the theory for low dop-
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ings is consistent with what was determined from the neutron
experiments.24

Dirac holons and massive spinons are coupled by aUs1d
slave-particle gauge fieldA, calledh/s in Ref. 11. The low
energy effective action forA is obtained upon integration of
the matter fields and since holons have a nonvanishing den-
sity at the Fermi surface, it exhibits a Reizer singularity25

dominating at large scales: For smallq,v ,v / uqW u

kATATlsv,qWd , sxuqW u2 + ikv/uqW ud−1, s2d

wherex,d−1 is the diamagnetic susceptibility andk,d the
Landau damping. In turn the Reizer singularity produces a
shift in the mass of spinonsms→M =sms

2− icT/xd1/2, as the
leading effect,12 wherec,Os1d is a positive constant, thus
producing a dissipation, linear inT at low temperatures. The
competition between the two energy scalesms

2 andT/x, re-
lated to the spinon gap and dissipation is the root in the
spin-charge gauge approach of many crossover phenomena
peculiar to the transport properties of the PG phase.

In our approach, the increase in the density of states at the
Fermi energy«F as we move from the PG to the SM phase
reflects a change in the holon dispersion relation. Thep flux
statistical field that minimizes the ground state energy near
half filling was responsible for the small Fermi surface in the
PG phase. Since the SM is metallic in nature, we expect that
in this phase there are no statistical magnetic fields to frus-
trate the charge motion and, therefore, we make the follow-
ing assumption:

Assumption0: In the optimal configurationsfor the range
of parameters corresponding to the SM phased the flux per
plaquette carried byU is 0, i.e.,

argsU]pd = 0. s3d

In favor of this assumption we can offer the following
argument: It has been rigorously proved by Lieb26 that at half
filling the optimal configuration for a magnetic field on a
square lattice is translationally invariant, with fluxp for each
plaquette at arbitrary high temperature. On the other hand, it
is well known that at low density and high temperature the
optimal configuration has zero flux per plaquette. At zero
temperature it has been proved that the ground state energy
has a minimum corresponding to one flux quantum per spin-
less fermion.27 Numerical simulations suggest that increasing
the temperature gives rise to a competition between these
minima and at high temperatures only the zero flux and
p-flux configurations survive.28 Therefore, one can argue
that at sufficiently high doping and temperatureAssumption
0 is satisfied. By analyticity it is then reasonable to assume it
holds in the entire SM phase except near the crossover
boundaries to other phases. TakingAssumption0 for granted,
we show explicitly in the Appendix thatsunder the same
approximation as used for the PG phased one can find a
gauge field configuration that satisfies it on average, so that
our spinon fieldza will describe the fluctuations around it.
The outcome of this optimization is that in the SM phase the
flux carried by the charge gauge field responsible for the
statistical flux in the PG phase is cancelled by the flux car-
ried by the spin gauge field on average.

The flux change does not affect the spinon action, there-
fore, it is formally identical to that considered for the PG
case, thus leading to the same low energy effective action29

S=E d3x
1

g
fvs

−2us]0 − iA0dzau2 + us]m − iAmdzau2 + ms
2za

* zag,

s4d

whereg,J−1, vs,J, x=svsx
0,xWd, A=svsA0,AW d. This implies

that in our approach the AF short range order is characteristic
of both PG and SM phases; however, we will see that in the
SM phase it is less effective. The action derived above is for
T=0 and it can be argued to be correct only for temperature
smaller than the mass gap; one can improve the situation by
approximately taking into account finite temperature correc-
tion by including in the action the spinon thermal mass term
found in the renormalized classical region of the model,30

with thermal massmT,s2prs/Jde−2prs/T, where rs is the
renormalized spin stiffness. If we adopt for 2prs the value
s150 meVd used in fitting the inverse magnetic correlation
length of underdoped samples of LSCO in Ref. 30, the order
of magnitude and the qualitative temperature and doping de-
pendence of the experimental data are reproduced using the
above derived formulamssTd=sms

2+mT
2d1/2. The renormalized

classical formula holds only forT!2prs and it has been
argued to be correct up to roughly 500 K and this yields an
upper limit of validity of the above treatment.

We now turn to holons. The change of statistical flux does
affect deeply the holon motion. Since we would like to find
eventually the continuum low energy action, we expand the
holon action in powers of the lattice constant keeping the
leading order, and the result rewritten in the lattice form is:31

ShsH,H* ,Ad =E d3xFo
j

Hj
*si]0 − m − A0dHj

+ o
ki j l

stHi
*Hje

ieki j lA + h.c.dG , s5d

where m is the chemical potential,Am denotes the slave-
particle self-generatedh/s gauge field as in the PG phase.
Neglecting gauge fluctuations, the dispersion relation for ho-
lons has changed from thep flux phase spectrumePGspWd
= ±2tÎcos2spxd+cos2spyd restricted to the magnetic Brillouin
zone to the more conventional tight binding spectrum
eSMspWd=2tscosspxd+cosspydd defined in the entire Brillouin
zone. Obviously, the bottom of the holon band is located at
the corners of the Brillouin zone. To write a continuum limit
for the holon action, as a crude approximation we first sub-
stitute the Fermi surface with a circle having the same vol-
ume and then make aparticle/holeconjugationHi →Ei

* . Due
to this approximationsand neglecting from beginning the
n.n.n. hoppingd all features depending on the detailed struc-
ture of the Fermi surface are clearly lost. The tight binding
action defined on the square lattice is then replaced by a
continuum action describing free particlessek=k2/2m*d with
an effective chemical potentialeF,4ts1−dd, where −4t cor-
responds to the bottom of the tight binding band, assuming
that the field E has a well-defined continuum limit. By
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“abuse” of language, we still callE holon field. The con-
tinuum low energy action forE is given by:

SsEd =E d3xFE*sx0,xWdSi]0 − eF − A0

−
1

2m* s¹W − iAW d2DEsx0,xWdG . s6d

Since spinons are massive and the charge carrierssholons
in the above sensed described byE are gapless with a finite
Fermi surface, the low energy effective action forA exhibit a
Reizer behavior as in the PG phase. Using the above simpli-
fied action, the Landau damping and diamagnetic suscepti-
bility can be easily evaluated and have a weak dependence
on the doping concentration in the relevant ranged&0.3.
First note thatvF,2t is doping independent,kF~ s1−dd and,
therefore,m* =kF /vF=s1−dd /2t. The parameters entering the
Reizer propagators2d are then given by

k , Os1 − dd, s7d

x , 1/12pm* ,
t

6ps1 − dd
, s8d

assuming that the holons give the dominating contribution
scertainly true for sufficiently highdd to x.

The main differencew.r.t. the PG estimates14 is that d is
now replaced bys1−dd so that, roughly speaking, both quan-
tities vary by a factor of the order 5–10.

The decrease of the diamagnetic susceptibility implies
that the thermal de Broglie wavelength for holons is shorter
w.r.t. the PG analogue and, therefore, the spin-gap effects
sj2,lT

2d are less effective, being confined to very low tem-

peratures. As a result, gauge fluctuations in the spinon sector
strengthen and dominate over the spin gap at all temperatures
down toT* for the underdoped samples, thus determining the
thermal behavior of many physical properties. In particular
we shall recover some of the distinctive features of the SM,
namely theT linearity of in-plane, out-of-plane resistivities
and spin lattice relaxation timesT1Td63 up to several hun-
dreds Kelvin.

The low-energy effective action obtained in our approach
bears some resemblance with the one derived in the slave
boson approach18 with, however, two basic differences: The
statistics of holon and spinon is interchanged and the bosons
in our spin-charge gauge approach are massive, due to the
coupling to spin vortices absent in the slave boson approach,
and “relativistic” due to AF short range order; in the slave
boson approach, instead, they are nonrelativistic and gapless.
In a sense our effective action is closer to the slave fermion
ansatz outlined in Ref. 19, although the starting point is quite
different. We should also mention that the true phase transi-
tion anticipated at the mean field level is replaced by a cross-
over when the gauge field fluctuations are taken into account,
as the order parameter defined in the mean field theory is not
gauge invariant.

III. GAUGE FIELD EFFECTS

In this Section we summarize the physical consequences
of the gauge field fluctuations, expressed in terms of spin and
electron Green’s functions.

The h/s gauge fieldA renormalizes the massive spinons
in a nontrivial way. The expression obtained for thedressed
magnonsor spin-waved correlator by summing up the gauge
fluctuations via an eikonal approximation obtained for the
PG phase applies here as well

kVW sxd · VW s0dl ,
1

sx0d2 − uxWu2
e−2iÎms

2−T/xfsuxWuQ0/2dÎsx0d2−xW2−T/s2xdQ0
2gsuxWuQ0/2dfsx0d2−uxWu2g/fms

2−T/xfsuxWuQ0/2dg, s9d

provided the new estimates fork andx are used. The func-
tions f andg contain the information on major effects due to
the interaction with the gauge field and their explicit expres-
sion can be found in Ref. 14.Q0=skT/xd1/3 is a momentum
cutoff andQ0

−1 can be identified as the length scale of gauge
fluctuations, analogous to the anomalous skin depth. It is
important to note that,w.r.t. the PG estimate, the new mo-
mentum scaleQ0<fs1−dds2/3d /ags6pT/ td1/3 is almost dop-
ing independent and is roughly bigger by a factorsdd−2/3. If
one integrates overuxWu in the rangeT−1@x0@ uxWu and makes
use of the definition ofQ0 for the SM phase, the contribution
of the complex saddle point that dominated the integral in
the PG phase turns out to be small compared with the con-
tribution coming from fluctuations around the coordinate ori-
gin, in the regionuxWuQ0&1, for T or d sufficiently large.
Expanding f and g to leading order around the origin one
derives

kVW sxd · VW s0dl .
1

x02e−2imsx
0+iT/sxmsduxWu2Q0

2/24x0
e−T/s2xdQ0

2gs0dx02
/ms

2
.

s10d

The integration overuxWu is then simply Gaussian; defining

a =
T

xms

Q0
2

24
x0, s11d

and assuminguau@Q0
2, we are allowed to remove the cutoff

sthe small real convergence factor needed can be supplied by
the neglected higher order termsd obtaining sin the Fourier
transformed representation for the space coordinatesd:
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kVW · VW lsx0,qW = 0d

.
1

x02e−2imsx
0−T/s2xms

2gs0ddQ0
2x02E

uxWuQ0&1
eiauxWu2uxWuduxWu

.
ie−2imsx

0−T/s2xms
2gs0ddQ0

2x02

ax02 . s12d

The real part of the exponent ins12d is monotonically de-
creasing inx0, therefore, we estimate thex0 integral by prin-
cipal part evaluation. Since our approach is valid only at
large scales, we introduce an UV cutoff in the integral at
lQ0

−1 and evaluate the integration assumingl large. Then we
make the tentative conjecture that for smallv the physics is
dominated by large scales and the small-scale contribution
can be taken into account phenomenologically by a suitably
chosen rescaling ofl sit cannot be sent to 0 as in the PG
phase, because here forl=0 the exponent loses its conver-
gence factord. The result of this approximation is:

kVW · VW lsv,qW = 0duv→0u .
xmsQ0

T

eisv−2msdlQ0
−1−T/s2xms

2gs0ddl2

v − 2ms + i
T

xms
2gs0dQ0l

.

s13d

This result appears physically reasonable if the exponent
in s13d is slowly varying and is of the order 1; this puts
limits, a priori on the validity of the above conjecture given
by:

T * s2msld3x/k , l3tsduln dud3/2,

T & 2xms
2/sgs0dl2d , l−2tduln du. s14d

A posteriori, self-consistentlyl,Os1d sfrom fitting l<0.7d,
and s14d selects a range roughly between few tens and few
hundreds Kelvins<200–500 ford<0.04–0.15; for higher
dopings the upper limit of the temperature-dependent mass
treatment30 <500 K appliesd. In the parameter ranges14d,
Eq. s13d can be interpreted as follows: The gauge fluctua-
tions couple the spinon-antispinon pair into an overdamped
magnon resonance with mass gap

mV = 2ms, s15d

inverse lifetime

tV
−1 =

T

xms
2gs0dQ0l, s16d

and T-dependent wave function renormalization factor
ZV,xmsQ0/T. In this respect, the situation here is qualita-
tively similar to that appearing in the PG phase, but with
different T andd dependence of the parameters. Notice that
typically in the SM phasemV!tV

−1, whereas in the PG phase
smVdPG@ stV

−1dPG; that is to say, AF effect is more pro-
nounced in the PG phase than in the SM phase.

The Green’s functionG for the 2D electron is given in
real space by the product of the holon and the spinon propa-
gators, averaged over gauge fluctuations. We are interested
here in the quasi-particle pole, in particular in the tempera-

ture and doping dependence of the wave function renormal-
ization constantZ and the damping rateG defined via a rep-
resentation of the retarded electron correlation functions for
small v and momentumkWF on the Fermi surface as

GRsv,kWFd ,
Z

v + iG
. s17d

To compute it we apply the dimensional reduction to the
holon propagator by means of the tomographic decomposi-
tion introduced by Luther-Haldane.32 Following the proce-
dure described in Ref. 14 we find within the ranges14d:

Z < l1SQ0

kF
D1/2Smsk

J2 D1/2

. s18d

Comparing it with the result in Ref. 14 one finds that the
anisotropic weight present in the PG phase has disappeared.
As this corresponds to a restoration of the full Fermi surface,
this suggests again that the above results apply only away
from the boundary of the PG/SM crossover in a parameter
region where ALL effects due to PG have disappeared. The
electron damping rateG at the Fermi surface is:

G =
T

2xms
2Q0gs0dl ~ T4/3s1 − dd5/3

duln du
. s19d

We see thatG is inversely proportional to the doping concen-
tration. This is qualitatively consistent with what was found
from the ARPES experiments, namely the quasi-particle
peak gets sharper with increasing doping.33

IV. COMPARISON WITH EXPERIMENTS

A. In-plane resistivity

The in-plane resistivity is one of the most studied proper-
ties of the high-Tc cuprates. There is a narrow range of dop-
ings characterizing optimal/slightly overdoped samples
where the in-plane resistivity appear linear inT from Tc up to
several hundreds Kelvin. In under-doped samples, it deviates
from the linear dependence at low temperatures, first acquir-
ing a sublinear behavior and then crossing an inflection point
swhich we take as the definition of the PG temperatureT*d,
with the temperature dependence becoming almost quadratic.
Finally, for strongly underdoped samples it reaches a mini-
mum corresponding to the MIC whose origin was discussed
at length in Ref. 14. In overdoped samples above a critical
doping concentration, one observes again deviation from lin-
earity at lowT, but there the behavior at low temperature is
superlinear, eventually at high doping reaching a Fermi liq-
uid behavior,T2. With increasing doping, one finds the tem-
perature of deviation from linearity lowering in the under-
doped region and increasing in the overdoped region. This
has been taken as one of the experimental facts in favor of
the existence of a QCP atd,0.19 in Ref. 10.

To calculate the in-plane resistivity we apply the Ioffe-
Larkin rule34

r = rs + rh. s20d

Using the Kubo formula to calculate the spinon contribution
to conductivity, within the ranges14d one finds
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rs . 2lQ0
−1sG + ms

2/Gd =
T

xms
2gs0dl2 +

4ms
4x

Tgs0dQ0
2 . s21d

In the high temperature limitQ0@ms, the damping rate
in s21d dominates over the spin gap 2ms and the spinon
contribution to resistivity is linear inT, with a slope
a=gs0dl2/ sxms

2d.s1−dd / sduln dud. A linear in T behavior is
also obtained in the gauge field theory of Nagaosa and Lee18

for the uniform RVB state with a very similar slope
aRVB.1/d. Lowering the temperature, the second term in
s21d gives rise first to a superlinear behavior and then, at the
margin of validity s14d of our approach, an unphysical up-
turn. The deviation from linearity is due to the spin gap
effects and is cutoff in the underdoped samples by the cross-
over to the PG phase. We expect that physically in the over-
doped samples it is cutoff by a crossover to a Fermi liquid
phase.

We now turn to holon contributions. It is known since
Nagaosa and Lee,18 that for a 2D Fermi gas scattering
against a Us1d gauge field with Reizer-type singularity, the
scattering time at the Fermi surface is proportional toT−4/3.
This power law follows simply from the scaling analysis
and does not depend on the detail of the dispersion relations.
The contributionrh from our gas of spinless holons is of
the form

rh , S 1

timp
+ eFS T

eF
D4/3D , s22d

where we also added the contribution of the impurity scat-
tering via the Matthiessen rule. Compared withs21d, it gives
a subleading contribution. This could explain, as for the PG
phase, the insensitivity of the resistivity to the presence of
nonmagnetic impurities which affect onlyrh. The above re-
sults reproduce qualitatively theT linearity of the in-plane
resistivity in the SM phase,including the decrease of the
slope upon doping increaseand the superlinear behavior at
low T for overdoped samples. One can use the deviation
from linearity appearing in the overdoped samples to fix the
phenomenological parameterl at some doping by computing
the scale independent quantitysrsTd−rhs0dd /a and compar-
ing it with experimental data. The result is self-consistently
determined asl of the order 1, and more precisely, using
LSCO datasfor d=0.3035d one findsl<0.7 as quoted above.
The temperature dependence of the spinon mass yields a
bending at high temperature, stronger for lower dopings, as
visible in the resistivity data at constant volume for LSCO;35

this effect is masked in the resistivity data at constant pres-
sure by thermal expansion.

In Fig. 1 we plot the in-plane resistivity given by
Eq. s21d versus temperature for different dopings. Except
for an overall scale, oncel is fixed, there are no additional
free parameters for other doping concentrations in
Eq. s21d and the agreement with experiments is reasonably
good.

We should mention that the linear temperature
dependence of the in-plane resistivity is also reproduced
in a number of theoretical studies, including the “marginal
Fermi liquid” theory,36 the “hot spots,”9,21 as well as

“cold spots”22 approaches, although the mechanism leading
to the linear dependence varies from case to case, and
is also somewhat different from our consideration. We
should also mention that since we ignore all details of
the Fermi surface, some properties, like the Hall effect,
strongly depending on these details, cannot be treated
properly at this stage in our approach. This requires further
studies.

B. Spin-lattice relaxation rate

From the experimental point of view, one of the hallmarks
of the SM phase is the unusually simple law for the spin-
lattice relaxation rate at the Cu-sites:

S 1

T1T
D63

, lim
v→0

o
qW

Im xssv,qWd
v

FsqWd ,
1

T
. s23d

whereF is the hyperfine formfactor peaked around the AF
wave vectorQAF. While in optimally doped samples the
above proportionality relation is valid over a wide range of
temperatures aboveTc, in overdoped sampless1/T1Td63 satu-
rates to a constantsi.e.,T independentd value at low tempera-
tures, suggesting a possible crossover to a Fermi liquid
phase. Using the expressions10d for the magnon correlator
one obtains a factorized form for the spin susceptibility:
xssv ,qWd,xsv ,qW =0dJsqWd with ed2qWJsqWd=1, a feature
present also in the PG phase and that has been claimed to be
in agreement with experimental data.37

Then in our computation we are left with the following
integral:

S 1

T1T
D63

, s1 − dd2E dx0ix0 1

x02e−2imsx
0−T/s2xms

2gs0ddQ0
2x02

.

s24d

Up to the factors1−dd2, the above integral is equal to the
spinon contribution to the conductivity.

FIG. 1. Calculated in-plane resistivity as a function of tempera-
ture for different hole concentrations. Below the pseudo-gap tem-
peratureT* , the curve is shown in dashed line. The resistivity scale
is fixed by comparison with experimental data ford=0.15 at 400 K.
Inset: In-plane resisitivity vsT measured in LSCO crystals with
different Sr contentx, taken from the work of Takenakaet al.,
Ref. 35.
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Therefore, in the high temperature limit we recover the
linear in T behavior forsT1Td63<T/ ss1−dd2xms

2d, while at
high dopings and low temperatures the superlinear deviation,
also found experimentally in overdoped samples of LSCO.38

Furthermore, the factors1−dd−2 weakens the doping depen-
dence of the slope as compared with the resistivity curves, in
agreement with the experimental data. In Fig. 2 we plot
1/T1

63 extracted from Eq.s24d versus temperature for differ-
ent dopings.

C. Out-of-plane resistivity

Conductivity along thec axis in cuprates appears as
mainly due to the interlayer tunneling process. Since there is
no measurable Fermi velocity along this axis because of very
small seffective39d hopping integraltc, we can use Kumar-
JayannavarsKJd approach to calculatercsTd. According to
these authors,40 the out-of-plane motion in cuprates is inco-
herent and governed by the strong in-plane scattering via the
quantum blocking effect. At high temperaturesG@ tc the in-
terlayer tunneling rate is reduced by the in-plane scattering.
Under these assumptions,rcsTd is controlled by the second
term in the KJ formula:

rc ,
1

n
S 1

G
+

G

tc
2Z2D . s25d

In the SM phase, substitutingG andZ with the corresponding
estimatess19d ands18d in s25d, we recover theT linearity in
the “incoherent regime”G@ tcZ:

rc .
J2

tc
2

kF

msnseFdk
T

2xms
2 .

T

sduln dud3/2 s26d

decreasing faster thanrabsTd /T upon doping increase.
The out-of-plane resistivity was also calculated in a num-

ber of theoretical studies, including the gauge field
approach41 and cold spots model.22 As far as we understand,
the correct temperature dependence in the SM phase could
not be reproduced there.

Equations25d would predict a minimum inrc at low T,
unless it is cutoff by a crossover to a new phase. Hence, in
the spin-charge gauge approachrc might exhibit a MIC for
three different reasons, each one with its ownT andd depen-
dence:s1d A KJ minimum in the PG phase;s2d a minimum
due to a crossover from an insulating regime in the PG phase
to a metallic regime in the SM phase;s3d a KJ minimum in
the SM phase. Most of the MIC inrc exhibited in the experi-
mental data appear to correspond to the second case; thus the
minimum roughly corresponds to the deviation from linear-
ity. The first case is usually cutoff by the crossover to the SM
phase. Perhaps an example of the third case is the minimum
found in BSCO atd<0.22542 suppressing superconductivity
with a magnetic field, as the minimum there is lower than the
deviation from linearity. However, the parameter region
where this minimum has been found is close to the boundary
of the SM phase, so one could expect corrections to our
formulas that has to be investigated. In Fig. 3 we plotrc
extracted from Eq.s25d versus temperature for different dop-
ing concentrations and a fixed value of the relative coeffi-
cient of the metallic versus insulating term,r ,J2/ stc

2l1
2d

fwith l1 as given in Eq.s18dg and compare the result with
data in LSCO.43

Unfortunately, we do not have a reliable method to
estimate thesextrapolatedd T=0 intercept ofrcsTd which is
large when compared with the corresponding intercept
for ab-plane resistivity, and it is also difficult to fix precisely
using experimental data the relative coefficientr, so
we cannot extract safely the anisotropy ratiorcsTd /rabsTd.
However, let us notice that if the minimum inrc is at
higher temperature than thesunphysicald minimum in
rab, then one can derive the fast decrease of the anisotropy
ratio at low temperature found experimentally,43 see
Fig. 4.

Finally let us propose a simple qualitative explanation of
the linearT behavior of both in-plane and out-of-plane resis-
tivity in the “interior” of the SM phase in terms of “effec-
tiveness” in the momentum space, somewhat analogous to
the effectiveness appearing, in the coordinate space, in the

FIG. 2. Calculated temperature dependence of the spin-lattice
relaxation rate 1/T1 for different doping concentrations.Inset:Spin-
lattice relaxation rate measured in LSCO samples with different Sr
contentx, taken from the work of Fujiyamaet al., Ref. 38.

FIG. 3. Calculated out-of-plane resistivity as a function of
temperature for different hole concentrations. Below the pseudo-
gap temperatureT* , the curve is shown in dashed line.Inset:
In-plane resistivity vs T measured in LSCO crystals with
different Sr contentx, taken from the work of Nakamuraet al.,
Ref. 43.
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treatment of anomalous skin effectssee, e.g., Ref. 44d. In our
approach the electron resonance transport lifetime was found
to be te,T−4/3, so that from the Boltzmann transport for-
mula naively one expects to find a conductivitys0,T−4/3.
However, the gauge field is able to combine spinon and ho-
lon into a resonance only in a range of momenta of the order
of the anomalous skin momentumQ0,T1/3, so only a frac-
tion of electronsQ0/pF should contribute or be effective for
conductivity, so thats,s0Q0,T−4/3T1/3=T−1.

D. AC conductivity

A key feature of ac conductivity in the SM phase is a high
frequency tail,v−1, found already in earlier experiments.
However, recently it has been observedsin LSCO45 and
BSCO46d that it is related to an asymmetric peak structure in
overdoped samples centered at a finite frequency, increasing
with doping, shifting to higher frequency and symmetrizing
when the temperature increases beyond the peak frequency at
low T. All these features are qualitatively reproduced in our
spin-charge gauge approach. As explained in Ref. 15, to
compute the ac conductivity one first evaluates the thermal
gauge propagator with UV cutoff in thev-integration given
by L=maxsT,Vd, whereV is the external frequency and as
usual the thermal function cothsv /Td is approximated by
T/v and signv in the two limitsV!T, T!V, respectively.
It turns out that up to the logarithmic accuracy one can pass
from the first to the second limit by replacingT with V in Q0
and G swe denote the obtained quantities byQV ,GVd and
rescaling thef andg functions resulting from the gauge field

integration, by a positive multiplicative factorl̃&1/2. It is
straightforward then to derive the leading spinon contribu-
tion to the ac conductivity at finiteT in the two limits. For
V!T we have

ssV,Td ,
Q0

isV − 2msd + G
,

1

isV − 2msdT−1/3 + T
, s27d

while for T!V

ssV,Td ,
QV

isV − 2msd + l̃GV

,
1

isV − 2msdV−1/3 + V
.

s28d

From the above formulas the features discussed at the begin-
ning of this subsection are easily derived: The tail,V−1 is
evident and the effect of replacingQ0 by QV is to asymme-
trize the peak at 2ms appearing in RessV ,Td for V!T and
to shift it towards lower frequency. The optical conductivity
was discussed in a number of theoretical studies, including
the “marginal Fermi liquid” theory,36 spin-fermion
approach,9 “nearly AF Fermi liquid” theory,21 cold spots
model22 and gauge field approach.47 To the best of our
knowledge, the above considered features were not ad-
dressed earlier. In Fig. 5 we plot the ac conductivity in the
two regimes considered above at fixed doping. Inclusion of
the contribution of holons via Ioffe-Larkin rule does not
change the qualitative features, but enhances the finite tem-
perature curves, improving the agreement with experiments.

Two remarks are in order. First, our formulas do not apply
for L close to zero, where we expect a transition to a differ-
ent phase as discussed above. Second, one can prove that the
peak seen in the SM phase is replaced in the PG phase by a
broad maximumsmoving to lower frequency as doping in-
creasesd, due to the “relativistic” structure of the spinon pe-
culiar to that phase, as discussed in Ref. 15.

V. CONCLUDING REMARKS

To conclude we have shown that the spin-charge gauge
approach originally proposed to describe the PG phase of the
cuprate superconductors, in particular, the MIC in the under-
doped cuprates can be generalized to the SM phase as well.
The common features are the interplay of the AF short range
order and the gauge field fluctuations, which leads to mag-
non and electron resonances, while the difference is the pres-
ence of a statisticalp-flux lattice for holons in the PG phase
responsible for the small “Fermi-arcs” and its absence in the

FIG. 4. Calculated resistivity anisotropy ratio as a function of
temperature for fixed hole densityd=0.2. Inset: Resistivity aniso-
tropy ratio measured for a LSCO sample with Sr contentx=0.20,
taken from the work of Nakamuraet al., Ref. 43.

FIG. 5. Calculated ac conductivity as a function of frequency for
fixed hole densityd=0.184 and different temperatures.Inset: ac
conductivity vs frequency measured for a LSCO sample with
x=0.184 at different temperatures, taken from the work of Startseva
et al., Ref. 45.
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SM phase. As the doping/temperature increases the MIC is
taking place, and then the flux lattice “melts.” It is interesting
to observe that the extrapolations from the PG and SM re-
gions more or less match each other in the crossover area. In
some sense the PG treatment is doing a “better job,” produc-
ing the MIC and sublinear temperature dependence for the
in-plane resistivity, up to the inflection pointT* as the margin
of the PG phase. It is true that the “high-temperature asymp-
totics” ,T1/4 derived in the PG phase does not correspond to
experiment, but that has been corrected by the SM consider-
ation and the disappearance of the Fermi-arcs feature allows
to recover the celebrated linear inT dependence. This depen-
dence in our approach can be interpreted as due to the com-
bined effect of an electron life time,T−4/3 due to gauge
interactions triggered by Reizer singularity, and the “effec-
tive” slab in momentum space where the electron resonance
forms ,Q0,T1/3, with Q0 as the anomalous skin momenta
again associated with the Reizer singularity.

In our view there seems to be a crossover line between the
“insulating” and “metallic” regions at any finite temperature.
Probably, this crossover becomes a quantum phase transition
at zero temperature between the AF short range ordered state
and Fermi liquid state, although the transition point seems
not being able to control the behavior of the system over a
large region, because of the appearance of new scalessAF
correlation lengthd nearby. This scenario seems consistent
with the picture extracted from themSR measurements in the
SC state.48 The phase diagram that our approach suggests is
in a sense intermediate between the RVB and the QCP pic-
ture, sharing with the first scenario the nature of crossover
for the border between the PG and SM phases at finiteT,
while with the second scenario the existence of a true phase
transition atT=0.
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APPENDIX

In this Appendix, using Ref. 11 as a guideline, we show
how to satisfy on average theAssumption0. We split the
integration overV into an integration over a fieldVscd, satis-
fying the Coulomb condition:

]mVm
scd = 0, sA1d

and its gauge transformations expressed in terms of an SU
s2d-valued scalar fieldg, i.e., Va=g†Va

scdg+g†]ag,a=0,1,2.
Integrating over the time component of the CS gauge

fields one finds:

Bm = B̄m + dBm, dBmsxd = 1
2o

j

Hj
*Hj]m argsx − jd,

sA2d

where B̄m gives rise to ap-flux phase, i.e.,eie]pB̄=−1 for
every plaquettep and

Vm
scd = o

j

s1 − Hj
*HjdSsx

u j ugj
†sa

2
gjsx

u j uD
11

]m argsx − jdsa,

sA3d

wheresa,a=x,y,z are the Pauli matrices. It is not difficult to
see that the statistical fieldVscd defined insA3d does not carry
flux p per plaquette, so that strictly speaking the constraint
argsU]pd=0 cannot be satisfied. However, it is sufficient for
our purposes that whenever a hole make a closed loop on the
lattice, it acquires a trivial phase factors2pnd.

At the lattice level, the particle can either stay at rest at a
given site or jump to a nearest neighbor.

Without loss of generality, we consider a holon going
around a given plaquettep counterclockwise.

Now assume that the particle hops from sitei to site j . Let
vp denote the set of trajectories of holons in a first-
quantization path representation. In such formalism the tra-
jectories are left continuous in time, i.e., one should think of
the holon in the link located at the end of the jump. It is
shown in Ref. 11 that for the optimal configuration, indepen-
dently of d

ssx
ui ugi

†eieki j lV
scd

gjsx
u j ud11 . ssx

ui ug̃i
†g̃jsx

u j ud11. sA4d

where the SUs2d variablesg̃i, g̃j have the structure

g̃i = eiuisz, i ¹ vp , sA5d

g̃j = issW ·nW jd, nj = scosf j,sinf j,0d, j P vp , sA6d

with u j andf j so far arbitrary angles.
These degrees of freedom will be fixed in order to cancel

the p-magnetic flux per plaquette generated byB̄. We need
to impose:

p
ki j lP]p

ssx
ui ug̃i

†g̃jsx
u j ud11 = eip. sA7d

Writing out explicitly the left-hand side ofsA7d, we find

eisu1+f2de−isu2+f4deisu4+f3de−isu4+f1d sA8d

which is satisfied by the choicef j =sp /4ds−1du j u irrespective
of theu j phases, provided the latter contributes with a trivial
phase factor.

Using this gauge freedom we can be even more demand-

ing, by requiring that the fieldB̄ is exactly cancelled link by
link. For instance, imposing

u j = −
p

2
s− 1du j u,

we cancel the distribution of phase factors forB̄ chosen in
Ref. 11. This proves that choosing the SUs2d gauge field as
described above, theAssumption0 is satisfied.
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