n-COTILTING AND n»-TILTING MODULES OVER RING EXTENSIONS

ALBERTO TONOLO

ABSTRACT. When T is a ring extension of R, conditions are found to insure that the
notion of n-tilting module and n-cotilting module pass from a left R-module V' to the
induced left T-modules Tor(I', V) and Ext%(I', V), 0 < i < n.

INTRODUCTION

We say that ' is a ring extension of R if there is a ring homomorphism £ : R — T.
Every left I'-module has, through £, a natural structure as left R-module; conversely,
given a left R-module V, Hompg(I',V) and I’ ® V' are the two canonical ways to obtain
I-modules. Many properties of V' which involve the functor Hompg(—, V') are known to
be inherited by Hompg(T',V): some of these, as “injective”, “cogenerator” are inherited
without further conditions, others, as “cotilting module”, “quasi-duality module” require
various conditions on V' and/or Hompg(T', V) (see [16]). Dually, many properties of V'
which involve the functor Hompg(V, —) are known to be inherited by I'® V: some of these,
as “projective”, “generator” are inherited without further conditions, others, as “tilting
module”, “«-module” require various conditions on V and/or I' ® V (see e.g. [2], [15],
17).

Let us concentrate on the notion of tilting and cotilting modules. Following [3], we say
that a left R-module V' is n-tilting (resp. n-cotilting) if it satisfies the following properties

(1) pdV <n (resp. idV < n).

(2) Exti(V, V) =0 (resp. Extl(V*, V) = 0) for every cardinal A and each i > 1.

(3) There exists an exact sequence 0 - R — Vo — Vi — ... = V,_1 — V,, — 0 (resp.
0—-V,—-V,1—..—=V; - Vy— F — 0 where E is an injective cogenerator of
R-Mod) and V; belongs to Add V' (resp. Prod V), i.e. the V; are direct summands
of arbitrary sums (resp. products) of copies of V.

Let rV be an n-tilting (resp. n-cotilting) module. We say that a left R-module M has
V-grade (resp. V-cograde) m if Ext’y(V, M) = 0 (resp. Extly(M, V) = 0) for each i # m.

If n = 0, V is a progenerator (resp. injective cogenerator): in such a case each left
R-module has V-grade 0 (resp. V-cograde 0).

If n =1, V gives rise to a torsion theory (7, F) in the category of left R-modules, where
T is the class of left R-modules of V-grade 0 and F is the class of modules of V-grade 1.

Developed originally for modules over finite dimensional algebras, simply as dual of
tilting modules, the 1-cotilting modules acquired a proper independent role in the more
general setting of modules over arbitrary associative rings (see [3], [5], [8], [11], [12], [21],
[18]). If V is a 1-cotilting module, it gives rise to a torsion theory (7, F) in the category
of left R-modules, where 7 is the class of left R-modules of V-cograde 1 and F is the class
of modules of V-cograde 0.

The n-tilting and n-cotilting modules with n > 2 are extensively studied in [3] in
relation with the theories of covers and envelopes, in [4] in connection with the finitistic
dimension conjectures, in [19] and [20] in connection with the equivalence and duality
theories induced by them.
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Let I" be a ring extension of R and E be an injective cogenerator of R-Mod. If gV is
an n-tilting R-module and (gI')* := Hompg(I', F) has V-grade 0, set tU = ' ®r V. In
[17, Theorem 5.2], Miyashita proved, with V finitely presented n-tilting module, that if
also pU has V-grade 0, then pU is tilting. But, what happens if I'* has V-grade > 07
and what can we say about the properties “inherited” by the left T-modules Tor®(I", V),
t> 07

If pV is a 1-cotilting R-module, and gI" has V-cograde 0, set tU = Hompg(T', V). In [16,
Proposition 4.8], Fuller has proved that if also gU has V-cograde 0, then pU is 1-cotilting.
But, what happens if I' has V-cograde > 07 and what can we say about the properties
“inherited” by the left T-modules Ext’% (T, V), i > 0?

This questions have initiated our paper.

In the first section we prove some homological lemmas; these are the key tools for the
sequel.

In the second section we prove our main results. Let rV be a n-tilting module and
I’ be a ring extension of R such that (gI')* has V-grade m. Denote by U the left I'-
module Tor,lfl(l“7 V). We prove that pU is (n — m)-tilting if and only if gU has V-grade
m. Analogously, if gV is a n-cotilting module and I is a ring extension of V-cograde m,
we denote by U the left I'-module Ext% (I", V). We prove that rU is (n — m)-cotilting if
and only if gU has V-cograde m.

Finally, applications of our results to split extension rings are given.

1. HOMOLOGICAL LEMMAS

Let I' and R be two arbitrary associative rings with 1 # 0. Consider a left I'-module
X, a left R-module Z, a R-I'-bimodule rYr and a ['-R-bimodule tWg, i.e. the situations
described by the symbols (r X, gYr, rZ) and (v X, rWg, rZ).

Lemma 1.1. (rX, gYr, rZ). Let us assume Yr or rX is flat and Exth(Y, Z) = 0 for each
0 <4< m; then

(1) Extiha(Y ®r X, Z) =0 for each 0 < i < m.

(2) Homp (X, Ext% (Y, Z)) is naturally isomorphic to Extg (Y ® X, Z).

(3) If Exti(Y, Z) = 0 for each i # m, then Exth(X,ExtT (Y, Z)) is naturally isomor-

phic to Extlérm(Y ® X, Z) for each 1 > 1.
Proof. Consider the short exact sequence of left I'-modules
(#) 0—>K—-I® X 0.
Since Yr or X is flat, then also
) 0—=YoK—-Y® _yeX -0

is exact. If X is flat, also K is flat; hence K verifies any result we can prove for X.
1. It follows by induction from the long exact sequence obtained applying Hompg(—, Z)

to (48).

2. If m = 0, our claim is satisfied by the usual adjunction with the unnecessary hypoth-
esis of flatness of Yr or 1 X (the other hypothesis is empty in this case). Let m > 1. Let
0 — Z — I°® be an injective resolution of Z; we denote by Z; the i-th cosyzygy of Z with
Zy = Z. Applying the functor Homp(Y, —) to the short exact sequence

0—Zn1—In1—Zn—0
we get the commutative diagram

0 — Homp(Y, Zp—1) — Hompg(Y, In—1) — Hompg(Y, Z1n) — Exth(Y, Zm_1) —0

| —

L
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Applying the functor Homp (X, —) we obtain the exact sequences
(1) 0 — Homp(X,Homg(Y, Z,—1)) — Homp (X, Hompg(Y, I,,—1)) — Homp(X, L) —

— Exti (X, Hompg(Y, Z_1)) — Exti (X, Homp(Y, I,,_1)) — Ext{ (X, L) —
— ExtA(X,Homp(Y, Z,_1))

(2) 0 — Homr(X, L) — Homp (X, Homg(Y, Z,,)) — Homp (X, Exth(Y, Zy_1)) —
— Exth(X,L).
Let us see that
(a) Extjf(X, Homp(Y, Z—1)) =0, 7 > 1, and
(b) Exti(X,L) =0.

(a) If m =1, then Z,,_1 = Zy = Z; since by the assumptions Hompg(Y, Z) = 0, we get
the thesis. If m > 2, the thesis is obtained by dimension shifting using the fact that by
[9, Proposition VI.5.1] and our hypothesis, for each injective left R-module rI and each
7 > 1 we have

Ext& (X, Homp(Y, I)) = Hompg(Tor! (Y, X),I) = 0.

(b) Since by (a) Ext3(X,Homg(Y, Z,_1)) = 0, from the exact sequence (1), we get
Ext{(X,L) = 0.

Now composing the exact sequences (1) and (2) we obtain the following commutative
diagram with exact rows, where the vertical arrows are natural isomorphisms

Homp (X, Hompg(Y, I,—1)) = Homp (X, Hompg(Y, Z,,)) = Homp(X, Ext}%(Y, Zm-1)) =0

: :

Hompg(Y ® X, I,—1) — Homp(Y ® X, Z,,) —— Exth(Y @ X, Zyn_1) —— 0
Thus we obtain the natural isomorphisms
Homr (X, Ext’?(Y, Z)) = Homr (X, Ext (Y, Zy)) = Homp (X, Ext (Y, Zm_1)) =
>~ Exth(Y @ X, Zpm1) 2 ExtB(Y @ X, Z).

3. Applying the functors Homp(—, Ext3 (Y, Z)) and Ext's (—, Z) to the exact sequences
(#) and (#t) at the beginning of the proof, by (2) we get the following commutative diagram
with exact rows

Homp (D), Ext?(Y, Z)) — Homr (K, Ext} (Y, Z)) — Exth(X,Ext% (Y, Z)) — 0
Ext?(Y(®, Z2) ——— ExtF(Y ® K, Z) —— Ext?™ (Y @ X, Z) — 0;

then Extl(X,Ext®(Y, Z)) = Ext} ™ (Y ® X, Z). Assume (3) holds for I = j; using the
diagram

Extl. (K, ExtT (Y, Z)) — Exti! (X, Bxt?(Y, Z))
Ext”t (Y ® K, Z) —— Ext? (v @ X, 2)
we get (3) for j + 1. Now we conclude by induction. =

Analogously, dualizing the proof of the above lemma, it can be proved the following

Lemma 1.2. (1 X,rWg, rZ). Let us assume rW is projective or p X is injective, and
Torf (W, Z) = 0 for each 0 < i < m; then
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(1) Ext%(Z, Homp(W, X)) = 0 for each 0 < i < m.

(2) Homp(Tor (W, Z), X) is naturally isomorphic to Ext™(Z, Homp (W, X)).

(3) If TorB(W, Z) = 0 for each i # m, then Exth(TorZ (W, Z), X) is naturally isomor-
phic to Extgm(Z, Homp (W, X)) for each I > 1.

Given a left R-module H, and a natural number | we denote by 1>t H the class of all
left R-modules M such that Extl}{’(]\/[, H) = 0 for each i > 0, and by ">'H the class of

all right R-modules N such that Tor}%,(N, H) = 0 for each i > 0. The following technical
lemmas will be useful in the proof of our main theorems.

Lemma 1.3. Let pZ and rE be left R-modules with E injective. Suppose to have a long
exact sequence
0 Zn 2 Z0 15 2 B 2B E S0

with Z; <% Z%, 0 < i < n, for suitable cardinals o;;. Denote by K; the kernel of ¢; and
K 1=F.

(1) If Y € Ker Extly(—, Z), then Y € Ker Extly(—, Z;) for each 0 < j <n, and 1 > 0.

(2) If Y € 1217, then Y € “>'K; for each 0 < j <n—1.
Assume Ext'y (Y, Z) = 0 for each i #m > 0. Then

(3) Ext%(Y, K;) =0 fori>m and j arbitrary, ori <m and i # j+ 1.

(4) Extly 1Y, Ki—2) = Homp(Y, E) for each i < m.

Proof. 1. Extly(Y, Z;) <% Extly(Y, Z2%) = (Exti(Y, Z))% = 0.
2. By (1), Y € 2>1Z; for each 0 < j < n. Then, for each i > 1 we have Extlé”(Y, K;) =
> Extd Y, K1) & 2 Bxt TN Y K, ) = Extld TNy Z,) = o.
3 and 4. By (2), Ext(Y, K;) = 0 for each j and each i > m. Let i < m (and hence m > 1).
For i > j+1 we have Exty (Y, K;) = Ext’> 7" (Y, K_1) = Ext}; 7"/ (Y, E) = 0. Fori < j+1
we have Exth(Y, K;) = Hompg(Y, K;_;). If i < j+ 1 we have 0 — Hompg(Y, K;_;) —

Hompg(Y, Z;_;) = 0; otherwise for i = j + 1 we get Ext?'l(Y, K;) = Homg(Y,K_1) =
Hompg(Y,E). =

Arguing in a dual way, it can be proved the following;:

Lemma 1.4. Let pZ and rP be left R-modules with P projective. Suppose to have a long
exact sequence
o 1 Pn
0—-P>2Zy > 21— ... Zy1— Zy—0
with Z; <® Z(ai), 0 < i < n, for suitable cardinals ;. Denote by C; the cokernel of ;.
(1) If W € Ker Torf(—, Z), then W € Ker Tor*(—, Z;) for each 0 < j <n, and | > 0.
(2) If W e T>1Z, then W € ">1C; for each 0 < j <n — 1.
Assume Tor® (W, Z) = 0 for each i #m > 0. Then
(3) Tor®(W,C;) = 0 fori > m and j arbitrary, ori <m andi# j + 1.
(4) Torl {(W,C;_9) 2 W @p P for each i < m.

2. THE MAIN THEOREM

Let V be a left R-module. We denote by Prod V' the class of all direct summands
of arbitrary products of copies of V', and by AddV the class of all direct summands of
arbitrary sums of copies of V.

The left R-module V is n-cotilting if it satisfies the following properties

Cl. id V <n.
C2. Exth(V*, V) = 0 for every cardinal A and each i > 1.
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C3. There exists an exact sequence
0—-V,—-Vyq1—>...o0Vi=>Vy—-FE—0

where E is an injective cogenerator of R-Mod and V; belongs to Prod V.
The left R-module V' is n-tilting if it satisfies the following properties

T1. pdV <n.
T2. Exti(V, VM) =0 for every cardinal X and each i > 1.
T3. There exists an exact sequence

O—-R—-Vy—-Vi—>..—>V,.1—-V,—0

where V; belongs to Add V.

The module RV is said to be partial n-cotilting (resp. partial n-tilting) if it satisfies
properties C1 and C2 (resp. T1 and T2).

It is easy to check that any n-cotilting (resp. n-tilting) module gV satisfies the following
property

C3’. For a left R-module M, Ext%(M,V) = 0 for each i > 0 implies M = 0

(T3'. For a left R-module M, Ext’(V, M) = 0 for each i > 0 implies M = 0).
A partial 1-cotilting (resp. 1-tilting) module satisfying property C3’ (resp. T3’) is 1-
cotilting (resp. 1-tilting) (see [5, Proposition 2.3] and [10, Theorem 3]). If n > 2 there
exist examples (see [14]) of partial n-cotilting (resp. n-tilting) modules satisfying property
C3’ (resp. T3’), which are not n-cotilting (resp. n-tilting).

Definition 2.1. Let V be a left R-module.

(1) We say that a module Ng has V-cograde m if Extlé(L, V) =0 for i # m.
(2) We say that a module gL has V-grade m if Ext%(V, L) = 0 for i # m.

Observe that if V' is n-cotilting (n-tilting) the V-cograde (V-grade) of a module # 0, if
it exists, is uniquely determined.

In the following theorems we will analyze how the conditions C1-C3, C3’ and T1-T3,
T3’ are inherited by ring extensions of R.

Theorem 2.2. Let gV be a left R-module and I be a ring extension of R with rI' having
V'-cograde m. Denote by U the I'-module Ext'y (I, V).
(1) Ifid gV <, then idprU < n —m.
(2) If RV satisfies property C3’, then also U satisfies property C3’.
(3) The following are equivalent
(a) Ext3 (U, V) =0 for each i > 1;
(b) RU has V-cograde m;
(c) Extp(U,U) =0 for each i > 1.
Let us assume one of the three equivalent properties in (3); then
(4) If RV satisfies property C2, then also rU satisfies property C2.
(5) If RV satisfies property C3, then also rU satisfies property C3.

Proof. 1. Let M be an arbitrary left I'-module. By Lemma 1.1, (3), we have
Exth(M,U) = Ext)T™(M,V);
therefore the injective dimension of U is less than or equal to n —m.
2. Let M be a left I'-module satisfying Ext(M,U) = 0 for each i > 0. By Lemma 1.1
we have that Ext% (M, V) = 0 for each ¢ > 0; therefore, since rpV satisfies property C3’,
we conclude M = 0.

3. (a) and (b) are equivalent by Lemma 1.1, (1), while (b) and (c) are equivalent by
Lemma 1.1, (3).
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4. Again by Lemma 1.1, (3), for each i > 1 and each cardinal «, we have Exth(U%, U) =
ExtgH(UO‘, V). Since by hypothesis ExtgH(U , V) =0 for each ¢ > 0, we have, following
the notation of [6], that U € +>mV =: X, ,1; therefore, since by [6, Lemma 3.5] X, ;1 is
closed under products, we get Ext7 (U, V) = 0 for each i > 0.

5. Let E be an injective cogenerator of the category R-Mod. By [16, Proposition 2.1],
Homp(T', E) is an injective cogenerator of I'-Mod. By hypothesis we have an exact se-
quence

(+) 0=V BV, "5 s Ay B ESo

with V; € ProdV, 0 < i < n. Let o; be cardinals such that V; <9 V%,
We introduce the following notation:

o K;=Ker¢;, 0<i<n—1and K_; = F in R-Mod,
o U; :=ExtE(I',V;), 0 <i<n,in I'Mod.

The I'-modules U; := Ext; (I', V;) belongs to Prod U:
U; <% BExtB(T, V) = U*.
Case m = 0. Since by Lemma 1.3, (3), we have Ext}(T, K;)=0foreach0<j<n-—1,
applying the functor Hompg(I', —) to the V-resolution (%) of the injective cogenerator E,
we get the long exact sequence

0 — U, = Homp(I',V,,) — ... = Uy = Hompg(', V) — Hompg(T', E) — 0,

obtaining the wanted U-resolution of the I'-injective cogenerator Hompg(T', F).
Case m > 1. By Lemma 1.3, (1), ExthL(T,V;) = 0 for each I # m and 0 < i < n.
Therefore applying Hompg(I', —) to the short exact sequence

0—-K,—»V,—>K;,_1—0, with 0<i<n-1

we get
Hompg(T, B) = Hompg(T', K_1) =2 Ext}; (T, Kn—2)

and the exact sequences

0 — Exty (I, Ko) — Extg (I, Vp) — 0

0 — Exty(I', K1) — Extg (I, V1) — Extg (I, Kg) — 0
0 — Extg (I, Kpyp—2) — Extg (T, Vi—2) — Extg (I, Kpyp—3) — 0
0 — BExt? NI, Kpye2) — Ext(T, Kpyo1) — ExtF(T, V1) — ExtB (T, Kpy—2) — 0

0 — Extg ([, Kp,) — Extg (T, V,,) — ExtB (I, Kp—1) — 0

0 — Exty (I, K1) = Ext (I, V) — Exti (I, Vim1) — Ext (I, Kj—2) — 0.
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Thus, we achieve the solid part of the following diagram with exact rows and columns;
the dashed part is obtained by a pullback construction.

0 0
|
|
1

0—— —>Un—§f—>---—gin+—>2Um+1 Sl p Hompg(T',E) - — =0
|
|
1
0 U, Ut Unn Ext?(T, K1) —— 0
|
I &m
v
Up—1 == Up—1
|
|§m—1
1
|
RS

1

Uo Uy
|
|
1

0 0

To see that the exact sequence

0—-U,—..—Upt1 — P— Hompg(T,E) — 0
is the wanted U-presentation in I'-Mod of the injective cogenerator Hompg (T, E'), we have
to prove that P belongs to Prod U. Denote by C;_; the image of &, 1 < i < n. We will

show in several steps that Ext(Cp,—1, P) = 0 to conclude that P is a direct summand of
U, and hence P € ProdU.

e Exth(U,,Us) =0 for each i > 1,and 0 < r, s < n.
We have Exth(U,,Us) <% Exth(U%,U%) = [Exth(U%,U)]%. Since pU has V-cograde
m, by Lemma 1.1, (3), Exth(U%,U) = Ext}y ™ (U, V) = 0 since 1>V is closed under
products (see [6, Proposition 3.5]).
o Exth(Cp1,Un+j) = 0 for each i,5 > 1.
We have for [ > 1: 0 = Exth(Up—1, Uptj) — BExth(Cry_i, Untj) —
— Exti™ (Crmi-1, Unmtj) — Exti (Ui, Umgj) = 05

therefore Ext(Chy—1, Uptj) = Extc ™ 1 (Co, Upyj) = Ext™ Y (Up, Upyj) = 0.

e Extl(Cyy_1,Cpn) = 0 for each i > 1.
We have for each i,j > 1: 0 = Exth(Cp,_1, Un+j) — Exth(Cp_1, Crntj—1) —

— Extifl(Cm_l, Crmtj) — EX‘EZI:'—l(Cm_l, Unm+j) = 0;

therefore Exth(Cp,_1, Cpy) = Extt " (Cr—1,Crn—1) = Ext{ ™™ (Cp—1,Uyp) = 0.

e Exti(Cp1, P) = 0.
We have

0 = BExt}(Cru_1, Cr) — Exti(Cru_1, P) — Exth(Cyp_1, Homg (T, E)) = 0.
Let us consider now the tilting case. Let us fix an injective cogenerator E of R-Mod.

Given an R-R-bimodule pHp, we denote by H* the left R-module Homp(H, E). The

following proposition together Lemmas 1.2, 1.4 will permit us to get the “tilting version”
of Theorem 2.2, only dualizing its proof.
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Proposition 2.3. Let R i1 be a ring homomorphism. The following are equivalent:

(1) Any injective cogenerator of T-Mod, endowed with its structure as left R-module
mduced by &, has V-grade m.

(2) Tor®(T', V) =0 for each i # m.

(3) (rI)* has V-grade m.

Proof. Let © and E be injective cogenerators of I'-Mod and R-Mod, respectively. By
[9, Proposition VI.5.1], Ext%(V, ©) = Ext’(V, Homr(T',©)) = 0 if and only if Tor?*(T, V') =
0 if and only if Hompg(Tor?(T', V), E) = 0 if and only if Ext%(V, (r[)*) =0. =

Thus we get

Theorem 2.4. Let gV be a left R-module and T be a ring extension of R. Assume (gI')*
has V-grade m and denote by U the T-module Torlt (T', V).

(1) If pd gV <mn, then pdrU < n —m.
(2) If RV satisfies property T3, then also vU satisfies property T3 .
(3) The following are equivalent

(a) Exti(V,U) =0 for eachi > 1;

(b) U has V-grade m;

(c) Exth(U,U) =0 for each i > 1.

Let us assume one of the three equivalent properties in (3); then

(4) If RV satisfies property T2, then also vU satisfies property T2.
(5) If RV satisfies property T3, then also pU satisfies property T83.

Resuming, we have the following generalizations of [16, Proposition 4.8] and part of [17,
Theorem 5.2]:

Corollary 2.5. (1) Let RV be an n-(partial) cotilting module. Let I" be a ring exten-
sion of R with gI' having V -cograde m, and vU = Ext% (', V). Then U is an
n — m-(partial) cotilting module if and only if RU has V -cograde m.
(2) Let RV be an n-(partial) tilting module. Let T' be a ring extension of R with (rI")*
having V -grade m, and vU = Tor® (L', V). Then pU is an n — m-(partial) tilting
module if and only if RU has V -grade m.

Proof. 1t is sufficient to prove that if pU is n — m-(partial) cotilting, then rU has
V-cograde m. But this follows easily by the equivalence of (b) and (c) in Theorem 2.2,
(3). Analogously for the tilting case. m

IfT' = RxQ is a split extension of R by @), of course I' and R are ring extensions of each
other via the ring homomorphisms R — I', r — (r,0) and I' — R, (r,q) — r. Since R is a
direct summand of gI', if I' has V-cograde m, then necessarily m = 0. Analogously, since
R is a direct summand of ', by Proposition 2.3 if (gI")* has V-grade m, then necessarily
m = 0.

Proposition 2.6. Let gV be a left R-module and ' = RXQ be a split extension of R by Q.
Assume gQ has V-cograde 0. Then pU = Hompg(T', V) is an n-(partial) cotilting module
if and only if RV is an n-(partial) cotilting module and the left R-module Hompg(Q, V') has
V -cograde 0.

Proof. Assume gV is n-(partial) cotilting and the left R-module Hompg(Q, V') has V-
cograde 0. The ring I' is isomorphic as left R-module to R & Q. Therefore by hypothesis
rI and the left R-module

Homp (T, V) 2 Homg(R® Q,V) = rV & Hompg(Q, V)
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have V-cograde 0. Then by Corollary 2.5 we get pU is a n-(partial) cotilting module.
Conversely, assume U n-(partial) cotilting. First of all we have

HOH]F(R7 FU) = HOmF(R, HOmR(F, V)) = HOmR(F Xr R, V) = HOIDR(R, V) =V.

To apply Corollary 2.5 we have to prove that pV and pR has U-cograde 0. By [16,
Lemma 2.2] pU = Hompg(I',V) = rV @ Hompg(Qr, V) as left I'-modules. Therefore, by
property C2 of n-(partial) cotilting modules, we have Ext&(V,U) = 0 for each i > 0 and
the wanted condition 0 = Exth(Hompg(Q,V),V) = Exth(Homg(Q,V),V). Finally, by
Lemma 1.1 we get

Exth(R,U) = Exth(R,V) = 0.

Then we conclude that gV is a n-(partial) cotilting module. =

Arguing in a dual way we can prove the “tilting” version of the above proposition.

Proposition 2.7. Let rV be a left R-module and I' = R x Q be a split extension of R by
Q. Assume rQ* has V-grade 0. Then tU =T ® V' is an n-(partial) tilting module if and
only if rV is an n-(partial) tilting module and the left R-module Q @r V has V -grade 0.

Example 2.8. (1) The abelian group C = ®peZp~ ® Q ® J, is 1-cotilting (see [13,
Proposition 2.15]). Consider the ring homomorphism Z — 7Z/q"Z. Clearly the
abelian group Z/¢"7Z has C-cograde 1; moreover Exty (Z/q"Z, C) = 7./q" 7. There-
fore Ext}(Z/q"Z,C) = Z/q"Z is a O-cotilting Z/q"Z-module, i.e. an injective
cogenerator.

(2) The abelian group Q @ Q/Z is 1-tilting. Consider the ring homomorphism 7 —
7./q"7Z. Clearly the abelian group (Z/q"Z)* = Z/q"Z has Q-grade 1; moreover
Ext} (Q® Q/Z,Z/q"Z) = 7./q"Z. Therefore Ext},(Q ® Q/Z,Z/q"Z) = Z/q"Z is a
0-tilting Z/q"Z-module, i.e. a projective generator.

(3) Let k be an algebraically closed field. Denote by R and I' the k-algebras of finite
representation type given by the quivers

1 1

NN

2 3 4 5) 6, 2—3

with relation i - = 0, and by S and A the k-algebras of finite representation
type given by the quivers

11— 923 , 19 g
5 4

with relation 8o a = 0. Clearly there exist ring homomorphisms R — I' and
S — A. Since R and S have global and injective dimension two, the regular
modules pR and ¢S are 2-cotilting modules (see [14, Lemma 1]). It is easy to see
that gI" and gU := ExtL(I',R) =202020 1010 132 ,and gA and gW :=
2 D2d L @ !
3 2 2
Then rU and AW are 1-cotilting modules; rU is actually an injective cogenerator
of I'-Mod, while id AW = 1.
Dualizing these, one get analogous examples for the tilting case.

Exty(A, S) = have R-cograde and S-cograde 1, respectively.
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