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ABSTRACT: We study the evolution of cosmological perturbations on large scales, up to
second order, for a perfect fluid with generic equation of state. Taking advantage of super-
horizon conservation laws, it is possible to follow the evolution of the non-gaussianity
of perturbations through the different stages after inflation. We find that a large non-
linearity is generated by the gravitational dynamics from the original inflationary quantum
fluctuations. This leads to a significant enhancement of the tiny intrinsic non-gaussianity
produced during inflation in single-field slow-roll models.
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1. Introduction

Inflation is the simplest and most successful mechanism proposed to date for the causal gen-
eration of primordial cosmological perturbations on cosmologically relevant scales [[[]. The
gravitational amplification of the primordial perturbations is supposed to seed structure
formation in the Universe and produce Cosmic Microwave Background (CMB) anisotropies
in agreement with observational data [J]. Due to the smallness of the primordial cosmolog-
ical perturbations, their generation and evolution have usually been studied within linear
theory [[]. After the seminal work by Tomita [H], only recently second-order perturba-
tion theory [H|-[d has been employed to evaluate specific physical observables generated
during inflation [f, fll. The importance of an accurate determination of higher-order statis-
tics as the bispectrum comes from the fact that they allow to search for the signature
of non-gaussianity in the primordial perturbations which is usually parametrized by a
dimensionless non-linear parameter fyp. Indeed, a number of present and future CMB
experiments, such as WMAP [L0] and Planck, have enough resolution to either constrain
or detect non-gaussianity of CMB anisotropy data with high precision [[T]].

The main result of the second-order analysis performed in [, P] is that single-field
slow-roll models of inflation give rise to a level of intrinsic non-gaussianity which — at the
end of the inflationary stage — is tiny, being first-order in the slow-roll parameters.

The goal of this paper is to study the post-inflationary evolution on super-horizon
scales of the primordial non-linearity in the cosmological perturbations. We perform a
fully relativistic analysis of the dynamics of second-order perturbations for a perfect fluid
with generic equation of state taking advantage of the super-horizon conservation of the



second-order gauge-invariant curvature perturbation recently discussed in refs. [[2] (see
also [, 4, [L5)). Our main result is that the post-inflationary evolution gives rise to an
enhancement of the level of non-gaussianity on super-horizon scales. Once again, inflation
provides the key generating mechanism to produce super-horizon seeds, which are later
amplified by gravity.

The plan of the paper is as follows. In section P we provide the second-order expan-
sion of the metric and of the energy-momentum tensor, assuming that the source term is
represented by a perfect fluid with constant equation of state. In section J we solve the
perturbed Einstein equations up to first order around a Friedmann-Robertson-Walker back-
ground. The body of the paper is contained in section [, where we derive the super-horizon
evolution equations of the second-order gravitational potential and density perturbations.
Section [] contains a brief discussion of our findings.

2. Perturbations of a flat Robertson-walker universe up to second order

In order to study the perturbed Einstein equations, we first write down the perturbations
on a spatially flat Robertson-Walker background following the formalism of refs. [f, §]. We
shall first consider the fluctuations of the metric, and then the fluctuations of the energy-
momentum tensor. Hereafter greek indices run from 0 to 3, while latin indices label the
spatial coordinates from 1 to 3. If not otherwise specified we will work with conformal time
7, and a prime will stand for a derivative with respect to 7.

2.1 The metric tensor

The components of a perturbed spatially flat Robertson-Walker metric can be written as
goo = —a*(7) <1 + 20 + 425(2)) :
e = a2(r) (a4 5l )
gij = a*(7) [(1 — 2 — w@)) 8ij + (xﬁjl) + 5%”)] , (2.1)

where the scale factor a is a function of the conformal time 7. The standard splitting of
the perturbations into scalar, transverse (i.e. divergence-free) vector parts, and transverse
trace-free tensor parts with respect to the 3-dimensional space with metric d;; can be
performed in the following way:

T _ .w(r) +w(r) ,

o =

= D™ + 0+ od” + X7, (2.2)
where (1) = (1), (2) stand for the order of the perturbations, w; and y; are transverse vectors
(8’@2( N = % ( ) = = 0), ng) is a symmetric transverse and trace-free tensor (8’)(2(]) =0,

Xigr) = 0) and D = 0;0; — (1/3) 6;;0%0, is a trace-free operator. Here and in the
following latin indices are raised and lowered using 6% and di;, respectively.



For our purposes the metric in eq. (R.1) can be simplified. In fact, first-order vector
perturbations are zero; moreover, the tensor part gives a negligible contribution to second-
n ) (r)

order perturbations. Thus, in the following we can neglect w; , X(g)i and X(g)ij
the same is not true for the second order perturbations. In the second-order theory the

. However

second-order vector and tensor contributions can be generated by the first-order scalar
perturbations even if they are initially zero [ff]. Thus we have to take them into account
and we shall use the metric

goo = —a*(7) (1 +2¢0) + ¢(2)) ;

goi = a*(7) <8iw(1) + %@w@) + %W§2)> ) (2:3)

1 1
9ij = a*() [(1 — 20 — ) 55 + Dy (x“) T 5x<2>> +5 (07 + 0 + xE?))} -

The controvariant metric tensor is obtained by requiring (up to second order) that g, g =
Ou A and it is given by

0 = —a=%(r) (1 Cop) 4 14 (¢<1>>2 5, @.wu)) 7
@ = a2(r) [8%(1) +% (aiw(Q) +wi(2)> 49 <¢(1) B ¢(1)) 5w _ giuM pi kX(l)] 7
g7 =a7*(r)

(1 L op® 4@ 44 <¢(1)>2> 5 _ D (X(l) N %x(2)> _

1 (aixj(z) + i@ 4 x”(g)) Wi, _
2

— 4pM DU 4 D“‘“x(”Djkx(”] : (2.4)

Using g, and ¢g"” one can calculate the connection coefficients and the Einstein tensor
components up to second order in the metric fluctuations. They are given in [B] appendix
A]. From now one, we will adopt the Poisson gauge [[L6] which is defined by the condition
w = x = x; = 0. Then, one scalar degree of freedom is eliminated from go; and one
scalar and two vector degrees of freedom from g;;. This gauge generalizes the so-called
longitudinal gauge to include vector and tensor modes and contains a solenoidal vector

e

2.2 Energy-momentum tensor of the fluid

Since after inflation and reheating the Universe enters a radiation-dominated phase and,
subsequently, a matter- and dark energy-dominated phases, we shall consider a generic
fluid characterized by an energy density p and pressure P with energy-momentum tensor

™", = (p+ P)u'u, + P§*,, (2.5)



where u* is the four-velocity vector subject to the constraint g#"“u,u, = —1. At second
order of perturbation theory it can be decomposed as

1 1
ut = - <5g +ogyy + 51}2‘2)) . (2.6)

For the first- and second-order perturbations, we get

oy = -,
2 A
0(02) = —¢? +3 (1/1(1)> + vgl)vzl) . (2.7)

Similarly, we obtain

up = ( 1— oM — —¢(2 <T/J(1 ) 27}(1)”(1)>

“Z':“<v§) o 2«z}<”v§”+%w§2)>' (2.8

The energy density p can be split into a homogeneous background po(7) and a perturbation
5p(t,2") as follows

. . 1 A
p(r,2") = po(7) + 0p(7, 2") = po(7) +0Wp(r, 27) + S0P p(r,2") (2.9)

where the perturbation has been expanded into a first and a second-order part, respectively.
The same decomposition can be adopted for the pressure P.
Using the expression (2.9) into eq. (R.5) and calculating T, up to second order we find

T = 70 4 sMr 4 sAH (2.10)

where T‘f,(o) corresponds to the background value, and

T3 + 60T = —po —5Wp, (2.11)
1 .
ST = 50 — (1 + w) povy vl | (2.12)
T + 60T = — (14 w) poviy) (2.13)
. A 1 .
ST = —(1+w) <zp ) vy + 51}22)] , (2.14)
7' 4 sO7i. = (1 + o ) 5t (2.15)
J J 7o .
Po
5(2)Tij = (14+w) pov( )v(l) + 11)(5(2)/)5Z (2.16)

In the previous expressions we have made the assumption that the pressure P can be
expressed in terms of the energy density as P = wp with constant w.



3. Basic first-order Einstein equations on large-scales

Our starting point are the perturbed Einstein equations 6G*, = k% §T", in the Poisson
gauge. Here k? = 87 Gn. At first-order, the (0 — 0)- and (i — 0)-components of Einstein
equations are

% [6H2¢(1) + GHw(l)/ _ 2V21/1(1)] = —x26Wp,
a
2 i i / i
3 (H@ o) 4+ o7V > = —k?(1+w) POV(1) (3.1)

where we have indicated by H = %/ the Hubble rate in conformal time. These equations,
together with the non-diagonal part of the (i — j)-component of Einstein equations, give
1/1(1) = qb(l) and, on super-horizon scales,

= = H . 3.2
2 po 2 Po (32)
The continuity equation yields an evolution equation for the large-scale energy density
perturbation
/ 2
§W o 1 3H (1 + w) 6D p — 3pW (1 +w) po = §%v2 (wm’ + w(l)) . (3.3)

This equation, together with the the background continuity equation pf, + 3H(1 + w)py =

0, leads to the conservation on large-scales of the first-order gauge-invariant curvature

perturbation

_ H‘S(l,)p .
Po

Indeed, both the density perturbation, dp and the curvature perturbation, 1, are in general

C(l) — —@Z}(l)

(3.4)

gauge-dependent. Specifically, they depend upon the chosen time-slicing in an inhomo-
geneous universe. The curvature perturbation on fixed time hypersurfaces is a gauge-
dependent quantity: after an arbitrary linear coordinate transformation at first-order,
t — t+6t, it transforms as 1) — () £ H§t. For a scalar quantity, such as the energy den-
sity, the corresponding transformation is 6p) — §p(1) — poot. However the gauge-invariant
combination () can be constructed which describes the density perturbation on uniform
curvature slices or, equivalently the curvature of uniform density hypersurfaces. On large
scales (V" ~ 0. Using eq. (B-2) and the background continuity equation, we can determine

o = 30+ W)

5+ 3w ’ (35)

which is useful to relate the curvature ¢®) during either the matter or the radiation epoch
to the gauge-invariant curvature perturbation ¢ at the end of the inflationary stage.
Indeed, since ¢V is constant, we can write

3(1 + w) 1
1 _ _ (1)
¥ 54 3w SAE (3.6)

where the subscript “I” means that (V) is computed during the inflationary stage.



4. Basic second-order Einstein equations on large-scales and
non-gaussianity

Basic second-order Einstein equations on large-scales and non-gaussianity

In order to determine the non-gaussianity of the cosmological perturbations after in-
flation, we have to derive the behaviour on large-scales of the metric and the energy den-
sity perturbations at second order. Again, our starting point are the Einstein equations
perturbed at second order 6§ G*, = k25@ T4, in the Poisson gauge. The second-order
expression for the Einstein tensor 62G*, can be found in any gauge in [B, appendix A]

and we do not report it here.

e The (0 — 0)-component of Einstein equations (see [B, eq. (A.39)]) leads to
3H26@ + 3HY@ — 2@ — 1242 <¢<1>)2 —3 (vwm)z -
8y _ 3 <¢<1>’)2 = k2a26TY . (4.1)
e A relation between the gravitational potentials at second-order ¥ and ¢3 can be

obtained from the traceless part of the (i-j) components of Einstain’s equations (see
egs. (A.42) and (A.43) in ref. [}]). We find

2 . .
@ = 6@ = —a (p0)" = V72 (209 Do +3(1 + w) K2y +
+3V 49,00 (Qaw(l)ajw) +3(1+w) H%gl)v(l)j) : (4.2)

This constraint is the second-order equivalent of the linear constraint ¢y = ¢() in
the Poisson gauge.

e In order to close the system and fully determine the variables /@, ¢ and 63 p,
we use the energy conservation at second-order and the divergence of the (i — 0)-
component of Einstein equations (see [B], eq. (A.40)])*

5Py + 3H (1 +w) 6@ p—3(1 +w) pop® —6(1 + w)pV’ [5“);; + 2p0¢(1)} =
. / .
= —2(1+w)po (vgl)vzl)) —2(1+w)(1 — 3w)Hp0v§1)vzl) +
+ 41+ w)pod Moy, + 2% (zp(l)v?w(l)’ - zp(l)’v%(l)) . (43)

This equation can be rewritten in a more suitable form

) S0 5o
1/1(2)+H—,p+(1+3w)7-(2< i ) - ( i )wm -

Po Po Po
2@ 2, 1) i 16 (D) y2,0) _

!Notice that eq. @) generalizes [@, eq. (5.33)] and corrects a sign misprint in front of the fourth term
of that equation.



R [(1_ = 8 > P20 <1_M> ¢(1>Iv2¢<1>] +

3 (1+w) H? 1+w) 9 (1+w)
2
8(1+3w) [(V2®)" SO 4 A e el (4.4)
27 (1 + w)Q Hg 3 3H ’

where the argument on the left-hand side can be further simplified to

2
52) s 52 4 2
(2) P 2 Py _ (2 P (1) 4
v HEE (5 + 3w) M <—p6 N (g, ) (4.5)

and the final form has been obtained employing eq. (B.6).2 From eqs. (4) and ([£)

we find
2
52 s 2 A T
@ 4 Hp—," — (5 + 3w) H? < p, L) —c+ = (v§1)vgl)> +/ dr' S(r'),  (4.7)
0 0

where C is a constant in time, C' = 0, on large-scales, and

_ 2 Wi 4a )i 16 (1o, (1)
S = 5(1 — 3w)Hv; vjyy — g@ﬂ,!) vy + mﬂ) Vo —
2 8 4 (1 + 3w)
_ - Mgz (o A0 E30)N ayg2,0
31+ w) H2 K 9(1+w)>¢ VY oitw )V VYT
2
8(1+3w) [(VW)" P20 4 V2 vy (4.8)
27 (1 4 w)? H3 3 SH

4.1 Determination of the non-linearity parameter

Since we are interested in the determination of the non-linear parameter ff\?L after the
inflationary stage, it is convenient to fix the constant C by matching the conserved quantity
at the end of inflation (7 = 77)

52) 2
C=vP +H— —2(¢")" (49)
Por

20One can recognize the second-order gauge-invariant curvature perturbation (up to a gradient term)
recently introduced in ref [E]

52 s o 51
¢ = _y®@ QP oy PO P

/ / /

Po Po Po
) W)\ 2 i
+25 /p (w(l)/ + 2Hw(1)> _ (6_/;7) (Hp—? — H/ — 2H2)
Po Po Po
2) 1\ 2 1)
S VA e (5”—) +4H (5”—) vt (4.6)
Po Po Po

where in the last passage we have made use of the first-order continuity equation (E) The quantity
¢@ satisfies the conservation equation ¢’ = 4¢™M ¢’ leading to ¢® — 2(4(1))2 = constant. Since ¢
is conserved on large-scales, this implies that ¢(® is conserved as well. Incidentally, we note that the
combination ¢® — 2(¢ (1))2 is equal to the conserved quantity defined in ref. [@} Of course, every quantity
differing from ¢ by c(¢ (1))2 with ¢ an arbitrary constant, is constant on super-horizon scales.



where we have used the fact that during inflation w; ~ —1. The inflationary quantity
2

<1,Z)§2) + H[%ﬂ) has been computed in refs. [§, f]
oI

52 2
0 + 1L = (n =39 (¢fY) + Ofe,m) (non-local terms),  (4.10)

Por

in terms of the slow-roll parameters e = 1 — H}/H? and n =1 + € — (¢ /H1¢') where H;
is the Hubble parameter during inflation and ¢ is the inflaton field driving the exponential
growth of the scale factor during inflation [[l. Since during inflation the slow-roll parameters
are tiny, we can safely disregard the intrinsically second-order terms originated from the
inflationary epoch. Combining eqs. (1)), (£J), (E7) and (J9) we single out an equation

for the gravitational potential ¢(2 on large scales

5+ 3w

o+ =M = (5 + 3w)H (z,z)(”)z -

+;H(1+w) [VQ (2@%1)6@(” +3(1+ w)szfl)v(l)i> -

— 3V 10,00 (zai¢<1>aj¢<1> + 3(1+w)H%§1)v(l)j>} +
+;H(1 +w) /T: S(r')dr' + % (vw<1>>2 +
+%w<1) (V) + %‘jl + % (wr) s, (4.11)
where S, denotes the r.hs. of eq (I2).

We want to integrate this equation from 77 to a time 7 in the matter-dominated epoch.
The general solution is given by the solution of the homogeneous equation plus a particular
solution

62 = ¢ (r7) exp [— / 5+23deT'] +
TI

+exp [—/ > +23deT'} X / exp [/ > —|—23de5] b(r")dr', (4.12)
T, TI T,

I I

where b(7) stands for the source term in the r.h.s. of eq. (f.11)). Notice that the homoge-
neous solution during both the radiation and the matter-dominated epoch decreases in time.
Therefore we can neglect the homogeneous solution and focus on the contributions from the
source term b(7). At a time 7 in the matter-dominated epoch exp[— f:] dr' H (5+3w) /2]
775 Thus if we are interested in the gravitational potential ¢ during the matter
dominated epoch the contributions in the particular solution coming from the radiation-
dominated epoch can be considered negligible. Recalling that during the matter-dominated

epoch the linear gravitational potential 1) is constant in time, it turns out that

¢? ~ 2 <¢<1>>2 +§ {v2 <1—308i1/1(1)8,‘¢(1)> — 3V 49,0 (?aiwl)ajw(”ﬂ -



+ exp [—/ 5+3U)Hd7"} ></ exp
T 2 T

3 v 1 2 8 V2S
— (1) (1) 2.,(1) 1 /
X{QH(1+w)/TI S(s)ds%—’ (VQ,Z) ) +—3’ P (V?,Z) >+ }dT,

/ Ak Hds] « (4.13)

I

3H

where we have used eq. (B.J)) to express the first-order velocities in terms of the gravitational
potential, and we have taken into account that during the matter-dominated epoch S§ = 0.
As the gravitational potential /() on super-horizon is generated during inflation, it is
clear that the origin of the non-linearity traces back to the inflationary quantum fluctua-
tions.
The total curvature perturbation will then have a non-gaussian (x2)-component. For
instance, the lapse function ¢ = ¢(1) + %(]5(2) can be expressed in momentum space as

1
(2m)?

600 = 6009 + 5 [ a8 (ks + ke ~10) £y (i) 6000V ).
(4.14)

where we have defined an effective “momentum-dependent” non-linearity parameter fﬁL

Here the linear lapse function ¢ = (1) is a gaussian random field. The gravitational

potential bispectrum reads

(d(k1)p(ka)(ks)) = (2m)% 6G) (ki + ko + k) |2 fify, (ku, ka) Py (k1) Py(ka) + cychc] ,
(4.15)
where Py (k) is the power-spectrum of the gravitational potential.

At this point, in order to give the non-linearity parameter, an important remark is in
order. Indeed, when dealing with second-order perturbations which are expressed in terms
of first-order quantities, also the short-wavelength behaviour of the first-order perturbations
must be taken into account, as it becomes evident when going to momentum space. The
crucial point here is which is the final quantity one is interested in. We are interested in
calculating the bispectrum of the gravitational potential on large scales as a measure of
non-Gaussianity of the cosmological perturbations on those scales. The bispectrum of such
quantities is twice the kernel which appears when expressing the second-order quantities in
terms of first-order ones in Fourier space, an example of such a kernel being fﬁL (k1,ko) in
eq. (E.14). This means that, when calculating the bispectrum, we can evaluate the kernel in
the long-wavelength limit, irrespective of the integration over the whole range of momenta.
This is the reason why the last term in eq. (1) gives a negligible contribution to the
large-scale limit of the gravitational potential bispectrum. Therefore, going to momentum
space, from eq. (f.1J) we directly read the corresponding non-linearity parameter for scales
entering the horizon during the matter-dominated stage

Lo kke L - ky)? +§k‘f+k§

¢ ~
=5+ iz 5 i

(4.16)

where k = |k + kol

The non-gaussianity provided by expression ({.16) will add to the known newtonian
and relativistic second-order contributions which are relevant on sub-horizon scales, such
as the Rees-Sciama effect [[7], whose detailed analysis has been given in refs. [[§].



5. Conclusions

In this paper we have provided a framework to study the evolution of non-linearities present
in the primordial cosmological perturbations seeded by inflation on super-horizon scales.
The tiny non-gaussianity generated during the inflationary epoch driven by a single scalar
field gets enhanced in the post-inflationary stages giving rise to a non-negligible signature of
non-linearity in the gravitational potentials. On the other hand, there are many physically
motivated inflationary models which can easily accomodate for a primordial value of fnr,
larger than unity. This is the case, for instance, of a large class of multi-field inflation mod-
els which leads to either non-gaussian isocurvature perturbations [IJ or cross-correlated
non-gaussian adiabatic and isocurvature modes [2(]. Other interesting possibilities include
the “curvaton” model, where the late time decay of a scalar field other than the inflaton
induces curvature perturbations [R1], and the so-called “inhomogenecous reheating” mecha-
nism where the curvature perturbations are generated by spatial variations of the inflaton
decay rate 29]. Our findings indicate that a positive future detection of non-linearity in
the CMB anisotropy pattern will not rule out single field models as responsible for seeding
structure formation in our Universe.
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