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Abstract

We construct a set of extremal D1-D5-P solutions, by taking appropriate limits in a known family
of nonextremal 3-charge solutions. The extremal geometries turn out to be completely smooth, with
no horizon and no singularity. The solutions have the right charges to be the duals of a family of CFT
microstates which are obtained by spectral flow from the NS vacuum.
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1. Introduction

In the traditional picture of a black hole falling matter settles into a central singularity
while Hawking radiation emerges at the horizon. Due to the large separation between the
horizon and the singularity the radiation is insensitive to the detailed state of the matter
that made the hole, and we get information Ifigs

Some computations in string theory suggest that the black hole interior is quite dif-
ferent; instead of ‘empty space with a central singularity’ we have a ‘fuzzball’ with state
information distributed throughout the interior of the horizon. It was show@]Jithat due
to the phenomenon of ‘fractionation’ the effective excitations of a D1-D5-P bound state
are very light, and in fact extend to a distance of order the horizon radius.
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(b) (d
Fig. 1. (a) Naive geometry of 2-charge D1-D5. (b) At¢tgeometries of 2-charge D1-D5; the area of the surface
shown by the dashed line giv%% ~ /n1ns. (c) Naive geometry of 3-charge D1-D5-P; there is a horizon at
r =0 and a singularity past the horizon. (d) Expected getvies for D1-D5-P; the aa at the dashed line will

give % =2r /ninsnp.

In [3,4] the 2-charge extremal D1-D5 system was studied. The ‘naive’ geometry of D1
and D5 branes is pictured iRig. 1(a); we have flat space at— oo and a singularity
atr = 0. But the CFT analysis implies that the Ramond (R) ground state of the D1-D5
system is highly degenerate, with entrapy= Zﬁm. In [3] the geometries dual to
these states were constructed. It was found that the naive metric did not arise from any of
the microstates; instead all states yieldedrgetries that were ‘capped’ smoothly before
reaching- = 0.1 No individual geometry has a horizon or singularity but if we draw a sur-
face to bound the area where these geometries differ significantly from the naive geometry
then from the area of this surface we find

o ~ V2 (1.1)

The radius of this surface is (n115)/® times the Planck length or the string length (the
dilaton is bounded, sf, ~ [;). Thus we see that the D1-D5 bound state ‘swells’ up to a
radius that increases with the charges, and which is such that the bounding surface con-
structed above bears a Bekenstein type relation to the count of states.

If we have three charges—D1, D5 and momentum P—then the ‘naive’ geometry is an
extreme Reissner—Nordstrom type black hole. This geometry has a horizea@tand
continues to a region < 0 which contains a singularity={g. 1(c)). The area of the horizon

1 The construction ifid] had an apparent singularity along a closed curve in the ‘cap’, but it was shdh in
that this was just a coordinate singularity.
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gives

A
2 = 2r/sn, (1.2)

and this exactly equals the microscopic entropy obtained from a count of D1-D5-P ground
states[6]. But based on the results above we are led to ask if the individual states are
described by geometries that ‘cap off’ before reaching O as inFig. 1(d). For three
charges the radius of the ‘throat’ asymptotes to a constant as we go down the throat, so the
areaA obtained at the dashed linekig. 1(d) will give (1.2). Thus the nontrivial question

in this case is whether the geometries dual to 3-charge microstates arglikiéc) (with

a horizon and singularity inside the horizon) or whether some effects destroy this naive
expectation before we reach= 0. Note that in the 3-charge case (unlike the 2-charge
case) we do not expect the generic state to be well-described by a classical geometry;
guantum fluctuations can be large. But there would still be special cases that are in fact well
described by a classical metric, and we can gain insight by constructing these explicitly.

In [7] a perturbation was constructed on an extremal 2-charge D1-D5 state that added
one unit of P charge. The equation for linear perturbations was solved to give a regular,
normalizable excitation in the limits of smadland larger, and the solutions were shown
to agree to several orders in the region oftye. This indicated that at least this partic-
ular 3-charge state was smoothly ‘capped’ a§ig. 1(d), and did not have a horizon or
singularity likeFig. 1(c).

In the present paper we obtaractgeometries dual to a set of D1-D5—P microstates.
These geometries will again turn out to be capped aBign 1(d). The microstates are
not generic 3-charge states; in particular they have a significant amount of rotation. But
the construction does support the general eciujre that all configurations must suffer
modifications before reaching= 0 and forming a horizon.

While we were finishing this work the papi@&] appeared, which also constructed simi-
lar metrics by an interesting though different method basg@pf we set the D1 and D5
charges equal in our solutio®g = Qs) then the dilaton vanishes, and we obtain solutions
that look (locally) like the solutions if8]. There does appear to be a difference however
in the way the final parameters are set in thkison, so that the values of the conserved
guantities like angular momenta i8] appear to be different from the ones that we have.
We comment briefly on these issues near the end of our paper.

2. The CFT states
2.1. The D1-D5 CFT

We take IIB string theory compactified td4 1 x S* x T4. Let y be the coordinate along
ST with

0<y<27R. (2.1)

The T4 is described by 4 coordinates, z», z3, z4, and the noncompact space is spanned
by ¢, x1, x2, x3, x4. We wrapny D1 branes ons', andns D5 branes ons! x T4. Let
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N = nins. The bound state of these branes is described {y-al)-dimensional sigma
model, with base space, r) and target space a deformation of the orbifd@)" /Sy (the
symmetric product oN copies of7'#). The CFT hasV = 4 supersymmetry, and a moduli
space which preserves this supersymmetry. It is conjectured that in this moduli space we
have an ‘orbifold point’ where the target space is just the orbi@tt" /Sy [10].

The CFT with target space just one copy®ft is described, at the orbifold point, by
4 real bosonstt, X2, X3, x4 (which arise from the 4 directiong, z», z3, z4), 4 real left
moving fermionsy, 2, ¢3, v and 4 real right moving fermiong?®, v2, %2, ¥*. The
central charge is = 6. The complete theory with target spad@&)” /Sy hasN copies of
this ¢ = 6 CFT, with states that are symmetrized betweenNheopies. The orbifolding
also generates ‘twist’ sectors, which are created by twist operatofer a detailed con-
struction of thes,, in this theory se§l11,12] We will not be working with the twist sectors
in this paper—all the states we construct are in the ‘untwisted sector’.

The rotational symmetry of the noncompact directions. .., x4 gives a symmetry
s0(4) ~ su2); x su2)g. The left fermionsy’ carry spin% undersw2); and the right
fermionsy/’ carry spin% undersu2)g. The ‘charge’ of a state is given by the quantum
numbers(j, j) = (j3. j3).

Consider one copy of the= 6 CFT, and look at the left sector. The fermions can be
antiperiodic around (NS sector) or periodic (R sector). The NS vacuum hasj = 0.
The NS sector states can be mapped seBor states by ‘spectral floj 3], under which
the conformal dimensions and charges change as

/ 2 ¢
hW=h—-—aq+o o (2.2)
, C
q=q-ap (2.3)
Settinge = 1 gives the flow from the NS sector to the R sector, and we can see that under
this flow chiral primaries of the NS sector (which have- ¢) map to Ramond ground
states withh = ;.

The field theory on the D1-D5 branes system is in the R sector. This follows from
the fact that the branes are solitons of the gravity theory, and the fermions on the branes
are induced from fermions on the bulk. The latter are periodic around‘hehoosing
antiperiodic boundary conditiongould give a nonvanishing vacuum energy and disallow
the flat space solution that we have assumed at infinity. The geometries constrygfed in
described gravity duals of the R ground states of the CFT.

If we seta = 2 in (2.3) then we return to the NS sector, and setting- 3 brings us

again to the R sector. More generally, the choice

a=2n+1, ninteger (2.4)

brings us to the R sector. FrofR.3)we see that if we start with a R ground state obtained
ata =1, then we get another R ground stake<{ 7;) ata = —1, but fora =3,5,7, ...
andoe = —3, -5, —7, ... we get excited states of the R sector.
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2.2. The states we consider

We will look at states where we do a spectral fl(®#4) on the left sector, and a spectral
flow with « = 1 on the right sector. Thus the right movers will be in an R ground state,
and we get a supersymmetric configuration of the CFT. Taking into accoulit-allk1ns
copies of the CFT we find that the states will have dimensions and charges

1
hiotal = Z(Zn + 1)2711715, (2.5)
. 1
Jtotal = —5(271 + Dnans, (2.6)
- 1
hiotal = Z”l”S, (2-7)
- 1
Jtotal = —§n1n5. (2.8)

In particular we have ‘momentum’ along tisé, with

h—h=n(n+ Dnins. (2.9)
2.3. Explicit representation of the states

Let us construct explicitly the above CFT states. Consider one copy of+thé CFT,
in the R sector. The fermions have modgs. The 4 real fermions can be grouped into 2
complex fermionsy ™, ¥+~ which form a representation sf(2). (v * hasj = % andy~

hasj = —%.) The anticommutation relations are

(W) v =6mipo.  {(W7) ¥, ) =dmipo. (2.10)
Thesu2) currents are

= Ve I =)

1 —\ ¥ — *

‘,n?; = E[(w )m—pwp - (er)m—pw;]' (211)
The R ground state for =1 in (2.4)hasj = —%; we call this statdl). We can get the
R ground state witle = —1 (which hasj = %) by applying the zero mode,sg, ¥ )ps
which is equivalent to applying,"

1=1) = (¥ )o¥g 1) = ' 11). (2.12)

We see that we cannot appPng1 to | — 1), but we can applylf2 getting the state with
n=-2

|=2) = T 0 10 = (v )" v (v ) ovg 1D (2.13)

and so on. Returning to the full theory withns copies of thee = 6 CFT we find that the
currents are the sum of the currents in the individual copies

T (), 4 (4

")
n/ning

(2.14)
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and fork >0
| | I I
|— k>total (J+ totaz))nlns(J+<£2ta4))n1ns . (Jj—z,tota)nlns(JJ,tota)nlnsu)total.
(2.15)
Similarly, fork > 1
total —,total \nin —,total \nin — totalnin total
Y = (T geg)) ™ (T eay) e (T TT) IO (2.16)

3. Constructing the gravity duals

In [3] the 2-charge D1-D5 solutions were found by dualizing to the FP system, which
has a fundamental string (F) wrapped &h carrying momentum (P) along§!. Metrics
for the vibrating string were constructed, and dualized back to get D1-D5 geometries.
The general geometry was thus pardrized by the vibration profil@“(v) of the F string.
But a 1-parameter subfamily of these D1-D5 geometries had been found gak/ies], by
looking at extremal limits of the general axially symmetric D1-D5 geometry foufithh

We do not have an analogue of the proceduf@pfior 3-charge systems. We will follow
instead the analogue {ff4,15]and take an extremal limit of éhgeneral 3-charge solution
to obtain solutions with D1, D5 and P charges. Taking the limit needs some care, and it
will be important to know in advance the properties of the CFT states for which we will
be finding the duals. The procedure will give us the duals of the staf@$' which were
discussed in the last section. We will find that the dual geometries are completely smooth,
with no horizon and no singularity.

3.1. Spectral flow in the gravity description

In [14,15]the following 2-charge D1-D5 solution was found (sett@g= Qs = Q for
simplicity)

ds? = _E(dtz —dy?) +hf(do*+ dr?
h r2+a?

22
- 2”’—Q(coszedyahp +si’ 0 dtde) +h|:<r2~|— M) coS 6 dy?

hf h2f2
202sirt o\ .
+ <r2+a2— %) SIn29d¢2i| +dz;i dz;, (3.1)
where
a:g, f=r?4+ad%°co$6, h=1+ g (3.2)
R f
Let R > /0. Inthe region « /0 the geometry3.1)becomes
2, 2 2
ds ——T(dt —dy )+Q deo “rm

—2a(cog 0 dydy +sinf0dt dg) + Q(cos 6 dy? + sirf 0 dg?). (3.3)
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The change of coordinates

INS=Y —G oy H@-DGn dns=9+ G- Dy —d (3.4)
with @ = 1 brings(3.3)to the formAdS; x §3
2 (r +a2) dr?
ds? == dt+Qd +Q2+a2
+ 0(d6? + cog 0 dyrgg + Sinf 0 dpis). (3.5)

The solution3.1)describes the asymptotically flat solution created by D1-D5 branes, with
fermions periodic around the circle. The ‘near-region’ part3.3) describes the gravity
dual of the appropriate CFT state, in the R sector. The change of coord{Batggives
‘spectral flow’ in the gravity description, and with= 1 we reach3.5) which gives the
gravity dual of the NS sector version of the CFT sfdié, 15]

The 3-charge D1-D5-P states that we wish to describe are obtained by further spectral
flow applied to the state described (8/3). From(3.4)we see that the ‘near region’ geom-
etry dual to these states is justi$ x $° described in new coordinates. (The statge®@!
is generated by = —n.) Thus we may anticipate a ‘capped’ geometry for these states. It
is not obvious though that the near region solution can be continued to flat space at infinity,
while keeping the solution BPS as well as smooth (the analog(& bjj, but we will see
that in fact we do get such a solution.

3.2. The nonextremal 3-charge solution, with angular momentum

The nonextremal 3-charge metric with rotation was giverjlié], but we will also
need the 2-form gauge field (which was not listed16]) so we derive this solution in
Appendix A We follow a different method however froff6]; we take a neutral rotating
hole, and by a sequence of boosts anditlag, add the three charges. We find

dS2=_<1_Mcosk?8p> dr? (1 Msinh28p> dy?

_l’_
f v H1Hs f v H1Hs
_ Msinh2, ( r2dr? 2)
dtdy + f+/ H1H +dob
[N A S W sy Ty v
—a®)K1Ks5c00
+[(r2+a§)\/ﬁ+(a2 “DE1Ks }cosz@dwz
H1Hs
2 2 :
— a?)K1K5Ssinto
+[(r2+a§) T + i 2kaks }sinzedqsz
H1Hs
+ L(alcoszedw +asit 6 dgp)”
f+~/H1Hs
2M cog6
+ ———{ (a1 coshs1 coshss coshs,, — ap sinhdy sinhés sinhs ) d
7 v p p

+ (azsinhdy sinhds coshs,, — a1 coshsy coshis sinhé ) dy] dyr
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2M sirf 6

+ N
Y H1H5[
+ (a1 sinhdy sinhds coshs, — ap coshpy coshag,sinhs,,)dy] do

(az coshsy coshis coshs, — ag sinhéy sinhds sinhé ) dt

Co= M;i;);lzg[(az coshsy sinhds coshs, — a1 sinhdy coshds sinhé ) dt
+ (a1 sinhdy coshss coshs,, — ap coshsy sinhds sinhé ) dy] ANdy
M;j;zg [(al coshsy sinhds coshs, — ap sinhdy coshss sinhé ) dt
+ (azsinhdy coshss coshs;, — aj coshsy sinhds sinhé ) dy] Ado
— %dt Ady — %(ﬂ—kaﬁ—k M sint? §1) cog 0 dyr A dg,
2o =M (3.6)
Hs
Here
f=r2+afsin29+a§co§9, (3.7)
Hizl+Ki=1+%#8i, i=15. (3.8)

4. Theextremal limit
4.1. Conserved charges

We want to take an extremal limit of the above solution. We take this limit while keeping
the conserved charges fixed to the values that describe the [std?&% defined in Sec-
tion 2. Thus the solution should describg D1 branesus D5 branesp, =n(n + 1nins
units of momentum, and angular momenta

Jy = —j+j =—nnins, Jy = —j—j=m+ Dnns. (4.2)

The volume of the'* is V and the length of thé* is 27 R. The 10D Newton’s constant is
G109 = 8764244, If we dimensionally reduce alorig?®, S then we get the 5D Newton’s
constant

G 10
GO =——. 4.2
V(27 R) (4.2)
From the solution given above we get
M 2 4. .3
01= 7smh 1= %nl, (4.3)
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M
Os= > sinh 2, = ga'ns, (4.4)
M (271)4g205’4 (27T)4g20/4
0,= 7smh %,= VRZ np = VRZ n(n + Dnins. (4.5)
It will be useful to define the length scale
a=" QRlQS. (4.6)
We observe that
Op=nn+ 1)a?. 4.7)

The angular momenta are

. . . T
Jy = —M (a1 coshs1 coshis coshs,, — az sinhdy sinhéds smhap)m

= —nnins,
. . . T
Jp = —M (azcoshsy coshss coshs, — ag sinhéy sinhds smhap)m
=(n+ 1) nins. (4.8)
It will be helpful to define
M
————(az coshs1 coshss coshs,, — az sinhdy sinhés sinhd ) = y1,
V0105 P P
M
— (az coshs1 coshss coshs, — ajg sinhdg sinhés sinhs ) = y». (4.9)
0105 r r

Then(4.8)implies
y1 = —an, yo=a(n+1). (4.10)

4.2. Taking the extremal limit

To get the extremal limit we must take

M — 0, i —>o0 (i=1,5,p) (4.12)
keeping theQ; fixed. This gives
_ 01
cosif §; = TR AR
1
'k?a,:%__ M). 4.12
sin v 3T O(M) (4.12)

We must also take suitable limits of, ap so that the angular momenta are held fixed. It is
useful to inveri4.9)

+/010s5 y1c0shs1 coshbs coshs;, + 2 sinhdy sinhds sinhé ),

a1 = - - - ,
M coslt 81 coslf 85 costt 8, — sintf 81 sink? 85 sint? 5,
/0105 y2c0sh51 coshbs coshs, + y1 sinhdy sinhds sinhé ), (4.13)
a2 = — .

M coslt 81 coslt 85 costt 8, — sintf 81 sink? S5 sink? s,
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Using(4.12)we find

ar=—(n+ Vz)ﬂ\/%— " ; yz\/QEpjL 0(M*7?)
- —an\/%—l—azn: 1\/QEP+ 0(M3?),
az=—-(n+ Vz)ﬂ\/%*l- " ; VZ\/QEij 0(M*7?)
—anyf% -2 1/4% rom), (@.14)

where we have defined the dimensionless combination

n= 0105 (4.15)

0105+ QlQp + Q5Qp
and in the second equalities we have used the specific valugs émdy» given in(4.10)
We thus see that for generic values)gf y, and 9, the parameters; anda; diverge
whenM — 0. There are two exceptions:

(a) Qp =0, which is the case considered[i¥,15], in this caser; andaz go to finite
values whenf — 0.

(b) j ~ (y1+ y2)/2=0; in this caser; anda go to zero as/M in the extremal limit.
This case was studied [26,17].

In the case of interest to us both, andy1 + y» are nonzero and thug anda; have
divergent limits whenV — 0. This might seem to pose a problem for the finiteness of the
metric in the extremal limit. Note however that andaz have the same divergent part, so
one of the expressions occurring in the metric

a? —a% - —a’n(2n +1) (4.16)

is seen to be finite. Note that we need to keep terms up @M ) in the expansion of
a1, az in obtaining the above limit; higher order terms can however be discarded. Similar
care has to be taken in other computations below.

We also encounter the expressioAsr aiz. Define a new radial coordinate

a*n’Qp _
M

The term which diverges whel goes to zero has been chosen to cancel the divergence of

af anda%, andp is a finite constant that we will fix later. Note thet goes to—oo down

the throat in the extremal limit bu will reach a finite value. We find the following as
M — 0O

rd =r?+ B2 (4.17)
N

2n+1

r2+a%=r]2\,+ﬂ2—a217 5
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2n+1
r2+a%=r12\, ~|—ﬁ2~|—a2nT,
f=r?+d?sirf0 +a3cof o
2n+1\ . 2n+1
—2 (ﬁ - %) SirP6 + (ﬁz +a2n%> co4. (4.18)
.. 2 . r2
The coefficient ot/r< has the faCtO'(,z+a§)(rz+a§),M,z- If we choose
2
2_Na
=" 4.19
> (4.19)

we are left with only a quadratic in the denominator. To see this note that the denominator
is

(r?+ af) (r? + a3) — Mr?
2 +1 2n+1
rN_|_'3 — 2 —+ r12v+ﬁ2+0277i
2 2
—M(r,%, an Qp+/3>

2n+1 2n+1
— (rl% + /32 — azn—z ) (rl% + /32 +a2n—2 ) —i—aZnZQp
=i (r& +na®). (4.20)
The numerator is? dr? = r2 dr2, and we get a cancellation of the factofs We will see
below that in the extremal metric the point = 0 acts like an origin of polar coordinates,
so the choic€4.19)is the correct one to define a coordinatewith range(0, o).
We also find that other terms in the metric and gauge field are finite in the extremal

limit; this can be verified usin(@.12) (4.14) We get the extremal solution (in the string
frame)

1.5 Qp 2 ( drg )
= h(dt ) f(dt dy)* + hf +an+de

+h<r (2n+1)ah2?21Q5co§e)cosz9dw2

) .
+h(r2 +(n+ Day _ @A 1)ah;;?21Q53|n29> SiN?0 dep?

a277 Qp
T

co 6 dy +sirP6 dp)”

+ %[n coS 6 dy — (n+ 1) sir 6 dg](dr — dy)

2an+/010s . Hi o
- T[coszedw+sm29d¢]dy+ /EZdzl?, (4.21)

i=1
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C2= %(—(H—F Ddt+ndy) Ady
+ @(mﬁ —(n+1dy)rdg
+ %(Qldt + Qsdy) A (co€ 0 dy + siP 0 dg) — %dt Ady
—~ %();29(0% +(n+Da’n + Q1) dy Ad, (4.22)
62¢=%;, (4.23)
f=r2—a’pmsir?0 +a’n(n + 1) cog o,
h=+/HiHs, H1=1+%, H5=1+%. (4.24)

f f

5. Regularity of the solution
5.1. Regularity of the metric

A sufficient condition for the metric to be regular is that the coefficients of both the met-
ric and the inverse metric be twice differentiable functions of the coordinates. In turn, the
inverse metric is well defined if the metric is smooth and the determinant is nonvanishing.
For the metriq4.21)

H .
Vg = F;hfr;v sinf cosh. (5.1)

The functionf does vanish on a hypersurface, but the combinaiipriakes a finite
value whenf — 0

f—=0 = hf—y010s. (5.2)

The functionf appears explicitly in the metric only in the combinatigfy thus we do not
get singularities af — 0.
A little algebra shows that

01+ f>0, Os+f>0 (5.3)

everywhere. (To check this one needs to noteshatan integer; for fractional the above
expressions can become negative at some points.) Thus theﬁdmfs.l)is regular and
nowhere vanishing.

We have factors of in the second and third lines ¢£.21) Since

_ VO F D@5+ )
g

h

(5.4)
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we haveh — oo as f — 0. But a little algebra shows that whefi— 0 the brackets
multiplying  reduce tof in each case, so we again gie¢ finite canbination/f .

The vanishing of,/—g for 6 = 0 andn/2 does not correspond to a singularity of the
metric but only signals the degeneration of polar coordinates at the north and south pole
of 53,

The most nontrivial limit arises aty — 0. Let

an

an+1)

¢a<f>=¢+my, !/f—>!/~f=¢—my- (5.5)
In these coordinates, the metric expanded aroyne> 0 has the following form:
= (R + Gigerh )
+hf (dO% + Zyy AV + Zpp AD° + 28y ¢ dV d§)
+ g dt? + 281y dt AV + 2g1 dt d + ds?,, (5.6)
where now
f= na®(n + 1) cog 6 — na’nsinf 6. (5.7)

The coefficientg andg in the equation above are differentiable functionspfindé that
do not vanish asy — 0 for generic values of; their explicit form is not important for
our argument.

There are several points to note about the above expansion:

(a) Before the coordinate transformati¢f.5) we had the identificationsy, v, ¢) ~

(v+27m3R, Y +2mwm1, ¢+ 2wmy). Recalling thai = Y2125 we see that the trans-
formation(5.5) gives new variables that have a similar identification

Oy, ¥, )~ (y+27rm’3R,1Z+27rm’1,q§+27rm’2). (5.8)

(b) Noting thaty is periodic with period 2 R and recalling thaik = _anle we see that

the coefficient of/y? is just right to makey, y polar coordinates at the origin in the
rn,y space

hf hf r2
ﬁ (drl% + Q1Q5r]2v dy2> = ﬁ (drjz\, + X dy2> (5.9)
and thus there is no conical defect singularityat= 0.
(c) Thereisnoterndt dy atleading order imy; this cross term is absorbed entirely in the
termsdyr dy, dé dy. Note that if we did have a residual te#ndy we would not get

smoothness where thecircle shrinks. Indeed, to readbcal orthogonal coordinates
we would need to define new coordinates

y =y, '=t+cy, c#0. (5.10)
The identification vector in théy, t) space iy, t) ~ (y + 27 R, t), which implies the
identification

O, )Y~ +27R,t' +2ncR). (5.11)
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Such an identification gives a singularityrat = 0 where they circle shrinks, and also
generates closed timelike curveg'ifis a timelike direction. Since we get= 0, we
avoid both of these potential problems.

Nothing special happensat = 0,0 = 0, 7/2; we just have the degeneration of spher-
ical coordinates at the poles. We conclude that the metric is regular everywhere.

5.2. Absence of closed timelike curves

In the past, geometries have been constructed with D1-D5-P charges and angular mo-
mentum, and it was found that for high enough angular momentum the geometries had
closed timelike curvefl8—20] Our geometries on the other hand are conjectured to be
dual to actual microstates of the CFT, so we expect them to be free of pathologies.

There are three periodic variables in our geometgy- ¢. Following the path

8y, 8y, 8¢) = (n1Re, noe, nze) (5.12)

gives a closed curve for any integers This curve is spacelike at largg, but a curve like

this gave a closed timelike curve at small in the metric studied ifi19]. We thus ask if

the vector(5.12)can become timelike anywhere; if it does become timelike for someé

then we get a closed timelike curve. If the vedterl2)becomes timelike for nonintegral

n; then we get a timelike path that passes arbitrarily close to itself, which is pathological
too; thus we investigate if the vector

VY =a, vY =B, V¢=]/ (5.13)

can become timelike anywhere. Note that adding compongnts’? makesV more
spacelikewhile having a part’’ # 0 makes the path nonclosed.

The norms of the vectoi®.13)are given by the metrig,,, restricted taz, b =y, ¥, ¢.
Let g be the determinant of the metric restricted to these three coordinates. The components
gab Of the restricted metric are regular agds positive at infinity. If some direction in the
3-torus spanned by, ¥, ¢ is to become timelike then we must have a vanishing of
somewhere. But an explicit evaluation of this determinant gives

r2 sin’ 6 cos 0
V(Q1+ /) (Qs+ f)

x [(r% +na®)(f + Q1+ Os+a’n(n+ 1)) +

g=

QlQS}. (5.14)
n

The fact that the combination8; + f and Qs + f are always positive ensures that the
determinant above only vanishesrat=0 or6 = 0 or /2. Our explicit analysis of the
metric in the regions aroung, = 0 andd = 0 orxr /2 shows that no closed time-like curves
appear even at these points; the vanishing jofst signals the vanishing of one of the three
periodic coordinates.
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5.3. Regularity ofb, Csp

The dilaton given by4.23)can be written as

6245 _ Q1+ f
Os+f

From(5.3)we see that is regular everywhere.

Let us finally check that the RR field is not singular. Since its coefficients are differ-
entiable functions ofy andé for all values of the coordinates, singularities can come
only from places where the coordinate system degenerates, fes @tandz /2 (nothing
special happens at; = 0).

At 6 = /2 we see that the components®fire regular. Ab = 0, where thep coordi-
nate becomes ill defined, the only component that is potentially singulgyis

_0Os
C'W—f—FQl

(5.15)

(r3 + (n + Dna® + Q1) cog o

2
= 05C0£0 + fo“Q (1+ 2n)sif 6 co 0

1
Osa?
f+01
The leading term can be removed by a gauge transformation:

Coy > Cyy — 05 (5.17)

andCyy, becomes regular. This is just the gauge transformation arising from a magnetic
monopole potential. Such a potential is expected since the D5 branes produce a magnetic
charge forCs.

~ Qs(1-6%) + (14 2n)0%? = Qs+ 0(6?). (5.16)

5.4. Absence of a horizon

Since the geometry is regular, singularity theorems suggest that there is no horizon. We
can check the absence of a horizon explicitly in the following way. There is no horizon if
from every point in the geometry we can find a path to asymptotic infinity such that the
tangent along the path lies in the forward light cone everywhere.

To show that there is such a path, we veitgue that at each point in the spacetime we
can find a timelike vector in the forward light cone which has a nonzero positiy¢hus
following these vectors we can reagh — oo along a timelike path. Suppose we can find
a continuous timelike vector field with V" = 0. Sincedry appears in the metric only in
hf dr?,
r§,+a2n
keeping it timelike. (If the vector field is continuous then it lies in fbevard light cone
everywhere if we choose it to lie in the forward light cone at infinity.)

We will find the vector fieldV in the subspace spanned by the coordinatesy:, ¢.
The determinant of the metric restricted to these four directions is

g= —rl% (rjz\, + naz) sir? 6 cos 6 (5.18)

the form we see that we can add a p#rt > 0 to the vector at each point while still
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and is seen to be negative everywhere. Thegdngent plane spanned by these directions
has signaturé—1, 1, 1, 1) everywhere. The region of interest is spanned by a single co-
ordinate patch (apart from coordinate degeneration at the poles; this causes no difficulties
for the argument). We can thus find a timelillirection in each tangent plane, which is
continuous and in the forward light conerat — oo.

As mentioned above, adding a sufficiently smiéllkeeps this vector field timelike and
in the forward cone (it is important that the Coeﬁicienmﬁ, does not diverge anywhere,
so the allowed/” can be bounded below). Followirthis vector field we reachy — oo,
and thus there is no horizon.

6. Comparison with the solution in [8]

The metric in[8] was expressed somewhat implicitly, but with some algebraic manipu-
lation it can be brought to the form

Js? — _d;2;dy2 R Zfl)&z(‘” +dy)2+hf<rzd%~lz +d92)
+h |:r2 _vaty @F 12‘2%2 Cosze} o6 dy?
+h [rz + o+ paz- & %;gzsng } Sin? 6 dg?
+ Ml(coszedw —sin?0.dg)°
B 2th<}0§9 [V 0 — (1+v)a? dt+ w412 —Qvaz dy] v
B 23 Qsit o

=2 =2
Q+va ,@+(+Da dy]d(p’ (6.1)

n [(u+1) 0 dt +

where

f=r?+a%v+1)cofo —avsirnto,
0
h=1+—=. 6.2
+ (6.2)
We have denoted by what in[8] has been called, to distinguish it from the analogous
parameter appearing in our met(&21) Locally, the metric above reduces to ours (if we
setQ1 = Os = Q in our metric) after the following redefinitions of parameters and change
of coordinates:

2251277, vV=n, w_>_!/f’ r=rn,

a
t — t coshs — y sinhg, y — —ycoshS + ¢ sinhé (6.3)
with

e =y, (6.4)
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So essentially the two metrics are related by a boost inytlodrection. But sincey is

a compact direction this boost is not a symmetry; identification of points is altered by
the boost. It has been argued [B] that the solution is smooth; it is not immediately
obvious to us though how the identifications used there avoid shift%ildel) and the
corresponding potentialrgjularities. The charges {8] appear to differ from the ones that

we have, so the solutions there might correspond to a somewhat different class of 3-charge
states.

7. Discussion

We have constructed extremal D1-D5—P solutions dual to a special subset of CFT states.
The solutions were smooth, with no singularity or horizon. The solutions thus look like
Fig. 1(d) rather tharrig. 1(c). These results support the general conjedirthat individ-
ual microstates of a black hole do not look like the naive picture of a black hole—'empty
space inside the horizon with a central singularity’. Rather, the horizon arises only as an ef-
fective construct when we coarse-graining over microstates. Some other interesting results
obtained recently also throw liglan the nontrivial size associated to high entropy states
[21-24] in many cases by representing them as super{@ssTopological field theories
also offer hints of a ‘blow up’ of states in the gravity descriptj26].

The states we have looked at are a small subfamily of all the 3-charge states. They
also are not very generic states since they carry a large angular momentum. One might
therefore argue that low angular mentum states might still look lik€ig. 1(c). To throw
some light on this issue let us recall the case of 2-charge states. The maximally rotat-
ing D1-D5 solutions were found fir§l4,15], by taking limits of the general solutions
in [16]. These solutions turned out to be ‘capped’ instead of extending to a pointlike sin-
gularity atr = 0. The general D1-D5 solutions were found[8}; the generic solution
had no angular momentum but wasll capped before reaching= 0. The reason can
be seen best in the dual FP language. In the maximally rotating solution the F string
carries the momentum P by swinging in a uniform helix, and the nonzero transverse
size of the helix cuts off the geometry befare= 0. But we can let half the F string
swing clockwise and the other half anticlockwise; this still carries the same momentum
P but gives no net angular momentum. Note however that we still get the nonzero trans-
verse size, and hence the ‘cap’ to the HiroAt a technical level, it was noted i3]
that angular momentum makes its presence felt in two kinds of termsdr d¢ and
~ rzdfaz. For states with no net rotation the former type of term cancels out (different
parts of the geometry contribute with different signsafpbut the latter type of term
survives sincez? can only get positive contributions. We thus get a ‘cap’ before reach-
ing r = 0, whether we have rotation or not. We expect that a similar situation will hold
for 3-charge states, and that the naive geometry will be irrelevant inside the ‘horizon’ ra-
dius.

Our solutions have low curvature everywhere and the dilaton is bounded; thus they are
well described by their classical geometry. Note however that we do not expect the generic
3-charge state to be well described by assleal geometry; quantum corrections can be
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large2 Also, while our solutions were smooth, we do not know if this will be the case for all
states—the only relevant property we seek for the generic state is that the naive geometry
be not valid inside a radius of the order of the naive horizon size. The generic 2-charge FP
solution was singular at the location of the string, while its dual D1-D5 system was smooth
for generic configurations. The singularity at the location of the F string changed under
duality to the coordinate singularity at the ¢einof a ‘KK-monopole tube’—the geometry

in the ‘cap’ region is a KK monopole S* [5]. Generically thiss* does not self-intersect,

but if we look at a special limit where thg' runsm times around the same path before
closing then we get the conical defect singularity arising from the coincideneekX
monopoleg5,14,15] For the 3-charge solutions constructed in this paper we can perform
dualities to interchange the D1 and P charggss n,,. Now we haver, # n(n 4 1)nins,

so we do not get the smooth solutions constructed above; we get instead extremal limits
of the general solutio(8.6)which have conical defects just like the conical defec{d#

15]. We hope to return to an analysis of more general 3-charge solutions elsewhere.
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Appendix A. The nonextremal solution

We start with a neutral rotating black hole in 5D lifted to 10D

M rzfa'r2
ds?=—(1— = )d’+ + £d6?
( f) (r2+a?)(r2 4 a3) — Mr? /
2Majaz

+ [r2+a§<1+ %coé@)} coS 0 dy? + Tsinze coS0dy do

+ [r2+a§<1+ %sinzeﬂ sin? 0 dg?

4
2M
+ Tdt(a1c0§9d1p +azsint0de) +dy* + > dz?, (A1)
i=1

2 The 2-charge case can be mapped to FP system where the geometry is generated by a vibrating string. Here
it is easy to understand the subset of solutions that are well described by classical geometries: If we put several
excitations in each harmonic then we can make a colbestate of the corresponding Fourier modes and get
a classical solution, while if we have order unity quané pourier harmonic (whie happens for the generic
member of the ensemble) then the vibrating string isdeed by a ‘fuzzy wavefunctional’. Since the states are
all given by this simple construction we can see easily that properties like the size of the typical microstate can be
deduced from studying the classical geometries andpotiting to the less classical ones. For 3 charge we do
not yet understand the construction loé tgeneric microstate, and so canr@iably infer the effects of quantum
fluctuations.
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where
f=r?+ad?sin?6 + a2 cod. (A.2)

The parameterss, az give the two angular momenta. The dilaton and the gauge fields
vanish. We generate momentum alony boosting

t =t coshss — y’ sinhés,

y = —t'sinhés + y’ coshds (A.3)
and perform a T-dualit{’, alongy. We get the geometry of D1 branes
) M\ di? 2M coshss dy?
dSlOZ — —_ — + C()dt +
f/J1+Ks f(1+Ks) 1+Ks
2 2
réefdr 2
+ fdo
(r2+a%)(r2+a§) — M2 /
M Malazsinz 20
2, 2 2
+|rP+d?(1+ 7c0529)} coS0dy’+ ——_ " dyd¢
[ 1( f(L+Ks) 2f(1+ Ks)

4
M
n [r2+a§(1+ 7sin29>] SirP0 dg? + " d2?,
i=1

f(1+Ks)
By = —%[coskﬁg,dt +w]Ady,
?? =(1+Ks) 1, (A.4)
where
w=a1co80dy + assint 0 dg, KF%#‘SS. (A.5)

We again boost along with parameters?, then do an S-duality, followed by the
T-dualitiesTy234 We get the D5—P solution

M costt s dr? Msink s\ dy?
dsfozw/ljtl(g,[—(l— 1) +(1-|— 1) Y

S 1+ Ks f 1+ Ks
2M coshss coshdy M sinh 25, 2M cosh’s sinhdq
fa+ ks T A ke YT T f A Ke)
;’Zfdr2

+ fdo?

+
(r2+ a%) (r2 + a%) — Mr?
Malazsinz 20

2fdtKs V9

M

4
2, 2 M : : 2 -1 2
~|—|:r +a2(1+msm29>]sm29d¢ + (14 Ks) [Z:;dzi],
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M sinhés .
Ce=————|coshS5dt Ady + w A (—dt Sinhd1 + dy coshi)
@+ Ko Y g ]
Adzi A ANdza,
¢®® =1+ Ks. (A.6)

The solution above has a nonzero six-form RR field which should be converted to a
two-form field before we can perform the next S-duality. The dual two form fi&lds
defined by the equation

F3=xF7, (A.7)

wherex is taken with respect to the metric above (in the string frame) &ne: dCo,
F7 = dCg are the respective field strengtl#s. has the following nonzero components

P My sinh 25
rtyl23s= ————,
2
P M(a%—a%) sinh 25 sin®
0ry1234= in29,
212
2Mraq sinhés sinhsy
Fryi1234= — 5 cos o,
S
2Mrazsinhdssinhdy .
Frp11234= — 5 sin?o,
NS
2Mraj sinhds coshdy
Fryy1234= 5 coso,
NS
2Mrassinhds coshsy .
Frgy1234= 5 sir?o,
NS
Maj sinhds sinhdq . .
Foyr1234= — 72 (r? + a + M sint? 85) sin 2,
5
M a» sinhds sinhs . .
Fopr1234= a2 f25 l(r2—|—a§-|-Msmhzag,) sin 2,
5
M a1 sinhds coshd . .
Foyyioaa= ——2 f25 L(r2 + ad + M sint? §5) sin 2,
5
May sinhds coshd . .
Fopy1234= 72 (r? + a3 + M sint? 5) sin 2, (A.8)
5
where
fs= f(1+4 Ks) =r? 4 a?sir?0 + a2 cog 0 + M sint? §s. (A.9)

The determinant of the metric is

__rfsindcosd
v —Det(G) = 7@ . (A.10)
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The nonzero components of tiig are found to be

M (% +a?)(r? +ad)sin2

Foyg = 72 sinhds coshds,
Foyy = Maz(r® ;;%) sin sinhds sinhdy,

Foyp = — May(r® ;S%) sin sinhds sinhd1,

Fory =— Maz(r? ;S%) sin2 sinhds coshs,

Forp = Mayr® 4}2&%) sin? sinhds coshs,
Fryp=— Mr(ai _Zjé) sin’ 29 sinhss coshss,
Fryy = 21\4;’51;7200529 sinhds sinhs,

Fryp = 2Mrc;+sin29 sinhds sinhdy,

Friy = _2Mra;7200529 sinhds coshq,

Frp= _2Mrc}+sin29 sinhds coshsy.

For the above field strength we find the following gauge field

Cyp=— M +;%) cos'é sinhds costys,
Cyy = _Ma%os?@ sinhds sinhd1,

Cyp = _Malfsinze sinhds sinhdy,

Ciy = Ma%osze sinhds coshsq,

Cip = w sinhds coshsy.

377

(A.11)

(A.12)

3 This choice is up to the usual gauge freedompérticular the apparent asymmetry betwegrandas in

the componency, 4 can be cured by a different gauge choice.
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Performing an S-duality followed by, we get the F1-NS5 solution

M
ds’ = _(1 - 7>(1+ K)~tdi? + (1+ K1) dy?

r2dr?

+af)(r? +a3) —
Ma c0529 KsK
17+( 2_ ) 541
f+Ky) 1+ K1
MaZ2sinto KsK
(1274-( 2 —ad) >71 Sir26 | sir?6 dg?
F(A+ K1) 1+ K1
2M i 6 cos 6 2M S5 coshs

aia Sl (o]0 dl/f d¢) i a1 COSIvs COSIv 00529611& dt

f(l+ K1) S+ K1)
2M hs hs 2M a» sinhds sinhd

ap COSIvs COS lSin29d¢dt+ az SinNos SiNNo1

S+ K1) J(1+Ky)

2M a1 sinhds sinhdq
f(+ K1)

M cos6
Bp= —— inhd hsy d hs5 sinhéy d d
2 A+ K )(azsm 5C0Shd1 dt + a3 coshéssinhéy dy) A dyr
Msm2
f(l K1)
M sinhdy coshsy
f(l+ K1)
Msinh2%s , , .
Ty E— M sint? s £0d do,
271 Ky (r*+ a5+ M sintf §1) co v Ado
62(15 = 1+ KS.
1+ K1
Finally, doing an S-duality and performing a boost with paramgeve get the D1-D5-P
solution(4.21)—(4.23)

+ QA+ K5)|:(r2 > —|—d92]

+ [(r2+a%)(1+ Ks) + cosze] c0§9d1ﬂ2

+ [(r2 +a3)(1+ Ks) +

coSOdydy

4
Sifodpdy+ Y _dz? (A.13)

i=1

(a1 sinhds coshdy dt + ap coshds sinhdy dy) A de

Ady

(A.14)
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