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Abstract

Standard abstract model checking relies on abstract Kripke structures which approximate concrete models by gluing
together indistinguishable states, namely by a partition of the concrete state space. Strong preservation for
a specification language ¥ amounts to the equivalence of concrete and abstract model checking of formulas in &#.
We show how abstract interpretation can be used to design generic abstract models that allow to view standard
abstract Kripke structures as particular instances. Accordingly, strong preservation is generalized to abstract
interpretation-based models and precisely related to the concept of completeness in abstract interpretation.
The problem of minimally refining an abstract model in order to make it strongly preserving for some language
& can be formulated as a minimal domain refinement in abstract interpretation in order to get completeness w.r.t.
the logical/temporal operators of . It turns out that this refined strongly preserving abstract model always exists
and can be characterized as a greatest fixed point. As a consequence, some well-known behavioural equivalences,
like bisimulation, simulation and stuttering, and their corresponding partition refinement algorithms can be elegantly
characterized in abstract interpretation as completeness properties and refinements.

Keywords: Abstract interpretation, abstract model checking, strong preservation, completeness, refinement,
behavioural equivalence.

1 Introduction

1.1 Motivations

Formal verification by model checking is a well-known and successfully applied, also in
industry, technique for hardware/software system verification. In a model checking tool,
an hardware/software system is represented by a formal model M, typically a Kripke structure,
and an algorithm checks whether a correctness specification ¢, written as a formula of a temporal
language, holds on the model M or not. Approximate verification by abstract model checking
provides one important solution to the state explosion problem that arises in model checking
systems with parallel components. In abstract model checking, approximation is encoded by an
abstract model 4 that hides some details of the concrete model M so that it becomes more
efficient verifying correctness specifications on A4 rather than on M. The design of an abstract
model checking framework always includes a preservation result, roughly stating that for any
formula ¢ specified in some temporal language .Z, if ¢ holds on an abstract model 4 then ¢ also
holds on the concrete model M. Thus, abstract verification of ¢ on 4 may yield false negatives
due to the approximation of M to A. On the other hand, strong preservation means that a
formula ¢ of ¢ holds on 4 if and only if ¢ holds on M. Strong preservation is highly desirable
since it allows to draw consequences from negative answers on the abstract side. See [10] for a
standard reference to model checking.
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Abstract interpretation is a well-known general theory extensively used for specifying
the approximation of formal semantics of computational systems at different levels
of abstraction [14, 15]. This article follows the standard abstract interpretation approach
where a concrete domain of computation C is approximated by a corresponding abstract
domain A through a Galois connection, namely an abstraction map « : C — A that encodes
the approximation together with a concretization map y : A — C that provides the concrete
meaning of abstract objects. Thus, a(c) <4 a and ¢ <¢ y(a) both mean that a concrete
value ¢ € C is correctly approximated by the abstract object a € A. Galois connections
guarantee that any concrete value in C admits a best, that is optimal, abstraction in 4.
A concrete semantic function f:C — C can then be correctly approximated on the
abstract domain 4 by a corresponding abstract function f*: 4 — A4 that safely mimics
the behaviour of fon 4, that is a(f(c)) <4 f *(a(c)). We refer to [13] for an excellent overview
of abstract interpretation.

The relationship between abstract model checking and abstract interpretation has been
the subject of a number of works (see e.g. [9, 11, 17, 18, 20, 21, 29, 35, 41-43, 45, 48, 49]).
This article aims at studying the notion of strong preservation in abstract model checking
from a generalized abstract interpretation perspective. One main goal is to apply this abstract
interpretation-based view of strong preservation for understanding some common principles
in well-known algorithms that refine abstract Kripke structures in order to make them
strongly preserving for some temporal language.

1.2 Main results

Abstract semantics of languages. 1In this work, we deal with generic (temporal) languages
& of state formulae that are inductively generated by some given sets of atomic propositions
and logical/temporal operators, e.g. standard temporal operators like existential/universal
next EX/AX, until EU/AU, globally EG/AG, etc. The semantics of a language is determined
by a suitable semantic structure S, e.g. a Kripke structure, on a concrete state space States,
that provides an interpretation of atoms and operators in % as, respectively, elements and
operators on the powerset gp(States). Thus, S determines for any formula ¢ € ¥ a concrete
semantics [¢]s € @(States), namely the set of states making ¢ true w.r.t. S. Abstract
interpretation provides a systematic technique for approximating a concrete semantics
by an abstract semantics defined on some abstract domain. We consider abstract domains
of the powerset g (States) that plays here the role of concrete semantic domain. An abstract
domain 4, related to g (States) by abstraction/concretization maps «/y, induces an abstract
semantic structure S? where the interpretation of an atom p is abstracted to «(p) while
a concrete semantic operator f'is abstracted by its best correct approximation on A, that is
a o foy. Thus, any abstract domain A4 systematically induces an abstract semantics |[¢]]g1 €A
that evaluates formulae ¢ € . in the abstract domain A.

It turns out that this approach based on abstract semantics generalizes standard abstract
model checking [9, 10]. Given a Kripke structure X = (States, —), where — is the transition
relation between states, a standard abstract model is specified as an abstract Kripke structure
A = (AStates, —*) where the set AStates of abstract states is defined by a surjective map
h : States — AStates that groups together indistinguishable concrete states. Thus, AStates
determines a partition of States and vice versa any partition of States can be viewed as a set
of abstract states. We show that state partitions can be viewed as a particular class
of abstract domains. In fact, it turns out that the whole lattice of partitions of States is
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an abstract interpretation of the whole lattice of abstract domains of gp(States) so that any
abstract state space AStates corresponds to a particular abstract domain of g@(States).
Abstract domains that can be derived from a state partition are called partitioning.

Generalized strong preservation. In standard abstract model checking, given a language
& and a corresponding interpretation of a Kripke structure C, an abstract Kripke structure
A strongly preserves .# when for any g € £ and s € States, we have that h(s) 4 ¢ & s EV ¢.
It turns out that strong preservation can be generalized from standard abstract
models to abstract interpretation-based models. A generalized abstract model is given as
an abstract domain A of gp(States) that systematically induces an abstract semantics |[-]|§.
We therefore define the abstract semantics |[~]|§1 to be strongly preserving for . when for
any g € % and S € p(States), a(S) <4 |[<,0]]§1 & S C [¢ls. Observe that strong preservation is an
abstract domain property, meaning that it does not depend on the abstract interpretation
of atoms and logical/temporal operators on the abstract domain 4 but only depends on A itself.
Standard strong preservation becomes a particular instance, because it turns out that an abstract
Kripke structure strongly preserves . if and only if the corresponding partitioning abstract
domain strongly preserves .# in the generalized sense. On the other hand, generalized strong
preservation may work where standard strong preservation may fail. In fact, it may happen that
although a strongly preserving abstract semantics on a partition P always exists this abstract
semantics cannot be derived from a strongly preserving abstract Kripke structure on P.

Generalized strong preservation and complete abstract interpretations. Given a language &
and a Kripke structure K = (States, —), a well-known key problem is to compute the
smallest abstract state space 4States,, when this exists, such that one can define an abstract
Kripke structure Ay = (AStatesy,—") that strongly preserves %. This problem
admits solution for a number of well-known temporal languages like CTL (or, equivalently,
the p-calculus), ACTL and CTL-X (i.e. CTL without the next-time operator X). A number of
algorithms for solving this problem exist, like those by Paige and Tarjan [44] for CTL,
by Henzinger et al. [37], Bustan and Grumberg [5], Tan and Cleaveland [50] and
Gentilini et al. [28] for ACTL, and Groote and Vaandrager [33] for CTL-X. These are
coarsest partition refinement algorithms: given a language . and a state partition P, which is
determined by a state labelling, these algorithms can be viewed as computing the coarsest
partition Py that refines P and strongly preserves .#. It is worth remarking that most of
these algorithms have been designed for computing well-known behavioural equivalences
used in process algebra like bisimulation (for CTL), simulation (for ACTL) and divergence-
blind stuttering (for CTL-X) equivalence. Our abstract interpretation-based framework
allows us to provide a generalized view of the above partition refinement algorithms. We show
that the most abstract (i.e. least informative) domain, denoted by ADg, that strongly
preserves a given language ¥ always exists. It turns out that ADg is a partitioning
abstract domain if and only if . includes propositional logic, that is when % is closed under
logical conjunction and negation. Otherwise, a proper loss of information occurs when
abstracting AD ¢ to the corresponding partition P . Moreover, for some languages .#, it may
happen that one cannot define an abstract Kripke structure on the abstract state space Pg
that strongly preserves . whereas the most abstract strongly preserving semantics instead
exists.

The concept of complete abstract interpretation is well known [15, 32]. This encodes an ideal
situation where the abstract semantics coincides with the abstraction of the concrete
semantics. We establish a precise correspondence between generalized strong preservation
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of abstract models and completeness in abstract interpretation. Our results are based
on the notion of forward complete abstract domain. An abstract domain A4 is forward
complete for a concrete semantic function f when for any a € 4, f(y(a)) = y(a(f(y(a)))),
namely when no loss of precision occurs by approximating in 4 a computation f(y(a)).
This notion of forward completeness is dual and orthogonal to the standard definition
of completeness in abstract interpretation. Giacobazzi et al. [32] showed how complete
abstract domains can be systematically and constructively derived from non-complete abstract
domains by minimal refinements. We show that this can be done for forward completeness as
well. Given any domain A4, the most abstract domain that refines 4 and is forward complete for
f does exist and can be characterized as a greatest fixpoint. Such a domain is called the
forward complete shell of A for f. It turns out that strong preservation is related to forward
completeness as follows. As described earlier, the most abstract domain AD ¢ that strongly
preserves % always exists. It turns out that AD ¢ coincides with the forward complete shell for
the logical/temporal operators of % of a basic abstract domain determined by the state
labelling. This characterization provides an elegant generalization of partition refinement
algorithms used in standard abstract model checking. As a consequence of these results,
we derive a novel characterization of the corresponding behavioural equivalences in terms
of forward completeness of abstract domains. For example, we show that a partition P
is a bisimulation on some Kripke structure K if and only if the corresponding
partitioning abstract domain A p is forward complete for the standard predecessor transformer
pre_, for the transition relation of K.

2 Background

2.1 Notation and preliminaries

Notations. Let X be any set. Fun(X) denotes the set of functions f: X" — X, for any n>0,
called arity of f. Following a standard convention, when n=0, f is meant to be a specific
object of X. The arity of f is also denoted by #(f) > 0. id denotes the identity map.
If FC Fun(X) and Y C X then AY)&{/G) | /e F.7 e Y*)}, namely F(Y) is the set of
images of Y for each function in F. If f: X — Y then the image of f is also denoted by
mg(f)={fix)eY|xeX}. If f: X— Y and g: Y — Z then gof: X — Z denotes the
composition of fand g, i.e. go f'= Ax.g( f(x)). The complement operator for the universe set
XisC: p(X)— p(X), where [(S) = X \ S. When writing a set S of subsets of a given set,
like a partition, we often write .S in a compact form like {1, 12, 13} or {[1],[12],[13]} that stand
for {{1},{1,2}, {1, 3}}. Ord denotes the proper class of ordinals.

Orders and fixpoints. Let (P, <) be a poset. Posets are often denoted by P.. We use the
symbol C to denote pointwise ordering between functions: If X is any set and f,g: X — P
then f'C g if for all x € X, f(x) < g(x). A mapping f: P — Q on posets is continuous when f'
preserves least upper bounds (lub’s) of countable chains in P, while, dually, it is co-continuous
when f preserves greatest lower bounds (glb’s) of countable chains in P. A complete lattice C<
is also denoted by (C, <, v, A, T, 1) where v, A, T and L denote, respectively, lub, glb,
greatest element and least element in C. A mapping f: C — D between complete lattices is
additive (co-additive) when for any Y C C, f(vcY)=Vpf(Y) (f(AcY)=Apf(Y)). We
denote by Ifp(f) and gfp (f), respectively, the least and greatest fixpoint, when they exist, of an
operator f on a poset. The well-known Knaster—Tarski’s theorem states that any monotone
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operator f: C — C on a complete lattice C admits a least fixpoint and the following
characterization holds:

lfp(f) = VoteOrdfa’T(J—)

where the upper iteration sequence {f*"(x)},corq Of f/ in x € C is defined by transfinite
induction on « as usual:

—a=0: f"T(x)=x;
— successor ordinal @ = B+ 1: fAHL1(x) = f(f#1(x));
— limit ordinal o f*1(x) = Voo /P T(x).

It is well known that if f is continuous then Ifp(f) = V,en /™ T(L). Dually, f also admits
a greatest fixpoint and the following characterization holds:

gfp(f) = /\rerrdfa’ i(T)’

where the lower iteration sequence { /% ¥(x)},corq Of fin x € C is defined as the upper iteration
sequence but for the case of limit ordinals: /*4(x) = Ag_o /P ¥ (x).

Partitions. Let X be any set. A partition P of X is a set of non-empty subsets of X, called
blocks, that are pairwise disjoint and whose union gives X. Part(¥) denotes the set of
partitions of X. If = C ¥ x ¥ is an equivalence relation then we denote by P— € Part(X) the
corresponding partition of X. Vice versa, if P € Part(¥) then =pC ¥ x ¥ denotes the
corresponding equivalence relation on X. Part(X) is endowed with the following standard
partial order <:P;<P,, 1ie. P, is coarser than P; (or P; refines P,) iff
VB € P;.AB’ € P,.B C B’. It is well known that (Part(X), <) is a complete lattice.

Transition systems. A transition system 7 = (X, —) consists of a (possibly infinite) set X of
states and a transition relation —C X x X. As usual [10], we assume that the relation — is
total, i.e. for any s € X there exists some ¢ € X such that s — ¢, so that any maximal path in 7
is necessarily infinite. 7 is finitely branching when for any s € X, {t € X|s — ¢} is a finite set.
The pre/post transformers on gp(X) are defined as usual:

— pre_, & Y{aeX|3be Y. a— b} (predecessor operator)

— pre YCopre, oC=AY.{aeT|¥heZ(a—b=beY)} (dual predecessor operator)
— post_, £ Y{beX|dac Y a— b} (successor operator)
— post, ECopost, oL=rY.(he T |Vac E(a— b= aecY)} (dual successor operator)

Let us observe that pre_, and post_, are additive operators on g(X)- while pre_ and p/ggtﬁ
are co-additive.

2.2 Abstract interpretation and completeness

2.2.1 Abstract domains

In standard Cousot and Cousot’s abstract interpretation, abstract domains can be
equivalently specified either by Galois connections, i.e. adjunctions, or by upper closure
operators (uco’s) [14, 15]. Let us recall these standard notions.
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Galois connections and insertions. 1f A and C are posets and «: C — 4 and y: 4 — C are
monotone functions such that Ve € C.c <¢ y(a(c)) and a(y(a)) <4 a then the quadruple
(o, C, A, ) is called a Galois connection (GC for short) between C and 4. If in addition
a oy = Ax.x then («, C, 4, y) is a Galois insertion (GI for short) of 4 in C. In a GI, y is 1-1
and « is onto. Let us also recall that the notion of GC is equivalent to that of adjunction:
ifea:C— Aandy: A — Cthen (o,C,A4,y)isa GCiff Ve € C.Va € A. a(c) <4 asc <¢ y(a).
The map « (y) is called the left- (right-) adjoint to y («). It turns out that one adjoint map
a/y uniquely determines the other adjoint map y/a as follows. On the one hand, a map
a: C — A admits a necessarily uni(jue right-adjoint map y : 4 — C iff « preserves arbitrary
lub’s; in this case, we have that yzef)»a. Ve fece C|alc) <4 a}. On the other hand, a map
y 1 A — C admits a necessarily unique left-adjoint map « : C — A iff y preserves arbitrary
¢glb’s; in this case, a® . Ag{a € A | ¢ <¢ y(a)}. In particular, in any GC («, C, 4, y) between
complete lattices it turns out that « is additive and y is co-additive.

We assume the standard abstract interpretation framework, where concrete and
abstract domains, C and A, are complete lattices related by abstraction and concretization
maps « and y forming a GC (o, C, 4, y). 4 is called an abstraction of C and C a concretization
of A. The ordering relations on concrete and abstract domains describe the relative
precision of domain values: x <y means that y is an approximation of x or, equivalently,
x i1s more precise than y. Galois connections allow to relate the concrete and abstract
notions of relative precision: an abstract value a € A approximates a concrete value
¢ € C when «(c) <4 a, or, equivalently (by adjunction), ¢ <¢ y(a). As a key consequence
of requiring a Galois connection, it turns out that a(c) is the best possible approximation
in A of ¢, that is a(c) =A{a€ A | ¢ Z¢ y(a)} holds. If («,C,A4,y) is a GI then each
value of the abstract domain A4 is useful in representing C, because all the values
in A represent distinct members of C, being y 1-1. Any GC can be lifted to a GI
by identifying in an equivalence class those values of the abstract domain with
the same concretization. Abs(C) denotes the set of abstract domains of C and we
write A € Abs(C) to mean that the abstract domain A is related to C through a GI
(o, C, A, y). An abstract domain 4 is disjunctive when the corresponding concretization map y
is additive.

Closure operators. An (upper) closure operator, or simply a closure, on a poset P- is an
operator u: P — P that is monotone, idempotent and extensive, i.e. Vx € P. x < u(x).
Dually, lower closure operators are monotone, idempotent, and restrictive, i.e.
Vx € P. u(x) <x. uco(P) denotes the set of closure operators on P. Let
(C, <, Vv, A,T, 1) be a complete lattice. A closure u € uco(C) is uniquely determined
by its image img(w), which coincides with its set of fixpoints, as follows:
w=xiy.A{x eimg(u) | y <x}. Also, X C C is the image of some closure operator uy
on C iff X is a Moore-family of C, i.e. X = M(X) déf{/\S | S C X} — where Al =T € M(X).
In other terms, X is a Moore-family of C when X is meet-closed. In this case,
wxy =Ay. A{x € X | y <x} is the corresponding closure operator on C. For any X C C,
M(X) is called the Moore-closure of X in C, i.e. M(X) is the least (w.r.t. set inclusion) subset
of C which contains X and is a Moore-family of C. Moreover, it turns out that for any
w € uco(C) and any Moore-family X € C, pimg) = and img(uy) = X. Thus, closure
operators on C are in bijection with Moore-families of C. This allows us to consider a closure
operator u € uco(C) both as a function u: C — C and as a Moore-family img(u) C C.
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This is particularly useful and does not give rise to ambiguity since one can distinguish the
use of a closure p as function or set according to the context.

It turns out that (u, <) is a complete meet subsemilattice of C, i.e. A is its glb, but, in
general, it is not a complete sublattice of C, since the lub in © — defined by LY C . u(vVY) —
might be different from that in C. In fact, it turns out that u is a complete sublattice of C
(namely, img(u) is also join-closed) iff u is additive.

If C is a complete lattice then uco(C) endowed with the pointwise ordering C is a
complete lattice denoted by (uco(C), C, U, M, Ax.T,Ax.x), where for every u,n € uco(C),

{uitier € uco(C) and x € C:

- pEniff vy € C. u(y) < n(y) iff img (n) € img (w);

(Mictpti)(X) = Aierpi(x);

— X € Ui & Vi€ I x € img(w;);

— AXx.T is the greatest element, whereas Ax.x is the least element.

Thus, the glb in uco(C) is defined pointwise, while the Iub of a set of closures {i;},c; € uco(C)
is the closure whose image is given by the set-intersection N;esit;.

Closures are equivalent to Galois insertions. 1t is well known since [15] that abstract domains
can be equivalently specified either as Galois insertions or as closures. These two approaches
are completely equivalent. On the one hand, if © € uco(C) and A4 is a complete lattice which is
isomorphic to img (), where ¢ : img(u) — 4 and =" : 4 — img(u) provide the isomorphism,
theg (tom,C,A,0™" is a GI. On the other hand, if (o, C,A4,y) is a GI then
pwa=yoaeuco(C)is the closure associated with A4 such that (img(u4), <c¢) is a complete
lattice which is isomorphic to (4, <,). Furthermore, these two constructions are inverse of
each other. Let us also remark that an abstract domain A is disjunctive iff 4 is additive.
Given an abstract domain A4 specified by a GI («, C, 4, y), its associated closure y o @ on C can
be thought of as the ‘logical meaning’ of A4 in C, since this is shared by any other abstract
representation for the objects of A. Thus, the closure operator approach is particularly
convenient when reasoning about properties of abstract domains independently from the
representation of their objects.

The lattice of abstract domains. Abstract domains specified by Gls can be pre-ordered w.r.t.
precision as follows: if A}, Ay € Abs(C) then 4, is more precise (or concrete) than A4, (or 4, is
an abstraction of A;), denoted by A4;<A4,, when u,, C py,. The pointwise ordering C
between uco’s corresponds therefore to the standard ordering used to compare abstract
domains with respect to their precision. Also, A; and A, are equivalent, denoted by 4| >~ 4,,
when their associated closures coincide, i.e. 4, = n4,. Hence, the quotient Abs(C).. gives rise
to a poset that, by a slight abuse of notation, is simply denoted by (Abs(C), C). Thus, when
we write 4 € Abs (C) we mean that A is any representative of an equivalence class in Abs(C)..
and is specified by a Galois insertion («, C, 4, y). It turns out that (Abs(C), C) is a complete
lattice, called the lattice of abstract interpretations of C [14, 15], because it is isomorphic to the
complete lattice (uco(C), C). Lub’s and glb’s in Abs(C) have therefore the following reading
as operators on domains. Let {4;},c; € Abs(C): (i) U4, is the most concrete among the
domains which are abstractions of all the A,’s; (i) M;e;A4; is the most abstract among the
domains which are more concrete than every A4,—this latter domain is also known as reduced
product [15] of all the A4,’s.
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2.2.2 Completeness in abstract interpretation

Correct abstract interpretations. Let C be a concrete domain, f: C — C be a concrete
semantic function! and f*: 4 — 4 be a corresponding abstract function on an abstract
domain 4 € Abs(C) specified by a GI («, C, 4, y). Then, (A4, f*) is a sound (or correct) abstract
interpretation when o o /' C f* o « holds. The abstract function f* is called a correct approx-
imation on A of f. This means that a concrete computation f(c¢) can be correctly approximated
in 4 by f*(a(c)), namely oz(f(c)) <4 fY(a(c)). An abstract functlonf1 A — A is more precise
than fu A—> A Whenfl C /2 Since a0 fE f* o o holds iff o o fo y E f% holds, the abstract
function /4 & ofoy:A— Ais called the best correct approximation of f'in A.

Complete abstract interpretations. Completeness in abstract interpretation corresponds to
requiring that, in addition to soundness, no loss of precision occurs when f(¢) is approximated in A4
by f*(a(c)). Thus, completeness of f* for fis encoded by the equation « o f = f* o «. This is also
called backward completeness because a dual form of forward completeness may be considered.
As a very simple example, let us consider the abstract domain Sign representing the sign of an
integer variable, namely Sign = {1,Z<(,0,Z=0, T} € Abs(9(2)c). Let us consider the binary
concrete operation of integer addition on sets of i mtegers that SX+Y={x+y|xeX, yeV)
and the square operator on sets of integers, that is X° 2 {x2 | x € X}. It turns out that the best
correct approximation +%" of integer addition in Sign is sound but not complete — because
a({=1}+1{1}) =0 <gigu T = a({—1})+5"a({1}) — while it is easy to check that the best correct
approximation of the square operation in Sign is instead complete.

A dual form of completeness can be considered. The soundness condition oo fC f* o«
can be equivalently formulated as fo y C y o f*. Forward completeness for f* corresponds to
requiring that the equation fo y = y o f* holds, and therefore means that no loss of precision
occurs when a concrete computation f(y(a)), for some abstract value a € A4, is approximated
in A by f*(a). Let us notice that backward and forward completeness are orthogonal concepts.
In fact: (1) as observed above, we have that +5%" is not backward complete while it is forward
complete because for any aj,a; € Sign, y(a))+ y(a:) = y(a1+5%"a;): for instance,
V(Z=0) + Y(Z=0) = Z=g = Y(Z=0+59"Z~,); (2) the best correct approximation (-)** of the
square operator on Sign is not forward complete because )/(Zz())2 cy(Z.,) = y((ZzO)Z“’g”)
while, as observed earlier, it is instead backward complete.

Completeness is an abstract domain property. Giacobazzi et al. [32] observed that
completeness uniquely depends upon the abstraction map, i.e. upon the abstract domain.
This means that if #* is backward complete for f then the best correct approximation f of
fin A is backward complete as well, and, in this case, /* indeed coincides with f. Hence,
for any abstract domain 4, one can define a backward complete abstract operation f* on 4
if and only if /4 is backward complete. Thus, an abstract domain 4 € Abs(C) is defined
to be backward complete for f iff the equation aof=f4oa holds. This simple
observation makes backward completeness an abstract domain property, namely an
intrinsic characteristic of the abstract domain. Let us observe that a o f=f“ o« holds iff
yoaof=yofloa=yoaofoyoa holds, so that A4 is backward complete for f when
ugof=p4g0fomy. Thus, a closure u € uco(C), that defines some abstract domain,
is backward complete for f when pof=pofou holds. Analogous observations apply
to forward completeness, which is also an abstract domain property: A4 € Abs(C) is

"For simplicity of notation we consider here unary functions since the extension to generic n-ary functions is
straightforward.
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forward complete for f (or forward f-complete) when fo uy = g ofo g, while a closure
u € uco(C) is forward complete for f when fou = o fo pu holds.

Fixpoint completeness. Let us also recall that, by a well-known result (see, e.g.
[15, Theorem 7.1.0.4], [1, Fact 2.3] and [22, Lemma 4.3]), backward complete abstract
domains are ‘fixpoint complete’ as well. This means that if 4 € Abs(C) is backward complete
for a concrete monotone function f: C — C then a (Ifp (f)) = Ifp(f“). Moreover, if « and f
are both co-continuous then this also holds for greatest fixpoints, namely
a(gfp(f) =gfp(f1). As far as forward completeness is concerned, to the best of our
knowledge, no similar results of fixpoint transfer are available. We thus prove the following
result.

Lemma 2.1
If A € Abs(C) is forward complete for a monotone f then a(gfp(f)) = gfp(f*). Moreover,
if y and f are both continuous and y(1,) = L¢ then a(Ifp(f)) = Ifp(f4).

Proor. Let us show that «a(gfp(f))=gfp(f4). On the one hand, since

gfp (/) < y(a(gfp (/). we have that gfp (f) = f(gfp (/) < f(y(x(gfp (/). therefore, by
using forward completeness, gfp (/) =< y(f“(a(gfp ()))). Thus, a(gfp (/) < f*(a(gfp (1)),
from which follows that a(gfp(f)) < efp(f*). On the other hand, by using forward

completeness, /(y (gfp (/1)) = ¥ (/*(gfp (/) = v (gfp (/")) so that y(gfp (/) < &fp (/),
and therefore, by applying «, we obtain that gfp(f4) = a(y(efp(f1))) < a(gfp(f)).
Assume now that y and f are both continuous and y(L 4) = L¢. Let us show by induction on
k that for any k € N, y((f*"(Ly) = %1 (Le).
(k=0): By hypothesis, y((/*)" (L) = (L) = Lc ="1(Lo).
(k+1):
N L) =
y(FASH (L)) = [by forward completeness]
F((fH51 (L)) = [by inductive hypothesis]
SUEN(Le) =

S (Le)).

Thus, by applying «, we obtain that for any k € N,

SN (La) = (ST (Lo (f)

Since y and f are continuous and « is always additive, we have that f4 =aofoy is
continuous because it is a composition of continuous functions. Hence:

Ifp(f4) = [by Knaster — Tarski’s theorem]
Vien(f ) (L) = by (f)]
Viena(f1(Le)) = [as o is additive]
a(Vien /(L)) = [by Knaster — Tarski’s theorem)]
a(lfp(f))

and this concludes the proof. |
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It is worth noting that concretization maps of abstract domains which satisfies the
ascending chain conditions (i.e. every ascending chain is eventually stationary) are always
trivially continuous.

2.2.3 Shells

Refinements of abstract domains have been studied from the beginning of
abstract interpretation [14, 15] and led to the notion of shell of an abstract domain
[27, 30, 32]. Given a generic poset P- of semantic objects—where x <y intuitively
means that x is a ‘refinement’ of y—and a property P C P of these objects, the generic
notion of shell goes as follows: the P-shell of an object x € P is defined to be an object s, € P
such that:

(1) s, satisfies the property P,
(i1) s, is a refinement of x, and
(ii1) s, is the greatest among the objects in P satisfying (i) and (ii).

Note that if a P-shell exists then it is unique. Moreover, if the P-shell exists for any object in P
then it turns out that the operator that maps any x € P to its P-shell is a lower
closure operator on P, being monotone, idempotent and reductive: this is called the P-shell
refinement operator. We will be interested in shells of abstract domains and partitions,
namely shells in the complete lattices of abstract domains and partitions. Given a state
space X and a partition property P C Part(X), the P-shell of P € Part(X) is the coarsest
refinement of P satisfying P, when this exists. Also, given a concrete domain C and
a domain property P C Abs(C), the P-shell of 4 € Abs(C), when this exists, is the most
abstract domain that satisfies P and refines 4. Giacobazzi et al. [32] gave a constructive
characterization of backward complete abstract domains, under the assumption of
dealing with continuous concrete functions. As a consequence, they showed that
backward complete shells always exist when the concrete functions are continuous.
In Section 6 we will follow this same idea for forward completeness and this will
provide the link between strongly preserving abstract models and complete abstract
interpretations.

2.3 Abstract model checking and strong preservation

Kripke structures. Standard temporal languages like CTL, CTL*, ACTL, the u-calculus,
LTL, etc., are interpreted on models specified as Kripke structures. Given a set AP of
atomic propositions (of some language), a Kripke structure K = (X, —,f) over AP
consists of a transition system (X,—) together with a state labelling function
£: % — p(AP). We use the following notation: for any s € X, [s], déf{s/ € X|l(s) = L(5)},
while P, d:ef{[s]z | s € X} € Part(X) denotes the state partition that is induced by £. The
notation s E* ¢ means that a state s € X satisfies in K a state formula ¢ of some language 2,
where the specific definition of the satisfaction relation |* depends on the language %
(interpretations of standard logical/temporal operators can be found in [10]).

Abstract Kripke structures and strong preservation. Standard abstract model checking
[9, 10] relies on abstract Kripke structures that are defined over partitions of the concrete state
space X. A set 4 of abstract states is related to X by a surjective abstraction /1 : ¥ — A that
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mag)s concrete states into abstract states and thus gives rise to a state partition

—{h Y(a) | a € A} € Part(X). Thus, in standard abstract model checking, formulae are
1nterpreted on an abstract Kripke structure A = (4, —F%, £*) whose states are an abstract
representation in A of some block of the partition P,. Given a specification language ¥ of
state formulae, a weak preservation result for ¥ guarantees that if a formula in % holds on
an abstract Kripke structure A then it also holds on the corresponding concrete structure £:
forany o € #,a € A and s € T such that i(s) = a, if a =" ¢ then s E* ¢. Moreover, strong
preservation (s.p. for short) for % encodes the equivalence of abstract and concrete
validity for formulae in ¥: for any ¢€ %, ae€ Aand s€ ¥ such that /h(s)=aq,
a A ¢ if and only if s F* ¢

The definition of weakly/strongly preserving abstract Kripke structures depends on the
language . Let us recall some well-known examples [9, 10, 34]. Let £ = (2, —,¢) be a
concrete Kripke structure and /2 : ¥ — A be a surjection.

(1) Consider the language ACTL*. If P,<P, then the abstract Kripke structure

=(4,—F,0,) weakly preserves ACTL*,  where £,(a) =U{l(s) | s € %,

h(s) =a} and >FC 4 x A is defined as: h(s;) =3 h(s2) & 3s), s5. h(s) = h(s1) &
h(sy) = h(s2) & s)— 5.

(i) Let Py, € Part(X) be the partition induced by simulation equivalence on K. IfP;, = Psim
(this also holds when P,=<Py,) then the abstract Kripke structure A = (4, —} M 3.0
strongly preserves ACTL*, where /h(s)) =7 h(s2) < Vs|.h(s)) = h(s1).3s5.h(sh) =
h(sy) & s — 5.

(iii) Let Py;s € Part(XZ) be the partition induced by bisimulation equivalence on K. IfP;, = Py
(this also holds when P,=<Py;) then the abstract Kripke structure A= (4, >3, ¢;)
strongly preserves CTL*.

Strongly preserving partitions. Following Dams [20, Section 6.1] and Henzinger et al. [38,
Section 2.2], the notion of strong preservation can be also given w.r.t. a mere state partition
rather than w.r.t. an abstract Kripke structure. Let [-] : & — ©(X) be the semantic function
of state formulae in ¥ w.r.t. a Kripke structure K = (X, —, ¢), i.e. [¢]x d—{s eX|sE g}
Then, the semantic interpretation of ¥ on K induces the following logical equivalence
=TT x 3

s= 5 iffVpe Z.s eyl < 5 € [¢l.

Let Py € Part(X) be the partition induced by zgﬂ (the index K denoting the Kripke structure
is omitted). Then, a partition P € Part(X) is strongly preserving® for (when interpreted
on K) if P<Pg. Thus, Py is the coarsest partition that is strongly preserving for Z.
For a number of well-known temporal languages, like ACTL*, CTL* [see, respectively,
the above points (ii) and (iii)], CTL*-X and the fragments of the wu-calculus described
by Henzinger et al. [38], it turns out that if P is strongly preserving for % then
the abstract Kripke structure (P, —7,€y) is strongly preserving for &, where,
for any B,B € P,B—3 B iff 3s € BAs € B'.s — , and £g(B) = Uspl(s). In particular,
(Py, =7, ty) is strongly preserving for .# and, additionally, P is the smallest possible
abstract state space, namely if A = (4, —%,¢%) is an abstract Kripke structure that strongly
preserves . then |Py| < |A|.

2 Dams [20] uses the term ‘fine’ instead of ‘strongly preserving’.
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@ Stop Stop @

Ficure 1. A U.K. traffic light

However, given a language ¥ and a Kripke structure K where formulae of & are
interpreted, the following example shows that it is not always possible to define an abstract
Kripke structure A on the partition P such that A strongly preserves Z.

ExamPLE 2.2
Consider the following simple language .&:

P >pu=stop| go| AXXg

and the Kripke structure I depicted in Figure 1, where superscripts determine the labelling
function. K models a four-state traffic light controller (like in the United Kingdom and
in Germany): Red — RedYellow — Green — Yellow. According to the standard semantics
of AXX, we have that sE*AXXg iff for any path sys;s; ... starting from sy = s, it happens
that s;="¢. It turns out that [AXXstop] = {G, Y} and [AXXgo] = {R, RY}. Thus, we have
that Py = {{R, RY},{G, Y}}. However, let us show that there exists no abstract transition
relation —F € Py x P such that the abstract Kripke structure 4 = (P, —%, £4) strongly
preserves . Assume by contradiction that such an abstract Kripke structure A exists.
Let By ={R,RY} e Py and B, ={G,Y} e Py. Since REFAXXgo and GENMAXXstop,
by strong preservation, it must be that Bj=4AXXgo and B, =*AXXstop. Hence, necessarily,
B|—"B, (otherwise B; can never reach the state B, where the atom go holds) and B,—!'B,
(otherwise B, can never reach the state B; where the atom stop holds). This leads to the
contradiction B béAAXXgo. In fact, if —%={(B,B,),(By,B;)} then we would have
that B, béAAXXgo. On the other hand, if, instead, B;—"B; (the case B,—"B, is analogous),
then we would still have that B, #AAXXgo. Even more, along the same lines it is not hard to
show that no proper abstract Kripke structure that strongly preserves ¥ can be defined,
because even if either By or B, is split we still cannot define an abstract transition relation
that is strongly preserving for .%. |

3 Partitions as abstract domains

Let X be any (possibly infinite) set of states. Following [16, Section 5], a partition P € Part(X)
can be viewed as an abstraction of (%) as follows: any § C ¥ is over approximated by the
unique minimal cover of S in P, namely by the union of all the blocks B € P such that
BN S # B. A graphical example is depicted on the left-hand side of Figure 2. This abstraction
is formalized by a GI (ap, (), $(P)c, yp) Where:

apr(S)EBeP|BNS# P ypB)E UpesB.

Hence, any partition P € Part(¥) induces an abstract domain adP(P) € Abs(p(X)),
and an abstract domain A € Abs(gp(X)) is called partitioning when A is equivalent to
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FiGURE 2. Partitions as abstract domains: over-approximation on the left and under-
approximation on the right

ad®(P) for some partition P. Observe that the closure ad”(P)= ypoap associated
to a partitioning abstract domain is defined as ad’(P)=AS.U{Be P | BNS+# @}
Accordingly, a closure p € uco(gp(X)) that coincides with ypoap, for some
partition P, is called partitioning. We denote by AbsP*(gp(X)) and ucoP* (¢(X)) the sets of,
respectively, partitioning abstract domains and closures on (X). As noted in [17],
a surjective abstraction h:X — 4 wused in standard abstract model checking
that maps concrete states into abstract states (cf. Section 2.3) gives rise to a partitioning
Galois insertion (e, (D). p(A)c, i) where @ ST e (hs)ed|seS) and
v =AX C A{se€ X | h(s) € X}.

Partitions can be also viewed as dual abstractions when a set S is under approximated
by the union of all the blocks B e P such that BC S. A graphical example of this
under approximation is depicted on the right-hand side of Figure 2. This dual abstraction
is formalized by the GI (@p, 9(X)-, p(P)-, yp) where the ordering on the concrete domain
©(X) is given by the superset relation and

(Y BeP|BSS)  Pp(B)EUpesB.

In the following, we will be interested in viewing partitions as over approximations, that is
partitions as abstract domains of p(X)..

Thus, partitions can be viewed as representations of abstract domains. On the other hand,
it turns out that abstract domains can be abstracted to partitions. An abstract domain

A € Abs(p(X)c) induces a state equivalence =4 on ¥ by identifying those states that cannot
be distinguished by 4:

s=y48 iff a({s}) = a({s'}).
For any se X, [s], dl:ef{s’ e X | a(f{s}) = a({s'})} is a block of the state partition par(4)
induced by A4:

par(4) €{ls], | s € T).

Thus, par : Abs(gp(X)) — Part(X) is a mapping from abstract domains to partitions.

ExampLE 3.1
Let X =1{1,2,3,4} and let us specify abstract domains as uco’s on g(X). The uco’s
pr=1{0,12,3,4,1234},  wr» ={0,12,3,4,34,1234}, w3 ={0,12,3,4,34,123,124, 1234},
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g = {12,123,124,1234} and pus ={#,12,123,124,1234} all induce the same partition
P = par(u;) = {12, 3,4} € Part(¥). For example, us({1}) = us({2}) = {1,2}, ns({3}) = {1,2, 3}
and us({4}) = {1, 2, 3,4} so that par(us) = P. Observe that us is the only partitioning abstract
domain because ad®(P) = us. [ |

Abstract domains of g(X) carry additional information other than the underlying state
partition and this additional information allows us to distinguish them. It turns out that this
can be precisely stated by abstract interpretation since the above mappings par and ad® allows
us to show that the whole lattice of partitions of X can be viewed as a (‘higher-order”)
abstraction of the lattice of abstract domains of p(X).

THEOREM 3.2
(par, Abs(p(X))5, Part(X),_, adP) is a Galois insertion.

Proor. Let 4 € Abs(g(X2)) and P € Part(X) and let 4 € uco(g(X)) be the closure associated
with the abstract domain 4. Let us prove that P <par(4) & ad’(P) C .

(=) For SepX) we have to prove that adP(P)(S)C u4(S). Consider
s € ad’(P)(S). Hence, there exists some B € P such that s€ B and BNS# @. Let
q € BN S. Since P <par(4), there exists some block [r], € par(4) such that B C [r],. Thus,
for any x,y € B, o({x}) =a({r}) = a({y}), in particular, «({s}) = «({¢g}). Consequently,
since ¢ € S and therefore u4({g}) € n4(S), we have that u ({s}) = nu4({q}) < 1 4(S), so that
s € pna(S).

(<) Consider a block B € P and some s € B. We show that B C [s],, namely if 5, 5" € B
then a({s'}) = a({s”"}). Since ad®(P) C 4, if 5, 5" € B then ad®’(P)({s'}) = B C u4({s'}) so that
s € ns({s'}) and therefore p ({s"}) C us({s'}). Likewise, wu4({s'}) C u4({s”"}) so that
pa({s'}) = na({s"}) and in turn a({s'}) = a({s"}).

Finally, observe that adP is 1-1 so that the above adjunction is indeed a Galois insertion. W

Let us observe that, as recalled in Section 2.2, the adjoint maps par and ad® give rise to an
order isomorphism between the lattices (Part(X), <) and (Abs"*(p(X)), C).

COROLLARY 3.3
Let 4 € Abs(p(X)). The following statements are equivalent:

(1) A is partitioning.
(2) y is additive and {y(a({s}))},cx 1s a partition of X. In this case, par(4) = {y(a({s}))}sex-
(3) A is forward complete for the complement operator C.

Proor. Let 4 € Abs(gp(X)) and let uy = y o o € uco(gp(X)) be the corresponding uco.

(1) = (2) By Theorem 3.2, 4 € AbsP*(p(X)) iff ad®(par(4)) = A. Thus, if ad?(par(4)) = 4
then w4y =yoa 1is obviously additive. Moreover, s=45 iff o({s}) =a({s'}) iff
y(a({s})) = y(x({s'})), so that, for any se X, [s], = y(a({s})) and therefore par(4)=
{re({s))}ses-

(2) = (1) Since {y(a({s}))}sex, = P € Part(X) we have that for any s € X, [s], = y(«({s})): in
fact, if s € p(a({s})) then o({s'}) < a({s}), hence y(a({s'})) € y(a({s})) and therefore
y(a({s'})) = y(a({s})). Thus, par(4) = P. Moreover, since y is additive, for any S C X,
Usesv(@({s})) = y(Vsesa({s}) = y(a(S)) € 4. Hence, since ad”(P) = {Usesy(a({s})) | S € =}
we have that adP(par(4)) = 4.

(1) = (3) Assume that A4 € AbsP*(p(X)). It is enough to prove that for any se€ X,
C(ua({s})) € pu4: in fact, by (1) = (2), y is additive and therefore u 4 is additive (because it is a
composition of additive maps) and therefore if S € puy then S = Uz gsus({s}) so that
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C(S) = NyesC(ia({s})). Let us observe the following fact (x): for any s,5 € X,
s pna{s’h) & pna({sh) N pa({s'}) = PU; this is a consequence of the fact that, by (1) = (2),
{4({s})},ex is a partition. For any s € X, we have that C(u4({s})) € 4 because:

pnaClpads)) = ma(fs’ € | 5 & pa({s)} [by additivity of u ]
=U{pas') | 5 & ma({sh} [by the above fact (x)]
=Ufa(ts) | wafs'h 0 palsh) = 0}
=U{ua({s') | mafs’) € Clrea({s)))}
< B(rea({s))

(3) = (1) Assume that w4 is forward complete for C, i.e. u, is closed under complements.
By (2) = (1), it is enough to prove that y is additive and that {¢4({s})},ex € Part(%).

(1) y is additive. Observe that y is additive iff p 4 is additive iff w4 is closed under arbitrary
unions. If {Si};c; € w4 then U;S; = C(NC(S;)) € 14, because, 4 is closed under complements
(and arbitrary intersections).

(i) {pa({s}}sex, € Part(X). Clearly, we have that Uses i 4({s}) = X. Consider now s, r € X such
that p ({s}) N us({r}) # 0. Let us show that u,({s}) = us({r}). In order to show this, let us
prove that s € pu4({r}). Notice that 14({s}) \ na({r}) = pa({s}) N Cea({r})) € 114, because ju 4 is
closed under complements. If s & u4({r}) then we would have that s € u ({s})\ ps({r}) € 4,
and this would imply wa({s}) € pa({sh)\ na({r}) S pa({s}), namely p4({s}) = pa({sh\
uw4({r}). Thus, we would obtain the contradiction wu4({s}) N u4({r}) = @. Hence, we have
that s € u4({r}) and therefore w4({s}) € w4({r}). By swapping the roles of s and r, we also

obtain that p4({r}) € na({s}), so that pa({s}) = pa({r}). u

Let us remark that P adP o par is a lower closure operator on (Abs(p(X)), C) and that
for any A € Abs(gp(X)), A4 is partitioning iff P(4) = A. Hence, [P is exactly the partitioning-
shell refinement, namely [P(4) is the most abstract refinement of A that is partitioning.

4 Abstract semantics of languages

4.1 Concrete semantics

We consider temporal specification languages ¥ whose state formulae ¢ are inductively
defined by:

Lo¢:u=p | flgi, - »¢n)

where p ranges over a (typically finite) set of atomic propositions 4P, while f ranges over a
finite set Op of operators. AP and Op are also denoted, respectively, by APy and Opy. Each
operator f € Op has an arity® #(f) > 0.

Formulae in % are interpreted on a semantic structure S = (X, I) where X is any (possibly
infinite) set of states and 7 is an interpretation function 7 : AP U Op — Fun(p(X)) that maps
peAPtol(p) € p(X)and fe Opto I(f) : g,)()j)t(f) — (). I(p) and I(f) are also denoted by,

31t would be possible to consider generic operators whose arity is any possibly infinite ordinal, thus allowing, for
example, infinite conjunctions or disjunctions.
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respectively, p and f. Moreover, APd:ef{pep(E) | p€ AP} and Opdéf{f:p(E)ﬂf)e

p(E)d| /€ Op}. Note that the interpretation 7 induces a state labelling ¢;: ¥ — g(AP) by
(s)={p e AP | seI(p)}.The concrete state semantic function [ls: % — (%) evaluates
a formula g € & to the set of states making ¢ true w.r.t. the semantic structure S:

[rls = p and [fle1, .... e)]ls = fAeilss - [@nls)-

Semantic structures generalize the role of Kripke structures. In fact, in standard model
checking a semantic structure is usually defined through a Kripke structure I so that the
interpretation of logical/temporal operators is defined in terms of standard logical operators
and paths in K. In the following, we freely use standard logical and temporal operators
together with their corresponding usual interpretations: for example, /(A) =N, (V) =U,
I(=) = C, (EX) = pre_,, I(AX) = pre_,, etc. As an example, consider the standard semantics
of CTL:

CTLag:=plorAg | —¢ | AXg | EXe | AU(¢1,92) | EU(p1,92) | AR(91,92) | ER(¢1, ¢2)

with respect to a Kripke structure K = (X, R,¢). Hence, K determines a corresponding
interpretation I/ for atoms in AP and operators of Opcrr, namely I(AX) = pre_,,
I(EX) = pre_,, etc., and this defines the concrete semantic function [-]Jx : CTL — o(X).

If g is any operator with arity fi(g) =n > 0, whose interpretation is given by
g: (X)) — p(X), and S = (T, 1) is a semantic structure then we say that a language & is
closed under g for S when for any ¢, ...,¢, € ¥ there exists some ¥ €. such that
9([e1ls, - --»[enls) = [¥ls. For instance, if Opg includes EX and negation with their
standard interpretations, i.e. /(EX) = pre_, and I(—) = C, then .# is closed under AX with its
standard interpretation pre_, because pre_, = [ o pre_, o (. This notion can be extended in a
straightforward way to infinitary operators: for instance, ¢ is closed under infinite logical
conjunction for S iff for any ® C &, there exists some € % such that ﬂ¢e¢|[‘/7]ls = [¥]s-
In particular, let us note that if % is closed under infinite logical conjunction then it must
exist some ¥ € % such that N = T =[], namely & is able to express the tautology rrue.
Let us also remark that if the state space X is finite and % is closed under logical conjunction
then we always mean that there exists some € & such that Nl = ¥ = [y]s. Finally, note
that if % is closed under negation and (infinite) logical conjunction then .% is closed under
(infinite) logical disjunction as well.

4.2  Abstract semantics

In the following, we apply the standard abstract interpretation approach for defining
abstract semantics [14, 15]. Let ¥ be a language and S = (X,/) be a semantic structure
for . An abstract semantic structure S =(A,I%) is given by an abstract domain
A € Abs(p(X)c) and by an abstract interpretation function I¥: APU Op — Fun(A4).
An abstract semantic structure S° therefore induces an abstract semantic function
[]g : &£ — A that evaluates formulae in £ to abstract values in A. The abstract
interpretation /¢ is a correct over-approximation (respectively, under-approximation) of
Ion A when for any p € AP, y(I*(p)) 2 I(p) (respectively, y(I¥(p)) € I(p)) and for any f € Op,
yoI*(f) T I(f) oy (respectively, y o I¥(f) C I(f) o y). If I? is a correct over-approximation
(respectively, under-approximation) of [ and the semantic operations in Op are
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Ficure 3. A Kripke structure on the left and an abstract domain on the right

monotone then the abstract semantics is an over-approximation (respectively, under-
approximation) of the concrete semantics, namely for any ¢e%, y([¢ls) 2 [¢ls
(respectively, y([¢ls) < [gls)-

In particular, the abstract domain 4 always induces an abstract semantic structure
S = (4, ") where I is the best correct approximation of 7 on 4, i.e. I' interprets atoms p
and operators f as best correct approximations on A4 of, respectively, p and f; for any p € AP
and f € Op,

Fp)Eap) and 1(HEfA
Thus, the abstract domain A4 systematically induces an abstract semantic function
[Js+ : & — A, also denoted by |[~]|§, which is therefore defined by:

[pls = a(p) and [fgr. ... 0I5 = £ 00115, - - [9D5)-

As usual in abstract interpretation, observe that the concrete semantics is a particular
abstract semantics, namely it is the abstract semantics induced by the ‘identical abstraction’

(id, (%), p(%), 1d).

ExampLE 4.1

Let >¢pu=plqglr|e Ae | EXg. Let us consider the Kripke structure X = (X, — ,¢)
and the lattice 4 both depicted in Figure 3. Let S be the semantic structure induced by the
Kripke structure K so that EX = pre_ . Let us consider the formulae EXr and EX(p A ¢),
whose concrete semantics are as follows: [EXr]s = {3, 5} and [EX(p A ¢)]s = {1,2}. 4 is an
abstract domain of g(X) where the Galois insertion (o, (%), 4,y) is determined by the
following concretization map:

y(L) = 0; v(ar) = {1,2}; y(a2) = {3} y(a3) = {3,4};
]/(614) = {19293}7 ]/(615) = {33455}7 J/(T) = {1,2, 3747 5}

Note that, by Corollary 3.3, A4 is not partitioning because y is not additive: y(a2) U y(a3) =
{3,4} C{3,4,5} = y(ay Vv a3). It turns out that:

[EX/Ts = a(pre_, (Y(I115)) = a(pre_ (y(«(r)))) = a(pre_, (y(a3)))
= a(pre_ ({3,4}) = «({1,2,3,5) = T;

[EX(p A ls = a(pre (v(Ip]s A [415)) = a(pre_ (Y(a(p) A ())))
= a(pre_, (y(as A as))) = a(pre_, (y(a2))) = a(pre_, (3)) = a({1,2}) = ai.
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Observe that the abstract semantics |[EXr]|§1 is a proper over-approximation of [EXr]s
because [[EXr]]Sgy(I[EXr]Ig). On the other hand, the concrete semantics [EX(p A ¢)]s is
precisely represented in 4 because y([EX(p A q)]lg‘) = [EX(® A 9)]s- |

5 Generalized strong preservation

We showed in Section 3 how a state partition P can be viewed as a partitioning abstract
domain adP(P) specified by the GI (ap, p(X)c-, 9(P)c, yp). Thus, given a language ¥ and
a corresponding semantic structure S = (X, 1), it turns out that any partition P € Part(X)
systematically induces a corresponding abstract semantics |[-]|§ d:ef|[~]|§dp(1)) : ¥ — adP(P) that
evaluates a formula in % to a (possibly empty) union of blocks of P. Strong preservation
for a partition P can be characterized in terms of the corresponding abstract domain ad®(P)
as follows.

LeEmMmA 5.1
P € Part(%) is s.p. for Z iff Vo € Z and S C =, ap(S) C [¢ls & S C [¢ls.

Proor. (=): Let us first observe that for any g€ .%, yp(apr([¢ls)) = [¢ls: in fact, for any
s € [¢ls, @p({s}) is the block of P containing s; since P<X Py, we have that ap({s}) < [¢]s,

and from this ap([¢]s) < [¢ls and in turn yp(apr(lels)) = [¢ls-
Let us now prove by structural induction on ¢ € ¢ that [¢]s = yp(|[g0]|§):

— ¢ =p e APg4: by using the above observation, [p]s = yve(apr([pls)) = yp(|[p]|§).
— ¢ =floi.....0n):
[Aer, - o)ls =
yr(ep([flgr, ... .on)ls) =
ve(er(filleils. - - - Ienls)) =
ve(ar(fye(eils), - - ypl@ads)) =
re(lfer, ... »<ﬂn)]]§)'

by the above observation]
by definition]
by inductive hypothesis]

—_ = /=

by definition]

Now, consider any ¢eZ. If SC[¢ls then ap(S)C ap([els) = ar(vrlels) = [¢ls-
Conversely, if ap(S) < [¢]} then 5 € yp([¢]%) = [¢ls.

(«<): Consider a block Be€ P and s,5 € B so that ap({s}) = B = ap({s'}). By hypothesis,
for any ¢ € &, we have that s € [¢]s iff ap({s}) C [(p]lg iff ap({s'}) C |[<p]|§ iff s € [¢]s. Thus,
s=g 5. |

This states that a partition P € Part(X) is s.p. for & if and only if to check whether some set
S of states satisfies some formula g€ &, i.e. S C [¢]s, is equivalent to check whether the
abstract state ap(S) is more precise than the abstract semantics |[¢]|§, that is S is over-
approximated by |[<p]]§. The key observation here is that in our abstract interpretation-based
framework partitions are particular abstract domains. Lemma 5.1 allows us to generalize the
notion of strong preservation from partitions to generic abstract semantic functions as
follows.

DEFINITION 5.2
Let % be a language, S=(%,]) be a semantic structure for £ and S° = (4,I%)
be a corresponding abstract semantic structure where the GI is (o, (2)c, A<, ).
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The abstract semantics [-]g: is strongly preserving for ¥ (w.r.t. S) if for any pe &
and SC X,

a(S) < [¢ls: < S C [¢ls- u

Definition 5.2 generalizes standard strong preservation from partitions, as
characterized by Lemma 5.1, both to an arbitrary abstract domain A € Abs(p(X))
and to a corresponding abstract interpretation function 7°. Likewise, standard weak
preservation can be generalized as follows. Let K =(X,R,¢) be a concrete
Kripke structure that induces the concrete semantics [¢]c = {s € X | s ¢}. Let h: ¥ — A4
be a surjective abstraction and let (o, g(X), (A4), y,) be the corresponding partitioning
abstract domain. Let A= (A4,R"*¢*) be an abstract Kripke structure on A
that gives rise to the abstract semantics [¢], = {a € 4 | a="¢}. Then, A weakly preserves
% when

Vo e LNVNSCE au(S) Slols = S < lolk

Hence, weak preservation can be generalized to generic abstract domains and abstract
semantics accordingly to Definition 5.2.

5.1 Strong preservation is an abstract domain property

Definition 5.2 is a direct and natural generalization of the standard notion of strong
preservation in abstract model checking. It can be equivalently stated as follows.

Lemma 5.3
[1s: is s.p. for £ iff for any ¢ € .2, [¢ls = v([¢ls:)-

ProOF. (=) On the one hand, y([¢ls:) < [¢]s iff a(v([¢ls:)) < [¢ls: iff [¢ls: < [¢]s:, which
is trivially true. On the other hand, [¢]s € y([¢ls:) iff a([¢ls) < [¢ls: iff [¢ls < [¢ls, that is
trivially true.

(<) We have that S C [¢]s iff S € y([¢ls:) iff a(S) < [¢ls:- u

In particular, it is worth noting that if [-]s: is s.p. for & then [-]s: = @ o [-]s holds.

LemmA 5.4
Let A € Abs(p(X)).

(1) Let 8¢ =(4,1* 1) and S%=(4, 12) be abstract semantic structures on 4. If [- ]IS(: and |[]|‘S
are both s.p. for & then ”s = I[]]Su

(2) Let S* = (A4, I%) be an abstract semantic structure on A. If []s: is s.p. for £ then [-]4 is
s.p. for &.

Proor. (1) By Lemma 5.3, for any g € £, y(l[fp]lsj) = [o¢ls = y(l[go]lsn) so that, by applying «,
[¢ls: = a(v(lvls)) = allels) = a(v(l¢ls)) = |[</>]]3u

(2) Let wus 'first observe that for any ¢e¥, y(alels) =l¢ls. In  fact,
y(alels)) € lels & a(velels) < lels: & allels) < [¢ls: < [¢ls < [¢ls. As a conse-
quence of this fact, by structural induction on ¢€.%, analogously to the proof
of Lemma 5.1, it is easy to prove that y(|[g0]|§) = [¢ls. Thus, by Lemma 5.3, |[~]|g«1 is s.p.
for 2. |
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Thus, it turns out that strong preservation is an abstract domain property. This means that
given any abstract domain A4 € Abs(gp(X)), by Lemma 5.4 (2), it is possible to define an
abstract semantic structure S* = (4, I¥) on A4 such that the corresponding abstract semantics
[1s: is s.p. for & if and only if the induced abstract semantics |[~]|§ ¥ — Ais s.p. for Z.
In particular, this also holds for the standard approach: if A = (4, R%, ¢%) is an abstract
Kripke structure for ., where /i : ¥ — A is the corresponding surjection, then the standard
abstract semantics [-] 4 strongly preserves . if and only if the abstract semantics induced by
the partitioning abstract domain («;, (), g(A), y5) strongly preserves %, and in this case, by
Lemma 5.4 (1), this abstract semantics coincides with the standard abstract semantics [-] 4.
Strong preservation is an abstract domain property and therefore can be defined without loss
of generality as follows.

DEFINITION 5.5

An abstract domain A4 € Abs(g(X)) is strongly preserving for & (w.r.t. a semantic structure S)
when |[~]|f91 is s.p. for & (w.r.t. §). We denote by SP ¢ C Abs(p(X)) the set of abstract domains
that are s.p. for .%. |

ExAMPLE 5.6
Let us consider Example 4.1. It turns out that the abstract domain 4 is not s.p. for . because,
by Lemma 5.3, [EXr]s = {3.5} C{1,2,3,4,5} = ¢(T) = y(|[EXr]|§). |

ExampLE 5.7

Let us consider the simple language £ 3 ¢ ::= p | EX¢ and the Kripke structure I depicted in
Figure 4. The Kripke structure I induces the semantic structure S = ({1,2, 3}, ) such that
I(p) = {1,2,3} and I(EX) = pre_,. Hence, we have that [p]s = {1, 2, 3}, [EXp]s = {1, 2,3} and,
for k > 1, [EX*p] s = {1,2,3}. Let us consider the partitioning abstract domain 4 induced by
the partition P = {[12],[3]} and related to gp(X) by « and y. Let us consider two different
abstract semantic structures on A.

— The abstract semantic structure S* = (4, ) is induced as best correct approximation
of I by A.

— The abstract semantic structure S* = (4,J4) is instead induced by the abstract
Kripke structure A= (4, —%,¢%) in Figure 4. Hence, I(p)={[12],[3]} and
F(EX) = pre_..

S* is different from S* because IY(EX)# I*(EX). In fact, I(EX){[12]}) = a(pre_,
(v[121))) = a(pre_. ({1,2}) = a({1}) = {[12]}, while FAEX)({[12]}) = pre_:({[12]}) = #.
Let us show that both the abstract semantics |[~]|g~1 and [-]s: are s.p. for &Z.

— We have that [p]§ = {[12]. 3]}, [EXpl4 = a(pre_, ({1,2,3})) = «({1,2,3}) = {[12]. [3]} and,
for k > 1, [EX*pla = {[12],[3]}. Thus, for any g€ £, [¢ls = v([¢l3).

— We have that [p]g« = {[12], 3]}, [EXpls4 = pre_:({[12],[3]}) = {[12],[3]} and, for k > 1,
[EX*plgs = {[12],[3]}. Thus, for any g€ L, [¢ls = y([@]s)-

Consequently, by Lemma 5.3, both abstract semantics are s.p. for &. |

5.2 The most abstract strongly preserving domain

As recalled in Section 2.3, a language ¥ and a semantic structure S for & induce
a corresponding logical partition Py € Part(X). By Lemma 5.1, it turns out that P is the
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FiGURre 4. A Kripke structure K on the left and an abstract Kripke structure A on the right

coarsest strongly preserving partitioning abstract domain for . This can be generalized to
arbitrary abstract domains as follows. Let us define AD by:

AD» ¥ M({lgls | g € 2.

Hence, AD g is the closure under arbitrary intersections of the set of concrete semantics
of formulae in .. Observe that AD ¢ € Abs(p(X)) because it is a Moore-family of p(X).

THEOREM 5.8
For any 4 € Abs(p(X)), 4 € SPy iff A ©T AD .

Proor. Let u = yoa € uco(p(X)) and let g € uco(p(X)) be the uco associated to AD g,
thatis o (S) = N{lels | ¢ € £, S C [¢ls} Recall that 4 E AD ¢ iff for any p € &, [¢]s € 1.
(=) For any ¢e%, we have that p(a([¢ls)) =[¢ls because, by Lemma 5.3,

v(a(l¢ls) = ve(r[¥]9) = vIel) = [¢ls.
(<) By hypothesis, y(a([¢ls)) = [¢ls for any ¢ € ¥. Let us show by structural induction

on g€ & that [¢ls = y([¢]2).

~ ¢ =p € APy: by using the hypothesis, [pls = yp(er(Ipls) = v([P12)-
—o=fle1,..., o)

A1, ...00)]s = [by hypothesis]
y(e([f(i, - . ..on)ls)) = [by definition]
y(e(flleils, - - - lenls))) =  [by inductive hypothesis]
Y (vleil?), . . . ¥([al5)) = [by definition]
V(L figrs . D3

Thus, by Lemma 5.3, 4 € SPg. |

Thus, AD 4 is the most abstract domain that is s.p. for ¥ w.r.t. S. As a consequence,
it turns out that A is s.p. for % if and only if A represents with no loss of precision the
concrete semantics of any formula in %, that is Vg € Z. y(a([¢ls)) = [¢ls. Lemma 5.4 states
that if a s.p. abstract semantics on a given abstract domain exists then this is unique.
Nevertheless, Example 5.7 shows that this unique s.p. abstract semantics may be induced from
different abstract semantic structures, i.e. different abstract interpretation functions.
However, when & is closed under conjunction, it turns out that on the most abstract s.p.
domain AD g, the abstract interpretation function is unique and is given by the best correct
approximation /AP,

THEOREM 5.9
Let % be closed under infinite logical conjunction and let S* = (ADg, %) be an abstract
semantic structure on ADg. If [-]g: is s.p. for & then ¥ = JAP~,
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Proor. Since ¥ is closed under arbitrary logical conjunctions we have that
ADy ={l¢ls | ¢ € &}. Thus, for any a € ADgy, there exists some @€ such that
a=lels: = |[<p]|§D“. In fact, if a € ADy then a =[¢]s, for some g%, so that, by
Lemmata 5.3 and 5.4, a = [¢]s = y(l¢ls:) = [els: = lels .

Let p € AP. Then, by Lemma 5.4, [pls: = [pls"* so that I*(p) = I*P<(p).

Let f'€ Op. Then,

I*(f)ai,...,a,) = [by the observation above]
I*(N(Igils - - - Iedds) = [by definition]
[foi,....0n)]ls: = [by Lemma 5.4]
|[f(§01,~--’<ﬂn)]|§D“ = [by definition]
PP (O[], .. [eadsP?) = [by the observation above]
P (f)ay, . .. a,).
Thus, [* = [P, -

Hence, there is a unique choice for interpreting atoms and operations of % for the most
abstract s.p. domain AD .

In our generalized framework, strong preservation for partitions becomes a particular
instance through the Galois insertion par/adP. Moreover, when % is closed under infinite
conjunction, it turns out that the most abstract s.p. domain AD ¢ is partitioning if and only if
£ is also closed under negation.

ProrosiTioN 5.10

(1) Py =par(ADg) and ad?(Py) = P(ADy).

(2) P is strongly preserving for & iff P<par(ADg) iff ad’?(P) C ADg.

(3) Let & be closed under infinite logical conjunction. Then, AD ¢ is partitioning iff # is
closed under logical negation.

PRrooFr.

(1) Let pg €uco(p(X)) be the wuco associated to ADg. We have that
par(ADg¢) = {[slap, | s € Z}, where [s]ap, ={s' € T | ug({s') = ne({sh}. We also
have that s=g¢ s iff Vpe Lselpls & s €lels iff ne({s}) =pner({s}), so that
Py = par(AD ). Moreover, ad’(Py) = ad®’(par(AD¢)) = P(AD ).

(2) P is s.p. for & iff P<Py iff, by Point (1), P<par(4y) iff, by Theorem 3.2,
ad’(P) C ADg.

(3) Since & is closed under infinite logical conjunction, AD ¢ = {[¢]s | ¢ € £}. Thus, & is
closed under logical negation iff AD ¢ is closed under complementation C and this exactly
means that AD ¢ is forward complete for the complement C. By Corollary 3.3, this latter
fact happens iff AD ¢ is partitioning. |

In particular, when % is closed under infinite conjunction but not under negation, it turns
out that ad’(Py) = ADg, i.e. a proper loss of information occurs when the domain AD ¢
is abstracted to the partition par(ADg¢) = Py. On the other hand, when & is closed
under negation and infinite conjunction, we have that ad’(P¢) = ADg and therefore,
by Theorem 5.9, the abstract interpretation function on the partitioning abstract domain
adP(Py) is uniquely determined.
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ExAmPLE 5.11
Let us consider the traffic light controller K in Example 2.2. As already observed, formulae of
% have the following semantics in :

[stopli = (R, RY}; [golx = {G, Y}, [AXXstople = {G, Y}; [AXXgo] = {R, RY}
so that
ADgy = M({l¢lx | ¢ € £}) = {#.{R,RY},{G, Y},{R,RY,G, Y}}

and Py = par(AD¢) = {{R, RY}, {G, Y}}. We denote by uy the uco associated to AD . As
shown in Example 2.2, it turns out that no abstract Kripke structure that properly abstracts /C
and strongly preserves . can be defined. In our approach, the abstract domain AD ¢ induces
a corresponding strongly preserving abstract semantics |[-]|2D~“’ : ¥ — ADg, where the best
correct approximation of the operator AXX : p(X) — ©(X) on AD gy is:

ny o AXX = {f—> f.{R, RY}—{G, Y}.{G, Y}>{R, RY},
{R,RY,G,Y}—{R,RY,G,Y}}. [

ExamPpLE 5.12

Consider the language CTL and the Kripke structure I = (X, R, ¢) depicted in Figure 5,
where the interpretation of temporal operators of CTL on I is standard. It is well known that
the coarsest s.p. partition Pcrp can be obtained by refining the initial partition P = {1234, 5}
induced by the labelling ¢ through the Paige—Tarjan [44] algorithm, since Pcty, coincides with
bisimulation equivalence on /. It is easy to check that Pcrp = {12,3,4,5}. This partition
determines (see point (2) in Section 2.3) the s.p. abstract Kripke structure depicted in Figure 5.
Since CTL is closed under conjunction and negation, by Proposition 5.10 (1) and (3), it turns
out that the most abstract s.p. domain Act is partitioning and coincides with the following
partitioning closure:

adP(Per) = {0, 12,3,4,5,34,35, 45,122, 124, 125, 345, 1234, 1235, 1245, 12345).

Let us now consider the following language ¥ > ¢:=p| q| @1 A¢2 | EFp 29, where
EFjo,7 is a time bounded reachability operator that is useful for quantitative temporal
analysis [25], e.g. of discrete real-time systems [10, Chapter 16]. The standard interpretation of
EFjo,2) is as follows: s|:’CEF[0, 21¢ iff there exists a path sos1s253 . .. in IC starting from s = so and
some 7 € [0,2] such that s,= ¢. Let us characterize the semantics of formulae in Z:

I[p]I/C - {1’2a3:4}a I[CI]])C - {S}a |[EF[0,2]P]|}C = {]727374a5}a
[EFp0, 29l = {3.4,5);  [EFj0,2(EFj0, 991 = {1,2,3,4,5};
[» A EFpo, 29l = {3.4};  [EFj0,2(p A EFpo,29)]c = {1,2,3,4,5}.

Thus, ADy = M{[¢lc | ¢ € Z}) = {4,5,34,345,1234,12345}. On the other hand, by
Proposition 5.10 (1), Py =par(ADg¢) ={12,34,5}. In this case, it turns out that
adP(Py)C ADgy. Moreover, analogously to Example 2.2, let us show that there exists no
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FiGure 5. Concrete (on the left) and abstract (on the right) Kripke structures

-‘:—

abstract transition relation —"C Py x Py that determines an abstract Kripke structure
A= (Py, =% ,Ly) which strongly preserves &. Let B={1,2}, B ={3,4} and B” = {5} be
the blocks in P». Assume by contradiction that such an abstract Kripke structure A exists.

(i) On the concrete model K we have that 3EYEF|g 5)¢. Thus, by strong preservation, it must
be that B'=*EF|p 5g. On the other hand, if B —% B and B —* B” then BE=*EFy »¢
and therefore, by weak preservation, we would have that 1|:KEF[0,2]q, which is a
contradiction. Thus, necessarily, B —% B,

(i) Let us observe that 1ENEF)EF2¢. Hence, by strong preservation,
BEAEF|,2EF|.2¢. If B—? B’ then, as in point (i), we would still have that
II:’CEF[O, 219, i.e. a contradiction. Hence, necessarily, B —* B'.

(iii) From B —* B and B' —¥ B”, we would obtain that BEAEF|g 5 that, as observed in
point (ii), is a contradiction.

Thus, this shows that it is not possible to define an abstract Kripke structure on the abstract
state space P o that strongly preserves .. The abstract domain AD ¢ induces a corresponding
abstract semantics |[~]IQD“ that instead strongly preserves .#. In this case, the best correct
approximation of the operator EFjy o) on ADg is:

ny o EFp 2 = {#— 0,5+ 345,34+ 12345, 345 — 12345, 1234+ 12345, 12345+ 12345}.
|

6 Strong preservation and completeness

In this section we establish a precise correspondence between generalized strong preservation
of abstract models and completeness of abstract interpretations, so that the problem of
minimally refining an abstract model in order to get strong preservation can be formulated as
a complete domain refinement in abstract interpretation.

6.1 Forward complete shells

Let us consider forward completeness of abstract domains 4 € Abs(C) for generic n-ary
concrete operations f: C" — C, with n>0. Hence, 4 is forward complete for f, or simply
f-complete, when fo (uy, ..., pu4) =pg0f0 (fu, ..., 1uy), that is, for any xe C”",
Fua(x1), ooy pa(xn) = ma(f(uag(xr), ..., mwa(xy))). Equivalently, 4 is f-complete when for

any dae A", f(y(a),...,y(@) = y(@(f(y(ar), ..., y(ay))). For a set of operations
FC Fun(C), A is F-complete when A4 is f-complete for each fe€ F. Observe that

F-completeness for an abstract domain 4 means that the associated closure w4 is closed
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under the image of functions in F, namely F(i4) € 4. Also note that when k : C° — C, i.e.
k € Cis a constant, A is k-complete iff k is precisely represented in 4, i.e. y(a(k)) = k. Let us
also note that an abstract domain 4 € Abs(C) is always forward meet-complete because any
uco is Moore-closed.

Let us first note that forward F-complete shells always exist. Let & : Abs(C) — Abs(C) be
defined as %r(A) = |_|{X € Abs(C) | XE 4, X is F-complete}.

LeEmma 6.1
S 1{A) is the F-complete shell of A.

Proor. Let n=u{p€uco(C) | pC uy, pis F-complete} = N{p e uco(C) | pC uy, p is
F-complete}. Let fe F, with 8(f)=n> 0 (if #(f) =0 then, trivially, fe n) and ¢ e n".
Consider any p € uco(C) that is F-complete and such that p C u. Since n € p, we have that
¢ € p" and therefore f(¢) € p because p is F-complete. Thus, f(¢) € n, i.e. n is F-complete.

A forward complete shell &r(4) is a more concrete abstraction than A. How to
characterize % (A)? It is here useful to view abstract domains as closure operators on the
concrete domain, i.e. as subsets of C. Hence, 4 is viewed as the subset img(ut4) = y(A) of the
concrete domain C so that & (A4) can be characterized as the least Moore-closed subset of C
that contains img(u 4) and is forward F-complete. We need to characterize the least amount of
concrete information that must be added to y(A4) in order to get forward completeness.
It turns out that forward complete shells admit a constructlve fixpoint characterization.
Let F*° : uco(C) — uco(C) be defined as follows: F u‘°°(;o) M(F(p)) namely F'°(p) is the
most abstract domain that contains the image of F on p. Observe that the operator
Ap.itg MF"(p) 1 uco(C) — uco(C) is monotone.

LeEMMA 6.2
L1 (A) = gfp(p.pis 1 F*(p)).

Proor. Observe that a uco p is F-complete iff F(p) C p iff M(F(p)) = F"(p) C p iff
pC F"(p). Thus, we have that Y p(A4)=U{p € uco(C)| pC uy,pis F-complete} =
peuco(C) | pC uy, pC F*"(p)} =U{p €euco(C) | pC uy N F*(p)} and this last lub is
precisely the greatest fixpoint gfp(Lp.u 4 11 F'°(p)). |

Thus, it turns out that the lower iteration sequence of Ap.u 4 M F"°(p) in uco(C) converges
to the complete shell S f (1 ).

ExAMPLE 6.3

Let us consider the square operator on sets of integers sq:p(Z) — o(Z), i.e.
sq(X) = X? = {x? | x € X}, and the abstract domain Sign = {#,Z_,, {0}, Z.,, Z}. As observed
in Section 2.2.2, Sign is not forward complete for the square operator. Let us apply
Lemma 6.2 in order to compute the forward complete shell ¥q(Sign). Observe that

#* = p e Sign; {0}’ = (0} € Sign; Z%, =272, =7 ¢ Sign.

Thus, the first step of iteration refines Sign to Sign U {Z} (notice that this is an abstract
domain because it is Moore-closed). Then, (Z%)* = z* ¢ Sign U {Z?}, so that on the second
step of iteration we obtain Sign U {Zz,Zzz}. In general, for n> 1, the n-th step of iteration
provides Sign U {sz | k € [1,n]}, so that the complete shell #q(Sign) coincides with the least
fixpoint Sign U{Z* | n > 1}. |

Finally, the following easy observation will be useful later on.
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LeEmma 6.4
Let F, G € Fun(C). Then, ¥ = ¥ if and only if for any 4 € Abs(C), A is F-complete < A4 is
G-complete.

Proor. (=) If 4 is F-complete then 4 = ¥ (A) = F3(A) and therefore A is G-complete as
well.

(<) This follows from Yp(A4A)=u0{X e Abs(C)| XC 4, X is F-complete} = L{X €
Abs(C) | X C 4, X is G-complete} = L ;(A). [ |

6.2 Strong preservation and complete shells

Let & be a language with atoms in APy and operators in Ope and let S=(X,]) be a
semantic structure for % so that AP, and Op , denote, respectively, the corresponding sets of
semantic interpretations of atoms and operators. It turns out that forward completeness
for APy and Op ., implies strong preservation for &.

LeEmMA 6.5
If 4 € Abs(p(X)) is forward complete for APy and Op, then A4 is s.p. for Z.

Proor. By Theorem 5.8, it suffices to show that 4 £ AD . Let us show by induction that for
any g € Z, [¢ls = y(a([¢ls))-

— ¢=pe APy since A is forward complete for p, [pls = p = y(a(p)) = y(([pls)).
—¢=Mer1,....0,) With f € Opg:
[Algi, ..., 00)]s = [by definition]
Sfeils, --->leads) = [by inductive hypothesis]
Sfya(eils)), -- .. v(e(leals)) = [since A is forward complete for f]
y(e(fiy(a([eils)), - - -, y(a(lenls))))) = [by inductive hypothesis and by definition]
ya(fer, ... onls))-

On the other hand, the converse is not true, that is strong preservation does not imply
forward completeness, as shown by the following example.

EXAMPLE 6.6

Let us consider again Example 5.7 where we showed that the partitioning abstract domain
A= p(P)c is s.p. for Z. However, A4 is not forward complete for Op, = {pre_ }. In fact:
y(e(pre_, (y(a({31))))) = y(a(pre_, ({3}))) = (e({2,3})) = {1,2,3}  while pre_, (y(«({3}))) =
pre_ ({3}) = {2,3}. |

Instead, it turns out that most abstract s.p. domains can be characterized as forward
complete shells.

6.2.1 Complete shells as strongly preserving abstract domains

Partition refinement algorithms for computing behavioural equivalences like bisimulation
[44], simulation equivalence [5, 37, 50] and (divergence blind) stuttering equivalence [33]
are used in standard abstract model checking to compute the coarsest strongly preserving
partition of temporal languages like CTL* or the pu-calculus for the case of
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bisimulation equivalence, ACTL* for simulation equivalence and CTL*-X for stuttering
equivalence.

Given a language ¥ and a concrete state space X, these partition refinement algorithms
work by iteratively refining an initial partition P within the lattice of partitions Part(X)
until the fixpoint P is reached. The input partition P determines the set 4Pp of atoms and
their interpretation /p as follows: APp d:ef{pg | B € P}and Ip(pp) '8 More in general, any
X C p(X) determines a set {py}ycy of atoms with interpretation /y(py) = X. In particular,
this can be done for an abstract domain A € Abs(g(X)) by considering its concretization
y(A) C 3, namely A4 is viewed as a set of atoms with interpretation /4(a) = y(a). Thus, an
abstract domain 4 € Abs(gp(X)) together with a set of functions F C Fun(p(X)) determine a
language % 4 r, with atoms in A4, operations in F and endowed with a semantic structure
Sar=(2,14UIp) such that for any a € A4, I4(a) = y(a) and for any fe F, Ir(f)=/.
Therefore, the most abstract s.p. domain ADy,, defined in Section 5.2 generalizes in our
framework the output of a partition refinement algorithm for some language. Accordingly,
we aim at characterizing AD ¢, , as the output of a refinement process of the initial domain 4
within the lattice Abs(p(X)) of abstract domains. The following result shows that forward
completeness for the operations in F'is the right notion of refinement to be used for the case of
abstract domains.

THEOREM 6.7
Let 4 € Abs(g(X)), F C Fun(gp(X)) and assume that %4 r is closed under infinite logical
conjunction. Then, AD g, , = S r(A).

Proor. Since £ 4 r is closed under conjunction we have that AD¢, , = {l¢ls, , | ¢ € L4 F}
Let us first prove that {[¢ls, , | ¢ € L4 r} S S F(A) by structural induction on ¢ € L4 f:

~y=acdlds,, = 1i(a) = y(@) e p(A) € Sr(4).
- @ Ef(gﬂl, s 5(»011) with fe F: I[f(gola s 5g0n)]]SA<F :f(lkpl]ISAyp’ RN} |[§0n]|s,,,F), Wherea by
inductive hypothesis, [¢i]s, , € ¢ F(A4). Therefore, since Sr(A) is forward f-complete,

we have that f([¢ils, ,» -+ [euls, ) € L r(A).

Let us now prove the opposite inclusion. Let us first observe that ADgy,, is forward
F-complete. For simplicity of notation, consider f € F with #(f) = 1. If [¢]ls, , € ADg, ,,

where ¢ € £ p, then, f(¢) € L4 r and f([¢ls, ) = [/ (@)s, , € ADg, .
By Lemma 6.2, we know that % (A4) = MNgeord(Ap.prq M M(F(p)))“’i("l’uco(p(z))), so that it is
sufficient to prove by transfinite induction on « € Ord that

()‘p-/'LA n M(F(p)))a’l(Tuco(p(Z))) - AD,([A.F.

— o= 0: (Ap.ps TMEE)* (T ucolpx)) = Tucopzy = {Z} € (4) S ADgy, ,.

— a+ 1: By inductive hypothesis, (Ap.puy M M(F(p)))“’i(Tuco(p(z))) € ADgy,,. Moreover,
ADg,, is Moore-closed and forward F-complete (hence closed under F). Thus,
MEGp.pia 1 MEFO)**(Tucoiozn)) € ADig, . namely  (hp.peg N M(EF(p)*
(Tuco(p(z)) € ADw, -

— limit ordinal «: This follows from

(p-tta T M) (T ucotors)) = Mp<arp-tta T MEPD) (T uco(eiz))

because, by inductive hypothesis, (Ap.u4 M M(F(p)))ﬂ’l(—l—uco(p@))) CADg,,, for any
B <. |
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6.2.2 Strongly preserving abstract domains as complete shells

Let us consider a language ¢, with atoms in 4Py and operators in Op,, and a semantic
structure § = (X, /). As an immediate consequence of Theorem 6.7, the most abstract s.p.
domain AD 4 for % w.r.t. S can be characterized as the forward AP, U Op ,-complete shell
of the most abstract domain {X}.

COROLLARY 6.8
Let & be closed under infinite logical conjunction. Then, AD ¢ = % 4p,u0p,({Z}).

Let us also observe that ADg can be equivalently characterized as the forward
Op o-complete shell of an initial abstract domain M(APy) induced by atoms:
ADgy = Y0y, (M(APy)).

6.2.3 Strongly preserving partitions

Theorem 6.7 and Corollary 6.8 provide an elegant generalization of partition refinement
algorithms for strong preservation from an abstract interpretation perspective.

Given a language % with operators in Opg, and a corresponding semantic structure
S = (%, 1), as recalled in Section 6.2.1, an input partition P € Part(X) for a partition refine-
ment algorithm determines the set APy = {pp | B € P} of atoms of .¥ and their interpretation
I(pp) = B. Thus, M(APy) = M(P) = P U {@, Z}. It turns out that the coarsest s.p. partition
Py for ¥ can be characterized in our abstract domain-based approach as follows.

COROLLARY 6.9
Let ¢ be closed under infinite logical conjunction.

(1) Py = par(¥gp, (M(P))).
(2) Let £ be closed under logical negation. Then, ad’(P¢) = % gy, (M(P)).

Proor. (1) By Corollary 6.8, ADg =Ygy, (M(P)) and by Proposition 5.10 (1),

Py = par(ADy) = par(¥gp, (M(P))).

(2) By Proposition 5.10 (1) and (3), Corollary 6.8 and point (1),

ad?(Py) = adP(par(AD ¢)) = ADy = L gp,,(M(P)). |
It is worth remarking that when .% is not closed under negation, by Proposition 5.10 (3) and

Corollary 6.9 (2), it turns out that ad’(P¢) = ¥ gp,,(M(P)). This means that when & is not

closed under negation the output partition Po of any partition refinement algorithm for
achieving strong preservation for . is not optimal within the lattice of abstract domains.

ExampLE 6.10

Let us consider the language ¥ and the concrete Kripke structure K in Example 5.12.
The labelling determines the initial partition P = {p = 1234,4 = 5} € Part(¥), so that
M(P) = {f,1234,5,12345} € Abs(p(X)). Here, Opy, = {A,EFjo,2}. Abstract domains are
Moore-closed so that S¢,, = LEF, - Let us compute S g, ,, (M(P)).

Ay = M(P) = {f, 1234, 5, 12345)
Ay = Ao N M(EF,5(49)) = M(A4o U EFjg,2(Ao))

— M({f, 1234, 5,12345) U (EFy 5 ({5)) = 345)) = {0, 5. 34, 1234, 12345)
A, = A4, (fixpoint)
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As already observed in Example 5.12, Py = {12,34,5} is such that adP?(Py)C ue and it
is not possible to define a strongly preserving abstract Kripke structure on the abstract
space Pg. |

7 An application to some behavioural equivalences

It is well known that some temporal languages like CTL, ACTL and CTL-X induce state
logical equivalences that coincide with standard behavioural equivalences like bisimulation
equivalence for CTL, (divergence blind) stuttering equivalence for CTL-X and simulation
equivalence for ACTL. Also, these behavioural equivalences can be computed through
well-known coarsest partition refinement algorithms like those by Paige and Tarjan [44],
Groote and Vaandrager [33] and Henzinger ef al. [37]. We derive here a novel characterization
of these behavioural equivalences and corresponding algorithms in terms of forward
completeness of abstract interpretations.

7.1 Bisimulation equivalence

Let £ = (2, —, ¢) be a Kripke structure over some set AP of atomic propositions. A relation
R C ¥ x ¥ is a bisimulation on K if for any s, € X such that sRs":

(1) &s) = £(s);
(2) For any ¢ € X such that s — ¢, there exists 7 € X such that s’ — ¢ and tR{’;
(3) §'Rs, i.e. R is symmetric.

Since the empty relation is a bisimulation and bisimulations are closed under union,
it turns out that the largest (as a set) bisimulation relation exists. This largest bisimulation
is an equivalence relation called bisimulation equivalence and is denoted by ~pis while
Pyis € Part(X) denotes the corresponding partition. Thus, a partition P € Part(X) is a
bisimulation on /I when P < Py.

It is well known [4] that when K is finitely branching, bisimulation equivalence coincides
with the state equivalence induced by CTL, i.e. Pys = PcrL (the same holds for CTL* and the
u-calculus, see e.g. [20, Lemma 6.2.0.5]). Moreover, it is known (see e.g. [51, Section 12]) that
it is enough to consider finitary Hennessy-Milner logic [36], i.e. a language % including
propositional logic and the existential next operator in order to have that Py, = Ppj:

Liseu=plo A | ~p | EXgp

where, as usual, the interpretation EX of EX in K is pre_,. A number of algorithms for
computing bisimulation equivalence exists [3, 24, 40, 44]. The Paige-Tarjan algorithm [44]
runs in O(]—]log(]Z]))-time and is the most time-efficient algorithm that computes
bisimulation equivalence.

We recalled above that Py, = Pcri. In our framework, this can be obtained as a
consequence of the fact that the most abstract s.p. domains for CTL and ¥ coincide.

LemmA 7.1
Let IC be finitely branching. Then, ADct. = AD g, = adP(Pyj).

Proor. Let Opcrp = {N, C,AX,EX, AU, EU, AR, ER} be the set of standard interpretations of
the operators of CTL on K, so that AX = pre_, and EX = pre_, . We show that u € uco(p(X))
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is forward complete for Opepy iff w is forward complete for {C,pre_ }. Assume that p is
forward complete for {C, pre_, }. Let us first prove that p is forward complete for pre_, = AX:

mopre, opu = [by definition of pre_, ]

wolopre, olou= T[as uis complete for (]
wolopre, opolopu= T[as uis complete for pre_ ]

nwolopmwopre, opolopw= [as uis complete for C]
Comopre, opolopu= T[as uis complete for pre_ ]

Copre,opuolom= [as u is complete for (]

Copre, oCou= [by definition of pre_, ]

pre_, o

The following fixpoint characterizations are well known [10]:

— AU(S1,S,) = Ifp(AZ.S, U (S| N pre_, (2)));
— EU(S, S7) = p(AZ.S, U (S| Npre_, (Z2)));
— AR(S1, $) = gfp(AZ.S> N (S U pre_, (2)));
ER(S), $2) = gfp(AZ.S> N (S1 U pre_,(2))).

Let us show that w is forward complete for AU. The proofs for the remaining operators
in Opcrp are analogous. We need to show that p(Ifp(AZ.u(S2) U (u(S)) N pre_, (2)))) =
Ifp(AZ.11(S2) U (u(S1) N pre_ (Z))). Let us show that u is forward complete for the function
AZ.u(S2) U (u(S1) N pre_, (2)):

n(e(S2) U (1u(S1) N pre_, (u(2)))) =  [as u is complete for pre_, ]
p(1e(S2) U (u(S1) N p(pre_, (u(£))))) =  [as w is complete for N]
w(1a(S2) U p(u(S1) N p(pre_, (u(2))))) =  [as w is complete for U]
1(S2) U u(e(S1) N p(pre_, (u(2) = [
w(S2) U (1u(S1) N p(pre_, (w(2))) = [

[1(S2) U (u(S1) Npre_, (u(2))).

as pu is complete for N]

as u is complete for pre_, |

Observe that since w is additive (and therefore continuous) we have that wu(d) = 0.
Moreover, let us show that from the hypothesis that K is finitely branching it follows that
pre_, is continuous. First, notice that pre_, is continuous iff pre_, is co-continuous. Hence,
let us check that pre_, is co-continuous. Let {X;},cyy be a decreasing chain of subsets of X
and let x € N;enpre_, (X;). Since K is finitely branching, post_, ({x}) is finite so that there exists
some k € N such that for any j > 0, post_, ({x}) N X = post_ ({x}) N Xx4;. Hence, there exists
some z € NjenX; N post_, ({x}), so that x € pre_ (N;enX;). Therefore, since pre_, is continuous
we also have that AZ.u(S>)U (u(S)) Npre_ (Z)) is continuous. We can therefore apply
Lemma 2.1 so that u(Ifp(AZ.u(S2) U (w(S1) N pre_, (2)))) = Up(AZ.11(S2) U (11(S1) N pre_, (2))).

Thus, by Lemma 6.4, SL(Cprey = L Opery» SO that, by Corollary 6.8, ADy, = ADcry.
Finally, since K is finitely branching and ¥, is closed under conjunction and negation,
adP(Pg,) = adP(Pys) = ad?(Py,) = ADgy,. |
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As a consequence of this and of the results in Section 6 (in particular of Corollary 6.9),
any partition refinement algorithm Algy;, for computing bisimulation equivalence on
a finitely branching Kripke structure, like those in [3, 24, 40, 44], can be characterized
as a complete shell refinement as follows:

Algpis(P) = par(‘y{ﬂ,pre%](M(P)))-

Thus, Algys is viewed as an algorithm for computing a particular abstraction, that is par,
of a particular complete shell, that is ¢ ... ;. In particular, this holds for the Paige-Tarjan
algorithm [44] and leads to design a generalized Paige-Tarjan-like procedure for computing
most abstract strongly preserving domains [47].

Finally, our abstract interpretation-based approach allows us to give the following nice
characterization of bisimulation for a partition P in terms of forward completeness for the
corresponding partitioning abstract domain adP(P).

THEOREM 7.2
Let P € Part(X). Then, P is a bisimulation on K iff adP(P) is forward complete for

p|peAPyUfpre,}.

Proor. We view adP(P) as a uco so that adP(P) = {U;B; € p(X) | {B;} C P}. Let us first
observe that P =< P, iff adP(P) is forward complete for {p C = | p € AP}. On the one hand,
sincep={se X |pels) ifsepandse B, for some B e P, then B C [s], € p. Hence, p is
a union of some blocks of P and therefore p € adP(P). On the other hand, if ad’(P) contains
{p € X | p e AP} then, for any p € AP, p is a union of some blocks in P. Thus, for any B € P,
either B C p or BN p = @. Consequently, if s € B then B C [s], € P,.

Let us now note that adP(P) is forward complete for pre_, iff for any block B € P, pre_, (B)
is a (possibly empty) union of blocks of P: this holds because pre_, is additive, and therefore if
{B;} € P then pre_, (U;B;) = U;pre_, (B;). The fact that, for some B € P, pre_, (B) = U;B;, for
some blocks {B;} C P, implies that if s € pre_ (B), i.e. s — ¢ for some ¢ € B, then s € B;, for
some j, and if s € B; then 5" € pre_, (B), i.e. s — ¢ for some ¢ € B, namely condition (2) of
bisimulation for P holds. On the other hand, if condition (2) of bisimulation for P holds then
if 5,5 € B and s € pre_, (B), for some B, B’ € P, then s’ — ¢ for some ¢ € B, i.e. s € pre_, (B),
and therefore pre_, (B) is a union of blocks of P. This closes the proof. |

7.1.1 On the smallest abstract transition relation

As recalled in Section 2.3, the abstract Kripke structure A = (Py;s, — >, £7) strongly preserves
CTL, where B,— ¥ B, iff there exist s; € B; and s, € B, such that s; — s,, and £3(B) = U,cpl(s).
As a simple and elegant consequence of our approach, it is easy to show that —¥ is the
unique (and therefore the smallest) abstract transition relation on Py that induces strong
preservation for CTL.

Let K=(X, - .,¢) be finitely branching so that, by Lemma 7.1,
AD o, = adP(Ppis) = $(Pris). Recall that the concrete interpretation / induced by K is such
that I(EX) = pre_, . By Theorem 5.9, the unique interpretation of atoms and operations in .,
on the abstract domain gp(Py;s) that gives rise to a s.p. abstract semantics is the best
correct approximation /). Hence, if A = (Pys, —F,€%) is strongly preserving for CTL
then the interpretation pre . of EX induced by 4 must coincide with #os)(EX).
Consequently, pre_: = o o pre_, oy so that for any B;, B> € Py;s, we have that B; —% B, iff
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By € a(pre_, (y({B2}))). Therefore, we conclude by observing that B; € a(pre_, (y({B>}))) iff
B1—>EE|Bz.

We believe that a similar reasoning could be also useful for other languages . in
order to prove that the smallest abstract transition relation on Py that induces strong
preservation exists. For example, this has been proved for the case of ACTL by Bustan
and Grumberg [5].

7.2 Stuttering equivalence

Lamport’s criticism [39] of the next-time operator X in CTL/CTL* is well known. This
motivated the study of temporal logics CTL-X/CTL*-X obtained from CTL/CTL*
by removing the next-time operator and this led to study notions of behavioural stuttering-
based equivalences [4, 23, 33]. We are interested here in divergence blind stuttering
(dbs for short) equivalence. Let I = (X, — ,¢) be a Kripke structure over a set AP of
atoms. A relation R € ¥ x X is a divergence blind stuttering relation on K if for any 5,5 € X
such that sRs":

(1) €(s) = €(s');

(2) If s — ¢ then there exist ¢y, ..., € X, with k>0, such that: (i) ) = '; (i) for all
i€ [O,k — 1], i —> tiyi and sRt;; (111) tRt;

(3) §Rs, i.e. R is symmetric.

Observe that condition (2) allows the case k=0 and this simply boils down to requiring
that tRs". Since the empty relation is a dbs relation and dbs relations are closed under union,
it turns out that the largest dbs relation exists. It turns out that this largest dbs relation is
an equivalence relation called dbs equivalence and is denoted by ~gps While Pgps € Part(X)
denotes the corresponding partition. In particular, a partition P € Part(X) is a dbs relation on
K when P < Pyy,.

De Nicola and Vaandrager [23, Theorem 3.2.5] showed that for finite Kripke structures and
for an interpretation of universal/existential path quantifiers over all the, possibly finite,
prefixes, dbs equivalence coincides with the state equivalence induced from the language
CTL-X (this also holds for CTL*-X), that is Pgps = Pcrr-x. This is not true with the standard
interpretation of path quantifiers over infinite paths, since this requires a divergence sensitive
notion of stuttering (see the details in [23]). Groote and Vaandrager [33] presented a partition
refinement algorithm that computes the partition Pgps in O(] Z||—|)-time.

We provide a characterization of divergence blind stuttering equivalence as the state
equivalence induced by the following language %> that includes propositional logic and the
existential until operator EU, where the interpretation of the existential path quantifier is
standard, i.e. over infinite paths:

ZLrseu=ploi A | —~o | EU(er, ¢2)

Since the transition relation — is assumed to be total, let us recall that the standard semantics
EU., : p(X)> — ©(2) of the existential until operator is as follows:

EU_(S1,S) =S U{se S | 3so, ...,s, € X, with n > 0,such that (i) so = s,
(i) Vie [0,n—1].5; € Sy and s; — s;41, (111) 5, € S}
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The following result characterizes a dbs partition P in terms of forward completeness for the
corresponding partitioning abstract domain adP(P).

THEOREM 7.3
Let P € Part(X). Then, P € Part(X) is a dbs partition on K iff ad®(P) is forward complete for
{plpeAPyU{EU,}

Proor. As already shown in the proof of Theorem 7.2, it turns out that P =< P, iff adP(P)
is forward complete for {p € X | p € AP}. Thus, it remains to show P € Part(X) satisfies
condition (2) of the definition of dbs relation iff ad’(P) is forward complete for EU_,.
Let us first observe that P e Part(X) satisfies this condition (2) iff for any By, B, € P,
EU_ (B, B;) = B, U Bs.

(=) If By =B, then EU.(B;,B))= B;. Otherwise, assume that B;#B,. If
B, CEU_ (B}, By) € B} U B, then there exists s € EU_, (B}, B>) such that s € B;. Thus, if
s' € By then, by condition (2), s’ € EU_ (B, B,). This implies that EU_, (B}, B;) = B U B,.

(&)Let Be P,s,s' € Band s — t. If t € B then condition (2) is satisfied. Otherwise, t € B,
for some B’ € P, with B # B'. Thus, s € EU_, (B, B') and therefore EU_, (B, B')) = BU B'. This
means that condition (2) is satisfied for P.

To complete the proof it is now sufficient to show that if, for any B;,B; € P,
EU_ (B),B>) = BiUB, then adP(P) is forward complete for EU_,, i.e. for any
{Bi}ier: {Bj}jes S P, EUL(U;B;, U; B)) = U By, for some {By}icx S P. The function EU_, is
additive in its second argument, thus we only need to show that, for any Be P,
EU_ (U;B;, B) = Uy By, namely if se€ EU_(U;B;,B) and se€ B, for some B € P, then
B CEU_(U;B;, B). If s € EU_,(U;B;, B) and s € B, for some B’ € {Bj}cp, then there exist
n>0and s, ...,s, € X such thatsy =s,Vj € [0,n — 1].5; € U;B; and 5; — 5,11, and s, € B. Let
us prove by induction on n € N that if s’ € B’ then s’ € EU_, (U;B;, B).

(n=0): In this case s € U;B; and s € B= B'. Hence, for some k, s € B, =B =B and
therefore s € EU_, (B, B). By hypothesis, EU_,. (B, B) = B. Moreover, EU_, is monotone on its
first component and therefore B = B=EU_ (B, B) C EU_, (U;B;, B).

(n+1): Suppose that there exist so, ..., s,+1 € X such that sy = s, Vj € [0,n].s; € U;B; and
sj — Sj+1, and s,41 € B. Let s, € B, for some By € {Bj};c;. Then, s € EU_,(U;B;, By) and
§ =8y —> 8§ —> ... —> $,. Since this finite path has length n, by inductive hypothesis,
s € EU_ (U;B;, Br). Hence, there exist rg, ...,r, € X, with m>0, such that s =r,
Vjel0,m—1].r; € UB; and r; — ry1, and r, € Br. Moreover, since s, — 5,11, we have
that s, € EU_, (B, B). By hypothesis, EU_, (B, B) = B; U B, and therefore r,, € EU_, (B, B).
Thus, there exist qo, ...,q; € X, with />0, such that r, =qo, ¥j€[0,/—1].q; € By and
gi— ¢i+1, and ¢ e€B. We have thus found the following finite path:
S'=rg—>r—...—>rm=qo— ¢q1 — ... — q;, where all the states in the sequence but the
last one ¢; belong to U;B;, while ¢; € B. This means that ' € EU_, (U;B;, B). [ |

As a consequence, we obtain a characterization of dbs equivalence as the state equivalence
induced by the standard interpretation of the language .%>.

COROLLARY 7.4
Let ¥ be finite. Then, Pyps = Po,.

Proor. By definition, Pgps = Ypar(x){P € Part(X) | P is a dbs relation on K}. By
Theorem 7.3, Paps = Yparyx){P € Part(X) | adP(P) is complete for {p | p € AP} U{EU,}}.
By Theorem 3.2, ad® is co-additive on Part(X)., that is ad” preserves lub’s in Part(X)-.
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Hence, adP(Pgps) = Uabs(p(z){adP(P) € Abs(p(X)) | P € Part(X), adP(P) is complete for
{p| pe AP}U{EU.}}. By Theorem 3.2, AbsP*(p(X)) = {adP’(P) | P € Part(X)} so that
adP(Pgps) = Uabspz)id € AbsP(p(X)) | A is complete for {p|pe AP}U{EU.}}. By
Corollary 3.3, 4 € AbsP*(p(%)) iff 4 is forward complete for 0, so that adP(Pgys) =
Unbspz) 14 € Abs(p(X)) | 4 is complete for {p | p € AP} U {C,EU_}}. Then, we note that 4
is forward complete for {p | p € AP} iff A E M({p | p € AP}). Hence, adP(Pgps) = Uabs(p(x))
{AeAbs(p(2)) | AC M({p|pe AP}), A is complete for {C,EU_}} = S LEUL)
(M({p | p € AP})). Finally, since X is finite and therefore closure under infinite conjunction
boils down to closure under finite conjunction, by Corollary 6.8, Y gy,
(M({p | pe AP})) = ADy,. Thus, by Proposition 5.10 (1), adP(Pgpns) = ADg,, so that
Pqps = par(adP(Pabs)) = par(ADg,) = Py,. u

As a consequence of Corollary 6.9, the Groote-Vaandrager algorithm [33] GV for
computing dbs equivalence on a finite Kripke structure can be characterized as a complete
shell refinement as follows:

GV(P) = par(¥ ¢ gu_ (M(P)).

7.3 Simulation preorder and equivalence

Simulations are possibly non-symmetric bisimulations, that is R € ¥ x X is a simulation on
a Kripke structure K = (2, — , ¢) if for any 5,5 € ¥ such that sRs":

(1) £(s) < £s);

(2) For any ¢t € ¥ such that s — ¢, there exists ¢ € ¥ such that s — ¢ and tR¢.

The empty relation is a simulation and simulation relations are closed under union, so that
the largest simulation relation exists. It turns out that the largest simulation is a preorder
relation on X, i.e. a reflexive and transitive relation on %, called similarity preorder (on ).
PreOrd(X) denotes the set of preorder relations on ¥ and the similarity preorder is denoted by
Ry € PreOrd(X). Therefore, a preorder relation R € PreOrd(X) is a simulation on K when
R C Rgm. Simulation equivalence ~gmeq € X X X is defined as the symmetric reduction of
Rsim: § ~simeq 8 1ff there exist two simulation relations R; and R, such that sR;s" and s'Rys.
Pgimeq € Part(X) denotes the partition corresponding to ~gimeq-

A number of algorithms for computing simulation equivalence have been proposed [2, 5,
12, 28, 37] and some of them like [2, 37] first compute the similarity preorder and
then from it they obtain simulation equivalence. The problem of computing simulation
equivalence is important in model checking because, as recalled in Section 2.3, simulation
equivalence strongly preserves ACTL so that Pgmeq = PactL (see [34, Section 4]). Recall that
ACTL is obtained by restricting CTL, as defined in Section 4.1, to universal quantifiers and
by allowing negation on atomic propositions only:

ACTL>gu=pl—-plorrne o Ve | AXe | AU(¢1, ) | AR(¢1, ¢2)

It turns out that the most abstract s.p. domain for ACTL can be obtained as the most
abstract s.p. domain for the following sublanguage #5:

Lysepi=plploAg|oVvVe | AXe
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LeEmmA 7.5
Let K be finitely branching. Then, ADactL = ADg,.

Proor. Let Opacrr = {N, U,AX, AU, AR} be the set of standard interpretations of the
operators of ACTL on K, so that AX = pre_,. Analogously to the proof of Lemma 7.1,
as a consequence of the least/greatest fixpoint characterizations of AU and AR, it turns
out that for any A € Abs(p(X)), A is forward complete for Opycrp iff 4 is forward
complete for {U, pre_, }. Thus, by Lemma 6.4, St ) = S Opaer » S0 that, by Corollary 6.8,
ADiﬂj = ADACTL- |

Thus, by Proposition 5.10 (1), Pactr = par(ADacrr) = par(AD»,) = P»,, so that
Pgimeq = Po,. As a further consequence, by Corollary 6.9, any algorithm Alggmeq that
computes simulation equivalence can be viewed as a partitioning abstraction of the {U, pre_, }-
complete shell refinement:

Algsimeq(P) = par(‘%U,}S‘r’e_,}(M(P)))'

7.3.1 Preorders as abstract domains

Simulations give rise to preorders rather than equivalences like in the case of
bisimulations and dbs relations. Thus, in order to characterize simulation for preorders
as forward completeness for abstract domains we need to view preorders as abstract
domains. This can be obtained by generalizing the abstraction in Section 3 from partitions
to preorders.

Let R € PreOrd(X) and for any x € ¥ let us define RP™ dzef{preR({x}) CX|xeXx} The
preorder R gives rise to an abstract domain gp(RP™)- which is related to p(X)- through the
following abstraction and concretization maps: - -

ar(S) Eprex(x) S T | x € 8} yr(X) L UyerX.

It is easy to check that from the hypothesis that R is a preorder it follows that
(otg, (), (RP™®), yr) is indeed a GI. Hence, any R € PreOrd(X) induces an abstract
domain denoted by ad(R) € Abs(p(X)). Also, note that yg o ag = preg, namely preg is the
closure associated to ad%(R). The notation ad® comes from the fact that an abstract domain A4
is equivalent to some ad%(R) if and only if 4 is disjunctive.

LeEmma 7.6
{adY(R) € Abs(p(X)) | R € PreOrd(X)} = {4 € Abs(p(X)) | 4 is disjunctive}.

ProOF. Observe that yg is trivially additive, so that any ad%(R) is disjunctive.
On the other hand, let 4 € Abs(9(X)) be disjunctive and consider the relation
RY={(x,y) | a({x})} <4 a({y})} which is trivially a preorder. Thus, add(R%) is
disjunctive so that in order to conclude that ad%(R?) is equivalent to A it is enough to
observe that for any y e X, prez:({y}) = y(({y})): this is true because p(x({y}) =
xe T | allx})) <4 a(()) = pregs (). n

Let us observe that ad® indeed generalizes ad® from partitions to preorders because
for any P € Part(X), adP(P) = ad4(R): this is a simple consequence of the fact that for a
partition P viewed as an equivalence relation and for x € 3, P, is exactly a block of P so that
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ap(S) = {prep({x}) | x € S}. On the other hand, an abstract domain 4 € Abs(p(X)) induces
a preorder relation preord(A4) € PreOrd(X) as follows:

(x,») € preord(4) iff a({x}) =a a({y}).

It turns out that the maps ad? and preord allows to view the lattice of preorder relations as an
abstraction of the lattice of abstract domains.

THEOREM 7.7
(preord, Abs(p(X))5, PreOrd(X)-, ad?) is a GC.

Proor. Let 4 € Abs(p(X)) and R € PreOrd(X). Let us prove that R C preord(4) <
add(R)CE yoa.

(=) Let S C X and let us show that ad¥(R)(S) = prex(S) € y(a(S)). If x € preg(S) then
XRy for some y € S, so that (x,y) € preord(A4), i.e. a({x}) <4 a({y}). Thus, by applying y,
x € yla({x})) € va({y}) € y(a(S)).

(<) Let (x,y)e R and let us show that «({x}) <4 a({y}). Note that
x € preg({y) = ad(R)({y}) < y(@({y})), so that a({x}) <4 a({y}), namely (x, y) € preord(4).m

Let us remark that [Ddéfaddopreord is a lower closure operator on (Abs(p(X)), C)
and that, by Lemma 7.6, for any 4 € Abs(gp(X)), 4 is disjunctive iff D(A4) = 4. Hence,
D coincides with the disjunctive-shell refinement, also known as disjunctive completion
[15, 31], namely D(A) is the most abstract disjunctive refinement of A.

We can now provide a characterization of simulation preorders in terms of forward
completeness.

THEOREM 7.8
Let R € PreOrd(X). Then, R is a simulation on K iff ad%(R) is forward complete for

{p|peAPyU{pre}.

Proor. Recall that prep is the closure associated to ad®(R). We first observe that
(SRs'=L(s") C £(s)) iff preg is forward complete for AP. On the one hand, if p € AP and
s € preg(p) then sRs” for some 5" € p, so that, from £(s") C £(s), we obtain s € p, and therefore
preg(p) = p. On the other hand, if sRs" and s € p, for some p € AP, then §' € p = prey(p)
so that preg({s'}) C preg(pregz(p)) = preg(p) = p and therefore from s e pregz({s’}) we
obtain s € p.

Thus, it remains to show that R satisfies condition (2) of the definition of simulation iff
preg is forward complete for pre_, .

(=) We prove that for any S, preg(pre_ (preg(S))) C pre_ (preg(S)). Let
x € preg(pre_, (preg(S))) so that there exists some y € pre_ (pregx(S)) such that xRy.
If x — x/, for some X', then, by simulation, there exists some )’ such that y — )/ and
X'Ry’. Hence, y' € preg(S) and this together with x'R)’, as R is transitive, gives X' € preg(S).
Therefore, x € pre_, (preg(S)).

(<) Observe that in order to show that R is a simulation it is enough to show that
if xRy then x e pre_ (preg(post_ ({y}))). The following implications hold, where
post_, ({y}) € preg(post_, ({y})) holds because prey is a uco:

post_ ({y}) € preg(post_ ({y})) = [as pre_, is monotone]
pre_ (post_, ({»}) S pre_ (preg(post_({»})) = [asy € pre_ (post_ ({y})]
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{y} C pre_ (preg(post_ ({¥}))) = [as preg is monotone]
prex({y}) C preg(pre_ (preg(post_ ({y})))) = [as preg is forward complete for pre_ ]

preg({y}) S pre_, (preg(post_, ({(3}) = [as x € preg({y})]
x € pre_, (preg(post_, ({y})

and this closes the proof. |

8 Related work

Loiseaux et al. [41] generalized the standard approach to abstract model checking to
more general abstract models where an abstraction relation o C States x A is used instead
of a surjective function / : States — A. However, the results of strong preservation given
there (cf. [41, Theorems 3 and 4]) require the hypothesis that the relation o is difunctional, i.e.
o = oo 'o. In this case the abstraction relation o can indeed be derived from a function,
so that the class of strongly preserving abstract models in Loiseaux et al.’s framework is not
really larger than the class of standard partition-based abstract models (see the detailed
discussion by Dams et al. [21, Section 8.1]).

Giacobazzi and Quintarelli [29] first noted that strong preservation is related to
completeness in abstract interpretation by studying the relationship between complete
abstract interpretations and Clarke et al’s [6, 7, 8] spurious counterexamples. Given
a formula ¢ of ACTL, a model checker running on a standard abstract Kripke structure
defined over a state partition P may provide a spurious counterexample 7* for ¢, namely
a path of abstract states, namely blocks of P, which does not correspond to a real concrete
counterexample. In this case, by exploiting the spurious counterexample 7 ¥, the partition P is
refined to P’ by splitting a single block of P. As a result, this refined partition P’ does not
admit the spurious counterexample 7% for ¢ so that P’ is given as a new refined abstract
model for ¢ to the model checker. Giacobazzi and Quintarelli [29] cast spurious counter-
examples for a partition P as a lack of (standard) completeness in the abstract interpretation
sense for the corresponding partitioning abstract domain adP(P). Then, by applying the
results in [32] they put forward a method for systematically refining abstract domains in order
to eliminate spurious counterexamples. The relationship between completeness and
spurious counterexamples was further studied in [19], where it is also shown that a block
splitting operation in Paige and Tarjan [44] partition refinement algorithm can be
characterized in terms of complete abstract interpretations. More in general, the idea
of systematically enhancing the precision of abstract interpretations by refining the
underlying abstract domains dates back to the early works by Cousot and Cousot [15], and
evolved to the systematic design of abstract interpretations by abstract domain refinements
[27, 30, 32].

9 Conclusion

This work shows how the abstract interpretation technique allows to generalize the notion
of strong preservation from standard abstract models specified as abstract Kripke structures
to generic domains in abstract interpretation. For any inductively defined language &,
it turns out that strong preservation of % in a standard abstract model checking framework
based on partitions of the space state X becomes a particular instance of the property
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of forward completeness of abstract domains w.r.t. the semantic operators of the language &.
In particular, a generalized abstract model can always be refined through a fixpoint
iteration to the most abstract domain that strongly preserves #. This generalizes in our
framework the idea of partition refinement algorithms that reduce the state space ¥ in order
to obtain a minimal abstract Kripke structure that is strongly preserving for some temporal
language.

This work deals with generic temporal languages consisting of state formulae only.
As future work, it would be interesting to study whether the ideas of our abstract
interpretation-based approach can be applied to linear languages like LTL consisting of
formulae that are interpreted as sets of paths of a Kripke structure. The idea here is to
investigate whether standard strong preservation of LTL can be generalized to abstract
interpretations of the powerset of traces and to the corresponding completeness properties.
Fairness can be also an interesting topic of investigation, namely to study whether our
abstract interpretation-based framework allows to handle fair semantics and fairness
constraints [10].

Finally, let us mention that the results presented in this paper led to design a generalized
Paige—Tarjan refinement algorithm based on abstract interpretation for computing most
abstract strongly preserving domains [47]. As shown in Section 6, a most abstract strongly
preserving domain can be characterized as a greatest fixpoint computation in Abs(gp(X)).
It is shown in [47] that the Paige-Tarjan algorithm [44] can be viewed exactly as
a corresponding abstract greatest fixpoint computation in Part(Z). This leads to an abstract
interpretation-based Paige-Tarjan-like refinement algorithm that is parametric on any
abstract interpretation of the lattice Abs(gp(X)) of abstract domains of g(X) and on any
generic inductive language &.
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