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Padova, Italy.
E-mail: francesco.ranzato@unipd.it; tapparo@math.unipd.it

Abstract

Standard abstract model checking relies on abstract Kripke structures which approximate concrete models by gluing

together indistinguishable states, namely by a partition of the concrete state space. Strong preservation for

a specification language L amounts to the equivalence of concrete and abstract model checking of formulas in L.

We show how abstract interpretation can be used to design generic abstract models that allow to view standard

abstract Kripke structures as particular instances. Accordingly, strong preservation is generalized to abstract

interpretation-based models and precisely related to the concept of completeness in abstract interpretation.

The problem of minimally refining an abstract model in order to make it strongly preserving for some language

L can be formulated as a minimal domain refinement in abstract interpretation in order to get completeness w.r.t.

the logical/temporal operators of L. It turns out that this refined strongly preserving abstract model always exists

and can be characterized as a greatest fixed point. As a consequence, some well-known behavioural equivalences,

like bisimulation, simulation and stuttering, and their corresponding partition refinement algorithms can be elegantly

characterized in abstract interpretation as completeness properties and refinements.

Keywords: Abstract interpretation, abstract model checking, strong preservation, completeness, refinement,

behavioural equivalence.

1 Introduction

1.1 Motivations

Formal verification by model checking is a well-known and successfully applied, also in

industry, technique for hardware/software system verification. In a model checking tool,

an hardware/software system is represented by a formal modelM, typically a Kripke structure,

andanalgorithmcheckswhether a correctness specification’, written as a formula of a temporal

language, holds on the model M or not. Approximate verification by abstract model checking

provides one important solution to the state explosion problem that arises in model checking

systems with parallel components. In abstract model checking, approximation is encoded by an

abstract model A that hides some details of the concrete model M so that it becomes more

efficient verifying correctness specifications on A rather than on M. The design of an abstract

model checking framework always includes a preservation result, roughly stating that for any

formula ’ specified in some temporal languageL, if ’ holds on an abstract modelA then ’ also
holds on the concrete model M. Thus, abstract verification of ’ on Amay yield false negatives

due to the approximation of M to A. On the other hand, strong preservation means that a

formula ’ ofL holds on A if and only if ’ holds onM. Strong preservation is highly desirable

since it allows to draw consequences from negative answers on the abstract side. See [10] for a

standard reference to model checking.
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Abstract interpretation is a well-known general theory extensively used for specifying
the approximation of formal semantics of computational systems at different levels
of abstraction [14, 15]. This article follows the standard abstract interpretation approach
where a concrete domain of computation C is approximated by a corresponding abstract
domain A through a Galois connection, namely an abstraction map � : C ! A that encodes
the approximation together with a concretization map � : A ! C that provides the concrete
meaning of abstract objects. Thus, �ðcÞ �A a and c �C �ðaÞ both mean that a concrete
value c 2 C is correctly approximated by the abstract object a 2 A. Galois connections
guarantee that any concrete value in C admits a best, that is optimal, abstraction in A.
A concrete semantic function f : C ! C can then be correctly approximated on the
abstract domain A by a corresponding abstract function f ] : A ! A that safely mimics
the behaviour of f on A, that is �ð f ðcÞÞ �A f ]ð�ðcÞÞ. We refer to [13] for an excellent overview
of abstract interpretation.

The relationship between abstract model checking and abstract interpretation has been
the subject of a number of works (see e.g. [9, 11, 17, 18, 20, 21, 29, 35, 41–43, 45, 48, 49]).
This article aims at studying the notion of strong preservation in abstract model checking
from a generalized abstract interpretation perspective. One main goal is to apply this abstract
interpretation-based view of strong preservation for understanding some common principles
in well-known algorithms that refine abstract Kripke structures in order to make them
strongly preserving for some temporal language.

1.2 Main results

Abstract semantics of languages. In this work, we deal with generic (temporal) languages
L of state formulae that are inductively generated by some given sets of atomic propositions
and logical/temporal operators, e.g. standard temporal operators like existential/universal
next EX=AX, until EU=AU, globally EG=AG, etc. The semantics of a language is determined
by a suitable semantic structure S, e.g. a Kripke structure, on a concrete state space States,
that provides an interpretation of atoms and operators in L as, respectively, elements and
operators on the powerset }ðStatesÞ. Thus, S determines for any formula ’2L a concrete
semantics ½½’��S 2 }ðStatesÞ, namely the set of states making ’ true w.r.t. S. Abstract
interpretation provides a systematic technique for approximating a concrete semantics
by an abstract semantics defined on some abstract domain. We consider abstract domains
of the powerset } ðStatesÞ that plays here the role of concrete semantic domain. An abstract
domain A, related to } ðStatesÞ by abstraction/concretization maps �=�, induces an abstract
semantic structure S

A where the interpretation of an atom p is abstracted to �ð pÞ while
a concrete semantic operator f is abstracted by its best correct approximation on A, that is
� � f � �. Thus, any abstract domain A systematically induces an abstract semantics ½½’��AS 2 A
that evaluates formulae ’2L in the abstract domain A.

It turns out that this approach based on abstract semantics generalizes standard abstract
model checking [9, 10]. Given a Kripke structure K ¼ ðStates, !Þ, where ! is the transition
relation between states, a standard abstract model is specified as an abstract Kripke structure
A ¼ ðAStates,!]Þ where the set AStates of abstract states is defined by a surjective map
h : States ! AStates that groups together indistinguishable concrete states. Thus, AStates
determines a partition of States and vice versa any partition of States can be viewed as a set
of abstract states. We show that state partitions can be viewed as a particular class
of abstract domains. In fact, it turns out that the whole lattice of partitions of States is
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an abstract interpretation of the whole lattice of abstract domains of }ðStatesÞ so that any
abstract state space AStates corresponds to a particular abstract domain of }ðStatesÞ.
Abstract domains that can be derived from a state partition are called partitioning.

Generalized strong preservation. In standard abstract model checking, given a language
L and a corresponding interpretation of a Kripke structure K, an abstract Kripke structure

A strongly preserves L when for any ’2L and s 2 States, we have that hðsÞ �A ’, s �K ’.
It turns out that strong preservation can be generalized from standard abstract

models to abstract interpretation-based models. A generalized abstract model is given as
an abstract domain A of }ðStatesÞ that systematically induces an abstract semantics ½½���

A
S .

We therefore define the abstract semantics ½½���
A
S to be strongly preserving for L when for

any ’2L and S 2 }ðStatesÞ, �ðSÞ �A ½½’��AS , S � ½½’��S. Observe that strong preservation is an

abstract domain property, meaning that it does not depend on the abstract interpretation
of atoms and logical/temporal operators on the abstract domain A but only depends on A itself.

Standard strong preservation becomes a particular instance, because it turns out that an abstract
Kripke structure strongly preserves L if and only if the corresponding partitioning abstract

domain strongly preserves L in the generalized sense. On the other hand, generalized strong
preservation may work where standard strong preservation may fail. In fact, it may happen that

although a strongly preserving abstract semantics on a partition P always exists this abstract
semantics cannot be derived from a strongly preserving abstract Kripke structure on P.

Generalized strong preservation and complete abstract interpretations. Given a language L
and a Kripke structure K ¼ ðStates, !Þ, a well-known key problem is to compute the

smallest abstract state space AStatesL, when this exists, such that one can define an abstract
Kripke structure AL ¼ ðAStatesL,!]Þ that strongly preserves L. This problem

admits solution for a number of well-known temporal languages like CTL (or, equivalently,
the �-calculus), ACTL and CTL-X (i.e. CTL without the next-time operator X). A number of

algorithms for solving this problem exist, like those by Paige and Tarjan [44] for CTL,
by Henzinger et al. [37], Bustan and Grumberg [5], Tan and Cleaveland [50] and

Gentilini et al. [28] for ACTL, and Groote and Vaandrager [33] for CTL-X. These are
coarsest partition refinement algorithms: given a language L and a state partition P, which is

determined by a state labelling, these algorithms can be viewed as computing the coarsest
partition PL that refines P and strongly preserves L. It is worth remarking that most of

these algorithms have been designed for computing well-known behavioural equivalences
used in process algebra like bisimulation (for CTL), simulation (for ACTL) and divergence-

blind stuttering (for CTL-X) equivalence. Our abstract interpretation-based framework
allows us to provide a generalized view of the above partition refinement algorithms. We show

that the most abstract (i.e. least informative) domain, denoted by ADL, that strongly
preserves a given language L always exists. It turns out that ADL is a partitioning

abstract domain if and only if L includes propositional logic, that is when L is closed under
logical conjunction and negation. Otherwise, a proper loss of information occurs when

abstracting ADL to the corresponding partition PL. Moreover, for some languagesL, it may
happen that one cannot define an abstract Kripke structure on the abstract state space PL

that strongly preserves L whereas the most abstract strongly preserving semantics instead
exists.

The concept of complete abstract interpretation is well known [15, 32]. This encodes an ideal
situation where the abstract semantics coincides with the abstraction of the concrete

semantics. We establish a precise correspondence between generalized strong preservation
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of abstract models and completeness in abstract interpretation. Our results are based
on the notion of forward complete abstract domain. An abstract domain A is forward
complete for a concrete semantic function f when for any a 2 A, f ð�ðaÞÞ ¼ �ð�ð f ð�ðaÞÞÞÞ,
namely when no loss of precision occurs by approximating in A a computation f ð�ðaÞÞ.
This notion of forward completeness is dual and orthogonal to the standard definition
of completeness in abstract interpretation. Giacobazzi et al. [32] showed how complete
abstract domains can be systematically and constructively derived from non-complete abstract
domains by minimal refinements. We show that this can be done for forward completeness as
well. Given any domain A, the most abstract domain that refines A and is forward complete for
f does exist and can be characterized as a greatest fixpoint. Such a domain is called the
forward complete shell of A for f. It turns out that strong preservation is related to forward
completeness as follows. As described earlier, the most abstract domain ADL that strongly
preserves L always exists. It turns out that ADL coincides with the forward complete shell for
the logical/temporal operators of L of a basic abstract domain determined by the state
labelling. This characterization provides an elegant generalization of partition refinement
algorithms used in standard abstract model checking. As a consequence of these results,
we derive a novel characterization of the corresponding behavioural equivalences in terms
of forward completeness of abstract domains. For example, we show that a partition P
is a bisimulation on some Kripke structure K if and only if the corresponding
partitioning abstract domain AP is forward complete for the standard predecessor transformer
pre! for the transition relation of K.

2 Background

2.1 Notation and preliminaries

Notations. Let X be any set. Fun(X) denotes the set of functions f : Xn ! X, for any n� 0,
called arity of f. Following a standard convention, when n¼ 0, f is meant to be a specific
object of X. The arity of f is also denoted by ]ðf Þ � 0. id denotes the identity map.
If F � FunðXÞ and Y � X then FðYÞ ¼

def
f f ð~yÞ j f 2 F, ~y 2 Y] ð f Þg, namely F(Y) is the set of

images of Y for each function in F. If f : X ! Y then the image of f is also denoted by
imgð f Þ ¼ f fðxÞ 2 Y j x 2 Xg. If f : X ! Y and g : Y ! Z then g � f : X ! Z denotes the
composition of f and g, i.e. g � f ¼ �x:gð f ðxÞÞ. The complement operator for the universe set
X is { : } ðXÞ ! } ðXÞ, where { ðSÞ ¼ X n S. When writing a set S of subsets of a given set,
like a partition, we often write S in a compact form like f1, 12, 13g or f½1�, ½12�, ½13�g that stand
for ff1g, f1, 2g, f1, 3gg. Ord denotes the proper class of ordinals.

Orders and fixpoints. Let hP, �i be a poset. Posets are often denoted by P�. We use the
symbol v to denote pointwise ordering between functions: If X is any set and f, g : X ! P
then f v g if for all x 2 X, f ðxÞ � gðxÞ. A mapping f : P ! Q on posets is continuous when f
preserves least upper bounds (lub’s) of countable chains in P, while, dually, it is co-continuous
when f preserves greatest lower bounds (glb’s) of countable chains in P. A complete lattice C�

is also denoted by hC, � , _ , ^ ,>,?i where _, ^, > and ? denote, respectively, lub, glb,
greatest element and least element in C. A mapping f : C ! D between complete lattices is
additive (co-additive) when for any Y � C, f ð_CYÞ ¼ _D f ðYÞ ( f ð^CYÞ ¼ ^D f ðYÞ). We
denote by lfp(f) and gfp ( f ), respectively, the least and greatest fixpoint, when they exist, of an
operator f on a poset. The well-known Knaster–Tarski’s theorem states that any monotone
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operator f : C ! C on a complete lattice C admits a least fixpoint and the following
characterization holds:

lfpð f Þ ¼ _�2Ord f
�,"ð?Þ

where the upper iteration sequence f f �,"ðxÞg�2Ord of f in x 2 C is defined by transfinite
induction on � as usual:

– �¼ 0: f 0,"ðxÞ ¼ x;
– successor ordinal � ¼ �þ 1: f �þ1,"ðxÞ ¼ f ð f �,"ðxÞÞ;
– limit ordinal �: f �,"ðxÞ ¼ _�<� f

�,"ðxÞ.

It is well known that if f is continuous then lfpð f Þ ¼ _n2N f n,"ð?Þ. Dually, f also admits
a greatest fixpoint and the following characterization holds:

gfpð f Þ ¼ ^�2Ord f
�,#ð>Þ,

where the lower iteration sequence f f �,#ðxÞg�2Ord of f in x 2 C is defined as the upper iteration
sequence but for the case of limit ordinals: f �,#ðxÞ ¼ ^�<� f

�,#ðxÞ.

Partitions. Let � be any set. A partition P of � is a set of non-empty subsets of �, called
blocks, that are pairwise disjoint and whose union gives �. Partð�Þ denotes the set of
partitions of �. If � � �	� is an equivalence relation then we denote by P� 2 Partð�Þ the
corresponding partition of �. Vice versa, if P 2 Partð�Þ then �P � �	� denotes the
corresponding equivalence relation on �. Partð�Þ is endowed with the following standard
partial order d:P1dP2, i.e. P2 is coarser than P1 (or P1 refines P2) iff
8B 2 P1:9B

0 2 P2:B � B 0. It is well known that hPartð�Þ,di is a complete lattice.

Transition systems. A transition system T ¼ ð�, !Þ consists of a (possibly infinite) set � of
states and a transition relation !� �	�. As usual [10], we assume that the relation ! is
total, i.e. for any s 2 � there exists some t 2 � such that s ! t, so that any maximal path in T

is necessarily infinite. T is finitely branching when for any s 2 �, ft 2 �js ! tg is a finite set.
The pre/post transformers on }ð�Þ are defined as usual:


 pre! ¼
def
�Y:fa 2� j 9b 2Y: a! bg ðpredecessor operatorÞ


 fpre! ¼
def

{ � pre! � {¼ �Y:fa 2� j 8b 2�:ða! b) b 2YÞg ðdual predecessor operatorÞ


 post! ¼
def
�Y:fb 2� j 9a 2Y: a! bg ðsuccessor operatorÞ


 gpost! ¼
def

{ � post! � {¼ �Y:fb 2� j 8a 2�:ða! b) a 2YÞg ðdual successor operatorÞ

Let us observe that pre! and post! are additive operators on }ð�Þ� while fpre! and gpost!
are co-additive.

2.2 Abstract interpretation and completeness

2.2.1 Abstract domains

In standard Cousot and Cousot’s abstract interpretation, abstract domains can be
equivalently specified either by Galois connections, i.e. adjunctions, or by upper closure
operators (uco’s) [14, 15]. Let us recall these standard notions.
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Galois connections and insertions. If A and C are posets and � : C ! A and � : A ! C are
monotone functions such that 8c 2 C:c �C �ð�ðcÞÞ and �ð�ðaÞÞ �A a then the quadruple
(�,C,A, �) is called a Galois connection (GC for short) between C and A. If in addition
� � � ¼ �x:x then (�,C,A, �) is a Galois insertion (GI for short) of A in C. In a GI, � is 1-1
and � is onto. Let us also recall that the notion of GC is equivalent to that of adjunction:
if � : C ! A and � : A ! C then (�,C,A, �) is a GC iff 8c 2 C:8a 2 A: �ðcÞ �A a,c �C �ðaÞ.
The map � (�) is called the left- (right-) adjoint to � (�). It turns out that one adjoint map
�/� uniquely determines the other adjoint map �/� as follows. On the one hand, a map
� : C ! A admits a necessarily unique right-adjoint map � : A ! C iff � preserves arbitrary
lub’s; in this case, we have that � ¼

def
�a: _C fc 2 C j �ðcÞ �A ag. On the other hand, a map

� : A ! C admits a necessarily unique left-adjoint map � : C ! A iff � preserves arbitrary
glb’s; in this case, � ¼

def
�c: ^A fa 2 A j c �C �ðaÞg. In particular, in any GC (�,C,A, �) between

complete lattices it turns out that � is additive and � is co-additive.
We assume the standard abstract interpretation framework, where concrete and

abstract domains, C and A, are complete lattices related by abstraction and concretization
maps � and � forming a GC (�,C,A, �). A is called an abstraction of C and C a concretization
of A. The ordering relations on concrete and abstract domains describe the relative
precision of domain values: x � y means that y is an approximation of x or, equivalently,
x is more precise than y. Galois connections allow to relate the concrete and abstract
notions of relative precision: an abstract value a 2 A approximates a concrete value
c 2 C when �ðcÞ �A a, or, equivalently (by adjunction), c �C �ðaÞ. As a key consequence
of requiring a Galois connection, it turns out that �(c) is the best possible approximation
in A of c, that is �ðcÞ ¼ ^fa 2 A j c �C � ðaÞg holds. If (�,C,A, �) is a GI then each
value of the abstract domain A is useful in representing C, because all the values
in A represent distinct members of C, being � 1-1. Any GC can be lifted to a GI
by identifying in an equivalence class those values of the abstract domain with
the same concretization. Abs(C) denotes the set of abstract domains of C and we
write A 2 AbsðCÞ to mean that the abstract domain A is related to C through a GI
ð�,C,A, �Þ. An abstract domain A is disjunctive when the corresponding concretization map �
is additive.

Closure operators. An (upper) closure operator, or simply a closure, on a poset P� is an
operator � : P ! P that is monotone, idempotent and extensive, i.e. 8x 2 P: x � �ðxÞ.
Dually, lower closure operators are monotone, idempotent, and restrictive, i.e.
8x 2 P: �ðxÞ � x. uco(P) denotes the set of closure operators on P. Let
hC, � , _ , ^ ,>,?i be a complete lattice. A closure � 2 ucoðC Þ is uniquely determined
by its image imgð�Þ, which coincides with its set of fixpoints, as follows:
� ¼ �y: ^ fx 2 imgð�Þ j y � xg. Also, X � C is the image of some closure operator �X

on C iff X is a Moore-family of C, i.e. X ¼ MðXÞ ¼
def
f^S j S � Xg — where ^6 0 ¼ > 2 MðXÞ.

In other terms, X is a Moore-family of C when X is meet-closed. In this case,
�X ¼ �y: ^ fx 2 X j y � xg is the corresponding closure operator on C. For any X � C,
M(X) is called the Moore-closure of X in C, i.e. M(X) is the least (w.r.t. set inclusion) subset
of C which contains X and is a Moore-family of C. Moreover, it turns out that for any
� 2 ucoðCÞ and any Moore-family X � C, �imgð�Þ ¼ � and imgð�XÞ ¼ X. Thus, closure
operators on C are in bijection with Moore-families of C. This allows us to consider a closure
operator � 2 ucoðCÞ both as a function � : C ! C and as a Moore-family imgð�Þ � C.
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This is particularly useful and does not give rise to ambiguity since one can distinguish the
use of a closure � as function or set according to the context.

It turns out that h�, �i is a complete meet subsemilattice of C, i.e. ^ is its glb, but, in
general, it is not a complete sublattice of C, since the lub in �— defined by �Y � �:�ð_YÞ —
might be different from that in C. In fact, it turns out that � is a complete sublattice of C
(namely, imgð�Þ is also join-closed) iff � is additive.

If C is a complete lattice then uco(C) endowed with the pointwise ordering v is a
complete lattice denoted by hucoðC Þ, v , t , u , �x:>, �x:xi, where for every �, � 2 ucoðC Þ,
f�igi2I � ucoðCÞ and x 2 C:

– � v � iff 8y 2 C: �ðyÞ � �ðyÞ iff img ð�Þ � img ð�Þ;
– ðui2I�iÞðxÞ ¼ ^i2I�iðxÞ;
– x 2 ti2I�i , 8i 2 I: x 2 imgð�iÞ;
– �x:> is the greatest element, whereas �x:x is the least element.

Thus, the glb in uco(C ) is defined pointwise, while the lub of a set of closures f�igi2I � ucoðCÞ
is the closure whose image is given by the set-intersection \i2I�i.

Closures are equivalent to Galois insertions. It is well known since [15] that abstract domains
can be equivalently specified either as Galois insertions or as closures. These two approaches
are completely equivalent. On the one hand, if � 2 ucoðC Þ and A is a complete lattice which is
isomorphic to img ð�Þ, where � : imgð�Þ ! A and �
1 : A ! imgð�Þ provide the isomorphism,
then ð� � �,C,A, �
1Þ is a GI. On the other hand, if (�,C,A, �) is a GI then
�A ¼

def
� � � 2 uco ðC Þ is the closure associated with A such that himgð�AÞ, �Ci is a complete

lattice which is isomorphic to hA, �Ai. Furthermore, these two constructions are inverse of
each other. Let us also remark that an abstract domain A is disjunctive iff �A is additive.
Given an abstract domain A specified by a GI (�,C,A, �), its associated closure � � � on C can
be thought of as the ‘logical meaning’ of A in C, since this is shared by any other abstract
representation for the objects of A. Thus, the closure operator approach is particularly
convenient when reasoning about properties of abstract domains independently from the
representation of their objects.

The lattice of abstract domains. Abstract domains specified by GIs can be pre-ordered w.r.t.
precision as follows: if A1,A2 2 AbsðC Þ then A1 is more precise (or concrete) than A2 (or A2 is
an abstraction of A1), denoted by A1�A2, when �A1

v �A2
. The pointwise ordering v

between uco’s corresponds therefore to the standard ordering used to compare abstract
domains with respect to their precision. Also, A1 and A2 are equivalent, denoted by A1’A2,
when their associated closures coincide, i.e. �A1

¼ �A2
. Hence, the quotient AbsðCÞ’ gives rise

to a poset that, by a slight abuse of notation, is simply denoted by hAbsðC Þ, vi. Thus, when
we write A 2 Abs ðC Þ we mean that A is any representative of an equivalence class in AbsðCÞ’
and is specified by a Galois insertion (�,C,A, �). It turns out that hAbsðC Þ, vi is a complete
lattice, called the lattice of abstract interpretations of C [14, 15], because it is isomorphic to the
complete lattice hucoðCÞ, vi. Lub’s and glb’s in Abs(C) have therefore the following reading
as operators on domains. Let fAigi2I � AbsðCÞ: (i) ti2IAi is the most concrete among the
domains which are abstractions of all the Ai’s; (ii) ui2IAi is the most abstract among the
domains which are more concrete than every Ai—this latter domain is also known as reduced
product [15] of all the Ai’s.
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2.2.2 Completeness in abstract interpretation

Correct abstract interpretations. Let C be a concrete domain, f : C ! C be a concrete
semantic function1 and f ] : A ! A be a corresponding abstract function on an abstract
domain A 2 AbsðCÞ specified by a GI ð�,C,A, �Þ. Then, hA, f ]i is a sound (or correct) abstract
interpretation when � � f v f ] � � holds. The abstract function f ] is called a correct approx-
imation on A of f. This means that a concrete computation f (c) can be correctly approximated
in A by f ]ð�ðcÞÞ, namely �ð f ðcÞÞ �A f ]ð�ðcÞÞ. An abstract function f ]1 : A ! A is more precise
than f ]2 : A ! A when f ]1 v f ]2 . Since � � f v f ] � � holds iff � � f � � v f ] holds, the abstract
function f A ¼

def
� � f � � : A ! A is called the best correct approximation of f in A.

Complete abstract interpretations. Completeness in abstract interpretation corresponds to
requiring that, in addition to soundness, no loss of precision occurs when f (c) is approximated in A
by f ]ð�ðcÞÞ. Thus, completeness of f ] for f is encoded by the equation � � f ¼ f ] � �. This is also
called backward completeness because a dual form of forward completeness may be considered.
As a very simple example, let us consider the abstract domain Sign representing the sign of an
integer variable, namely Sign ¼ f?,z�0, 0,z�0,>g 2 Absð}ðzÞ�Þ. Let us consider the binary
concrete operation of integer addition on sets of integers, that is Xþ Y¼

def
fxþ y j x 2 X, y 2 Yg,

and the square operator on sets of integers, that is X2¼
def
fx2 j x 2 Xg. It turns out that the best

correct approximation þSign of integer addition in Sign is sound but not complete — because
�ðf
1g þ f1gÞ ¼ 0 <Sign> ¼ �ðf
1gÞþSign�ðf1gÞ — while it is easy to check that the best correct
approximation of the square operation in Sign is instead complete.

A dual form of completeness can be considered. The soundness condition � � f v f ] � �
can be equivalently formulated as f � � v � � f ]. Forward completeness for f ] corresponds to
requiring that the equation f � � ¼ � � f ] holds, and therefore means that no loss of precision
occurs when a concrete computation f ð�ðaÞÞ, for some abstract value a 2 A, is approximated
in A by f ]ðaÞ. Let us notice that backward and forward completeness are orthogonal concepts.
In fact: (1) as observed above, we have that þSign is not backward complete while it is forward
complete because for any a1, a2 2 Sign, �ða1Þ þ �ða2Þ ¼ �ða1þ

Signa2Þ: for instance,
�ðZ�0Þ þ �ðZ�0Þ ¼ Z�0 ¼ �ðZ�0þ

Sign
Z�0Þ; (2) the best correct approximation ð�Þ

2Sign of the
square operator on Sign is not forward complete because �ðZ�0Þ

2
( �ðZ�0Þ ¼ �ððZ�0Þ

2SignÞ

while, as observed earlier, it is instead backward complete.

Completeness is an abstract domain property. Giacobazzi et al. [32] observed that
completeness uniquely depends upon the abstraction map, i.e. upon the abstract domain.
This means that if f ] is backward complete for f then the best correct approximation f A of
f in A is backward complete as well, and, in this case, f ] indeed coincides with f A. Hence,
for any abstract domain A, one can define a backward complete abstract operation f ] on A
if and only if f A is backward complete. Thus, an abstract domain A 2 AbsðCÞ is defined
to be backward complete for f iff the equation � � f ¼ f A � � holds. This simple
observation makes backward completeness an abstract domain property, namely an
intrinsic characteristic of the abstract domain. Let us observe that � � f ¼ f A � � holds iff
� � � � f ¼ � � f A � � ¼ � � � � f � � � � holds, so that A is backward complete for f when
�A � f ¼ �A � f � �A. Thus, a closure � 2 ucoðC Þ, that defines some abstract domain,
is backward complete for f when � � f ¼ � � f � � holds. Analogous observations apply
to forward completeness, which is also an abstract domain property: A 2 AbsðC Þ is

1For simplicity of notation we consider here unary functions since the extension to generic n-ary functions is

straightforward.
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forward complete for f (or forward f-complete) when f � �A ¼ �A � f � �A, while a closure
� 2 ucoðC Þ is forward complete for f when f � � ¼ � � f � � holds.

Fixpoint completeness. Let us also recall that, by a well-known result (see, e.g.
[15, Theorem 7.1.0.4], [1, Fact 2.3] and [22, Lemma 4.3]), backward complete abstract
domains are ‘fixpoint complete’ as well. This means that if A 2 AbsðCÞ is backward complete
for a concrete monotone function f : C ! C then � ð lfp ð f ÞÞ ¼ lfpð f AÞ. Moreover, if � and f
are both co-continuous then this also holds for greatest fixpoints, namely
� ðgfp ð f ÞÞ ¼ gfp ð f AÞ. As far as forward completeness is concerned, to the best of our
knowledge, no similar results of fixpoint transfer are available. We thus prove the following
result.

LEMMA 2.1
If A 2 AbsðC Þ is forward complete for a monotone f then �ðgfpð f ÞÞ ¼ gfpð f AÞ. Moreover,
if � and f are both continuous and �ð?AÞ ¼ ?C then �ðlfpð f ÞÞ ¼ lfpð f AÞ.

PROOF. Let us show that � ðgfp ð f ÞÞ ¼ gfp ð f AÞ. On the one hand, since
gfp ð f Þ � �ð� ð gfp ð f ÞÞÞ, we have that gfp ð f Þ ¼ f ðgfp ð f ÞÞ � f ð�ð� ðgfp ð f ÞÞÞÞ, therefore, by
using forward completeness, gfp ð f Þ � �ð f Að�ðgfp ð f ÞÞÞÞ. Thus, � ðgfp ð f ÞÞ � f Að�ðgfp ð f ÞÞÞ,
from which follows that �ðgfp ð f ÞÞ � gfp ð f AÞ. On the other hand, by using forward
completeness, f ð � ðgfp ð f AÞÞÞ ¼ � ð f Aðgfp ð f AÞÞÞ ¼ � ðgfp ð f AÞÞ, so that �ðgfp ð f AÞÞ � gfp ð f Þ,
and therefore, by applying �, we obtain that gfpð f AÞ ¼ �ð�ðgfpð f AÞÞÞ � �ðgfpð f ÞÞ.
Assume now that � and f are both continuous and �ð?AÞ ¼ ?C. Let us show by induction on
k that for any k 2 N, �ðð f AÞk,"ð?AÞÞ ¼ f k,"ð?CÞ.

(k¼ 0): By hypothesis, �ðð f AÞ0,"ð?AÞÞ ¼ �ð?AÞ ¼ ?C ¼ f 0,"ð?CÞ.
(kþ1):

�ðð f AÞkþ1,"
ð?AÞÞ ¼

�ð f Aðð f AÞk,"ð?AÞÞÞ ¼ ½by forward completeness�

fð�ðð f AÞk,"ð?AÞÞÞ ¼ ½by inductive hypothesis�

f ð f k,"ð?CÞÞ ¼

f kþ1,"ð?CÞÞ:

Thus, by applying �, we obtain that for any k 2 N,

ð f AÞk,"ð?AÞ ¼ �ð f k,"ð?CÞÞ: ðyÞ

Since � and f are continuous and � is always additive, we have that f A ¼ � � f � � is
continuous because it is a composition of continuous functions. Hence:

lfp ð f AÞ ¼ ½by Knaster
 Tarski’s theorem�

_k2Nð f
AÞ

k,"
ð?AÞ ¼ ½by ðyÞ�

_k2N�ð f
k,"ð?CÞÞ ¼ ½as � is additive�

�ð_k2N f k,"ð?CÞÞ ¼ ½by Knaster
 Tarski’s theorem�

�ðlfpð f ÞÞ

and this concludes the proof. g
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It is worth noting that concretization maps of abstract domains which satisfies the
ascending chain conditions (i.e. every ascending chain is eventually stationary) are always
trivially continuous.

2.2.3 Shells

Refinements of abstract domains have been studied from the beginning of
abstract interpretation [14, 15] and led to the notion of shell of an abstract domain
[27, 30, 32]. Given a generic poset P� of semantic objects—where x � y intuitively
means that x is a ‘refinement’ of y—and a property P � P of these objects, the generic
notion of shell goes as follows: the P-shell of an object x 2 P is defined to be an object sx 2 P
such that:

(i) sx satisfies the property P,
(ii) sx is a refinement of x, and
(iii) sx is the greatest among the objects in P satisfying (i) and (ii).

Note that if a P-shell exists then it is unique. Moreover, if the P-shell exists for any object in P
then it turns out that the operator that maps any x 2 P to its P-shell is a lower
closure operator on P, being monotone, idempotent and reductive: this is called the P-shell
refinement operator. We will be interested in shells of abstract domains and partitions,
namely shells in the complete lattices of abstract domains and partitions. Given a state
space � and a partition property P � Partð�Þ, the P-shell of P 2 Partð�Þ is the coarsest
refinement of P satisfying P, when this exists. Also, given a concrete domain C and
a domain property P � AbsðCÞ, the P-shell of A 2 AbsðCÞ, when this exists, is the most
abstract domain that satisfies P and refines A. Giacobazzi et al. [32] gave a constructive
characterization of backward complete abstract domains, under the assumption of
dealing with continuous concrete functions. As a consequence, they showed that
backward complete shells always exist when the concrete functions are continuous.
In Section 6 we will follow this same idea for forward completeness and this will
provide the link between strongly preserving abstract models and complete abstract
interpretations.

2.3 Abstract model checking and strong preservation

Kripke structures. Standard temporal languages like CTL, CTL*, ACTL, the �-calculus,
LTL, etc., are interpreted on models specified as Kripke structures. Given a set AP of
atomic propositions (of some language), a Kripke structure K ¼ ð�;!; ‘Þ over AP
consists of a transition system ð�;!Þ together with a state labelling function
‘ : � ! }ðAPÞ. We use the following notation: for any s 2 �, ½s�‘ ¼

def
fs0 2 �j‘ðsÞ ¼ ‘ðs0Þg,

while P‘ ¼
def
f½s�‘ j s 2 �g 2 Partð�Þ denotes the state partition that is induced by ‘. The

notation s �K ’ means that a state s 2 � satisfies in K a state formula ’ of some language L,
where the specific definition of the satisfaction relation �K depends on the language L
(interpretations of standard logical/temporal operators can be found in [10]).

Abstract Kripke structures and strong preservation. Standard abstract model checking
[9, 10] relies on abstract Kripke structures that are defined over partitions of the concrete state
space �. A set A of abstract states is related to � by a surjective abstraction h : � ! A that
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maps concrete states into abstract states and thus gives rise to a state partition
Ph ¼

def
fh
1ðaÞ j a 2 Ag 2 Partð�Þ. Thus, in standard abstract model checking, formulae are

interpreted on an abstract Kripke structure A ¼ ðA;!]; ‘]Þ whose states are an abstract
representation in A of some block of the partition Ph. Given a specification language L of
state formulae, a weak preservation result for L guarantees that if a formula in L holds on
an abstract Kripke structure A then it also holds on the corresponding concrete structure K:
for any ’ 2 L; a 2 A and s 2 � such that hðsÞ ¼ a; if a �A ’ then s �K ’. Moreover, strong
preservation (s.p. for short) for L encodes the equivalence of abstract and concrete
validity for formulae in L: for any ’ 2 L; a 2 A and s 2 � such that hðsÞ ¼ a;
a �A ’ if and only if s �K ’.

The definition of weakly/strongly preserving abstract Kripke structures depends on the
language L. Let us recall some well-known examples [9, 10, 34]. Let K ¼ ð�;!; ‘Þ be a
concrete Kripke structure and h : � ! A be a surjection.

(i) Consider the language ACTL*. If PhdP‘ then the abstract Kripke structure
A ¼ ðA;!99

h ; ‘hÞ weakly preserves ACTL*, where ‘hðaÞ ¼ [f‘ðsÞ j s 2 �;
hðsÞ ¼ ag and !99

h � A	 A is defined as: hðs1Þ !99
h hðs2Þ , 9s01; s

0
2: hðs

0
1Þ ¼ hðs1Þ &

hðs02Þ ¼ hðs2Þ & s01!s02.
(ii) Let Psim 2 Partð�Þ be the partition induced by simulation equivalence on K: IfPh ¼ Psim

(this also holds when PhdPsim) then the abstract Kripke structure A ¼ ðA;!89
h ; ‘hÞ

strongly preserves ACTL*, where hðs1Þ !
89
h hðs2Þ , 8s01:hðs

0
1Þ ¼ hðs1Þ:9s

0
2:hðs

0
2Þ ¼

hðs2Þ & s01 ! s02.
(iii) Let Pbis 2 Partð�Þ be the partition induced by bisimulation equivalence on K: IfPh ¼ Pbis

(this also holds when PhdPbis) then the abstract Kripke structure A ¼ ðA;!99
h ; ‘hÞ

strongly preserves CTL*.

Strongly preserving partitions. Following Dams [20, Section 6.1] and Henzinger et al. [38,
Section 2.2], the notion of strong preservation can be also given w.r.t. a mere state partition
rather than w.r.t. an abstract Kripke structure. Let ½½���K : L ! }ð�Þ be the semantic function
of state formulae in L w.r.t. a Kripke structure K ¼ ð�;!; ‘Þ, i.e. ½½’��K ¼

def
fs 2 � j s �K ’g.

Then, the semantic interpretation of L on K induces the following logical equivalence
�K

L� �	�:

s �K
L s0 iff 8’ 2 L: s 2 ½½’��K , s0 2 ½½’��K:

Let PL 2 Partð�Þ be the partition induced by �K
L ðthe index K denoting the Kripke structure

is omitted). Then, a partition P 2 Partð�Þ is strongly preserving2 forL (when interpreted
on K) if PdPL. Thus, PL is the coarsest partition that is strongly preserving for L.
For a number of well-known temporal languages, like ACTL*, CTL* [see, respectively,
the above points (ii) and (iii)], CTL*-X and the fragments of the �-calculus described
by Henzinger et al. [38], it turns out that if P is strongly preserving for L then
the abstract Kripke structure ðP;!99; ‘LÞ is strongly preserving for L, where,
for any B;B0 2 P;B !99 B0 iff 9s 2 B:9s0 2 B0:s ! s0; and ‘LðBÞ ¼ [s2B‘ðsÞ. In particular,
ðPL;!

99; ‘LÞ is strongly preserving for L and, additionally, PL is the smallest possible
abstract state space, namely if A ¼ ðA,!],‘]Þ is an abstract Kripke structure that strongly
preserves L then jPLj � jAj.

2 Dams [20] uses the term ‘fine’ instead of ‘strongly preserving’.
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However, given a language L and a Kripke structure K where formulae of L are

interpreted, the following example shows that it is not always possible to define an abstract

Kripke structure A on the partition PL such that A strongly preserves L.

EXAMPLE 2.2
Consider the following simple language L:

L 3 ’ ::¼ stop j go j AXX’

and the Kripke structure K depicted in Figure 1, where superscripts determine the labelling

function. K models a four-state traffic light controller (like in the United Kingdom and

in Germany): Red ! RedYellow ! Green ! Yellow. According to the standard semantics

of AXX, we have that s�KAXX’ iff for any path s0s1s2 . . . starting from s0 ¼ s, it happens

that s2�
K’. It turns out that ½½AXXstop��K ¼ fG,Yg and ½½AXXgo��K ¼ fR,RYg. Thus, we have

that PL ¼ ffR,RYg, fG,Ygg. However, let us show that there exists no abstract transition

relation !] � PL 	 PL such that the abstract Kripke structure A ¼ ðPL,!], ‘LÞ strongly

preserves L. Assume by contradiction that such an abstract Kripke structure A exists.

Let B1 ¼ fR,RYg 2 PL and B2 ¼ fG,Yg 2 PL. Since R�KAXXgo and G�KAXXstop,

by strong preservation, it must be that B1�
AAXXgo and B2�

AAXXstop. Hence, necessarily,

B1!
]B2 (otherwise B1 can never reach the state B2 where the atom go holds) and B2!

]B1

(otherwise B2 can never reach the state B1 where the atom stop holds). This leads to the

contradiction B1 6�
AAXXgo. In fact, if !] ¼ fðB1,B2Þ, ðB2,B1Þg then we would have

that B1 6�
AAXXgo. On the other hand, if, instead, B1!

]B1 (the case B2!
]B2 is analogous),

then we would still have that B1 6�
AAXXgo. Even more, along the same lines it is not hard to

show that no proper abstract Kripke structure that strongly preserves L can be defined,

because even if either B1 or B2 is split we still cannot define an abstract transition relation

that is strongly preserving for L. g

3 Partitions as abstract domains

Let � be any (possibly infinite) set of states. Following [16, Section 5], a partition P 2 Partð�Þ

can be viewed as an abstraction of }ð�Þ� as follows: any S � � is over approximated by the

unique minimal cover of S in P, namely by the union of all the blocks B 2 P such that

B \ S 6¼ 6 0. A graphical example is depicted on the left-hand side of Figure 2. This abstraction

is formalized by a GI ð�P,}ð�Þ�,}ðPÞ�, �PÞ where:

�PðSÞ ¼
def
fB 2 P j B \ S 6¼ 6 0g �PðBÞ ¼

def
[B2BB:

Hence, any partition P 2 Partð�Þ induces an abstract domain adpðPÞ 2 Absð}ð�ÞÞ,

and an abstract domain A 2 Absð}ð�ÞÞ is called partitioning when A is equivalent to

R Stop RY Stop Go
Go

G Y

FIGURE 1. A U.K. traffic light
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adp(P) for some partition P. Observe that the closure adpðPÞ ¼ �P � �P associated
to a partitioning abstract domain is defined as adpðPÞ ¼ �S: [ fB 2 P j B \ S 6¼ 6 0g.
Accordingly, a closure � 2 ucoð}ð�ÞÞ that coincides with �P � �P, for some
partition P, is called partitioning. We denote by Absparð}ð�ÞÞ and ucoparð}ð�ÞÞ the sets of,
respectively, partitioning abstract domains and closures on }ð�Þ. As noted in [17],
a surjective abstraction h : � ! A used in standard abstract model checking
that maps concrete states into abstract states (cf. Section 2.3) gives rise to a partitioning
Galois insertion ð�h,}ð�Þ�,}ðAÞ�, �hÞ where �h ¼

def
�S � �:fhðsÞ 2 A j s 2 Sg and

�h ¼
def
�X � A:fs 2 � j hðsÞ 2 Xg.

Partitions can be also viewed as dual abstractions when a set S is under approximated
by the union of all the blocks B 2 P such that B � S. A graphical example of this
under approximation is depicted on the right-hand side of Figure 2. This dual abstraction
is formalized by the GI ðe�P,}ð�Þ�,}ðPÞ�,e�PÞ where the ordering on the concrete domain
}ð�Þ is given by the superset relation and

e�PðSÞ ¼deffB 2 P j B � Sg e�PðBÞ ¼def[B2BB:

In the following, we will be interested in viewing partitions as over approximations, that is
partitions as abstract domains of }ð�Þ�.

Thus, partitions can be viewed as representations of abstract domains. On the other hand,
it turns out that abstract domains can be abstracted to partitions. An abstract domain
A 2 Absð}ð�Þ�Þ induces a state equivalence �A on � by identifying those states that cannot
be distinguished by A:

s �A s0 iff �ðfsgÞ ¼ �ðfs0gÞ:

For any s 2 �, ½s�A ¼
def
fs0 2 � j �ðfsgÞ ¼ �ðfs0gÞg is a block of the state partition par(A)

induced by A:

parðAÞ ¼
def
f½s�A j s 2 �g:

Thus, par : Absð}ð�ÞÞ ! Partð�Þ is a mapping from abstract domains to partitions.

EXAMPLE 3.1
Let � ¼ f1, 2, 3, 4g and let us specify abstract domains as uco’s on }ð�Þ. The uco’s
�1 ¼ f6 0, 12, 3, 4, 1234g, �2 ¼ f6 0, 12, 3, 4, 34, 1234g, �3 ¼ f6 0, 12, 3, 4, 34, 123, 124, 1234g,

FIGURE 2. Partitions as abstract domains: over-approximation on the left and under-
approximation on the right
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�4 ¼ f12, 123, 124, 1234g and �5 ¼ f6 0, 12, 123, 124, 1234g all induce the same partition
P ¼ parð�iÞ ¼ f12, 3, 4g 2 Partð�Þ. For example, �5ðf1gÞ ¼ �5ðf2gÞ ¼ f1, 2g, �5ðf3gÞ ¼ f1, 2, 3g
and �5ðf4gÞ ¼ f1, 2, 3, 4g so that parð�5Þ ¼ P. Observe that �3 is the only partitioning abstract
domain because adpðPÞ ¼ �3. g

Abstract domains of }ð�Þ carry additional information other than the underlying state
partition and this additional information allows us to distinguish them. It turns out that this
can be precisely stated by abstract interpretation since the above mappings par and adp allows
us to show that the whole lattice of partitions of � can be viewed as a (‘higher-order’)
abstraction of the lattice of abstract domains of }ð�Þ.

THEOREM 3.2
ðpar, Absð}ð�ÞÞw, Partð�Þ

<
, adpÞ is a Galois insertion.

PROOF. Let A 2 Absð}ð�ÞÞ and P 2 Partð�Þ and let �A 2 ucoð}ð�ÞÞ be the closure associated
with the abstract domain A. Let us prove that PdparðAÞ , adpðPÞ v �A.

ð)Þ For S 2 }ð�Þ we have to prove that adpðPÞðSÞ � �AðSÞ. Consider
s 2 adpðPÞðSÞ. Hence, there exists some B 2 P such that s 2 B and B \ S 6¼ 6 0. Let
q 2 B \ S. Since Pd parðAÞ, there exists some block ½r�A 2 parðAÞ such that B � ½r�A. Thus,
for any x, y 2 B, �ðfxgÞ ¼ �ðfrgÞ ¼ �ðfygÞ, in particular, �ðfsgÞ ¼ �ðfqgÞ. Consequently,
since q 2 S and therefore �AðfqgÞ � �AðSÞ, we have that �AðfsgÞ ¼ �AðfqgÞ � �AðSÞ, so that
s 2 �AðSÞ.

ð(Þ Consider a block B 2 P and some s 2 B. We show that B � ½s�A, namely if s0, s00 2 B
then �ðfs0gÞ ¼ �ðfs00gÞ. Since adpðPÞ v �A, if s

0, s00 2 B then adpðPÞðfs0gÞ ¼ B � �Aðfs
0gÞ so that

s00 2 �Aðfs
0gÞ and therefore �Aðfs

00gÞ � �Aðfs
0gÞ. Likewise, �Aðfs

0gÞ � �Aðfs
00gÞ so that

�Aðfs
0gÞ ¼ �Aðfs

00gÞ and in turn �ðfs0gÞ ¼ �ðfs00gÞ.
Finally, observe that adp is 1-1 so that the above adjunction is indeed a Galois insertion. g

Let us observe that, as recalled in Section 2.2, the adjoint maps par and adp give rise to an
order isomorphism between the lattices hPartð�Þ,d i and hAbsparð}ð�ÞÞ, vi.

COROLLARY 3.3
Let A 2 Absð}ð�ÞÞ. The following statements are equivalent:

(1) A is partitioning.
(2) � is additive and f�ð�ðfsgÞÞgs2� is a partition of �. In this case, parðAÞ ¼ f�ð�ðfsgÞÞgs2�.
(3) A is forward complete for the complement operator {:

PROOF. Let A 2 Absð}ð�ÞÞ and let �A ¼ � � � 2 ucoð}ð�ÞÞ be the corresponding uco.
(1) ) (2) By Theorem 3.2, A 2 Absparð}ð�ÞÞ iff adpðparðAÞÞ ¼ A. Thus, if adpðparðAÞÞ ¼ A
then �A ¼ � � � is obviously additive. Moreover, s �A s0 iff �ðfsgÞ ¼ �ðfs0gÞ iff
�ð�ðfsgÞÞ ¼ �ð�ðfs0gÞÞ, so that, for any s 2 �, ½s�A ¼ �ð�ðfsgÞÞ and therefore parðAÞ ¼
f�ð�ðfsgÞÞgs2�.
(2) ) (1) Since f�ð�ðfsgÞÞgs2� ¼ P 2 Partð�Þ we have that for any s 2 �, ½s�A ¼ �ð�ðfsgÞÞ: in
fact, if s0 2 �ð�ðfsgÞÞ then �ðfs0gÞ � �ðfsgÞ, hence �ð�ðfs0gÞÞ � �ð�ðfsgÞÞ and therefore
�ð�ðfs0gÞÞ ¼ �ð�ðfsgÞÞ. Thus, parðAÞ ¼ P. Moreover, since � is additive, for any S � �,
[s2S�ð�ðfsgÞÞ ¼ �ð_s2S�ðfsgÞÞ ¼ �ð�ðSÞÞ 2 �A. Hence, since adpðPÞ ¼ f[s2S�ð�ðfsgÞÞ j S � �g

we have that adpðparðAÞÞ ¼ A.
(1) ) (3) Assume that A 2 Absparð}ð�ÞÞ. It is enough to prove that for any s 2 �,
{ð�AðfsgÞÞ 2 �A: in fact, by (1) ) (2), � is additive and therefore �A is additive (because it is a
composition of additive maps) and therefore if S 2 �A then S ¼ [s2S�AðfsgÞ so that
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{ðSÞ ¼ \s2S{ð�AðfsgÞÞ. Let us observe the following fact ð
Þ: for any s, s0 2 �,

s 62 �Aðfs
0gÞ , �AðfsgÞ \ �Aðfs

0gÞ ¼ 6 0; this is a consequence of the fact that, by (1) ) (2),

f�AðfsgÞgs2� is a partition. For any s 2 �, we have that {ð�AðfsgÞÞ 2 �A because:

�Að{ð�AðfsgÞÞÞ ¼ �Aðfs
0 2 � j s0 62 �AðfsgÞg [by additivity of �A�

¼ [f�Aðfs
0gÞ j s0 62 �AðfsgÞg [by the above fact (
)]

¼ [f�Aðfs
0gÞ j �Aðfs

0gÞ \ �AðfsgÞ ¼ 6 0g

¼ [f�Aðfs
0gÞ j �Aðfs

0gÞ � {ð�AðfsgÞÞg

� {ð�AðfsgÞÞ

(3) ) (1) Assume that �A is forward complete for {, i.e. �A is closed under complements.

By (2) ) (1), it is enough to prove that � is additive and that f�AðfsgÞgs2� 2 Partð�Þ.
(i) � is additive. Observe that � is additive iff �A is additive iff �A is closed under arbitrary

unions. If fSigi2I � �A then [iSi ¼ {ð\i{ðSiÞÞ 2 �A, because, �A is closed under complements

(and arbitrary intersections).
(ii) f�AðfsgÞgs2� 2 Partð�Þ. Clearly, we have that [s2��AðfsgÞ ¼ �. Consider now s, r 2 � such

that �AðfsgÞ \ �AðfrgÞ 6¼ 6 0. Let us show that �AðfsgÞ ¼ �AðfrgÞ. In order to show this, let us

prove that s 2 �AðfrgÞ. Notice that �AðfsgÞ n�AðfrgÞ ¼ �AðfsgÞ \ {ð�AðfrgÞÞ 2 �A, because �A is

closed under complements. If s 62 �AðfrgÞ then we would have that s 2 �AðfsgÞ n�AðfrgÞ 2 �A,

and this would imply �AðfsgÞ � �AðfsgÞ n�AðfrgÞ � �AðfsgÞ, namely �AðfsgÞ ¼ �AðfsgÞ n

�AðfrgÞ. Thus, we would obtain the contradiction �AðfsgÞ \ �AðfrgÞ ¼ 6 0. Hence, we have

that s 2 �AðfrgÞ and therefore �AðfsgÞ � �AðfrgÞ. By swapping the roles of s and r, we also

obtain that �AðfrgÞ � �AðfsgÞ, so that �AðfsgÞ ¼ �AðfrgÞ. g

Let us remark that P ¼
def

adp � par is a lower closure operator on hAbsð}ð�ÞÞ, vi and that

for any A 2 Absð}ð�ÞÞ, A is partitioning iff PðAÞ ¼ A. Hence, P is exactly the partitioning-

shell refinement, namely P(A) is the most abstract refinement of A that is partitioning.

4 Abstract semantics of languages

4.1 Concrete semantics

We consider temporal specification languages L whose state formulae ’ are inductively

defined by:

L 3 ’ ::¼ p j fð’1, . . . , ’nÞ

where p ranges over a (typically finite) set of atomic propositions AP, while f ranges over a

finite set Op of operators. AP and Op are also denoted, respectively, by APL and OpL. Each

operator f 2 Op has an arity3 ]ð f Þ > 0.
Formulae in L are interpreted on a semantic structure S ¼ ð�, IÞ where � is any (possibly

infinite) set of states and I is an interpretation function I : AP [Op ! Funð}ð�ÞÞ that maps

p 2 AP to IðpÞ 2 }ð�Þ and f 2 Op to Ið f Þ : }ð�Þ
]ð f Þ

! }ð�Þ. I(p) and I( f ) are also denoted by,

3 It would be possible to consider generic operators whose arity is any possibly infinite ordinal, thus allowing, for

example, infinite conjunctions or disjunctions.
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respectively, p and f. Moreover, AP ¼
def
fp 2 }ð�Þ j p 2 APg and Op ¼

def
f f : }ð�Þ

]ð f Þ
!

}ð�Þ j f 2 Opg. Note that the interpretation I induces a state labelling ‘I : � ! }ðAPÞ by

‘IðsÞ ¼
def
fp 2 AP j s 2 IðpÞg.The concrete state semantic function ½½���S : L ! }ð�Þ evaluates

a formula ’2L to the set of states making ’ true w.r.t. the semantic structure S:

½½p��S ¼ p and ½½fð’1, :::, ’nÞ��S ¼ f ð½½’1��S , :::, ½½’n��SÞ:

Semantic structures generalize the role of Kripke structures. In fact, in standard model

checking a semantic structure is usually defined through a Kripke structure K so that the

interpretation of logical/temporal operators is defined in terms of standard logical operators

and paths in K. In the following, we freely use standard logical and temporal operators

together with their corresponding usual interpretations: for example, Ið^Þ ¼ \, Ið_Þ ¼ [,

Ið:Þ ¼ {, IðEXÞ ¼ pre!, IðAXÞ ¼ fpre!, etc. As an example, consider the standard semantics

of CTL:

CTL 3 ’ ::¼ p j ’1 ^ ’2 j :’ j AX’ j EX’ j AUð’1,’2Þ j EUð’1,’2Þ j ARð’1,’2Þ j ERð’1,’2Þ

with respect to a Kripke structure K ¼ ð�,R, ‘Þ. Hence, K determines a corresponding

interpretation I for atoms in AP and operators of OpCTL, namely IðAXÞ ¼ fpre!,

IðEXÞ ¼ pre!, etc., and this defines the concrete semantic function ½½���K : CTL ! }ð�Þ.
If g is any operator with arity ]ðgÞ ¼ n > 0, whose interpretation is given by

g : }ð�Þ
n
! }ð�Þ, and S ¼ ð�, IÞ is a semantic structure then we say that a language L is

closed under g for S when for any ’1, . . . , ’n 2 L there exists some  2L such that

gð½½’1��S, . . . , ½½’n��SÞ ¼ ½½ ��S . For instance, if OpL includes EX and negation with their

standard interpretations, i.e. IðEXÞ ¼ pre! and Ið:Þ ¼ {, then L is closed under AX with its

standard interpretation fpre! because fpre! ¼ { � pre! � {. This notion can be extended in a

straightforward way to infinitary operators: for instance, L is closed under infinite logical

conjunction for S iff for any � � L, there exists some  2L such that
T
’2�½½’��S ¼ ½½ ��S.

In particular, let us note that if L is closed under infinite logical conjunction then it must

exist some  2L such that \6 0 ¼ � ¼ ½½ ��S, namely L is able to express the tautology true.

Let us also remark that if the state space � is finite and L is closed under logical conjunction

then we always mean that there exists some  2L such that \6 0 ¼ � ¼ ½½ ��S. Finally, note
that if L is closed under negation and (infinite) logical conjunction then L is closed under

(infinite) logical disjunction as well.

4.2 Abstract semantics

In the following, we apply the standard abstract interpretation approach for defining

abstract semantics [14, 15]. Let L be a language and S ¼ ð�, IÞ be a semantic structure

for L. An abstract semantic structure S
]
¼ ðA, I ]Þ is given by an abstract domain

A 2 Absð}ð�Þ�Þ and by an abstract interpretation function I ] : AP [Op ! FunðAÞ.

An abstract semantic structure S
] therefore induces an abstract semantic function

½½���S] : L ! A that evaluates formulae in L to abstract values in A. The abstract

interpretation I ] is a correct over-approximation (respectively, under-approximation) of

I on A when for any p 2 AP, �ðI ]ðpÞÞ � IðpÞ (respectively, �ðI ]ðpÞÞ � IðpÞ) and for any f 2 Op,

� � I ]ð f Þ w Ið f Þ � � (respectively, � � I ]ð f Þ v Ið f Þ � �). If I ] is a correct over-approximation

(respectively, under-approximation) of I and the semantic operations in Op are
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monotone then the abstract semantics is an over-approximation (respectively, under-
approximation) of the concrete semantics, namely for any ’2L, �ð½½’��S] Þ � ½½’��S
(respectively, �ð ½½’��S] Þ � ½½’��S).

In particular, the abstract domain A always induces an abstract semantic structure
S
A
¼ ðA, IAÞ where IA is the best correct approximation of I on A, i.e. IA interprets atoms p

and operators f as best correct approximations on A of, respectively, p and f: for any p 2 AP
and f 2 Op,

IAðpÞ ¼
def
�ðpÞ and IAð f Þ ¼

def
f A:

Thus, the abstract domain A systematically induces an abstract semantic function
½½���SA : L ! A, also denoted by ½½���

A
S , which is therefore defined by:

½½p��AS ¼ �ðpÞ and ½½ fð’1, . . . , ’nÞ��
A
S ¼ fAð½½’1��

A
S , . . . , ½½’n��

A
S Þ:

As usual in abstract interpretation, observe that the concrete semantics is a particular
abstract semantics, namely it is the abstract semantics induced by the ‘identical abstraction’
ðid,}ð�Þ,}ð�Þ, idÞ.

EXAMPLE 4.1
Let L 3 ’ ::¼ p j q j r j ’1 ^ ’2 j EX’. Let us consider the Kripke structure K ¼ ð�, ! , ‘Þ
and the lattice A both depicted in Figure 3. Let S be the semantic structure induced by the
Kripke structure K so that EX ¼ pre!. Let us consider the formulae EXr and EXðp ^ qÞ,
whose concrete semantics are as follows: ½½EXr��S ¼ f3, 5g and ½½EXðp ^ qÞ��S ¼ f1, 2g. A is an
abstract domain of }ð�Þ where the Galois insertion (�,}(�),A,�) is determined by the
following concretization map:

�ð?Þ ¼ 6 0; �ða1Þ ¼ f1, 2g; �ða2Þ ¼ f3g; �ða3Þ ¼ f3, 4g;

�ða4Þ ¼ f1, 2, 3g; �ða5Þ ¼ f3, 4, 5g; �ð>Þ ¼ f1, 2, 3, 4, 5g:

Note that, by Corollary 3.3, A is not partitioning because � is not additive: �ða2Þ [ �ða3Þ ¼
f3, 4g( f3, 4, 5g ¼ �ða2 _ a3Þ. It turns out that:

½½EXr��AS ¼ �ðpre!ð�ð½½r��AS ÞÞ ¼ �ðpre!ð�ð�ðrÞÞÞÞ ¼ �ðpre!ð�ða3ÞÞÞ
¼ �ðpre!ðf3, 4gÞÞ ¼ �ðf1, 2, 3, 5gÞ ¼ >;

½½EXðp ^ qÞ��AS ¼ �ðpre!ð�ð½½p��AS ^ ½½q��AS ÞÞÞ ¼ �ðpre!ð�ð�ðpÞ ^ �ðqÞÞÞÞ
¼ �ðpre!ð�ða4 ^ a5ÞÞÞ ¼ �ðpre!ð�ða2ÞÞÞ ¼ �ðpre!ð3ÞÞ ¼ �ðf1, 2gÞ ¼ a1:

1 2

3 4 5

p p

r

q

a1

a4 a5

a2 a3 p,q

FIGURE 3. A Kripke structure on the left and an abstract domain on the right

Generalized Strong Preservation by Abstract Interpretation 173



Observe that the abstract semantics ½½EXr��AS is a proper over-approximation of ½½EXr��S
because ½½EXr��S ( �ð½½EXr��AS Þ. On the other hand, the concrete semantics ½½EXðp ^ qÞ��S is
precisely represented in A because �ð½½EXðp ^ qÞ��AS Þ ¼ ½½EXðp ^ qÞ��S. g

5 Generalized strong preservation

We showed in Section 3 how a state partition P can be viewed as a partitioning abstract
domain adp(P) specified by the GI ð�P,}ð�Þ�,}ðPÞ�, �PÞ. Thus, given a language L and
a corresponding semantic structure S ¼ ð�, IÞ, it turns out that any partition P 2 Partð�Þ

systematically induces a corresponding abstract semantics ½½���
P
S
¼
def

½½���
adpðPÞ
S

: L ! adpðPÞ that
evaluates a formula in L to a (possibly empty) union of blocks of P. Strong preservation
for a partition P can be characterized in terms of the corresponding abstract domain adp(P)
as follows.

LEMMA 5.1
P 2 Partð�Þ is s.p. for L iff 8’ 2 L and S � �, �PðSÞ � ½½’��PS , S � ½½’��S.

PROOF. ð)Þ: Let us first observe that for any ’2L, �Pð�Pð½½’��SÞÞ ¼ ½½’��S: in fact, for any
s 2 ½½’��S, �PðfsgÞ is the block of P containing s; since PdPL, we have that �PðfsgÞ � ½½’��S,
and from this �Pð½½’��SÞ � ½½’��S and in turn �Pð�Pð½½’��SÞÞ ¼ ½½’��S.
Let us now prove by structural induction on ’2L that ½½’��S ¼ �Pð½½’��

P
SÞ:

– ’ � p 2 APL: by using the above observation, ½½p��S ¼ �Pð�Pð½½p��SÞÞ ¼ �Pð½½p��
P
SÞ.

– ’ � fð’1, . . . , ’nÞ:

½½fð’1, . . . ,’nÞ��S ¼ ½by the above observation�

�Pð�Pð½½fð’1, . . . ,’nÞ��SÞÞ ¼ ½by definition�

�Pð�Pðfð½½’1��S, . . . ,½½’n��SÞÞÞ ¼ ½by inductive hypothesis�

�Pð�Pðfð�Pð½½’1��
P
SÞ, . . . ,�Pð½½’n��

P
SÞÞÞÞ ¼ ½by definition�

�Pð½½fð’1, . . . ,’nÞ��
P
SÞ:

Now, consider any ’2L. If S � ½½’��S then �PðSÞ � �Pð½½’��SÞ ¼ �Pð�Pð½½’��
P
SÞÞ ¼ ½½’��PS .

Conversely, if �PðSÞ � ½½’��PS then S � �Pð½½’��
P
SÞ ¼ ½½’��S.

ð(Þ: Consider a block B 2 P and s, s0 2 B so that �PðfsgÞ ¼ B ¼ �Pðfs
0gÞ. By hypothesis,

for any ’2L, we have that s 2 ½½’��S iff �PðfsgÞ � ½½’��PS iff �Pðfs
0gÞ � ½½’��PS iff s0 2 ½½’��S. Thus,

s �L s0. g

This states that a partition P 2 Partð�Þ is s.p. forL if and only if to check whether some set
S of states satisfies some formula ’2L, i.e. S � ½½’��S, is equivalent to check whether the
abstract state �P(S) is more precise than the abstract semantics ½½’��PS , that is S is over-
approximated by ½½’��PS . The key observation here is that in our abstract interpretation-based
framework partitions are particular abstract domains. Lemma 5.1 allows us to generalize the
notion of strong preservation from partitions to generic abstract semantic functions as

follows.

DEFINITION 5.2
Let L be a language, S ¼ ð�, IÞ be a semantic structure for L and S

]
¼ ðA, I ]Þ

be a corresponding abstract semantic structure where the GI is ð�,}ð�Þ�,A�, �Þ.
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The abstract semantics ½½���S ] is strongly preserving for L (w.r.t. S) if for any ’2L
and S � �,

�ðSÞ � ½½’��S ] , S � ½½’��S: g

Definition 5.2 generalizes standard strong preservation from partitions, as
characterized by Lemma 5.1, both to an arbitrary abstract domain A 2 Absð}ð�ÞÞ

and to a corresponding abstract interpretation function I ]. Likewise, standard weak
preservation can be generalized as follows. Let K ¼ ð�,R, ‘Þ be a concrete
Kripke structure that induces the concrete semantics ½½’��K ¼ fs 2 � j s�K’g. Let h : � ! A
be a surjective abstraction and let ð�h,}ð�Þ,}ðAÞ, �hÞ be the corresponding partitioning
abstract domain. Let A ¼ ðA,R], ‘]Þ be an abstract Kripke structure on A
that gives rise to the abstract semantics ½½’��A ¼ fa 2 A j a�A’g. Then, A weakly preserves
L when

8� 2 L:8S � �: �hðSÞ � ½½’��A ) S � ½½’��K:

Hence, weak preservation can be generalized to generic abstract domains and abstract
semantics accordingly to Definition 5.2.

5.1 Strong preservation is an abstract domain property

Definition 5.2 is a direct and natural generalization of the standard notion of strong
preservation in abstract model checking. It can be equivalently stated as follows.

LEMMA 5.3
½½���S ] is s.p. for L iff for any ’2L, ½½’��S ¼ �ð½½’��S ] Þ.

PROOF. ð)Þ On the one hand, �ð½½’��S ] Þ � ½½’��S iff �ð�ð½½’��S ] ÞÞ � ½½’��S ] iff ½½’��S ] � ½½’��S ] , which
is trivially true. On the other hand, ½½’��S � �ð½½’��S ] Þ iff �ð½½’��SÞ � ½½’��S ] iff ½½’��S � ½½’��S, that is
trivially true.
ð(Þ We have that S � ½½’��S iff S � �ð½½’��S ] Þ iff �ðSÞ � ½½’��S ] . g

In particular, it is worth noting that if ½½���S ] is s.p. for L then ½½���S ] ¼ � � ½½���S holds.

LEMMA 5.4
Let A 2 Absð}ð�ÞÞ.

(1) Let S ]
1 ¼ ðA, I ]1Þ and S

]
2 ¼ ðA, I ]2Þ be abstract semantic structures on A. If ½½���

S
]
1
and ½½���

S
]
2

are both s.p. for L then ½½���
S
]
1
¼ ½½���

S
]
2
.

(2) Let S ] ¼ ðA, I ]Þ be an abstract semantic structure on A. If ½½���S ] is s.p. for L then ½½���
A
S is

s.p. for L.

PROOF. (1) By Lemma 5.3, for any ’2L, �ð½½’��
S
]
1
Þ ¼ ½½’��S ¼ �ð½½’��

S
]
2
Þ, so that, by applying �,

½½’��
S
]
1
¼ �ð�ð½½’��

S
]
1
ÞÞ ¼ �ð½½’��SÞ ¼ �ð�ð½½’��

S
]
2
ÞÞ ¼ ½½’��

S
]
2
.

(2) Let us first observe that for any ’2L, �ð�ð½½’��SÞÞ ¼ ½½’��S . In fact,
�ð�ð½½’��SÞÞ � ½½’��S , �ð�ð�ð½½’��SÞÞÞ � ½½’��S ] , �ð½½’��SÞ � ½½’��S ] , ½½’��S � ½½’��S. As a conse-
quence of this fact, by structural induction on ’2L, analogously to the proof
of Lemma 5.1, it is easy to prove that �ð½½’��AS Þ ¼ ½½’��S. Thus, by Lemma 5.3, ½½���AS is s.p.
for L. g
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Thus, it turns out that strong preservation is an abstract domain property. This means that

given any abstract domain A 2 Absð}ð�ÞÞ, by Lemma 5.4 (2), it is possible to define an

abstract semantic structure S ] ¼ ðA, I ]Þ on A such that the corresponding abstract semantics

½½���S ] is s.p. for L if and only if the induced abstract semantics ½½���AS : L ! A is s.p. for L.

In particular, this also holds for the standard approach: if A ¼ ðA,R], ‘]Þ is an abstract

Kripke structure for L, where h : � ! A is the corresponding surjection, then the standard

abstract semantics ½½���A strongly preserves L if and only if the abstract semantics induced by

the partitioning abstract domain ð�h,}ð�Þ,}ðAÞ, �hÞ strongly preserves L, and in this case, by

Lemma 5.4 (1), this abstract semantics coincides with the standard abstract semantics ½½���A.

Strong preservation is an abstract domain property and therefore can be defined without loss

of generality as follows.

DEFINITION 5.5
An abstract domain A 2 Absð}ð�ÞÞ is strongly preserving for L (w.r.t. a semantic structure S)

when ½½���
A
S is s.p. for L (w.r.t. S). We denote by SPL � Absð}ð�ÞÞ the set of abstract domains

that are s.p. for L. g

EXAMPLE 5.6
Let us consider Example 4.1. It turns out that the abstract domain A is not s.p. forL because,

by Lemma 5.3, ½½EXr��S ¼ f3, 5g( f1, 2, 3, 4, 5g ¼ �ð>Þ ¼ �ð½½EXr��AS Þ. g

EXAMPLE 5.7
Let us consider the simple language L 3 ’ ::¼ p j EX’ and the Kripke structure K depicted in

Figure 4. The Kripke structure K induces the semantic structure S ¼ ðf1, 2, 3g, IÞ such that

IðpÞ ¼ f1, 2, 3g and IðEXÞ ¼ pre!. Hence, we have that ½½p��S ¼ f1, 2, 3g, ½½EXp��S ¼ f1, 2, 3g and,

for k>1, ½½EXkp��S ¼ f1, 2, 3g. Let us consider the partitioning abstract domain A induced by

the partition P ¼ f½12�, ½3�g and related to }ð�Þ by � and �. Let us consider two different

abstract semantic structures on A.

– The abstract semantic structure S
A
¼ ðA, IAÞ is induced as best correct approximation

of I by A.
– The abstract semantic structure S

A
¼ ðA, IAÞ is instead induced by the abstract

Kripke structure A ¼ ðA, !] , ‘]Þ in Figure 4. Hence, IAðpÞ ¼ f½12�, ½3�g and

IAðEXÞ ¼ pre!] .

S
A is different from S

A because IAðEXÞ 6¼ IAðEXÞ. In fact, IAðEXÞðf½12�gÞ ¼ �ðpre!
ð�ðf½12�gÞÞÞ ¼ �ðpre!ðf1, 2gÞÞ ¼ �ðf1gÞ ¼ f½12�g, while IAðEXÞðf½12�gÞ ¼ pre!] ðf½12�gÞ ¼ 6 0.
Let us show that both the abstract semantics ½½���AS and ½½���S ] are s.p. for L.

– We have that ½½p��AS ¼ f½12�, ½3�g, ½½EXp��AS ¼ �ðpre!ðf1, 2, 3gÞÞ ¼ �ðf1, 2, 3gÞ ¼ f½12�, ½3�g and,

for k>1, ½½EXkp��AS ¼ f½12�, ½3�g. Thus, for any ’2L, ½½’��S ¼ �ð½½’��AS Þ.
– We have that ½½p��

SA ¼ f½12�, ½3�g, ½½EXp��
SA ¼ pre!] ðf½12�, ½3�gÞ ¼ f½12�, ½3�g and, for k>1,

½½EXkp��
SA ¼ f½12�, ½3�g. Thus, for any ’2L, ½½’��S ¼ �ð½½’��

SAÞ.

Consequently, by Lemma 5.3, both abstract semantics are s.p. for L. g

5.2 The most abstract strongly preserving domain

As recalled in Section 2.3, a language L and a semantic structure S for L induce

a corresponding logical partition PL 2 Partð�Þ. By Lemma 5.1, it turns out that PL is the
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coarsest strongly preserving partitioning abstract domain for L. This can be generalized to
arbitrary abstract domains as follows. Let us define ADL by:

ADL ¼
def

Mðf½½’��S j ’ 2 LgÞ:

Hence, ADL is the closure under arbitrary intersections of the set of concrete semantics
of formulae in L. Observe that ADL 2 Absð}ð�ÞÞ because it is a Moore-family of }ð�Þ.

THEOREM 5.8
For any A 2 Absð}ð�ÞÞ, A 2 SPL iff A v ADL.

PROOF. Let � ¼ � � � 2 ucoð}ð�ÞÞ and let �L 2 ucoð}ð�ÞÞ be the uco associated to ADL,
that is �LðSÞ ¼ \f½½’��S j ’ 2 L,S � ½½’��Sg. Recall that A v ADL iff for any ’2L, ½½’��S 2 �.
()) For any ’2L, we have that �ð�ð½½’��SÞÞ ¼ ½½’��S because, by Lemma 5.3,
�ð�ð½½’��SÞÞ ¼ �ð�ð�ð½½’��AS ÞÞÞ ¼ �ð½½’��AS Þ ¼ ½½’��S.
(() By hypothesis, �ð�ð½½’��SÞÞ ¼ ½½’��S for any ’2L. Let us show by structural induction
on ’2L that ½½’��S ¼ �ð½½’��AS Þ.

– ’ � p 2 APL: by using the hypothesis, ½½p��S ¼ �Pð�Pð½½p��SÞÞ ¼ �Pð½½p��
A
S Þ.

– ’ � fð’1, . . . , ’nÞ:

½½fð’1, . . . ,’nÞ��S ¼ ½by hypothesis�

�ð�ð½½fð’1, . . . ,’nÞ��SÞÞ ¼ ½by definition�

�ð�ðfð½½’1��S, . . . ,½½’n��SÞÞÞ ¼ ½by inductive hypothesis�

�ð�ðf ð�ð½½’1��
A
S Þ, . . . ,�ð½½’n��

A
S ÞÞÞÞ ¼ ½by definition�

�ð½½ fð’1, . . . ,’n��Þ
A
S Þ:

Thus, by Lemma 5.3, A 2 SPL. g

Thus, ADL is the most abstract domain that is s.p. for L w.r.t. S. As a consequence,
it turns out that A is s.p. for L if and only if A represents with no loss of precision the

concrete semantics of any formula in L, that is 8’ 2 L: �ð�ð½½’��SÞÞ ¼ ½½’��S. Lemma 5.4 states

that if a s.p. abstract semantics on a given abstract domain exists then this is unique.

Nevertheless, Example 5.7 shows that this unique s.p. abstract semantics may be induced from

different abstract semantic structures, i.e. different abstract interpretation functions.

However, when L is closed under conjunction, it turns out that on the most abstract s.p.

domain ADL, the abstract interpretation function is unique and is given by the best correct

approximation IADL .

THEOREM 5.9
Let L be closed under infinite logical conjunction and let S ] ¼ ðADL, I ]Þ be an abstract
semantic structure on ADL. If ½½���S ] is s.p. for L then I ] ¼ IADL .

1 2 3 12 3
p p

p
p

p

FIGURE 4. A Kripke structure K on the left and an abstract Kripke structure A on the right
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PROOF. Since L is closed under arbitrary logical conjunctions we have that

ADL ¼ f½½’��S j ’ 2 Lg. Thus, for any a 2 ADL, there exists some ’2L such that

a ¼ ½½’��S ] ¼ ½½’��ADL

S
. In fact, if a 2 ADL then a ¼ ½½’��S, for some ’2L, so that, by

Lemmata 5.3 and 5.4, a ¼ ½½’��S ¼ �ð½½’��S ] Þ ¼ ½½’��S ] ¼ ½½’��ADL

S
.

Let p 2 AP. Then, by Lemma 5.4, ½½p��S ] ¼ ½½p��ADL

S
so that I ]ðpÞ ¼ IADLðpÞ.

Let f 2 Op. Then,

I ]ð f Þða1, . . . ,anÞ ¼ ½by the observation above�

I ]ð f Þð½½’1��S] , . . . ,½½’n��S] Þ ¼ ½by definition�

½½fð’1, . . . ,’nÞ��S ] ¼ ½by Lemma 5:4�

½½fð’1, . . . ,’nÞ��
ADL

S
¼ ½by definition�

IADLð f Þð½½’1��
ADL

S
, . . . ,½½’n��

ADL

S
Þ ¼ ½by the observation above�

IADLð f Þða1, . . . ,anÞ:

Thus, I ] ¼ IADL . g

Hence, there is a unique choice for interpreting atoms and operations of L for the most

abstract s.p. domain ADL.
In our generalized framework, strong preservation for partitions becomes a particular

instance through the Galois insertion par=adp. Moreover, when L is closed under infinite

conjunction, it turns out that the most abstract s.p. domain ADL is partitioning if and only if

L is also closed under negation.

PROPOSITION 5.10

(1) PL ¼ parðADLÞ and adpðPLÞ ¼ PðADLÞ.
(2) P is strongly preserving for L iff PdparðADLÞ iff adpðPÞ v ADL.
(3) Let L be closed under infinite logical conjunction. Then, ADL is partitioning iff L is

closed under logical negation.

PROOF.

(1) Let �L 2 ucoð}ð�ÞÞ be the uco associated to ADL. We have that

parðADLÞ ¼ f½s�ADL
j s 2 �g, where ½s�ADL

¼ fs0 2 � j �Lðfs0gÞ ¼ �LðfsgÞg. We also

have that s �L s0 iff 8’ 2 L:s 2 ½½’��S , s0 2 ½½’��S iff �LðfsgÞ ¼ �Lðfs0gÞ, so that

PL ¼ parðADLÞ. Moreover, adpðPLÞ ¼ adpðparðADLÞÞ ¼ PðADLÞ.
(2) P is s.p. for L iff PdPL iff, by Point (1), PdparðALÞ iff, by Theorem 3.2,

adpðPÞ v ADL.
(3) Since L is closed under infinite logical conjunction, ADL ¼ f½½’��S j ’ 2 Lg. Thus, L is

closed under logical negation iff ADL is closed under complementation { and this exactly

means that ADL is forward complete for the complement {. By Corollary 3.3, this latter

fact happens iff ADL is partitioning. g

In particular, when L is closed under infinite conjunction but not under negation, it turns
out that adpðPLÞ@ADL, i.e. a proper loss of information occurs when the domain ADL

is abstracted to the partition parðADLÞ ¼ PL. On the other hand, when L is closed

under negation and infinite conjunction, we have that adpðPLÞ ¼ ADL and therefore,

by Theorem 5.9, the abstract interpretation function on the partitioning abstract domain

adpðPLÞ is uniquely determined.
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EXAMPLE 5.11
Let us consider the traffic light controller K in Example 2.2. As already observed, formulae of

L have the following semantics in K:

½½stop��K ¼ fR,RYg; ½½go��K ¼ fG,Yg; ½½AXXstop��K ¼ fG,Yg; ½½AXXgo��K ¼ fR,RYg

so that

ADL ¼ Mðf½½’��K j ’ 2 LgÞ ¼ f6 0, fR,RYg, fG,Yg, fR,RY,G,Ygg

and PL ¼ parðADLÞ ¼ ffR,RYg, fG,Ygg. We denote by �L the uco associated to ADL. As

shown in Example 2.2, it turns out that no abstract Kripke structure that properly abstracts K

and strongly preserves L can be defined. In our approach, the abstract domain ADL induces

a corresponding strongly preserving abstract semantics ½½���
ADL

K
: L ! ADL, where the best

correct approximation of the operator AXX : }ð�Þ ! }ð�Þ on ADL is:

�L �AXX ¼ f6 0� 6 0, fR,RYg� fG,Yg, fG,Yg� fR,RYg,

fR,RY,G,Yg� fR,RY,G,Ygg: g

EXAMPLE 5.12
Consider the language CTL and the Kripke structure K ¼ ð�,R, ‘Þ depicted in Figure 5,

where the interpretation of temporal operators of CTL on K is standard. It is well known that

the coarsest s.p. partition PCTL can be obtained by refining the initial partition P ¼ f1234, 5g

induced by the labelling ‘ through the Paige–Tarjan [44] algorithm, since PCTL coincides with

bisimulation equivalence on K. It is easy to check that PCTL ¼ f12, 3, 4, 5g. This partition

determines (see point (2) in Section 2.3) the s.p. abstract Kripke structure depicted in Figure 5.

Since CTL is closed under conjunction and negation, by Proposition 5.10 (1) and (3), it turns

out that the most abstract s.p. domain ACTL is partitioning and coincides with the following

partitioning closure:

adpðPCTLÞ ¼ f6 0, 12, 3, 4, 5, 34, 35, 45, 122, 124, 125, 345, 1234, 1235, 1245, 12345g:

Let us now consider the following language L 3 ’ ::¼ p j q j ’1 ^ ’2 j EF½0, 2�’, where

EF½0, 2� is a time bounded reachability operator that is useful for quantitative temporal

analysis [25], e.g. of discrete real-time systems [10, Chapter 16]. The standard interpretation of

EF½0, 2� is as follows: s�
KEF½0, 2�’ iff there exists a path s0s1s2s3 . . . in K starting from s ¼ s0 and

some n 2 ½0, 2� such that sn�
K’. Let us characterize the semantics of formulae in L:

½½p��K ¼ f1, 2, 3, 4g; ½½q��K ¼ f5g; ½½EF½0, 2�p��K ¼ f1, 2, 3, 4, 5g;

½½EF½0, 2�q��K ¼ f3, 4, 5g; ½½EF½0, 2�ðEF½0, 2�qÞ��K ¼ f1, 2, 3, 4, 5g;

½½p ^ EF½0, 2�q��K ¼ f3, 4g; ½½EF½0, 2�ðp ^ EF½0, 2�qÞ��K ¼ f1, 2, 3, 4, 5g:

Thus, ADL ¼ Mðf½½’��K j ’ 2 LgÞ ¼ f6 0, 5, 34, 345, 1234, 12345g. On the other hand, by

Proposition 5.10 (1), PL ¼ parðADLÞ ¼ f12, 34, 5g. In this case, it turns out that

adpðPLÞ@ADL. Moreover, analogously to Example 2.2, let us show that there exists no

Generalized Strong Preservation by Abstract Interpretation 179



abstract transition relation !]� PL 	 PL that determines an abstract Kripke structure
A ¼ ðPL, !] , ‘LÞ which strongly preserves L. Let B ¼ f1, 2g, B0 ¼ f3, 4g and B00 ¼ f5g be
the blocks in PL. Assume by contradiction that such an abstract Kripke structure A exists.

(i) On the concrete model K we have that 3�KEF½0, 2�q. Thus, by strong preservation, it must
be that B0�AEF½0, 2�q. On the other hand, if B0 !] B and B !] B00 then B�AEF½0, 2�q
and therefore, by weak preservation, we would have that 1�KEF½0, 2�q, which is a
contradiction. Thus, necessarily, B0 !] B00.

(ii) Let us observe that 1�KEF½0, 2�EF½0, 2�q. Hence, by strong preservation,
B�AEF½0, 2�EF½0, 2�q. If B !] B00 then, as in point (i), we would still have that
1�KEF½0, 2�q, i.e. a contradiction. Hence, necessarily, B !] B0.

(iii) From B !] B0 and B0 !] B00, we would obtain that B�AEF½0, 2�q that, as observed in
point (ii), is a contradiction.

Thus, this shows that it is not possible to define an abstract Kripke structure on the abstract
state space PL that strongly preserves L. The abstract domain ADL induces a corresponding
abstract semantics ½½���

ADL

K
that instead strongly preserves L. In this case, the best correct

approximation of the operator EF½0, 2� on ADL is:

�L � EF½0, 2� ¼ f6 0� 6 0, 5� 345, 34� 12345, 345� 12345, 1234� 12345, 12345� 12345g:

g

6 Strong preservation and completeness

In this section we establish a precise correspondence between generalized strong preservation
of abstract models and completeness of abstract interpretations, so that the problem of
minimally refining an abstract model in order to get strong preservation can be formulated as
a complete domain refinement in abstract interpretation.

6.1 Forward complete shells

Let us consider forward completeness of abstract domains A 2 AbsðCÞ for generic n-ary
concrete operations f : C n ! C, with n� 0. Hence, A is forward complete for f, or simply
f-complete, when f � h�A, . . . ,�Ai ¼ �A � f � h�A, . . . ,�Ai, that is, for any ~x 2 C n,
f ð�Aðx1Þ, . . . ,�AðxnÞÞ ¼ �Að f ð�Aðx1Þ, . . . ,�AðxnÞÞÞ. Equivalently, A is f-complete when for
any ~a 2 An, f ð�ða1Þ, . . . , �ðanÞÞ ¼ �ð�ð f ð�ða1Þ, . . . , �ðanÞÞÞÞ. For a set of operations
F � FunðCÞ, A is F-complete when A is f-complete for each f 2 F. Observe that
F-completeness for an abstract domain A means that the associated closure �A is closed

1 2

3 4 5 3 4 5

12
p p

p p

q
p

p

p

q

FIGURE 5. Concrete (on the left) and abstract (on the right) Kripke structures
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under the image of functions in F, namely Fð�AÞ � �A. Also note that when k : C0 ! C, i.e.

k 2 C is a constant, A is k-complete iff k is precisely represented in A, i.e. �ð�ðkÞÞ ¼ k. Let us

also note that an abstract domain A 2 AbsðCÞ is always forward meet-complete because any

uco is Moore-closed.
Let us first note that forward F-complete shells always exist. Let SF : AbsðCÞ ! AbsðCÞ be

defined as SFðAÞ ¼
def

tfX 2 AbsðCÞ j X v A, X is F-complete}.

LEMMA 6.1
SF(A) is the F-complete shell of A.

PROOF. Let � ¼ tf	 2 ucoðCÞ j 	 v �A, 	 is F-completeg ¼ \f	 2 ucoðCÞ j 	 v �A, 	 is

F-complete}. Let f 2 F, with ]ð f Þ ¼ n > 0 (if ]ð f Þ ¼ 0 then, trivially, f 2 �) and ~c 2 �n.
Consider any 	 2 ucoðCÞ that is F-complete and such that 	 v �. Since � � 	, we have that
~c 2 	n and therefore fð~cÞ 2 	 because 	 is F-complete. Thus, fð~cÞ 2 �, i.e. � is F-complete. g

A forward complete shell SF (A) is a more concrete abstraction than A. How to

characterize SF (A)? It is here useful to view abstract domains as closure operators on the

concrete domain, i.e. as subsets of C. Hence, A is viewed as the subset imgð�AÞ ¼ �ðAÞ of the
concrete domain C so that SF (A) can be characterized as the least Moore-closed subset of C

that contains imgð�AÞ and is forward F-complete. We need to characterize the least amount of

concrete information that must be added to �(A) in order to get forward completeness.

It turns out that forward complete shells admit a constructive fixpoint characterization.

Let Fuco : ucoðCÞ ! ucoðCÞ be defined as follows: F ucoð	Þ ¼
def

MðFð	ÞÞ, namely Fucoð	Þ is the
most abstract domain that contains the image of F on 	. Observe that the operator

�	:�A u F ucoð	Þ : ucoðCÞ ! ucoðCÞ is monotone.

LEMMA 6.2
SF ðAÞ ¼ gfpð�	:�A u Fucoð	ÞÞ.

PROOF. Observe that a uco 	 is F-complete iff Fð	Þ � 	 iff MðFð	ÞÞ ¼ F ucoð	Þ � 	 iff

	 v F ucoð	Þ. Thus, we have that SFðAÞ ¼ tf	 2 ucoðCÞ j 	 v �A, 	 is F-completeg ¼

tf	 2 ucoðCÞ j 	 v �A, 	 v F ucoð	Þg ¼ tf	 2 ucoðCÞ j 	 v �A u Fucoð	Þg and this last lub is

precisely the greatest fixpoint gfpð�	:�A u F ucoð	ÞÞ. g

Thus, it turns out that the lower iteration sequence of �	:�A u F ucoð	Þ in uco(C) converges

to the complete shell SF ð�AÞ.

EXAMPLE 6.3
Let us consider the square operator on sets of integers sq : }ðZÞ ! }ðZÞ, i.e.

sqðXÞ ¼ X2 ¼ fx2 j x 2 Xg, and the abstract domain Sign ¼ f6 0,Z�0, f0g,Z�0,Zg. As observed

in Section 2.2.2, Sign is not forward complete for the square operator. Let us apply

Lemma 6.2 in order to compute the forward complete shell SsqðSignÞ. Observe that

6 02 ¼ 6 0 2 Sign; f0g2 ¼ f0g 2 Sign; Z
2
�0
¼ Z

2
�0
¼ Z

2
62 Sign:

Thus, the first step of iteration refines Sign to Sign [ fZ
2
g (notice that this is an abstract

domain because it is Moore-closed). Then, ðZ2
Þ
2
¼ Z

22
62 Sign [ fZ

2
g, so that on the second

step of iteration we obtain Sign [ fZ
2,Z22

g. In general, for n� 1, the n-th step of iteration

provides Sign [ fZ
2k

j k 2 ½1, n�g, so that the complete shell SsqðSignÞ coincides with the least

fixpoint Sign [ fZ
2n

j n � 1g. g

Finally, the following easy observation will be useful later on.
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LEMMA 6.4
Let F,G � FunðCÞ. Then,SF ¼ SG if and only if for any A 2 AbsðCÞ, A is F-complete, A is
G-complete.

PROOF. ()) If A is F-complete then A ¼ SFðAÞ ¼ SGðAÞ and therefore A is G-complete as
well.
(() This follows from SF ðAÞ ¼ tfX 2 AbsðCÞ j X v A, X isF-completeg ¼ tfX 2

AbsðCÞ j X v A, X is G-completeg ¼ SGðAÞ. g

6.2 Strong preservation and complete shells

Let L be a language with atoms in APL and operators in OpL and let S ¼ ð�, IÞ be a
semantic structure forL so that APL and OpL denote, respectively, the corresponding sets of
semantic interpretations of atoms and operators. It turns out that forward completeness
for APL and OpL implies strong preservation for L.

LEMMA 6.5
If A 2 Absð}ð�ÞÞ is forward complete for APL and OpL then A is s.p. for L.

PROOF. By Theorem 5.8, it suffices to show that A v ADL. Let us show by induction that for
any ’2L, ½½’��S ¼ �ð�ð½½’��SÞÞ.

– ’ � p 2 APL: since A is forward complete for p, ½½p��S ¼ p ¼ �ð�ðpÞÞ ¼ �ð�ð½½p��SÞÞ.
– ’ � fð’1, . . . , ’nÞ with f 2 OpL:

½½fð’1, . . . , ’nÞ��S ¼ ½by definition�

fð½½’1��S, . . . , ½½’n��SÞ ¼ ½by inductive hypothesis�

fð�ð�ð½½’1��SÞÞ, . . . , �ð�ð½½’n��SÞÞÞ ¼ ½since A is forward complete for f �

�ð�ðfð�ð�ð½½’1��SÞÞ, . . . , �ð�ð½½’n��SÞÞÞÞÞ ¼ ½by inductive hypothesis and by definition�

�ð�ð½½fð’1, . . . , ’nÞ��SÞÞ:

g

On the other hand, the converse is not true, that is strong preservation does not imply
forward completeness, as shown by the following example.

EXAMPLE 6.6
Let us consider again Example 5.7 where we showed that the partitioning abstract domain
A ¼ }ðPÞ� is s.p. for L. However, A is not forward complete for OpL ¼ fpre!g. In fact:
�ð�ðpre!ð�ð�ðf3gÞÞÞÞÞ ¼ �ð�ðpre!ðf3gÞÞÞ ¼ �ð�ðf2, 3gÞÞ ¼ f1, 2, 3g while pre!ð�ð�ðf3gÞÞÞ ¼
pre!ðf3gÞ ¼ f2, 3g. g

Instead, it turns out that most abstract s.p. domains can be characterized as forward
complete shells.

6.2.1 Complete shells as strongly preserving abstract domains

Partition refinement algorithms for computing behavioural equivalences like bisimulation
[44], simulation equivalence [5, 37, 50] and (divergence blind) stuttering equivalence [33]
are used in standard abstract model checking to compute the coarsest strongly preserving
partition of temporal languages like CTL* or the �-calculus for the case of
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bisimulation equivalence, ACTL* for simulation equivalence and CTL*-X for stuttering
equivalence.

Given a language L and a concrete state space �, these partition refinement algorithms
work by iteratively refining an initial partition P within the lattice of partitions Partð�Þ

until the fixpoint PL is reached. The input partition P determines the set APP of atoms and
their interpretation IP as follows: APP ¼

def
fpB j B 2 Pg and IPðpBÞ ¼

def
B. More in general, any

X � }ð�Þ determines a set fpXgX2X of atoms with interpretation IXðpXÞ ¼ X. In particular,
this can be done for an abstract domain A 2 Absð}ð�ÞÞ by considering its concretization
�ðAÞ � �, namely A is viewed as a set of atoms with interpretation IAðaÞ ¼ �ðaÞ. Thus, an
abstract domain A 2 Absð}ð�ÞÞ together with a set of functions F � Funð}ð�ÞÞ determine a
language LA,F, with atoms in A, operations in F and endowed with a semantic structure
SA,F ¼ ð�, IA [ IFÞ such that for any a 2 A, IAðaÞ ¼ �ðaÞ and for any f 2 F, IFð f Þ ¼ f.
Therefore, the most abstract s.p. domain ADLA,F

defined in Section 5.2 generalizes in our
framework the output of a partition refinement algorithm for some language. Accordingly,
we aim at characterizing ADLA,F

as the output of a refinement process of the initial domain A
within the lattice Absð}ð�ÞÞ of abstract domains. The following result shows that forward
completeness for the operations in F is the right notion of refinement to be used for the case of
abstract domains.

THEOREM 6.7
Let A 2 Absð}ð�ÞÞ, F � Funð}ð�ÞÞ and assume that LA,F is closed under infinite logical
conjunction. Then, ADLA,F

¼ SFðAÞ.

PROOF. Since LA,F is closed under conjunction we have that ADLA,F
¼ f½½’��SA,F

j ’ 2 LA,Fg.
Let us first prove that f½½’��SA,F

j ’ 2 LA,Fg � SF ðAÞ by structural induction on ’ 2 LA,F:

– ’ � a 2 A: ½½a��SA,F
¼ IAðaÞ ¼ �ðaÞ 2 �ðAÞ � SF ðAÞ.

– ’ � fð’1, . . . , ’nÞ with f 2 F: ½½ f ð’1, . . . , ’nÞ��SA,F
¼ fð½½’1��SA,F

, . . . , ½½’n��SA,F
Þ, where, by

inductive hypothesis, ½½’i��SA,F
2 SF ðAÞ. Therefore, since SF ðAÞ is forward f-complete,

we have that f ð½½’1��SA,F
, . . . , ½½’n��SA,F

Þ 2 SF ðAÞ.

Let us now prove the opposite inclusion. Let us first observe that ADLA,F
is forward

F-complete. For simplicity of notation, consider f 2 F with ]ð f Þ ¼ 1. If ½½’��SA,F
2 ADLA,F

,
where ’ 2 LA,F, then, f ð’Þ 2 LA,F and f ð½½’��SA,F

Þ ¼ ½½f ð’Þ��SA,F
2 ADLA,F

.
By Lemma 6.2, we know that SF ðAÞ ¼ u�2Ordð�	:�A uMðFð	ÞÞÞ�,#ð>ucoð}ð�ÞÞÞ, so that it is

sufficient to prove by transfinite induction on �2Ord that

ð�	:�A uMðFð	ÞÞÞ�,#ð>ucoð}ð�ÞÞÞ � ADLA,F
:

– � ¼ 0: ð�	:�A uMðFð	ÞÞÞ0,#ð>ucoð}ð�ÞÞÞ ¼ >ucoð}ð�ÞÞ ¼ f�g 2 �ðAÞ � ADLA,F
.

– �þ 1: By inductive hypothesis, ð�	:�A uMðFð	ÞÞÞ�,#ð>ucoð}ð�ÞÞÞ � ADLA,F
. Moreover,

ADLA,F
is Moore-closed and forward F-complete (hence closed under F). Thus,

MðFðð�	:�A uMðFð	ÞÞÞ�,#ð>ucoð}ð�ÞÞÞÞÞ � ADLA,F
, namely ð�	:�A uMðFð	ÞÞÞ�þ1,#

ð>ucoð}ð�ÞÞÞ � ADLA,F
.

– limit ordinal �: This follows from

ð�	:�A uMðFð	ÞÞÞ�,#ð>ucoð}ð�ÞÞÞ ¼ u�<�ð�	:�A uMðFð	ÞÞÞ�,#ð>ucoð}ð�ÞÞÞ

because, by inductive hypothesis, ð�	:�A uMðFð	ÞÞÞ�,#ð>ucoð}ð�ÞÞÞ � ADLA,F
, for any

� < �. g
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6.2.2 Strongly preserving abstract domains as complete shells

Let us consider a language L, with atoms in APL and operators in OpL, and a semantic
structure S ¼ ð�, IÞ. As an immediate consequence of Theorem 6.7, the most abstract s.p.
domain ADL for L w.r.t. S can be characterized as the forward APL [OpL-complete shell
of the most abstract domain f�g.

COROLLARY 6.8
Let L be closed under infinite logical conjunction. Then, ADL ¼ SAPL[OpL ðf�gÞ.

Let us also observe that ADL can be equivalently characterized as the forward
OpL-complete shell of an initial abstract domain MðAPLÞ induced by atoms:
ADL ¼ SOpLðMðAPLÞÞ.

6.2.3 Strongly preserving partitions

Theorem 6.7 and Corollary 6.8 provide an elegant generalization of partition refinement
algorithms for strong preservation from an abstract interpretation perspective.

Given a language L with operators in OpL and a corresponding semantic structure
S ¼ ð�, IÞ, as recalled in Section 6.2.1, an input partition P 2 Partð�Þ for a partition refine-
ment algorithm determines the set APL ¼ fpB j B 2 Pg of atoms ofL and their interpretation
IðpBÞ ¼ B. Thus, MðAPLÞ ¼ MðPÞ ¼ P [ f6 0,�g. It turns out that the coarsest s.p. partition
PL for L can be characterized in our abstract domain-based approach as follows.

COROLLARY 6.9
Let L be closed under infinite logical conjunction.

(1) PL ¼ parðSOpLðMðPÞÞÞ.
(2) Let L be closed under logical negation. Then, adpðPLÞ ¼ SOpLðMðPÞÞ.

PROOF. (1) By Corollary 6.8, ADL ¼ SOpLðMðPÞÞ and by Proposition 5.10 (1),
PL ¼ parðADLÞ ¼ parðSOpLðMðPÞÞÞ.
(2) By Proposition 5.10 (1) and (3), Corollary 6.8 and point (1),
adpðPLÞ ¼ adpðparðADLÞÞ ¼ ADL ¼ SOpLðMðPÞÞ. g

It is worth remarking that whenS is not closed under negation, by Proposition 5.10 (3) and
Corollary 6.9 (2), it turns out that adpðPLÞ@SOpL ðMðPÞÞ. This means that when L is not
closed under negation the output partition PL of any partition refinement algorithm for
achieving strong preservation for L is not optimal within the lattice of abstract domains.

EXAMPLE 6.10
Let us consider the language L and the concrete Kripke structure K in Example 5.12.
The labelling determines the initial partition P ¼ fp ¼ 1234, q ¼ 5g 2 Partð�Þ, so that
MðPÞ ¼ f6 0, 1234, 5, 12345g 2 Absð}ð�ÞÞ. Here, OpL ¼ f^, EF½0, 2�g. Abstract domains are
Moore-closed so that SOpL ¼ SEF½0, 2�

. Let us compute SEF½0, 2�
ðMðPÞÞ.

A0 ¼ MðPÞ ¼ f6 0, 1234, 5, 12345g

A1 ¼ A0 uMðEF½0, 2�ðA0ÞÞ ¼ MðA0 [ EF½0, 2�ðA0ÞÞ

¼ Mðf6 0, 1234, 5, 12345g [ fEF½0, 2�ðf5gÞ ¼ 345gÞ ¼ f6 0, 5, 34, 1234, 12345g

A2 ¼ A1 ðfixpointÞ
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As already observed in Example 5.12, PL ¼ f12, 34, 5g is such that adpðPLÞ@�L and it
is not possible to define a strongly preserving abstract Kripke structure on the abstract
space PL. g

7 An application to some behavioural equivalences

It is well known that some temporal languages like CTL, ACTL and CTL-X induce state
logical equivalences that coincide with standard behavioural equivalences like bisimulation
equivalence for CTL, (divergence blind) stuttering equivalence for CTL-X and simulation
equivalence for ACTL. Also, these behavioural equivalences can be computed through
well-known coarsest partition refinement algorithms like those by Paige and Tarjan [44],
Groote and Vaandrager [33] and Henzinger et al. [37]. We derive here a novel characterization
of these behavioural equivalences and corresponding algorithms in terms of forward
completeness of abstract interpretations.

7.1 Bisimulation equivalence

Let K ¼ ð�, ! , ‘Þ be a Kripke structure over some set AP of atomic propositions. A relation
R � �	� is a bisimulation on K if for any s, s0 2 � such that sRs0:

(1) ‘ðsÞ ¼ ‘ðs0Þ;
(2) For any t 2 � such that s ! t, there exists t0 2 � such that s0 ! t0 and tRt0;
(3) s0Rs, i.e. R is symmetric.

Since the empty relation is a bisimulation and bisimulations are closed under union,
it turns out that the largest (as a set) bisimulation relation exists. This largest bisimulation
is an equivalence relation called bisimulation equivalence and is denoted by �bis while
Pbis 2 Partð�Þ denotes the corresponding partition. Thus, a partition P 2 Partð�Þ is a
bisimulation on K when PdPbis.

It is well known [4] that when K is finitely branching, bisimulation equivalence coincides
with the state equivalence induced by CTL, i.e. Pbis ¼ PCTL (the same holds for CTL* and the
�-calculus, see e.g. [20, Lemma 6.2.0.5]). Moreover, it is known (see e.g. [51, Section 12]) that
it is enough to consider finitary Hennessy-Milner logic [36], i.e. a language L1 including
propositional logic and the existential next operator in order to have that PL1

¼ Pbis:

L1 3 ’ ::¼ p j ’1 ^ ’2 j :’ j EX’

where, as usual, the interpretation EX of EX in K is pre!. A number of algorithms for
computing bisimulation equivalence exists [3, 24, 40, 44]. The Paige–Tarjan algorithm [44]
runs in Oðj!j logðj�jÞÞ-time and is the most time-efficient algorithm that computes
bisimulation equivalence.

We recalled above that PL1
¼ PCTL. In our framework, this can be obtained as a

consequence of the fact that the most abstract s.p. domains for CTL and L1 coincide.

LEMMA 7.1
Let K be finitely branching. Then, ADCTL ¼ ADL1

¼ adpðPbisÞ.

PROOF. Let OpCTL ¼ f\, {,AX,EX,AU,EU,AR,ERg be the set of standard interpretations of
the operators of CTL on K, so that AX ¼ fpre! and EX ¼ pre!. We show that � 2 ucoð}ð�ÞÞ
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is forward complete for OpCTL iff � is forward complete for f{, pre!g. Assume that � is

forward complete for f{, pre!g. Let us first prove that � is forward complete for fpre! ¼ AX:

� � fpre! � � ¼ ½by definition of fpre!�

� � { � pre! � { � � ¼ ½as � is complete for {�

� � { � pre! � � � { � � ¼ ½as � is complete for pre!�

� � { � � � pre! � � � { � � ¼ ½as � is complete for {�

{ � � � pre! � � � { � � ¼ ½as � is complete for pre!�

{ � pre! � � � { � � ¼ ½as � is complete for {�

{ � pre! � { � � ¼ ½by definition of fpre!�

fpre! � �

The following fixpoint characterizations are well known [10]:

– AUðS1,S2Þ ¼ lfpð�Z:S2 [ ðS1 \ fpre!ðZÞÞÞ;
– EUðS1,S2Þ ¼ lfpð�Z:S2 [ ðS1 \ pre!ðZÞÞÞ;
– ARðS1,S2Þ ¼ gfpð�Z:S2 \ ðS1 [ fpre!ðZÞÞÞ;
– ERðS1,S2Þ ¼ gfpð�Z:S2 \ ðS1 [ pre!ðZÞÞÞ.

Let us show that � is forward complete for AU. The proofs for the remaining operators

in OpCTL are analogous. We need to show that �ðlfpð�Z:�ðS2Þ [ ð�ðS1Þ \ fpre!ðZÞÞÞÞ ¼

lfpð�Z:�ðS2Þ [ ð�ðS1Þ \ fpre!ðZÞÞÞ. Let us show that � is forward complete for the function

�Z:�ðS2Þ [ ð�ðS1Þ \ fpre!ðZÞÞ:

�ð�ðS2Þ [ ð�ðS1Þ \ fpre!ð�ðZÞÞÞÞ ¼ ½as � is complete for fpre!�

�ð�ðS2Þ [ ð�ðS1Þ \ �ðfpre!ð�ðZÞÞÞÞÞ ¼ ½as � is complete for \�

�ð�ðS2Þ [ �ð�ðS1Þ \ �ðfpre!ð�ðZÞÞÞÞÞ ¼ ½as � is complete for [�

�ðS2Þ [ �ð�ðS1Þ \ �ðfpre!ð�ðZÞÞÞÞ ¼ ½as � is complete for \�

�ðS2Þ [ ð�ðS1Þ \ �ðfpre!ð�ðZÞÞÞÞ ¼ ½as � is complete for fpre!�

�ðS2Þ [ ð�ðS1Þ \ fpre!ð�ðZÞÞÞ:

Observe that since � is additive (and therefore continuous) we have that �ð6 0Þ ¼ 6 0.

Moreover, let us show that from the hypothesis that K is finitely branching it follows that
fpre! is continuous. First, notice that fpre! is continuous iff pre! is co-continuous. Hence,

let us check that pre! is co-continuous. Let fXigi2N be a decreasing chain of subsets of �

and let x 2 \i2Npre!ðXiÞ. Since K is finitely branching, post!ðfxgÞ is finite so that there exists

some k 2 N such that for any j>0, post!ðfxgÞ \ Xk ¼ post!ðfxgÞ \ Xkþj. Hence, there exists

some z 2 \i2NXi \ post!ðfxgÞ, so that x 2 pre!ð\i2NXiÞ. Therefore, since fpre! is continuous

we also have that �Z:�ðS2Þ [ ð�ðS1Þ \ fpre!ðZÞÞ is continuous. We can therefore apply

Lemma 2.1 so that �ðlfpð�Z:�ðS2Þ [ ð�ðS1Þ \ fpre!ðZÞÞÞÞ ¼ lfpð�Z:�ðS2Þ [ ð�ðS1Þ \ fpre!ðZÞÞÞ.
Thus, by Lemma 6.4, Sf{, pre!g ¼ SOpCTL , so that, by Corollary 6.8, ADL1

¼ ADCTL.

Finally, since K is finitely branching and L1 is closed under conjunction and negation,

adpðPL1
Þ ¼ adpðPbisÞ ¼ adpðPL1

Þ ¼ ADL1
. g
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As a consequence of this and of the results in Section 6 (in particular of Corollary 6.9),
any partition refinement algorithm Algbis for computing bisimulation equivalence on
a finitely branching Kripke structure, like those in [3, 24, 40, 44], can be characterized
as a complete shell refinement as follows:

AlgbisðPÞ ¼ parðSf{, pre!gðMðPÞÞÞ:

Thus, Algbis is viewed as an algorithm for computing a particular abstraction, that is par,
of a particular complete shell, that is Sf{, pre!g. In particular, this holds for the Paige–Tarjan
algorithm [44] and leads to design a generalized Paige–Tarjan-like procedure for computing
most abstract strongly preserving domains [47].

Finally, our abstract interpretation-based approach allows us to give the following nice
characterization of bisimulation for a partition P in terms of forward completeness for the
corresponding partitioning abstract domain adp(P).

THEOREM 7.2
Let P 2 Partð�Þ. Then, P is a bisimulation on K iff adp(P) is forward complete for
fp j p 2 APg [ fpre!g.

PROOF. We view adp(P) as a uco so that adpðPÞ ¼ f[iBi 2 }ð�Þ j fBig � Pg. Let us first
observe that PdP‘ iff ad

p(P) is forward complete for fp � � j p 2 APg. On the one hand,
since p ¼ fs 2 � j p 2 ‘ðsÞg, if s 2 p and s 2 B, for some B 2 P, then B � ½s�‘ � p. Hence, p is
a union of some blocks of P and therefore p 2 adpðPÞ. On the other hand, if adp(P) contains
fp � � j p 2 APg then, for any p 2 AP, p is a union of some blocks in P. Thus, for any B 2 P,
either B � p or B \ p ¼ 6 0. Consequently, if s 2 B then B � ½s�‘ 2 P‘.

Let us now note that adpðPÞ is forward complete for pre! iff for any block B 2 P, pre!ðBÞ
is a (possibly empty) union of blocks of P: this holds because pre! is additive, and therefore if
fBig � P then pre!ð[iBiÞ ¼ [ipre!ðBiÞ. The fact that, for some B 2 P, pre!ðBÞ ¼ [iBi, for
some blocks fBig � P, implies that if s 2 pre!ðBÞ, i.e. s ! t for some t 2 B, then s 2 Bj, for
some j, and if s0 2 Bj then s0 2 pre!ðBÞ, i.e. s0 ! t0 for some t0 2 B, namely condition (2) of
bisimulation for P holds. On the other hand, if condition (2) of bisimulation for P holds then
if s, s0 2 B0 and s 2 pre!ðBÞ, for some B,B0 2 P, then s0 ! t0 for some t0 2 B, i.e. s0 2 pre!ðBÞ,
and therefore pre!ðBÞ is a union of blocks of P. This closes the proof. g

7.1.1 On the smallest abstract transition relation

As recalled in Section 2.3, the abstract Kripke structure A ¼ ðPbis,!
99, ‘9Þ strongly preserves

CTL, where B1!
99B2 iff there exist s12B1 and s22B2 such that s1! s2, and ‘

9ðBÞ ¼ [s2B‘ðsÞ.
As a simple and elegant consequence of our approach, it is easy to show that !99 is the
unique (and therefore the smallest) abstract transition relation on Pbis that induces strong
preservation for CTL.

Let K ¼ ð�, ! , ‘Þ be finitely branching so that, by Lemma 7.1,
ADL1

¼ adpðPbisÞ ¼ }ðPbisÞ. Recall that the concrete interpretation I induced by K is such
that IðEXÞ ¼ pre!. By Theorem 5.9, the unique interpretation of atoms and operations in L1

on the abstract domain }ðPbisÞ that gives rise to a s.p. abstract semantics is the best
correct approximation I}ðPbisÞ. Hence, if A ¼ ðPbis,!

], ‘]Þ is strongly preserving for CTL
then the interpretation pre!] of EX induced by A must coincide with I}ðPbisÞðEXÞ.
Consequently, pre!] ¼ � � pre! � � so that for any B1,B2 2 Pbis, we have that B1 !

] B2 iff
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B1 2 �ðpre!ð�ðfB2gÞÞÞ. Therefore, we conclude by observing that B1 2 �ðpre!ð�ðfB2gÞÞÞ iff
B1!

99B2.
We believe that a similar reasoning could be also useful for other languages L in

order to prove that the smallest abstract transition relation on PL that induces strong
preservation exists. For example, this has been proved for the case of ACTL by Bustan
and Grumberg [5].

7.2 Stuttering equivalence

Lamport’s criticism [39] of the next-time operator X in CTL/CTL* is well known. This
motivated the study of temporal logics CTL-X/CTL*-X obtained from CTL/CTL*
by removing the next-time operator and this led to study notions of behavioural stuttering-
based equivalences [4, 23, 33]. We are interested here in divergence blind stuttering
(dbs for short) equivalence. Let K ¼ ð�, ! , ‘Þ be a Kripke structure over a set AP of
atoms. A relation R � �	� is a divergence blind stuttering relation on K if for any s, s0 2 �

such that sRs0:

(1) ‘ðsÞ ¼ ‘ðs0Þ;
(2) If s ! t then there exist t0, . . . , tk 2 �, with k� 0, such that: (i) t0 ¼ s0; (ii) for all

i 2 ½0, k
 1�, ti ! tiþi and sRti; (iii) tRtk;
(3) s0Rs, i.e. R is symmetric.

Observe that condition (2) allows the case k¼ 0 and this simply boils down to requiring
that tRs0. Since the empty relation is a dbs relation and dbs relations are closed under union,
it turns out that the largest dbs relation exists. It turns out that this largest dbs relation is
an equivalence relation called dbs equivalence and is denoted by �dbs while Pdbs 2 Partð�Þ

denotes the corresponding partition. In particular, a partition P 2 Partð�Þ is a dbs relation on
K when PdPdbs.

De Nicola and Vaandrager [23, Theorem 3.2.5] showed that for finite Kripke structures and
for an interpretation of universal/existential path quantifiers over all the, possibly finite,
prefixes, dbs equivalence coincides with the state equivalence induced from the language
CTL-X (this also holds for CTL*-X), that is Pdbs ¼ PCTL-X. This is not true with the standard
interpretation of path quantifiers over infinite paths, since this requires a divergence sensitive
notion of stuttering (see the details in [23]). Groote and Vaandrager [33] presented a partition
refinement algorithm that computes the partition Pdbs in Oðj�jj!jÞ-time.

We provide a characterization of divergence blind stuttering equivalence as the state
equivalence induced by the following language L2 that includes propositional logic and the
existential until operator EU, where the interpretation of the existential path quantifier is
standard, i.e. over infinite paths:

L2 3 ’ ::¼ p j ’1 ^ ’2 j :’ j EUð’1, ’2Þ

Since the transition relation ! is assumed to be total, let us recall that the standard semantics
EU! : }ð�Þ

2
! }ð�Þ of the existential until operator is as follows:

EU!ðS1,S2Þ ¼ S2 [ fs 2 S1 j 9s0, . . . , sn 2 �, with n � 0, such that ðiÞ s0 ¼ s,

ðiiÞ 8i 2 ½0, n
 1�: si 2 S1 and si ! siþ1, ðiiiÞ sn 2 S2g:
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The following result characterizes a dbs partition P in terms of forward completeness for the
corresponding partitioning abstract domain adp(P).

THEOREM 7.3
Let P 2 Partð�Þ. Then, P 2 Partð�Þ is a dbs partition on K iff adp(P) is forward complete for
fp j p 2 APg [ fEU!g.

PROOF. As already shown in the proof of Theorem 7.2, it turns out that PdP‘ iff adp(P)
is forward complete for fp � � j p 2 APg. Thus, it remains to show P 2 Partð�Þ satisfies
condition (2) of the definition of dbs relation iff adp(P) is forward complete for EU!.
Let us first observe that P 2 Partð�Þ satisfies this condition (2) iff for any B1,B2 2 P,
EU!ðB1,B2Þ ¼ B1 [ B2.

ð)Þ If B1 ¼ B2 then EU!ðB1,B1Þ ¼ B1. Otherwise, assume that B1 6¼B2. If
B2 (EU!ðB1,B2Þ � B1 [ B2 then there exists s 2 EU!ðB1,B2Þ such that s 2 B1. Thus, if
s0 2 B1 then, by condition (2), s0 2 EU!ðB1,B2Þ. This implies that EU!ðB1,B2Þ ¼ B1 [ B2.

ð(Þ Let B 2 P, s, s0 2 B and s ! t. If t 2 B then condition (2) is satisfied. Otherwise, t 2 B0,
for some B0 2 P, with B 6¼ B0. Thus, s 2 EU!ðB,B0Þ and therefore EU!ðB,B0Þ ¼ B [ B0. This
means that condition (2) is satisfied for P.

To complete the proof it is now sufficient to show that if, for any B1,B2 2 P,
EU!ðB1,B2Þ ¼ B1 [ B2 then adp(P) is forward complete for EU!, i.e. for any
fBigi2I, fBjgj2J � P, EU!ð[iBi, [j BjÞ ¼ [kBk, for some fBkgk2K � P. The function EU! is
additive in its second argument, thus we only need to show that, for any B 2 P,
EU!ð[iBi,BÞ ¼ [kBk, namely if s 2 EU!ð[iBi,BÞ and s 2 B0, for some B0 2 P, then
B0 � EU!ð[iBi,BÞ. If s 2 EU!ð[iBi,BÞ and s 2 B0, for some B0 2 fBîgfi2Ig, then there exist
n� 0 and s0, . . . , sn 2 � such that s0 ¼ s, 8j 2 ½0, n
 1�:sj 2 [iBi and sj ! sjþ1, and sn 2 B. Let
us prove by induction on n 2 N that if s0 2 B0 then s0 2 EU!ð[iBi,BÞ.

(n¼ 0): In this case s 2 [iBi and s 2 B ¼ B0. Hence, for some k, s 2 Bk ¼ B ¼ B0 and
therefore s 2 EU!ðB,BÞ. By hypothesis, EU!ðB,BÞ ¼ B. Moreover, EU! is monotone on its
first component and therefore B0 ¼ B ¼ EU!ðB,BÞ � EU!ð[iBi,BÞ.

(nþ 1): Suppose that there exist s0, . . . , snþ1 2 � such that s0 ¼ s, 8j 2 ½0, n�:sj 2 [iBi and
sj ! sjþ1, and snþ1 2 B. Let sn 2 Bk, for some Bk 2 fBigi2I. Then, s 2 EU!ð[iBi,BkÞ and
s ¼ s0 ! s1 ! . . . ! sn. Since this finite path has length n, by inductive hypothesis,
s0 2 EU!ð[iBi,BkÞ. Hence, there exist r0, . . . , rm 2 �, with m� 0, such that s0 ¼ r0,
8j 2 ½0,m
 1�:rj 2 [iBi and rj ! rjþ1, and rm 2 Bk. Moreover, since sn ! snþ1, we have
that sn 2 EU!ðBk,BÞ. By hypothesis, EU!ðBk,BÞ ¼ Bk [ B, and therefore rm 2 EU!ðBk,BÞ.
Thus, there exist q0, . . . , ql 2 �, with l� 0, such that rm ¼ q0, 8j 2 ½0, l
 1�:qj 2 Bk and
qj ! qjþ1, and ql 2 B. We have thus found the following finite path:
s0 ¼ r0 ! r1 ! . . . ! rm ¼ q0 ! q1 ! . . . ! ql, where all the states in the sequence but the
last one ql belong to [iBi, while ql 2 B. This means that s0 2 EU!ð[iBi,BÞ. g

As a consequence, we obtain a characterization of dbs equivalence as the state equivalence
induced by the standard interpretation of the language L2.

COROLLARY 7.4
Let � be finite. Then, Pdbs ¼ PL2

.

PROOF. By definition, Pdbs ¼ gPartð�ÞfP 2 Partð�Þ j P is a dbs relation on Kg. By
Theorem 7.3, Pdbs ¼ gPartð�ÞfP 2 Partð�Þ j adpðPÞ is complete for fp j p 2 APg [ fEU!gg.
By Theorem 3.2, adp is co-additive on Partð�Þ

<
, that is adp preserves lub’s in Partð�Þd.
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Hence, adpðPdbsÞ ¼ tAbsð}ð�ÞÞfad
pðPÞ 2 Absð}ð�ÞÞ j P 2 Partð�Þ, adpðPÞ is complete for

fp j p 2 APg [ fEU!gg. By Theorem 3.2, Absparð}ð�ÞÞ ¼ fadpðPÞ j P 2 Partð�Þg so that

adpðPdbsÞ ¼ tAbsð}ð�ÞÞfA 2 Absparð}ð�ÞÞ j A is complete for fp j p 2 APg [ fEU!gg. By

Corollary 3.3, A 2 Absparð}ð�ÞÞ iff A is forward complete for {, so that adpðPdbsÞ ¼

tAbsð}ð�ÞÞfA 2 Absð}ð�ÞÞ j A is complete for fp j p 2 APg [ f{,EU!gg. Then, we note that A

is forward complete for fp j p 2 APg iff A v Mðfp j p 2 APgÞ. Hence, adpðPdbsÞ ¼ tAbsð}ð�ÞÞ

fA 2 Absð}ð�ÞÞ j A v Mðfp j p 2 APgÞ, A is complete for f{,EU!gg ¼ Sf{,EU!g

ðMðfp j p 2 APgÞÞ. Finally, since � is finite and therefore closure under infinite conjunction

boils down to closure under finite conjunction, by Corollary 6.8, Sf{,EU!g

ðMðfp j p 2 APgÞÞ ¼ ADL2
. Thus, by Proposition 5.10 (1), adpðPdbsÞ ¼ ADL2

, so that

Pdbs ¼ parðadpðPdbsÞÞ ¼ parðADL2
Þ ¼ PL2

. g

As a consequence of Corollary 6.9, the Groote-Vaandrager algorithm [33] GV for

computing dbs equivalence on a finite Kripke structure can be characterized as a complete

shell refinement as follows:

GVðPÞ ¼ parðSf{,EU!gðMðPÞÞÞ:

7.3 Simulation preorder and equivalence

Simulations are possibly non-symmetric bisimulations, that is R � �	� is a simulation on

a Kripke structure K ¼ ð�, ! , ‘Þ if for any s, s0 2 � such that sRs0:

(1) ‘ðs0Þ � ‘ðsÞ;
(2) For any t 2 � such that s ! t, there exists t0 2 � such that s0 ! t0 and tRt0.

The empty relation is a simulation and simulation relations are closed under union, so that

the largest simulation relation exists. It turns out that the largest simulation is a preorder

relation on �, i.e. a reflexive and transitive relation on �, called similarity preorder (on K).

PreOrdð�Þ denotes the set of preorder relations on � and the similarity preorder is denoted by

Rsim 2 PreOrdð�Þ. Therefore, a preorder relation R 2 PreOrdð�Þ is a simulation on K when

R � Rsim. Simulation equivalence �simeq � �	� is defined as the symmetric reduction of

Rsim: s �simeq s0 iff there exist two simulation relations R1 and R2 such that sR1s
0 and s0R2s.

Psimeq 2 Partð�Þ denotes the partition corresponding to �simeq.
A number of algorithms for computing simulation equivalence have been proposed [2, 5,

12, 28, 37] and some of them like [2, 37] first compute the similarity preorder and

then from it they obtain simulation equivalence. The problem of computing simulation

equivalence is important in model checking because, as recalled in Section 2.3, simulation

equivalence strongly preserves ACTL so that Psimeq ¼ PACTL (see [34, Section 4]). Recall that

ACTL is obtained by restricting CTL, as defined in Section 4.1, to universal quantifiers and

by allowing negation on atomic propositions only:

ACTL 3 ’ ::¼ p j :p j ’1 ^ ’2 j ’1 _ ’2 j AX’ j AUð’1,’2Þ j ARð’1, ’2Þ

It turns out that the most abstract s.p. domain for ACTL can be obtained as the most

abstract s.p. domain for the following sublanguage L3:

L3 3 ’ ::¼ p j :p j ’1 ^ ’2 j ’1 _ ’2 j AX’

190 Generalized Strong Preservation by Abstract Interpretation



LEMMA 7.5
Let K be finitely branching. Then, ADACTL ¼ ADL3

.

PROOF. Let OpACTL ¼ f\, [ ,AX,AU,ARg be the set of standard interpretations of the

operators of ACTL on K, so that AX ¼ fpre!. Analogously to the proof of Lemma 7.1,
as a consequence of the least/greatest fixpoint characterizations of AU and AR, it turns
out that for any A 2 Absð}ð�ÞÞ, A is forward complete for OpACTL iff A is forward

complete for f[, fpre!g. Thus, by Lemma 6.4, Sf[, pree!
g ¼ SOpACTL

, so that, by Corollary 6.8,
ADL3

¼ ADACTL. g

Thus, by Proposition 5.10 (1), PACTL ¼ parðADACTLÞ ¼ parðADL3
Þ ¼ PL3

, so that
Psimeq ¼ PL3

. As a further consequence, by Corollary 6.9, any algorithm Algsimeq that
computes simulation equivalence can be viewed as a partitioning abstraction of the f[, fpre!g-

complete shell refinement:

AlgsimeqðPÞ ¼ parðSf[, pree!
gðMðPÞÞÞ:

7.3.1 Preorders as abstract domains

Simulations give rise to preorders rather than equivalences like in the case of
bisimulations and dbs relations. Thus, in order to characterize simulation for preorders

as forward completeness for abstract domains we need to view preorders as abstract
domains. This can be obtained by generalizing the abstraction in Section 3 from partitions

to preorders.
Let R 2 PreOrdð�Þ and for any x 2 � let us define Rpre ¼

def
fpreRðfxgÞ � � j x 2 �g. The

preorder R gives rise to an abstract domain }ðRpreÞ� which is related to }ð�Þ� through the
following abstraction and concretization maps:

�RðSÞ ¼
def
fpreRðfxgÞ � � j x 2 Sg �RðXÞ ¼

def
[X2XX:

It is easy to check that from the hypothesis that R is a preorder it follows that

ð�R,}ð�Þ�,}ðR
preÞ�, �RÞ is indeed a GI. Hence, any R 2 PreOrdð�Þ induces an abstract

domain denoted by addðRÞ 2 Absð}ð�ÞÞ. Also, note that �R � �R ¼ preR, namely preR is the

closure associated to add(R). The notation add comes from the fact that an abstract domain A
is equivalent to some add(R) if and only if A is disjunctive.

LEMMA 7.6
faddðRÞ 2 Absð}ð�ÞÞ j R 2 PreOrdð�Þg ¼ fA 2 Absð}ð�ÞÞ j A is disjunctiveg.

PROOF. Observe that �R is trivially additive, so that any add(R) is disjunctive.
On the other hand, let A 2 Absð}ð�ÞÞ be disjunctive and consider the relation
RA ¼ fðx, yÞ j �ðfxgÞg �A �ðfygÞg which is trivially a preorder. Thus, addðRAÞ is

disjunctive so that in order to conclude that addðRAÞ is equivalent to A it is enough to
observe that for any y 2 �, preRA ðfygÞ ¼ �ð�ðfygÞÞ: this is true because �ð�ðfygÞÞ ¼
fx 2 � j �ðfxgÞ �A �ðfygÞg ¼ preRAðfygÞ. g

Let us observe that add indeed generalizes adp from partitions to preorders because
for any P 2 Partð�Þ, adpðPÞ ¼ addðRÞ: this is a simple consequence of the fact that for a

partition P viewed as an equivalence relation and for x 2 �, Px is exactly a block of P so that

Generalized Strong Preservation by Abstract Interpretation 191



�PðS Þ ¼ fprePðfxgÞ j x 2 Sg. On the other hand, an abstract domain A 2 Absð}ð�ÞÞ induces
a preorder relation preordðAÞ 2 PreOrdð�Þ as follows:

ðx, yÞ 2 preordðAÞ iff �ðfxgÞ �A �ðfygÞ:

It turns out that the maps add and preord allows to view the lattice of preorder relations as an
abstraction of the lattice of abstract domains.

THEOREM 7.7
ðpreord, Absð}ð�ÞÞw, PreOrdð�Þ�, ad

dÞ is a GC.

PROOF. Let A 2 Absð}ð�ÞÞ and R 2 PreOrdð�Þ. Let us prove that R � preordðAÞ,
addðRÞ v � � �.

ð)Þ Let S � � and let us show that addðRÞðS Þ ¼ preRðS Þ � �ð�ðS ÞÞ. If x 2 preRðS Þ then
xRy for some y 2 S, so that ðx, yÞ 2 preordðAÞ, i.e. �ðfxgÞ �A �ðfygÞ. Thus, by applying �,
x 2 �ð�ðfxgÞÞ � �ð�ðfygÞÞ � �ð�ðS ÞÞ.

ð(Þ Let ðx, yÞ 2 R and let us show that �ðfxgÞ �A �ðfygÞ. Note that
x 2 preRðfygÞ ¼ addðRÞðfygÞ � �ð�ðfygÞÞ, so that �ðfxgÞ �A �ðfygÞ, namely ðx, yÞ 2 preordðAÞ.g

Let us remark that D¼
def

add � preord is a lower closure operator on hAbsð}ð�ÞÞ, vi

and that, by Lemma 7.6, for any A 2 Absð}ð�ÞÞ, A is disjunctive iff DðAÞ ¼ A. Hence,
D coincides with the disjunctive-shell refinement, also known as disjunctive completion
[15, 31], namely DðAÞ is the most abstract disjunctive refinement of A.

We can now provide a characterization of simulation preorders in terms of forward
completeness.

THEOREM 7.8
Let R 2 PreOrdð�Þ. Then, R is a simulation on K iff add(R) is forward complete for
fp j p 2 APg [ ffpre!g.

PROOF. Recall that preR is the closure associated to add(R). We first observe that
ðsRs0)‘ðs0Þ � ‘ðsÞÞ iff preR is forward complete for AP. On the one hand, if p 2 AP and
s 2 preRðpÞ then sRs0 for some s0 2 p, so that, from ‘ðs0Þ � ‘ðsÞ, we obtain s 2 p, and therefore
preRðpÞ ¼ p. On the other hand, if sRs0 and s0 2 p, for some p 2 AP, then s0 2 p ¼ preRðpÞ
so that preRðfs

0gÞ � preRðpreRðpÞÞ ¼ preRðpÞ ¼ p and therefore from s 2 preRðfs
0gÞ we

obtain s 2 p.
Thus, it remains to show that R satisfies condition (2) of the definition of simulation iff

preR is forward complete for pre!.
ð)Þ We prove that for any S, preRðfpre!ðpreRðS ÞÞÞ � fpre!ðpreRðS ÞÞ. Let

x 2 preRðfpre!ðpreRðS ÞÞÞ so that there exists some y 2 fpre!ðpreRðS ÞÞ such that xRy.
If x ! x0, for some x0, then, by simulation, there exists some y0 such that y ! y0 and
x0Ry0. Hence, y0 2 preRðS Þ and this together with x0Ry0, as R is transitive, gives x0 2 preRðS Þ.
Therefore, x 2 fpre!ðpreRðS ÞÞ.

ð(Þ Observe that in order to show that R is a simulation it is enough to show that
if xRy then x 2 fpre!ðpreRðpost!ðfygÞÞÞ. The following implications hold, where
post!ðfygÞ � preRðpost!ðfygÞÞ holds because preR is a uco:

post!ðfygÞ � preRðpost!ðfygÞÞ ) ½as fpre! is monotone�

fpre!ðpost!ðfygÞÞ � fpre!ðpreRðpost!ðfygÞÞÞ ) ½as y 2 fpre!ðpost!ðfygÞÞ�
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fyg � fpre!ðpreRðpost!ðfygÞÞÞ ) ½as preR is monotone�

preRðfygÞ � preRðfpre!ðpreRðpost!ðfygÞÞÞÞ ) ½as preR is forward complete for fpre!�

preRðfygÞ � fpre!ðpreRðpost!ðfygÞÞÞ ) ½as x 2 preRðfygÞ�

x 2 fpre!ðpreRðpost!ðfygÞÞÞ

and this closes the proof. g

8 Related work

Loiseaux et al. [41] generalized the standard approach to abstract model checking to
more general abstract models where an abstraction relation 
 � States	 A is used instead
of a surjective function h : States ! A. However, the results of strong preservation given
there (cf. [41, Theorems 3 and 4]) require the hypothesis that the relation 
 is difunctional, i.e.

 ¼ 


1
. In this case the abstraction relation 
 can indeed be derived from a function,
so that the class of strongly preserving abstract models in Loiseaux et al.’s framework is not
really larger than the class of standard partition-based abstract models (see the detailed
discussion by Dams et al. [21, Section 8.1]).

Giacobazzi and Quintarelli [29] first noted that strong preservation is related to
completeness in abstract interpretation by studying the relationship between complete
abstract interpretations and Clarke et al.’s [6, 7, 8] spurious counterexamples. Given
a formula ’ of ACTL, a model checker running on a standard abstract Kripke structure
defined over a state partition P may provide a spurious counterexample � ] for ’, namely
a path of abstract states, namely blocks of P, which does not correspond to a real concrete
counterexample. In this case, by exploiting the spurious counterexample � ], the partition P is
refined to P 0 by splitting a single block of P. As a result, this refined partition P 0 does not
admit the spurious counterexample � ] for ’ so that P 0 is given as a new refined abstract
model for ’ to the model checker. Giacobazzi and Quintarelli [29] cast spurious counter-
examples for a partition P as a lack of (standard) completeness in the abstract interpretation
sense for the corresponding partitioning abstract domain adp(P). Then, by applying the
results in [32] they put forward a method for systematically refining abstract domains in order
to eliminate spurious counterexamples. The relationship between completeness and
spurious counterexamples was further studied in [19], where it is also shown that a block
splitting operation in Paige and Tarjan [44] partition refinement algorithm can be
characterized in terms of complete abstract interpretations. More in general, the idea
of systematically enhancing the precision of abstract interpretations by refining the
underlying abstract domains dates back to the early works by Cousot and Cousot [15], and
evolved to the systematic design of abstract interpretations by abstract domain refinements
[27, 30, 32].

9 Conclusion

This work shows how the abstract interpretation technique allows to generalize the notion
of strong preservation from standard abstract models specified as abstract Kripke structures
to generic domains in abstract interpretation. For any inductively defined language L,
it turns out that strong preservation of L in a standard abstract model checking framework
based on partitions of the space state � becomes a particular instance of the property
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of forward completeness of abstract domains w.r.t. the semantic operators of the language L.

In particular, a generalized abstract model can always be refined through a fixpoint

iteration to the most abstract domain that strongly preserves L. This generalizes in our

framework the idea of partition refinement algorithms that reduce the state space � in order

to obtain a minimal abstract Kripke structure that is strongly preserving for some temporal

language.
This work deals with generic temporal languages consisting of state formulae only.

As future work, it would be interesting to study whether the ideas of our abstract

interpretation-based approach can be applied to linear languages like LTL consisting of

formulae that are interpreted as sets of paths of a Kripke structure. The idea here is to

investigate whether standard strong preservation of LTL can be generalized to abstract

interpretations of the powerset of traces and to the corresponding completeness properties.

Fairness can be also an interesting topic of investigation, namely to study whether our

abstract interpretation-based framework allows to handle fair semantics and fairness

constraints [10].
Finally, let us mention that the results presented in this paper led to design a generalized

Paige–Tarjan refinement algorithm based on abstract interpretation for computing most

abstract strongly preserving domains [47]. As shown in Section 6, a most abstract strongly

preserving domain can be characterized as a greatest fixpoint computation in Absð}ð�ÞÞ.

It is shown in [47] that the Paige–Tarjan algorithm [44] can be viewed exactly as

a corresponding abstract greatest fixpoint computation in Partð�Þ. This leads to an abstract

interpretation-based Paige–Tarjan-like refinement algorithm that is parametric on any

abstract interpretation of the lattice Absð}ð�ÞÞ of abstract domains of }ð�Þ and on any

generic inductive language L.
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