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Asymptotic behavior of the solutions

of the Dirichlet problem for the Laplace
operator in a domain with a small hole.
A functional analytic approach
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Summary: We consider a hypersurface in R" parametrized by a diffeomorphism ¢° of the unit
sphere in R" into R", and we take a point w in the domain I[¢°] enclosed by the image of ¢°, and
we consider the ‘hole’ I[w + €&] enclosed by the image of the hypersurface w + €&, where & is
a diffeomorphism as ¢° with 0 € T[£] and € is a small positive real parameter. Then we consider the
Dirichlet problem for the Laplace equation in the perforated domain I[¢°] with the hole I[w + €£]
removed and show real analytic continuation properties of the solution u and of the corresponding
energy integral as functionals of the sextuple of w, €, &, ¢°, and of the Dirichlet data in the interior
and exterior boundaries of the perforated domain, which we think of as a point in an appropriate
Banach space, around a degenerate sextuple with e = 0.

1 Introduction

In this paper, we consider the Dirichlet problem for the Laplace equation in a perforated
domain. We consider an open domain I[¢°] of R" enclosed by the image ¢°(0B,) of
a diffeomorphism ¢° of the boundary 9By, of the unit ball By, in R" into R". Then we
select a point w in I[¢°] and we consider the ‘hole’ I[w + €£] enclosed by the image of
the hypersurface w + €&, where & is a diffeomorphism as ¢° with 0 € I[¢] and € is a small
positive real parameter. Then we consider the annular domain A[w, €, &, ¢°] bounded
by the pair of ‘sphere type’ hypersurfaces w + £ and ¢°, and a Dirichlet boundary
value problem for the Laplace equation in A[w, ¢, & ¢°]. We assign the Dirichlet data
g o (w + €&) L on the “inner boundary” w + €£(8By,) and the Dirichlet data g° o ¢°—
on the ‘outer boundary’ ¢°(dBp,). We note that we have chosen to write the boundary data
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in this form only in order to have both the functions g' and g° defined on the common
domain 9Bp. Then we consider the problem

Au=0 in Alw, €, &, ¢°],
u=gow+ed) Y onw+ €£(Bp), (1.1)
u=glogoV on ¢°(3Bn).

and we ask what happens when the parameter e shrinks to 0.

Such problem is by no means new and has been long investigated by the techniques of
asymptotic analysis, which aim at giving complete asymptotic expansions of the solution
of (1.1) in terms of the parameter e. It is perhaps difficult to provide a complete list of the
contributions. Here, we mention the work of Kozlov, Maz’ya and Movchan [8], Maz’ya,
Nazarov and Plamenewskii [14], Movchan [16], Ozawa [17], Ward and Keller [19]. In
particular, we mention that a complete asymptotic expansion of the solution of (1.1) in
terms of e for fixed values of w, &, ¢° can be found in Maz’ya, Nazarov and Plame-
newskii [14, Thms. 2.1.1, 2.4.1, Vol. 1] (see also Movchan [16, p. 206]) by the so-called
compound asymptotic expansion method.

This paper aims at characterizing the behavior of the solution of (1.1) around € = 0
by a different approach, which in ideas stems from that of [9, 10].

We shall consider the solution u[w, €, &, ¢°, g', g°1(-) of Problem (1.1) as a function of
the complex of variables (w, €, £, ¢°, @', g°), which we denote p, around a ‘degenerate’
sextuple po = (wo, 0, &0, ¢§. 9y, 95) with ¢ = 0 and ask how such solution u[p](-)
or the corresponding energy integral depend on p, which we think of as a point of
an appropriate Banach space. Our main results are Theorem 5.3 and Theorem 6.1 and
describe the behavior of u[p] in a fixed region of its domain and of the corresponding
energy integral around po.

Namely, we prove that the solution u[p] restricted to a compact subset of its domain
can be written in the form

Uza[pl()
Vl[wa €, g’ ¢O] + V2[w7 €, g’ ¢0]Tn(€) '

ulpl() = U1lpl() +

where U1[p](-) and Uz[p](-) are functions which depend real analytically upon p and
Vilw, €, &, ¢°], Valw, €, &, ¢°] are reals which depend real analytically on p (actually
onlyon (w, €, &, ¢°)) around a degenerate sextuple, Yr(¢) is the function of 10, +oo[ to R
such that Y (| - |) is the fundamental solution of the Laplace operator (cf. (2.2), Theorem
5.3.) In particular, if n > 3, one sees that u[-] admits a real analytic continuation, while
for n = 2, u[-] has a logarithmic behavior around a degenerate sextuple.

Then we turn to consider the energy integral fA[w,e,E,rpo] |Vulp](t)|? dt of u[p] and we
show that it can be written in the form

F2[p]
V]_[u), €, év ¢0] + VZ[ws €, év ¢°]Tn (6) '

Filp]l +
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where F1[p], F2[p] are reals which depend real analytically on p around a degenerate
sextuple (cf. Theorem 6.1.) As a Corollary, we prove that the electrostatic capacity of
clifw + €&] with respect to I[¢°] can be written as

1
(o} I
Caplw. € 8- 071 = 1 e . 6% - Valw, . & ¢°1Tn(@)”

We now briefly outline our strategy. We first decompose the boundary data g', g° into
a term for which the Fredholm integral equations corresponding to problem (1.1) can be
solved, and into a term for which such equations are not solvable. Then we write u[p]
as a sum uy[p] + us[p], where u,[p] is a double layer potential whose density solves
the Fredholm equations (cf. (2.4)) and ug[p] is a suitable multiple of a single layer
potential whose density solves the equation transpose to the Fredholm equation of (1.1)
(cf. (2.3).) As is well known, the presence of us[p] is due to the hole in the domain I[¢°]
(cf. e.g., Folland [5, Ch. 3].) Next we analyze the real analytic continuation properties
of the solutions of the transpose equation (cf. Theorem 3.10) and then of the Fredholm
equation (cf. Theorem 4.4) around pg. Since the corresponding problems are degenerate,
we construct equivalent nondegenerate problems to which we apply a corollary of the
Implicit Function Theorem (cf. Theorem A.1 of the Appendix.) Then by exploiting the
description of the real analytic continuation properties of the density functions upon
variation of paround pgand the equality u[p] = u; [p]+us[p], we deduce our main results.

Our results are in accordance with the behavior one would expect by looking at
the above mentioned asymptotic expansions. Actually, the above mentioned expan-
sions of u[p] (see Maz’ya, Nazarov and Plamenewskii [14, Thms. 2.1.1, 2.4.1, Vol. 1],
Movchan [16, p. 206]) and of the corresponding energy integral (cf. Maz’ya, Nazarov
and Plamenewskii [14, Thms. 8.1.4, 8.1.5, Vol. 1]) may suggest the validity of the above
results, at least for fixed values of w, &, ¢°, ', g°.

Perhaps, one could also try to prove such results for fixed values of w, &, ¢°, ¢', g°
by showing that the series of the above mentioned asymptotic expansions converge to the
corresponding functions. Such approach however may be nontrivial, and for its possible
feasibility the author takes no credit and refers to some expert in asymptotic analysis. We
also mention that one could think of proving our results by considering a real analytic
curve of sextuples p through a degenerate sextuple po with ¢ = 0 depending on a real
parameter and then by showing the appropriate continuation properties of the solution
of (1.1) or of the corresponding energy integral as a function of the parameter of the
curve. Such method, also known as ‘parameter method’ at least since the thirties would
anyway Yyield a weaker form of our results. Indeed, it is well known that for an operator
in a Banach space, even in the finite dimensional case, real analyticity on all real analytic
curves does not imply real analyticity (cf. Boman [2]).

The paper is organized as follows. Section 2 is a section of preliminaries. In Sections 3
and 4, we construct nondegenerate systems of integral equations for the densities of the
potentials we employ to represent solutions, and we analyze them by a consequence of
the Implicit Function Theorem. In Sections 5 and 6 we apply the results of Sections 3 and
4 to prove our main results. At the end of the paper we have enclosed an Appendix, where
we present a corollary of the Implicit Function Theorem which we exploit in Sections 3
and 4.
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2 Preliminaries and notation

We denote the norm on a (real) normed space X by || - || v. Let X and ) be normed spaces.
We endow the product space X x Y with the normdefined by || (X, V)|l xxy = X2+ 1Yy
Y(X,y) € X x ), while we use the Euclidean norm for R". For standard definitions of
Calculus in normed spaces, we refer to Prodi and Ambrosetti [18]. The symbol N de-
notes the set of natural numbers including 0. Throughout the paper, n is an element of
N\ {0, 1}. The inverse function of an invertible function f is denoted f(~1, as opposed
to the reciprocal of a complex-valued function g, or the inverse of a matrix A, which
are denoted g~* and A1, respectively. A dot *-’ denotes the inner product in R", or the
matrix product between matrices with real entries. Let D € R". Then clD denotes the
closure of D and dD denotes the boundary of D. For all R > 0, x € R", x;j denotes
the j-th coordinate of x, |x| denotes the Euclidean modulus of x in R", and Bn(X, R)
denotes the ball {y € R" : |x — y| < R}. For short, we set B, = Bn(0,1). Let Q
be an open subset of R". The space of m times continuously differentiable real-valued
functions on € is denoted by C™(2, R), or more simply by C™(Q2). Letr € N\ {0},
f e (C™())". The s-th component of f is denoted fs, and D f denotes the gradient
matrix of f. Let n = (91,...,nn) € N, |n| = n1 + --- + nn. Then D7 f denotes

%. The subspace of C™(£2) of those functions f such that f and its derivatives
T oxp

D" f of order |n| < m can be extended with continuity to cl 2 is denoted C™(cl 2). The
subspace of C™(cl ) whose functions have m-th order derivatives that are Hélder contin-
uous with exponent « €]0, 1] is denoted C™¢(cl 2), (cf. e.g. Gilbarg and Trudinger [6]).
Let D € R". Then C™*(cl 2, D) denotes { f € (C™*(cl))" : f(cl Q) < D}. Now let
Q be a bounded open subset of R". Then C™(cl 2) endowed with the norm || f||m =
Zln\sm supg o D7 f] is a Banach space. If f € COe(cl ), then its Holder quotient

If : Q| is defined as supi% (X, yeclQ, x £ y}. The space C™(cl ),
equipped with its usual norm || fllme = || fllm + Z\m:m D" flg, is well-known to
be a Banach space. We say that a bounded open subset of R" is of class C™ or of
class C™¢, if it is a manifold with boundary imbedded in R" of class C™ or C™,
respectively (cf. e.g., Gilbarg and Trudinger [6, §6.2]). For standard properties of the
functions of class C™* both on a domain of R" or on a manifold imbedded in R"
we refer to Gilbarg and Trudinger [6] (see also [12, §2, Lem. 3.1, 4.26, Thm. 4.28],
Lanza and Rossi [13, §2]). We note that throughout the paper ‘analytic’ means ‘real
analytic’. For the definition and properties of analytic operators, we refer to Prodi and
Ambrosetti [18, p. 89].
The set

Ayp, = {d) ect (9Bn, R") :
¢ is injective, d¢(y) is injective forall y € alB%n}

is open in C! (8B, R™) (see [12, Prop. 4.29], Lanza and Rossi [13, Lem. 2.5]). We now
notethatif ¢ € Asg,, then by the Jordan—Leray separation Theorem (cf. e.g., Deimling [3,
Thm. 5.2]), the set R"\ ¢(dBy,) has exactly two connected components. We denote by I[¢]
the bounded connected component, and by E[¢] the unbounded connected component.
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If we assume that m € N\ {0}, @ €]0, 1] and ¢ € C™¢ (aBp, R") N Ayg,, then I[¢] is
a bounded open connected set of class C™¢, and

0l[p] = ¢(0Bn) = JE[¢] (2.1)

(cf. eg., Lanza and Rossi [13, Lem. 2.6]). .
For all pairs ¢ = (¢', ¢°) € A%Bn such that ¢' (3Bn) < I[¢°], we set

Al$] = 1[¢°) N E[¢'].
Then by applying the Jordan—Leray separation Theoremto ¢', ¢°, it is easy to see that
0A[$] = ¢' (9Bn) U ¢°(3En).

If we further assume that m € N\ {0}, @ €]0,1] and that ¢ = (¢', ¢°) belongs to
(C™(3Bn, R") N Agg, )2, then as we have said above both ¢' (9By) and ¢°(dBp) are
manifolds of class C™®. Then again by exploiting (2.1), one can easily show that 9A[¢]
is an open connected subset of R" of class C™. We shall consider the Dirichlet problem
in A[@] with ¢' = w + €&, where w € I[¢°], € is a real nonzero parameter and 0 € I[£],
w+€£(0Bn) C I[¢°]. Thus now the corresponding annular domain A[¢] can be identified
by the variables w, ¢, &, ¢°. Thus we denote by A[w, ¢, &, ¢°] the set A[¢] with ¢ =
(w + €&, ¢°). We find also convenientto set A[w, 0, &, ¢°] = I[¢°] \ {w}. As we have just
seen, w, €, &, ¢° are subject to certain conditions. We now introduce the set of quadruples
(w, €, &, ¢°) which we retain as admissible. For all fixed m € N\ {0}, o €]0, 1[, we set

™ = la= (w, e, 6¢% € R" x R x (C™ (3Bn, R") N Ay,)” :
0 € T[£], w+ e£(3Bn) < 1[4°1].
and
EM=la= (w,e,6¢% €™ : e>0}.

The sets £™¢ and &T"" are easily seen to be open in the Banach space R" x R x
(C™ (3B, R")2. A simple topological argument shows that if (w, ¢, &, ¢°) € £M™¢
with € #£ 0, then cll[w + €£] < 1[¢°]. To simplify our notation we shall sometimes write
ainstead of (w, €, &, ¢°).

For each given pair of Dirichlet data (g', g°) € C™®(8B)? and for a quadruple
(w, €, & ¢°) € EM™¥ with € > 0, we consider the Dirichlet problem (1.1), which is well
known to have a unique solution ufw, e, &, ¢°, g‘, g°] of class C™¥(clA[w, €, &, ¢°)),
and we investigate the behavior of u[w, €, &, ¢°, @', g°] upon perturbation of the sextuple
(w, €,§ ¢°, ¢, g% around a given degenerate sextuple (wo, 0, &, ¢3, gy, 9) of E™* x
(C™(3Bp))?. To simplify our notation, we shall write p instead of (w, €, & ¢°, ¢', g°)
and po instead of (wo, 0, £, ¢3, gy, 9)-

Since we shall exploit classical Potential Theory, we now introduce the normal field
on the boundary of an annular domain and then some preliminaries.
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For each ¢ € Ajp,, we denote by vy(-) the outward unit normal to I[¢] on dl[¢] =
¢(0Bp). For all pairs ¢ = (¢', ¢°) € A%Bn such that ¢' (dBn) < 1[¢°], we denote by
v¢(-) the outward unit normal to A[¢] on dA[¢]. Clearly,

vp® = v () Vted @Br), vy =ve®) Vte gOdBn).

In the specific case a = (w, €, &, ¢°) € ET’“, ' = w + €&, we write v, to denote the
exterior unit normal field to A[a] = A[w, €, &, ¢°].

We denote by do the standard surface measure on a manifold of codimension 1 of
R". We will sometimes attach to do a subscript to indicate the integration variable.

We denote by Y}, the function of ]0, +ool to R defined by

Llogr vr €]0, oo, ifn=2,

Thr)=1{S .
" (2—1n)snr27n vr €10, +oo[, ifn=>2,

(2.2)

where s, denotes the (n — 1) dimensional measure of dBy,. We denote by S, the function
of R™\ {0} to R defined by

S =Ta(lE) V& €R"\ {0}

S, is well-known to be the fundamental solution of the Laplace operator. Clearly, we have
DS () = é% for n > 2. We collect in the following statement some known facts in
classical Potential Theory.

Theorem 2.1 Letm e N\ {0}, « €]0, 1[. Leta = (w, €, £ ¢°) € ET%, ¢' = w + €&.
(i) If T e C™1e(9A[al), [4i(gs,, Tdo = 0, then the problem

{ T(t) = 37t) + J, Afe] r(S)% (Sh(t —9) dos vt € 9A[al, 2.3)

S @y 10 =1,
has one and only one solution r € C™1-¢(3A[a]).

(ii) Let 7o be the only solution of problem (2.3) with T = 0. Let I e C™*(9A[a]) be
such that [, afa 70 do = 0. Then the problem

{ D) =310 + fyua h O kg (St —9) dos vt e dA[al, 24)

Ji oy 100 =0,
has one and only one solution .« € C™*(9A[a]).

(iii) Let 7o be the only solution of problem (2.3) with T = 0. Let I' € C™¥(9dA[a]).
Then the boundary value problem

Au =0 in A[a],
u=TI ondAla],
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has one and only one solution u € C™%(clA[a]) and

0
) = t— d 25
ue /a g (=) dos (2.5)
4 faA[a] I'to do faA[a] (St — ) dos

{j‘¢l (En) dO’]_l fd)l (9Bn) fBA[a] TO(S)S1(t -9 dUSdUt
for all t € A[a], where v isthe only solution of (2.4) with

dA[a]
(iv) If T e C™ Lo (g(oBp)), Jecomy) T do =0, B € R, then the problem

{ T® = 370 — Jiam,) (O g (St —9) dos  Vt € §@Bn), @7

Je(omny 700 = B,
has one and only one solution € C™1.%(£(3B,)).

(V) Let 7o be the only solution of problem (2.7) with T = 0, 8 = 1. Let I e
C™(£(0Bp)) be such that famn) 't do = 0, w € R. Then the problem

{ L) = 310 ~ fyomy) HO 5 (St —9) dos  Vt € §(3Bn), 28)

Jecomny 1 0o = o,
has one and only one solution i € C™%(£(0Bp)).

(vi) Let 7o be the only solution of problem (2.7) with T = 0, 8 = 1. Let I" €
C™M%(£(0Bp)). Then the boundary value problem

Au=0 in E[£],
u=r on £(dBn), (2.9)
SUPter(e] |U(t)||t|n72 < 400,

has one and only one solution ul e CM(CIE[£]).
If n > 3, the unique solution u of (2.9) is delivered by the formula

d
o e " d 2.10
u(t) /S(BJB%n) w(s) e (Sh(t —9)) dos 210
fS(BBn) I'to do fS(BBn) 10(9)Sh(t — ) dos

-1 70(9) S (t — S) dosdo;
- Jecarn) Jemn) T0 sdot
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for all t € E[£], where u isthe only solution of (2.8) with w = 0 and

r=rw— (f 't da) Vt € £(3Bn). (2.11)
£(3Bn)
If n = 2, the unique solution u of (2.9) is delivered by the formula
0
uct) = —/ w(s) (Si(t —9)) dos +/ 'ty do, (2.12)
@By 0ve(S) £(0Bn)

for all t € E[£], where  isthe only solution of (2.8) with T asin (2.11) and » = 0.
(vii) If T € C™L*(¢9(3By)), then the problem

(Sh(t —9)) dos vt € ¢°(0By), (2.13)

1 3
T = St + /¢ o (s e®

has one and only one solution € C™1.¢(¢°(3Bp)).

(viii) LetT € C™2(¢°(dBy)). Then theintegral equation

- 1 a
I'® = su® +f WE = (St —9) dos Ve ¢°(0Bn), (2.14)

¢°(0Bn) dvgo (S)

has one and only one solution .« € C™%(¢°(3By)). Moreover, the boundary value
problem

(2.15)

Au = 0 inI[¢°],
u=T on¢°®Bn),

has one and only one solution u® € C™¢(cli[¢°]), delivered by the formula

ul(t) = / n(s) i (St —9)) dos vt € 1[¢°). (2.16)
¢°(3Bn) dvgo (S)

For the existence and uniqueness of continuous solutions of the integral equations in
(i), (ii), (iv), (v), (vii), (viii), we refer to Folland [5, Ch. 3], and for the C™¢ regularity of
the corresponding solutions, we refer for example to [11, App. C]. Then the corresponding
C™« regularity of the solution of the boundary value problems of (iii), (vi), (viii) follows
by standard properties of the layer potentials (cf. Miranda [15], see also [13, Thm. 3.1]).

By Theorem 2.1, we can introduce the following notation. _ _

If (£,9') € (C™* (0Bn, R") N Agg,) x C™*(dBy), then we denote by u'[£, g'] the
unique solution of (2.9) with I' = @' o &V, and we denote by ul[¢, g'] the function
— Jecmn) M(%vf% (Sh(t — 9)) dos of the variable t € E[£] with 1 as in (vi), and by
ui[¢, g'] the difference u'[¢, g'] — Ul [£, ¢'].

If (¢°, g% € (C™* (0Bn, R") N Agg,) x C™*(dBy), then we denote by u®[¢°, g°]
the unique solution of (2.15) with I' = g° o (¢°)~ D).



Dirichlet problem for the Laplace operator in a domain with a small hole 71

Remark 2.2 If g is as in (iii) of Theorem 2.1, then faA[a] 70(S) dos = 0. Then by the
integral equation (2.3), the single layer potential in the second fraction in the right-hand
side of (2.5) must be constant in I[w + €£] and zero in E[¢°]. Since o is not identically
zero, such a constant value is nonzero and accordingly the denominator of the second
fraction in the right-hand side of (2.5) can never vanish. Similarly, one can show that the
denominator of the second fraction in the right-hand side of (2.10) can never vanish.

3 Arreal analyticity theorem for the solutions
of the transpose equation (2.3)

We start our analysis of the transpose equation (2.3), which is defined on the a dependent
domain dA[a], by transforming it into an equation on the fixed domain 9Bp. To do so,
we need the following technical Lemma, which can be verified by standard calculus (see
also [13, p. 166]).

Lemma3.1 Letme N\ {0}, « €]0, 1[, ¢, £ € C™*(3By, R") N A, .

(i) There exists a positive function 6[¢] € c™-Le(3B,,) such that

f o(s) dos = f wogp()5[pl(y)doy Vo e L' (¢ (9Bn)).
$(3Bn) 0Bn

(i) Ifw e R", e e R\ {0},0 € I[£], then w + €& € Ay, and
Vytet © (W 4 €§) =sgn(e) v o & on oBp,
wheresgn(e) = life > 0,sgn(e) = —1ife < 0.
Then we have the following.

Proposition3.2 Let m € N\ {0}, « €]0,1[. Let M = (Mj)j:m’3 be the map of
£M x (CM-Le(3By))” to (CM1(9Bn))” x R defined by

Mifw, €. & ¢° 1. p°1(0 (3.1)
0 (x) — faé?ni (V) (vg 0 §(X)) - DSH(EMX) — &(Y)a[£](y) doy

N =

— -t /a Ié)o(y)(vg 0 (X)) - DSi(w + €(x) — °(y)5[¢°1(y)doy VX € 3B,

Ma[w, €, & ¢°, 7', p°1(X)
1 .
= Epo(X) + /a E?' (Y) (vgo 0 9°(X)) - DS(P°(X) — w — €&(Y))F[£]1(y) doy

+/ap°(y)(v¢° 0 ¢°(x)) - DSH(¢°(X) — ¢°(¥))5[¢°1(y) doy VX € 9By,

Bn

Malw, e, & ¢°. 7. p°] = /a o lely) doy -1
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for all (w, €, & ¢° 7', p°) € E™* x (cmflﬂa(aBn))Z. If (w, e, & ¢°) € £, then the
pair of functions (', p°) € (Cm*1>“(818%n))2 satisfies equation
Mlw, €& ¢° 7', p°1 =0 (32)
if and only if the function 7 € C™ 1% (9A[w, €, £, ¢°]) defined by
(9 = €My o (w + ) V(s) Vs € w + €£(dBy),
2(s) = p° o (¢°) V(9 Vs € ¢°(0Bn),

satisfies (2.3) with T = 0. In particular, for each fixed (w, ¢, &, ¢°) € ET’“, equation
(3.2) has exactly one solution (', p°) € (Cm—lﬂ(alﬂ%n))z.

If (w, 0, & ¢°) € €™ thenthe pair of functions (', p°) € (Cm*1>“(8]B%n))2 satisfies
equation

M[w, 0, & ¢°, ', p°] =0, (3.3)
if and only if both the following two conditions are fulfilled.
()) Thefunction t defined by
w9 =p°0 @) V() Vse ¢ (@Bn),
belongsto C™1.#(¢°(3Bp)) and satisfies (2.13) with
T(t) = —vgo(t) - DSt —w)  Vt € $°(3By).

(jj) Thefunction t defined by
w9 =1 o&V()  Vse&dBn),
belongsto C™1.#(£(8By,)) and satisfies (2.7) with T = 0, g = 1.

In particular, for each fixed (w, 0, &, ¢°) € £™*, equation (3.3) has exactly one solution
i 2
(', p°) € (C™ 1o (aBy))”.

Proof: The statement follows by a straightforward verification based on the theorem of
change of variables in integrals. We only observe that if (w, 0, &, ¢°) € £™¢ is fixed,
then by Theorem 2.1 (iv) the first and third component of (3.3) admit a unique solution
n e CM1e(3By,). Then by Theorem 2.1 (vii), the second component of equation (3.3)
has a unique solution p° € C™1.2(3B,). O

By Proposition 3.2, it makes sense to introduce the following.

Definition 3.3 Letm e N\ {0}, « €]0, 1[. For eacha = (w, €, &, ¢°) € E™¥ withe > 0
or € = 0, we denote by (' [a], 5°[a]) the unique solution (1", p°) € (Cmflﬂ‘"(a]B%n))2 of
equation (3.2) or (3.3), respectively. Finally, if e > 0, we set

A

p'lal = "7 [al.
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Our goal is now to show that 7'[-], °[-] admit a real analytic continuation around
a ‘degenerate’ point ag = (wo, 0, &o, ¢8) € EM«, By Proposition 3.2, it suffices to show
that locally around (ag, 7' [ag], 5°[ag]) the set of zeros of M is the graph of a real analytic
operator. We plan to do so by applying the Implicit Function Theorem in Banach space
around (ag, 7' [ag], p°[ao]) As a first step we must understand the properties of M. Now
in the defintion of M we have both operators which display no singularity and integral
operators with a singularity. To analyze their regularity, we shall need the following
Proposition.

Proposition 3.4 Let m € N\ {0}, @ €]0, 1.

(i) The map 5[] of C™*(8Bp, R") N Asg, to C"1¢(3B,) which takes ¢ to 5[¢] is
real analytic.

(i) The map of C™ (3B, R") N Ay, to CM1¢ (3B, R") which takes ¢ to vy o ¢ is
real analytic.

(iii) Let F beareal analytic map of R" \ {0} to R. Then the map Hj of (@', ¢°, ) €
(C™(9Bn, R")? x L1(3Bn) : ¢ (X) # ¢°(y) VX, y € dBn} to C™*(9By) which
takes (¢', ¢°, f) to the function Hy[¢', ¢°, f] defined by

Halg, ¢, F10 E/

oBn

F(¢'00—9°) f)doy, VX € dBn,

isreal analytic.

(iv) Let F beareal analytic map of R™ \ {0} to R. Let £ be a bounded open subset of
R". Then the map H; of {(¢, f) € CO(8B,, R") x L1(3Bn) : ¢(dBp) NclQ = @}
to CO(cl$2) which takes (¢, f) to the function Ha[¢, f] of cl$2 to R defined by

Hal, f1() = / F(t—a(y) f(y) doy, vt € cl,

oBn

isreal analytic.

(v) Let F be a real analytic map of R" \ {0} to R. Let Q2 be a bounded connected
open subset of R" of class C. Then the map Hz of {(¢, @, f) € C™*(39Bp, R") x
C™ecl2, R") x LY(0Bn) : ¢(dBn) N &(cl) = ¢} to C™%(cl2) which takes
(¢, @, f) to thefunction Hs[¢, ®, f] of cI2 to R defined by

Hslg, @, f1(t) = faB F (@1 — o(y)) f(y) doy, vt € clg,

isreal analytic.

Proof: For statements (i), (ii), see Lanza and Rossi [13, Prop. 3.13]. Statement (iii) is
a corollary of a known result for composition operators (cf. Bohme and Tomi [1, p. 10],
Henry [7, p. 29], Valent [20, Thm. 5.2, p. 44]), and its proof is a straightforward modifica-
tion of the corresponding elementary argument of Lanzaand Rossi [13, Lem. 3.9]). We just
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observe that the map which takes (¢', $°) to ¢' (x) — p°(y) € C™* (9B, x 9B, R™\ {0}),
and the map which takes a function of C™% (9B, x 9B, R™ \ {0}) to its composite func-
tion with F in C™% (9B, x dBp,) are real analytic and that the map which takes a pair of
functions (g, f) of C™2(3By, x dBn) x L1(8By) to faBn g(-, y) f(y) doy in C™“(8By) is
real analytic. The proof of statements (iv), (v) is similar (see also [11, §1]). |

We now turn our attention to operators which appear in the definition of M, and
which present a singularity in their definition. The integral operators which appear in
the definition of M and other operators which we shall consider later are single layers,
double layers and corresponding derivatives “pulled back’ by means of diffeomorphisms
of Asg,. To handle such operators, we introduce some notation and results of Lanza and
Rossi [13]. For each bounded open connected subset 2 of R" of class C1, the set

Adq = {CD e ClclQ,R") : @ is injective, det D& (x) # 0, ¥x € cl Q}

is open in C1(cl 2, R") (cf. [12, Cor. 4.24, Prop. 4.29]). If § > 0, we set
As={xeR":1-68 < |X| <1+ 6}
Af ={xeR":1-6<|x| <1}, Ay ={XxeR": 1< x| <1+34},
Then we have the following (cf. Lanza and Rossi [13, Prop. 2.8]).

Proposition 3.5 Letm € N\ {0}, a €]0, 1]. If ¢o € C™% (9B, R™) N Ayp,, then there
exist § €]0, 1[, an open neighborhood Wy of ¢ contained in C™% (9B, R™) N Ayp,,, and
areal analytic extension operator Eq of Wy to C™(clAs, R") N Aga, such that

(i) Eol®ljsm, = ¢, for all ¢ € Wy.

(i) Eol#] (Af) isabounded open connected subset of R" of class C™ contained in
I[¢], Eol¢] (A; ) isabounded open connected subset of R" of class C™¢ contained
inE[¢], for all ¢ € Wy.

The set
ca; = [@ € Aaa, : D(A)) S I[P,

is open in Agia, and Eg maps Wy to A’leS (cf. Lanza and Rossi [13, Lem. 2.9]). We now
introduce some notation on single and double layer potentials. Letm € N\ {0}, & €]0, 1[.
We set

v, F1t) = / Sit—9f o D(s)dos Vt € I[¢], (3.4)
$(9Bn)

v, F1t) = / Sit—9fogpP(gdos vt e E[g],
¢(3BR)
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for each ¢ € C™¢ (9B, R") N App,, and f € C™1¢ (3By),

wtg, f1t) = f 0 (Sit—9) fop(9dos Vtellp], (3.5)
G(9Bn) Vg (S)
0

w g, f1t) = f (Sit—9) fopV(9dos Vit e E[s],

$(9Bn) Vg (S)

for each ¢ € C™* (dBp, R") N Ayg,, and f € C™% (dBp). Then by classical Potential
Theory, we know that v [¢, f], wT[¢, f], and v~ [¢, f], w™[¢, f] can be extended with
continuity to cli[¢] and to clE[¢], respectively. We denote the corresponding extensions
by the same symbol. Then we have the following two statements, which have been proved
in Lanza and Rossi [13, Prop. 3.11, Thm. 3.12].

Proposition 3.6 Let m € N\ {0}, @ €]0, 1[, § €]0, 1[. Then the following statements
hold.

() LetVT[®, flandV [, f]denotethecontinuousextensionstocIAgF andtoclAy
of v [®sm,, flo <I>|A5+ and of v~ [PsB,, f]o ¢\AE’ respectively, for all (®, f) in

(Cm"" (clAs, RM) N A/C,Aa) % CM-La (B,

Then the maps of (Cm’“ (clAs, RM N A/cm,;) x CM=1e (3By,) to C™ (clAf) and
to C™¢ (clAj’) whichtake (@, f) to V*[®, f]landto V~[®, f]arereal analytic,
respectively.

(i) Let WT[®, f] and W—[®, f] denote the continuous extensions to ClA;' and to
clAy of wh[®pm,, flo @+ and of w™[Pygs,, F] o @, respectively, for all

(@, ) in (cmﬂ (clAs, R") N A’C,M) x C™ (3Bp).

Then the maps of (Cm*“ (clAs, RMH N A/c|A5> x CM% (3Bp) to C™« (clAf) and to
C™ (clAy’) which take (@, f) to WH[®, f] and to W~ [®, f] arereal analytic,
respectively.
Theorem 3.7 Letm € N\ {0}, @ €]0, 1[. Then the following statements hold.

(i) Themap V[, -] of (C™* (3Bp, R") N Agg, ) x C"1¢ (3Bp) to C™ (3By,) defined

by
Vig (100 = [ §@00 -9 fog Vo du vxe B
$(Bn)

for all (¢, f) € (C™* (8Bn, R™) N Agg,) x C™1¢ (3Bp), isreal analytic.

(i) Themap W[, -] of (C™ (3Bn, R") N Ag,) x C™¢ (dBy) to C™* (0By) defined
by

0
Wig, F1(x) = /

(S @) —9) fop(9dos Vx € 9By,
$(Bn) Ve (S)

for all (¢, f) € (C™ (8Bn, R") N Ajg,) x C™* (9By), isreal analytic.
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Then we can deduce the validity of the following (cf. [11, Prop. 7 §2]).

Proposition 3.8 Let m € N\ {0}, o €]0, 1[. Then the map V., of (C™*(8B,, R™) N
Asg,) x C™ L (3Bp) to C™ 1« (3By,) defined by

Vilo, 1= /313 f(Y)(vg 0 (X)) - DS (@(X) — ¢(Y))5[¢1(y) doy,

for all (¢, f) € (C™ (aBn, R™) N Agg,) x C™1¢ (9By), isreal analytic.
We now prove the following Theorem.

Theorem 3.9 Let m € N\ {0}, « €]0, 1[. The set £€M« x (C’T‘—l!‘)‘(a]B%n))2 is open in
R" xR x (C™¥(3Bp, R"))? x (c:m—lﬂ(enaan))2 andthe operator M definedin (3.1) isreal
analytic. If bg = (wo, 0, &0, ¢, nio, pg) € E™Y x (Cm*L“(a]B%n))2 isa zero of M, then

the differential Ay )M [bo] of M with respect to the variable (', p°) at by is delivered
by the formula

. 1. i
B0t,p0 MBI 22 (%) = 277 (00 = Valbo. 71(X)  Vx € Bn, (3.6)
3,1 oo Malbol (@ , 2°) (x)
1 .
= 5po(x) + fa i 7' (V) (g9 © $5(X)) - DSh(¢g(¥) — wo)&[01(y) doy

+Vilg8.7°1(0) VX € 3By,

Ay po) M3[bo](ﬁi,ﬁo) = /(;B ﬁi (Y)a[£o0](y) doy,
for all (77, 7°) € (C™1#(3By,))2, and is a linear homeomorphism of (C™1.¢(3B)))?
onto the space

AE {(f‘, fo.B) € (C™1¥(9Bn))® x R : f

aBn

f' ()& [£0](y) doy = 0}~ (3.7)
Moreover,
/ Mi[bl6[£](y)doy =0 Vb e ™ x (C™ 1% (3Bp))2. (3.8)
oBn
Proof: By continuity of the pointwise product and by standard properties of composition
of functions in Schauder spaces, by Propositions 3.4, 3.8 and the definition of M, and

by standard calculus in Banach space, we immediately deduce that M is real analytic
and that (3.6) holds. We now prove that 9, ,0,M[bo] is a linear homeomorphism. By
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the Open Mapping Theorem it suffices to show that d,i o) M[bo] is an isomorphism. Let
(f', f°,8) e VE’:’“. We must show that there exists a unique (7', 7°) € (C™ 12(3By))?2
such that
(1, £°,B) = 8 oy MIbo] (7. 7°). (3.9)
which is a system in three equations, one for each component of M. We first observe that
by setting
T = flog VM)  Vte&(@Bn).

by changing the variable with the function &g in the first and third equation of (3.6), and
by exploiting the unique solvability of (2.7), we deduce that the system of the first and
third components of (3.9) has one and only one solution 7' € C™ 2% (3B)).

Then we observe that

oo Y - /3 T W0 - DSt~ wo)5lEol(y) doy

is an element of Cm*1’“(¢8(aBn)) (see Proposition 3.4 (iv)). Then the unique solvability
of the second equation of (3.9) follows by Theorem 2.1 (vii).

We now turn to the proof of (3.8). By Fubini’s Theorem and by the well known
identity [, ) %(&(S — 1)) doy = £ forall s € £(3By), we have

f Mz1[blc[£](y) doy = —6”_1/ f P°(Y) (Vg 0 &(X)) (3.10)
0Bn Bp J 0Bn

DS(w + €£(X) — ¢°(¥))5[4°1(y) doyG[£](X) dox,

forall b e £™* x (Cm‘l*“(aBn))z. If e = 0 equality (3.8) follows. If € % 0, we note
that the right-hanide of (3.10) equals

ou
—sgn"(e) / do,
weE(0Bn) WVwet

where u is the function of 1[¢°] to R defined by
ue) = / 00 V(9GS (t—9)dos Vit e I[¢°].
$°(9Bn)

Since u is harmonic in I[¢°], it is also harmonic in a neighborhood of clI[w + €&], and
accordingly the last integral in (3.10) vanishes. Hence, (3.8) follows. |

We are now ready to prove the real analyticity of ﬁi (1, P°L-].

Theorem 3.10 Let m € N\ {0}, « €]0,1[. Let ag = (wo, O, $0,¢8) € EM™% Then
there exist an open neighborhood 24y of ag in £™*, and an open neighborhood Vg of
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(' [ao], A°lag]) in (Cmflﬂ‘)‘(aIB%n))2 and a real analytic operator (E', R°) of Uy to Vo
such that

(E'[al, R[a]) = (i'[al. 5°[al) (3.11)
for all a= (w, ¢, &, ¢°) € Uy such that e > 0. Moreover,
E'lal = " 15'[a]

for all a € U such that € > 0. Finally, the graph of (E', R°) coincides with the set of
zerosof M inly x Vp.

Proof: We plan to apply Theorem A.1 of the Appendix, a corollary of the Implicit
Function Theorem, by taking F equal to M and G equal to the function of H = £™* x

(C™Le(3Bp)) x (C™14(3Bn))> x R to R defined by

Glb, i, 12, 8] = f £ (y)51£1(y) doy,

n

forall (b, f, f°, B) € #, withb = (w, €, & ¢°, 1", p°). Obviously, G is real analytic,
and G[b,0,0,0] = 0 and G[b, M[b]] = 0 for b in £™* x (C™1(3By))2, and the
partial differential i fo 5 G[bo, 0,0, 0], with by = (wo, 0, £, ¢7, 7' [a0], /°[&0]) co-
incides with the linear map which takes (', °, g) to Jos, T (y)61&](y) doy which
is surjective onto R, and has kernel equal to Vg'::"", which is a closed subspace of

(C™L*(3Bn))% xR of codimension 1, which admits a closed topological supplement
of dimension 1. Then the Theorem follows by Theorem 3.9 and by Theorem A.1 of the
Appendix. |

4 A real analyticity theorem for the solutions
of the Fredholm equation (2.4)
We start our analysis of the Fredholm equation (2.4), which is defined on the a dependent

domain dA[a], by transforming it into an equation on the fixed domain aBy,. We do so by
means of the following.

Theorem 4.1 Letm € N\ {0}, @ €]0, 1[. Let ag = (wo, 0, &, ¢8) e EMY Let Uy bean

open neighborhood of ag asin Theorem3.10. Let A = (Aj) {_1.2.3 bethe map of

Oo = Uy x (C™(0By))" (4.1)
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to (C™“(9B))* x R defined by

A1lql(x) = —{g‘(x)— [ /a : g E'[al6[£] do + /a ) 9°R°[al5[¢°] da“
1 . .
+50'00 + /a ; 6' (y) (ve 0 £(y)) - DS (E(X) — E(Y)G[E](Y) doy

- / 0°(Y) (vgo © $°(Y)) - DS(w + €€(X) — ¢°(Y)G[¢°1(y) doy

n

VX € 0Bp, (4.2)

(o] 1 o]
A2lAl9) = —g°(0 + 56°9
bt /3 01 0 6 - DS(@%00 — w — k()31 doy

- /a B e 0 4°() - DK@ ~ 4PN Y) by
VX € 0Bp,
Aslal = / 615 do,
JBR

for all g = (w, €, & ¢° g, g° 0',6° € O, where as usual we have abbreviated the
quadruple (w, €, &, ¢°) asa.

Ifp=(we&¢°d,q° e (€M NUp) x (Cm>°‘(a]B%n))2, then the pair of functions
0',6°) € (C™(3By))” satisfies equation
Alp,6',6° =0 (4.3)
if and only if the function . € C™%(dA[a]) defined by
1w =0 ow+e) ()  Vsew+eE@Bn),
1(s) = 6°0 (°) (o) Vs € ¢°(9Bn),

satisfies (2.4) with I' € C™@(3A[a]) defined asin (2.6) with ¢' = w + €& and 7o asin
Theorem 2.1 (ii), and with " € C™%(9A[a]) defined by

I'(s) = g o (w+et) V(s Vs € w + €£(dBy),

I = g°o (¢°) V(s Vs € ¢°(dBy).

In particular, for each fixed p = (w, €, & ¢°, @', g% in (EM* N o) x (Cms“(aBn))z,
equation (4.3) has exactly one solution (6, 6°) € (Cm’“(aBn))Z.
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If (w,0,&¢° d,d° € Uy x (Cm*“(aBn))Z, then the pair of functions (¢', 6°) of
(C™*(3Bp))? satisfies equation

Afw,0,5,¢% 9., 9% 6',6° =0 (4.4)
if and only if both the following two conditions are fulfilled
(i) Thefunction i of ¢p°(3By) to R defined by
n©e =60 @)  Vsed®@B),
belongsto C™¢ (¢°(3dBp)) and satisfies (2.14) with I' = g° o (¢°)(~ D).
(ij) Thefunction u of £(0By) to R defined by
e =60 Vse @B,

belongsto C™*(£(dBp)) and satisfies (2.8) with w = 0 and

Fr=gotb— fa g'E'[w, 0, & ¢°15(£] do.
Bn

In particular, for each (w, 0, £ ¢° g, g% € Uy x (C™*(3Bn))?, equation (4.4) has
exactly one solution (6', 6°) € (C™*(3Bp))>.

Proof: The first part of the statement follows by a straightforward verification based upon
the theorem of change of variables in integrals. We only consider the last statement relative
to case ¢ = 0. Then we now assume that (w, 0, &, ¢°, ¢', g°) € Up x (Cm>°‘(a]B3n))2. If
0',0°% e (Cm*‘)‘(alﬁ%n))2 satisfies equation (4.4), then we first observe that a simple
computation based on the second component of (4.4), and on the second component of
equation (3.2) with ¢ = 0, which holds by Theorem 3.10, and on Fubini’s Theorem, and
on the equality

/ E'[w, 0, & ¢°16[£] do = 1, (4.5)
0Bn
which follows by Theorem 3.10, shows that

@ RO1w.0.6.0°1616%) do = /a E,0.6.4%1y) (4.6)

' { /BB 0°(X) (vgo 0 $°(X)) - DSh(w — ¢°(X))5[#°1(X) dox}&[g](y) doy

= /ama 0°(X) (vgo 0 $°(X)) - DS (w — ¢°(x))5[$°1(X) doy.

Then by changing the variables in equation (4.4) by means of the functions &, ¢°, we
obtain that (j), (jj) must hold. Similarly, we can show that if (j), (jj) hold, then &', 6°
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belong to C™*(9By,) and satisfy (4.4). The existence of a unique solution ° as in (j)
follows by Theorem 2.1 (viii). Then we note that if we set 7o = E'[w, 0, &, $°] 0 €D,
then the first and third component of (3.2) with ¢ = 0 imply that equation (2.7) holds
with T = 0, 8 = 1. By equality (4.5), we have fE(SBn) I'tg do = 0. Then Theorem 2.1 (V)

with @ = 0 implies the existence of 6' as in (jj). O
By Theorem 4.1, it makes sense to introduce the following.

Definition 4.2 Let m € N\ {0}, & €]0, 1[. Let ag = (wo, 0, &, ¢) € £™. Let Uy be
an open neighborhood of ap as in Theorem 3.10. For each p = (w, €, &, ¢°, g, g% of
Uy x (C™(3Bn))? with € > 0 or € = 0, we denote by @'[p1, 6°[p]) the unique solution
(0", 69 € (C™(3By))? of equation (4.3) or (4.4), respectively.

Our goal is now to show that g , é_o have a real analytic continuation around a ‘degen-
erate” sextuple po = (wo, 0, &0, #3. b, 99).
By Theorem 4.1, it suffices to show that locally around (po, ) [pol, éo[po]) the set

of zeros of A is the graph of a real analytic function. We plan to do so by applying
Theorem A.1 of the Appendix, a corollary of the Implicit Function Theorem, around

(po. & Tpal, 6°[po]). As a first step, we show the following.

Theorem 4.3 Letm e N\ {0}, « €]0, 1[. Let a = (wo, 0, &0, #3) € E™. Let Uy an the
open neighborhood of ag asin Theorem 3.10. The set Og introduced in (4.1) is open in
R™L x (C™(dBn, R")? x (C™“(9Bn))* and the operator A defined in (4.2) is real
analytic. If (g, 99, 6. 0g) € (C™*(3Bp))* andgo = (wo, 0, &, @5 9p: 98- 9. 05) € Oo
is a zero of A, then the differential of A with respect to the variable (6', 8°) at qo is
delivered by the formula

i = 1 i
o1 g0y A11A0) @ . 5% 00 = 28 (0 — Wi0. 10 (4.7)
— [ #0509 - DSi(uo — g8YIFGI oy ¥ 3B,
i — 1_ .
391 g0y A2[Go] @ , B (X) = 59"(x) +W[¢S,8°1(%) VX € 9By,

O g0 31001 @ 7 = [ 7 51c01(y) dory

dBn

for all @,8°%) e (C™*(3Bn))2, and is a linear homeomorphism of (C™*(9By))? onto
the space

W = {(yi, Yo w) € (Cm’a(3Bn))2 xR: (4.8)

fa Y E'[a0]6 (] do + / y°RO[a0]6 (3] do =0}.
Bn ¢

oBn
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Moreover,
/3 Ml 6906 60 0°1E . 6.6, 0715 6] do (4.9)
+ /a Aol e..6% 0 6.0, 0°1 R, €., ¢°1614°] dor = O
for all (w, €, & ¢°, g, g% 6',6° e Op.

Proof: Since £™¢ and U4y are open, then Oy is also open. By continuity of the pointwise
product and by standard properties of composition of functions in Schauder spaces, by
Proposition 3.4, Theorems 3.7, and 3.10, and the definition of A, and by standard calculus
in Banach space, we immediately deduce that A is real analytic and that formula (4.7)
holds. We now prove that 9 4i 40y A[do] is a linear homeomorphism. By the Open Mapping

Theorem, it suffices to show that a(eiﬁO)A[q_o] isanisomorphism. Let (y‘, % w) € Wa";“.

We must show that there exists a unique @', 8°) € (C™(3Bp))? such that

V', ¥°, @) = g goy Al01 @, 7°), (4.10)

which is a system in three equations, one for each component of A. We first observe
that by setting T' = »° o (¢3)~Y and by changing the variables with the function ¢3 in
the second component of (4.10), and by exploiting the unique solvability of (2.14), we
deduce that the second equation of (4.10) has a unique solution 8° € C™(3B,,). Next we
consider the system of the first and third equation of (4.10), and we define the function
T1 of £&(0Bp) to R by setting

T =y o0&y O + /3 (g5 06390 - DSh(wo — RINFARIY) doy

for all t € &(0Bp). By Theorem 3.10, Ei[ag], R°[ap] must satisfy (3.2). By a simple
computation based on the Fubini Theorem, on the second and third component of (3.2)
for ¢ = 0, and on the second component of (4.10) shows that

/E;B { / 50()’)(11458 0 ¢5(Y) - DS (wo — d(Y)G[HI(Y) day}

n

- E'[a0] ()& [£0](X) dox = /3 . y°R[aglG[¢g] do,
where ag = (wo, 0, &, ¢9). Accordingly, [, 5 TiE'[80] o £ do = 0. Hence, we
can change the variables in the first and third equation of (4.10) and exploit the unique
solvability of (2.8) to deduce that the first and third equation of (4.10) has a unique
solution @' € C™®(3By,).

To prove (4.9), we first replace A1[p], A2[p] in the left-hand side of (4.9) by the
expressions delivered by (4.2). Then we exploit the Fubini Theorem and (3.2), which is
satisfied by (a, Ei[a], R°[a]) by virtue of Theorem 3.10. O

We are now ready to prove the main result of this section.
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Theorem 4.4 Let m € N\ {0}, o €]0, 1[. Let po = (wo, 0, &0, 43, b, 99) € £™* x
(cme (818%”))2. Let Uy, Op be asin Theorem4.1. Then there exists an open neighborhood
Uy of pg in Uy x (Cm""(alBan))2 and an open neighborhood V; of @' [pol, 6°[pol) in
(Cm*‘)‘(aIB%n))2 with4y x V1 € O, and areal analytic operator (©', ®°) of 141 to V1 such
that

(©'[p). ©°[p) = @ [p). 6°[p)) (4.11)

forall p = (w, €, & ¢° g, g°) € Uy such that e > 0. Moreover, the graph of (©', ©°)
coincides with the set of zerosof A inify x V1.

Proof: We first observe that the functional G of H1 = Og x (Cr"")‘(aIB%n))2 x RtoR
defined by

Gla. ¥, 10 ] = /8 VBl e 6 0KlEldo + / YOR[w, €, £, 6°16[¢°] do

dBn

for all (q, y‘, v°, w) € H1, is real analytic and satisfies equality G[g, 0,0, 0] = 0 and
Gla, Alq]] = 0 forall g € Op, and that its differential at (qo, 0, 0, 0) with respect to the
variables (y', ¥°, ) has image equal to R and kernel equal to W4, which is a closed
subspace of (C™¢(8By,))? x R of codimension 1. Then the Theorem follows by Theorem
4.3 and by Theorem A.1 of the Appendix. |

5 A functional analytic representation Theorem
for the solution of the singularly perturbed
Dirichlet problem

We now show some applications of Theorem 4.4. To do so, we first introduce the follow-
ing technical representation Lemma, which can be verified by a change of variables in
formula (2.5), and by Theorems 3.10, 4.4.

Lemmab5.1 Let m € N\ {0}, @ €]0,1[. Let pg = (wo, O, go,qbg, gio, 98) e EMe x
(Cm’“(ala%n))z. Let 4 beasin Theorem4.4. For eachp = (w, €, &, ¢°, @', g°) € Uy with

e > 0, we have
ufp] = ur[p] + uslp]. (5.1)
where
ur[plt) = — /BB O°[PI(Y) (vgo 0 #°(Y)) - DS (t — ¢°(y))5[¢°1(Y) doy (5.2)

+en faB ©'[PI(y) (v 0 £(¥)) - DS(t — w — €£(¥)GIE](Y) doy,
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for all t € A[a] and

us[pI(t) = { g E'[al5[£]do + - g°R°[alo[4°] dO} (53)

0Bn

- { /8 Ealy)Sit = v — W)AIEIY) doy

+ | R@aly)Si(t — ¢°(y)lo°1(y) de}

oBn

e

~ { / { / E'[al(y) Su(e(E) — E()FIE](Y) doy
0B JBk

-1
+ | Rlal(y)S(w + €5(x) — ¢°(y)[4°1(y) day}&[g](x) de}

aBn

for all t € A[a].
Then we also have the following elementary technical Lemma.

Lemmab5.2 Let m € N\ {0}, @ €]0,1[. Let a9 € EM™¥. Then there exist an open
neighborhood 24y of ag in €™ and real analytic operators V;, and V, of U to R such
that

Vi[a] + Va[al Yn(e) (5.4)

-1
= {/ 5[§]d0}
0Bn

. { / { / E'[al(y) Sh(e(E0) — E)EIEN(Y) doy
0B JBk

+ [ R[Al(y)Si(w + €E(x) — ¢°(Y)S[¢°1(Y) day}&[S](X) dax}

JBn
for all a € Uy with € > 0, and such that V,[a] # 0 if a € Uy, and such that Vi[a] +
Vs[a]Th(e) # 0if a € Up withe > 0. If n = 2, we can take V[-] identically equal to 1.

Proof: Let ¢y be as in Theorem 3.10. If n = 2, we note that

. { Jog, E'TRINGIENY) day}&[s]m dox

=1
faIBén(}[E] do

for all a € Up. Then we take V5[] identically equal to 1 and define Vi [a] as the difference
between the right-hand side of (5.4) and Yy (e€).
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If instead n > 3, we set

Jysy | sy EBIDS(E00 — ESLE1(Y) doy | 51100 dor

Vola] = (2 —n)s [ GlEldo
aBn

for all a € Up. Then we take define Vi[a] as the difference between the right-hand
side of (5.4) and V2[a]YTh(e). We now show that Vo[a] # O if a € Uy with € = 0. By
Theorem 3.10 (see also the first component of M in (3.1) with € = 0), the single layer
potential fE(BBn) E'la] o £ (5)S(t — ) dos must be constant in t € I[£] and zero at
infinity. Since E'[a] o £ cannot be identically 0, then the integral average on £(3By)
of such single layer cannot vanish. Hence, V[a] £ 0 if a € Uy with e = 0.

The real analyticity of the operators V; follows by Proposition 3.4, by Theorems 3.7 (i)
and 3.10. By continuity of Vy[-], possibly shrinking Lo, we can assume that Vy[-] does
not vanish in Up.

By Remark 2.2, Proposition 3.2, Theorem 3.10, the right-hand side of (5.4) cannot
vanish for a € Uy with € > 0. O

We are now ready to draw our conclusions from Theorems 3.10 and 4.4, and Lemmas
5.1 and 5.2. Namely, we prove the following.

Theorem 5.3 Let m € N\ {0}, o €]0, 1[. Let po = (wo, 0, &0, 43, b, 99) € E™* x
(Cm*“(ala%n))z. Leti, V1, V2 beasin Lemma5.2. Let Q be an open subset of R" such that

clQ < I[¢31\{wo}. Thenthereexist an open neighborhood/ of pg in £™* x (C™ (aBn))2
and two real analytic operatorsUz, U, of i to the space

C(cle) = {u € COcl2) N C3(Q) : Au(t) = 0Vt € Q}

endowed with the norm of the uniform convergence such that the following conditions
hold.

(i) ¢l C Alw, €, & ¢°] for all (w, €, & ¢°, ¢, g% € U.
@ii) (w,e & ¢° €Uy forallpeu.
(iii)
Uz[pl(®)

H)=U t
U = VPl e 401 + Valw, €, £, 69T Tn(©)

vt € clQ,

forall p= (w, e & ¢°, g, g° € U suchthate > 0.
(iv)
Uilw, 0, ¢° df, &°1(t) = u°[¢° It Vt e cle,

for all (w, 0, & ¢°, ¢, ¢° € U.
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Proof: Possibly shrinking the neighborhood ¢/; of Theorem 4.4, we can assume that
condition (i) holds and that (w, €, &, ¢®) belongs to the domain i/ of Vi, V, forp € U
(cf. Lemma 5.2). Then we take as U; the operator defined by the right-hand side of (5.2).
By formula (5.2), by definition of @°[-], and by Theorem 4.1, statement (iv) holds. Then
we take as U; the operator defined by the the product of first two factors in braces
appearing in right-hand side of (5.3). Then by (5.3) also (iii) holds.

The real analyticity of the operators U; follows by Proposition 3.4 and by Theo-
rems 3.10 and 4.4. m

Remark 5.4 We note that if n > 3, then the right-hand side of the formula in (iii) of
Theorem 5.3 can be continued real analytically in the whole of /.

6 A real analytic continuation Theorem for the energy
integral

Theorem 6.1 Let m € N\ {0}, « €10, 1[. Let po = (wo, 0, £0, ¢, 0, 99) € £™* x
(Cm« (aBn))Z. LetUp, V1, Vo beasin Lemma 5.2. Then there exist an open neighborhood
U of po in EM™ x (C™<(3By))? and two real analytc operators Fy, F» of &/ to R such
that (w, €, &, ¢°) e Up if p € U and

F2[p]
V]_[u), €, év ¢0] + VZ[wv €, gv ¢O]Tn(€) '

f IVulpl(®)|* dt = Fi[p] + (6.1)
Alw,e.£,9°]

forallp= (w, € & ¢°, ¢, g°) € U suchthat € > 0. Moreover,

Filw, 0, & ¢° ¢, ¢°] = / IVUC¢°, gP1(t) |2 dt + 820 / IVU'[£, g'1(D) dt
T[¢°] E[§]
(6.2)

forall p= (w,0,& ¢° g, g% e U, wheredpn = 1ifn=2,8,n =0ifn > 3.

Proof: Let Eq, E1 be extension operators of Wp, Wi to C™#(clAs, R") N Agja, with
8 > Oasin Proposition 3.5 for &, ¢7, respectively. Possibly choosing a smaller &, we can
assume that wg ¢ E1 [¢8](C|A3). Let ¢/ be an open neighborhood of pp contained in the
neighborhood 41 of Theorem 4.4 and such that & € Wy, ¢° € Wi, and (w, ¢, &, ¢°) € Uy,
and (w + €Eg[£](clAg)) N @p°(0By) = B, and (w + €£(0Bn)) N E1[¢°1(clAg) = 0, for all
p € U. By the Divergence Theorem, we have

/ IVulp](t)[® dt (6.3)
Alw,e,£,4°]

= —e”’Z/BB e< ! (U[p])) o (w+ €) g'5[£] do

Oy tes

0
+ / <a—(U[p])) 0 ¢°¢°5[¢°] do
0Bn Vo
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= —"? /a ) D[ulp] o (w + €Eo[£1)] () (D(Eol£]) (X)) "1vg 0 &(X)g' (VF£](X) dox
+ /8 : D [ulp] o (E1[¢°D)] () (D(E1[¢°1(X) Fvgo 0 ¢°(x)g°(x)&[¢°1(X) doy

for all p € U4 with € > 0, where as usual we have abbreviated (w, ¢, &, ¢°) as a.
We now consider the first integral in the right-hand side of (6.3). By Lemma 5.1, we
have

ur [p] o (w + €Eo[£]) () (6.4)
= - /a . @°[p](y)(vgo 0 $°(Y)) - DSi(w + €Ea[E1(X) — $°(¥))5[¢°)(y) doy
— W~ [Eol£]. ©'[pI](x) VX € Ay,
forall p € U with ¢ > 0, and
us[p] o (w + €Eo[£])(X) (6.5)

={ o' E'[alé[£] do + g°R°[a]6[¢°]da}
0B

0Bn

-{/BB E'[al(y) Sh(e(Eol£1(x) — &(y)))5[£]1(y) doy

+ R°[al(y) Sh(w + €EolE100) — ¢°(¥))5[4°1(Y) day}

OBn
-1
: {Vl[a] + Vz[a]Tn(e)} Vx € Ay,

for all p € U such that € > 0. By Propositions 3.4-3.6, by Theorems 3.7, 3.10, and 4.4,
and by (6.4), (6.5) there exist real analytic operators Gy, G2, Gz of ¢/ to C™“(clA;) and
G4 of U to R such that

Galpl 4 G3[p]Tn(e)
Vi[a] + Va[a] Th(e)

u[p] o (w + €Eol£]) = G1lpl + Galp] in Ay, (6.6)
forall p € ¢ such that € > 0. Indeed, we can take as G1[p](-) the function of clA; to R
defined by the right-hand side of (6.4) and we can take as G4[p] the first factor in braces
in the right-hand side of (6.5). Instead, to define Gz we consider two separate cases.

If n = 2 we take Gz[p] identically equal to 1.

If n > 3 we take G3[p](-) equal to

2 - s, /8 _ Elaly) S (Eole]) ~ £0)31é1y) doy.

Then for all n > 2 we take as Gy[p] the difference between the second factor in
braces in the right-hand side of (6.5) and Gs[p]Yh(e).
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Clearly,

D[Galpl + Gslp]Yn(e)]
Vilal + Valal Yn(e)

D[ulp] o (w + €Eo[§])] = D[Galpl] + Galp] in A,

(6.7)
for all p € U such that € > 0. By Theorems 4.1 and 4.4, we have

Gilw, 0, ¢° d', ¢°1 = u0[¢°, ¢°l(w) + Ul[E, g o Eo[£]  inAj,
D[Gilw, 0, ¢° ¢, ¢°] = D[ull£, g'10Eol€]]  inAy (6.8)

forall (w, 0, & ¢°, g', g°) € U. Then

e( 0 (u[p])) o (w+ €§) (6.9)

anJreS;“
— D[Gulpl](DEol€]) (e 0 &)

Galp] .
Vilal + Vo[a] Th(e) D[Ga2[p] + Galp]Yn(e)|(DEo[£]) ~ (ve 0 &)

on 0By, and thus the first integral in the right-hand side of (6.3) equals

fa  D[GuIpI](DEolél) (v o g 51€1do (6.10)

Galp] -1 i~
Vil Va[alTn(© aBnD[Gz[IO] + G3[pITn(e)](DEo[£]) ~(v: 0 £)g'G[£] do

forall p € U such that € > 0. Now we note that if ¢ = 0 the first integral in (6.10) equals

. 9 . . . .
/ g oe“”a—(u;[s, g1)do = — / |Vuile, g1t o,
£(0Bn) Vg E[£]

(cf. eg., Folland [5, p. 118]). Moreover, if n = 2 then D[G3[p] Tn(e)] = 0and Vul [, ¢']
=VU'[§ d']
We now consider the second integral in (6.3). By Lemma 5.1, we have

ur[p] o E1[¢°1(X) (6.11)
= W*[E1[¢°], ©°[p]](x)

+en /BB O'[pI(Y) (v 0 £(Y)) - DSH(E1[¢°1X) — w — €5(y)[£1(Y) oy,
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forall x € Af and forall p € ¢/ with € > 0, and
us[p] o Eo[¢°1(X) (6.12)
= { g'E'lalg[£] do + g°R°[a)6[¢°] dtf}
3Bn,

oBn
: { /a E'[al(y) Si(E1[¢°1(x) — w — €&(y))&[£1(y) doy
Bn
+ - R[a](y) Sh(E1[¢°1(X) — ¢°(¥))&[4°1(y) day}
-1
. {Vl[a] + Vg[a]Tn(e)} vx € A,
for all p € U with € > 0. By Propositions 3.4-3.6, by Theorems 3.10 and 4.4, and by
(6.11) and (6.12) there exist real analytic operators Gs, Ge of U to Cm>°‘(cIA(§*) such that

Gslpl

inAf 1
Vilal + VelalTn(e) (6.13)

ulp] o (E1[¢°]) = Gs[p] +

for all p € U with € > 0. Indeed, we can take as Gs[p](-) the function of clAgr to R
defined by the right-hand side of (6.11), and we take as Gg the product of the first two
factors in the right-hand side of (6.12). Clearly,

D[Gelpl]
Vila] + Vz[a]Tn(e)
for all p € U with € > 0. In particular, we observe that

Gs[w, 0, & ¢°. d', g°] = u[¢°, g°] o E1[¢°] inAf,  (6.15)
D[Gs[w.0,& ¢° ¢, ¢°1] = D[u%[¢° g°1 0 E1[¢°]]  inAj.
forall (w, 0, & ¢°, g', g°) € U. Then

D[ulp] o (E1[¢°])] = D[Gs[p]] + in A7, (6.14)

d _
<@(U[p])) o ¢° = D[Gs[p]](DE1[¢°]) 1(v¢0 0 ¢°) (6.16)
1
_l’_
Vila] + Vz[alTn(e)
and thus the second integral in the right-hand side of (6.3) equals

D[Gelp]](DE1[¢°]) " (vgo 0 ¢°) on 3B,

fa  D[Gs[pI](DE11¢°)) (w40 0 4% 19°) dor (6.17)

1 -1 -
+ D|G DE1[¢° vgo o $°)g°5[¢°] do
Valal + Vo[l Tn(©) Jos, [Ge[p]](DE1[¢°]) " (vgo 0 )95 [¢°]
for all p € U/ such that ¢ > 0. Now we note that by the Divergence Theorem the first
integral in (6.17) for ¢ = 0 equals

/ g°o(¢°)<—1>i(u°[¢°,g°1)da= / |Vuo[¢°, gP1(B)| dt.
#°(3Bn) dvgo 1[¢°]
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By (6.3), (6.10) and (6.17), we immediately deduce the existence of F1, F, and the validity
of (6.1). The validity of (6.2) follows by the above computation of the first integrals of
(6.10) and (6.17) ate = 0. |

As is well known, if (w, €, & ¢°) € £M™¢, then the relative electrostatic capacity
Caplw, ¢, &, ¢°] of cll[w + €£] with respect to the domain I[¢°] is defined as

Caplw, €, &, ¢°] = f [Vulw, €, &, ¢°, 1, O](t)l2 dt.
Alw,e,£,¢°]

Then we have the following special case of Theorem 6.1.

Theorem 6.2 Let m € N\ {0}, @ €]0, 1[. Let ag = (wp, O, so,qbg) e EM Let Uy, V1,
V> beasin Lemma 5.2. Then
-1

CaPla) = Ml + Vala (o (©.18)

for all a= (w, ¢, &, ¢°) € Uy such that € > 0.

Proof: Since g° = 0, the second integral in the right-hand side of formula (6.3) must
vanish. By Theorem 3.10, we have faBn E'lalo[&]do =1 foralla= (w, ¢, & ¢°) € Up.
Then by equalities g' = 1, g° = 0 and by Theorem 4.1, we have ®'[w, ¢, £, ¢°, 1, 0] =
O°w, €, & ¢°,1,0] = 0 and thus we conclude that G; in the proof of Theorem 6.1
must be identically zero. By Theorem 3.10 we have Gy4lw, ¢, &, ¢°, 1,0] = 1. Then by
formulas (6.3) and (6.10), we have

_anz

Caplal = G R T Vo (6.19)

' /a  D[Galp]+ CalpI (] (DEol]) " (v¢ o 65161 o

for all a € Uy such that € > 0, where G2[p] + G3[p]Yn(e) equals the continuous
extension to clA; of the second factor in braces of (6.5). Now we introduce the following
two auxiliary functions

vi®) = € [ s St —9E'[@l o (w+ )TV (s)dos Yt € CIE[w + €],
v2(0) = fyo(am, St — 9Ra] o () "V(9) dos vt € cll[¢].

Then we have

Cap[a] (6.20)

-1 dvy v
= do + dot.
Vilal + Va[al Yn(€) | Jwteeorn) OVw+es weE(Bn) Wwtet
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By the classical Potential Theory, we have

dvy

En—l

® = el (w+ed) V()
avw+e$ 2

e _ 9)Eifalo (-D)
+ /w v Ty (S 9) Bl 0 49 o

forallt € w + €£(0Bp). Then by the Fubini Theorem and by the identity

1
Sit—9) doy = =,

[1%6&(81&,) 3Vw+eé ® ( 2

forall s € w+€£(39By) and by equality [
follows by Theorem 3.10, we have

dv
/ ! do=1.
w+e£(0BR) anJreS;‘

Since vz is harmonic in a neighborhood of clI[w + €&], the second integral in (6.20)
vanishes and thus (6.18) holds. m]

ety E 180 (w+e§) Y do = "1 which

We note that case n = 2 of (6.18) is known (cf. [9, Cor. 3.2]).

A Appendix

In this appendix, we prove the following perhaps known consequence of the Implicit
Function Theorem. For a proof, we refer to [11, App. B].

Theorem A.1 Let X, Y, Z, Z; be Banach spaces. Let O be an open subset of X x Y,
(X0, Yo) € O, F areal analytic map of O to Z, F(xp, Yo) = 0. Let the partial differential
dyF(Xo, Yo) with respect to the variable y be a linear homeomorphism of ) onto its
image V = Im dyF(xo, Yo). Assume that there exists a closed subspace V; of Z such that
Z =V @V, algebraically. Let O1 bean open subset of X x ) x Z containing (X, Yo, 0)
suchthat O1 2 {(x,y, F(X,y)) : (x,y) € O}, 01 2 {(X,¥.0) : (X, y) € O}. Let G
be a real analytic map of O1 to Z; such that G(x, y, F(x, y)) = 0 for all (x,y) € O,
G(x,y,0) = 0for all (x,y) € O, and such that the partial differential 3,G(xg, Yo, 0) is
surjective onto Z; and has kernel equal to V. Then there exist an open neighborhood ¢/
of Xp in X and an open neighborhood v of yp in Y with/ x V € O and such that the set
of zeros of F inU/ x V coincideswith the graph of a real analytic function of ¢/ to V.
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