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1 Introduction

Let G be a finitely generated profinite group. We may define the Möbius function
mðH;GÞ in the lattice of the open subgroups of G by the rules: mðG;GÞ ¼ 1 andP

KdH mðK ;GÞ ¼ 0 if H < G. In [8] and [9] Mann proposed the following problems:

(1) What are the groups in which jmðH;GÞj is bounded by a polynomial function in
the index of H?

(2) What are the groups in which the number bnðGÞ of subgroups H of index n sat-
isfying mðH;GÞ0 0 grows at most polynomially in n?

The interest of these questions is related to the study of the function PðG; kÞ express-
ing the probability that k randomly chosen elements generate G topologically (the
probability being defined via the normalized Haar measure on G). Indeed, as proved
by Mann in [9], the groups G for which mðH;GÞ and bnðGÞ are polynomially bounded
in terms of jG : Hj and n respectively are precisely those for which the infinite sum

X
H<oG

mðH;GÞ
jG : Hjs

is absolutely convergent in some complex half-plane. When this happens, this infinite
sum represents in the domain of convergence an analytic function which assumes pre-
cisely the value PðG; kÞ on any large enough positive integer k.

Since mðM;GÞ ¼ �1 for any maximal subgroup M of G, we must have
mnðGÞc bnðGÞ (where mnðGÞ denotes the number of maximal subgroups of G with
index n). In particular, if bnðGÞ grows polynomially, then G has polynomial maximal
subgroup growth (PMSG). A theorem of Mann and Shalev [10] characterizes groups
with PMSG as those which are positively finitely generated (PFG), i.e. PðG; kÞ > 0
for some choice of k. Mann conjectured that, conversely, the following holds:
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Conjecture 1. If G is a PFG group, then jmðH;GÞj is bounded by a polynomial func-
tion in the index of H and bnðGÞ grows at most polynomially in n.

He proved his conjecture when G is the completion of GðRÞ with respect to the con-
gruence topology, with G a simple algebraic group defined over Z and R the ring of
integers in some algebraic number field [9]. The conjecture has been proved in [6] for
finitely generated prosolvable groups, and more recently [7] for groups with polyno-
mial subgroup growth and for finitely generated adelic groups.

As noticed in [8, p. 447], if H is an open subgroup of G and mðH;GÞ0 0, then H is
an intersection of maximal subgroups. Moreover, for such a subgroup, mðH;GÞ is the
di¤erence between the number of ways to express H as an intersection of an even
number of maximal subgroups and the number of ways to express it as an intersec-
tion of an odd number of maximal subgroups. This means that bnðGÞ is bounded in
terms of the number of maximal subgroups of G of index dividing n and mðH;GÞ can
be bounded in terms of the number of maximal subgroups of G containing H. Some
interesting bounds can be obtained with these arguments (see for example [8, Theo-
rem 21]) but even if one assumes that G has PMSG, it is not known whether this
implies that there is a polynomial bound for the number of maximal intersections of
G of index at most n. The results proved in [9], [6], [7] for arithmetic groups, prosolv-
able groups, adelic groups and groups with polynomial subgroup growth depend on
the fact that in all these cases it can be proved that if mðH;GÞ0 0, then not only H

is an intersection of maximal subgroups, but also these maximal subgroups can be
chosen with additional ‘good’ properties. The main result of the present paper is in
this direction:

Theorem 1. Assume that G is a finitely generated profinite group and let H be an open

proper subgroup of G with mðH;GÞ0 0. Then there exists a finite family fY1; . . . ;Ytg
of open subgroups of G with the following properties:

(1) H ¼ Y1 V � � �VYt;

(2) jG : Hj ¼ jG : Y1j . . . jG : Ytj;

(3) for each i we have mðYi;GÞ0 0;

(4) for each i either Yi is a maximal subgroup of G or there exists a subgroup Ki cYi

such that Ki tG, G=Ki is a finite monolithic group with non-abelian socle, say

Ni=Ki, and YiNi ¼ G.

This result is one of the key ingredients in the proof of the following theorem which
reduces the study of Conjecture 1 to finite monolithic groups (i.e. groups with a
unique minimal normal subgroup) with non-abelian socle:

Theorem 2. Let G be a PFG group and denote by LðGÞ the set of finite monolithic

groups L such that socL is non-abelian and L is an epimorphic image of G. Moreover,
if L A LðGÞ, let b�

n ðLÞ be the number of subgroups K of L with jL : K j ¼ n, K socL ¼ L

and mðK ;LÞ0 0. Then the following are equivalent:
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(1) there exist two constants g1 and g2 such that

bnðGÞc ng1 and jmðH;GÞjc jG : Hjg2

for each n A N and each open subgroup H of G;

(2) there exist two constants c1 and c2 such that

b�
n ðLÞc nc1 and jmðX ;LÞjc jL : X jc2

for each L A LðGÞ, each n A N and each X cL with L ¼ X socL.

This theorem allows us to reformulate Mann’s conjecture as follows.

Conjecture 2. For any positive integer d there exists a constant cd such that the fol-
lowing holds: if L is a d-generated finite monolithic group and socL is non-abelian,
then b�

n ðLÞc ncd and jmðX ;LÞjc jL : X jcd for each n A N and each X cL with
L ¼ X socL.

At the moment this conjecture is a completely open question. It would be interest-
ing to start with finite simple groups. Very little is known even in this case but re-
cently, in collaboration with Valentina Colombo, we have proved that this conjecture
is satisfied by the symmetric and alternating groups. A paper with this result is in
preparation.

Another consequence of Theorem 2 is:

Corollary 3. Let G be a PFG profinite group and suppose that there exists u A N such

that for each L A LðGÞ any supplement X of socL in L is u-generated. Then there exist

g1 and g2 such that bnðGÞc ng1 and jmðH;GÞjc jG : Hjg2 for each n A N and each

open subgroup H of G.

As we noted before, if bnðGÞ grows polynomially, then G must be a PFG group.
However a group G in which jmðH;GÞj is bounded by a polynomial function in the
index of H is not necessarily PFG: an example of this situation will be presented in
the final section of this paper.

2 Subgroups with non-trivial Möbius number

Before starting our study of the subgroups with non-trivial Möbius number, we need
to recall the definition of an equivalence relation among the chief factors of a finite
group G that was introduced in [5].

Definition 4. Let G be a finite group and let X be a subgroup of G. We say that two
chief factors H1=K1 and H2=K2 of G are ðG;XÞ-equivalent if either H1=K1 and
H2=K2 are G-isomorphic or there exists a normal subgroup N of G such that
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(1) G=N is a primitive permutation group which contains two distinct minimal nor-
mal subgroups M1=N and M2=N;

(2) there exists a subgroup U of G containing XN such that U=N is a complement of
both M1=N and M2=N in G=N;

(3) H1=K1 is G-isomorphic to M1=N;

(4) H2=K2 is G-isomorphic to M2=N.

An important role in the study of ðG;XÞ-equivalence is played by the normal sub-
group RG;X ðAÞ associated with any chief factor A of G. It is introduced in [5, Defini-
tion 10] and it can be characterized as the intersection of the maximal subgroups M

of G with the property that any minimal normal subgroup of G=CoreGðMÞ is ðG;XÞ-
equivalent to A.

Another definition that we recall from [5] is the following:

Definition 5. Let L be a monolithic primitive group and let A be its unique minimal
normal subgroup. For each positive integer k, let Lk be the k-fold product of L. The
crown-based power of L of size k is the subgroup Lk of Lk defined by

Lk ¼ fðl1; . . . ; lkÞ A Lk j l1 1 � � �1 lk modAg:

Clearly, socðLkÞ ¼ Ak, Lk=socðLkÞGL=A and the quotient group of Lk over any
minimal normal subgroup is isomorphic to Lk�1, for k > 1. Moreover, any normal
subgroup of Lk either contains or is contained in socðLkÞ. Furthermore let X be a
subgroup of L and consider the diagonal subgroup

DðXÞ ¼ fðx; . . . ; xÞ j x A XgcDðLÞ ¼ fðl; . . . ; lÞ j l A LgcLk:

In [5] it is proved that the minimal normal subgroups of Lk are all ðLk;DðXÞÞ-
equivalent. Moreover the following holds (see [5, Proposition 12]):

Proposition 6. Let A ¼ U=V be a chief factor of G. Let HcG and assume that either

A is non-abelian or that there exists a subgroup T of G containing H such that TU ¼ G

and T VU ¼ V. Then there exist k A N, a monolithic primitive group L, a subgroup X

of L and an epimorphism a : G ! Lk such that

(1) ker a ¼ RG;HðAÞ;

(2) H a ¼ DðXÞ ¼ fðx; . . . ; xÞ j x A XgcDðLÞ ¼ fðl; . . . ; lÞ j l A Lg;

(3) U a GAG socL.

The proof of [5, Proposition 16] shows that Crapo’s complement theorem implies
the following result:
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Lemma 7. Let N be a normal subgroup of a finite group G. Then

mðH;GÞ ¼ mðHN;GÞ
X

Y ASðG;H;NÞ
mðY ;GÞ

where SðG;H;NÞ :¼ fY cG jHcY ;YN ¼ G;Y VN ¼ H VN; mðY ;GÞ0 0g.

We want to apply this lemma when CoreGðHÞ ¼ 1, mðH;GÞ0 0 and N is a mini-
mal normal subgroup of G. In order to do that we need more information on the set
SðG;H;NÞ.

Lemma 8. Assume that G is a finite group and that H is a proper subgroup of G

with CoreGðHÞ ¼ 1 and mðH;GÞ0 0. Let N be a minimal normal subgroup of G and

let R ¼ RG;HðNÞ. If Y A S ¼ SðG;H;NÞ, then RcY. Moreover, there exist t A N,
a monolithic primitive group L with socLGN and an epimorphism a : G ! Lt with

ker a ¼ R so that the following holds.

(1) N a is a minimal normal subgroup of Lt.

(2) If N is abelian, then Y a is a maximal subgroup of Lt and it is a complement of N a.

(3) If N is non-abelian, then either Y a is a maximal subgroup of Lt and complements

N a, or Y a contains the subgroup K generated by all minimal normal subgroups of

Lt that are di¤erent from N a.

(4) If there exists Y A S such that Y a is a maximal subgroup of Lt complementing N a,
then H VN ¼ 1.

(5) Assume that N is non-abelian with T ¼ fY A S jKcY ag0q. Then there

exist a subgroup X of L with jHN : Hjd jX socL : X j and an epimorphism

b : G ! L with ker ac ker b such that Y A T if and only if ker bcY and

Y b A SðL;X ; socLÞ.

Proof. By Lemma 7, mðH;GÞ0 0 implies that S ¼ SðG;H;NÞ0q. Let Y A S.
Since CoreGðHÞ ¼ 1, we have Y VN ¼ H VN0N, hence Y is a proper supplement
of N (and consequently it is a complement of N in the particular case when N is
abelian). Since mðY ;GÞ0 0, Y is an intersection of maximal subgroups of G. More-
over, as shown in the proof of [5, Theorem 19], any maximal subgroup which con-
tains Y contains R, hence RcY . By Proposition 6, there exist a positive integer t, a
primitive monolithic group L with socLGN and an epimorphism a : G ! Lt with
the following properties:

� ker a ¼ R;

� N a is a minimal normal subgroup of Lt;

� there exists X cL such that H a ¼ DðXÞ ¼ fðx; . . . ; xÞ j x A Xg.
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Moreover, since Y A S,

HRVNRcYRVNR ¼ Y VNR ¼ ðY VNÞR ¼ ðH VNÞRcHRVNR:

Hence HRVNR ¼ YRVNR and the following are true:

� Y aN a ¼ Lt;

� Y a VN a ¼ H a VN a.

If N is abelian, then Y a is a non-trivial supplement of the minimal normal subgroup
N a of Lt, hence Y a is a complement for N a and it is a maximal subgroup of Lt.

Assume now that N is non-abelian. We have socLt ¼ N1 � � � � �Nt, where
N1; . . . ;Nt are all of the minimal normal subgroups of Lt; moreover Ni GN for
each i and we may assume that N a ¼ N1. Let K ¼ N2 � � � � �Nt. We have to prove
that either Y a contains K or Y a is a maximal subgroup of Lt and complements N1.
There is nothing to prove if t ¼ 1, so let td 2. In this case

Y a VN a ¼ H a VN a ¼ DðX ÞVN1 ¼ 1;

hence Y a is a complement of N a in Lt. Since R ¼ ker acY ,

mðY a;LtÞ ¼ mðY ;GÞ0 0;

which implies Y a ¼ M1 V � � �VMr, where, for 1c jc r, Mj is a maximal subgroup
of Lt supplementing N a. Recall that a maximal subgroup M of Lt which supplements
N1 satisfies one of the two following properties:

(I) CoreGðMÞ ¼ K ;

(II) there exists j A f2; . . . ; tg such that CoreGðMÞ ¼ N2 � � � � � N̂Nj � � � � �Nt; in
this case M is a complement for N1. More precisely, there exist f A C

AutN
ðL=NÞ

and j A f2; . . . ; tg such that M ¼ fðl1; . . . ; ltÞ A Lt j lj ¼ l
f
1 g.

If CoreGðMiÞ0K for some i, then Mi ¼ Y a since jLt : Y
aj ¼ jN1j ¼ jLt : Mij. Other-

wise KcM1 V � � �VMr ¼ Y a. This completes the proof of (3). Note that ð4Þ follows
immediately from the fact that Y a VN a ¼ H a VN a and the observation that the re-
striction of a to N is injective. It remains to prove (5). We take b ¼ a when t ¼ 1;
otherwise let b ¼ ap, with p : Lt ! Lt=K GL the canonical projection. In both cases,
H b ¼ ðDðXÞÞp ¼ X (which implies that jHN : Hjd jX socL : X j) and N b ¼ socL.
If Y A T, then, since KcY a, we have

ker b ¼ a�1ðKÞcY ker a ¼ YR ¼ Y :

Moreover if ker bcY , then HcY if and only if X ¼ H b cY b, and Y bN b ¼ Lt if
and only if YN ¼ G. Finally, as the restriction of b to N is injective, Y VN ¼ H VN

if and only if Y b VN b ¼ H b VN b. r
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Proof of Theorem 1. Let U ¼ CoreGðHÞ. We shall work by induction on the order
of the group G=U . Let N=U be a minimal normal subgroup of G=U . Since
mðH=U ;G=UÞ0 0, by Lemma 7 we have

mðHN=U ;G=UÞ ¼ mðHN;GÞ0 0;

and there exists at least one subgroup Y=U A SðG=U ;H=U ;N=UÞ. In particular

jG : Y j ¼ jYN : Y j ¼ jHN : Hj

and

HN VY ¼ HðN VY Þ ¼ HðN VHÞ ¼ H:

By Lemma 8, Y satisfies conditions (3)–(4) of the statement. Now we are ready to
construct our family Y ¼ fY1; . . . ;Ytg. If HN ¼ G, then H A SðG;H;NÞ and we
may take Y ¼ fHg. Otherwise, since mðHN;GÞ0 0 and CoreGðHNÞdN > U , by
induction there exist t� 1 subgroups Y1; . . . ;Yt�1 which satisfy conditions (3)–(4) of
our statement, such that

Y1 V � � �VYt�1 ¼ HN and jG : Y1j . . . jG : Yt�1j ¼ jG : HNj:

The family fY1; . . . ;Yt�1;Yg satisfies all conditions of our statement. r

3 Reduction to monolithic groups

Theorem 9. Suppose that G is a d-generated profinite group, and that there exists a

constant c with the following property: for any epimorphic image L of G which is mono-

lithic with non-abelian socle and for any X cL

jmðX ;LÞjc jmðX socL;LÞj jX socL : X jc:

Then

jmðH;GÞjc jG : Hjm

for each open subgroup H of G, where m ¼ maxðd þ 1; cþ 1Þ.

Proof. Let U ¼ CoreGðHÞ. We shall work by induction on the order of G=U . We
may assume that H0G and mðH;GÞ0 0. In this case, as in the proof of Theorem
1, let N=U be a minimal normal subgroup of G=U and let

S� ¼ fY cG jY=U A SðG=U ;H=U ;N=UÞg:
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By Lemma 7,

jmðH;GÞj ¼ jmðHN;GÞj
���� X
Y AS �

mðY ;GÞ
����:

By induction, jmðHN;GÞjc jG : HNjm. So it su‰ces to prove that

���� X
Y AS �

mðY ;GÞ
����c jHN : Hjm:

Let a : G=U ! Lt and b : G=U ! L be the epimorphisms defined in Lemma 8
(the map b is defined only when N=U is non-abelian). Set a� ¼ pa : G ! Lt,
b� ¼ pb : G ! L with p : G ! G=U the canonical projection. Define

T� ¼ fY cG j ker b �
cY and Y b �

A SðL;X ; socLÞg

and let U� be the set of subgroups Y containing ker a� and with the properties that
Y a �

is a maximal subgroup of Lt ¼ G a �
and a complement of N1 ¼ N a �

. By Lemma
8, S� ¼ T� U ðU� VS�Þ; moreover, for any Y A U�, Y is a maximal subgroup of G
so mðY ;GÞ ¼ �1. Therefore

���� X
Y AS �

mðY ;GÞ
����c

���� X
Y AT �

mðY ;GÞ
����þ jU�jc

���� X
Q ASðL;X; socLÞ

mðQ;LÞ
����þ jU�j:

Moreover, by Lemma 8 (4), if U� VS� 0q, then jHN : Hj ¼ jNj. In that case U� is
in bijective correspondence with jDerðF ;N1Þj, where F is a fixed complement of N1 in
Lt. Since G is d-generated, Lt and F are d-generated, which implies

jU�j ¼ jDerðF ;N1Þjc jN1jd ¼ jHN : Hjd :

If N=U is abelian, then S� JU�, so

���� X
Y AS �

mðY ;GÞ
����c jU�jc jHN : Hjd :

Assume now that N=U is non-abelian. By Lemma 7,

mðX socL;LÞ
X

Q ASðL;X ; socLÞ
mðQ;LÞ ¼ mðX ;LÞ:
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Note that 00 mðH;GÞ implies mðX ;LÞ ¼ mðH ker b�;GÞ0 0 by Lemma 7. We con-
clude that mðX socL;LÞ0 0, again by using Lemma 7. Therefore, by hypothesis,

���� X
Q ASðL;X ; socLÞ

mðQ;LÞ
����c jX socL : X jc c jHN : Hjc:

So

���� X
Y AS �

mðY ;GÞ
����c jHN : Hjc þ jHN : Hjd c jHN : Hjm

and the proof is complete. r

For a finitely generated profinite group G, denote by bnðGÞ the number of sub-
groups H of index n satisfying mðH;GÞ0 0. Moreover, if L is a finite monolithic
primitive group, let b�

n ðLÞ be the number of subgroups K of L with jL : Kj ¼ n,
K socL ¼ L and mðK;LÞ0 0. Finally denote by LðGÞ the set of finite monolithic
groups L such that socL is non-abelian and L is an epimorphic image of G.

Theorem 10. Assume that G is a PFG group and that there exists a constant g such that

b�
n ðLÞc ng for each n A N and each L A LðGÞ. Then the sequence fbnðGÞgn AN has

polynomial growth.

Proof. For n0 1 we want to count the subgroups H with jG : Hj ¼ n and
mðH;GÞ0 0. By Theorem 1, if H is one of these subgroups, then there exist a facto-
rization n ¼ n1 . . . nt and a family Y1; . . . ;Yt of subgroups of G satisfying properties
(3)–(4), with jG : Yij ¼ ni and 7

1cict
Yi ¼ H. There are at most n2 possible choices

for the factorization n ¼ n1 . . . nt (see [2]); we fix one of them. Since G is PFG, there
exists a constant a with mnðGÞc na for each n A N, since mnðGÞ is the number of
maximal subgroups of index n. There are two possibilities for Yi: either Yi is a max-
imal subgroup of G or there exists a normal subgroup Ki of G contained in Yi such
that G=Ki GLi is a finite monolithic group with non-abelian socle and Yi=Ki is a sup-
plement of socðG=KiÞ in G=Ki. We have at most na

i choices for Yi in the first case. Let
us bound the number of possible choices for a non-maximal subgroup Yi. Note that
Li has a faithful primitive permutational representation of degree mc ni. Moreover,
if d is the smallest cardinality of a generating set of G, then Li is d-generated. It was
proved by Jaikin-Zapirain and Pyber [3, Theorem 8.1] that there exists a constant b
such that for any positive integers m and d there are at most mbd d-generated primi-
tive groups of degree m. So we have at most

P
mcni

mbd c n
bdþ1
i possibilities for Li.

Jaikin-Zapirain and Pyber proved also [3, Theorem 11.1] that if G is a PFG group,
then there exists a constant h such that if L is a finite monolithic primitive group
and socL has a faithful transitive representation of degree m, then there are at
most jLjmh epimorphisms from G to L. In particular, if ZðLÞ ¼ 1, then there are at
most mh normal subgroups K of G with G=KGL. In our case this implies that there
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are at most n
bdþhþ1
i possible choices for Ki. When Ki is fixed, the number of possibil-

ities for Yi with Ki cYi is at most b�
ni
ðG=KiÞc n

g
i . Summarizing, we have at most

na
i þ n

bdþhþgþ1
i c n

aþbdþhþgþ2
i possible choices for Yi. But then

bnðGÞc n2
Y

1cict

n
aþbdþhþgþ2
i ¼ naþbdþhþgþ4: r

Proof of Theorem 2. Clearly (1) implies (2), as L is an epimorphic image of G

whenever L A LðGÞ. Conversely if (2) holds, then, by Theorem 10, there exists
g1 such that bnðGÞc ng1 for each n A N. Assume that G is d-generated and let
g2 ¼ maxfd þ 1; c1 þ c2 þ 1g. We prove that jmðH;GÞj < jG : Hjg2 for each open
subgroup H of G. By Theorem 9 and Lemma 7, it su‰ces to prove that, if
mðX socL;LÞ0 0, then

x ¼
���� X
Y ASðL;X ; socLÞ

mðY ;LÞ
���� ¼ jmðX ;LÞj

jmðX socL;LÞj c jX socL : X jc1þc2

for each L A LðGÞ, each n A N and each X cL. Let S ¼ SðL;X ; socLÞ and
m ¼ jX socL : X j. If Y A S, then jL : Y j ¼ m and Y socL ¼ L, so jmðY ;LÞjcmc2

and there are at most mc1 possibilities for Y A S. But then

xc
X
Y AS

jmðL;YÞjc jSjmc2 cmc1mc2

as required. r

Proof of Corollary 3. For a finite group X , the rank rðXÞ of X is defined to be the
smallest integer u with the property that all subgroups of X can be generated by
u elements. Assume that rðLÞc u for each L A LðGÞ: this implies in particular that
there exists m such that no L A LðGÞ has a section isomorphic to AltðmÞ. By [9, Cor-
ollary 2], there exists a constant c, which depends only on m and u, such that if a
finite group X is AltðmÞ-free and an;uðX Þ is the number of subgroups of index n of
X that can be generated by u elements, then an;uðX Þc nc. In particular we have
b�
n ðLÞc an;uðLÞc nc for each L A LðGÞ and each n A N. Moreover, by [7, Lemma

18], we have jmðX ;LÞjc ncþ2 for each L A LðGÞ and each X cL with X socL ¼ L,
so the conclusion follows from Theorem 2. r

4 An example

Let W be the set of prime numbers p with p > 23 and p not of the form
ðqk � 1Þ=ðq� 1Þ where q is a prime power and k is an integer.

Lemma 11. jmðH;AltðpÞÞjc jAltðpÞ : Hj2 for any p A W and any HcAltðpÞ.
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Proof. Let P be the poset of partitions of f1; . . . ; pg, ordered by refinement; the max-
imum 1̂1 of P is ff1; . . . ; pgg. Moreover let

P� ¼ fs A P j the orbits of some HcAltðpÞ are the parts of sg

(note that P� ¼ PnR1, where R1, the first rank of P, is the set of all partitions of
f1; . . . ; ng into one pair and n� 2 singletons). For each HcAltðpÞ, denote by
sðHÞ the element of P whose parts are the orbit of H. If s ¼ fW1; . . . ;Wrg A P�,
then we define Xs ¼ ðSymðW1Þ � � � � � SymðWrÞÞVAltðpÞ, the maximal subgroup of
AltðpÞ whose orbits are precisely the parts of s. As explained in [11],

mðH;AltðpÞÞ ¼ �
X

T ATðHÞ
mðH;TÞ þ dðHÞmP � ðsðHÞ; 1̂1Þ

where TðHÞ is the set of transitive proper subgroups of AltðpÞ containing H, and
dðHÞ ¼ 1 if H ¼ XsðHÞ, dðHÞ ¼ 0 otherwise. We have

jmP � ðsðHÞ; 1̂1Þjc jAltðpÞ : Hj;

since

mP�ðs; 1̂1Þ ¼ ð�1Þr�1ðr� 1Þ! if s ¼ fW1; . . . ;Wrg0 0̂0

ð�1Þpp!=2 þ ð�1Þp�1ðp� 1Þ! otherwise:

(

Now let T be the set of the proper transitive subgroups of AltðpÞ. If T A T, then
either T cA¤ð1; pÞ or T is almost simple: in the second case, from Guralnick’s list
of possible socles for primitive almost simple groups of prime power degree [1], one of
the following holds: socT ¼ PSLðk; qÞ and p ¼ ðqk � 1Þ=ðq� 1Þ; socT ¼ PSLð2; 11Þ
acting on the cosets of Altð5Þ; socT is one of the Mathieu groups M11 or M23. Since
p A W, we can conclude that T is contained in the normalizer of a p-cycle, which is
metacyclic of order pðp� 1Þ=2. Since each of these normalizers contains at most
ðp� 1Þ=2 transitive subgroups, we have ðp� 1Þ!=2d jTj. If T A TðHÞ, then T is a
2-generated solvable group and, by [6, Theorem 1.4] we have

jmðH;TÞjc jT : Hj2 ¼ ðjAltðpÞ : Hj=ðp� 2Þ!Þ2

and so

���� X
T ATðHÞ

mðH;TÞ
����c jAltðpÞ : Hj2ðp� 1Þ!

2ððp� 2Þ!Þ2

and we conclude jmðH;Alt pÞjc jAltðpÞ : Hj2. r
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Proposition 12. The infinite cartesian product

G ¼
Y
p AW

AltðpÞp!=8

is not PFG, but jmðH;GÞjc jG : Hj3 for each open subgroup H of G.

Proof. It is proved in [4] that G is 2-generated but not PFG. Moreover, by Theorem 9
and the previous lemma, jmðH;GÞjc jG : Hj3 for each open subgroup H of G. r
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