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1 Introduction

Let G be a finitely generated profinite group. We may define the Mdobius function
W(H, G) in the lattice of the open subgroups of G by the rules: u(G,G) =1 and
x> MK, G)=0if H < G. In [8] and [9] Mann proposed the following problems:

(1) What are the groups in which |u(H, G)| is bounded by a polynomial function in
the index of H?

(2) What are the groups in which the number b,(G) of subgroups H of index n sat-
isfying u(H, G) # 0 grows at most polynomially in #?

The interest of these questions is related to the study of the function P(G, k) express-
ing the probability that & randomly chosen elements generate G topologically (the
probability being defined via the normalized Haar measure on G). Indeed, as proved
by Mann in [9], the groups G for which u(H, G) and b,(G) are polynomially bounded
in terms of |G : H| and n respectively are precisely those for which the infinite sum

(H,G)
|G: H|'

H<,G

is absolutely convergent in some complex half-plane. When this happens, this infinite
sum represents in the domain of convergence an analytic function which assumes pre-
cisely the value P(G, k) on any large enough positive integer k.

Since u(M,G) = —1 for any maximal subgroup M of G, we must have
my(G) < b,(G) (where m,(G) denotes the number of maximal subgroups of G with
index n). In particular, if b,(G) grows polynomially, then G has polynomial maximal
subgroup growth (PMSG). A theorem of Mann and Shalev [10] characterizes groups
with PMSG as those which are positively finitely generated (PFG), i.e. P(G,k) >0
for some choice of k. Mann conjectured that, conversely, the following holds:
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Conjecture 1. If G is a PFG group, then |u(H, G)| is bounded by a polynomial func-
tion in the index of H and b,(G) grows at most polynomially in #.

He proved his conjecture when G is the completion of I'(R) with respect to the con-
gruence topology, with " a simple algebraic group defined over Z and R the ring of
integers in some algebraic number field [9]. The conjecture has been proved in [6] for
finitely generated prosolvable groups, and more recently [7] for groups with polyno-
mial subgroup growth and for finitely generated adelic groups.

As noticed in [8, p. 447], if H is an open subgroup of G and u(H, G) # 0, then H is
an intersection of maximal subgroups. Moreover, for such a subgroup, u(H, G) is the
difference between the number of ways to express H as an intersection of an even
number of maximal subgroups and the number of ways to express it as an intersec-
tion of an odd number of maximal subgroups. This means that b,(G) is bounded in
terms of the number of maximal subgroups of G of index dividing n and u(H, G) can
be bounded in terms of the number of maximal subgroups of G containing H. Some
interesting bounds can be obtained with these arguments (see for example [8, Theo-
rem 21]) but even if one assumes that G has PMSG, it is not known whether this
implies that there is a polynomial bound for the number of maximal intersections of
G of index at most n. The results proved in [9], [6], [7] for arithmetic groups, prosolv-
able groups, adelic groups and groups with polynomial subgroup growth depend on
the fact that in all these cases it can be proved that if u(H, G) # 0, then not only H
is an intersection of maximal subgroups, but also these maximal subgroups can be
chosen with additional ‘good’ properties. The main result of the present paper is in
this direction:

Theorem 1. Assume that G is a finitely generated profinite group and let H be an open
proper subgroup of G with u(H, G) # 0. Then there exists a finite family {Y;,...,Y:}
of open subgroups of G with the following properties:

() H=Y1N---NYy

Q) |G:H|=|G:Y|...|G: Y,
(3) for each i we have u(Y;, G) # 0;
4)

4) for each i either Y; is a maximal subgroup of G or there exists a subgroup K; < Y;
such that K; 2 G, G/K; is a finite monolithic group with non-abelian socle, say
N;/K;, and Y;N; = G.

This result is one of the key ingredients in the proof of the following theorem which
reduces the study of Conjecture 1 to finite monolithic groups (i.e. groups with a
unique minimal normal subgroup) with non-abelian socle:

Theorem 2. Let G be a PFG group and denote by A(G) the set of finite monolithic
groups L such that soc L is non-abelian and L is an epimorphic image of G. Moreover,
if L € A(G), let b} (L) be the number of subgroups K of Lwith |L : K| =n, KsocL =L
and pu(K, L) # 0. Then the following are equivalent:
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(1) there exist two constants y, and y, such that
by(G) <" and |u(H,G)| <|G: H|”

for each n € N and each open subgroup H of G;

(2) there exist two constants ¢ and c; such that

bi(L) <n® and |u(X,L)| <|L:X|®

n

for each L € A(G), each n € N and each X < L with L = X soc L.
This theorem allows us to reformulate Mann’s conjecture as follows.

Conjecture 2. For any positive integer d there exists a constant ¢, such that the fol-
lowing holds: if L is a d-generated finite monolithic group and soc L is non-abelian,
then b/ (L) <n“ and |u(X,L)] <|L:X|“ for each ne N and each X < L with
L= XsocL.

At the moment this conjecture is a completely open question. It would be interest-
ing to start with finite simple groups. Very little is known even in this case but re-
cently, in collaboration with Valentina Colombo, we have proved that this conjecture
is satisfied by the symmetric and alternating groups. A paper with this result is in
preparation.

Another consequence of Theorem 2 is:

Corollary 3. Let G be a PFG profinite group and suppose that there exists u € N such
that for each L € A(G) any supplement X of soc L in L is u-generated. Then there exist
1 and y, such that b,(G) < n” and |W(H,G)| < |G : H|” for each n € N and each
open subgroup H of G.

As we noted before, if b,(G) grows polynomially, then G must be a PFG group.
However a group G in which |¢(H, G)| is bounded by a polynomial function in the
index of H is not necessarily PFG: an example of this situation will be presented in
the final section of this paper.

2 Subgroups with non-trivial Mébius number

Before starting our study of the subgroups with non-trivial Mébius number, we need
to recall the definition of an equivalence relation among the chief factors of a finite
group G that was introduced in [5].

Definition 4. Let G be a finite group and let X be a subgroup of G. We say that two
chief factors H;/K; and H,/K, of G are (G,X)-equivalent if either H;/K; and
H, /K, are G-isomorphic or there exists a normal subgroup N of G such that
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(1) G/N is a primitive permutation group which contains two distinct minimal nor-
mal subgroups M, /N and M,/N;

(2) there exists a subgroup U of G containing XN such that U/N is a complement of
both M;/N and M,/N in G/N;

(3) H,/K; is G-isomorphic to M;/N;
(4) H,/K; is G-isomorphic to M;,/N.

An important role in the study of (G, X)-equivalence is played by the normal sub-
group Rg, x(A) associated with any chief factor 4 of G. It is introduced in 5, Defini-
tion 10] and it can be characterized as the intersection of the maximal subgroups M
of G with the property that any minimal normal subgroup of G/Coreg(M) is (G, X)-
equivalent to A.

Another definition that we recall from [5] is the following:

Definition 5. Let L be a monolithic primitive group and let 4 be its unique minimal
normal subgroup. For each positive integer k, let L* be the k-fold product of L. The
crown-based power of L of size k is the subgroup L, of L¥ defined by

Ly={(h,....,k) e L*|l; =--- =, mod 4}.

Clearly, soc(Ly) = A¥, Ly/soc(L;) = L/A and the quotient group of L; over any
minimal normal subgroup is isomorphic to L;_i, for k > 1. Moreover, any normal
subgroup of Ly either contains or is contained in soc(Ly). Furthermore let X be a
subgroup of L and consider the diagonal subgroup

AX)={(x,...,x)|xe X} <AL)={(,....,)) |l e L} < L.

In [5] it is proved that the minimal normal subgroups of L; are all (L, A(X))-
equivalent. Moreover the following holds (see [5, Proposition 12]):

Proposition 6. Let A = U/ V be a chief factor of G. Let H < G and assume that either
A is non-abelian or that there exists a subgroup T of G containing H such that TU = G
and TNU = V. Then there exist k € N, a monolithic primitive group L, a subgroup X
of L and an epimorphism o : G — Ly such that

(1) kera = Rg u(A);
(2) H*=AX) ={(x,...,x) | xe X} <AL)={(l,...,]) |l e L};
(3) U*= A =socL.

The proof of [5, Proposition 16] shows that Crapo’s complement theorem implies
the following result:
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Lemma 7. Let N be a normal subgroup of a finite group G. Then

w(H,G) = pu(HN,G) > u(Y,G)
Ye9(G,H,N)

where ¥(G,H,N) :={Y < G|H<L Y, YN=G,YNN=HNN,u(Y,G) #0}.

We want to apply this lemma when Coreg(H) = 1, u(H,G) # 0 and N is a mini-
mal normal subgroup of G. In order to do that we need more information on the set
S (G,H,N).

Lemma 8. Assume that G is a finite group and that H is a proper subgroup of G
with Coreg(H) = 1 and u(H, G) # 0. Let N be a minimal normal subgroup of G and
let R=Rgu(N). If Ye¥& =S(G,H,N), then R < Y. Moreover, there exist t € N,
a monolithic primitive group L with soc L = N and an epimorphism o : G — L, with
kero = R so that the following holds.

(1) N*is a minimal normal subgroup of L.
(2) If N is abelian, then Y* is a maximal subgroup of L, and it is a complement of N*.

(3) If N is non-abelian, then either Y* is a maximal subgroup of L, and complements
N*?, or Y* contains the subgroup K generated by all minimal normal subgroups of
L, that are different from N°.

(4) If there exists Y € & such that Y* is a maximal subgroup of L, complementing N*,
then HNN = 1.

(5) Assume that N is non-abelian with 7 ={Y € | K < Y*} # &. Then there
exist a subgroup X of L with |HN : H| = |XsocL: X| and an epimorphism
p:G— L with keroo < kerf such that Y € 7 if and only if kerfp <Y and
Y#Pe s (L, X,socL).

Proof. By Lemma 7, u(H, G) # 0 implies that ¥ = (G, H,N) # (J. Let Y € &.
Since Coreg(H) =1, we have YN N = HN N # N, hence Y is a proper supplement
of N (and consequently it is a complement of N in the particular case when N is
abelian). Since u(Y, G) # 0, Y is an intersection of maximal subgroups of G. More-
over, as shown in the proof of [5, Theorem 19], any maximal subgroup which con-
tains Y contains R, hence R < Y. By Proposition 6, there exist a positive integer ¢, a
primitive monolithic group L with soc L =~ N and an epimorphism o : G — L, with
the following properties:

« keroa = R;
+ N*is a minimal normal subgroup of L;;

» there exists X < L such that H* = A(X) = {(x,...,x)|x e X}.
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Moreover, since Y € &,
HRNNR< YRNNR=YNNR=(YNN)R=(HNN)R< HRNNR.

Hence HRNNR = YRN NR and the following are true:
« Y*N* =L
« Y*NN*=H*NN"

If N is abelian, then Y * is a non-trivial supplement of the minimal normal subgroup
N* of L;, hence Y* is a complement for N* and it is a maximal subgroup of L,.

Assume now that N is non-abelian. We have socL, = Nj x --- X N,;, where
Ny, ..., N, are all of the minimal normal subgroups of L,; moreover N; =~ N for
each i and we may assume that N* = N;. Let K = N, x --- x N;. We have to prove
that either Y* contains K or Y* is a maximal subgroup of L, and complements N;.
There is nothing to prove if t = 1, so let # = 2. In this case

Y*NN*=H*NN*=A(X)NN; =1,
hence Y* is a complement of N* in L,. Since R = kero < Y,
u(Y* L) = u(Y,G) #0,

which implies Y* = M;N---N M,, where, for 1 < j <r, M;is a maximal subgroup
of L, supplementing N *. Recall that a maximal subgroup M of L, which supplements
Ny satisfies one of the two following properties:

(I) Coreg(M) = K;

(I1) there exists j e {2,...,7} such that Coreg(M) = Ny x ---x Nj x --- x N; in
this case M is a complement for N;. More precisely, there exist ¢ € C,, (L/N)
and je {2,...,¢} such that M = {(L;,...,1) eLt\b:Zf}.

If Coreg(M;) # K for some i, then M; = Y*since |L, : Y*| = |N;| = |L, : M;|. Other-
wise K < M N---N M, = Y* This completes the proof of (3). Note that (4) follows
immediately from the fact that Y*N N* = H*N N* and the observation that the re-
striction of a to N is injective. It remains to prove (5). We take f = « when 7 = 1;
otherwise let f = an, with z : L, — L,/K = L the canonical projection. In both cases,
H? = (A(X))" = X (which implies that |[HN : H| > |Xsoc L : X|) and N¥ =soc L.
If Y € 7, then, since K < Y*, we have

kerf=o'(K)< Ykera = YR=Y.

Moreover if ker f < Y, then H < Y if and only if X = H? < Y# and Y/N/ = L' if
and only if YN = G. Finally, as the restriction of § to N is injective, YN N = HNN
if and only if YANNF = HFNNP. O
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Proof of Theorem 1. Let U = Coreg(H). We shall work by induction on the order
of the group G/U. Let N/U be a minimal normal subgroup of G/U. Since
WH/U,G/U) # 0, by Lemma 7 we have
WHN/U,G/U) = u(HN, G) # 0,
and there exists at least one subgroup Y /U € ¥ (G/U,H/U,N/U). In particular
|G:Y|=|YN:Y|=|HN:H|
and
HNNY =H(NNY)=H(NNH)=H.
By Lemma 8, Y satisfies conditions (3)—(4) of the statement. Now we are ready to
construct our family % = {Y,,..., Y;}. If HN = G, then H € ¥(G,H,N) and we
may take % = {H}. Otherwise, since u(HN, G) # 0 and Coreg(HN) > N > U, by

induction there exist # — 1 subgroups Y1,..., Y,_; which satisfy conditions (3)—(4) of
our statement, such that

YiN---NY, =HN and |G:Y||...|G: Y| =|G:HN|.

The family {Y),..., Y,_1, Y} satisfies all conditions of our statement. []

3 Reduction to monolithic groups
Theorem 9. Suppose that G is a d-generated profinite group, and that there exists a

constant ¢ with the following property: for any epimorphic image L of G which is mono-
lithic with non-abelian socle and for any X < L

(X, L)| < |u(XsocL,L)||X socL: X|.
Then
u(H,G)| < |G : H|
for each open subgroup H of G, where f = max(d + 1,c+ 1).
Proof. Let U = Coreg(H). We shall work by induction on the order of G/U. We

may assume that H # G and u(H, G) # 0. In this case, as in the proof of Theorem
1, let N/U be a minimal normal subgroup of G/U and let

F*={Y<G|Y/Ue¥(G/U H/U N/U)}.
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By Lemma 7,

lu(H,G)| = |u(HN, G)|

By induction, |u(HN, G)| < |G : HN|". So it suffices to prove that

> u(Y,G)‘ < |HN : H|".
Yeos™

Let : G/U — L, and f: G/U — L be the epimorphisms defined in Lemma 8§
(the map f is defined only when N/U is non-abelian). Set o* = 7o : G — L,,
p*=mnf: G— Lwithn: G — G/U the canonical projection. Define

T ={Y <Glkerf* <Y and Y# e ¥ (L,X,socL)}

and let %" be the set of subgroups Y containing kero* and with the properties that
Y* is a maximal subgroup of L’ = G* and a complement of N = N* . By Lemma
8, F* =T U (A" NF"); moreover, for any Y € %, Y is a maximal subgroup of G
so u(Y, G) = —1. Therefore

> ur.6)|<

Yes*

> ur.6)|+jl <

YeT*

) mg@] ).

2e S (L, X, s0¢c &)

Moreover, by Lemma 8 (4), if #* N %" # &, then |HN : H| = |N|. In that case %" is
in bijective correspondence with |Der(F, N;)|, where F is a fixed complement of N; in
L,. Since G is d-generated, L, and F are d-generated, which implies

|%*| = |Der(F,N,)| < |Ny|* = |HN : H|“.

If N/U is abelian, then & < %", so

> /J(Y,G)‘< \%*| < |HN : H|“.
Yes*

Assume now that N/U is non-abelian. By Lemma 7,

u(XsocL,L) Y wQL)=uX,L).
Qe Y (L,X,socL)
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Note that 0 # u(H, G) implies u(X, L) = u(H ker *, G) # 0 by Lemma 7. We con-
clude that u(X soc L, L) # 0, again by using Lemma 7. Therefore, by hypothesis,

’ > ,u(Q,L)‘ <|XsocL: X|<|HN : H|
Qe (L, X,socL)

So

> ,u(Y,G)’<|HN:H|"'+|HN:H|d<HN:H|”
Yes”

and the proof is complete. []

For a finitely generated profinite group G, denote by b,(G) the number of sub-
groups H of index n satisfying u(H, G) # 0. Moreover, if L is a finite monolithic
primitive group, let (L) be the number of subgroups K of L with |L: K| =n,
KsocL =L and u(K,L) # 0. Finally denote by A(G) the set of finite monolithic
groups L such that soc L is non-abelian and L is an epimorphic image of G.

Theorem 10. Assume that G is a PFG group and that there exists a constant y such that
b¥(L) <n? for each n € N and each L € A(G). Then the sequence {b,(G)},.n has
polynomial growth.

Proof. For n#1 we want to count the subgroups H with |G: H|=n and
W(H, G) # 0. By Theorem 1, if H is one of these subgroups, then there exist a facto-
rization n = n; ...n, and a family Yi,..., Y, of subgroups of G satisfying properties
(3)-(4), with |G : Y| = m; and (), _,_, ¥; = H. There are at most n? possible choices
for the factorization n =n; ...n, (see [2]); we fix one of them. Since G is PFG, there
exists a constant o with mn(G) n* for each n € N, since m,(G) is the number of
maximal subgroups of index n. There are two possibilities for Y;: either Y; is a max-
imal subgroup of G or there exists a normal subgroup K; of G contained in Y; such
that G/K; =~ L; is a finite monolithic group with non-abelian socle and Y;/K; is a sup-
plement of soc(G/K;) in G/K;. We have at most n}* choices for Y; in the first case. Let
us bound the number of possible choices for a non-maximal subgroup Y;. Note that
L, has a faithful primitive permutational representation of degree m < n;. Moreover,
if d is the smallest cardinality of a generating set of G, then L; is d-generated. It was
proved by Jaikin-Zapirain and Pyber [3, Theorem 8.1] that there exists a constant f
such that for any positive integers m and d there are at most m”? d-generated primi-
tive groups of degree m. So we have at most ), . mbd < nﬂ 1 possibilities for L;.

Jaikin-Zapirain and Pyber proved also [3, Theorem 11. 1] that if G is a PFG group,
then there exists a constant # such that if L is a finite monolithic primitive group
and soc L has a faithful transitive representation of degree m, then there are at
most |L|m" epimorphisms from G to L. In particular, if Z(L) = 1, then there are at
most m" normal subgroups K of G with G/K =~ L. In our case this implies that there
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are at most nlﬁ -t possible choices for K;. When K; is fixed, the number of possibil-
ities for Y; with K; < Y; is at most b,’fl_(G/K,-) < n!. Summarizing, we have at most
n? 4 pl Tl TR b ogsible choices for Y;. But then

bn(G) < l’l2 H nia+ﬁd+n+7+2 = nzx+/>’d+)7+y+4. O

I<i<t

Proof of Theorem 2. Clearly (1) implies (2), as L is an epimorphic image of G
whenever L € A(G). Conversely if (2) holds, then, by Theorem 10, there exists
y, such that b,(G) < n” for each ne N. Assume that G is d-generated and let
7, =max{d + 1,¢; + ¢c2 + 1}. We prove that |u(H,G)| <|G: H|” for each open
subgroup H of G. By Theorem 9 and Lemma 7, it suffices to prove that, if
u(XsocL,L) # 0, then

(X, L)

Il <X socL: X[t
H(XsocL, 1)) S XSt X

&=

u(Y, L)' =
Ye9(L,X,socL)

for each L e A(G), each neN and each X < L. Let & = %(L,X,socL) and
m=|XsocL:X|.If Ye, then |[L: Y|=mand YsocL=L, so |u(Y,L)] <m®
and there are at most m*! possibilities for Y € .%. But then

¢< Y (L Y)| < |F|me < mm®
Yes

as required. []

Proof of Corollary 3. For a finite group X, the rank r(X) of X is defined to be the
smallest integer u with the property that all subgroups of X can be generated by
u elements. Assume that r(L) < u for each L € A(G): this implies in particular that
there exists m such that no L € A(G) has a section isomorphic to Alt(m). By [9, Cor-
ollary 2], there exists a constant ¢, which depends only on m and u, such that if a
finite group X is Alt(m)-free and a, ,(X) is the number of subgroups of index n of
X that can be generated by u elements, then a, ,(X) <n¢ In particular we have
bi(L) < aypu(L) < n¢ for each L € A(G) and each n e N. Moreover, by [7, Lemma
18], we have |u(X,L)| < n“*? for each L € A(G) and each X < L with XsocL = L,
so the conclusion follows from Theorem 2. []

4 An example
Let Q be the set of prime numbers p with p > 23 and p not of the form
(¢¥ —1)/(g — 1) where ¢ is a prime power and k is an integer.

Lemma 11. |u(H, Alt(p))| < |Alt(p) : H|* for any p € Q and any H < Alt(p).
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Proof. Let 2 be the poset of partitions of {1, ..., p}, ordered by refinement; the max-
imum 1 of 2 is {{1,..., p}}. Moreover let

P* = {o € 2 |the orbits of some H < Alt(p) are the parts of o}

(note that 2* = P\ #,, where %, the first rank of 2, is the set of all partitions of
{1,...,n} into one pair and n — 2 singletons). For each H < Alt(p), denote by
o(H) the element of 2 whose parts are the orbit of H. If 6 = {Q,...,Q,} € 27,
then we define X, = (Sym(Q;) x --- x Sym(Q,)) N Alt(p), the maximal subgroup of
Alt(p) whose orbits are precisely the parts of . As explained in [11],

W(H,Alt(p)) == > u(H,T)+6(H)uy(o(H),1)
Te7 (H)

where 7 (H) is the set of transitive proper subgroups of Alt(p) containing H, and
O0(H) = 1if H = Xy, 6(H) = 0 otherwise. We have

1y (o(H),1)| < |Alt(p) : H],

since

(o.1) = (=) r=1)! if 6={Q,....Q} #0
Ko @ T C1)p2 4+ (<1)P 1 (p = 1)1 otherwise,

Now let 7 be the set of the proper transitive subgroups of Alt(p). If T € 7, then
either 7' < Aff(1, p) or T is almost simple: in the second case, from Guralnick’s list
of possible socles for primitive almost simple groups of prime power degree [1], one of
the following holds: soc T = PSL(k,¢) and p = (¢ — 1)/(¢ — 1); soc T = PSL(2,11)
acting on the cosets of Alt(5); soc T is one of the Mathieu groups M;; or M>;3. Since
p € Q, we can conclude that T is contained in the normalizer of a p-cycle, which is
metacyclic of order p(p — 1)/2. Since each of these normalizers contains at most
(p — 1)/2 transitive subgroups, we have (p — 1)!1/2 > |7|. If T e 7 (H), then T is a
2-generated solvable group and, by [6, Theorem 1.4] we have

W(H,T)| <|T: HI> = (|Alt(p) : H|/(p - 2)!)°
and so

Alt(p) : H|*(p — 1)!
2(p—2))°

> )| <

Te7 (H)

and we conclude |u(H, Alt p)| < |Alt(p) : H)*. O
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Proposition 12. The infinite cartesian product

G =[] Alt(p)"”®

peQ
is not PFG, but |u(H,G)| < |G : H|? for each open subgroup H of G.

Proof. 1t is proved in [4] that G is 2-generated but not PFG. Moreover, by Theorem 9
and the previous lemma, |u(H, G)| < |G : H| for each open subgroup H of G. []
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