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Abstract. Starting from the Amann-Conley-Zehnder finite reduction framework
in the non-compact Viterbo’s version, we discuss the existence of global generat-
ing function with a finite number of auxiliary parameters describing the two-points
Characteristic Relation related to the geodesic problem in the Hamiltonian formal-
ism. This applies both to Analytical Mechanics and to General Relativity - we
construct a global object generalizing the World Function introduced by Synge,
which is well-defined only locally. Whenever the auxiliary parameters can be fully
removed, Synge’s World Function is restored.

1. Introduction

In the textbook by Synge [19] one can find the following definition:
Let P'(«') and P(z) be two points of space-time, joined by a geodésieith
equationsr’ = ¢'(u) whereu is a special parameter. Then the integral

1 “ s
QP'P)=Q(2',2) = §(u1 - uo)/ gi;U'U7 du
uQ
taken alongl’ with U? = d¢?/du, has a value independent of the particular spe-
cial parameter chosen. If, as we shall suppose, the pdititd® determine a
unique geodesic passing through them, thes a function of these two points; it
is a function of the eight variables, = and we shall call it thevorld-functionof
space-time.
The World Function had a rather troubled history. The main criticism is that it
has a local meaning only, and even in simple cases we cannot use it for global
analysis. Really, Synge recognized this limitation few lines after the definition.

! special parameters are the representative elements of a class of parameters invariant by affine
transformations.
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He used this object for approximations and to solve geodesic triangles in spaces
of small curvature. In more recent times, in the textbook by De Felice-Clarke [13],

it is used in measure theory to define spatial length between an observer and an
event, to measure the effect of curvature in the measure of angles, and in the study
of Doppler effect.

From a strictly analytical mechanical point of view, the World Function appears
as the generating function of the canonical transformation induced by the differ-
ential equations of the geodesic system, thought of in the Hamiltonian format,
and it there exists whenever the phenomenon of the entanglement of geodesics
in the base manifold (the space-time) does not occur. Such a generating func-
tion is solution of a certain Hamilton-Jacobi equation, and it has been a rather
intriguing matter along past years to establish a useful notion of ‘global solution’
in Hamilton-Jacobi theory in a rigorous way. In order to give a comprehensi-
ble explanation of our proposal about globalization of the World Function, we
briefly review a few elements of the geometric setting for the global theory of the
Hamilton-Jacobi equation.

Given a Hamilton-Jacobi probleii o dS = e, H : T*Q — R, the symplectic
geometry environment provides a new concept of solutions, called geometric so-
lutions, i.e. Lagrangian submanifoldsin the coisotropic fibed ~(e) of T*Q.
These geometric solutions have meaning only locally no longer. The description
of the Lagrangian submanifolds is a crucial problem in the symplectic arena: a
geometric solution of a Hamilton-Jacobi probldih = e is meaningful —and
then comparable to the classical (weak) solutions [4]— if we are able to write
for it some generating functions, see e.g. [5]-[10], [20]. A fundamental tool in
this area is the Maslov-tmander theorem: it shows that we can locally describe
Lagrangian submanifolds C 7@ as image of the differential —with respect to

q € Q— of a smooth functiort’ = S(q, u), valued at the stationary pointsof a

set of auxiliary parameters ¢ R”, for a suitable integek € N. In other words,
locally at each poink € A C T*Q,

os
0qJ

08

A= {(qi,pj) L qh€Q, pj= ~—(q,u), aTB((JW"‘) = 0}

with the transversality condition:

" 928 9%S
ouloqgt  OultouP

The importance of havinglobal generating functiot$ is evident when we try to

= k = max.
A
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construct classical solutions for H-J from geometric ones. In fact, if the relation

0= aausB(ql7 uA>

can be solved with respect o, i.e. if for everyq there exists one and only
oneu? = 44(q) solving it, then we may define a classical (smooth) solution
S(q) := S(q,a(q)). Itis well known that in general such a classical solution does
not exist globally (i.e. one cannot remove all auxiliary parametgrshis is due
mainly to the nonlinearity of the problem (Hamiltonian function and initial data)
and the related lack of transversality/ofvith respect to the fibers afy : 7*Q —

Q. Nevertheless, when the above stationarization procedure to ohasscal
solutions fails, by the global generating function forone can try to build up
viscositysolutions —in the sense of Crandall-Evans-Lions— by removing the

auxiliary parameters through suitabtg-sup procedures, e.qg.:

s=s(q):= inf sup S(gu?,u®), k1 + ko = k.

uAERFL 0 cpko

This program actually works in some interesting cases, see e.g. [4], [9].

A first rigorous attempt to globalize the MaslowHnander theorem was made

by Laudenbach [16], Sikorav [18] and Chaperon [11] for the compact case. Later,
Viterbo [21] built up a global version in the non-compact c&eusing the re-
duction techniques of Amann, Conley and Zehnder [2, 12]. Viterbo's theorem
states the existence of global generating function for Lagrangian submanifolds,
geometric solutions of an evolution problem of Hamilton-Jacobi, starting from
zero-section of*R"™ with Hamiltonian functionH : T*R"™ — R with second
partial derivatives uniformly bounded. It is not yet available in literature a ver-
sion for non-compact and non-parallelizable manifolds. The aim of Chaperon and
Viterbo was mainly to construct a new global theory of weak solutions for H-J
problems: the so-calleghin-maxsolutions based on the Lusternik-Schnirelman
theory.

Here is a scheme of Viterbo’s statement proof:

1. Viterbo’s theorem describes Lagrangian submanifolds connected by a Hamil-
tonian isotopy to the zero-section @*R"™. The curves in the Sobolev space
HL([0, T); T*R™), starting from zero section, are described by the co(iles)
wheregr is theg-projection of the final point (at the time= T) and¢ € L? is

the velocity of the curve.

2. The Action Functional is considered as a formal global generating function
with infinite parameters (irL?). In fact, the variation of the Action Functional
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(obtained with a variation of velocity) is zero exactly in correspondence to the
solutions of the related Hamilton system.

3. Developing velocities in Fourier series and keeping the finite kernel (terms
from — N to N) and the infinite tail, one can observe that, fdtarge enough, the
finite kernel of velocity of a solution determines the full solution (by a fixed-point
lemma). So, one may consider only a finite number of parameters, obtaining in
this way a global generating function.

We notice that Viterbo considers curves starting from zero-section, i.e. with van-
ishing initial conjugate momentum, and constructs an object T*R™. This

fact simplifies the proof a lot; by minor changes, one could carry out the same
construction by starting from any exact Lagrangian submanifold.

Now, in order to construct a generating function of a symplectic relation, that is,
an object insidgd ™ R"™ x T*R", we have to reformulate the framework drastically.
Moreover, in the original theory all works for fixed initial vanishing momentum
po = 0 and fixed final configuratiog;: on the other side, since our aim here is to
construct a two-points generating function with auxiliary parameters describing
the above symplectic relation, we have to fix both initial and final configurations
qo anqu.

Curves will be identified by the the straight segment betwgemdg plus loops.

The variations of a curve will be still given by loops. This approach restoring
loops can be also found in a recent paper [14].

It is worth noticing that, after the seminal paper [20] by Tulczyjew on the H-J
theory, Hamilton Principal Functions with auxiliary parameters were considered
for the first time in [5] and [7].

Under some suitable hypothesis, when the Lagrangian funétisnthe (half of

the) quadratic form valued on the 4-velocity related to a Riemannian or a Semi-
Riemannian metric, our construction leads to a generating function with auxiliary
parameters which is exactly the announced globalization of the World Function
of Synge, see Theorem 1 and Corollary 3. For the related Hamilton Principal
Function, see Corollary 5.

2. A two-point version of Viterbo’s construction

In this section) = R™ and H will denote a Hamiltonian functio®f : T*R" —
R. Adopting standard notations, as in [1, 3, 6], we denotevby: dp A dg =
o dps Adg® the standard symplectic 2-form @riR"™. The Hamiltonian vector
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field X is defined byix,,w = —dH. Denoting curves by = (¢, p) and setting

J = < —(})I) é ),the related Hamilton equatios= Xy (y) = JVH(y) read

1=, =)
q_ap q,D), b= g q,p)-

We denote by}, the flow of X5, £ ¢4 = JVH(¢;). We consider the standard
projections
pri pra2
T*R"* «— T*R" xT*R" — T*R"
and we carry out the symplectic structureon 7*R™ x T*R™ = T* (R" x R")
by the following twofold pull-back of the standard symplectic 2-formiih

@ = prow — priw = dps A dga — dp1 A dgs.
We recall that th&Characteristic Relatiomf the Hamiltonian systenfif is the set
C of points (q1,p1;q2,p2) € T*R™ x T*R"™ such that, for som& € R, one
has(q2,p2) = ¢4 (q1,p1); it comes out that is a Lagrangian submanifold of

(T*R™ x T*R", ), that is:@|, = 0 anddim C = 2n = dim(T*R" x T*R™).

Theorem 1.Let H : T*R™ — R be aC? Hamiltonian function. Suppose the
following condition is satisfied:

sup ‘VQH‘ =(C < 4o0.
(q,p)ET*R™

Then the sedA C T*R"™ x T*R"™ defined by:

A = {(q0.po, qr. pr) € T*R™ x T*R" : ¢7;(q0, p0) = (qr.p1)} (%)
admits a global generating function with finite auxiliary parameters
SR xR" xRF =R, (qo,q7,u) — S(qo,qr,u),
such that:

__095 _95 0= 23
bo = aq07 pr = aqT, = 8u

Remark 2. For general Hamiltonian systems, the gewould not be the char-
acteristic relationC, since the final time¢ = T is fixed; anyway, this set is
actually Lagrangian (maximal isotropic) with respect to the symplectic 2-foym
in particular, for geodesic-like Hamiltonia®l = %gigl(q)pipj, A coincides (by
choosingl’ = 1) precisely with the Characteristic Relatigh see Corollary 3.
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The above requested boundness of the second derivativési®oh hard task to
verify whenever the Hamiltonian function is not compactly supported, or defini-
tively quadratic, irlR?"; this difficulty arises especially by concerning with geodesic
problems (in the Riemannian or Semi-Riemannian case), for which

82 iJ E) iJ
3 oogm (PP 35 (Q)pi

1 _
H=39(q)pp), VH= ) :
84 g
3T (@)pi 9"(q)
so that we cannot assume any ‘a priori’ boundnesg'srespecially in the Semi-
Riemannian case (in the Riemannian one, whichgscanvex case, energy con-
servation does help us to it.)

In order to remove this difficulty and to avoid extreme sorts of pathology, we
will restrict inside a fixed (large) compact sub-gétc R"™ together with the
request offinite cardinality of the sets of geodesics linking the pdifg, q1) €

K x K; this property —seéxx) below— seems to be reasonably enjoyed by
Riemannian [Semi-Riemannian] metric tensors which are suitably asymptotic to
Euclidean [Minkowskian] metrics. We do not delve further into this matter.

Warning: We are going to deal with

i) Riemanniary = gg, sgn(gr) = (1,...,1), and

i) Semi-Riemanniary = gsgr, s9ngsr) = (—1,1,...,1), manifolds topologi-
cally equivalent taR™ with trivial atlas (one chart is sufficient).

Anyway, the Euclidean metric (and norm) many times used below could be re-
placed by minor changes

i) just by the Riemannian metric, and
i) in the Semi-Riemannian case, by the following Riemannian metric [15, 17]

gr:=9gsrt2u®u,
whereu is a time-like vector field{gsr u,u) = —1, giving the time-orientation
to (an gSR)'
We are ready to state the following

Corollary 3. (World Function) LetH : T*R™ — R, H = %g_l(q)(p,p), be the
C? Hamiltonian function of a Riemannian or Semi-Riemannian system. Consider
the set of geodesics (fa@r = 1):

G, q1) = {’Y(') = (q(),p()) € H'([0,1];R*") : q(0) = qo,
a() = a1, 4 =JVH() .
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For a fixed (arbitrarily large) compack” of R™, we suppose that

#G(QO>Q1) < 400 V(Q(]’ql) e Kx K. (**)

Then the above sdtin (), restricted tol ™K x T*IC, is preciselythe expected La-
grangian submanifold denoting the Characteristic Relatioof the Hamiltonian
systemH and the related generating functid

K x K x Rk > (QOaQLU) = S(quqhu) € R7
represents the looked for generalized global World Function.

Remark 4. Alternatively, the hypothesis«) may be replaced by the following
one:

There exists a compact $gtC H' such that:

G(g,q1) CG  Y(q,q1) e LxK ()’

IndeedH' — C° (by Sobolev embedding) $bis bounded and we have an
priori bound on every point of each geodesic joining pairs of points.of

Finally, we have

Corollary 5. (Hamilton Principal Function) LetS(qo,q1,u) be a generalized
World Function related to the HamiltoniaHl : T*R" — R, H = %g_l(q)(p,p),
for a Riemannian or Semi-Riemannian meyiand for(¢o, q1) € K x K, where
K is a compact set dk™. Then the function

S(qo,q1,u) = 2+/]e S(qo, q1,u)|

is a (generalizedpglobal Hamilton Principal Function for the Hamilton-Jacobi
equationHd = e.

Remark 6. Given the above generalized World Functi®n= S(qo, q1, u), if we
are able to remove the auxiliary parameters by means of the stationarization

oS
%(QOaQLU) — O)

we find the classical World Function again; but, in general, we cannot remove
them and this fact is due to the lack of transversality\okith respect the fibers

of 7 : T*(R™ x R") — R™ x R", which tells us that there are more geodesics
connectingyg, ¢1.
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More precisely, it can happen that for the above relatiSpiou = 0,

1. there is no solution: we have no geodesics connegting, ,

2. we findh functionally independent solutions, = @, (qo, q1), @ € {1,...,h},
i.e. we haveh geodesics connecting, ¢;.

If the pointsqq, q1 are close enough, we always have onle geodesic con-
necting themu = u(qoq1), SO we restore the classical local World Function
Q(qo,q1) := S(qo,q1,u(qo, q1)); but the firstconjugate pointo ¢y along the pro-
lungation of this geodesic (towards the future) signals the end of this condition of
transversality.

Remark 7. Let us consider the Geometric Cauchy Problerijrior the Hamilton-
Jacobi equation
HodS =e,

for initial data o : ¥"~! — R on the hypersurfacg : ¥~ ! — K c R™ which
can be represented by the following initial Lagrangian submanifold

Ao ={(q.p) : (. Ti(X)v) = (do,v), ¢ =j(x), Yo € T,E"', Vx e X" '}

It is solved —see [8] for details— by theA Lagrangian manifaldylobally de-
scribed by the following generating functishwith auxiliary parametergu, x):

A

S(gu,x) = S(G(x); ¢, u) + o (x)-

The global Hamilton Principal Functio®(qo, q1, ) can be interpreted as a sort
of Geometric Green Kernel for Hamilton-Jacobi problem.

3. Proofs

Proof of Theorem 1Let us considey, gr € R™. We define the following set of
curves {* = W*2):

L= {y()=(q(-),p(-)) € H([0,T},R*") : q(0) =qo, q(T)=qr}

An element ofl" is a curve in™*R™ whose canonical projection @ is a curve
connectingy andgr. A curvel > v : [0, T] — R?" solves the Hamiltonian sys-
tem if the equatiory = JV H () is satisfied for almost evetye [0, T]. Actually,
by Sobolev embedding theorem, these curvegdreGivene € L%([0, T], R?"),



Global World Functions 9

for every fixedN € N, we consider the two projection maps (which are Lipschitz
of unitary norm):

Pyo(s):= . ope' 75 Quols) = é(s) — Pyo(s),

|k|<N

L? =PyL?® QunL?, uePyL?, veQyL

The subspaceRy L? andQy L? are orthogonal with respect to the scalar product
of L2. Furthermore, we define the map

h:R"xR"x L? —T
(90, g, 9(+)) — (q(t),p(t)) = h(qo, T, () (),

where
q(t) = qo+ lar —qo) + / /qbq dr

p(t) = /cbq d7+/¢p

Essentially,g(-) is a variation of the straight line connectigpgto ¢r. This is a
bijective map; indeed, by computing its inverse, we find:

) = ¢(0),
qr = q(7),
dg(t) — & [ dg(r)dr = d(t) — E(ar — q0),
¢p(t) = p(t),

and the indeterminacy on the mean valuepgfi.e. ¢§=0 =7 fo ¢q(T)dT, IS
fully removed

p(0) = 6§~°,

Now we consider the Hamilton-Helmholtz Action Functional:

A:R"xR"x L? - R
T
Alqo, gr, 9] = /O (P ¢ — H)ly=h(go,qr.¢) A

Gateaux derivativ% (90, g7, $]0¢ With 6¢ € L?(= T, L?) is defined by

A dA
ll;gb [QO7QT7¢]5¢_ (QO7QT7¢+/\5¢) _
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We have that

DA Trr.  O0H . OH
m[%ﬂ%dﬂ% = /0 [(q—ap>5p—<p+aq>5q] ds+p-dq

where the variationdq anddp are deduced directly from the above definition of
h,i.e.

T

0

d
5(] - aq(7 qo, 4T, ¢ + )\5¢) ‘/\:0 = / <5¢q / 5¢q dT) S,

_ d _ k=0 !
i = gyplanaro 30| =50k + [ doy s

Notice thatdq(0) = dq¢(7") = 0. We obtain also

g;l [90, g7, 9]0 = OT { (q - ) <5¢ZO - /Ot 0p(s) ds)
<p +> ( <5¢q / Sby(r dT> ds) ] dt.

So the curvey(-) = (q(-),p(-)) solves Hamiltonian equations if and only if
g—‘;‘[qo, qr, $]0¢ = 0 for everydp € L2. Along solutions we have

% B /T[( 8H> Op (,+8H) 8q}ds+ 8q
a0 o I\""ap)oe \"" 0q ) dq P 90,

A /TK_@H) dp <-+3H>3q]ds+ oq |
dqr o I\""ap ) ogr  \P'" 0q ) 0gr P ar |,

This shows that the Action Functional may be regardedfaswaal global gener-

= _p(0)7

= p(T).

ating function, with infinite parameters (it¥). Now we will prove the following
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Lemma 8. Under above hypothesis aof, for fi)ged (qo,qr) € R™ x R™ and
u € Py L?, we consider the following further mapy

hy:QNL? — QNL® v hy(v) := QnJVH(h(g0, g7, u + v)).

It is a contraction map forV large enough.
Proof. We recall thaQuidp 71(t) = > n AL 2T (£(), g(-)) p2(0.17) =
Jo T0)g()%, and|[w(-)||2 2.1, = (w(-), w()12(o.27) Writing briefly

g(v) := h(qo, qr,u + v)

andv := vy — vy, for vy, va € Qn L2, we get by direct computations:

lo(en) -~ stoale < | (| o = v 6D, [ (02— ) s

:‘/Otv(s)ds

L2

T i2rkt/T T
> ok k¢ > ok

2 k> |k[>N L2
T iT T .
< Lol + | 3 A < S loll + IQuidg s il
‘k‘>N L2
T T 2 T
< WH’UHB + VN vllL2 = m(l + V2N) || 2.

T
1h(q0, g7, u + v2) — h(qo, gr, u +v1)| 2 < m(l + V2N)| vz — v1| 2.
Finally, we can estimate:

QN JVH (h(qo, g7, u + v2)) — QnJIV H (h(qo, g7, u + v1)) || 12
cT
< sup [V2H||lg(v1) = g(va)l| 12 < 5 (1 + V2N)|[v2 — v1] 2
R2n 27TN
For N large enough, we have:

cT

So this map is a contraction. The Banach-Caccioppoli Lemma ensures the ex-
istence of one and only one fixed point for this contraction. We will denote by
f(qo, g, u) this fixed point:

f(q0,qr,w) = QnJVH (h(q0, qr,u + f(q0,q7,v))). ()
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It can be proved that it depends smoothly oyqr, u. In fact, the fixed point
function f solves the equation for the unknown

G(QO, qr, u, U) = QNJVH(h(qu qr,u + ’U)) —v=0

The implicit function theorem works, since
9 q ) = 2 QuIVH(h(g, qr,u+v)) — T
o q0,4T7,U,V) = v N q0,4T,U v .

A bound for the derivatives in the above r.h.s. is given by the contraction Lipschitz
constanty,

0
%QNJVH(h(QmQT,U + U))‘ <a<l,

so that
1

1—a’

<

- a 1
-%G(q()v qT7 U, U):l

We gain thatf is differentiable with respect to, g, g7, €.9.

or )
811/ q07 QT7 u7 /l)

9 o
— |_ |:a,UG(q07CIT7u7f(QO7QT7u)):| %G(meT?uaf(quJTau)))

< < +o00.

l—«

Finally, it is crucial to observe that if we are able to solve finée? equation for
— k . k 2 — 2n(N+1) _ pk(n,N)-
U= ((uq)|k|§N’(up)\k\§N) € PyL? = R(VHD = RHWN):

u=PyNJVH (h(qo,qr,u+ f(q0,q7,0))), (%)

_ _N —1.49r —4qo0 1 N. k
U= (uq yoeeslig ,uq,...,uq,(up W)

then, by adding term by term the above two relati¢®s and (xx), the curve
~v = h(qo,qr,u + f(qo,qr,u)) solves the Hamiltonian equations, its projection
onR" starts fromyy and ends inyr. O

where

2dim(Pyx L3([0, T], R*™)) = 2n(N + 1) := k(n, N)
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Remark 9. The above hypothesis of boundness of the second derivativés of
could be weakened by an analogous Lipschitz boundness for the Hamiltonian vec-
tor field Xz, but in this case the differentiability of the fixed pojfitinherited

from the implicit function theorem, does not work anymore.

Lemma 10. The map
S:R" x R" x RN, R
(q0,qr,u) +—  S(qo,qr,u) := Algo, qr, v+ f(qo,qr, u)]

is a global generating function fak.

Proof. PUW = h(QO»QT»U + f(ua (IO,(]T)) = (Q('aU,q(]aq’T)?p('vua QOaQT))a SO
we have that

05 [T 2y By Y ]y 20
o Jo q@p@u p6q8u p@u

T T
= / ("y—JVH)-Jvu’y:/ (u—PNnJVH) - IV,
0 0

T

)
0

T
becaus€x) holds. The boundary terrﬁ%‘o vanishes, because

Q(Oa u, qo, QT) = qo,
Q(Ta u, qo, QT) =dT.

Now it is easy to see that {fj, 7, ¢) € R" x R" x L? satisfies

DA o 04 ,_ DA

0) = —o—, = _ 24
then(qo, g7, u) € R™ x R™ x REWN) with u = Py ¢ satisfies:
a8 oS a8
0) = =2 Ty = 22 0=22,
p(0) 900’ p 9ar B
On the other hand, ifq, g7, u) € R* x R x Rk™N) satisfies the previous
statement, then, setting= v + f(qo, ¢r, v), we have thatqo, g7, ¢) satisfies

DA 04 ,_ DA

p(0) = o (T) = 907 = Do
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Note that the extremal momentd0) and p(7) are determined by the unique
uniform continuous extension of O

Proof of Corollary 3.
Meaningsup,c(qg.q1) SWPtefo] 7 ()] = 0if G(qo, ¢1) = 0, we easily see that

sup sup sup [y(t)| = ¢ < +o0,
(q0,q1) €KX v€G(q0,q1) t€[0,1]
that is¢(-) and p(-) are bounded and by the constantve can determine an
upper bound fortV2H| which is essential in the proof of the above Theorem
1. Indeed, arguing by contradiction, ¢f = 400, we could define a sequence
(@™, ™) men € K x K such that

sup sup |v(t)] > m.
veG(g{™ g™ €0

By compactness, there exists a sub—seque{mq@l), qgm”)}leN converging to
(%0, q1) € K x K.

Thus, betweeiy, andg;, there exists a finite number of geodesigse H', o =
1,...,J < +o0, which by Sobolev are continuous, hence

sup |7a(t)] = max 7a(t)] = ¢ < 400
tel0,1] a=1,...,J “ te[0,1] a=1,....J “

which is a contradiction.

If we suppose as in Remark 4, instead of finiteness, that all geodesics joining pairs
of points of € are contained in a unique compact §ett H! —see(xx)'— by
Sobolev we find

sup  [§(t)] = sup [[7]lco < cosup [[y][g < coer < +o0
t€[0,1] veg v€G V€G

wherecy, ¢c; > 0 are suitable constants.

As announced in the statement, we take definitiiely: 1. The generating func-
tion S(qo, ¢1, u) SO obtained is precisely a (generalized, with auxiliary parameters)
World Function of the geodesic system. This is due toitlarianceof the so-
lutions of the geodesic equations with respect to geragfialetransformations of

the evolution parameter

t=at+b, foreveryfixed a>0,0beR.
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In such a case it is simple to see tlat = %gi‘jl(q)pipj)

(1) = a(t),p(t)) solves (1) = IV H (1)
if and only if

(1) = (q(t), p(2)) == (q(t(2)), p(t(t))a) solves %(f) = JVH((1)).

Finally, by recalling thatS is obtained by reduction of Hamilton-Helmholtz Ac-
tion FunctionalA, from the invariance (cf. the original formula by Synge in the
Introduction, and recalling also the Legendre transformation)

t=T _ _ Efi7z . _
T/ (p'q_H)'ydt:(tfin_tm)/ (p-q—H)Hdt,
t

=0 tin
I o= b Fo — T—-0b
mn — _g; fin — Ta
we have that (see Lemma 10),
t=1
S(qo, q1,u :/ -q— H)dt
(90,41, ) =0 (p-q ) y=h(qo,q1,u+f(q0,q1,1))

represents exactly the (generalized, with auxiliary parameters) Synge World Func-
tion. O

Proof of Corollary 5.
From the very definition of(qo, q1, u), along the geodesics, it holds that

1 1 1
S:/ (p-g— H)dt :/ Ldt’ :/ Hdt’ ,
0 y=h(q0,q1,u+f(q0,q1,u)) 0 y=h 0 y=h

SO,
o8 oS
S(q07Q1aU) :H(QLaiql(QOaQLU))a %(QOM]LU) =0.

in particular: sgnf)=sgn(s). Forg—i(qo, q1,u) = 0, we compute:

€] 2525
oS 1, 941 dq]

) H
H -~ = —g¥ — 1 — || — = H
(QIa 3(]1 (QO7QI7U)> 29 (QI) ’S’ |€"H’ ]e[sgn )

sofinally: H = e.
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