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SUMMARY

In this paper, a length scale included in multiphase materials such as saturated and partially saturated
porous media is discussed, where the viscous terms are introduced naturally by the #uid mass balance
equations. The discussion is limited to the dynamic case. The characteristic stability equation is given in
explicit form for one-dimensional wave propagation. It is shown that for axial waves a wave number domain
exists for which the material model is dispersive when softening behaviour occurs for solid skeleton and that
an internal length scale can be derived, while for ideal shear propagation this is not the case. Numerical
examples are given to corroborate the validity of the expressions derived. Copyright ( 1999 John Wiley
& Sons, Ltd.
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1. INTRODUCTION

Strain localization and related material instability phenomena are of considerable interest
because of their importance in failure prediction of materials. For isothermal rate-independent
solids, strain localization has been analysed as a material instability within a theoretical frame-
work due to Hadamard,1 Thomas,2 Hill3 and Rice.4 However, the employed material models do
not involve a length-scale parameter, and related numerical solutions show an excessive mesh
dependence. Recent studies5,6 have elucidated the mathematical background of the mesh-sensi-
tivity problem. The di!erential equation of motion ceases to be hyperbolic in some part of the
domain as soon as softening occurs. The waves have there imaginary speed and are not able to
propagate.7 Consequently, the localization zones stay con"ned to lines or surfaces of zero
thickness. This is against experimental evidence. The "nite element solutions try to capture the
localization zone of zero thickness, which results in their mesh dependence (see e.g. Reference 7).

Various kinds of modi"cations and generalizations of standard continuum plasticity have been
proposed to avoid these di$culties in localization simulation such as viscoplasticity and gradient
models (see e.g. Reference 8 for a review). Viscoplasticity has been recognized by several authors
to provide a satisfactory framework for the analysis of dynamic strain localization in solids. As
indicated in References 7, 9}13, rate-dependence naturally introduces a length-scale parameter
into the dynamic initial value problem, even though the constitutive equations do not contain
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a material parameter with the dimension of length. Gradient models possess a length scale and
the obtained numerical results of localization problems are mesh independent (see e.g. Refer-
ence 8).

Strain localization in multiphase media has received less attention than in single phase
materials. An internal length scale for multiphase materials is still not de"ned to the authors'
knowledge. In the recent past, an enrichment to the porous media model has been introduced by
Loret and Prevost14 who included viscosity into the constitutive equation of the solid skeleton to
regularize the porous media model under dynamic loading.

Numerical simulations of strain localization in a multiphase medium (i.e. #uid saturated
geomaterials) have evidenced that the mesh dependence of the results is not so dramatic as in
single phase materials.15,16 Whereas in single phase materials, both the e!ective plastic strain and
the band width are strongly mesh dependent unless some regularization is introduced,7 in
multiphase materials the equivalent plastic strain is mesh insensitive while the shear band width
remains still dependent on the mesh size.16

The above di!erence between single and multiphase materials was attributed in Reference 16 to
the natural presence of a gradient term in the mass balance equation of the #uid, through Darcy's
law (linear momentum balance equation of the #uids) and the related constitutive relationship for
permeability. The presence of the Laplace's operator and the numerical results presented in
References 15 and 16 suggested that the used multiphase material model could contain an
internal length scale.

The goal of this paper is to derive analytically this internal length for localization analysis in
multiphase materials under dynamic loading conditions and to check the correspondence
between the analytical length scale found and the "nite elements results of the strain localization
problem.

Strain localization in multiphase materials is a challenging and di$cult topic because it is
in#uenced both from a local and a structural aspect: the local aspect is given by the material
behaviour and the structural aspect by the #uid}solid interaction. Hence, an internal length scale
should be related to both of them.

In this paper the existence of a domain of parameters will be shown for which the one-
dimensional governing equations of a multiphase material, with softening behaviour of the solid
phase, do not loose their hyperbolicity on the onset of strain softening and admit a solution with
real wave speed in case of axial waves. For this case an internal length parameter is de"ned. For
ideal shear wave propagation the same results as in Reference 4 are then obtained where it has
been shown that the multiphase material behaves like a single phase one and, without some sort
of regularization, no internal length scale exists.

First the stability of such a multiphase material using standard linear stability analysis is
investigated. This method considers the solution of exponential disturbances and permits to
detect singularities which originate from the non-linearities of the governing equations. Within
this method the Routh}Hurwitz criterion is used to determine whether the growth rate of the
disturbance is positive or negative. Then the dispersive behaviour of the multiphase model is
investigated when the solid skeleton is in the softening range. Finally, a length scale is computed
in the way as done by Sluys7 for rate-dependent single-phase materials.

The above length scale depends on several material parameters and in particular on the
permeability. The in#uence of the permeability on the width of the shear band through the
internal length scale is investigated numerically for a one-dimensional and a two-dimensional
case and the results are presented in the last part of this paper.
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2. GOVERNING EQUATIONS OF MULTIPHASE POROUS MEDIA

For fully or partially saturated porous media the following simpli"ed equations hold, by
assuming that the air phase remains at constant pressure in the partially saturated zone:17,18
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the hydraulic conductivity ([LT~1]), k the intrinsic permeability ([L2])
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The "rst equation of (1) is the linear momentum balance equation for the multiphase medium,
the second one the linear momentum balance equation for water (Darcy's equation) and the third
one the mass balance equation for water. The simpli"ed equations neglect the e!ects of gravity
(horizontal bar) and the convective term.

By introducing in these equations the absolute velocity of the #uid phase, ;Q
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the u}; form of the governing equations can be obtained:
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We investigate wave propagation by considering the set of equations for a one-dimensional
horizontal soil bar. The problem described by equation (3) will be divided into two cases:
compressive wave and ideal shear wave propagation problems.

Hence equation (3) can respectively be divided into the following forms:
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It should be noted that equation (5) can be obtained by setting Q*"0 in equation (4). Hence, we
will just pay attention to the compressive wave propagation analysis from which the results for
ideal shear wave situation are easy to obtain.

3. CHARACTERISTIC EQUATION OF THE PROBLEM

We carry out a dispersion analysis for a one-dimensional soil bar, and consider the general
solution for a single harmonic wave propagating through this soil bar with a displacement "eld of
the form:

G
du

d;H"G
A

u
A

U
He*(Kx~ut)"Ae*Kx`1 t, 1"!iu (6)

where u is the angular frequency and K the wave number, starting from a state of fully
homogeneous deformations.

For the (linear) dispersion analysis we consider the linear comparison solid of Hill20 assuming
that the stress}strain relationship of the solid skeleton is established directly by the softening
modulus dp@"hde, and that the condition !aN 2S2
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Substituting equation (6) into equation (4), gives:
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The characteristic/determinant equation of eigenvalues is
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Since nO0, and the solution f"0 of equation (9) is obtained from the "rst order rate form of
equation (3b), the characteristic equation for eigenvalue 1 is
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4. STABILITY ANALYSIS

To study the stability of the problem, we use the Routh}Hurwitz criterion to determine if there
are positive real parts in the roots of the polynomial equation (10). A necessary and su$cient
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condition for stability is that all the roots of equation (10) have negative real parts. This holds if
and only if the coe$cients of the characteristic polynomial (10) satisfy
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The determinant conditions (11) always hold when the condition h'0 is satis"ed. For
!aN 2S2

8
Q*(h(0, loss of stability may appear as has been pointed out by several authors and

a small perturbation can grow, for instance, into a shear band. In fact, when !aN 2S2
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which means that there is always a positive real part in the root of equation (10). It appears also
directly from the fourth of equation (12) that *

3
becomes negative.

The standard form of determinant equation (10) can be rewritten in the following cubic form:
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There are two kinds of solutions of equation (14) under the condition: !aN 2S
8
Q*(h(0. One

has one real positive root and two conjugate complex roots. The other possibility is three
real roots in which at least one is positive. The conditions for one or the other case to occur
are expressed by the sign of the following polynomial Q built with the coe$cients a, b, c of
equation (14):
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where the case with one real and two complex conjugate roots is characterized by

Q'0 (17a)

while the case of the three real roots is characterized by

Q)0 (17b)

In the "rst case, equation (17a), the wave propagation is possible and hence the governing
equations remain hyperbolic also when the solid skeleton is softening; the results from the "nite
element analysis will not present mesh sensitivity. On the contrary, when Q)0, (equation (17b)),
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the wave speed becomes imaginary and hence the dynamic governing equation becomes elliptic;
the "nite element analysis will present mesh dependence.

The three roots of equation (10) can be expressed as
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Upon substitution of equations (15), (16b) and (16c) into equation (16a), the equality form of
equation (16a) will be obtained as

Q(y)"wy4#ry2#s"0 (20)

in which the coe$cients are

w"

1

27
a03c0, s"

1

27
b03,

(21)

r"
1

4
c02

!

1

6
a0b0c0!

1

108
a02b02

It is easy to obtain the only positive root of equation (20):
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and the criterion in equation (17) then changes into (see the last of the equations (15), i.e. y"kK) :
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respectively. It is important to underline that the amplitude of the two regions depends on the
material parameters h, E, n, o, a, Q* and S

8
.

Figure 1 shows the two regions identi"ed by equations (17) or (23) for the following parameters:
Q*"20)0 MPa, h"!5)0 MPa, o"2000 kg/m3, aN "1)0, S

8
"1)0. The value of y

0
calculated is

equal to 0)11009E!04 m.

Remark 1: dispersion analysis

Following the idea developed in reference 7 the dispersion analysis appears to be important in
localization problems in order to check the ability of a material model to capture localization
phenomena. A medium is called dispersive when the phase velocity c

8
"u/K is a function of
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Figure 1. Distribution of the two regions identi"ed by equation (23) for partially and fully saturated geomaterials

a wave number K; this allows the model to describe adequately the localization zone because it is
able to change the shape of a loading wave into a stationary wave representing the localization
zone.7

For multiphase materials u is related to the imaginary part f
*
of f. The phase velocity c

&
is

hence c
8
"Df

*
D/K, where f

*
is given by equation (19).

From equations (19), (16) and (15) it can be shown that c
8

is a function of the wave number
K and the permeability k. For elastic material, f

*
always exists and the material is dispersive, as

pointed out by Biot.21 In case of elasto-plastic solid skeleton with softening, the multiphase
material will be either dispersive or non-dispersive depending on the wave number K. In fact
when K is smaller than y

0
/k, the material is dispersive, while with K greater or equal than y

0
/k,

i.e. when the wave speed is imaginary, the multiphase material is not dispersive. The dispersion
relation u}K is depicted in Figure 2.

5. INTERNAL LENGTH SCALE PREDICTION

The length scale value naturally generated by the seepage permeability in fully and partially
saturated porous media will depend on the complex roots of equation (10), because there we have
a solution with real wave speed.

Substituting the complex root equation (18) into equation (6), we have
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Recalling the relation between wave (phase) speed c
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and wave number K:
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Figure 2. Dispersion relation u}K for multiphase material with elasto-plastic solid skeleton in softening

Then by means of t"x/c
8
, the damping term exp[!(1

3
#(a/3))t] in equation (24) changes into

exp[!K ((1
3
#(a/3))/D1

*
D )x]"e~ax, where a is the damping coe$cient.

We remind that the presence of the #uid introduces a rate dependent overall behaviour, even if
the solid phase itself presents only softening. For the multiphase medium we introduce hence
a length scale in the way as it was done by Sluys7 for rate-dependent single-phase materials.
Actually, the characteristic dispersion equations have the same structure for these two cases. This
internal length l is hence
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1
3
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in which 1
3

and 1
*
are obtained from equation (19). It is obvious that the above length scale

de"nition holds only for dynamic analysis.
Unlike the rate-dependent single-phase materials22 we have here Q'0 when 0(K(y

0
/k.

When K*y
0
/k, there are only real roots for equation (10), and the problem will present mesh

sensitivity. This situation may arise when the permeability value is very large. When K(y
0
/k,

the internal length can be obtained from equation (26) in the region [K, y
0
/k]. When permeability

is very small, the internal length may be larger than the maximum size of the structure geometry.
In this case, the localization zone will disperse throughout the whole structure as shown by the
second example.

Remark 2: wave number domain

When the size of the structure is considered, there exists a lower limit for the wave number K. In
fact the maximum wave length that can propagate in a bar with length ¸ is 2¸ and hence
K

.*/
"n/¸. If K

.*/
'y

0
/k, no waves can propagate in the softening zone and hence the

numerical problem will be mesh dependent.
The wave number of domain for which the governing equation remains hyperbolic when the

solid skeleton is in the softening range is hence: n/¸)K(y
0
/k.
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Since the seepage permeability is generally small, we can obtain for practical purposes the
approximate length scale predicted by means of equation (26) with respect to small permeability.
From (15) and (16), we have
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With the use of equation (19), the damping coe$cient a of equation (26) can then be expressed
as
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The limit form of equation (31) with respect to a small value of k is
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Consequently, by means of substitution of equations (29) and (30) into equation (32), the
approximate values for a and l (equation (26)) are determined as
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When E
2

is equal to zero, from equation (30c) the hardening value h is equal to !aN 2S2
8
Q*. This is

a critical value for h because below this value, i.e. when the parameter E
2

is less than zero, the
velocity c

.
is imaginary, the length scale l disappears and the "nite element results are mesh

dependent.
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Equation (33) holds under the condition of small permeability and not too large Q*. In equation
(33) c

.
can be understood as the wave speed of the volume fraction mixture under undrained

conditions.

Remark 3

The length scale (33b) is dependent on some material parameters (known) and on the wave
number K, which has to be computed. We assume that this internal length will be set by the
wave number of the "rst (plastic) wave for which the shear band will start to form; in fact the wave
number of the successive waves is larger and hence the internal length associated to these waves is
smaller.

If K is unknown, we can estimate the length scale l by choosing a value for K. E.g. for K"1,
equation (34) reads
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which may be used as estimates of l (and a) if K is not known.
Finally, for the ideal shear wave propagation problems, we set Q*"0 and then equation (10)

reduces to

D(1)"1 (o12#K2h)"0 (36)

Obviously, for ideal shear wave propagation, the permeability will no longer play the role of
a length scale parameter for strain localization analysis, at least in one-dimensional problems.

6. LIMIT STATE: INCOMPRESSIBLE FLUID

To investigate the limit state of compressive wave propagation when the #uid in porous media is
incompressible, i.e. Q*PR, two cases are discussed in what follows:

Case 1. Q*PR, permeability k and wave number K are "nite values.
In this case, from equation (20), we get
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When Q*PR, the control parameter of equation (37) will mainly depend on the coe$cient c
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whose explicit form is
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Obviously, c
4
(0 always holds when h(0, therefore in this case the characteristic equation (10)

has three real roots, and no internal length parameter exists. In fact, when Q*PR, the
characteristic equation (10) will change into
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where
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It is easy to prove that b@2!4a@c@'0 holds when h(0, which con"rms the above conclusion.
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Case 2. Q*PR, permeability k"0 (undrained case) and wave number K is "nite.
In this case the characteristic equation (10) reduces to
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8
K2Q*#K2h)"1 (o12#K2E

2
)"0 (41)

It is clear that in this case two pure complex conjugate roots are obtained and the internal length
scale will tend to be in"nite.

These two cases are now shown to be limiting situations of expression (35) obtained in the
previous section. For case 1, when permeability k and wave number K are "nite values, when Q* is

in"nite, the length scale will be proportional to 1/JQ* and hence it tends to zero. In fact
introducing equations (34) and (30c) in equation (33b) one can obtain:
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2aN S

8
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1

JQ*
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For case 2 we assume, without loss of generality, Q*"b/k where b is a factor with a "nite value.

When the permeability k is in"nitely small, the internal length scale will be proportional to 1/Jk,
and tends to be in"nite.

7. NUMERICAL ILLUSTRATION

To illustrate the in#uence of the permeability on the width of the localization zone a one- and
a two-dimensional soil domain has been investigated using a dynamic "nite element code. In the
"rst case, the mesh independence of the plastic zone has also been shown, while in the second case
some numerical results obtained by Schre#er and co-workers [14] has been explained.

Example 1

A one-dimensional soil bar under axial compressive deformation is investigated numerically. The
geometrical, material and loading data for the soil bar are given in Figure 3. The left surface is open

Figure 3. One-dimensional soil bar in axial compression
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Figure 4. Development of the localization zone when k
8
"1)0E!02 m/s and p

4
"1)1 MPa

to #ow, while the others are impervious. The domain is discretized by means of 40 isoparametric
quadrilateral bilinear "nite elements. The solid and #uid domains are not subject to any initial
stress state (hence gravitational e!ects or hydrostatic pressures are not accounted for). The reduced
von Mises plasticity model used in this region has the form:

f"Dp
xx

D!p
4
!hj (43)

To illustrate the in#uences of the permeability, three permeability values k
8
"1)0E!0)2,

k
8
"1)0E!01 and k

8
"5)0E!01 m/s are selected, respectively, in the following simulations.

Equations (33) are then

a:
kK2

0)065E!04
m~1, l:

0)065E!04

kK2
m (44)

and l is

k
8

(m/s) k (m3 s/kg) l (K"1) (m)

1)0E!02 1)0E!06 6)50
1)0E!01 1)0E!05 0)65
5)0E!01 5)0E!05 0)13

The development of the localized zone of the three cases is shown in Figures 4}6, respectively.
These three "gures show the increase of the plastic zone when permeability decreases,5 highlighting
the sensitivity of the plastic zone to the permeability value as predicted by the analytical expression
of the length scale, equation (33).
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Figure 5. Development of the localization zone when k
8
"1)0E!1 m/s and p

4
"1)1 MPa

Figure 6. Development of the localization zone when k
8
"5)0E!01 m/s and p

4
"1)4 MPa

Moreover, these "gures show that in the "rst two cases the plastic wave is able to propagate,
while in the third case not because of the large permeability value and the very small wave number
domain K(y

0
/k"0)22 m~1 where the equations remain hyperbolic. In fact, in this case, the

K
.*/

of Remark 2 is equal to 0.31 m~1.
Because the water pressure will decrease when k is increased, the initial yield stress in Figure 6 is

increased to ensure that the initial softening plastic zone will start at the right side of the soil bar.
The one-dimensional case of Figure 3 has also been solved using three di!erent meshes: 10, 20

and 40 f.e. A permeability value of 1)0E!02 m/s has been used. The equivalent plastic strain
distribution along the bar has been plotted in Figure 7, where the independence of the shear band
width from the "nite element dimension is shown.
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Figure 7. Equivalent plastic strain distributed along the bar using three di!erent meshes (10, 20 and 40 f.e.)

Figure 8. Description of the geometrical and material characteristics of the second example

Example 2

The cross section of a geological formation, shown in Figure 8, is investigated as the second
numerical example. Such a section was "rst analysed by Loret and Prevost14 and then by Schre#er
et al.15 The sample is subject to axial compression by means of uniformly distributed loads both on
the upper and lower surfaces, as also indicated in Figure 8.
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Figure 9. E!ective plastic strain at t"0)375 s with a permeability of 0)25 m/s

The top and bottom surfaces are considered impermeable. As in the one-dimensional case the
solid and #uid domains are not subject to any initial stress state and the domain is discretized by
means of 720 isoparametric quadrilateral bilinear "nite elements.

In the considered model, homogeneous and isotropic solid and #uid phases are assumed.
A Mohr}Coulomb yield criterion with associative #ow rule and isotropic linear cohesion softening
is used for the solid skeleton. Plane strain condition is assumed.

Permeability a!ects the degree of coupling between the two phases and presents a signi"cant role
in the development of localization. From a physical point of view the lower is its value, the higher is
the part of the load increment assumed by water and the slower is the transfer to
the solid skeleton; compare for instance the maximum value of the e!ective plastic strain
(Figures 9}11). Hence coupling e!ects increase as the permeability decreases. If we use the length
scale prediction given by equation (35) for the one-dimensional case, for permeability values of 0)25,
0)25E!3 and 0)25E!10 m/s, the length scale from equation (35) is 5)55E!6, 5)55E!3 and
5)55E#4 m, respectively. From Figures 9}11 it appears that the plastic zone increases with the
internal length up to spreading over the whole domain when the length scale assumes a very large
value (Figure 11).

k
8

(m/s) k (m3 s/kg) l (K"1) (m)

0)25 0)25E!04 5)55E!06
0)25E!03 0)25E!07 5)55E!03
0)25E!10 0)25E!14 5)55E#04
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Figure 10. E!ective plastic strains at t"0)375 s with a permeability of 0)25E!03 m/s

Figure 11. E!ective plastic strains at t"0)375 s with a permeability of 0)25E!10 m/s
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The very small length scale value of the material in case of permeability of 0)25 m/s
(l
(K/1)

"5)55E!06 m) could explain the dependence of the shear band width on the mesh size
obtained in Reference 16 (Figures 18 and 19). In fact this value of l is much smaller than the
dimension of the "nite element used (+1 m) and hence the band width can only be constrained in
one element.

8. CONCLUSIONS

The one-dimensional wave propagation problem in partially and fully saturated porous media has
been studied in this paper. It has been shown that for axial waves there exists a wave number
domain for which the material model is dispersive when softening behaviour occurs for the solid
skeleton. The length scale related to axial waves and included in the model where the viscous terms
(drag force) are introduced naturally by the #uid mass balance equations, has been discussed. The
length scale derived considers the contribution of the softening modulus and the permeability
besides other material parameters such as elastic modulus, density of the medium, etc. It is very
important to outline that the obtained length scale is linked to the microstructure of the medium
(mean grain diameter d) e.g. via k"0)617]10~11 d2,19 where k is the intrinsic permeability (k and
d are expressed in cm2 and lm).

It has been found that for very small permeability the internal length may be larger than the
sample, with the localization zone spreading over the whole structure. Numerical results of one- and
two-dimensional examples corroborate the conclusions obtained analytically. The mesh
independence of the localization zone in the one-dimensional case has also been shown. No length
scale has been found in the case of a shear wave propagation problem, as shown in Reference 4.
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