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Abstract

We show that the higher genus 4-point superstring amplitude is strongly constrained by the geometry
of moduli space of Riemann surfaces. A detailed analysis leads to a natural proposal which satisfies sev-
eral conditions. The result is based on the recently derived Siegel induced metric on the moduli space of
Riemann surfaces and on combinatorial products of determinants of holomorphic Abelian differentials.

0 2005 Elsevier B.V. All rights reserved.

1. Introduction

One basic problem in superstring theory concerns the explicit evaluation of the higher genus
amplitudes. A fundamental step in such a direction has been done by D’Hoker and Phong that
in a series of remarkable papéis-3], provided an explicit gauge slice independent formulation
of the NSR superstring at genus two. Their analysis also provides relevant suggestions for the
higher genus generalization. The fact that the quantum string is described in terms of classical
geometry of the moduli space suggests trying to investigate the structure of the higher genus
amplitudes from purely algebraic-geometrical considerations.

In recent years, a new covariant formulation of the superstring has been proposed by Berkovits
[4-16]. In this respect we observe that the analysis of (super)strings leads to consider basic
properties of the moduli space of Riemann surfaces. Below we will comment on a possible
algebraic-geometrical interpretation of the pure spinor condition. Such a condition is a bilinear
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relation on differentials, whose weight is changed after the twisting, depending on the superstring
critical dimension. Known classical relations among differentials concern, e.g., the characteriza-
tion of a basis of holomorphic quadratic differentials, out of gig + 1)/2 one may get by
bilinear combinations of the holomorphic one-differentials (Schottky problem). Other relations
among holomorphic differentials which, like the pure spinor condition, involves the critical di-
mension, is provided by the Mumford isomorphism.

In this paper we focus on the higher genus 4-point superstring amplitude. In the case of
genus 2, this problem has been first considered by lengo and1ZfuFollowing the meth-
ods of[1], an explicit formula, still gauge slice dependent, has been derivEiB]nThe basic
problem of a fully gauge slice independent formulation has been finally resolN2Hl in

2 2
AZ-'OOD_ B |/\ng dQl]' |yS|2 _Zi<'ki'ij(Zi’Zj)
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where

Vs = (k1 — ko) - (k3 — ka) A(z1,22) A(23,74) + 2 <> 3+ 2 < 4,

w w
G(z, w) ::—|n\E(z,w)|2+2n|m/wi(|msz);jl|m/wj,
Z z

and

Az, w) = w1(@)w2(w) — w2(2)w1(w),

is the basic holomorphic antisymmetric bi-differential which plays the role of building block
for the genus 2 superstring amplitudes. A preliminary investigation concerning the extension to
higher loop of(1.1) has been considered|[ih9]. A similar formula has been recently derived by
Berkovits in his pure spinor formalisid].

To find the higher genus extension of such an amplitude requires considering two problems:

(1) Find the higher genus version of the modular invariant measure

|/\i2<j de;;1?
(detims2)3 °

Whereas in the case of genus 3 the analog of such a volume form can still be used, except for
the hyperelliptic locus where by Néther theorem the bilineais)w; (z) span a (2 — 1)-
dimensional subspace #f%(X, K?), in the cases > 3 the %g(g + 1)-dimensional space
of symmetricg x g matrix with positive definite imaginary part, should satisfy conditions
leading to a subspace parametrizing the moduli space.

(2) The other problem with the higher genus extension of 4-point amplitude concerns the gen-
eralization of

2
Vs o~ i<jkikjGiz))
(detIms2)2
¥4
On the other hand, where&@(z;, z;) is canonically defined for any, there is not an ob-
vious extension of)s. However, we will see that we are essentially forced to still use the
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determinants of the holomorphic one-differentials as building block for constructingsthe
This implies that one has to introduge— 2 more points for each determinant. Since the
determinants come in pair, we need to introduge-24 points. We then are lead to analyze
the structure of the possible permutations between points and integszting.

Then our proposal is

-l — =
ASP = B, / detg|Y2dE1 A - A dE3g_3F, (ki), (1.2)
M,
whereg is the Siegel induced metric derived [20], d&;, i = 1,...,3g — 3, are the moduli
induced by the constraints os; [20]. Furthermore,
|yS|2 =3 kikjG(ziz;
Folk:) = - s i<j ity Z"Z])’
s (ki) detim2)2’
X%
and
Vs = (k1 — ko) - (kg —ka)H1234+ 2 < 3+ 2 < 4, (1.3)

whereH1234 iS @ sum on a set of permutations gf 2 4 points of terms such as

X12(w1-g—2) X34(wg—1-52¢-4),

where

Xij(Wism) i=detw(zi, 2/, Wk, ..., Wi)-

DefiningYs in terms of determinants of holomorphic differentials and then integrating on the
2¢g — 4 variables{w;}, provides a way to get modular invariant linear combinations, of terms
such as|A;;(z1, z2) Awi (z3, za)|%, Where A;j (zk, z1) == wi(zp)w;j (1) — 0 (zk)wi (z1), with the
coefficients given by bilinears in the minors of order 2 of Im£2 divided by (detIms2)2. For
example, as we will see, integrating ovet, ..., w,_» the simplest product, we have

1 -
2252 / ]—[Idwklzdetw(m,zz,wl,---,wg—z)detw(zs,u,wl,..-,wg—z)
8 i k
=D (=D A (21, 22) An (23, 24) kgft- Im $2.
L
i<j I;ém,]n

m<n

From a geometrical point of view, our investigation corresponds to find the higher genus ana-
log of (1.1). Thus, besides modular invariance, one should care about the absence of ambiguities,
such as the dependence on the choice of arbitrary points in the higher loop generalizgtia) of
Using the determinants of the standard basis of the holomorphic differentials and then integrating
over the additional 2 — 4 points removes possible ambiguities and guarantees modular invari-
ance. Therefore, the main properties of the amplitude we derived are

(a) Manifestly ambiguity free.

(b) Modular invariance.

(c) Reproduces the = 2 expression.
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Among the possible permutations of the poifitg }, we will focus on two particularly simple
cases. The simplest one corresponds to consider

H1234 = X12(W1-g-2) X34(Wg—152¢—4) + X34(W1g—2) X12(Wg_1-52,—4), (1.4)

so that(1.3) guarantees the invariance 3§ under the simultaneous exchangepts k;, z; <
zj. Since this is also the property of the exponentiglli2), the resulting amplitude is symmetric
under exchange of the momenta.

It is interesting to understand the general structuré{gf;; once one considers different
choices of the possible permutations, an issue considered in detail in the paper. Since by con-
struction the amplitude is invariant under permutation of the external momenta, it is clear that
different choices of permutations of tHay} will always lead to an expression (jgzg|y5|2
proportional to(s2 + 12 + u?) (detIm£2)2, where the ternidetIms2)?2 follows by the properties
of |Vs|2 under modular transformations. Nevertheless, because of the exponential of the Green-
functions, different choices would in principle lead to different expressions for the amplitude.

The fact that modular invariance essentially leads to introduce determinants of the canonical
basis of holomorphic one-differentiads;, suggests that the pair of extga— 2 differentialswy
is due to zero modes. In the standard approach such zero modes are related to the spin structures
of the B—y system, while, interestingly enough, in the Berkovits approach the zero modes are
related to other elementary fields.

We note that in[4], besides the derivation of the 4-poigt= 2 superstring amplitude,
Berkovits also notes that preliminary calculations in his formulation indicate that the momen-
tum dependence of the higher genus 4-point amplitude is the same of the one in genus two, in
agreement with the suggestion by Zhy19]. On the other hand, on general grounds, it is diffi-
cult to understand the mechanism for which terms giving contributioBg'®*, having the same
analytic general structure of the genus two case, may be suppressed. However, such a possibil-
ity cannot be excluded, for example, by summing on antisymmetric permutations abthe
an operation which is reminiscent of the summation over the odd spin structures, one may get
a vanishing result. Nevertheless it remains the problem of finding an analytic structure for the
amplitude which takes place only at genus greater than two. Another possibility is tigat far
the hyperelliptic contribution, that we do not consider here, may lead to some cancellation mech-
anism. On the other hand, the inclusion of the hyperelliptic locus corresponds to a generalization
of (1.2) involving essentially only the measure. Since the hyperelliptic locus has codimension
g — 2, also in this case one should understand the structure of such a cancellation. It would be
interesting to fully understand the basic roleSstiuality for the higher genus amplitudes along
the lines investigated if21].

The paper is organized as follows. In Sectmwe first consider the problems which arise
in choosing additional points in defining tigex g matricesw; (x;). We will also comment on
some properties satisfied by the basis of holomorphic differentials which are related both to
the problem of the measure dvi, (Schottky problem), and to some speculation on the possible
geometrical understanding of the pure spinor condition. Next, we will shortly review the measure
on the (coarse) moduli space corresponding to the generalization to higher genug ef the
measure.

In Section3 we will start by constructing/s by means of a suitable combination of products
of determinants. We then will consider in some detail the underlying combinatorial structure
which arises in considering the permutations of the additional pints. As we will see, the
kind of analysis suggests further developments which may be of mathematical interest as well.

Finally, Sectiord is devoted to conclusions and suggestions for future investigations.
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2. Geometry of M, and the modular invariant metric

There are two main questions in considering the higher genus generalization of the 4-particle
amplitude, the measure on the moduli space and the higher genus generalization of the holomor-
phic bi-differentialA(z, w). Let us first concentrate on the latter. On general grounds, we should
look at the simplest possible generalization. This would suggest that even in higher genus

Az, w) = detw; (z;), (2.1)

with z1 = z andzz = w. However, such an expression would require choosing th& pointsz;,
i=3,...,g, that, in order to avoid ambiguities in defining the amplitude, should be chosen in
a canonical way. Also note that a naive integration along cyclgs oh each of the — 2 points

would spoil the modular properties df(z;, z;). At first sight, however, there is no a canonical
way to fix such a set of points. In particular, we cannot expect that this set would correspond to
the zeroes of some differential. The reason is that the degree-diféerential is 2.(g — 1), so

that fixing a set of canonical points should require a number of points multigle-df. A typical
example concerns the— 1 zeroes of the holomorphic one-differentials constructed in terms of
the 6-function with odd spin structure. This zero set depends on the period matrix and on the
particular odd spin structure, so it reduces the freedom in choosing the points to the choice of the
particular odd spin structure.

There are several structures that start emerging at genus three. One concerns the dimensional
ity of the locus where thé-function vanishes identically. To understand when this happens, note
that linear independence of tigeholomorphic Abelian differentials may fail at specific points.
This means that there are divisors for which the rowagt ;) are linearly dependent. Writing
detw; (z;) in terms off-functions and prime forms, one sees that such a locssijpérzeroess
g — 2 dimensional.

Another place where appears a dependence-e2, concerns the systematic construction by
Petri of a basis forH%(X, K2) by means of bilinears of a suitable basisi#?( X, K) [22] (see
also[20] and[23] for related constructions). In turn, this is related to the mentioned fact that the
codimension of the hyperelliptic locus in the moduli space of Riemann surfaces isjuat

2.1. Critical dimension and Mumford isomorphism

The geometry of the moduli space is deeply connected with the field-theoretical formulation
of string theory. In particular, there are properties, such as the critical dimension, which are
directly connected to basic relations satisfied by the holomorphic differentials. For example, in
the ¢ > 3 non-hyperelliptic case, constructing a basis of holomorphic quadratic differentials in
terms of bilinear combinations of the canonical basis of holomorphic one-differentiédsthe
Schottky problem. A twisting in the field content may be connected to such relations. There
is another relevant relationship between holomorphic one- and two-differentials, the Mumford
isomorphism

K ~ E13

where E is the Hodge line bundle ani the determinant line bundle. Schottky problem and
Mumford isomorphism involve strictly related structures. On the other hand, the Mumford iso-
morphism provides an algebraic-geometrical understanding of the bosonic critical dimension

1 For hyperelliptic Riemann surfaces gf= 3 one can use @-function with even characteristic.
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[23,24] We also note that such issues are strictly related to the problem of classifying the higher
genus modular forms, and so to the problem of writing the Mumford form in termiscohstants
and related objects (see €[85]).

There is another relationship involving differentials on Riemann surfaces and critical dimen-
sion. This is the pure spinor condition

raY"aprp =0, )_»aymaﬂ):,g =0. (2.2)

Herem runs from 0 to 9 and/" 4 are 16x 16 matrices which are off-diagonal blocks of the
32 x 32 ten-dimensional”-matrices and satisfy

ymaﬂynﬂy — annsg.

Originally thei’s andi’s are considered%, 0)-differentials and0, %)-diﬁerentials, respectively.
After twisting ther’s become(0, 0)-differentials andi.’s (0, 1)-differentials.

Note that bilinear relations among holomorphic Abelian differentials may lead to conditions
on scalars and/R-differentials. This suggests that the pure spinor cond{®o2) may be related
to the Schottky problem. In this respect, it is worth noticing that the Schottky problem itself is
related to the uniformization problem via the Liouville equatj26].

Let us also notice that in the pure spinor formalismikghost is a composite field. It would be
interesting to understand whether there exists a suitable combination of zero modes of elementary
fields that may suitably combine to build the volume form/efy made of quadratic holomorphic
differentials.

2.2. The induced measure

We now consider the problem of defining the higher genus version of the measure on the
moduli space in(1.1). Let Mg be the locus of moduli space of compact non-hyperelliptic
Riemann surfaces of genys> 4. The restriction 0n/\>l8 of the measure on the Siegel up-
per half-space has been derived[29]. In the following we briefly review the results of this
paper.

Let X be a compact non-hyperelliptic Riemann surface of ggnksA and{ws, ..., wg} the
canonical basis of%(X, K), with K the canonical line bundle of. Let p1, ..., pg be a set of
points in X' such that

deta)(plv LR pg) # Oa
where deto(py, ..., py) :=detw;(p;). Then
detw(p1, p2, .-+ Pi-1, 2, Pi+1,---» Dg)

detw(p1, ..., pg)
i=1,...,g, isabasis oH(X, K).
We introduce they (g + 1) /2-dimensional vector
2 _
vk:={0k’ k_EI.,..:,g, .
oivjoj, k=i+j2g—j+1/2

wherej=1,...,¢g—1,i=1,...,¢g—j.I|fwe assume that the divisors @f;) consist of distinct

points, then{v;} := {vy, ..., v3,—3} is @a modular invariant basis d#19(x, K?), the space of the
holomorphic quadratic differentials ax.

0i(z) := . (2.3)
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Let W(P) be the WronskiaW (v4, ..., v3,_3)(P) of the basiqv;} at a generic poinP € X
ande,,-j(P) be the WronskiaiW (vy, ..., vk—1, wi®j, Vk41, . .., v3,—3)(P) at P. We have

Theorem 1.
3g—3 »
Wh.ij
0i(D0;@) =) —ZHu), (2.4)
k=1

where the ratioWk,ij/W does not depend on the poiAt

The line element don the Siegel upper half-space

ds? := Tr[(Im 2)"1d2 (Im 2)~d2],
defines the volume element

INF<; ds2i;1?

(detImg2)s+1”

Let k be the Kodaira—Spencer map identifying the quadratic differentials ovith the fiber
of the cotangent of the Teichmiiller space at the point represestingfe have

k(wiw;) = (i)~ 1ds;;.
Let us set

d&; :=2mik(v;), i=1...,3g—3.
By Eg. (2.4)we have

where
W2 -1y -1y
8ij = |W| Tr[(ImQ) W;(Im £2) Wj]
It follows that the Siegel induced modular invariant volume form/ely is

N -
dv :=|detg|2dE1 A - AdE3, 3.
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3. Themodular function Yg

In the following we will define the higher genus version of the genus 2 formuld’forin
particular, we generalize the building blocksz1, z2) A(z3, z4), used to construcys in the
genus two case, as a product of a pair of determinants of holomorphic one-differentials on the
Riemann surfac&’. We will be forced to introduceg@— 4 arbitrary points, that will be integrated
over ¥2¢~% in order to obtain an unambiguous result. The formula will result to be modular
invariant and to reproduce the genus 2 expression of the 4-point superstring amplitude.

At genus 3, the above requirements fix, up to a normalization constant, the fayin it
higher genus we have to deal with several possibilities. Although we will consider all these
possibilities, we will show that there exists a simple formula which seems a natural generalization
of the genus two case.

3.1. Definitions and properties

Let us define

X (Wi_p) :=detw(wg, ..., wy),

Xij(Wksm) :=detw (z;, 2, Wk, ..., W),

X (Wpk—n)) =detw(wpw), -- ., Wom))>
Xij(Wotk—m)) '=0detw(zi, 2j, W), - .- Wom))>

forallk,n,m e N,withn —k+1=gandm —k+1=g — 2, and set

Hij =Y COIXij(Wpasg-2) Xkt (Wp(g—1-2¢-4))- (3.1)

pEB2g_4

wherews, ..., wo,—4 are points inX', C(p) are coefficients irC and By, _4 is a subset, that we
will define below, of the group of permutations df, 2, ..., 2g — 4}. Essentially, we want the
elements inBy,_4 to be in one to one correspondence with all the different ways of choosing
g — 2 points out of the 2 — 4 points{w; }. Therefore, we require that for any pairo € Bo,_a,
p#oimpliesp({1,2,...,g —2}) #0({L,2,...,g — 2}). There is not a unique way to choose
the elements imBy,_4; different choices can give some minus sign that can be reabsorbed by
a redefinition of the coefficients(p).

We also impose the following constraint ¢6i}: if a pair p, o € By,_4, satisfieso({1, 2, .. .,
g—2)=0({g—1g,...,2¢ —4}) thenC(p) = C(0). This ensures thal(;; ,; = H ;. One
can verify that, at genus, we have to fix2g — 4)!/2[(g — 2)!]? independent coefficients. Each
of them appears twice i(8.1). We can avoid this redundancy using the equivalent definition

Hijki i = Z C(P)[Xij(wpa—g—2) Xt (Wp(g—1—-2¢—2))
pEBég—ll
+ Xkt (Wp 1 g—2) Xij (Wp(g—1->2¢—4) ]

wherep € 35874 C Byg—_4 satisfies the conditiop(1) < g — 2. We define

Vs := (k1 — k2) - (kg — ka)H1234+ 2 < 3+2 < 4,
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and propose that the integral Bi* is now replaced by the integral ovars

Vs> S kk Gz
Fo(ki) = i<jRikjGlZi2j , 3.2
s ki) (detim2)2° (3.2
x2
whereG (z1, z2) = —=IN|E(z1, 22)|? + 27 Im [ w; (Im Q)lfjllm J:2w;. Under a modular trans-

formation2 = (A2 + B) - (C2 + D)1, we have
detim2 = |detC2 + D)’_2 detims2,
- 4
|Vs|? = |detC$2 + D)| " |VsI%,

so thatF, (k;) is modular invariant.
Performing the integration over thg 2- 4 variablegwy} in (3.2) results in a linear combina-

tion of terms such aA;; (21, 22) A (23, 24) |2, timese ™ 2i<ikiki GG \where

Aij(zk, 21) == wi(Z)wj(2) — @) (2 wi(2),

with the coefficients given by bilinears in the minors of order 2 of Im£2 divided by
(detIms$2)2. To see this, first observe that since the determinantoka matrix can be written
as

deta =e€;,..i,a1i;, - ani, = i € n iy i
we have
- 1 - -
det/|dz|2a)ia)j = g / 1_[|de|2€i1---ig6j1~--jgwi1 (z1)Djy(z1) - - wj, (Zg)wjg (zg),
x ‘ye K
so that, considering the index of the integration variables as matrix index,
1
g / n|de|2|det0)i(Zj)|2 = det/ Wi Nwj = 28 detImQ,-j, (3.3)
g'zg k b5)
where
/ldzlzw,-c?)j = —i/a)i/\d)j=2lm!2,-j. (34)
xz xz

In order to explicitly perform the integration of thg 2 4 variablegw; } in (3.2), we factorize
the dependence on tiig } in 7;; ;. To this end, note that

o iy+ip+1l . _(i1i2)
€igiy = (=12 Elllzeia...ig’
where the value of the superscriptsandi» are excluded from the range of valuesigf, and
€iyip = 1, W2 _1ifj; <izandig<--- < ig, respectively. Therefore, we have

igig
detw(z1, 22, w1, ..., We—2)
= Z(—l)i+</+1[wi (z1)@;(z2) — @ (z1)wi (22)] kgéieg wi(wy), (3.5)

i<j
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wherel =1,..., g — 2. By means of such a factorization, we may perform the integration on the
2g¢ — 4 variableqw;} in (3.2). For example, by3.5)and (a version off3.3), we have

1

—28*2(g—2)' / l_[|dwk|2deta)(z1,zz,w1,...,wg_z)detc?)(zs,u,wl,...,wg_z)

ye-2 K

=Y (=D o (21w (22) — 0j(z1)wi (22)]
i<j
X k(ilet/ Im £24; [&)m (23) Wy (24) — @p(23)Om (24)] .
l;ém’,ln

This shows that partial integration on the variables of products of determinants provides
amethod to construct linear combinationspfz1)w ; (z2)wk (z3)w; (z4), with the requested prop-
erties under modular transformations.

3.2. The integration oveE 2

In [3], the amplitudes calculated using the genus two formula were compared with the corre-
sponding terms in the type IIB low energy effective action. In particular, the two-loop contribu-
tion to theD*R* term, predicted byL(2, Z) duality[21], was obtained by setting the momenta
k; = 0 in the exponential of the integrand of the 4-points amplitude formula. More precisely, in
[3] the identity

A(z1, 22) A(z3, z4) + A(z1, 24) A(z2, 23) + A(z1, 23) A(z4, 22) =0, (3.6)

whereA(z;, z;) = w1(zi)w2(z;) — w2(zi) wi(z;), implied
/Iysl2 = /|SA(ZL 2)A(22, 73) — 1 AGz1, 22) Az, 20) |
>4 >4

=32(s? + 12+ u?) (detIms2)2. (3.7)

We note that, at generig, the symmetries of the functiayis under the exchange;, k;) <
(zj,k;) and the relations + ¢ + u = 0 constrain,|Vs|? to be proportional tas? + 12 +
u?) det(lIm £2)2. The terms? + 2 4+ u? is the unique homogeneous polynomial quadratic in the
Mandelstam variables which is symmetric under the exchangess, ¢t <> s, u <> . Further-
more, sinc€)s is a product of two determinants made of the canonical basis of holomorphic one-
differentials, modular invariance implies that this integral must be proportioriditdms2)2.

In the following we will show that, by a suitable choice of the coefficiefit®) defining
Hij« in (3.1) the relation(3.6) can be generalized to

Hi234+ Hi423+ Hi1342=0. (3.8)

The above remarks suggest that with such a choice of the coeffici¢pjs a generalization
of (3.7) holds also at higher genus. It is instructive to explicitly perform the calculations that will
also provide the exact numerical factors.

In the remaining of this section we will consider the following steps.
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(1) First we will derive a formula that will allow us to easily compute

L1i= / H12 342,

X2

L= / H14,23H12 34.
X2

(2) Next we will show that the conditio¢8.8)is equivalent taZ; = —2.£5 and this will be used
to find a class of coefficientS(p) satisfying(3.8).
(3) Finally, for this class of coefficients, we will compufe., |Vs|2.

3.3. Combinatorics of determinants

Let ¢ be a permutation of the sgt, 2, ..., 2¢}. We define the following sets
Di:={L12,....g}nt({1,2,...,8)),
Dyi={g+1lg+2....20 Nt ({g+1 g+2...,2)),
Li={g+1lg+2....2¢int ({1, 2,....8}),

L:={1,2....gint ({g+1g+2...,2)).
Note that Card, = CardD, = g — m, wherem := Cardl; = Card/.

Theorem 3. Let {x1, x2, ..., x2} be a set oRg points inX, r a permutation off1, 2, ..., 2g}
and D1, Dy, I1, I andm as above. Then

P(1) := / X (515 ) X (g 11520) X (411 ) X (-1 115.2¢))
X2
= +g!(g — m)!m!(detA)?,

whereA :=2Im £, and the sign depends on the permutation

Proof. We have

P(7) = / e()e(je(k)e(Dwiy (x1) - wi, (xg) ®jy (xg41) - @), (X2g)
X2

< T T @ @) [T @keiey @) T @t G0 [T @ty )

reDy sely telp ueDy
wheree (i) := €125, Performing the integration, we obtain

P(t) =€e(e()F (. j), (3.9)

where

F(l’ .]) = G(k)é(l) l_[ Airkr(r) l_[ Aj.?—gkr(x) 1_[ Aitlr(t)—g l_[ Ajzt—glr(zl)—g'

reD1 selp telp ueDo
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The indicesi’s and j's are just permutations of the sgt, 2, ..., g}, because of the factors
e(i)e(j) in (3.9). This means that, for eache I1, j;_, must be equal to one and only ohe
te D1U . If iz = j;_, for somer € Dy ands € I1, we can write

F(i, j) =e(®)e(D)Aisk, ) A ji_ ko) - (other termsy,

where the terms in the brackets do not depend.Qf andk. . In this caseF (i, j) is both
symmetric and skew-symmetricin andk. s, S0 it must vanish identically. Thus, a necessary
condition for F (i, j) to be non-vanishing is the existence of a bijective map
n:lp— I,
such thatj,)—g =i; for all t € I>. In this case, we can write
FGi, )=e@®e® [T Ak [T Aikeoror [T Ah-ction 1)y [T Admelecose-
reDy telr sely ueDo

Let us define

] if r € Dq,
Mr) = { ton(r) ifrels, (3.10)
and
| if t € Dy,
p) = { ton ) ifrel, (3.11)

which are permutations of the sdfs ..., g} and{g + 1, ..., 2¢}, respectively. We have

8 8 8 8
F(i, j) =e®ed) [ [Aikne [ [ Astpisee = €®e@ sgriaysgnw) [T Aik, [ | As,

r=1 s=1 r=1 s=1
= e(i)e(j) SNr) sgn(w) (detA)?, (3.12)

where we have relabeldd ) — k, andl,4¢)—¢ = I;. The term sgt) sgnu) comes from
the rearrangement of thiés and/’s in € (k)e(/), and we used the identity

8
(k) [ [ Aik, = €(i) deta.
r=1

Note that, for a fixedr, there are, in general, several different choices for the mdpwe
changey — 7', we have
sgn(x) = sgn(n’ o =) sgr),
sgn(w’) = sgn(y’' ~* o n) sgn(),
and then

sgn(x’) sgn(u’) = sgn(x) sgnue).

Therefore, the product sgn) sgni) depends only onm and not ory. We find that if F (i, j)
is non-zero, then it depends on theand j’s only through the product(i)e ().

We now inser{3.12)into (3.9) and sum over all the sets of indiceand j for which F (i, j)
is not null. We can arbitrarily choose the valuesgf.. ., i,; there areg! different possibilities.
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We must choose th¢'s in such a way that there exists a functip@as above; this is a constraint
on the values of;_,, s € I1. There are exactly:! different bijections; from I, to I. Finally we
can choose the values of the remaining m indicesj,, for u € Dy, that gives a factofg — m)!
We obtain

P(t) =sgnA) sgnu)g!(g — m)!m!(detd)?. O
3.4. Evaluation ofZ1 and £»

We now useTheorem 3o computeL; andL». These terms split into two contributions

£ =2(c) +cP),
where
=3 cplo | LM (3.13)
P.0E€By, 4 >2%

and

L} = X12(Wp (1 g—2)) X34(Wp (g—1- 20— ) X12(Wer (1> g—2)) X34(Wer (91> 2¢-2))
L = X12(wp1-g—2)) X3a(Wp (-1 20— 4)) X34 (W (1 g—2)) X12(Wer (g1 25— )
Ly = X14(Wp(1g-2) X23(Wp(g—1>25—4)) X12(Wo (1> —2)) X34(Wo (5152 4))
L5 = X14(wpa—g—2) X23(Wp (g—1->2—4)) X34 (W (1> g—2)) X12(Wer (g1 25 —4))-

Letus consideﬁf. By the change of variables, ), — w; we can replaceLf in (3.13)by

Xlz(wlﬁg72)X34(wg71~>2g74)}_(lZ(wpfloa(leg—Z))}_(34(wpfloa(g—l—>2g—4))~
We define the variablels;},i =1, ..., 2¢, as

x1:=z1, Xg4+1 =123,
X21=22, Xg42 1= 74,
Xi=wj—2, i=3,...,g, Xi=wj—4, i=g+3...,2¢g.
Then, we have
L= ) CmCO)P@),
p.oEB) 4

whereP (1) is the expression in the previous theorem aris the permutation

(1) =1, g+ =g+1,
7(2) =2, T(g+2)=g+2,
ti)=0"top(i—2), i=3,....g, tl)=0topli—4), i=g+3...,2g.

(3.14)
Let us define

n:= Car({p({l, 2,...,8— 2}) N a({g —-1,g,...,2¢ — 4})], (3.15)
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and notice that

n=Card{3,4,....g} Nt ({g+3.....2¢})]

Since{1, 2} ¢ Dy, andt~1({g + 1, g + 2}) C D>, the above intersection corresponds to the
setl>. Then, byTheorem 3with m = n we obtain

g-3
L} =" Fug!(g —n)'n!(detA)?,
n=0
where
F, = Z C(p)C(0)S(p,0). (3.16)

(p.0)EBY,_4(n)

Here the sum is over all the paigs, o) € Bég_4(n) C Bég_4 X Bég_4, such that the intersec-
tion defined in(3.15)hasn elements, and

S(p,0) = Sgn(i) sgn(),

wherei and i are defined in(3.10) and (3.11)with  an arbitrary bijective function frond,
into I1. Notethath(1) =1, 22 =2, u(g+ 1) =g+ 1landu(g+2) =g + 2.

A similar calculation can be performed f@?. We use the same change of variables for the
{w;} and the same definition for the variabkas}. In this case, the permutatianis given by

tH=g+1 g+ =1
1()=g+2 1(g+2) =2

while the other entries are the same as in the previous case. We defiia(3.15) In this case
(1,2} =1"Y({g+1, g+ 2}) C I, so that, we can applyheorem 3with m = n + 2 to get

g—3
L =" Fug!(g —n—2)!(n+2)!(detd)>,
n=0

where F;, is defined in(3.16) No extra minus sign comes from the product @grsgn(it). To
see this, notice that we can choose an arbitraity the definition, since this product does not
depend on this choice. We sgtl) = g + 1 andn(2) = g + 2, and obtain.(1) =1, A(2) = 2,
w(g+1) =g+1andu(g+2) =g +2. These are exactly the same relations asz:ﬁ).rand then
we get the same overall sign.

Let us now considets and£5%. In the case of’y the permutationt is defined by

(1) =1, T(g+1) =2,
T(2)=g+2, t(g+2)=g+1,
while in the case of 5 we have

t()=g+1, g+ =g+2,
1(2) =2, (g+2) =1
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We have{l} c D1, {2} C I, {g+ 1} c Iy and{g + 2} C D2 in theﬁg case, while{1} c I,
{2 c D1,{g+1}Cc Dpand{g + 2} C I1in the/;g case. Thus, we set =n + 1 and obtain

g—3
Ly =L == Fugl(g —n—Dn+D(detd)*.
n=0

The minus sign arises because of the product)9myn(). To see this in thesg case, we
choose)(2) =g+ 1andobtain(l) =1,A(2) =2, u(g+1) =g+2andu(g+2) =g+1. The
interchange + 1 <> g + 2 in theu permutation gives the minus sign. A similar computation can
be performed for’¥.

Summarizing, we have

g—3
L1=2)" Fug!(g —m)n!+ (g — n — 2!(n + 2)!]2% (detim2)?,
n=0
g—3
Lo=—4) " Fugl(g —n—Di(n+ 1)1 2% (detims2)?,
n=0

where F), is defined in(3.16) We remark that these formulas hold for generic choices of the
coefficientsC (p).

3.5. A condition on the building blocks

We claimed that the conditiof8.8)is equivalent to the following constraint

L1=—-2L, (3.17)
that is

g—3

Y Ff(g—mnt+(g—n—2!(n+2)!-4g—n—Dlin+1!]=0. (3.18)

n=0

Actually, we trivially have

2 2 2
3L1= [ IHiz234l“+ | [Hiza2l"+ [ [Hia23l%,
X2 X2 X2
3Lo= | Hizz4H1342+ | HizzaH1a23+ | HizaoH1423,
X2 X2 X2

where, in each sum, the three terms are related each other by suitable changes of variables. Then
the relation 8£1 + 2£5) = 0 reads

/ 1234+ H1423+ Hiz421? =0,
>
that is Eq.(3.8). On the other hand, {f3.8) holds, then

/Dis|2= /ISH14,23—IH12,34|2=(S2+t2)51—2st52~

X2 X2
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Since 5.2, |Ys|? is proportional tas? + 12 + u? = 2(s? + t2 + st), this implies(3.17) Note that
we can use the formulas fdly and£> to evaluatefng |Vs|?.

In the following we will consider the general solutions for the constrgiits8)in the cases
g =3 andg = 4 and then we will propose a simple solution for gengrdh this case, we will
also compute the integrgl.z, | Vs|?.

In the caseg = 3, there are two additional poinis; and wy. There is only a permutation
in B,,_,; its coefficientC is just a normalization ot;; ;. We haveFp = |C|? and the condi-
tion (%.18)is an identity.

For ¢ = 4, we have four additional pointss, ..., ws and three different permutations in
Bég—él

p1=(1,23,4), p2=(1,4,3,2), p3=(1,3,2,4),
with coefficientsCy, Co, C3, respectively. Computing the sig8$p;, o), i, j = 1, 2, 3, we find

Fo=|C1? +|C2l* + |C3/%,

F1=2Re(C1C2 — C2C3+ C3Cy),
and the conditiorf3.18)gives

|C1— C2— C3*=0.

Thus, we have infinite real or complex solutions for the coeffici€nt<o, Cs.
For generak, there always exists a rather simple solutiofd.8) Let us denote bﬁég% -
Bég_4 the set of all permutations such that

1 i:17
i oor itg—1 i=2..,¢g-2
pi=1" i—e1 (3.19)

i or i—g+1 i=g,...,2g—4
At genusg, this set has 22 elements. Then, set

/
Clp) = { Lore S
0 otherwise
where we absorbed a possible overall constamiin (1.2). In the following we show that this
is a solution tq(3.18)

Fix a pair(p,o) € S§g74, and definer as in(3.14) Each element € I is given byr =
17 1(r + g — 1). Thus, we can choosg(r) = r + g — 1, and we haveé. = u = id. This means
thatS(p,o0) =+1forall p,o € S§g74.

Let us now compute,. SinceC(p)C(c)S(p,o)=1forall p,o € S§g74, it follows that F},
is just the number of pairg, o) satisfying(3.15) We can choosg arbitrarily; the permutations
o satisfying(3.15)are in one to one correspondence with the ways of choaselgments in the
set{2,...,g—2}. Thus

283 (g —3)!
(g—n—23)nl’

and by(3.18), we obtain the condition
g—3

Y g-n=-2[g-m@g-n-D+n+Dn+2)—4g—n—Dn+1D]=0.
n=0 (320)

F,=
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Now observe that the identity

g—3 g—3
dg-n=-2dn+n+D=) m+DEg-n—1(E-n-2), (3.21)
n=0 n=0

which follows by a redefinitiom — g —n — 3, also implies

g—3
dg—n=2[g—mE-n—1+nr+D(n+2)]
n=0
g—3
=@g+1)Y (g-—n—-D(g—n-2),
n=0
and
g—3 g—3
4y 4+ Dg-n—D@Eg-n-2)=2g+D Y n+hg—n—2).
n=0 n=0

Then,(3.20)reduces to

g—3
Z(g—Sn—S)(g—n—Z):O,
n=0

which is an identity, as one can verify using

g—3

1
> n?= é(g_z)[z(g—z)z—3(g—3)—2]. (3.22)
n=0

Thus, we have found a simple form for the building block
Hiju = Z [Xij (Wp (1 g—2) X1 (Wp(g—1->2g—4))
peség—4
+ Xkt (Wp 1> g—2) Xij (Wp(g—1-2¢-4) ], (3.23)

Whereség_4 is the subgroup of the permutationsatisfying(3.19) By (3.17)and the kinematic
relations + ¢ + u =0, we have

/Iyslzz—(sz+t2+u2)£2-
3%

Eq.(3.23)gives
g-3
—L2=2%"Tgl(g =31 (g —n—1)(g —n—2(n+1)(detim2)?,
n=0
and by(3.21) and (3.22)we get

3g—3
/|y5|2= 2‘; (g +Dg —2)!(g% — 7g +18)(s® + 1 + u?) (detim)2.

X2
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4. Conclusions

The 2-loop 4-point superstring amplitude, in the slice independent formuldfipshows an
unexpectedly simple shape and suggests some possible generalization to higher genus. A natural
conjecture is that the measure on the moduli space is (the restriction of) the modular invariant
measure on the Siegel upper half-space derivd@0h Furthermore, we argued that the basic
building block generalizing the termas(z;, z;) A(zk, z;) in the genus 2 formula, is a sum of terms
made of product of 2 determinants of holomorphic Abelian differentials. So that, we are naturally
lead to the following formula

N o >
ASOP = B, / |detg|Y2dE1 A - A dEgg—3F, (ki)
My
In the case of non-hyperelliptic Riemann surfaces of genus 3 we have
3 12 2
A3_|00p=B / |/\’<J sz]' / | Vsl efzkjk,wij(Zi,Zj)’

4 (detim2)? J (detims2)2
M3 36

where, since there are only two extra points, there is only a possible choitg;fgr namely

Hiju =detw(zi, zj, wy) detw (zx, z1, w2) + detw (z;, z;, w2) detw (zx, z7, w).

In the case of genug > 4 the definition of/{;; x; requires choosing a set of permutations over
the 2 — 4 points{wy} and their relative coefficients. The simplest choice is

H1234= X12(w1-g—2) X34(Wg—1-52¢-4) + X34(W1—g—2) X12(Wg—152¢-4).

In the paper we considered the simplest generalizatidi.d@). However, more general for-
mulas for the building block${;; x; can be constructed in terms of products of 4 determinants
like detw; (x;), times suitable functions of the kinematical variables. In the four matsiges ),
j=1,...,4g each point; corresponds either to one of the insertion poits.. . , z4, or to one
of the 4¢ — 4 additional pointqw;}, to be eventually integrated away. The integration may give
factors that cancel some power in the ove(dét Im$2)# in the denominator inserted to balance
the modular transformations of the four determinants and their complex conjugated. Thus, the
basic step in defining such building blocks is the distribution of the paints ., z4 and{w;} in
such matrices. There are several different ways to implement such a distribution. In particular,
with respect to the position of the points .. ., z4, in the determinants, there are five possibilities

detw(z;, w..)detw(z;, w...)detw(z, w...)detw(z, w.. ),
detw(z;, zj, w...)detw(zx, w...)detw(z, w...)detw(w.. ),
detw(z;,zj, w...)detw(z, z;, w...)detw(w...)detw(w.. ),
detw(z;, zj, zx, w...)detw(z;, w...) detw(w...)detw(w.. ),
detw(z;, 2j, 2k, 21, w...) detw(w...) detw(w.. ) detw(w.. ), (4.2)

wherew... is a permutation of a subset of suitable cardinality{of}. Note that the last two
combinations of determinants may appear onlg at 3 and,g > 4 respectively. In the case
of determinants which do not contain any insertion pajnthe integration over the additional
points leads to overall factors det hreducing the power ofdetIms2)# in the denominator.
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In some cases, this mechanism leads to formulas involving the product of two determinants, as
considered in this paper. However, in principle, there could be some interesting generalizations
which require combinatorial analysis of rapidly growing complexity.

Remarkably, the construction suggests a natural generalization/igthiat functions, where
the products of determinants may still play the role of building blocks. On the other hand, at the
moment we can hardly derive the exact kinematical factors they are associated to. An extension
of our analysis and the symmetry properties of the amplitudes, could, in principle, constrain
the possible shape of such functions. We also note that the systematic use of the determinants
of holomorphic one-differentials, may lead to control the factorization properties in the various
degeneration limits. This would suggest the appearance of an integrable structure related to the
cohomology ofM,.
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