
ometry
fies sev-
pace of
als.

genus
ng that
tion
for the

lassical
genus

rkovits
r basic
ssible
ilinear
Nuclear Physics B 732 (2006) 321–340

Higher genus superstring amplitudes from the
geometry of moduli space

Marco Matone∗, Roberto Volpato

Dipartimento di Fisica “G. Galilei”, Istituto Nazionale di Fisica Nucleare, Università di Padova,
Via Marzolo 8, 35131 Padova, Italy

Received 21 July 2005; received in revised form 19 September 2005; accepted 10 October 2005

Available online 18 November 2005

Abstract

We show that the higher genus 4-point superstring amplitude is strongly constrained by the ge
of moduli space of Riemann surfaces. A detailed analysis leads to a natural proposal which satis
eral conditions. The result is based on the recently derived Siegel induced metric on the moduli s
Riemann surfaces and on combinatorial products of determinants of holomorphic Abelian differenti
 2005 Elsevier B.V. All rights reserved.

1. Introduction

One basic problem in superstring theory concerns the explicit evaluation of the higher
amplitudes. A fundamental step in such a direction has been done by D’Hoker and Pho
in a series of remarkable papers[1–3], provided an explicit gauge slice independent formula
of the NSR superstring at genus two. Their analysis also provides relevant suggestions
higher genus generalization. The fact that the quantum string is described in terms of c
geometry of the moduli space suggests trying to investigate the structure of the higher
amplitudes from purely algebraic-geometrical considerations.

In recent years, a new covariant formulation of the superstring has been proposed by Be
[4–16]. In this respect we observe that the analysis of (super)strings leads to conside
properties of the moduli space of Riemann surfaces. Below we will comment on a po
algebraic-geometrical interpretation of the pure spinor condition. Such a condition is a b
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relation on differentials, whose weight is changed after the twisting, depending on the supe
critical dimension. Known classical relations among differentials concern, e.g., the charac
tion of a basis of holomorphic quadratic differentials, out of theg(g + 1)/2 one may get by
bilinear combinations of the holomorphic one-differentials (Schottky problem). Other rela
among holomorphic differentials which, like the pure spinor condition, involves the critica
mension, is provided by the Mumford isomorphism.

In this paper we focus on the higher genus 4-point superstring amplitude. In the c
genus 2, this problem has been first considered by Iengo and Zhu[17]. Following the meth-
ods of[1], an explicit formula, still gauge slice dependent, has been derived in[18]. The basic
problem of a fully gauge slice independent formulation has been finally resolved in[2]

(1.1)A
2-loop
4 = B2

∫
M2

|∧2
i�j dΩij |2

(det ImΩ)3

∫

Σ4

|YS |2
(det ImΩ)2

e
−∑

i<j ki ·kj G(zi ,zj )
,

where

YS = (k1 − k2) · (k3 − k4)∆(z1, z2)∆(z3, z4) + 2↔ 3+ 2 ↔ 4,

G(z,w) := − ln
∣∣E(z,w)

∣∣2 + 2π Im

w∫
z

ωi(ImΩ)−1
ij Im

w∫
z

ωj ,

and

∆(z,w) := ω1(z)ω2(w) − ω2(z)ω1(w),

is the basic holomorphic antisymmetric bi-differential which plays the role of building b
for the genus 2 superstring amplitudes. A preliminary investigation concerning the exten
higher loop of(1.1)has been considered in[19]. A similar formula has been recently derived
Berkovits in his pure spinor formalism[4].

To find the higher genus extension of such an amplitude requires considering two prob

(1) Find the higher genus version of the modular invariant measure

|∧2
i�j dΩij |2

(det ImΩ)3
.

Whereas in the case of genus 3 the analog of such a volume form can still be used, ex
the hyperelliptic locus where by Nöther theorem the bilinearsωi(z)ωj (z) span a (2g − 1)-
dimensional subspace ofH 0(Σ,K2), in the caseg > 3 the 1

2g(g + 1)-dimensional spac
of symmetricg × g matrix with positive definite imaginary part, should satisfy conditio
leading to a subspace parametrizing the moduli space.

(2) The other problem with the higher genus extension of 4-point amplitude concerns th
eralization of∫

Σ4

|YS |2
(det ImΩ)2

e
−∑

i<j ki ·kj G(zi ,zj )
.

On the other hand, whereasG(zi, zj ) is canonically defined for anyg, there is not an ob
vious extension ofYS . However, we will see that we are essentially forced to still use
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determinants of the holomorphic one-differentials as building block for constructing thYS .
This implies that one has to introduceg − 2 more points for each determinant. Since
determinants come in pair, we need to introduce 2g − 4 points. We then are lead to analy
the structure of the possible permutations between points and integratingΣ2g−4.

Then our proposal is

(1.2)A
g-loop
4 = Bg

∫
Mg

|detg|1/2dΞ1 ∧ · · · ∧ dΞ̄3g−3Fg(ki),

whereg is the Siegel induced metric derived in[20], dΞi , i = 1, . . . ,3g − 3, are the modul
induced by the constraints on dΩij [20]. Furthermore,

Fg(ki) =
∫

Σ2g

|YS |2
(det ImΩ)2

e
−∑

i<j ki ·kj G(zi ,zj )
,

and

(1.3)YS = (k1 − k2) · (k3 − k4)H12,34 + 2↔ 3+ 2↔ 4,

whereH12,34 is a sum on a set of permutations of 2g − 4 points of terms such as

X12(w1→g−2)X34(wg−1→2g−4),

where

Xij (wk→m) := detω(zi, zj ,wk, . . . ,wm).

DefiningYS in terms of determinants of holomorphic differentials and then integrating o
2g − 4 variables{wk}, provides a way to get modular invariant linear combinations, of te
such as|∆ij (z1, z2)∆kl(z3, z4)|2, where∆ij (zk, zl) := ωi(zk)ωj (zl) − ωj (zk)ωi(zl), with the
coefficients given by bilinears in the minors of orderg − 2 of ImΩ divided by(det ImΩ)2. For
example, as we will see, integrating overw1, . . . ,wg−2 the simplest product, we have

1

2g−2(g − 2)!
∫

Σg−2

∏
k

|dwk|2 detω(z1, z2,w1, . . . ,wg−2)detω̄(z3, z4,w1, . . . ,wg−2)

=
∑
i<j
m<n

(−1)i+j+m+n∆ij (z1, z2)∆̄mn(z3, z4) det
k �=i,j
l �=m,n

ImΩkl.

From a geometrical point of view, our investigation corresponds to find the higher genu
log of (1.1). Thus, besides modular invariance, one should care about the absence of amb
such as the dependence on the choice of arbitrary points in the higher loop generalization(1.1).
Using the determinants of the standard basis of the holomorphic differentials and then inte
over the additional 2g − 4 points removes possible ambiguities and guarantees modular i
ance. Therefore, the main properties of the amplitude we derived are

(a)Manifestly ambiguity free.
(b) Modular invariance.
(c) Reproduces theg = 2 expression.
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well.
Among the possible permutations of the points{wk}, we will focus on two particularly simple
cases. The simplest one corresponds to consider

(1.4)H12,34 = X12(w1→g−2)X34(wg−1→2g−4) + X34(w1→g−2)X12(wg−1→2g−4),

so that(1.3)guarantees the invariance ofYS under the simultaneous exchange ofki ↔ kj , zi ↔
zj . Since this is also the property of the exponential in(1.2), the resulting amplitude is symmetr
under exchange of the momenta.

It is interesting to understand the general structure ofHij,kl once one considers differe
choices of the possible permutations, an issue considered in detail in the paper. Since
struction the amplitude is invariant under permutation of the external momenta, it is cle
different choices of permutations of the{wk} will always lead to an expression of

∫
Σ2g |YS |2

proportional to(s2 + t2 + u2)(det ImΩ)2, where the term(det ImΩ)2 follows by the properties
of |YS |2 under modular transformations. Nevertheless, because of the exponential of the
functions, different choices would in principle lead to different expressions for the amplitu

The fact that modular invariance essentially leads to introduce determinants of the ca
basis of holomorphic one-differentialsωk , suggests that the pair of extrag − 2 differentialsωk

is due to zero modes. In the standard approach such zero modes are related to the spin s
of the β–γ system, while, interestingly enough, in the Berkovits approach the zero mod
related to other elementary fields.

We note that in[4], besides the derivation of the 4-pointg = 2 superstring amplitude
Berkovits also notes that preliminary calculations in his formulation indicate that the mo
tum dependence of the higher genus 4-point amplitude is the same of the one in genus
agreement with the suggestion by Zhu in[19]. On the other hand, on general grounds, it is d
cult to understand the mechanism for which terms giving contributions toD4R4, having the same
analytic general structure of the genus two case, may be suppressed. However, such a
ity cannot be excluded, for example, by summing on antisymmetric permutations of the{wk},
an operation which is reminiscent of the summation over the odd spin structures, one m
a vanishing result. Nevertheless it remains the problem of finding an analytic structure
amplitude which takes place only at genus greater than two. Another possibility is that forg > 2
the hyperelliptic contribution, that we do not consider here, may lead to some cancellation
anism. On the other hand, the inclusion of the hyperelliptic locus corresponds to a genera
of (1.2) involving essentially only the measure. Since the hyperelliptic locus has codime
g − 2, also in this case one should understand the structure of such a cancellation. It w
interesting to fully understand the basic role ofS-duality for the higher genus amplitudes alo
the lines investigated in[21].

The paper is organized as follows. In Section2 we first consider the problems which ari
in choosing additional points in defining theg × g matricesωi(xj ). We will also comment on
some properties satisfied by the basis of holomorphic differentials which are related b
the problem of the measure onMg (Schottky problem), and to some speculation on the pos
geometrical understanding of the pure spinor condition. Next, we will shortly review the me
on the (coarse) moduli space corresponding to the generalization to higher genus of thg = 2
measure.

In Section3 we will start by constructingYS by means of a suitable combination of produ
of determinants. We then will consider in some detail the underlying combinatorial stru
which arises in considering the permutations of the additional points{wk}. As we will see, the
kind of analysis suggests further developments which may be of mathematical interest as

Finally, Section4 is devoted to conclusions and suggestions for future investigations.
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2. Geometry of Mg and the modular invariant metric

There are two main questions in considering the higher genus generalization of the 4-p
amplitude, the measure on the moduli space and the higher genus generalization of the h
phic bi-differential∆(z,w). Let us first concentrate on the latter. On general grounds, we sh
look at the simplest possible generalization. This would suggest that even in higher genu

(2.1)∆(z,w) = detωi(zj ),

with z1 = z andz2 = w. However, such an expression would require choosing theg−2 pointszi ,
i = 3, . . . , g, that, in order to avoid ambiguities in defining the amplitude, should be chos
a canonical way. Also note that a naive integration along cycles ofΣ on each of theg − 2 points
would spoil the modular properties of∆(zi, zj ). At first sight, however, there is no a canonic
way to fix such a set of points. In particular, we cannot expect that this set would corresp
the zeroes of some differential. The reason is that the degree of aλ-differential is 2λ(g − 1), so
that fixing a set of canonical points should require a number of points multiple ofg −1. A typical
example concerns theg − 1 zeroes of the holomorphic one-differentials constructed in term
the θ -function with odd spin structure. This zero set depends on the period matrix and
particular odd spin structure, so it reduces the freedom in choosing the points to the choic
particular odd spin structure.1

There are several structures that start emerging at genus three. One concerns the dime
ity of the locus where theθ -function vanishes identically. To understand when this happens,
that linear independence of theg holomorphic Abelian differentials may fail at specific poin
This means that there are divisors for which the rows ofωi(zj ) are linearly dependent. Writin
detωi(zj ) in terms ofθ -functions and prime forms, one sees that such a locus ofsuperzeroesis
g − 2 dimensional.

Another place where appears a dependence ong − 2, concerns the systematic construction
Petri of a basis forH 0(Σ,K2) by means of bilinears of a suitable basis ofH 0(Σ,K) [22] (see
also[20] and[23] for related constructions). In turn, this is related to the mentioned fact tha
codimension of the hyperelliptic locus in the moduli space of Riemann surfaces is justg − 2.

2.1. Critical dimension and Mumford isomorphism

The geometry of the moduli space is deeply connected with the field-theoretical formu
of string theory. In particular, there are properties, such as the critical dimension, whic
directly connected to basic relations satisfied by the holomorphic differentials. For exam
theg > 3 non-hyperelliptic case, constructing a basis of holomorphic quadratic differenti
terms of bilinear combinations of the canonical basis of holomorphic one-differentialsωi is the
Schottky problem. A twisting in the field content may be connected to such relations.
is another relevant relationship between holomorphic one- and two-differentials, the Mu
isomorphism

K � E13,

whereE is the Hodge line bundle andK the determinant line bundle. Schottky problem a
Mumford isomorphism involve strictly related structures. On the other hand, the Mumfor
morphism provides an algebraic-geometrical understanding of the bosonic critical dim

1 For hyperelliptic Riemann surfaces ofg = 3 one can use aθ -function with even characteristic.
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[23,24]. We also note that such issues are strictly related to the problem of classifying the
genus modular forms, and so to the problem of writing the Mumford form in terms ofθ -constants
and related objects (see e.g.[25]).

There is another relationship involving differentials on Riemann surfaces and critical d
sion. This is the pure spinor condition

(2.2)λαγ m
αβλβ = 0, λ̄αγ m

αβλ̄β = 0.

Herem runs from 0 to 9 andγ m
αβ are 16× 16 matrices which are off-diagonal blocks of t

32× 32 ten-dimensionalΓ -matrices and satisfy

γ m
αβγ nβγ = 2ηmnδγ

α .

Originally theλ’s andλ̄’s are considered(1
2,0)-differentials and(0, 1

2)-differentials, respectively
After twisting theλ’s become(0,0)-differentials and̄λ’s (0,1)-differentials.

Note that bilinear relations among holomorphic Abelian differentials may lead to cond
on scalars and 1/2-differentials. This suggests that the pure spinor condition(2.2)may be related
to the Schottky problem. In this respect, it is worth noticing that the Schottky problem its
related to the uniformization problem via the Liouville equation[26].

Let us also notice that in the pure spinor formalism theb-ghost is a composite field. It would b
interesting to understand whether there exists a suitable combination of zero modes of ele
fields that may suitably combine to build the volume form onMg made of quadratic holomorph
differentials.

2.2. The induced measure

We now consider the problem of defining the higher genus version of the measure
moduli space in(1.1). Let M̂g be the locus of moduli space of compact non-hyperelli
Riemann surfaces of genusg � 4. The restriction onM̂g of the measure on the Siegel u
per half-space has been derived in[20]. In the following we briefly review the results of th
paper.

Let Σ be a compact non-hyperelliptic Riemann surface of genusg � 4 and{ω1, . . . ,ωg} the
canonical basis ofH 0(Σ,K), with K the canonical line bundle ofΣ . Let p1, . . . , pg be a set of
points inΣ such that

detω(p1, . . . , pg) �= 0,

where detω(p1, . . . , pg) := detωi(pj ). Then

(2.3)σi(z) := detω(p1,p2, . . . , pi−1, z,pi+1, . . . , pg)

detω(p1, . . . , pg)
,

i = 1, . . . , g, is a basis ofH 0(Σ,K).
We introduce theg(g + 1)/2-dimensional vectorv

vk :=
{

σ 2
k , k = 1, . . . , g,

σi+j σj , k = i + j (2g − j + 1)/2,

wherej = 1, . . . , g −1, i = 1, . . . , g − j . If we assume that the divisors of(σi) consist of distinct
points, then{vj } := {v1, . . . , v3g−3} is a modular invariant basis ofH 0(Σ,K2), the space of the
holomorphic quadratic differentials onΣ .
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Let W(P) be the WronskianW(v1, . . . , v3g−3)(P ) of the basis{vj } at a generic pointP ∈ Σ

andŴk,ij (P ) be the WronskianW(v1, . . . , vk−1,ωiωj , vk+1, . . . , v3g−3)(P ) atP . We have

Theorem 1.

(2.4)ωi(z)ωj (z) =
3g−3∑
k=1

Ŵk,ij

W
vk(z),

where the ratioŴk,ij /W does not depend on the pointP .

The line element ds on the Siegel upper half-space

ds2 := Tr
[
(ImΩ)−1dΩ(ImΩ)−1dΩ̄

]
,

defines the volume element

|∧g

i�j
dΩij |2

(det ImΩ)g+1
.

Let k be the Kodaira–Spencer map identifying the quadratic differentials onΣ with the fiber
of the cotangent of the Teichmüller space at the point representingΣ . We have

k(ωiωj ) = (2πi)−1dΩij .

Let us set

dΞi := 2πik(vi), i = 1, . . . ,3g − 3.

By Eq.(2.4)we have

dΩij =
3g−3∑
k=1

Ŵk,ij

W
dΞk, i, j = 1, . . . , g.

Theorem 2. The line elementds|M̂g
onM̂g induced by the Siegel metric is

ds2
|M̂g

:=
3g−3∑
i,j=1

gij dΞi dΞ̄j ,

where

gij := |W |−2 Tr
[
(ImΩ)−1Ŵi(ImΩ)−1 ¯̂

Wj

]
.

It follows that the Siegel induced modular invariant volume form onM̂g is

dν := |detg| 1
2 dΞ1 ∧ · · · ∧ dΞ̄3g−3.
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In the following we will define the higher genus version of the genus 2 formula forYS . In
particular, we generalize the building blocks∆(z1, z2)∆(z3, z4), used to constructYS in the
genus two case, as a product of a pair of determinants of holomorphic one-differentials
Riemann surfaceΣ . We will be forced to introduce 2g−4 arbitrary points, that will be integrate
over Σ2g−4 in order to obtain an unambiguous result. The formula will result to be mod
invariant and to reproduce the genus 2 expression of the 4-point superstring amplitude.

At genus 3, the above requirements fix, up to a normalization constant, the form ofYS . At
higher genus we have to deal with several possibilities. Although we will consider all
possibilities, we will show that there exists a simple formula which seems a natural general
of the genus two case.

3.1. Definitions and properties

Let us define

X(wk→n) := detω(wk, . . . ,wn),

Xij (wk→m) := detω(zi, zj ,wk, . . . ,wm),

X(wρ(k→n)) := detω(wρ(k), . . . ,wρ(n)),

Xij (wρ(k→m)) := detω(zi, zj ,wρ(k), . . . ,wρ(m)),

for all k,n,m ∈ N, with n − k + 1= g andm − k + 1= g − 2, and set

(3.1)Hij,kl :=
∑

ρ∈B2g−4

C(ρ)Xij (wρ(1→g−2))Xkl(wρ(g−1→2g−4)),

wherew1, . . . ,w2g−4 are points inΣ , C(ρ) are coefficients inC andB2g−4 is a subset, that w
will define below, of the group of permutations of{1,2, . . . ,2g − 4}. Essentially, we want th
elements inB2g−4 to be in one to one correspondence with all the different ways of choo
g − 2 points out of the 2g − 4 points{wi}. Therefore, we require that for any pairρ,σ ∈ B2g−4,
ρ �= σ impliesρ({1,2, . . . , g − 2}) �= σ({1,2, . . . , g − 2}). There is not a unique way to choo
the elements inB2g−4; different choices can give some minus sign that can be reabsorb
a redefinition of the coefficientsC(ρ).

We also impose the following constraint on{C}: if a pairρ,σ ∈ B2g−4, satisfiesρ({1,2, . . . ,

g − 2}) = σ({g − 1, g, . . . ,2g − 4}) thenC(ρ) = C(σ). This ensures thatHij,kl = Hkl,ij . One
can verify that, at genusg, we have to fix(2g−4)!/2[(g−2)!]2 independent coefficientsC. Each
of them appears twice in(3.1). We can avoid this redundancy using the equivalent definition

Hij,kl : =
∑

ρ∈B ′
2g−4

C(ρ)
[
Xij (wρ(1→g−2))Xkl(wρ(g−1→2g−4))

+ Xkl(wρ(1→g−2))Xij (wρ(g−1→2g−4))
]
,

whereρ ∈ B ′
2g−4 ⊂ B2g−4 satisfies the conditionρ(1) � g − 2. We define

YS := (k1 − k2) · (k3 − k4)H12,34 + 2↔ 3+ 2↔ 4,



M. Matone, R. Volpato / Nuclear Physics B 732 (2006) 321–340 329

-

-

and propose that the integral inΣ4 is now replaced by the integral overΣ2g

(3.2)Fg(ki) :=
∫

Σ2g

|YS |2
(det ImΩ)2

e
−∑

i<j ki ·kj G(zi ,zj )
,

whereG(z1, z2) = − ln|E(z1, z2)|2 + 2π Im
∫ z2
z1

ωi(ImΩ)−1
ij Im

∫ z2
z1

ωj . Under a modular trans

formationΩ̃ = (AΩ + B) · (CΩ + D)−1, we have

det ImΩ̃ = ∣∣det(CΩ + D)
∣∣−2 det ImΩ̃,

|ỸS |2 = ∣∣det(CΩ + D)
∣∣−4|YS |2,

so thatFg(ki) is modular invariant.
Performing the integration over the 2g − 4 variables{wk} in (3.2)results in a linear combina

tion of terms such as|∆ij (z1, z2)∆kl(z3, z4)|2, timese
−∑

i<j ki ·kj G(zi ,zj ), where

∆ij (zk, zl) := ωi(zk)ωj (zl) − ωj (zk)ωi(zl),

with the coefficients given by bilinears in the minors of orderg − 2 of ImΩ divided by
(det ImΩ)2. To see this, first observe that since the determinant of an × n matrix can be written
as

deta = εi1···ina1i1 · · ·anin = 1

n!εi1···inεj1···jnai1j1 · · ·ainjn,

we have

det
∫
Σ

|dz|2ωiω̄j = 1

g!
∫

Σg

∏
k

|dzk|2εi1···ig εj1···jgωi1(z1)ω̄j1(z1) · · ·ωig (zg)ω̄jg (zg),

so that, considering the index of the integration variables as matrix index,

(3.3)
1

g!
∫

Σg

∏
k

|dzk|2
∣∣detωi(zj )

∣∣2 = det
∫
Σ

ωi ∧ ω̄j = 2g det ImΩij ,

where

(3.4)
∫
Σ

|dz|2ωiω̄j := −i

∫
Σ

ωi ∧ ω̄j = 2 ImΩij .

In order to explicitly perform the integration of the 2g −4 variables{wi} in (3.2), we factorize
the dependence on the{zi} in Hij,kl . To this end, note that

εi1···ig = (−1)i1+i2+1εi1i2ε
(i1i2)
i3···ig ,

where the value of the superscriptsi1 andi2 are excluded from the range of values ofik>2 and
εi1i2 = 1, ε(i1i2)

i3···ig = 1 if i1 < i2 andi3 < · · · < ig , respectively. Therefore, we have

detω(z1, z2,w1, . . . ,wg−2)

(3.5)=
∑
i<j

(−1)i+j+1[ωi(z1)ωj (z2) − ωj (z1)ωi(z2)
]

det
k �=i,j

ωk(wl),
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wherel = 1, . . . , g − 2. By means of such a factorization, we may perform the integration o
2g − 4 variables{wi} in (3.2). For example, by(3.5)and (a version of)(3.3), we have

1

2g−2(g − 2)!
∫

Σg−2

∏
k

|dwk|2 detω(z1, z2,w1, . . . ,wg−2)detω̄(z3, z4,w1, . . . ,wg−2)

=
∑
i<j
m<n

(−1)i+j+m+n
[
ωi(z1)ωj (z2) − ωj (z1)ωi(z2)

]

× det
k �=i,j
l �=m,n

ImΩkl

[
ω̄m(z3)ω̄n(z4) − ω̄n(z3)ω̄m(z4)

]
.

This shows that partial integration on the variables of products of determinants pro
a method to construct linear combinations ofωi(z1)ωj (z2)ω̄k(z3)ω̄l(z4), with the requested prop
erties under modular transformations.

3.2. The integration overΣ2g

In [3], the amplitudes calculated using the genus two formula were compared with the
sponding terms in the type IIB low energy effective action. In particular, the two-loop con
tion to theD4R4 term, predicted bySL(2,Z) duality [21], was obtained by setting the momen
ki = 0 in the exponential of the integrand of the 4-points amplitude formula. More precise
[3] the identity

(3.6)∆(z1, z2)∆(z3, z4) + ∆(z1, z4)∆(z2, z3) + ∆(z1, z3)∆(z4, z2) = 0,

where∆(zi, zj ) := ω1(zi)ω2(zj ) − ω2(zi) ω1(zj ), implied

∫

Σ4

|YS |2 =
∫

Σ4

∣∣s∆(z1, z4)∆(z2, z3) − t∆(z1, z2)∆(z3, z4)
∣∣2

(3.7)= 32
(
s2 + t2 + u2)(det ImΩ)2.

We note that, at genericg, the symmetries of the functionYS under the exchange(zi, ki) ↔
(zj , kj ) and the relations + t + u = 0 constrain

∫
Σ2g |YS |2 to be proportional to(s2 + t2 +

u2)det(ImΩ)2. The terms2 + t2 + u2 is the unique homogeneous polynomial quadratic in
Mandelstam variables which is symmetric under the exchangesu ↔ s, t ↔ s, u ↔ t . Further-
more, sinceYS is a product of two determinants made of the canonical basis of holomorphic
differentials, modular invariance implies that this integral must be proportional to(det ImΩ)2.

In the following we will show that, by a suitable choice of the coefficientsC(ρ) defining
Hij,kl in (3.1), the relation(3.6)can be generalized to

(3.8)H12,34 +H14,23 +H13,42 = 0.

The above remarks suggest that with such a choice of the coefficientsC(ρ), a generalization
of (3.7)holds also at higher genus. It is instructive to explicitly perform the calculations tha
also provide the exact numerical factors.

In the remaining of this section we will consider the following steps.



M. Matone, R. Volpato / Nuclear Physics B 732 (2006) 321–340 331
(1) First we will derive a formula that will allow us to easily compute

L1 :=
∫

Σ2g

|H12,34|2,

L2 :=
∫

Σ2g

H14,23H̄12,34.

(2) Next we will show that the condition(3.8) is equivalent toL1 = −2L2 and this will be used
to find a class of coefficientsC(ρ) satisfying(3.8).

(3) Finally, for this class of coefficients, we will compute
∫
Σ2g |YS |2.

3.3. Combinatorics of determinants

Let τ be a permutation of the set{1,2, . . . ,2g}. We define the following sets

D1 := {1,2, . . . , g} ∩ τ−1({1,2, . . . , g}),
D2 := {g + 1, g + 2, . . . ,2g} ∩ τ−1({g + 1, g + 2, . . . ,2g}),
I1 := {g + 1, g + 2, . . . ,2g} ∩ τ−1({1,2, . . . , g}),
I2 := {1,2, . . . , g} ∩ τ−1({g + 1, g + 2, . . . ,2g}).

Note that CardD1 = CardD2 = g − m, wherem := CardI1 = CardI2.

Theorem 3. Let {x1, x2, . . . , x2g} be a set of2g points inΣ , τ a permutation of{1,2, . . . ,2g}
andD1,D2, I1, I2 andm as above. Then

P(τ) :=
∫

Σ2g

X(x1→g)X(xg+1→2g)X̄(xτ−1(1→g))X̄(xτ−1(g+1→2g))

= ±g!(g − m)!m!(detA)2,

whereA := 2 ImΩ , and the sign depends on the permutationτ .

Proof. We have

P(τ) =
∫

Σ2g

ε(i)ε(j)ε(k)ε(l)ωi1(x1) · · ·ωig (xg)ωj1(xg+1) · · ·ωjg (x2g)

×
∏

r∈D1

ω̄kτ(r)
(xr )

∏
s∈I1

ω̄kτ(s)
(xs)

∏
t∈I2

ω̄lτ(t)−g
(xt )

∏
u∈D2

ω̄lτ(u)−g
(xu),

whereε(i) := εi1i2···ig . Performing the integration, we obtain

(3.9)P(τ) = ε(i)ε(j)F (i, j),

where

F(i, j) := ε(k)ε(l)
∏

r∈D1

Airkτ(r)

∏
s∈I1

Ajs−gkτ(s)

∏
t∈I2

Ait lτ(t)−g

∏
u∈D2

Aju−glτ(u)−g
.
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ary
The indicesi ’s andj ’s are just permutations of the set{1,2, . . . , g}, because of the factor
ε(i)ε(j) in (3.9). This means that, for eachs ∈ I1, js−g must be equal to one and only oneit ,
t ∈ D1 ∪ I2. If ir̂ = jŝ−g for somer̂ ∈ D1 andŝ ∈ I1, we can write

F(i, j) = ε(k)ε(l)Air̂ kτ(r̂)
Ajŝ−gkτ(ŝ)

· (other terms),

where the terms in the brackets do not depend onkτ(r̂) andkτ(ŝ). In this case,F(i, j) is both
symmetric and skew-symmetric inkτ(r̂) andkτ(ŝ), so it must vanish identically. Thus, a necess
condition forF(i, j) to be non-vanishing is the existence of a bijective map

η : I2 → I1,

such thatjη(t)−g = it for all t ∈ I2. In this case, we can write

F(i, j) = ε(k)ε(l)
∏

r∈D1

Airkτ(r)

∏
t∈I2

Ait kτ◦η(t)

∏
s∈I1

Ajs−gl
(τ◦η−1)(s)−g

∏
u∈D2

Aju−glτ(u)−g
.

Let us define

(3.10)λ(r) :=
{

τ(r) if r ∈ D1,

τ ◦ η(r) if r ∈ I2,

and

(3.11)µ(t) :=
{

τ(t) if t ∈ D2,

τ ◦ η−1(t) if t ∈ I1,

which are permutations of the sets{1, . . . , g} and{g + 1, . . . ,2g}, respectively. We have

F(i, j) = ε(k)ε(l)

g∏
r=1

Airkλ(r)

g∏
s=1

Ajslµ(s+g)−g
= ε(k)ε(l)sgn(λ)sgn(µ)

g∏
r=1

Airkr

g∏
s=1

Ajsls

(3.12)= ε(i)ε(j)sgn(λ)sgn(µ)(detA)2,

where we have relabeledkλ(r) → kr and lµ(s+g)−g → ls . The term sgn(λ)sgn(µ) comes from
the rearrangement of thek’s andl’s in ε(k)ε(l), and we used the identity

ε(k)

g∏
r=1

Airkr = ε(i)detA.

Note that, for a fixedτ , there are, in general, several different choices for the mapη. If we
changeη → η′, we have

sgn(λ′) = sgn
(
η′ ◦ η−1)sgn(λ),

sgn(µ′) = sgn
(
η′−1 ◦ η

)
sgn(µ),

and then

sgn(λ′)sgn(µ′) = sgn(λ)sgn(µ).

Therefore, the product sgn(λ)sgn(µ) depends only onτ and not onη. We find that ifF(i, j)

is non-zero, then it depends on thei ’s andj ’s only through the productε(i)ε(j).
We now insert(3.12)into (3.9)and sum over all the sets of indicesi andj for which F(i, j)

is not null. We can arbitrarily choose the values ofi1, . . . , ig ; there areg! different possibilities.
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nt
We must choose thej ’s in such a way that there exists a functionη as above; this is a constrai
on the values ofjs−g , s ∈ I1. There are exactlym! different bijectionsη from I2 to I1. Finally we
can choose the values of the remainingg − m indicesju, for u ∈ D2, that gives a factor(g − m)!
We obtain

P(τ) = sgn(λ)sgn(µ)g!(g − m)!m!(detA)2. �
3.4. Evaluation ofL1 andL2

We now useTheorem 3to computeL1 andL2. These terms split into two contributions

Li = 2
(
LA

i +LB
i

)
,

where

(3.13)LA,B
i =

∑
ρ,σ∈B ′

2g−4

C(ρ)C̄(σ )

∫

Σ2g

L
A,B
i ,

and

LA
1 := X12(wρ(1→g−2))X34(wρ(g−1→2g−4))X̄12(wσ(1→g−2))X̄34(wσ(g−1→2g−4)),

LB
1 := X12(wρ(1→g−2))X34(wρ(g−1→2g−4))X̄34(wσ(1→g−2))X̄12(wσ(g−1→2g−4)),

LA
2 := X14(wρ(1→g−2))X23(wρ(g−1→2g−4))X̄12(wσ(1→g−2))X̄34(wσ(g−1→2g−4)),

LB
2 := X14(wρ(1→g−2))X23(wρ(g−1→2g−4))X̄34(wσ(1→g−2))X̄12(wσ(g−1→2g−4)).

Let us considerLA
1 . By the change of variableswρ(i) → wi we can replaceLA

1 in (3.13)by

X12(w1→g−2)X34(wg−1→2g−4)X̄12(wρ−1◦σ(1→g−2))X̄34(wρ−1◦σ(g−1→2g−4)).

We define the variables{xi}, i = 1, . . . ,2g, as

x1 := z1, xg+1 := z3,

x2 := z2, xg+2 := z4,

xi := wi−2, i = 3, . . . , g, xi := wi−4, i = g + 3, . . . ,2g.

Then, we have

LA
1 =

∑
ρ,σ∈B ′

2g−4

C(ρ)C̄(σ )P (τ),

whereP(τ) is the expression in the previous theorem andτ is the permutation

τ(1) = 1, τ (g + 1) = g + 1,

τ (2) = 2, τ (g + 2) = g + 2,

(3.14)
τ(i) = σ−1 ◦ ρ(i − 2), i = 3, . . . , g, τ (i) = σ−1 ◦ ρ(i − 4), i = g + 3, . . . ,2g.

Let us define

(3.15)n := Card
[
ρ
({1,2, . . . , g − 2}) ∩ σ

({g − 1, g, . . . ,2g − 4})],
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and notice that

n = Card
[{3,4, . . . , g} ∩ τ−1({g + 3, . . . ,2g})].

Since{1,2} ⊂ D1, andτ−1({g + 1, g + 2}) ⊂ D2, the above intersection corresponds to
setI2. Then, byTheorem 3with m = n we obtain

LA
1 =

g−3∑
n=0

Fng!(g − n)!n!(detA)2,

where

(3.16)Fn =
∑

(ρ,σ )∈B ′
2g−4(n)

C(ρ)C̄(σ )S(ρ,σ ).

Here the sum is over all the pairs(ρ,σ ) ∈ B ′
2g−4(n) ⊂ B ′

2g−4 × B ′
2g−4, such that the intersec

tion defined in(3.15)hasn elements, and

S(ρ,σ ) = sgn(λ)sgn(µ),

whereλ andµ are defined in(3.10) and (3.11), with η an arbitrary bijective function fromI2
into I1. Note thatλ(1) = 1, λ(2) = 2, µ(g + 1) = g + 1 andµ(g + 2) = g + 2.

A similar calculation can be performed forLB
1 . We use the same change of variables for

{wi} and the same definition for the variables{xi}. In this case, the permutationτ is given by

τ(1) = g + 1, τ (g + 1) = 1,

τ (2) = g + 2, τ (g + 2) = 2,

while the other entries are the same as in the previous case. We definen as in(3.15). In this case
{1,2} = τ−1({g + 1, g + 2}) ⊂ I2, so that, we can applyTheorem 3with m = n + 2 to get

LB
1 =

g−3∑
n=0

Fng!(g − n − 2)!(n + 2)!(detA)2,

whereFn is defined in(3.16). No extra minus sign comes from the product sgn(λ)sgn(µ). To
see this, notice that we can choose an arbitraryη in the definition, since this product does n
depend on this choice. We setη(1) = g + 1 andη(2) = g + 2, and obtainλ(1) = 1, λ(2) = 2,
µ(g +1) = g +1 andµ(g +2) = g +2. These are exactly the same relations as forLA

1 , and then
we get the same overall sign.

Let us now considerLA
2 andLB

2 . In the case ofLA
2 the permutationτ is defined by

τ(1) = 1, τ (g + 1) = 2,

τ (2) = g + 2, τ (g + 2) = g + 1,

while in the case ofLB
2 we have

τ(1) = g + 1, τ (g + 1) = g + 2,

τ (2) = 2, τ (g + 2) = 1.
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can

the

s. Then,
We have{1} ⊂ D1, {2} ⊂ I2, {g + 1} ⊂ I1 and{g + 2} ⊂ D2 in theLA
2 case, while{1} ⊂ I2,

{2} ⊂ D1, {g + 1} ⊂ D2 and{g + 2} ⊂ I1 in theLB
2 case. Thus, we setm = n + 1 and obtain

LA
2 = LB

2 = −
g−3∑
n=0

Fng!(g − n − 1)!(n + 1)!(detA)2.

The minus sign arises because of the product sgn(λ)sgn(µ). To see this in theLA
2 case, we

chooseη(2) = g +1 and obtainλ(1) = 1,λ(2) = 2,µ(g +1) = g +2 andµ(g +2) = g +1. The
interchangeg +1↔ g +2 in theµ permutation gives the minus sign. A similar computation
be performed forLB

1 .
Summarizing, we have

L1 = 2
g−3∑
n=0

Fng![(g − n)!n! + (g − n − 2)!(n + 2)!]22g(det ImΩ)2,

L2 = −4
g−3∑
n=0

Fng!(g − n − 1)!(n + 1)!22g(det ImΩ)2,

whereFn is defined in(3.16). We remark that these formulas hold for generic choices of
coefficientsC(ρ).

3.5. A condition on the building blocks

We claimed that the condition(3.8) is equivalent to the following constraint

(3.17)L1 = −2L2,

that is

(3.18)
g−3∑
n=0

Fn

[
(g − n)!n! + (g − n − 2)!(n + 2)! − 4(g − n − 1)!(n + 1)!] = 0.

Actually, we trivially have

3L1 =
∫

Σ2g

|H12,34|2 +
∫

Σ2g

|H13,42|2 +
∫

Σ2g

|H14,23|2,

3L2 =
∫

Σ2g

H12,34H̄13,42 +
∫

Σ2g

H12,34H̄14,23 +
∫

Σ2g

H13,42H̄14,23,

where, in each sum, the three terms are related each other by suitable changes of variable
the relation 3(L1 + 2L2) = 0 reads∫

Σ2g

|H12,34 +H14,23 +H13,42|2 = 0,

that is Eq.(3.8). On the other hand, if(3.8)holds, then∫
2g

|YS |2 =
∫
2g

|sH14,23 − tH12,34|2 = (
s2 + t2)L1 − 2stL2.
Σ Σ
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Since
∫
Σ2g |YS |2 is proportional tos2 + t2 + u2 = 2(s2 + t2 + st), this implies(3.17). Note that

we can use the formulas forL1 andL2 to evaluate
∫
Σ2g |YS |2.

In the following we will consider the general solutions for the constraints(3.18)in the cases
g = 3 andg = 4 and then we will propose a simple solution for generalg. In this case, we wil
also compute the integral

∫
Σ2g |YS |2.

In the caseg = 3, there are two additional pointsw1 andw2. There is only a permutatio
in B ′

2g−4; its coefficientC is just a normalization ofHij,kl . We haveF0 = |C|2 and the condi-
tion (3.18)is an identity.

For g = 4, we have four additional pointsw1, . . . ,w4 and three different permutations
B ′

2g−4

ρ1 = (1,2,3,4), ρ2 = (1,4,3,2), ρ3 = (1,3,2,4),

with coefficientsC1,C2,C3, respectively. Computing the signsS(ρi, ρj ), i, j = 1,2,3, we find

F0 = |C1|2 + |C2|2 + |C3|2,
F1 = 2 Re(C1C̄2 − C2C̄3 + C3C̄1),

and the condition(3.18)gives

|C1 − C2 − C3|2= 0.

Thus, we have infinite real or complex solutions for the coefficientsC1,C2,C3.
For generalg, there always exists a rather simple solution to(3.18). Let us denote byS′

2g−4 ⊂
B ′

2g−4 the set of all permutationsρ such that

(3.19)ρ(i) =




1 i = 1,

i or i + g − 1 i = 2, . . . , g − 2,

g − 1 i = g − 1,

i or i − g + 1 i = g, . . . ,2g − 4.

At genusg, this set has 2g−3 elements. Then, set

C(ρ) =
{

1 ρ ∈ S′
2g−4,

0 otherwise,
where we absorbed a possible overall constant inBg in (1.2). In the following we show that thi
is a solution to(3.18).

Fix a pair (ρ,σ ) ∈ S′
2g−4, and defineτ as in (3.14). Each elementr ∈ I2 is given byr =

τ−1(r + g − 1). Thus, we can chooseη(r) = r + g − 1, and we haveλ = µ = id. This means
thatS(ρ,σ ) = +1 for all ρ,σ ∈ S′

2g−4.

Let us now computeFn. SinceC(ρ)C̄(σ )S(ρ,σ ) = 1 for all ρ,σ ∈ S′
2g−4, it follows thatFn

is just the number of pairs(ρ,σ ) satisfying(3.15). We can chooseρ arbitrarily; the permutation
σ satisfying(3.15)are in one to one correspondence with the ways of choosingn elements in the
set{2, . . . , g − 2}. Thus

Fn = 2g−3 (g − 3)!
(g − n − 3)!n! ,

and by(3.18), we obtain the condition

g−3∑
(g − n − 2)

[
(g − n)(g − n − 1) + (n + 1)(n + 2) − 4(g − n − 1)(n + 1)

] = 0.
(3.20)n=0
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Now observe that the identity

(3.21)
g−3∑
n=0

(g − n − 2)(n + 2)(n + 1) =
g−3∑
n=0

(n + 1)(g − n − 1)(g − n − 2),

which follows by a redefinitionn → g − n − 3, also implies

g−3∑
n=0

(g − n − 2)
[
(g − n)(g − n − 1) + (n + 1)(n + 2)

]

= (g + 1)

g−3∑
n=0

(g − n − 1)(g − n − 2),

and

4
g−3∑
n=0

(n + 1)(g − n − 1)(g − n − 2) = 2(g + 1)

g−3∑
n=0

(n + 1)(g − n − 2).

Then,(3.20)reduces to

g−3∑
n=0

(g − 3n − 3)(g − n − 2) = 0,

which is an identity, as one can verify using

(3.22)
g−3∑
n=0

n2 = 1

6
(g − 2)

[
2(g − 2)2 − 3(g − 3) − 2

]
.

Thus, we have found a simple form for the building block

Hij,kl =
∑

ρ∈S′
2g−4

[
Xij (wρ(1→g−2))Xkl(wρ(g−1→2g−4))

(3.23)+ Xkl(wρ(1→g−2))Xij (wρ(g−1→2g−4))
]
,

whereS′
2g−4 is the subgroup of the permutationsρ satisfying(3.19). By (3.17)and the kinematic

relations + t + u = 0, we have∫

Σ2g

|YS |2 = −(
s2 + t2 + u2)L2.

Eq.(3.23)gives

−L2 = 23g−1g!(g − 3)!
g−3∑
n=0

(g − n − 1)(g − n − 2)(n + 1)(det ImΩ)2,

and by(3.21) and (3.22), we get
∫

Σ2g

|YS |2 = 23g−3

3
(g + 1)!(g − 2)!(g2 − 7g + 18

)(
s2 + t2 + u2)(det ImΩ)2.
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4. Conclusions

The 2-loop 4-point superstring amplitude, in the slice independent formulation[1], shows an
unexpectedly simple shape and suggests some possible generalization to higher genus.
conjecture is that the measure on the moduli space is (the restriction of) the modular in
measure on the Siegel upper half-space derived in[20]. Furthermore, we argued that the ba
building block generalizing the terms∆(zi, zj )∆(zk, zl) in the genus 2 formula, is a sum of term
made of product of 2 determinants of holomorphic Abelian differentials. So that, we are na
lead to the following formula

A
g-loop
4 = Bg

∫
Mg

|detg|1/2dΞ1 ∧ · · · ∧ dΞ̄3g−3Fg(ki).

In the case of non-hyperelliptic Riemann surfaces of genus 3 we have

A
3-loop
4 = B3

∫
M3

|∧3
i�j dΩij |2

(det ImΩ)4

∫

Σ6

|YS |2
(det ImΩ)2

e
−∑

i<j ki ·kj G(zi ,zj )
,

where, since there are only two extra points, there is only a possible choice forHij,kl , namely

Hij,kl = detω(zi, zj ,w1)detω(zk, zl,w2) + detω(zi, zj ,w2)detω(zk, zl,w1).

In the case of genusg � 4 the definition ofHij,kl requires choosing a set of permutations o
the 2g − 4 points{wk} and their relative coefficients. The simplest choice is

H12,34 = X12(w1→g−2)X34(wg−1→2g−4) + X34(w1→g−2)X12(wg−1→2g−4).

In the paper we considered the simplest generalization of(1.1). However, more general fo
mulas for the building blocksHij,kl can be constructed in terms of products of 4 determin
like detωi(xj ), times suitable functions of the kinematical variables. In the four matricesωi(xj ),
j = 1, . . . ,4g each pointxj corresponds either to one of the insertion pointsz1, . . . , z4, or to one
of the 4g − 4 additional points{wi}, to be eventually integrated away. The integration may
factors that cancel some power in the overall(det ImΩ)4 in the denominator inserted to balan
the modular transformations of the four determinants and their complex conjugated. Th
basic step in defining such building blocks is the distribution of the pointsz1, . . . , z4 and{wi} in
such matrices. There are several different ways to implement such a distribution. In par
with respect to the position of the pointsz1, . . . , z4, in the determinants, there are five possibilit

detω(zi,w . . .)detω(zj ,w . . .)detω(zk,w . . .)detω(zl,w . . .),

detω(zi, zj ,w . . .)detω(zk,w . . .)detω(zl,w . . .)detω(w . . .),

detω(zi, zj ,w . . .)detω(zk, zl,w . . .)detω(w . . .)detω(w . . .),

detω(zi, zj , zk,w . . .)detω(zl,w . . .)detω(w . . .)detω(w . . .),

(4.1)detω(zi, zj , zk, zl,w . . .)detω(w . . .)detω(w . . .)detω(w . . .),

wherew . . . is a permutation of a subset of suitable cardinality of{wi}. Note that the last two
combinations of determinants may appear only atg � 3 and,g � 4 respectively. In the cas
of determinants which do not contain any insertion pointzi , the integration over the addition
points leads to overall factors det ImΩ reducing the power of(det ImΩ)4 in the denominator.
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In some cases, this mechanism leads to formulas involving the product of two determina
considered in this paper. However, in principle, there could be some interesting generali
which require combinatorial analysis of rapidly growing complexity.

Remarkably, the construction suggests a natural generalization to then point functions, where
the products ofn determinants may still play the role of building blocks. On the other hand, a
moment we can hardly derive the exact kinematical factors they are associated to. An ex
of our analysis and the symmetry properties of the amplitudes, could, in principle, con
the possible shape of such functions. We also note that the systematic use of the deter
of holomorphic one-differentials, may lead to control the factorization properties in the va
degeneration limits. This would suggest the appearance of an integrable structure relate
cohomology ofM̄g .
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