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ABSTRACT. Let R and S be arbitrary associative rings. A left R-
module gW is said to be cotilting if the class of modules cogenerated
by rW coincides with the class of left R-modules for which the func-
tor Extk(—, W) vanishes. In this paper we characterize the cotilting
modules which are pure-injective. The two notions seem to be strictly
connected: indeed all the examples of cotilting modules known in the
literature are pure-injective. We observe that if RWs is a pure-injective
cotilting bimodule, both R and S are semiregular rings and we give a
characterization of the reflexive modules in terms of a suitable “linear
compactness” notion.

INTRODUCTION

Cotilting modules first appeared as vector space duals of tilting modules
over finite dimensional algebras [11, IV, 7.8]. Recently they have been in-
troduced [4] in the framework of modules over arbitrary associative rings,
acquiring a proper independent role. The cotilting modules generalize the
notion of injective cogenerator: they are injectives with respect to short
exact sequences of modules cogenerated by them.

For arbitrary rings R and S, a Morita duality between left R-modules and
right S-modules is given by the contravariant Hom functors associated to
a Morita bimodule, i.e. a faithfully balanced bimodule pWg with gpW and
Ws both injective cogenerators. One of the major component in the theory
of Morita dualities is Miiller’s theorem [12] which states that the reflexive
modules are precisely the linearly compact modules. If gWg is a Morita
bimodule, both R and S are semiperfect rings [15, Theorem 2.7].

For arbitrary rings R and S, a cotilting duality between left R-modules
and right S-modules is given by the contravariant Hom functors and the
contravariant Ext functors associated to a cotilting bimodule, i.e. a faithfully
balanced bimodule gWg with both g and Wy cotilting modules (see [3]).

All known examples of cotilting modules are pure-injective. In this paper
we characterize the pure-injective cotilting modules. We observe that if
rWg is a pure-injective cotilting bimodule, both R and S are semiregular
rings and we give a characterization of the reflexive modules in terms of a
suitable “linear compactness” notion.
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1. ABOUT THE PURE-INJECTIVITY OF A COTILTING MODULE

Let R be an associative ring with 1 # 0. We denote by R-Mod the
category of left unitary R-modules and their homomorphisms. Given a left
R-module W, we consider the following classes:

e Cogen W denotes the class of all left R-modules cogenerated by pW,
that is all M in R-Mod such that there exist a cardinal A and a
monomorphism M — W?;

e L1V denotes the class of all left R-modules M such that Ext}(M, W) =
0.

A left R-module rW is said to be cotilting [4] if Cogen kW = +W. The
cotilting modules generalize injective cogenerators: clearly rkW is an injec-
tive cogenerator if and only if both the classes Cogen gW and ~W coincide
with the whole category of left R-modules.

A short exact sequence

O—-K—-L—-M-—0

is said to be pure if any morphism P — M, with P finitely presented, lifts
to a morphism P — L.

Definition 1.1. A module gW is pure-injective if it is injective with respect
to any pure exact sequence.

All known examples of cotilting modules are pure-injective. It naturally
arises the question how the two notions are related.

Proposition 1.2. Let W be a cotilting module. If the class Cogen W is
closed under direct limaits, then W is pure-injective.

Proof. Let us show that for any pure exact sequence 0 - A — B —
C — 0 and for any map f : A — W there exists a map g making the
following diagram commute:

Replacing A <+ Bby A/ Rejyy A <> B/ Rejyy A, we can assume that Rejyy A =
0. The pure exact sequence 0 - A — B — C — 0 is a direct limit of split
exact sequences 0 — A — B; — C; — 0 with C; finitely presented (cf. 34.2
[13]). For each index i we have the commutative diagram with exact rows
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and columns

o)

Rejy Bi Rejy C;

0 A B; C; 0

: i

0 —> A — B;/Rejyy Bi —= C;/ Rejy, Ci — 0

Applying the direct limit functor we get

~

lim Rejy B; lim Rejy, C;

| |

0 A B C 0

i i

Since lim Rejy, B; is in the kernel of Hom(—, W) and lim(B;/ Rejy B;) be-
- —

longs to Cogen W by the assumption, we infer that lim(B;/ Rejy B;) =

B/ Rejy B. Also h_H)l(CZ/ Rejyy C;) belongs to Cogen W = +W. So f can

be extended to a morphism ¢’ : B/ Rejyy B — W; the composition of ¢’ with

the canonical projection B — B/ Rejy B yields the desired map g. =

In the cotilting case, since Cogen W = LW, the hypothezed closure under
direct limits of the class of modules cogenerated by W is suggested by the
following proposition.

Proposition 1.3. If RW is a pure-injective module, then ﬁW is closed
under direct limits.

Proof. Consider a direct system {M; : i € I} in “W. The canonical
exact sequence
0— K — ®jerM; — lim M; — 0
el
is pure (cf. [13, 33.9, (2)]). Applying Homp(—, W) we get the long exact
sequence

.. — Hom(®je 1 My, W) 2> Hom(K, W) — Exth(lim M;, W) —
el
— BExth(®ierM;, W) = 0.

Since W is pure-injective, f is surjective; so li_n)lie[ M; belongs to *W. =
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This result has been used in [8, Lemma 9] to prove that, if C is a class
of pure-injective modules, every module M which has a +C-precover has a
LC-cover (see [14] for an extensive introduction to theory of (pre)covers and
(pre)envelopes of modules, including various recent results).

Corollary 1.4. If gW is a cotilting module, then W is pure-injective if and
only if Cogen W is closed under direct limits. In such a case any module
has a Cogen W -cover.

Proof. The first claim follows by Propositions 1.2 and 1.3. The second
one follows by [1, Corollary 2.6]. =

Open Problem 1.5. Are all cotilting (bi)modules pure injective?

It is well known that the endomorphism rings of a Morita bimodule are
semiperfect; indeed a Morita bimodule is injective and finitely cogenerated
on both sides (see [15, Theorem 2.7, Proposition 1.19]). We are able to
give an analogous result for cotilting bimodules, assuming the closure under
direct limits of the classes cogenerated by them. We recall that a ring R
is said to be semiregular if R/J(R) is regular and the idempotents lift over
the Jacobson radical J(R).

Proposition 1.6. Let gWg be a pure-injective cotilting bimodule, i.e. faith-
fully balanced and cotilting and pure-injective on both sides. Then both R
and S are semireqular rings.

Proof. The notions of pure-injective and algebraically compact module
coincide (cf. [13, 34.4]). Then, by [16, Theorem 9], R and S are both
semiregular. m

Remark 1.7. Observe that if the ring R is regular, the classes of pure-
injective and of injective R-modules coincide [13, 37.6]. Therefore pure-
injective cotilting bimodules which are not Morita bimodules “live in the
space between semiregular and regular rings”.

2. CHARACTERIZING THE REFLEXIVE MODULES

Let RpWg be an arbitrary bimodule. In the sequel we denote by A the
functors Homo(—, W), and by I the functors Ext3(—, W), where ? stands for
R or S. We denote by A% both the compositions Homz(Homg(—, W), W)
and Homg(Hompg(—, W), W). Given a (left R, or right S)-module M, we
denote by ) the canonical homomorphism M — A2?(M) defined by m
[f — f(m)]. A module M is called reflexive (resp. torsionless) if dps is an
isomorphism (resp. monomorphism).

Clearly a torsionless module M is reflexive if and only if the evaluation
map &)y is surjective. Endowed M and A?M with any topology, the surjec-
tivity of dps can be tested in a topological way asking for Im d,s to be both



COTILTING VERSUS PURE-INJECTIVE MODULES 5

dense and closed in A%2M. As the approach of Miiller [12] to the classical
case of Morita dualities suggests, we introduce topological tools in order to
characterize the reflexive modules.

Let us endow A2M with the finite topology ¢: the linear topology for
which the family of submodules V(F) = {a € A2M : o(F) = 0}, where F'
is a finite subset of AM, is a base for the filter of neighbourhoods of zero.

Let us endow W with the discrete topology. Given any torsionless module
M, we associate with each subset A of AM the weak topology with respect to
morphisms in A, denoted by 74. By definition 74 is the coarsest topology on
M such that all morphisms in A are continuous: it is a linear topology with
a base for its filter of neighbourhoods of zero formed by finite intersections of
kernels of morphisms in A. In the sequel the topology 7aas will be shortly
denoted by 7. Note that 7 is the maximum element of the set of linear
topologies {74 : A C AM?} partially ordered by inclusion.

Let L, be a linearly topologized module. Denote by H the o-closure of
zero in L. Note that H is equal to the intersection of all neighbourhoods of
zero and, since o is a linear topology, ¢ is Hausdorff if and only if H = 0. A
o-Cauchy net in L is a family X, A € A, indexed by the upwards directed
partially ordered set A, such that for every neighbourhood U of zero there
exists an upper subset A’ of A with zy — xy € U for every A\, X' € A’.
The topology o is complete, i.e. any o-Cauchy net in L converges in L,
if and only if the topological quotient L/H is complete (see [2, chap. 3,
§2]). Note that a closed submodule of a complete module is complete. The
completion of L/H is called the Hausdorff completion of L: denoted by
J = {Jx : A € A} a base for the filter of neighbourhoods of zero in L,
consisting of open submodules, it coincides with the inverse limit anL /I
(see [9, Proposition 13.7]).

Proposition 2.1. Let M be a torsionless module.
(i) The topologies T on M and ¢ on A*M are Hausdorff.
(ii) s : My — A2M,, is a topological embedding.
(iii) The topology @ on A2M is complete.

Proof. (i) Since M is cogenerated by W, there exists a set X and the
following maps

M WX TSy

Clearly {0} is the intersection of Ker(m, i), z € X. Since any Ker(m, o) is
7-open and hence 7-closed, 7 is Hausdorff. Let us consider the topology .
The open submodules V(F) = {a € A2M : o(F) = 0}, with F finite subset
of AM, have intersection zero: hence ¢ is Hausdorff.

(ii) It follows from the fact that for any finite subset F' of AM we have

V(E) Noym(M) = {on(m) : f(m) =0V f € F} = du(Ner Ker f).
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(iii) The topological module A2M,, is a closed submodule of W2 en-
dowed with the product of the discrete topologies. Since the product of
complete topologies is also complete, we can conclude. =

Corollary 2.2. FEach reflexive module M endowed with the topology T is
complete.

Proof. 1If M is reflexive, dps is an isomorphism. Therefore, by Propo-
sition 2.1, (ii), it is a topological isomorphism. We conclude by Proposi-
tion 2.1, (iii). m

Proposition 2.3. For a torsionless module M the following statements are
equivalent

(i) M 1is reflexive.

(ii) 7 is a complete topology and dpr (M) is dense in A2 M,,.

Proof. (i) = (ii): it follows by Corollary 2.2.

(ii) = (i): since 7 is complete, by Proposition 2.1 dp;(M) is a complete,
and hence closed, topological submodule of A2M,,. Being dp/(M) dense in
A?M,, and ¢ an Hausdorff topology, dy is an isomorphism. =

As suggested by Miiller [12] in the case of Morita dualities, we look for
a suitable notion of compactness for a module M in order to guarantee the
completeness of the topology 7 on M.

Note that §p7(M) is dense in A2M,, if and only if for each a in A?M and
fi, «-., fn in AM there exists m in M such that a(f;) = fi(m) for each
i=1,...,n. Following [10], a module M satisfying the above property will
be called W -dense.

Definition 2.4. Let M be a torsionless left R-module. A submodule K of
M is called W-closed if M /K is torsionless (see [10, §2]). A linear topology
on M is said to be a W-topology if it has a basis of neighbourhoods of zero
consisting of W-closed submodules.

Each W-closed submodule K of M is closed in M. Indeed, for a suitable
set X, there exist the following maps

M T MK S WX T W

Then, K = (,cx Ker(m; o i o ) is closed, since it is an intersection of open
and hence closed submodules. The converse is not true in general.

Example 2.5. Let R denote the k-algebra given by the quiver 1 — 2 — 3.
It is easy to verify that rRp is a cotilting bimodule. Consider the projective
R-module P(2). The topology Tap(2) is discrete since P(2) embeds in rR.
Therefore each submodule of P(2), in particular the simple module S(3),
is closed. Nevertheless S(3) is not a R-closed submodule of P(2), since
P(2)/5(3) =2 S(2) is not cogenerated by rR.
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Definition 2.6. A left R-module M is said to be W -linearly compact (see
[10, §3]), briefly W-lc, (resp. HW -linearly compact, briefly HW-lc) if it is
complete in any W-topology (resp. in any Hausdorff W-topology).

Analogously to the usual linear compactness, a left R-module M is W-
linear compact if and only if any finitely solvable system of congruences
x = x) mod M)y, where {M) : A € A} is a downwards directed collection
of W-closed submodules of M, is solvable. Similarly a module M is HW-
linearly compact if and only if it satisfies the previous condition restricted
to downwards directed collections of W-closed submodules of M with inter-
section equal to zero.

Proposition 2.7. Let pM be a torsionless left R-module. If M is HW -
linearly compact, then M 1is complete in the topology T.

Proof. Since the intersection of the kernels of a finite number of elements
of AM is a W-closed submodule of M, 7 is a W-topology. Since M is
torsionless, by Proposition 2.1 the topology 7 is Hausdorff. Since M is
HW-lc, T is complete. =

Corollary 2.8. Let g M be a torsionless left R-module. If M is HW -linearly
compact and W -dense, then M 1is reflexive.

Proof. It follows by Propositions 2.3 and 2.7. =

We can obtain a more precise result for cotilting bimodules.

Theorem 2.9. Let RWg be a cotilting bimodule. For a torsionless left R-
module M the following statements are equivalent:

(a) M is HW -linearly compact and W -dense.
(b) M is reflexive and T is the unique Hausdorff topology among those
induced by subsets of AM.

Proof. (a = b) By Corollary 2.8 we only have to prove that 7 is the
unique Hausdorff topology induced by subsets of AM. Since 7 is the max-
imum element in {74 : A C AM}, it is sufficient to prove that if 74 is
Hausdorff, then 7 is coarser than 74 and hence 74 = 7.

Let F be a finite subset of A. We denote by fr : M — W the diagonal
morphism. Let Mp = ﬂfeFKerf = Ker fp and Np := M/Mp. By [3,
Proposition 5] both the left R-modules Mp and N are reflexive. We call
g the induced map M — Np. Since {Mp : F C A, F finite} is a base
for the filter of 74-neighbourhoods of zero consisting of open submodules,
liLnN r is the Hausdorff completion of M endowed with the topology 74.

But, since 74 is an Hausdorff W-topology and, by hypothesis, M is HW -
le, 74 is complete: thus M = liLnNF.

Applying the functors A and lim to the exact sequences

()—>MF—>MHNF—>()
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we get the exact sequence of right S-modules
lim A(7p)
(%) 0—>li_r)nANF_>—> AM—>li_r>nAMF—>O.
Now A(lim A(7r)) = @AQ(WF) = lim7p is an isomorphism. Then, from
the exact sequence
A(lim A(rg))
0 — AlimAMp — A2M  —— Alim ANp — T'lim AMp — 0,
— — —

we get lim AMp belongs to Ker AN KerI' = 0. Hence AM = lim ANp.

Let now g be in AM. Since g belongs to A(mp)(Np) for some finite subset
F of A, there exists a morphism h : Ng — W such that ¢ = homp. Then
since Ker g O Kermp = fer Ker f, Ker g is T4-open: therefore 7 is coarser
than 74.

(b = a) We only have to prove that M is HW-lc. Let o be a Hausdorff
W -topology on M. By definition ¢ has a basis B for the filter of neighbour-
hoods of zero consisting of W-closed submodules; since ¢ is Hausdorff, the
intersection of elements in B is equal to zero. Observe that any element V'
of B is the intersection of the kernels of a (not necessarily finite) subset Ay
of AM. Let A the union UycpAy. If f belongs to Ay, Ker f contains V'
and hence it is g-open. Therefore the topology 74 is coarser than o. Since

NreaKer f = NyepV = {0},

0 is a closed subset of M;,, i.e. 74 is Hausdorff. By hypothesis 74 = 7
and, since M is reflexive, by Proposition 2.3 74 is complete. By [2, Propo-

sition II1.3.10], also the topology o is complete. =

Lemma 2.10. Let gWg be a cotilting bimodule with Cogen Wy closed under
direct limits. Let M be a reflexive left R-module. Then T is the unique
Hausdorff topology among those induced by subsets of AM.

Proof. We can follow the first two paragraphs of the proof of Theo-
rem 2.9, (a = b). Applying the functors A and lim to the exact sequence

O—>MF—>MHNF—>O

we get the exact sequence

. lim A () .
(1) 0 —-lmANr 7 — AM — limAMp — 0.
- —

of right S-modules. Observe that h_H)l A My again belongs to Ker I' = Cogen W
since, by hypothesis, Cogen W is closed under direct limits. Moreover

Alim AMp = lim A’ Mp = lim Mp = Ngea Ker f = 0.
Therefore, since Ker AN KerI' = 0, we get lim AMp = 0. Hence AM =

I'LQAN . We can thus conclude following the last paragraph of the proof
of Theorem 2.9, (a = b). =
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Thus we obtain the characterization of reflexive modules for pure-injective
cotilting bimodules.

Theorem 2.11. Let pWg be a pure-injective cotilting bimodule. For a tor-
sionless module M the following are equivalent:

(a) M is reflezive.

(b) M is HW -linearly compact and W -dense.

(¢) M is W-linearly compact and W -dense.

Proof. (¢ = b= a) They follow by Definition 2.6 and by Theorem 2.9.

(a = ¢) Trivially M is W-dense. Let o be a W-topology on M and let
H < M be the 7-closure of zero. Since H is a W-closed submodule of M,
M/ H is reflexive (see [3, Proposition 5]). By Theorem 2.9 and Lemma 2.10
M/H is HW-lc and hence complete endowed with the quotient topology of
7. Therefore M, is complete. =

In [12] Miiller proved that if pWg is a Morita bimodule, a module M
is reflexive if and only if it is linearly compact in the discrete topology
if and only if it is complete in any Hausdorff linear topology. In such a
case W cogenerates the whole category of modules, hence any submodule
is W-closed. Therefore the notions of W-linear compactness, of HW-linear
compactness and of linear compactness in the discrete topology coincide. In
our setting a density condition comes out. Let us better investigate its role.

Proposition 2.12. Let gWg be a bimodule such that Cogen Wg C KerI'. A
left R-module M is W-dense if and only if Im(f) is a reflexive left R-module
for every f € Homp(M,W™), (n € N).

Proof. Let us consider for each f in Hom(M,W™), n € N, the follow-
ing commutative diagram of linearly topologized modules and continuous

morphisms
f
W?’l
Xf& /
M

ImeAImf

i(slmf

AQEf
A2M, —— A%Im f,

M,
§

where ¢’ is the finite topology on A?Im f. Since Im f < W™, Tao1m s is the
discrete topology; in particular it is complete.
Suppose that M is W-dense. Applying A to the exact sequence 0 —

A
Kerf — M A Im f — 0, we get the exact sequence 0 — Alm f (—€>f)
AM — C — 0 with C in Cogen Wg. Since Cogen Wg C KerT', A%(ey) is
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an epimorphism. Therefore, the W-density of M implies the W-density of
Im f. By Proposition 2.3, Im f is reflexive.

Conversely, let fi,..., f, be in AM. We denote by f : M — W™ their
diagonal morphism, m — (fi(m),..., fn(m)), and by s .y the usual fac-
torization of f through Im f. Since Im f is reflexive, for each a in A?M
there exists m, in M such that

A?(ep) () = O £(f (Ma))-
In particular, denoted by p; : Im f — W the i-th projection, we have

(A%(ep) (@) (pi) = A Alep))(pi) = alpi o ) = o fi)

(Om £ (f(ma))(pi) = pi(f(ma)) = fi(ma);

therefore av and dp7(mg) coincide on f1,..., f,. Therefore M is W-dense.

If pWyg is a Morita bimodule, then the class of reflexive modules contains
W and it is closed under submodules and finite direct sums. Therefore the
W-density condition is always satisfied: any module M is W-dense.

This is not the case for cotilting bimodules.

Example 2.13. Let k& be an algebraically closed field. Denote by A the
generalized Kronecker algebra of dimension Xy over k given by the quiver

with a countable set of arrows from 1 to 2, i.e. the ring of lower triangular

matrices
((j 2>:{<Z 2):a,b€k,v€V}

where V' is a k-vector space of dimension X (see [6, 7]). Then, by [7, Lemma
2.2], A is a hereditary, coherent and perfect ring. It is easily verified that
AA4 is a cotilting bimodule and Cogen(A) consists of projective modules,
while Ker(A) contains exactly the modules without projective direct sum-
mand. The reflexive modules coincide with finitely generated projective
modules [7, Lemma 2.3]. Denote by ej, es the primitive idempotents, i.e.

10 00 '
e1:<0 0),62:<0 1)-LetPiZAeianinzeiA,z:l,zThe
)

socle S of P; is isomorphic to P2(NO ; therefore it is a not reflexive submodule
of A. By Proposition 2.12 S is not A-dense.
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In [5, Definition 1.2] Colpi and Fuller introduced the W -torsionless linear
compactness, a generalization of the notion of linear compactness with re-
spect to the torsion theories associated to a cotilting bimodule pWg. They
prove that if a module is W-torsionless linearly compact, then it is reflexive,
i.e. (see Proposition 2.3) 7 is a complete topology and M is W-dense.

Our notion of W-linear compactness is strong enough to assure the com-
pleteness, but to obtain the A-reflexivity we need to assume explicitly the
W-density. Assuming rWW and Wg pure-injective (as in all examples known
in the literature), these two notions together completely characterize the
classes of reflexive modules. The notion of W-torsionless linear compact-
ness is too strong to characterize the classes of reflexive modules in the
general case; this happens if and only if the classes of reflexive left R- and
right S- modules are closed under submodules [5, Corollary 1.9]. Observe
that in this case, by Proposition 2.12, any module is W-dense. Adding the
hypotheses of both the contexts we get

Corollary 2.14. Let gWg be a pure-injective cotilting bimodule. Assume
the classes of reflexive left R- and right S- modules being closed under sub-
modules. For a module M, the following statements are equivalent:

(a) M is reflezive;

(b) M is W-torsionless linearly compact;

(¢) M is W-linearly compact.
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