IOPScience

Home

Search Collections Journals About Contactus My IOPscience

WKB to all orders and the accuracy of the semiclassical quantization

This content has been downloaded from IOPscience. Please scroll down to see the full text.

1997 J. Phys. A: Math. Gen. 30 1711
(http://iopscience.iop.org/0305-4470/30/5/031)

View the table of contents for this issue, or go to the journal homepage for more

Download details:

IP Address: 147.162.110.99
This content was downloaded on 22/01/2017 at 13:15

Please note that terms and conditions apply.

You may also be interested in:

iopscience.iop.org

WKB expansion for the angular momentum and the Kepler problem: from the torus quantization to the

exact one
Marko Robnik and Luca Salasnich

On the convergence of the WKB series for the angular momentum operator

Luca Salasnich and Fabio Sattin

Exact WKBexpansions for some potentials
Valery G Romanovski and Marko

Robnik
Study of regular and irregular states in generic systems

Gregor Veble, Marko Robnik and Junxian Liu

Failure of semiclassical methods to predict individual energy levels
T Prosen and M Robnik

The accuracy of semiclassical quantization for an integrable system - the hyperspherical billiard

Saar Rahav, Oded Agam and Shmuel Fishman

On spectral statistics of classically integrable systems
Marko Robnik and Gregor Veble

Some properties of WKBseries
Marko Robnik and Valery G Romanovski

Energy level statistics in the transition region between integrability and chaos

T Prosen and M Robnik


http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/30/5
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience
http://iopscience.iop.org/article/10.1088/0305-4470/30/5/032
http://iopscience.iop.org/article/10.1088/0305-4470/30/5/032
http://iopscience.iop.org/article/10.1088/0305-4470/30/21/028
http://iopscience.iop.org/article/10.1088/0305-4470/33/47/315
http://iopscience.iop.org/article/10.1088/0305-4470/32/36/306
http://iopscience.iop.org/article/10.1088/0305-4470/26/2/003
http://iopscience.iop.org/article/10.1088/0305-4470/32/41/305
http://iopscience.iop.org/article/10.1088/0305-4470/31/20/008
http://iopscience.iop.org/article/10.1088/0305-4470/33/28/312
http://iopscience.iop.org/article/10.1088/0305-4470/26/10/010

J. Phys. A: Math. Ger30 (1997) 1711-1718. Printed in the UK Pll: S0305-4470(97)76760-X

WKB to all orders and the accuracy of the semiclassical
guantization

Marko Robnik§ and Luca Salasnidtj

1 Centre for Applied Mathematics and Theoretical Physics, University of Maribor, Krekova 2,
SLO-2000 Maribor, Slovenia

i Dipartimento di Matematica Pura ed Applicata, Universit Padova, Via Belzoni 7, 1-35131
Padua, ltaly, and Istituto Nazionale di Fisica Nucleare, Sezione di Padova, Via Marzolo 8,
1-35131 Padua, Italy

Received 17 October 1996, in final form 21 November 1996

Abstract. We perform a systematic WKB expansion to all orders for a one-dimensional system
with potentialV (x) = Up/ cos (ax). We are able to sum the series to the exact energy spectrum.
Then we show that at any finite order the error of the WKB approximation measurés in
natural units of the mean energy level spacithges not go to zero when the quantum number
goes to infinity. Therefore we make the general conclusion that the semiclassical approximations
fail to predict the individual energy levels within a vanishing fraction of the mean energy level
spacing.

1. Introduction

In recent years many studies have been devoted to the transition from classical mechanics
to quantum mechanics. These studies are motivated by the so-called quantum chaos (see
Ozorio de Almeida 1990, Gutzwiller 1990, Casati and Chirikov 1995). An important aspect

is the semiclassical quantization formula of the energy levels for integrable and quasi-
integrable systems, i.e. the torus quantization initiated by Einstein (1917) and completed by
Maslov (1972, 1981). As is well known, the torus quantization is just the first term of a
certainfi-expansion, the so-called WKB expansion, whose higher terms can be calculated
with a recursion formula at least for one degree systems (Dunham 1932, Beradd977,

Voros 1983).

Recently it was observed by Prosen and Robnik (1993) and also €fraff(1994) that
the leading-order semiclassical approximation fails to predict the individual energy levels
within a vanishing fraction of the mean energy level spacing. This result has been shown
to be true also for the leading (torus) semiclassical approximation by Salasnich and Robnik
(1996).

In this paper we analyse a simple one-dimensional system for which we are able to
perform a systematic WKB expansion to all orders resulting in a convergent series whose
sum is identical to the exact spectrum. For this system we show that any finite order WKB
(semiclassical) approximation fails to predict the individual energy levels within a vanishing
fraction of the mean energy level spacing.

& E-mail address: robnik@uni-mb.si
|| E-mail address: salasnich@math.unipd.it
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2. The system and the WKB expansion method

The Hamiltonian of the system is given by
2

H= pﬂ F V(&) @
where
— UO

Of course, the Hamiltonian is a constant of motion, whose value is equal to the total
energyE. To perform the torus quantization it is necessary to introduce the action variable

1 v 2m
I:E%pdx:—(«/f—\/Uo). (3)
o
The Hamiltonian as a function of the action reads
()(2 Uo
H=_—1I?+2a,/—1+U, 4
om' T gyt T @
and after torus quantization
I=0w+Hh (5)
wherev =0, 1,2, ..., the energy spectrum is given by
2
1 1
E¥ " =A )+ B 6
o=af(v3)+ 21] ©

whereA = «?h?/(2m) and B = /8nUy/(ah).

The Schédinger equation of the system

R? d?

[  2mdx?

can be solved analytically (as shown in Landau and Lifshitz 1978gdd 1971) and the
exact energy spectrum is

+ V(X)}lﬂ(x) = Ey(x) Q)

1\ 1 2
ESX:A[<v+>+ 1+BZ} (8)
2 2
wherev =0,1,2,.... We see that the torus quantization does not give the correct energy

spectrum, but it is well known that the torus quantization is just the first term of the
WKB expansion. To calculate all the terms of the WKB expansion we observe that the
wavefunction can always be written as

i

V(x) = exp<}_lo(x)> )

where the phase (x) is a complex function that satisfies the differential equation

o"?(x) + (ﬁ)o”(x) =2m(E — V(x)). (10)

i
The WKB expansion for the phase is given by

[ee) E k
o(x) = Z (I> o (x). (11)

k=0
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Substituting equation (11) in (10) and comparing like powers:afives the recursion
relation @ > 0)

o’ = 2m(E — V(x)) olo)_+0o/ ,=0. (12)
k=0

The quantization condition is obtained by requiring that the wavefunction be single-

valued:
o) 7\ k
fda => (’T) ygdak =27h v (13)
k=0

wherev =0, 1, 2, ... is the quantum number.
The zeroth-order term, which gives the Bohr—Sommerfeld formula, is given by

?gdao = 2/ dx /2m(E — V(x)) = Znﬁ(\/f — ;B) (14)

and the first odd term in the series gives the Maslov corrections (the Maslov index is equal
=—mnh. (15)

to 2)
h r\1
() fou= (e
I I 4 contour

The zeroth-and first-order terms give equation (6), which is the torus quantization formula
for the energy levels (Bohr—-Sommerfeld—Maslov). Here we want to analyse the quantum
corrections to this formula. We observe that all the other odd terms vanish when integrated
along the closed contour because they are exact differentials (Bender, Olaussen and Wang
1977). So the quantization condition (13) can be written as

oo E 2k
; <|> f doy = 27h(v + 2) (16)

thus again being a sum over even-numbered terms only. The next two non-zero terms
(Narimanov 1995, Bendest al 1977, Robnik and Salasnich 1996) are

2% 1 92 V'2(x)
(i> fd‘“:‘muw ®E=vm )

<E>4?§d R [1 RE v 1 ot V’z(x)V”(x)}
i) $94= G| 200m2 | * JE=ve 288080 ) T JE—vin |

(18)
A straightforward calculation of these terms gives (see the appendix)

(Y fom= -2 o
(?)47§da4 - lZGLBz . (20)

Up to fourth order i ~ B~! the quantization condition reads

2
1\ 1 1 1
@ _ - = _
EW = A[(v—i— 2) + 5B+ 4 1633} . (21)

and
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The first two terms on the right-hand side give the torus quantization formula, and the other
two terms are quantum corrections. Higher-order quantum corrections quickly increase in
complexity but in this specific case they can be calculated. We first verify by induction,
following Benderet al (1977), that the solution to (12) has the general form

o (x) = (05) 3" P, (cos(ax)) sif ™ (ax) (22)
where f(n) = 0 for n even andf (n) = 1 for n odd, andP, is a polynomial given by

g(n)
P, (cos(ax)) = Y Cy o8~ (ax) (23)
1=0
with g(n) = (3n — 2)/2 for n even andg(n) = (3n — 3)/2 for n odd.
The integrals in (16) are performed by substituting tan(ax). In this way the 2-term
reduces to

7\ 2k =\ 2k 1/2—3k 3k—=1 2\3k—1—-1
(h> fdoz;( = (h) @m Z Cox1 ?gdz (t+) (24)

| | o =0 (E—Up— U(')Z2)3k_:l'/2 '

We observe that

(1+ Z2)3kflfl
d
f < (E _ UO _ U022)3k_1/2

r 1 a3k71 1 2\3k—1-1
= (=n¥1 (2) . f /4 (d+2% (25)
I3k — 1) 91 (E — Up — Ugz?)¥/2
so the only non-zero term is fér= 0:
a3k—1 % . (1+ ZZ)Sk_l _ 26k—1 F(3k _ 1/2)2 83k—1 %1
JE-L (E—Uo—Upz®¥? yl/? T(6k—1) JE*1
26113k — 1/2) 1
- I (3k) 21 (26)
1/2 _ 3k—1/2
Uy/? T(6k—1) Us
whereB = (E — Up)/Uy. At this stage we obtain
I 2k L (2m)Y/2-3% 1
() 7§ dog = (132 @ 13 2 - (27)
i o v
0

Now we need to find the coefficiedly o explicitly. By inserting (22) with (23) in the
recursion relation (12) we obtain
n n—1
Y ChoCako— (2mUga)Cr10 =Y Ck0Cnk0+ 2Cy0 — 2mUx)Cy10=0  (28)
k=0 k=1
from which we have

1 k-1
Cro= > [(Zman)Ck—l,o - Z Cj,OCk—j,O:| Coo=1. (29)
j=1

From this equation one shows th@t o = maUy. Furthermore, it easy to show that all
higher odd coefficients vanishCx30 = 0 for k = 0,1,2,... . The solution of this
equation for the remaining non-zero even coefficients is given by

1
Cao = (=D)*(2mUga)*27%* (;) (30)
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which can be verified by direct substitution in equation (29), resulting in an identity for
half-integer binomial coefficients. Then the integral (27) can be written as

n\* . N, e 1(3\ 27k
(I> ‘¢\d0_2k — (—1)h2k271a2k_1(2m)1/2_k2_2k (;) Ug 172 _ _2< ) 51 (31)

1
2
k

In conclusion, the WKB quantization to all orders (16) is

o 1y 1& /4 1 7P
E >=A[(v+2>+2;<i)32k_1} . (32)

Because) -, (%)31‘2" = +/1+ B2 we haveE® = E{™, i.e. the WKB series converges
to the exact result (8).

Now we can calculate the error in units of the mean level spagifig = E7%, — E
between the exact levei® and its WKB approximatior£ (™ to Nth order:

EX—EM 1 & (3 1

v o v T Z (2>2k_1 for v — oco. (33)
AE, 2,452, \k)B

The limit clearly shows that even for arbitrarily small but finitél <« B < oo), the relative

error for any finite WKB approximation becomes constant on increasjrand scales as

EX—ENM 1/ 1
e e B : 34
AE, 2\N +1) BN+ - (34)

Note that the limitB — oo is equivalent to the limit: — 0.

3. Conclusions and discussion

For our present system we can conclude that to any finite order semiclassical approximation
the error measured in units of the mean level spacing remains constant even if the quantum
number increases indefinitely, contrary to the naive expectation, evieis mall but fixed

and non-zero. This confirms the general statements made by Prosen and Robnik (1993). We
have thus provided a clear demonstration that the semiclassical methods cannot predict the
individual energy levels (and also their wavefunctions) within a vanishing fraction of the
mean energy level spacing in the limit when the quantum number goes to infiritypo,

but/ is small and fixed. Therefore we cannot expect the semiclassics at any non-zero value
of & to correctly describe the fine structure of energy spectra manifested in the short-range
statistics like the energy level repulsion, which was predicted to be a purely quantum effect
(Robnik 1986), later reconfirmed by Berry (1991). On the other hand, Prosen and Robnik
(1993) have shown that the long-range statistics of the energy spectra are very well captured
even by the lowest-order semiclassical approximation. This is of course compatible with
the very important semiclassical theory of delta statisticé.) (spectral rigidity) by Berry
(1985), employing the Gutzwiller periodic orbit theory (Gutzwiller 1990), where agreement
with predictions of random matrix theories and with the experimental and numerical data
has been obtained at larde Also, Berry and Tabor (1977) have used torus quantization

of integrable systems (with more than one degree of freedom), predicting the Poissonian
(exponential) energy level spacing distribution. Our results show that their result cannot
be rigorous, especially since we know some counterexamples of integrable systems with
non-Poissonian statistics (Blehet al 1993), and also know that their approximation does

not take into account the non-perturbative tunnelling effects, but it is nevertheless a good
heuristic argument explaining whypically we do observe Poissonian statistics in classically
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integrable systems. By typically we mean that the set of exceptions has a small or even
vanishing measure.

We should emphasize again that the error of the torus quantization (which Berry and
Tabor (1977) have used) and of the Gutzwiller trace formula (which obviously has generally
the same quality as EBK quantization of classically integrable systems) scale&%sn
the limit of fixed quantum numbers biat— 0. (This is the actual semiclassical limit in the
strong sense.) In systems with degrees of freedom the mean energy level spadiiigy
scales a%’ (due to the asymptotically exact Thomas—Fermi rule). Therefore, the error of
the leading semiclassical approximation (EBK, Gutzwiller) measured in unitssfoEcales
ash® . Thus it goes to zero only in systems with one degree of freedpr (), it is
constant for two degrees of freedoryi £ 2), and can even diverge for higher degrees of
freedom (f > 3). Thus to improve the theoretical results we need higher corrections to the
leading semiclassical terms. However, one should not forget that in order to explain quantal
resultsz must be non-zero and fixed, however small, in which case the fine structure of
energy spectra at scales smaller than certain characteristic range (a poweraoihot be
correctly described.

The conclusion of this paper is that the semiclassical methods are just not good enough
(at any order) to describe the fine structure of energy spectra and wavefunctions. Our
approach leading to the above conclusion rests upon a systematic WKB expansion for the
potential V (x) = Up/ co (ax) using the technique of Bendet al (1977). We are able
to calculate all orders, the series is convergent and can be summed precisely to the exact
result.
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Appendix

In this appendix we show how to obtain equations (19) and (20). In all integrals of this
section the limits of integration are between the two turning points. After the substitution
z = tan(ax), we have

fdx VZ3ix)  4aU? ﬁdz 2P+
VE=Vx) U Joyg = Jp—z2

AUZ b4
= 38°+48)—- Al
T GE ARy (A1)
whereg = (E — Up)/Up. In conclusion we have
% Ram 2R
= dop=——— — —_—" A2
<| ) 7§ 72T T8 oml, 4B (A2)

with B = /8mUy/(ah).
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To obtain equation (21) we proceed in the same way:
/ " V"2(x) 403U2 (VP (94 46224+ 1) (22 + D)
= 4
VE=Vx) JUo J-yp /B — 72

4aU§ 3 2 T
= 458° + 908 + 568 + 16) — A3
7 (45 + 906° +566 +16) 7 (A3)
from which we obtain
33 v 1357a3/U
. 0 _ 13wreVlo, (A%)
JES E—Vx) 2U;
For the last integral we have
/dx V2V (x)  8aPUE (VP ZA32+ D+ D)2
= z
VE=V{X) VUo J-yp /B — 72
80(U02 T
= 1058% + 28083 + 24082 + 608) — A5
m( 98"+ 2808° + 2408° + ﬂ)128 (AS)
from which we obtain
94 V2V 315703
. xX)V"(x) _ O‘Z Uo (AB)
OE E—VXx) 2U¢
In conclusion we have
N\ yg * o3JUo[ 1 135 1 315
i (2m)3/2 U02 120 2 288 2
Ro® 2nh
a’m/Up T (A7)

~ 642m)3202 T 1683
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