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A Cesaro average of Goldbach numbers
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Abstract. Let A be the von Mangoldt function and

ren) =Y A(mi)A(ms)

m|+my=n

be the counting function for the Goldbach numbers. Let N > 2 be an integer. We prove
that
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for k > 1, where p, with or without subscripts, runs over the non-trivial zeros of the Rie-
mann zeta-function ¢(s).
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1 Introduction

We continue our recent work on the number of representations of an integer as
a sum of primes. In [8] we studied the average number of representations of an
integer as a sum of two primes, whereas in [7] we considered individual integers.
In this paper we study a Cesaro weighted explicit formula for Goldbach numbers
and the goal is similar to the one in [8], that is, we want to obtain the expected main
term and one or more terms that depend explicitly on the zeros of the Riemann
zeta-function, with a small error. Letting

rem) =Y. Alm)A(ma),

mi+moa=n

the main result of the paper is the following theorem.
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Theorem 1.1. Let N be a positive integer. We have

(1-%5 N2 T(p) 1
n;er(n)F(k—H) - r(k+3)_zzp:r(p+k+2)Np

I'(p1)T (p2)
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+ Or(N?), (1.1)

for k > 1, where p, with or without subscripts, runs over the non-trivial zeros of
the Riemann zeta-function (s).

We remark that the double series over zeros in (1.1) converges absolutely for
k > 1/2, and it seems reasonable to believe that the stated equality holds for the
same values of k, possibly with a weaker error term, although the bound k > 1
appears in several places of the proof and it seems to be the limit of the method.

The result in [8] is the case k = 0 of (1.1) under the assumption of the Riemann
Hypothesis (RH); there we only get the first sum over zeros and the error term is
(9(N(10g N)3). The proof in [8] depends on RH in just one place; it is not hard
to get an unconditional version of such a result with an error term o(N?2). The
technique here is completely different and RH has no consequences on the lower
bound for the size of k.

Similar averages of arithmetical functions are common in the literature, see,
e.g., Chandrasekharan-Narasimhan [2] and Berndt [1] who built on earlier classi-
cal works. In their setting the generalized Dirichlet series associated to the
arithmetical function satisfies a suitable functional equation and this leads to an
asymptotic formula containing Bessel functions of real order. In our case we
have no functional equation, and Bessel functions are naturally replaced by Gam-
ma functions. In [9] we developed further the present technique to deal with the
case p + m?, where Bessel functions with complex order arise.

The most interesting explicit formula in Goldbach’s problem has recently been
given by Pintz [13]. It is too complicated to be reproduced here, but we remark
that in his formula, which deals with individual values of rg(7), the summation is
over zeros of suitable Dirichlet L-functions, whereas in an average problem like
the present one, only the zeros of the Riemann ¢-function are relevant. The same
phenomenon occurs in our papers [7, 8].

The method we will use is based on a formula due to Laplace [10], namely
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where M (s) > 0 and a > 0, see, e.g., [4, p.238, formula 5.4 (1)]. In the following
we will need the general case of (1.2) which can be found in de Azevedo Pribitkin
[3, formulae (8) and (9)]:

1 ¢iDu {M ifD >0,

. R I'(s) 1.3
27 Jg @+ iu) 0 D <0, (1.3)

which is valid for o = 9i(s) > 0 and a € C with R(a) > 0, and

1 1 0 ifn 1,
_/ SR L (s) > (1.4)
27 Jr (a +iu)s 5 ifs =1,

for a € C with N(a) > 0 (for the case s = 1 the principal value of the integral
has to be taken). Formulae (1.3)—(1.4) enable us to write averages of arithmetical
functions by means of line integrals as we will see in Section 2 below. We recall
that Walfisz, see [16, Chapter X], used (1.2) in the particular case where s € N,
s > 2.

We combine this approach with line integrals with the classical methods deal-
ing with infinite sums, exploited by Hardy & Littlewood (see [5] and [6]) and by
Linnik [11]. In particular, in [5, Section 2.5] there is a sort of “explicit formula”
for a function related to ¥ (x) — x.

2 Settings

Let "
S(z) =) A(m)e ™=, 2.1)

m>1
where z = a + iy with y € R and real a > 0. We recall that the Prime Number
Theorem (PNT) is equivalent, via Lemma 4.1 below, to the statement

S(a) ~a~' fora — 0+, (2.2)

which is classical: for the proof see for instance [6, Lemma 9]. By (2.1) we have

S(z)? = Z rg(n)e "%,

n>1
Hence, for N € N with N > 0 and a > 0 we have

1 Nz_—k—1 2 1 Nz_—k—1 —
_ S dz = — z E "Zdz. 2.3
P (a)e z (z)°dz P (a)e z rg(n)e z. (2.3)

n>1
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Since

Z lrg(n)e | = ’S'J(a)2 =a 2

n>1
by (2.2), where f =< g means g < f < g, we can exchange the series and the
line integral in (2.3) provided that k > 0. In fact, if z = a + iy, taking into account

the estimate
_1 .f <
12|71 = {a ithl=a, (2.4)

ly|7' if |y = a,

we have
—k— .
|€NZZ_k_1| - eNa a ! 1f|)’| <a,
y[T*7t e |y] = q,
and hence, recalling (2.2), we obtain
—k
Nz_—k—1 —nz —2 Na —k a
eViz rg(n)e dz| € a “e a”+—,
N 1|3 rome™| jaz (e + )

n>1

but only for k > 0. Using (1.3) for n # N and (1.4) for n = N, we see that for
k > 0 the right-hand side of (2.3) is as follows:

1 Nz _—k—1 —nz
— e’z rg(n)e dz
27i J(a) ’;
1
= Z rg(n)|: / e —mz =k=1 dz]
vt 2mi (@)
Y ron )(N n)k
= ]"G
N Ck+1)"

Remark. It is important to notice that the previous computation reveals that we
cannot get rid of the Cesaro weight in our method since, for k = 0, it is not clear
if the integral at the right-hand side of (2.3) converges absolutely or not. In fact, if
we could prove (1.1) for k = 0, assuming the RH we could easily derive the main
result of [8] with an error term (9(N), and this seems to be quite unreachable in
the present state of knowledge. See the concluding remarks in the latter paper for
an explanation.

Summing up, for k > 0 we have

Z rg(n )( N - L eN?z7k18(2)2 dz, (2.5)
Z TR T 20 Jw

where N € N with N > 0, a > 0. This is the fundamental relation for the method.
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3 Inserting zeros

In this section we need k > 1. By Lemma 4.1 below we have
~ 1 _
S)=—--2 7T + E(y.a).
P
where E(y,a) satisfies (4.3). Hence

2
Ser = (- ;z—mp)) B0 + 260,01 - DTG

p

We have

<S() + |E(y.a)| < a~' +|E(y.a)|

‘% > 27T (p)

p

by (2.2) again, so that
~ 1 2
S(2)* = (; - Zz“’r(p)) +O(EG, @ +1E(,@)a™). (D
o
Recalling (2.4) and (4.3), we have
| 1B aReN 1 a]  eMeat
(@)

Choosinga = 1/N, the error term is < N*~!fork > 1. Fora = 1/N, by (2.4)
and (4.3), the second remainder term in (3.1) gives a contribution

1
(1/N) N

With a little effort we can give an explicit dependence on k for the implicit
constants in the last two estimates, showing that the condition k > 1 is indeed
necessary.

Hence, by (2.5)—(3.1) and the last two estimates, we have

(N —n)k
n<ZN "¢ TE T

N7z K dz| < NEFI2,

1

1 2
_ Nz _—k—1 —p k+1/2
= — e’z - — E z F(p)) dz + O (N

2rwi J(1/n) (Z 5 ( )
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1 1
= — eN7 73z —/ Nz k=2 Zz_pf‘(p) dz
2t Jaywy mi Jany 5
1 Nz_—k—1 —p1—
+ — eViz z PP (p1) T (p2) dz
2i Ja/n) ;;
+ O (NFF1/2), (3.2)

Interchanging the series with the integrals (see Sections 5—6 for a proof that this is
permitted when k > 1), by (3.2) we get that

S rem &=
n<N Lk +1)
: Nz _—k-3 1 Mot
= — e’z dz — — F(p)/ Nz P ds
2wi J1/N) r Z W
b Y YT ) / N2kl .
p1 P2
+ @k(Nk+1/2)
= Ii + I + I3 + O (NF+172), (3.3)

say. We now evaluate /1, I5 and /3. Using (1.2) and putting s = Nz, we immedi-
ately get

Nk+2 Nk+2
I = . / Sy k3 e = —
(

1
]2 =—— E F(p)Nk+p+1 / ess—k—Z—p ds
Tl P 1)

_ I'(p) k+p+1
B ZF(p+k+2)N ’

and

=YY" LeOT(P2)  yktprton
T+ p2+k+1)

Theorem 1.1 follows inserting /1, /> and /3 in (3.3) and dividing through by N k.
provided that k > 1. The proof that the double sum over zeros converges abso-
lutely for k > 1/2 is given in Section 7 below.
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4 Lemmas

We recall some basic facts in complex analysis. First, if z = a + iy with a > 0,
we see that for complex w we have

|27 = |z|70W) exp(%(w) arctan(g)). (4.1)

We also recall that, uniformly for x € [x1, x»], with x; and x, fixed, and for
|y| — 400, by the Stirling formula we have

IT(x + iy)| ~ V2me ™V1/2|y|x=1/2) (4.2)

see, e.g., Titchmarsh [15, Section 4.42]. We will need the Hardy-Littlewood—
Linnik formula (see, e.g., Languasco & Zaccagnini [7]): we notice that here y € R,
while in [7] we had the restricted range y € [—1/2, 1/2]. Hence there are some
modifications to be made. We will follow the proof in Linnik [11] (see also
[12, equation (4.1)]).

Lemma4.1. Let z = a + iy, wherea > 0 and y € R. Then
~ 1 B
Se) =~ - > 27T (p) + E(a.y)
0
where p = 8 + iy runs over the non-trivial zeros of {(s) and

1 j <aq,
E(a.y) < |z|'/? { iyl =a (4.3)

1 +log2(|Z—|) if|y| > a.

Proof. Following the line of Hardy and Littlewood, see [5, Section 2.2], [6, Lem-
ma 4] and of [11, Section 4], we have that

~ 1 _ ' 1 4 w
S(z) = e zp:z PT(p) — ?(0) — 5 /(_1/2) ?(w)F(w)Z dw. (4.4)

Now we estimate the integral in (4.4). Let ¢ > 0 be a positive constant to be chosen
later. Writing w = —1/2 + it, we have

‘(%)(w)‘ < log(Jt] +2),
|z7%| = |z|Y/2 exp(t arctan(y /a)) by (4.1) and, for |t| > ¢,

T
IN'w) < |t|_1 exp(—5|t|)
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by (4.2). Letting L, = {—1/2 + it : |t| > c}, we have

! log |t
/ é‘—(u))I'(w)Z_w dw « |Z|1/2/ &Hexp —£|t| + t arctan ) ) ar.
L. ¢ Lo 2 a

If ty <0, we call n the quantity

=7

If |y| < a, we define 7 as
g b4 s
n = — — arctan ) arctan(1l) = —.
2 a 2 4
In the remaining case (|y| > a and ty > 0) we set

n—arctan( ) ¢
|1 Iyl

Now fix ¢ such thatcn < 1 (e.g., ¢ = % is allowed). Letting u = nt, we get

log

[ Z—/(w)r(w)z—w dw < |z|1/2/
c cn

E du + |z|1/zlog(1/n>/

=J1+ J2, 4.5

say. We remark that 0 < u~1 logu < e 1 for u > 1, since the maximum of the
function ! log u is attained at u = e. Since

oo | 1 1
05/ %% 4y <1 and / O8Y qu 5/ O8Y < log2(—),
1 uek cn uet ep U n

1
J1 K |z|1/2 logz(ﬁ).

For J5 it is sufficient to remark that

1/2 1 ! du oo —u 172,21
0<Jy<|z|""*log| — — + e Mdu | < |z| " log”| — ).
n cn U 1 n

Inserting the last two estimates in (4.5), recalling the definition of 7 and remarking
that the integration over |¢| < ¢ gives immediately a contribution < 1, we obtain
that the integral in (4.4) is dominated by the right-hand side of (4.3) and the lemma
is proved. |

we have that
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In the next sections we will need to perform several times a set of similar com-
putations; so we collected them in the following two lemmas.

Lemma 4.2. Let §+iy run over the non-trivial zeros of the Riemann zeta-function
and @ > 1 be a parameter. The series

Foo 1\ du
B—1/2 _ _
Z y /1 exp( )/arctanu)uolJH6

p:y>0

converges provided that o > 3/2. For o < 3/2 the series does not converge. The
result remains true if we insert in the integral a factor (logu)€, for any fixed ¢ > 0.

Proof. Setting y = arctan(1/u), for any real y > 0 we have

/+oo ( . 1 ) du /n/4 ( ) (sin y)oz-i-ﬁ—z ‘
eXp| —Yy arctan — = exXp(— —
R 2w = ), SR S e

/4
<o / exp(—yy) y* P2 dy
0

<y!7* P (D@ - 1) + T(@).

since 0 < B < 1. This shows that the series over y converges for « > 3/2. For
o = 3/2 essentially the same computation shows that the integral is > y~1/2=8
and it is well known that in this case the series over zeros diverges. The other
assertions are proved in the same way. |

Lemmad.3.Leta > 1,z =a+iy,a € (0,1)and y € R. Let further p = B+iy
run over the non-trivial zeros of the Riemann zeta-function. We have

B-1/2 YT
2p:|y| /;{ exp(yarctana 2|)/|)|Z|(x+,3

where Y1 ={y € R:yy <0} and Yo ={y € [—a,a] : yy > 0}. The result re-
mains true if we insert in the integral a factor (log(|y|/a))¢, for any fixed ¢ > 0.

1UY>

Proof. We first work on Y;. By symmetry, we may assume that y > 0. For any
y € (—00, 0] we have

t | | = | |
yarctan| — | — — -
and hence the quantity w¢e are estimating becomes

0
p-1/2 o [T dy B-1/2 oo o T\, 1—a—
2 eXp( 2y)/oo|2|a+ﬂ K« ), VT2exp( =37 )a

p:y>0 - p:y>0

<<a a_a9
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using 0 < B < 1, standard zero-density estimates and (2.4). We now consider the
integral over Y,. Again by symmetry we can assume that y > 0 and so we get

a
B-1/2 YT\ Y
Z y /0 exp(y(arctan p 2)) EGE Lg a

p:y>0

arguing as above. The other assertions are proved in the same way. o

S Interchange of the series over zeros with the line integral

We need k > 1/2 in this section. We need to establish the convergence of

S [ 1N 1 ) . 5.1)
P (1/N)
By (4.1) and the Stirling formula (4.2), we are left with estimating
B-1/2 ST
zp:|y| /Rexp(yarctan(Ny) 2|)/|) Byl (5.2)

We have just to consider the case yy > 0, |y| > 1/N since in the other cases the
total contribution is <z N¥*! by Lemma 4.3 witha =k + 1 anda = 1/N. By
symmetry, we may assume that y > 0. We have that the integral in (5.2) is

<« N¥ Z NByB-1/2 +<>oex — arctanl d—u
Y . L w ) uk+1+8"
p:y>0
For k > 1/2 this is <, N¥*! by Lemma 4.2. This implies that the integrals in
(5.2) and in (5.1) are both «; N¥*1 and hence this exchange step is fully justi-
fied.

6 Interchange of the double series over zeros with the line integral

We need k > 1 in this section. Arguing as in Section 5, we first need to establish
the convergence of

—p2
le T (o) /( - ;F(pz)z

Using the PNT and (4.3), we first remark that

V2] |z 7Rz |dz). (6.1)

if |[y| <1/N,

ZZ—PF(/O)‘« N_l 1212 , (6.2)
5 12|77 + [z[/“log”2Ny|) if [y| > 1/N.
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By symmetry, we may assume that y; > 0. By estimates (6.2), (2.4) and (4.1),
for y € (—o0, 0] we are first led to estimate

0 —1/N
-1/2 d k2481 dy
> o exp(——m)(/ N dy+/ —_
! 2 —1/N — |y[k+2+h

p1:y1>0 o0

TN, dy k+2
+ log (2N|yl)—|y|k+1/2+ﬂ1 < N**2,
—0Q

by the same argument used in the proof of Lemma 4.3 with « = k 4+ 1/2 and
a=1/N.

On the other hand, for y > 0 we split the range of integration into the disjoint
union (0, 1/N] U (1/N, 400). By (6.2), (2.4) and Lemma 4.3 withe = k + 1 and
a = 1/N, on the first interval we have

/N d
Y
N E yﬂ‘ 1/2/ exp(yl (arctan(Ny) ))||k+—l+/31 <x N¥*2.

p1:v1>0
On the other interval, again by (2.4), we have to estimate

pi-1/2 [T L\~ +y"?log?@Ny)
Z 7] exp| —yp arctan — T dy
p1:Y1>0 1/N Ny ykrirh

Bi—1/2 +o0 1
= N* Z NBry P /; exp(—yl arctan ;)

P1:71>0

Nu=' 4 u'2N~1/2]0g? (2u)

X

Lemma 4.2 with @ = k + 1/2 shows that the last term is <z N¥*2. This im-
plies that the integral in (6.1) is <z N k+2 provided that k > 1 and hence we can
exchange the first summation with the integral in this case.

To exchange the second summation we have to consider

Z el ZIre) / N2z A 2 2], (63)

By symmetry, we can consider y1,y2 > 0or y; > 0, y2» <0.
Assuming y1,y2 > 0, for y < 0 we have

T T .
yj arctan(Ny) — V=SV )= 1,2,

2
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and, by (4.1), the corresponding contribution to (6.3) is

1—1/2 T B2—1/2 T
> eXP( Vl) > CXP( 2)’2)

P1:71>0 p2:72>0

0 dy k42
X (/—oo |Z|k+1+/31+ﬁ2) <k N ’

using standard zero-density estimates and (2.4). On the other hand, for y > 0 we
split the range of integration into (0, 1/N] U (1/N, 400). On the first interval we
have

Z Z vt 1—1/2y§2—1/2

p1:y1>0
p2:y2>0

X vy exp| (y1 + y2)[ arctan(Ny) — T d—y <Lk NKk+2
0 2 |Z|k+1+ﬁ1+ﬂ2 ’

arguing as above. With similar computations and a substitution, on the other inter-
val we have a contribution

O W
P1:Y1>0 02:Y2>0

too 1 du
X : exp| —(y1 + y2) arctan — v ) kBB

Arguing as in the proof of Lemma 4.2, the integral on the right is as follows:

+
* 1 d—u —k—B1—B>
.o —(y1 + y2) arctan - Sy = (y1+y2) :

The inequality

—1/2 —-1/2
ylﬁl / )/52 / 1

<
()/1 + )/z)ﬂl‘ng - )/11/2)/21/2

(6.4)

shows that it is sufficient to consider

lo
Bi+B k+2 g%
Z Z NETE 1/2 1/2 % <N Z k
p1:Y1>0p2:y2>0 (ry1+7v2) o1:y1>0 V1

and the last series over zeros converges for k > 1.
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Assume now y; > 0, y2 < 0. For y < 0 we have
T T
y1arctan(Ny) — SV =S

and by (2.4) the corresponding contribution to (6.3) is

_ T
<k Y p l/zeXp(—Em)

p1:71>0
0
_ 14
X{ > Inl” l/z[exp(—zlyzl)/ NEFIEAE gy
. —-1/N
p2:y2<0
—1/N
+ / exp| —|y2] zzl.rctzzm(Ny)—l—z __ 4
oo 2 |y|k+1+ﬂ1+ﬂ2
< Nk+2

for k > 1/2, by Lemma 4.2 and standard zero-density estimates.
On the other hand, the case y; > 0, y» <0 and y > 0 can be estimated in a
similar way essentially exchanging the role of y; and y; in the previous argument.
This implies that the integral in (6.3) is <z N**2 provided that k > 1. Com-
bining the convergence conditions for (6.1)—(6.3), we see that we can exchange
both summations with the integral provided that & > 1.

7 Convergence of the double sum over zeros

In this section we prove that the double sum on the right of (1.1) converges abso-
lutely for every k > 1/2. We need (4.2) uniformly for x € [0,k + 3] and |y| > T,
where T is large but fixed: this provides both an upper and a lower bound for

|IT(x +iy)|. Let
=22,

p1 P2

T'(p)T(p2) ‘
C(pr+p2+k+1)|

so that, by the symmetry of the zeros of the Riemann zeta-function, we have

r Tr r I'(p
DM NP IS
priyi=ol - P12 ) p1:¥1>0 (pr+ > )
p2:y2>0 02:¥2>0
=2(Z1 + X2),

say. It is clear that if both X; and ¥, converge, then the double sum on the
right-hand side of (1.1) converges absolutely. In order to estimate 3; we choose
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alarge T and let

Do = {(p1.p2) : (y1.72) € [0.2T]?},

Dy ={(p1,p2): 1 =T, T <y2 <y},
Dy ={(p1.p2) i1 =T, 0=y, =T},
D3 ={(p1,p2) : 2= T, T <y1 <2},
Dy ={(p1.02):y2=>T,0=<y1 =T},

so that X1 < X100+ 21,1 + X1,2 + 21,3 + X1,4, say, where X ; is the sum
with (p1,p2) € D;. Now, Dg contributes a bounded amount, that depends only
on 7', and, by symmetry again, ¥1,; = X713 and X1 = X14. We also recall
inequality (6.4) which is valid for all couples of zeros considered in ;. Hence
by (4.2) we get

1
e LY
> 1/2 1/2
p1: y]>T )/1/ / (Vl +)/2)k+1/2
p2: T<1/2<)/1
1 log y1
<« Y on X 7 < > SRR
p1:11>T 1 p2:T<yr<y V pr:y1=T V

A similar argument proves that

—k—1
Y12 Lk, Z oo
p1:v1=T

since I'(p3) is uniformly bounded, in terms of 7', for (p1, p2) € D2. Summing up,

we have i
0g Y1
X1 g 1+ Z k+1/2°
p1:v1=T

which is convergent provided that k > 1/2. In order to estimate X, we use
a similar argument. Choose a large 7" and let

Eo ={(p1.p2) : (y1.72) € [0.2T]*},.

Eir ={(p1.p2) :y1 22T, 0<yp < T},

Ey ={(p1,02) :y1 22T, T <y2 <y1 — T},
E3 ={(p1,p2) :v1 22T, y1 =T < y2 < 1},
Eq ={(p1,p2) : 2= 2T, y2 =T < y1 < y2},
Es ={(p1,02) :y2 22T, T <y1 <y — T},
E¢ ={(p1,p2) 12 =2T,0<y1 =T},
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sothat ¥y < ¥y 0+ X1 + X222+ 23+ 24+ X25+ X6, say, where X3 ;
is the sum with (p1, p2) € E;. Now, E¢ contributes a bounded amount, that de-
pends only on T, and, by symmetry again, we have X5 1 = Y36, Y22 = 225
and X5 3 = ¥ 4. We use (4.2) as above; hence

51—1/27/52—1/28—71)/2 log 11

"1
SREAS Z (y1 — yo)P1HBatk+1/2 <7 Z k+1/2°
p1:y122T o1:71=2T V1

p2:T<y2<y1-T

The rightmost series over zeros plainly converges for k > 1/2. The contribution
of zeros in E is treated in a similar fashion, using the uniform upper bound
I'(p2) <r 1, and is smaller. We now deal with X5 3: by (4.2) we have

o3 K Z e_”y‘/z)/f'_l/z

p1:y122T
-1
—my2/2 /32—1/2( . ; )
X e min I'(x +it
Z 2 k+1§x§k+3| ( )
p2:v1—T=<y2=y1 0<t<T
— +1
<k, T Z ey og(yy + 1),
p1:v1=2T

provided that T is large enough. Here we are using [14, Theorem 9.2] with T large
but fixed. The series at the extreme right is plainly convergent.

Acknowledgments. We thank A. Perelli and J. Pintz for several conversations on
this topic.
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