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Abstract

We compare the microlocal Levi forms of a pair of real submani-
folds of class C? of a complex manifold, and discuss their geometric
meaning under contact transformation.

This enables us to recover, and even improve, our former results
in [2], [6] on vanishing of cohomology for microfunctions which are the
“boundary version” of those in [1] and [9].

1 General Notations

Let X be a complex analytic manifold, denote by 7 : T* X — X its conormal
bundle, and by 7 : T*X — X the conormal bundle with the zero-section
removed. Denote by X the complex conjugate to X, and by X¥® the un-
derlying real analytic manifold. The identification of X® to the diagonal of
X x X induces an identification 7*(X®) - (T*X)® that we will often use
in the following. In particular, if M is a C%-submanifold of X, we identify
its conormal bundle to a C''-submanifold T}, X of (T*X)¥.

Let M C X® be a C?%submanifold, let p € T5,X, and set & = 7(p).
Let ¢ be a C*-function at z such that ¢y, = 0, and d¢(z) = p. Choose
a system of local coordinates (z) on X. The Hermitian form L, (p) on
the complex tangent space TM = T, M NiT,M with matrix (éﬁzjqﬁ(w))ij,
neither depends on the choice of the equation ¢ = 0 of M, nor on the system
of coordinates. This is called the Levi form of M at p, and we denote by
SJT/[’_’O(p) the numbers of positive, negative, and null eigenvalues of Ly, (p).

We denote by D?(X) the derived category of the category of complexes of

sheaves of C-vector spaces on X with bounded cohomology. For F' € D*(X),
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we denote by SS(F') the micro-support of F' in the sense of [9], [10]. This
is a closed conic involutive set of T*X® which describes the directions of
“non-propagation” for the cohomology of F. We denote by D°(X;p) the
localization of D?(X) by the null-system {F' € D*(X);p ¢ SS(F)}.

Let Ox be the sheaf of holomorphic functions on X. If A is a locally
closed set of X, we denote by C4 the sheaf which is 0 on X \ A and the
constant sheaf with stalk C on A. We will make use of the complex 14 (Ox) =
phom(Cyu, Ox), where phom(-,-) denotes the bifunctor of microlocalization
defined by [9] (cf also [15]). Recall that if M is a real analytic manifold,
and X is a complexification of M, then (up to the orientation and a shift)
1 (Ox) is the sheaf of Sato’s microfunctions on 75, X. Moreover, according
to [15], if Q@ C M is an open subset, the complex uq(Ox) is the natural
framework for the study of microlocal boundary value problems.

2 Positivity

Let X be a complex manifold of dimension n, and let M be a (C?-submanifold
of X® of codimension I. Let p € T3, X, let z = 7(p), and set:

dy(p) = 1+ syp) —u(z), (2.1)
dy(p) = n—syp) +yu(2), (2.2)

where vy (z) = dim ((T5,X). Ni(T5; X)) is the “lack of genericity” of M
(recall that M C X is generic if and only if vy, (x) = 0).

Lemma 2.1. (¢f [3]) Let S € M C X be C*-submanifolds, and let p €
S Xy T X. Then

dz,(p) < d5(p) < di,(p) + codimy, S. (2.3)

In [4] (see [7]) a notion of positivity for Lagrangian manifolds is intro-
duced, after the works [11], [12], [14]. Restricting the attention to conormal
bundles, the aim of this section is to relate this notion to the following con-
ditions (2.4)—(2.6) (cf Remark 2.4).

Let (My, M) be a pair of C?-submanifolds of X, and let p € T]T41X N

TJ’\"/[QX . We shall consider the conditions:

R = M, N M, is a submanifold of class C?, (2.4)
ip ¢ TpX, (2.5)
dur, (p) = codimyy, R+ da, (p). (2.6)

Notice that if S C M, ip ¢ T¢X and codimy, S = 1, then Lemma 2.1
implies that either (M, S) or (S, M) satisfy (2.6).
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Theorem 2.2. Let (M, Ms) satisfy (2.4)-(2.6). Then there exists a germ
of complex homogeneous contact transformation x at p € T*X such that, for

q=x(p), y=r(q):
X(Ty, X) =Ty, X for Ny C X with codimx Ny =1, sy, (q) =0,
X(Ty,X) =Ty, X for Ny C X with codimx Ny =1, sy, (q) =0, (2.7)
N1+ D NQJF at vy,

where N1, Nyt denote the closed half-spaces with boundary Ny, No and
interior conormal q.

Proof. (a) By Lemma 2.1 one has dy;, < dg < dyg + codimyy, R, and hence
(2.6) is satisfied if and only if dy;, = dg and dg = djg, + codimyy, R.

(b) Conditions (2.4)—(2.5) ensure that there exists a germ of contact trans-
formation x at p such that:

X(Ty, X) =Ty, X, codimx N1 =1, sy, (q) =0,
X(TEX) =T¢X, codimy S =1, (2.8)
x(T3,X) =Ty, X, codimyx Ny = 1.

(c) Notice that since N; and S are hypersurfaces, one has the isomor-
phisms Cy, ~ Cy+, Cs =~ Cg+ in D°(X;q). According to [10, Chapter 7],
let '

O : D'(X;p) = D'(X:q)

be a quantization of y. Here K € D*(X x X; (p, —q)) is a simple sheaf of shift
—n at (p, —q) along the Lagrangian manifold associated to y. The restriction
morphism Cj;, — Cp is transformed by ®x to a non null morphism

Cyviv — Cstldr(p) — dan (p) = s5(q)]
= Csi[=s5(q)]-

Since
Hom .0 (Covy +5 Cs+)[=55 (q)] = H*s @W(RT y,+ (Cst))y,

and the first term is non zero, it follows that sg(q) =0 and ST C N;" at y.
(d) The restriction morphism Cj, — Cpg induces by duality a non
zero morphism Cp — Cjy,[codimyy, R]. Applying @k, we get a non zero
morphism
Cs+ — Cp,+[codimag, R+ das,(p) — dr(p) — SN, (q)]
— Cyyi[-sm (@)
Thus again, sy, (¢) = 0 and N, D S* at y. This proves the statement. [
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Recall that an object F' € D°(X) which verifies SS(F) C T;,X at p, is
microlocally isomorphic (i.e. isomorphic in the category D*(X;p)) to C;, for
a complex of C-vector spaces C". This criterion, stated in [9, Proposition
6.2.1] for C?-submanifolds M, easily extends to C'-submanifolds (cf [2]).

Recall from [4] that a complex Ly, € D"(X;p) is called a Levi simple
sheaf along T3, X at p, when it is simple along T3, X with shift —dy(p) +
%Codim x M at p. Levi simple sheaves are unique up to isomorphism, and
we recall from [9, Chapter 7] that if x is a germ of a contact transformation
which interchanges T3, X with TxX, and if ®x is a quantization of x as
above, then ®x(Ly) = Ly for a Levi simple sheaf Ly along TxX at ¢. In
particular, if y is as in (2.7), then

X*Mh0m<LM17 LMz)q = Mh0m<LN17 LN2)q = Mhom(CNla CNz)q (29>
/LhOm((CN1+, CN2+)(1 ~ R‘FN1+(CN2+):U ~ C,

12

le.
,uhom(LMl, LM2)p ~ C. (210)
On the other hand, if (2.10) holds for a pair (M, M,) satisfying (2.4)—(2.5),

then a transformation y with the above properties may be constructed as in
the proof of Theorem 2.2.

Proposition 2.3. Let S C M C X® be C?-submanifolds with p € SXMT]’(/[X
and ip ¢ TEX. Then (M,S) (resp. (S,M)) satisfies (2.6) if and only if it
satisfies (2.10).

Proof. One has phom(Cy, Cg) ~ CSXMT;;,X, and hence:

phom(Lyr, Lg), =~ phom(Cyr, Cg)pl—ds(p) + dar(p)]
= Cl=ds(p) + du(p)]-

Moreover

phom(Lg, Ly), =~ phom(Cyr, Cs)_p[—ds(p) + du(p) + codimy, S]
= C[—ds(p) + du(p) + codimy, S].

]

Remark 2.4. In view of the above discussion, we conclude that for a pair
(My, My) satisfying (2.4)—(2.5), condition (2.6) is equivalent to Ty, X >
TpX > Ty, X, where > means that the conormal bundles are relatively
positive in the sense of [5].



Let S C M with ip ¢ T¢X, assume codimy, S = 1, and let §2 be an open
component of M \ S. We denote by p the projection M X x T*X — T*M,
and by N*(€2) the conormal cone to 2 in M. Let x satisfy (2.7), and let ®x
be a quantization of x as above.

Proposition 2.5. (/16]) In the above situation, the pair (M, S) (resp. (S, M))
satisfies (2.6) if and only if Px(Cq) = Cyldym(p) — 1] (resp. Px(Cq) =
Cyldy(p) —1])), where Y C X is a C'-hypersurface containing R.

Proof. We put A = Q x; T5, X, Ay = p Y (EN*(Q)|s), & = S xn T5; X,
Ao = AN\X, AF° = AF\X. We have SS(Cq) = AJUAS, SS(Cq) = ATUA;.

Let x satisfy (2.7). Then either x(A UAJ) or x(AT UAS) is the conormal
bundle to a C'-hypersurface Y C X. This implies that either ®;(Cqg) or
P (Cq) is isomorphic to Cy in D(X;q). Note that ®x(Cg) (resp. ®x(Cq))
has constant shift dy(p) — 3 in Af° U A (vesp. AT° UA;°) if and only if
dy(p) = dg(p) (resp. dp(p) = ds(p) — 1). The conclusion follows. O

3 Application to vanishing of cohomology for
microfunctions at the boundary

Using the results of the previous section, we may recover and even improve
our former results in [5]. Let X be a complex manifold of dimension n, M a
real C?-submanifold of codimension [, 2 an open set of M with C?-boundary
S = 09 of codimy; S = r (2 locally on one side of S when r = 1).

Theorem 3.1. (i) Let p € S x5, T3, X and assume ip ¢ T:X. Then:
H (po(Ox))p =0 Vj ¢ [dy(p), diy(p) +7 = 1]. (3.1)

(it) Assume in addition that dy(p') and dg(p”) are constant for p €

Q xpy Ty X, p" € S xx p~H(=N*(Q)) near p, and that dg(p) = dy;(p) + 1.
Then

H (pa(Ox))p =0 Vj # dy(p). (3.2)

Proof. For the completeness of our exposition we begin by repeating some
arguments of [9, Theorems 11.3.1, 11.3.5].
Consider two germs of contact transformations x, x at p, such that, set-

ting ¢ = x(p), ¢ = X(p), y = 7(q), ¥ = 7(q):

X(T3X) =TkX for N C X with codimy N =1, sy(q) =0,
X(TxX) = T-X for N C X with codimyxy N =1, 3;\5[((]) = 0.
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Quantizing x and Y with kernels K and K as in the proof of Theorem 2.2,
we get:

O (Cor) = Cap ldy;(p) — 1], @i = (Cr) = Cag[dy, (p) — 1.
This implies (as in (2.9)):
Xk (Ox)q 2 RN+ (Ox )y [n—di; (p)],  Xetar(Ox)z = R 4 (Ox)gl—diy; (p) +1].

Hence:
H (10 (Ox))p =0 V5 & [dy(p), dyy (). (3.3)
The same arguments hold for S.
We set now Q~ = M \ 2 and consider the distinguished triangle

ps(Ox) — mar(Ox) — pa(Ox) & po-(0x) = . (3.4)

Formulas (2.3), (3.3), and the analogous formula for S, imply the vanish-
ing of (3.1) for j > d},(p) +r — 1 and for j < d;,(p), when dg(p) > d;,(p).

In order to treat the case dg(p) = d,;(p), it remains to prove the injec-
tivity of the morphism

H% P (15(Ox)p) —> HMP (117 (Ox)p). (3.5)

Applying Theorem 2.2 for (M, M) = (M, S), we reduce (3.5) to the mor-
phism
Hzlv; (OX>y — Hjl\[fr(OX)y7 (3.6)

which is clearly injective since Ny C N .

(i) If r > 1, then Q = M, N*(Q) = T*M, and therefore dj,(p'), dg(p")
are constant in a full neighborhood of p in T, X and T¢X respectively. We
recall that (s3,(p') — vm(2')) — sy, (¢') is constant for ¢ = x(p'). Since
sy, (¢) = 0, then X \ N is pseudoconvex (cf. [8]), whence the complex
1 (Ox)p = RE y+ (Ox )y [—dj; (p) + 1] is concentrated in degree dy(p). The
same is true for S and thus we get the conclusion by the aid of (3.4).

(ii) Let now r = 1, and assume dg(p) = d;,(p) + 1. According to Propo-
sition 2.5 we have

Xsho(Ox)p = RIy+(Ox)y[—dy (p) + 1] (3.7)
We observe that Y is C! and even C? outside R. Moreover,
sy()=0 V¢ eTy X, n(d) ¢ R, ¢ near q.

It follows that X'\ Y is pseudoconvex whence (3.7) is concentrated in degree
dpr(p)- O
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