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Padova, Italy

Received October 21, 1992/Revised version received May 28, 1993

Summary. In this paper, we introduce the notion of hybrid procedures for solving
a system of linear equations. A hybrid procedure consists in a combination of two
arbitrary approximate solutions with coefficients summing up to one. Thus the com-
bination only depends on one parameter whose value is chosen in order to minimize
the Euclidean norm of the residual vector obtained by the hybrid procedure. Proper-
ties of such procedures are studied in detail. The two approximate solutions which
are combined in a hybrid procedure are usually obtained by two iterative methods.
Several strategies for combining these two methods together or with the previous
iterate of the hybrid procedure itself are discussed and their properties are analyzed.
Numerical experiments illustrate the various procedures.
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1. Introduction

Let us try to explain how we got the idea of the hybrid procedures described in this
paper.

Lanczos method [23] (usually implemented via the well known biconjugate gra-
dient algorithm [12]) and the conjugate gradient squared method (CGS) of Sonneveld
[30] are two iterative methods with finite convergence, for solving systems of linear
equations, which recently received much attention. It was remarked, from the numer-
ical experiments, that, when Lanczos method does not work well, then the CGS is
usually worse and that, when Lanczos method works well, then the CGS is still better.
Thus we wanted to use both methods simultaneously and, at each iteration, to select
the best one according to the norm of their respective residual vectors. But we also
did something more: after selecting, at each iteration, the best method, we continued
the iterations of both methods from the last residual vector given by the best one. The
numerical results were quite interesting! So, we had to try to understand the theory
of such a procedure, i.e., writing the iterates of the new method in terms of the or-
thogonal polynomials which are involved in Lanczos method and the CGS. However,
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this seemed to be quite difficult. Thus, the idea emerged of taking a combination of
both methods instead of mixing them as we did. This was the starting point of the
hybrid procedures discussed in this paper. As we shall see in the next sections, these
procedures turn out to be more general than we thought at the beginning.

Let x′ and x′′ be two approximations of the solutionx of a system of linear
equations. We shall construct a new approximationy of x by

y = αx′ + (1− α)x′′

where the parameterα is chosen to minimize the Euclidean norm of the residual
vectorr = b−Ay. It will be proved that this residual is not greater than the residuals
corresponding to the vectorsx′ andx′′. Such a procedure, called a hybrid procedure
since it mixes two different approximations of the solutionx, will be studied in details
in Sect. 2. Usually,x′ and x′′ are obtained by two iterative methods for solving a
system of linear equations. In Sect. 3, several possible strategies for combining these
two underlying iterative methods (or one of them with the previous iterate of the
hybrid procedure) will be discussed. Numerical examples will be given in Sect. 4.

2. The procedure

Let us consider the system of linear equations

Ax = b.

We assume that two approximate solutionsx′ andx′′ are known and we shall construct
a better approximate solutiony from x′ andx′′. We shall set

r′ = b−Ax′
r′′ = b−Ax′′

and we shall compute
r = b−Ay

as a combination ofr′ andr′′, that is

r = αr′ + βr′′.

Oncer has been obtained, we need to computey. We have

b−Ay = α(b−Ax′) + β(b−Ax′′).

Since y have to be computed without usingA−1, b must be eliminated from the
preceding relation, that is we must take

β = 1− α

and thus
r = αr′ + (1− α)r′′.

Because of the simple dependence onα in the above equation, the best possible
α, which minimizes (r, r), is easily seen to be given by

α = −(r′ − r′′, r′′)/(r′ − r′′, r′ − r′′).(1)
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Of course, ifr′ = r′′ we shall taker = r′.
Thus, we have the following hybrid procedure

r =
(r′ − r′′, r′)r′′ − (r′ − r′′, r′′)r′

(r′ − r′′, r′ − r′′)
,(2)

which can also be written as

r = r′ − (r′ − r′′, r′)
(r′ − r′′, r′ − r′′)

(r′ − r′′),(3)

or as

r = r′′ − (r′ − r′′, r′′)
(r′ − r′′, r′ − r′′)

(r′ − r′′).(4)

From (2) we have

y =
(r′ − r′′, r′)x′′ − (r′ − r′′, r′′)x′

(r′ − r′′, r′ − r′′)
,(5)

with similar expressions holding for (3) and (4). From (3) and (4), it is easy to see
that r = 0 if r′ = 0 or if r′′ = 0.

Also, from the Cauchy-Schwarz inequality, we see that

(r, r) =
(r′, r′)(r′′, r′′) − (r′, r′′)2

(r′ − r′′, r′ − r′′)
≥ 0.(6)

Moreover, for the minimizingα given by (1), it is evident that

(r, r) ≤ min[(r′, r′), (r′′, r′′)].

The vectorsr′ and r′′ are of course fundamental to our hybrid procedure. But,
some choices ofr′ and r′′ are more suitable than others, for improved behavior of
the procedure. Let us now discuss this point. We have

(r, r) = (r′, r′) − (r′ − r′′, r′)2

(r′ − r′′, r′ − r′′)
,(7)

and

(r, r) = (r′′, r′′) − (r′ − r′′, r′′)2

(r′ − r′′, r′ − r′′)
.(8)

These two relations show that there is no improvement in the hybrid procedure when
r′ − r′′ is orthogonal tor′ or r′′, i.e., in other words, when (r′, r′′) is equal either to
(r′, r′) or (r′′, r′′). Obviously, this is avoided ifr′ andr′′ can be chosen so that

(r′, r′′) ≤ 0,

i.e., if the angle betweenr′ andr′′ is greater or equal toπ/2.
In particular when (r′, r′′) = 0, we have

r =
(r′, r′)r′′ + (r′′, r′′)r′

(r′, r′) + (r′′, r′′)

and
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(r, r) =
(r′, r′)

1 + (r′, r′)/(r′′, r′′)
=

(r′′, r′′)
1 + (r′′, r′′)/(r′, r′)

.

Settingρ = (r′, r′)/(r′′, r′′), we have (r, r)/(r′, r′) = 1/(1 + ρ) and (r, r)/(r′′, r′′) =
ρ/(1 +ρ) which shows that, ifρ is close to zero, (r, r) is almost equal to (r′, r′) but
much smaller than (r′′, r′′) and that, ifρ is large, (r, r) is almost equal to (r′′, r′′)
while it is much smaller than (r′, r′). Thus the gain is optimal with respect toboth r′
andr′′ whenρ = 1 that is when (r′, r′) = (r′′, r′′). These remarks and formulae will
be useful in the next section.

Let us now give some more geometrical considerations about our hybrid proce-
dure. Multiplying scalarly (3) and (4) byr′ andr′′ respectively and comparing to (7)
and (8) shows that

(r, r) = (r, r′) = (r, r′′)

or, in other words

(r, r − r′) = (r, r − r′′) = (r, r′ − r′′) = 0.

This means thatr is the height through the origin of the triangle with sidesr′ andr′′
as shown in the following figure

Fig. 1.

From geometrical considerations or from Schwarz inequality, we see that we shall
obtainr = 0 if and only if ∃a 6= 1 such thatr′′ = ar′, that is

x′′ = ax′ + (1− a)x.

This choice is optimal but it is unfeasible becausex is not known. Thus, we could
replacex in the preceding formula by an approximationu, that is we could take

x′′ = ax′ + (1− a)u.

Settingz = b−Au, we haver′′ = ar′ + (1− a)z. Now, the question is: does it exists
a best choice fora? The answer isno since, replacingr′′ by this expression in (6)
gives
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(r, r) =
(r′, r′)(z, z) − (r′, z)2

(r′ − z, r′ − z)
which shows that (r, r) is independent ofa. Thus we can takea = 0 which leads to
x′′ = u and r′′ = z and so the introduction ofa, u and z was not necessary and we
shall no more use them. However, we must remember that the more collinearr′ and
r′′ are, the smaller is (r, r).

Remarks.It must be noticed that

r =

∣∣∣∣ r′ r′′
(r′ − r′′, r′) (r′ − r′′, r′′)

∣∣∣∣ / ∣∣∣∣ 1 1
(r′ − r′′, r′) (r′ − r′′, r′′)

∣∣∣∣
and a similar formula fory by replacingr′ andr′′ in the first row of the numerator
by x′ andx′′ respectively.

Such a hybrid procedure must be compared to the composite sequence transfor-
mations described in [6] where two sequence transformations are composed by a quite
similar formula. The property thatr = 0 if either r′ = 0 or r′′ = 0 corresponds to the
property that the kernel of a composite transformation of rank 2 contains the kernels
of the two underlying transformations involved in its construction.

Our hybrid procedure can also be considered as a generalization of the acceleration
scheme, proposed by Gearhart and Koshy [19] and called theclosest point method, for
the method of alternating projections. The hybrid procedure is also a generalization
of theβ-extrapolation method discussed in [1].

Obviously, instead of chosingα which minimizes (r, r), it is possible to minimize
(r, Zr) whereZ is a symmetric positive definite matrix.

3. Recursive use of the procedure

Obviously, the approximate solutionsx′ andx′′ can be produced by iterative methods.
Thus we shall now denote their values at thek-th iteration byx′k and x′′k and the
corresponding residuals byr′k andr′′k respectively. We shall also setyk instead ofy,
rk instead ofr andαk instead ofα.

From the remark following (4), if one of the methods has a finite convergence
(that is∃k such thatr′k = 0 or r′′k = 0), then so is the hybrid procedure (that isrk = 0
for the samek).

Some possible strategies for using the hybrid procedure described in the first
section are the following

1. computex′k andx′′k by two different methods
2. computex′k by some method and takex′′k = x′k−1
3. computex′k by some method and takex′′k = yk−1
4. computex′k from yk−1 and takex′′k = yk−1
5. computex′k by some method andx′′k from yk−1
6. computex′k by some method andx′′k from x′k
7. computex′k andx′′k by the same method but with different starting points
8. . . .

In all the cases whereyk−1 is used for computingyk we shall takey0 = x′0 and
r0 = r′0.

Let us now review these various strategies.
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3.1. Case 1

x′k andx′′k are computed by two different methods.

This is the most general case which contains all the others. However it is too
general and nothing can be said on its algebraic properties without particularizing the
methods.

For example, we can built an hybrid procedure from Jacobi and Gauss-Seidel
iterations or from Lanczos method and the conjugate gradient squared (CGS) method
[30]. This case is an interesting one since we have respectively

r′k = Pk(A)r′0 and r′′k = P 2
k (A)r′0

if r′′0 = r′0. Thusr′′k = Pk(A)r′k which shows that, usually, if Lanczos method is bad
then the CGS is worse and that, if Lanczos method is good, then the CGS is still
better. Since the residual vectorrk of the hybrid procedure has a smaller norm than
the vectorsr′k and r′′k , the hybrid procedure in fact automatically selects the best
method among Lanczos’ and the CGS and it can even be better than both of them. A
numerical example illustrating this fact will be given in Sect. 4. In this case we have

rk = [αk + (1− αk)Pk(A)]Pk(A)r′0

which shows that the hybrid procedure produces iterates of the CGM class [8].
Of course, when the methods producingr′k and r′′k are completely independent

one from each other, the cost of one iteration of the hybrid procedure is the sum of the
individual costs of each of the underlying methods. However this case is very much
convenient for a parallel computation ofr′k andr′′k . If both methods are not indepen-
dent, then the cost of one iteration of the hybrid procedure can be lowered. This is, in
particular, the case for the biconjugate gradient algorithm (BCG) [12] and the CGS
[30] since, in both methods, the constants appearing in the recurrence relations are the
same and thus they have to be computed only once. Then, a coupled implementation
of the BCG and the CGS only requires 3 matrix by vector multiplications (instead of
4) and, moreover,A∗ is no more needed (as in the BCG alone). Let us mention that
a transpose-free implementation of the BCG (at the same cost) cal also be performed
via the topologicalε-algorithm and some relations derived from it [5]. Another pos-
sible coupled implementation with no extra cost is that of the quasi-minimal residual
(QMR) of Freund [13] and Freund and Nachtigal [16] and of the BCG as explained in
[17] (see also [15]). An even simpler coupled implementation of these methods was
recently derived by Zhou and Walker [39]. Let us remark that the hybrid procedure
requires no further matrix by vector multiplication.

3.2. Case 2

x′k is computed by some method and we takex′′k = x′k−1.

This case corresponds to a semi-iterative method where two successive iterates of
a method are combined to obtain a better result.

If the vectorsx′k are constructed by an iterative method of the form

x′k+1 = Bx′k + b

and if the matrixA = I −B is regular, then
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r′k = Mkr′0

whereM = ABA−1. If the eigenvalues ofB satisfy

λ1 > λ2 ≥ λ3 ≥ · · · ≥ λn

and if its eigenvectors are linearly independent, then it is well known thatr′k behaves
like λk1 . After some calculations it can be proved thatrk obtained by the hybrid
procedure will behave likeλk2 , not a surprising result.

Our procedure could be compared, in this case, with Lyusternik acceleration
method [2, 10, 11] which also makes use of two consecutive iterates but needs the
knowledge ofλ1 [25].

If the matrixA is symmetric positive definite and if the basic method used is the
conjugate gradient, then (r′k, r

′′
k ) = 0 and, from the results of the preceding section,

the gain is assured since

‖rk‖ ≤ min(‖r′k‖, ‖r′k−1‖).

Moreover, the hybrid procedure has also a finite convergence.

3.3. Case 3

x′k is computed by some method and we takex′′k = yk−1.

The idea here is cycling with the iterates obtained by the hybrid procedure and
those given by an arbitrary method. Thanks to the minimization property of the hybrid
procedure, the norm of the residualrk decreases at each iteration since we have

‖rk‖ ≤ min(‖r′k‖, ‖rk−1‖)

and thus the convergence of the process is smoothed. Moreover, if the basic method
has a finite convergence (such as Lanczos method or the CGS) then so has the hybrid
procedure.

It seems that this method was first introduced by Schönauer, M̈uller and Schnepf
[29] (see also [28], pp. 261-262) for smoothing the convergence of the BCG. It
was called the residual smoothing and was successfully used for many years. The
terminology “minimal residual smoothing” (MRS) was coined, for this procedure, by
Zhou and Walker [39] to distinguish it from other possible smootings. A complete
theory of the MRS in the case wherex′k is computed by any iterative method (and
not only the BCG) was given by Weiss in his thesis [35]. In particular, he proved
that the MRS transforms generalized conjugate gradient methods which minimize
the pseudo-residual into methods where the true residual is minimum. Thus it is not
useful to apply the MRS to methods that minimize the true residual. A survey of
these results can be found in [38]. It was recently proved by Zhou and Walker [39]
that a smoothing algorithm (but with a different choice forαk) transforms the BCG
into the QMR and the CGS into the TFQMR [14]. They gave relations between the
iterates of these two pairs of methods and extend the procedure to a quasi-minimal
residual smoothing (QMRS) which can be applied to any iterative method. Other
results relating to the smoothing technique can be found in [36] and [37].
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3.4. Case 4

x′k is computed fromyk−1 and we takex′′k = yk−1.

This case covers the method SOR ifx′k is given by the Gauss-Seidel iteration and
Richardson’s method [32]. More generally, it covers all the so-calledextrapolation
methods as described, for example, in [22]. Let us consider the regular splitting

A = M −N.

Takingx′′k = yk−1 andx′k = M−1Nyk−1 +M−1b and setting

αk =
(AM−1rk−1, rk−1)

(AM−1rk−1, AM−1rk−1)

we obtain
yk = (1− αk)yk−1 + αk(M−1Nyk−1 +M−1b)
rk = (I − αkAM

−1)rk−1.

In our case,αk is chosen (by (1)) in order to minimize (rk, rk) and not, as usual, in
order to minimize the spectral radius of the matrixαkM−1N + (1− αk)I. Several
choices of the matrixM are of interest

1. for the choiceM = I, Richardson’s method is recovered
2. the choiceM = D, whereD is the diagonal part ofA, corresponds to Jacobi

method forx′′k
3. the choiceM = D −E, where−E is the strictly lower part ofA, leads to SOR.

However in this case,αk, which plays the r̂ole of ω, is chosen along (1) instead
of ωopt.

4. M = (D − ωE)/ω corresponds to SOR forx′′k
5. M = (D−ωE)D−1(D−ωF )/[ω(2−ω)], where−F is the strictly upper part of

A, corresponds to SSOR forx′′k .

From (8), we have

(rk, rk) = (rk−1, rk−1) − (AM−1rk−1, rk−1)2

(AM−1rk−1, AM−1rk−1)
.

Thus, from Schwarz inequality, (rk, rk) = 0 if and only if AM−1 = aI wherea is a
non-zero scalar. This shows that a good choice forM is analogous to a good choice
for a preconditioner, a name often given toM .

Iterations of the preceding type were considered by several authors. Mann [26]
used them for solving the nonlinear equationx = F (x) with x′k = F (yk−1). He took
arbitraryαk ’s in ]0, 1]. The same technique was then discussed by Wegstein [33] but
with a value ofαk which related his method to Aitken’s∆2 process. The case of a
system of nonlinear equations was treated similarly by Lemaréchal [24] who obtained
a generalization of Aitken’s process whenαk is chosen to minimize the Euclidean
norm‖xk−F (xk)‖. His method reduces to our hybrid procedure whenF (x) = Ax+b
and thus it appears as its generalization to the nonlinear case. A method wherex′k is
computed fromyk−1 and yk−2 was given by Weinitschke [34]. In his case,αk is a
constant independent ofk. Mann iterations are the subject of an important literature.
The interested reader is refered to [21] for a survey and to [3] and [4] for more recent
results.

In the case of a system of linear equations, the paper of Dax [9] presents a
procedure wherex′k is obtained by an arbitrary iterative method usingyk−1 as a
starting point and whereαk is chosen as above to minimize (rk, rk).
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3.5. Case 5

x′k is computed by some method andx′′k is computed fromyk−1.

This is a variant of the Case 3, where nowx′′k is not taken directly asyk−1 but
computed from it by any procedure.

In particular, one can think of setting

x′′k = −akrk−1 + yk−1 and r′′k = (1 +akA)rk−1

and choosingak in order to minimize (r′′k , r
′′
k ) or such that (r′k, r

′′
k ) ≤ 0 since, as

explained in the previous section, the gain brought by the hybrid procedure will be
better in this case. However, it is easy to see that (rk, rk) is independent ofak and,
thus, such a choice is unuseful.

3.6. Case 6

x′k is computed by some method andx′′k is computed fromx′k.

This is a variant of the Case 1, where nowx′′k is not obtained by an arbitrary
method but computed fromx′k by any procedure. Using Lanczos method and the
CGS (or any other method of the CGM class [8]) can be considered as entering also
into this case sincer′′k = Qk(A)r′k, Qk being an arbitrary polynomial withQk(0) = 1.

In particular, one can think of setting

x′′k = −bkr′k + x′k and r′′k = (1 +bkA)r′k

and choosingbk in order to minimize (r′′k , r
′′
k ). This idea is similar to the idea used

for constructing the method called Bi-CGSTAB [31] and its variant [8]. These meth-
ods can be exactly recovered in our framework. One can also choosebk such that
(r′k, r

′′
k ) ≤ 0. However, as in the preceding case, (rk, rk) will be independent ofbk

and the procedure unuseful.

3.7. Case 7

x′k andx′′k can be computed by the same method but with two different starting points
x′0 andx′′0 .

This is only possible if the iterations have the formxk+1 = F (xk) whereF does
not depend on the iterationk (such as, for example, in Lanczos method and the CGS).

4. Applications

The linear systems we solved were mostly taken from [20]. Their dimension was
always 50 (unless specified) and the right hand side was chosen so that the solution
is x = (1, . . . , 1)T.

In the methods where the residuals are computed by the given iterative algorithm
(such as in the BCG, the CGS and the QMR), we used the residual estimates and not
the actual residuals.



10 C. Brezinski and M. Redivo-Zaglia

4.1. Example 1

Let us consider then× n matrix

A =


1 1 1 · · · 1 1
a1 1 1 · · · 1 1
a1 a2 1 · · · 1 1
...

...
...

...
...

a1 a2 a3 · · · an−1 1



Fig. 2.

Its determinant is equal to (1− a1)(1− a2) · · · (1− an−1). Thus the matrixA is
singular if and only ifai = 1 for somei. With ai = 1 + iε andε = 10−2, we obtain
with the hybrid procedure and Lanczos method (Case 3, Subsect. 3.3) withx0 = 0 the
results of Fig. 2.

With ε = 10−5, we have the results of Fig. 3.
Let us now consider two cases where the dimension of the system isn = 1000.

With ε = 10−4 we have the results of Fig. 4 and withε = 10−5 we have the results
of Fig. 5.

In these four examples we see that, due to rounding errors, Lanczos method does
not terminate aftern iterations as expected from its theory but we also see (specially
in Fig. 5) that the hybrid procedure has a smoothing effect on these rounding errors
even when they destroy the convergence of Lanczos method. When the convergence
is preserved (as in Fig. 4) the hybrid procedure provides an improvement.

Our four curves above are very similar to those given in [35] and [38].

4.2. Example 2

Combining now the hybrid procedure with Jacobi method we obtain for the matrix
with elementsaij = i− j + 1 andx0 = 0 the results of Fig. 6.
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Fig. 3.

Fig. 4.
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Fig. 5.

In this example, the method of Jacobi diverges while the hybrid procedure con-
verges.

4.3. Example 3

Combining the hybrid procedure with the method of norm decomposition (for the
Euclidean norm) due to Gastinel [18] and which is always convergent, we obtain for
the matrix whose elements areaij = ai + bj , a = 0.95, b = 0.90 and forx0 = 0 the
results of Fig. 7.

4.4. Example 4

Let us now use Lanczos method together with Gauss-Seidel iterations. We take the
matrix

A =



−3 1
1 −2 1 0

1 −2 1
...

...
...

0 1 −2 1
1 −1


Starting both methods fromx0 = 0, we obtain the results of Fig. 8.
As well known, rounding errors in Lanczos method strongly depend on the way

it is implemented. For example, implementing the CGS by the subroutine BSMRZS
given in [7] (without making any jump) we obtained the exact solution of this system
after 50 iterations as expected from the theory.
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Fig. 6.

Fig. 7.



14 C. Brezinski and M. Redivo-Zaglia

Fig. 8.

4.5. Example 5

Let us now consider the matrix given byaij = aji = 51− i if i ≥ j and combine the
methods of Gastinel and Gauss-Seidel. Withx0 = 0 we obtain the results of Fig. 9.

We shall now try the same methods on the 2× 2 block diagonal matrix whose
blocks are (

1 1
a −1

)
.

With a = 1.4 andx0 = 0, the method of Gauss-Seidel diverges and we get the results
of Fig. 10.

4.6. Example 6

Using the methods of Gauss-Seidel and Jacobi for the matrix

A =



1 a
b 1 a 0

b 1 a
...

...
...

0 b 1 a
b 1


with a = 0.7, b = 10−2 andx0 = 0, we obtain the results of Fig. 11.

4.7. Example 7

Using the coupled implementation of the QMR and the BCG described in [17] and [15]
we obtained, for the matrix of the first example withε = 10−7 and r̃0 = (1, . . . , n)T,
the results of Fig. 12.



Hybrid procedures for solving linear systems 15

Fig. 9.

Fig. 10.
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Fig. 11.

Fig. 12.
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4.8. Example 8

We have also programmed the coupled implementation of the BCG and the CGS and
tried it on several systems. When both methods converge, the number of exact digits
provided by the CGS is approximately the double of that given by the BCG. The
best gain brought by the hybrid procedure was obtained for the exampleBκ (5.9) of
[27] with various values ofε. In that case, however, the gain was less than half a
digit which can possibly be explained by the result of [39] stating that the CGS is
transformed into the TFQMR by a smoothing technique quite close to ours.

5. Ideas for further research

There are several other possibilities for extending or using differently the hybrid
procedure described in this paper. Here are some of them which are currently under
consideration

– Restarting
In the cases above where only one single method is involved in the hybrid pro-
cedure, it is possible to restart the method, at each step, with the vector obtained
by the hybrid procedure. Since the residual given by the hybrid procedure has a
smaller norm, such a restarting strategy could improve the convergence properties
of the whole process.

– Cascade
It is possible, with the hybrid procedure, to combine more than two different
methods as follows: after combining the first two methods, one can combine the
result obtained with a third method, then the result with a fourth one, and so on.
Such a process could be called a hybrid procedure in cascade or a staircase hybrid
procedure.

– Multiple hybrid procedure
For combiningk methods together, it is also possible to solve the problem of
minimizing (r, r) with respect toα1, α2, . . . , αk where

α1 + α2 + · · · + αk = 1

and
r = α1r1 + α2r2 + · · · + αkrk

r1, r2, . . . , rk being the residuals corresponding to thek methods to be combined.
– Two stage hybrid procedure

When an arbitrary iterative method is combined with the hybrid procedure (Case 3)
we saw that it has a smoothing effect. This is no more the case when two different
methods are combined (Case 1) and the convergence of the hybrid procedure can
be quite irregular in this case. To avoid such a situation a two stage hybrid
procedure can be introduced. It consists in considering the residual obtained by
the hybrid procedure as an intermediate stage and then to use the hybrid procedure
a second time for smoothing this intermediate residual. Thus, one iteration is as
follows

sk = αkr
′
k + (1− αk)r′′k

rk = βksk + (1− βk)rk−1

whereαk is chosen to minimize the norm of the intermediate residualsk andβk
that of rk.
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We intend to come back to these questions in subsequent publications where the
acceleration properties of the hybrid procedure will also be discussed.
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