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Lanczos' method for solving the system of linear equations A x  = b consists in constructing a 
sequence of vectors (Xk) such that rk = b - AXk = Pk(A)ro where ro = b - Axo. Pk is an ortho- 
gonal polynomial which is computed recursively. The conjugate gradient squared algorithm 
(CGS) consists in taking rk = P~(A)ro. In the recurrence relation for Pk, the coefficients are 
given as ratios of scalar products. When a scalar product in a denominator is zero, then a break- 
down occurs in the algorithm. When such a scalar product is close to zero, then rounding errors 
can seriously affect the algorithm, a situation known as near-breakdown. In this paper it is 
shown how to avoid near-breakdown in the CGS algorithm in order to obtain a more stable 
method. 
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1. Introduct ion  

Let us consider in C n the system of  linear equations 

A x  = b, 

where A is a nonsingular matrix. 
Lanczos' method [31,32] for solving this system 

sequence of  vectors (Xk) as follows 

�9 choose two arbitrary nonzero vectors x0 and y; 
�9 s e t r 0 = b - A x 0 ;  

consists in constructing a 

�9 J.C. Baltzer AG, Science Publishers 
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�9 determine xk such that 

X k -- X 0 E E k = span(ro, A r o , . . . ,  h k -  lro) 

is nonsingular only 
y, A ' y , . . . ,  A *k- ly also. 

If we set 

r k = b - AXk • Fk = s p a n ( y , A * y , . . .  ,A *k- ly), 

where A* is the conjugate transpose of A. 
These two conditions determine xk uniquely under the assumption that the 

determinant Hk (l) defined below is different from zero. 
Indeed, xk -- Xo can be written as 

X k -- X 0 = --b(lk)r0 . . . . .  b~k)A k -  l ro 

and the orthogonality conditions give 

(A*iy, rk) =O f o r i = 0 , . . . , k - 1 ,  

which is a system of  k linear equations in the k unknowns bl k), j,(k) This system 
�9 . , ? t . ,  k �9 

if ro, A r o , . . . , A k - l r o  are linearly independent and 

then we have 

Pk(r = 1 + blk/  + . . .  + 

r k =- Pk(A)ro. 

Moreover, if we define the linear functional c on the space of polynomials by 

c(~ i ) = ( y , A i r o ) ,  i = O ,  1 , . . . ,  

then the preceding orthogonality conditions can be written as 

c(~iPk) =O f o r i = 0 , . . . , k - 1 .  

These relationships show that Pk is the polynomial of degree at most  k belonging 
to the family of  formal orthogonal  polynomials with respect to c [3]. This poly- 
nomial is defined apart from a multiplying factor which was chosen, in our case, 
such that Pk(0) = 1. Due to this normalization, Pk exists and is unique if and 
only if the Hankel determinant  

(y, Aro) (y, A2ro) . . .  (y, Akro) 

(y, A2ro) (y, A3ro) . . .  (y, Ak+tro) 
n( l )  __= 

: : : 

(y, Akro) (y, Ak+lro) . . .  (y, A2k- lro)  

is different from zero. 
The polynomials Pk can be recursively computed in different ways leading to 

the various Lanczos type algorithms known as Lanczos/Orthores,  Biores [28], Lanc- 
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zos/Orthodir, Biodir [28,42], Lanczos/Orthomin [40,42], Biomin [26], biconjugate 
gradient [23], . . . ,  and so on. A unified presentation and derivation of all these 
methods can be based on the theory of  formal orthogonal polynomials [14]. 

An interesting property of Lanczos' method is its finite termination, namely that 
3k ~< n such that r k = 0 and xk = x = A- lb .  

A variant of Lanczos' method was proposed by Sonneveld [36]. It is the so-called 
conjugate gradient squared method (CGS in short) which consists in taking 

rk = p2(A)ro. 

This method obviously has the same finite termination property as Lanczos' 
method. 

The coefficients appearing in the various recurrence relations for computing the 
orthogonal  polynomials Pk are given as ratios of  scalar products. 

When a scalar product  in a denominator  is zero, then a so-called breakdown 
occurs in the corresponding algorithm which has to be stopped. It can be due to 
the non-existence of the orthogonal polynomial under consideration (a notion 
called true breakdown [8] or pivot breakdown [17]) or to the recurrence relationship 
used (a notion called ghost breakdown [8] or Lanczos breakdown [17]). When a 
breakdown is due to the non-existence of  some of  the polynomials Pk (that is, in 
the case of  a true breakdown), it can be avoided by jumping over these non-exist- 
ing polynomials and computing only the existing ones. The corresponding algo- 
rithm was presented in [12] with its derivation and theoretical background. It 
was called the Method of  Recursive Zoom, in short the MRZ.  Our treatment 
cures true breakdowns (ghost breakdowns cannot occur in the recurrence relation- 
ships used) and the M R Z  can only suffer from an incurable hard breakdown. The 
corresponding F O R T R A N  subroutine can be found in [10,11]. All the other recur- 
rence relationships for the implementation of  the Lanczos method can suffer from 
ghost breakdowns. The treatment of these ghost breakdowns consists in jumping 
over polynomials which exist but cannot be computed by the recurrence relation- 
ship used. In [10,11] we gave two algorithms, called BMRZ and SMRZ, based 
on different recurrence relationships. They can suffer from true and ghost break- 
downs but, in our programs, we only cure the true ones. 

When a scalar product  appearing as the denominator  of a coefficient in a 
recurrence relationship is close to zero, then roundoff  errors can seriously affect 
the algorithm, a situation known under the name of near-breakdown. There are 
two kinds of  near-breakdowns, true and ghost, depending on whether they are 
related to a true or a ghost breakdown. It was shown in [10,11] how to cure true 
near-breakdowns. The algorithms, which are modifications of the M R Z  and the 
SMRZ, were called the G M R Z  and the BSMRZ respectively. The subroutine 
corresponding to the BSMRZ can be found in [10,11]. The BMRZ cannot be 
generalized. See [13] for a review of  these questions. 

In [15], we showed how to avoid breakdown in the CGS algorithm. In this paper, 
we shall see how to use the relations given in [10] in order to avoid true and ghost 
near-breakdowns in the CGS algorithm. Another  look-ahead strategy for the CGS 
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is given in [17]. It is based on the recurrence relationships corresponding to the 
Lanczos/Orthomin algorithm and it also incorporates a residual smoothing 
strategy [35,41,43] for curing further numerical instabilities. The hybrid pro- 
cedures proposed in [7] could also be used for this purpose. Let us mention that 
a quite similar procedure can be used for treating the near-breakdown in some 
algorithms generalizing the Bi-CGSTAB of Van der Vorst [38]; see [9]. 

Let us now begin by recalling some results on orthogonal polynomials that will 
be useful for our purpose. 

2. Orthogonal polynomials 

As explained in the introduction we shall consider only the existing orthogonal 
polynomials (called regular) and we shall not give a name to the other ones. 
Thus, we shall now denote by Pk (instead of Pnk) the polynomial of degree at 
most nk satisfying the orthogonality conditions 

c(~ipk(~)) = 0 for i = 0 , . . . ,nk  -- 1. 

Such polynomials are defined apart from a multiplying factor. As mentioned 
above, they are normalized by the condition Pk(O) = 1. 

p(l) (instead of P~(~)) be the regular monic polynomial of degree nk Let n o w ,  k 
belonging to the family of formal orthogonal polynomials with respect to the func- 
tional c (17 defined by cO)(~ i) = e(~i+l),  p~ll exists and is unique if and only if the 
Hankel determinant H~(~ ) is different from zero, which is also the condition insuring 
the existence and uniqueness of the polynomial Pk. Since it has the degree nk, the 
polynomial Pk 0) satisfies the orthogonality conditions 

c(1)(~ip( l ) (~))  = 0 for i = 0, . . .  ,nk -- 1. 

In some cases, this quantity can also be zero for higher values of i and if p~l) satisfies 

cO)(~iP(1) (~) )=O f o r i = 0 , . . . , n  k + m k -  2 

and 

then the next regular orthogonal polynomial, --k+l, p(~) has degree nk+~ = nk + mk and 
it was proved by Draux [22] that, in such a case, the following more general recur- 
rence relationships hold 

P k  = Pk( ) - -  

p(l)  
= - r  1 " k  

with p(_l~ ___ 0, p~l)(~) = 1 and C1 = 0. Wk is a polynomial of degree mk -- 1 at most 
and qk is a monic polynomial of degree mk. Their coefficients and Ck+I are 
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determined by imposing the orthogonality conditions of Pk+l and P(~, .  The 
�9 | ~ T 1  

preceding relations hold only if the quantities c(l)(~c'Pk()(~)) are exactly zero 
for i = O , . . . , n k + m k - - 2  (which corresponds to a breakdown). Setting 
rk = Pk(A)ro and z k = o0)  �9 k (A)ro in the previous recurrence relations leads to a 
breakdown-free algorithm for implementing Lanczos' method since the use of 
non-existing orthogonal polynomials is avoided. This algorithm, which is a look- 
ahead strategy, was called the Method o f  Recursive Zoom and it is known under 
its abbreviation MRZ. It can only suffer from an incurable hard breakdown. It 
has a strong connection with the methods derived by Gutknecht [25]; see also 
Joubert [29]. 

Of course, if [c(tl(~ nk+mk- 1p~l/)[ is different from zero but small (and possibly 
badly computed), the coefficients of the two recurrence relations of the MRZ 
could be large and badly computed and rounding errors could affect the 
algorithm. The same is true if the quantities [c(~l(~iPk~/)l are not zero for 
i = nk , . . . ,  nk + m k  -- 2 but small; in that case no breakdown occurs in the method 
but numerical instability could be present, a situation called near-breakdown. 

It is possible to avoid such a near-breakdown by jumping over those polynomials 
which could be badly computed and to compute directly the first regular poly- 
nomial following them. The tests for deciding when and how far to jump will be 
discussed in detail in the next section. 

For the moment, let us assume that, at the step k, the regular orthogonal 
polynomial p(1) of degree n k with respect to c (1) has been obtained and that the --k 
length mk/> 1 of the jump has been decided. Let nk+l = n k  +ink. We shall 
denote by p(1) the regular orthogonal polynomial of degree nk+l with respect - - k +  1 
to c (1). As explained in the sequel, if such a polynomial does not exist (and we 
are able to detect such a case) the value of mk has to be increased until a regular 
polynomial is obtained. We shall denote by Pk+l the corresponding polynomial 
of degree nk+l at most orthogonal with respect to c and normalized by the condi- 
tion Pk+l(O) = 1. 

Let us first compute Pk+ 1. This polynomial (of degree nk+ 1 = nk q- mk) is only 
assumed to satisfy its usual orthogonality conditions e(~iPk)= 0 for i = 0 , . . . ,  
nk + m k  -- 1 (which corresponds to a near-breakdown). As proved in [10], it can 
be computed by 

ek+ 1(~) = Pk(~) -- ~Wk(~)e~ t) (~) -- ~Vk(~)Pk(~), (1) 

where wk is a polynomial of degree mk -- 1 at most and Vk a polynomial of degree 
mk -- 2 at most. Let us recall that, in the case of a breakdown, Vk is identically zero 
and the relation (1) reduces to the previous recurrence relationship (due to Draux 
[22]) for Pk+l. The coefficients of the polynomials wk and Vk are computed by 
writing down the orthogonality conditions of Pk+l with respect to the basis ( '  
for i = 0 , . . .  ,nk + m k -  1. This is the procedure followed in [10] which leads 
to a system of linear equations giving the coefficients of these polynomials. The 
corresponding procedure for avoiding near-breakdown in Lanczos' method was 
called the BSMRZ (Block Symmetric Method o f  Recursive Zoom). Of course, the 
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polynomials  Pk computed  in this a lgor i thm are the same as those compu ted  in the 
look-ahead procedure  given in [24]. However,  the recurrence relationships used for 
their compu ta t ion  are not  the same. 

In our case, this procedure could still be used and the first version of  our  algorithm 
was coded in that way [6]. However, one of  the main interests of  the CGS is to avoid 
the use of  A *, which is achieved, in terms of or thogonal  polynomials, by avoiding the 

�9 1 . 2 

use o f ( i P k  and ~ip~l) and replacing them by ~*-'~*P~ )Pk and ~c'-nkPk0) . As shown 
in [5], this is possible (but, in our case, quite tricky as it will appear below) and it pro- 
vides a new and easy way for obtaining recurrence relationships between orthogonal  
polynomials. However, such a change in the polynomial  basis can only be made  for 
i >~ n k and is impossible to use for i = 0 , . . . ,  r/k - -  1. In that case, since ~iWk(~) is a 
polynomial  of  degree nk at least, we can divide it by Pk (1) by the Euclidean 
algorithm, and thus, for i >f nk - ink, it can be written as [5] 

= + 

where U is an arbitrary polynomia l  of  degree nk -- 1 at mos t  and q~ a polynomial  of  
degree i + mk - nk - 1 (both depending on i), and a similar relation for ~ivk(~). As 
we shall see below, the polynomial  U will d isappear  when imposing the ortho-  
gonali ty condi t ions  (and thus it will not  be necessary to compute  it) and the 
coefficients of  the polynomial  q5 could be determined as the solut ion of  a linear 
system. After  having obta ined the coefficients of  ~b, the coefficients of  Wk will be 
obta ined directly f rom those of  q~. Thus,  the compu ta t ion  of  the coefficients of  ~b 
is only an intermediate (but crucial) step in the procedure.  When  i < n k -  mk, 
the or thogonal i ty  condi t ions  are automatical ly  satisfied and they are not  needed. 

Let us now show in detail how to compute  the coefficients of  the polynomials  vk 
and Wk. We first set 

p(kl)(~) = a~k) + alk)~ + . . .  + _(k) 1 %_1~ ~-  + ~ 

and 

ek(~) = 1 + blk)~ + . . - +  b(~)~ cnk. 

Mult iplying bo th  sides of  (1) by (i and applying the funct ional  c, we obtain 

c(~iek  +l) = c(~iek)  -- C(1)(~iwkP~ 1)) -- c(~i+l Vkek) .  

This quantity must  be zero for i = 0 , . . . ,  nk + mk - 1. By the orthogonality properties 
of  Pg and Pk li), it is zero for i = 0 , . . . ,  nk - ink. Thus, we shall now write that it must  
also be zero for i = nk -- rnk + 1 , . . . ,  n k -- 1. We see that  we have to compute  

C(~n'+mk+2Vkek ) C(1)(~"k-mk+lwk P(1)) 

We set 

Wk (~) = ~0 -'[-''" "At- ~mk -- 1~ mk -- 1 
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Let us first consider the case where nk --  rnk + 1 /> 0. The case nk --  m k  + 1 < 0 

will be treated below. We set 

t -2 
"Ok(~) : "~l 0 - J r ' ' "  -I- "[m k _ 2 ~  mk 

By the Euclidean division algorithm for polynomials, we know that there exists a 
polynomial U 1 of  degree nk -- 1 and a constant  flm~ - l such that 

end- m, + ~Wk(~) = Ul (~) + /3~- ,?~ ' )  (~). 

Identifying the coefficients of  ~nk is both sides of  this relation, we obtain 

"~mk- 1 = ~3ink- l" 

Similarly, there exists a polynomial U2 of  degree nk -- 1 and two constants ~3ink--1 

and /3mk- 2 such that 

~ n k - r n k + 2 W k ( ~  ) = U2(~ ) q_ ~3ink-2Pk( l )  (~) q- /3rnk-  I~p~I) (~)" 

Identifying the coefficients of  Cnk+l gives the same relation as above for 3'ink-1 
which proves t h a t  ~3ink-1 is the same as above. Identifying the coefficients of  ~n, 
leads to 

~(k) 
~',,, - 2 = / 3 , ~ ,  - 2 + / 3 m ,  - 1 ' %  - l" 

And so on, there exists a polynomial  U,,,k_ l of  degree rl k - -1  and constants 

/31, . . . , ~3ink- I such that  

Cnk--  l w k (  r  = U m k _  l ( ~)  -~- /31p~1)  ( r  q--...-{-/3rnk_l~mk--2P(kl)(~ ) .  

Identifying the coefficients of~ i for i = nk + 1 , . . . ,  nk + m k  -- 2, we obtain the same 
relations as above for 72, - - ' , " /m,-I .  Identifying the coefficients of  ~n~, we get 

"71 =/31 +/3  a (k) _ (k) 2 n k - l + " " " -Ji- ~3ink -- I Un k -- m s + 2" 

Finally, there exists a polynomial  Umk of  degree n k - 1 and constants/3o, . . .  ~3ink- l 

such that 

~n~wk(~) = Vm~ (r +/3oe~)(~) + . . .  +/3m,-1~ m~- l e~l) (~). 

Identifying, we obtain one more new relation 

~(k) 
"~0 /30 -1- I..'l Un k - 1 ' ] - ' ' "  -~- /3mk -- ~ (k) l t~nk_mk + l .  

It must  be noticed that, in fact, we have 

~vi(~) = vi+l(~) +/3mk-~-lP~l)(r 

which shows that/3"k - i -  I is the coefficient of  the highest term in Ui. 

Now, similarly, we know, by the Euclidean division algorithm for polynomials, 
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that  there exists a polynomial  V 1 of  degree nk -- 1 and a cons tant  fl'mk--2 such that  

~"k--mk+2Vk(~) = VI(~) + f12,-2p~l)(~). 

By identification, we have 
/ / 

"Y mk - 2 =- f l  mk -- 2" 

Similarly, there exists a polynomial  1" 2 of  degree n k - -  1 and constants  f l ' k -2  and 
f l ' k -3  such that  

! (1) ~nk--mk+3Vk(~) = 1"2(~) + flma-3p~l)(~) + flmk-2~Pk (~). 

Identifying, we have 

t t a t  ~ ( k )  
"Ymk-3  = f lmk- -3  + Mmk-- 2unk--I  " 

a polynomia l  Vmk-1 of  degree n k - - 1  and constants  

By identification, we obtain 

a '  ~(k) a '  ~(k) 
")110 = f i t  0 -~- M lUnk _ l -~- " " " -~- M mk _ 2Unk_mk + 2 . 

The preceding relations allow to compute  the 7's and the -y"s f rom the fl's and the 
fl"s. Let us now show how to compute  the fl's and the f ' s .  

Writ ing down  the or thogonal i ty  condi t ion  c(~ "k -mk + 1pk + 1 ) = O, we obtain 

c(~ "k-ink + l pk + 1) = C(~ "k-m~ +1Pk) -- c(l)(~ "~-mk + lWkp~l)) 

_ C(~nk--mk +2VkPk ) = O. 

Expressing Wk PO) and VkPk in terms of  the Ui's and the Vi's by means  of  the rela- 
t ions given above and using the or thogonal i ty  of  Pk and p(1), we get 

C ( 1 ) ( U l P ~  l))  -Jr- f lmk_  lC (1 ) (P~  1)2) -]- C( V l P k )  Jr- f l l m k _ 2 C ( p ~ l )  p k )  = O. 

But, since U1 and V1 have degree nk -- l, then cO)(U1P~ 1)) = c(V1Pk) = 0, and  it 
follows 

f l m k _ l C ( l ) ( p ~ l ) 2 )  , (1) -}- f l m k - - 2 C ( P k  P k )  ---- O. 

Writing down  the or thogonal i ty  condi t ion  C(("~-mk+2pk+l)=0 and using 
c(1)(u2e~ I)) = c(V2ek) = O, we obtain 

! (1) ! (1) ~mk--2C(1)(P(1)2) q- flmk-lC(l)(:Pi 1):) q- flmk-3C(ek Pk) q- flm,-2c(:Pk Pk) = O. 
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And so on until c(~ nk- lpk+ 1) = 0 which gives 

fllc0)(p~ 1)2) + . . .  + flmk_lC(1)(~mk-2e(kl)2 ) q- fl'oC(P(k')Pk) + . . .  

+  'k_2c(Ck-2P l)Pk) = O. 

Thus we have obtained m k - 1 relations for determining the 2mk -- 1 unknown 
coefficients fli and fl'i. 

We shall now write the remaining orthogonali ty conditions of  Pk+l as 

c(~i-nkP(kl)pk+l) =O f o r i = n k , . . . , n k + m k - - 1 .  

Thus we obtain for i = 0 , . . . , m k - -  1 

7oC<l) (~i p~ 1)2) + . . .  + "ffmk_ lC(')  (~ i + m k -  ' pO )~) 

, I , [ c i + I D ( I ) D  "~ ,! , t ' c i + m k - - l D ( 1 ) D  ~ (kl)pk ". "1- fOt'\q l k  Z k )  " { - ' ' "  -}- fmk--2t 'kq " k  " k )  = c(~ iP ) 

Replacing, in these relations, the 7's and the 7% by their expressions above, we 
obtain mk more relations for the fl's and fl"s. Thus, we have the same number  of  
unknowns and relations. 

In the case where n k - m k + 1 < O, we shall take for Vk a polynomial of  degree at 
most  n k - 1 (for k = O, n o = 0 and there is no polynomial v0) 

! Cnk -- 1 vk( ) 

Let us write the orthogonali ty conditions c(~iPk+ I) = 0 for i = 0 , . . . ,  nk -- 1. We 
shall have to compute  the quantities 

c( vkPk) 

c(Ck k&) cll)(r ) 

Since n k < m k - -  1 and Wk is a polynomial  of  degree at most  mk -- 1, then there 
exists a polynomial  UI of  degree n k - 1 and constants r ink, ' ' ' ,  fimk--1 such that 

Wk(~)  = U I ( ~ ) +  ~ n k e ~ l ) ( ~ )  q- . . . - [ -  ~ m k _ l ~ m k - - n k - - l e ( k l ) ( ~ ) .  

Identifying the coefficients of  the successive terms in ~', we obtain (with the 
convention that  a~ k) = 0 for i < 0) 

,~ (k) _ a(k) 
~[n k = r i n  k "q- ~'~n k q- I an k - 1 d- " ' "  "q- t i m  k 1 2n k - m k + 1' 

~(k) ~(k) 
"[nk + 1 = flnk + 1 -~- Pnk + 2t~nk_ 1 + ' ' '  + f lmk_ lU2nk_mk + 2, 

~mk_  I ~- f lmk_ 1. 
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There  exists a po lynomia l  U2 o f  degree nk -- 1 and  cons tan ts  fl"k- l, fl"k'" " " ' fl"k-- 1 
such that  

~Wk(~) = u2(~)+ e.~-,P,r + emk-'~m~-"~P~')(~)" 

By identif icat ion we obta in  

~, (k) .(k) 
"/"k I = 3"k-- I + P"k a,~ _ I + ' ' "  + 3ink -- - -  l ~ 2 n  k - -  m k 

and  the same relat ions as above  for %k' '"  ", "[mk - 1" 
A n d  so on, there exists a po lynomia l  U,k+l of  degree  nk - 1 and  cons tan ts  

r i o , . . . ,  flmk-1 such that  

Cmk - 1 ~"kWk(~) = U,,k+l(~) q-eop~l)(r  + ' ' ' - f f  tJmk_lq P(kl)(~). 

Ident i fying,  we obta in  

% 3 o + , ~  (k) ~(k) = 191 an k - 1 -}- " " ' q- flmk -- 1 ~nk -- mk+ 1" 

Similarly,  there exists a po lynomia l  V1 o f  degree  n k - 1 and  a cons tan t  fl'.~_ 1 such 
that  

p(l)  
Ok(~) = V~ (r + fl'.,_ 1-k (r 

Ident i fying,  we get 

A n d  so on,  there  exists a po lynomia l  V,, k of  degree  nk -- 1 and  cons tan t s  e ~ , . . . ,  
fl'nk - 1 such tha t  

r = V,k(~) + foP~l)(~)  + ' " +  fl ' ,k--,~'k--lP~l)(~),  

which  gives, by ident i f icat ion 

t ~ l ~ ( k )  i _ a[k). 
"~o = f l ' o + ~ ' 1 - , ~ - 1  + ' " + 3 . ~  I 

Wri t ing  d o w n  the o r thogona l i t y  c o n d i t i o n s  c ( ~ i p k +  1) ---- 0 for  i = 0 , . . . ,  n k -- 1 
and  using c(U(U1P~I) ) = c(V1Pk)  = O, we ob ta in  

rink C<1)(P~ 1)2) 4 - ' "  q- f lmk_lc ( l ) (~  m k - n k - l P ~  1)~) + f l ' nk_ lC(P~l )Pk) :  O, 

~nk - lC(1) (P~ 1)2) -/- "" �9 q- flmk_ lC(1) (~mk--nk P~ 1)" ) if" fllnk _ 2C( Pk(1) Pk )  

+ flt .k_ lC(r  p k )  = O, 

, (1) Z,cr ~) + . . .  + Zm,_lcIl)(r + eo~(P~ Pk) + " "  

+ f l t n k _ l C ( ~ n k - l p ~ l ) p k )  = O. 
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Thus, we have already obtained n k relations�9 
Now, writing down the conditions 

c( ~iP(kl) pk  + l ) = 0 

for i = 0 , . . . , m k  -- 1, we obtain 

-{- 'ff0C(~ i+` e(k ') e k )  "~ " " " "JI- ~ tnk_  l C ( ~  i + n k e ( l )  P k )  : c ( ~ i e ( k l )  e k ) "  

Replacing, as above, the 7i and the 7'i by their expressions, we obtain mk more 
relations for the/~i and the f i .  Thus, finally, we have nk + m k  relations with the 
same number  of  unknowns.  

u(l) under  the Let us now try to compute  recursively --k+~ l" We shall look for --k+l 
form 

p(:) 
k+ 1 (~) = qk( : )P~ :) (~) + t k ( : )Pk ( : ) ,  (2) 

where qk is a monic polynomial  of  degree m k and tk polynomial  of  degree mk -- 1 at 
most. 

We set 
qk(~) = ~70 + " "  + 77m,-1~ m' - 1  + ~mk. 

Since the t reatment  is quite similar to what  we did above for (1), we shall only give 
the results without  entering into the details. 

Let us first assume that  n k - m k  >~ O. The case n k -  mk < 0 will be treated 
below. 

We set 
t k ( ~ ) = Tlto -~- . . . -3t- Tl/mk _ l ~ mk - I 

There exists Ot0,.. �9 Otmk- 1 such that the r/i are given by 

_ ( k )  
~ m  k - -  1 : O t t o  k - -  1 t a n k  _ 1 

? ~ m  k - -  2 - ~  O t t o  k - 2 + O t m  k - -  I ank_l(k) + ank_2~(k) 

. ~ 1 4 9  

T]O otO - -  ~ (k) _ a ( k )  ,~(k) ']- ot 1 Un k - 1 -Jr �9 �9 �9 + otmk 1 n k - -  m k + 1 "q- - - n k  - -  mk" 

Similarly, there exists ot~,.. ' , Otmk- 1 such that  the r/i are given by 

t ! 
7~ mk --1 ~ Otmk--1, 

t i ^ i ~ (k) 
r l m k _  2 = O t m k _  2 + ~ m k - - l ~ n k _ l  , 

�9 �9 . 

•  ' _ a(k) 
rltO = Otto T-t~lUnk_ I + " " + o tm  k I nk--mk+l" 
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The oL i and the a'; are obtained by solving the system of linear equations 

, (1) __C(1) (p (1)2) ,  
OGnk-lC(Pk P k ) =  

O~mk_ lr (1)2) Jr- O~ln,x._ 2c(P (l) Pk) + a~mk-lC(r P(I)Pk) = --C(') (~P(l)2), 

Ctlc(l)(P (1)2) - t - ' ' ' - t -  O~mk_lC(1)(r (1)2) -l- a~oC(P~l)Pk) + " "  

' . , c m , - I p ~ l ) p k  ) : --C(')(~mk-lp(k')2),  
"JF O s  1 t-I,q 

followed by the equations 

( j c ( ~  [ ( 1) 2 ) ~ !  ~ t ' c i + I D ( I ) D  "~ 7]oC(1)k~,iPkl)2/ + ' ' ' q - ~ l ' n k - l C ( 1 ) k ~ i + ' n " - l e k  -1- q0ckq "k  "k )  q - ' ' "  

ic(~i+rnkp ) = - - C  (~i+mkp ) 

for i =  O , . . . , m  k -  l, where the rli and the r f  i have been replaced by their 
corresponding expressions with respect to the ai and the a~i . 

In the case nk -- m k <  O, we shall take for t k a polynomial  of  degree at most  
n k - 1 (for k = O, no = 0 and there is no polynomial to) 

I c n  k - -  1 tk(~) = rl~ + �9 �9 �9 -r r/,,._ 1r 

and 

With again the convention that a} k) = 0 for i < O, we have 

- (k )  
rlmk - l = O~mk - 1 ~ Un k - 1 

�9 �9 , 

~ (k)  ~ (k)  a (k)  
?70 = OZo ~ u t  I U n  k - 1 "-}- " " " "-[- Olmk  -- l Urn k -- m k + 1 "-~ nk -- m k  ' 

! ! 

~ n k _  I : O L n k _ l ,  

i i ^ I ~ (k)  i I k ) .  
T]O ~--- OZO -q-- tXlUnk_l  -Jr-. . .--~-OLnk_l(l  

The a i and the ati are solution of 

+ . . .  + e '121 + I 

~l)pk + a .~  _ l C(P  ) = 0 

, . ~  

a l c ( l ) ( p ~  ')2) + . . .  + amk_lC(1)(~mk-2P~ 1)2) + C(1)(~ ink-1 pO) 2) 

^~ . / o ( l )  / ( Jr c~O~.k-- k Pk) J r " "  Jr OZnk_lC(~nk-le 1)ek) = O, 



C. Brezinski, M. Redivo-Zaglia / Near-breakdown in the CGS algorithm 45 

followed by 

~]oc(l)(~ip~l)2) + ' '  " + 77mk--lC(1)(~i+mk-l lg(I)2--k ) + c(l)(~i+nkPk (1)2) 

+ ,/oc(r + . . .  + = o 

for i = 0 , . . . ,  mk -- 1 where the r/i and the r/i have been replaced by their expressions 
with respect to the c~i and the a'i. 

If the systems giving the coefficients are singular, it means that p(1) does not exist --k+ 1 
and the value of mr, has to be increased until a regular polynomial o0) has been --k+ 1 
obtained. 

We shall now use (1) and (2) in order to cure near-breakdowns in the CGS 
algorithm. Let us mention that other techniques for treating the same problem 
are known as look-ahead strategies first proposed by Parlett et al. [34]. They 
have been worked out for the biconjugate gradient algorithm by Freund et al. [24]. 
However, in our case, writing down explicitly the recurrence relationships of ortho- 
gonal polynomials, instead of using matricial notations as in the look-ahead algo- 
rithm 3.1 of [24], will allow us to use these relations and to square them for 
obtaining an algorithm for implementing the CGS. 

3. N e a r - b r e a k d o w n  in the C G S  a lgo r i thm 

3.1. The a lgor i thm 

Since the CGS algorithm consists in taking 

rk = p2(A)ro ,  

we shall take the relation (1) of the BSMRZ and square it. We obtain 

C2w2p(l)2 p 2 + I  = ( l  --~Vk)2P 2 -  2(1 - -~ 'Ok)~WkPkP~  1) -l-q k k �9 

For using this relation, it is necessary to compute recursively the polynomials p(1)-" ~ k +  1 
~ Thus, let us square the relation (2) of the BSMRZ. We obtain and Pk+ lXk+ 1" 

p(1) 2n(1)  z 2qktkPkp(kl) 2 2 k + 1 = q k r k  + + tk Pk.  

Finally, multiplying (1) by (2) leads to 

p o(l) + l ' k + l  = (qk -- ~qkVk -- ~tkWk)PkP~ l) -- ~qkWkP(k 1)" + tk(1 -- ( vk )P~ .  

Thus, if we set 

r k = P ~ ( A ) r o ,  

Zk P 0)2 = ( A ) r o ,  

Sk = P k ( A ) p ~ I ) ( A ) r o ,  
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then we obtain the following algorithm called, for obvious reasons, the BSMRZS 

rk+ 1 ---- ( I -  A V k ( A ) ) 2 r k  -- 2 ( I -  A V k ( A ) ) A w k ( A ) s  k h- A2W2(A)Zk ,  

Xk+ 1 = X k -- (Aok(A)  - 2 I ) vk (A)r  k + 2(I - -  A v k ( A ) ) w k ( A ) s  k - AwZ(A)zk ,  

Zk+l = q ~ ( A ) Z k  + 2qk(A)tk(A)Sk + t~(A)rk,  (3) 

Sk+l = (qk(A) - Aqk (A)vk (A)  - A t k ( A ) w k ( A ) ) s k -  Aqk (A)wk (A) zk  

q- t k (A) ( I  -- AVk(A))r  k. 

In this algorithm, the only possible breakdown is the incurable hard one which 
occurs when the dimension of the Krylov subspace is equal to n and a zero denomi- 
nator is encountered somewhere in the algorithm. However, due to the arithmetic 
of the computer, this situation will almost never arise. 

The implementation of this algorithm needs the computation of several products 
of polynomials. Let us set 

P(()  = ao + ' "  + anon, Q(~) = bo + " "  + bk~ k, 

with n ~< k. Then the product of these two polynomials is given by 

P(~)Q(~) = eo + " "  + en+k~ "+k, 

with 
min(k,i) 

e l =  ~ b j a i - j .  
j = max(0,/- n) 

Let us mention that it would be interesting, in order to reduce the number of 
arithmetical operations (and thus, possibly, the numerical instability), to use a 
procedure based on the fast Fourier transform for effecting the product of two 
polynomials; see [30, pp. 500ft.] and [44, p. 226]. 

The main interest of the CGS, and in fact the reason for its construction, is that 
the matrix A* is not needed in the scalar products giving the coefficients of the 
recurrence relations. As shown in [15], this feature can be preserved in the 
MRZS which is the breakdown-free version of the CGS. 

This feature can also be kept in the BSMRZS and we have to compute, for 
i = 0 , . . . ,  2m k - 1, the quantities 

c(1)(~ip(1):~ i+ le~ l )2 (A)ro )  A i+ k ) ~- (y ,  A -~- (y ,  lzk)  

and the following quantities for i = O , . . . , 2 m k -  1 (in the case m k <~ nk) or 
i =- 0 , . . . ,  nk + mk -- 1 (in the case mk > nk) 

c(~iP~l)Pk) = (y, A ip~ l ) (A)Pk(A)ro )  = (y, AiSk). 

The CGS was obtained by squaring the BCG. Our BSMRZS was obtained 



C. Brezinski, M. Redivo-Zaglia / Near-breakdown in the CGS algorithm 47  

by squaring the BSMRZ which reduces to the method called A8/B8, when 
Vk, mk = 1 [14], which is a new algorithm for implementing Lanczos' method. 

(1) i (1) 2 
In the case of a true breakdown, d u e t o c  ((Pk ) = 0 f o r i = 0 , . . . , m k - - 2 ,  

the BSMRZS reduces, if c(p~l)pk) r 0, to the algorithm SMRZS described in 
[15] which is a breakdown-free implementation of the CGS. It must be noticed 
that the SMRZS can suffer from ghost breakdowns while the BSMRZS cannot. 

In [24], a look-ahead version of the biconjugate gradient algorithm was given. 
Actually, it is not yet known if this version could be squared for obtaining a 
look-ahead CGS algorithm working without using A*. However, our approach, 
based on orthogonal polynomials, of the problems of breakdown and near- 
breakdown in such algorithms seems simpler than those based on purely linear 
algebra techniques. In particular, it seems to us that it would have been much 
more difficult to obtain the coefficients of the polynomials involved in the 
recurrence relations without the help of orthogonal polynomials. 

It must be noticed that Sonneveld [36] implemented his method by squaring 
the recurrence relationships of the Lanczos/Orthomin algorithm. Since, in the 
BSMRZS, one of the recurrence relationships we are squaring is different, our 
algorithm does not reduce to Sonneveld's algorithm when Vk, mk= 1. The look- 
ahead procedure, called CSCGS, proposed by Chan and Szeto [17] is also based 
on the Lanczos/Orthomin algorithm and it cures only the true breakdowns by a 
2 x 2 composite step. Since these authors assume that no ghost breakdown 
occurs then, as shown by the discussion in [10] (see also [22]), a jump of length 2 
is sufficient. The goal of these authors was not to cure all the possible breakdowns 
but to obtain only a partial cure at a relatively modest modification of Sonneveld's 
algorithm. Their procedure reduces to Sonneveld's when no jump occurs. The 
CSCGS was obtained by squaring the algorithm CSBCG proposed in [1,2] for 
treating true breakdowns in Lanczos/Orthomin. 

3.2. Tests for near-breakdown 

In section 2, we saw that, in order to avoid a breakdown, we have to find, at each 
step k, the value of mk such that 

c(1)(~ip(I)(~))  = 0 

and 

for i = 0 , . . . ,  n k + mk - 2. 

# o. 

If the quantity c (1) (~nk +mk - 1 p ~ l )  ( ~ ) ) ,  which appears as the denominator of some 
of the coefficients of the recurrence relations (1) and (2), is close to zero, then 
numerical instability could affect the algorithm. This situation is called a near- 
breakdown. Thus, it seems that a near-breakdown could be avoided by defining 
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the length m k of  the jump by 

c(l)(~iP~ ~)) <. c 

and 

for i -= n k ,  . . . , n k + m k - -  2 

cO)(~iP;I))l" ' > e  f o r i = n  k+mk-1, 
where c is a given threshold value. 

Let us first notice that, since the polynomials p(1) - k  are no more  involved in the 
algorithm, these inequalities can be replaced by the equivalent ones 

c(1)(~iP~ 1)2) ~ s for i = 0 , . . .  ,mk - 2 

and 

c(1)(~ip~1)2).- c , > e  f o r i = m k - -  1. 

In an earlier version of  our  program [6], we used this test for deciding when and 
how far to jump. However,  the jumps were very sensitive to the value of  e. We tried 
many  examples. For  some values of  e, the exact solution was obtained for nk <<. n as 
expected f rom the theory while, for some other values o f t ,  the solution could not  be 
attained and sometimes an overflow even occurred. However,  it was observed 
numerically that  the quanti ty 

o.(1) = c(~p~l)pk ) _ ~ t o ( l ) o  ~(l)rco(1)2~ /~(l)to(1)2~ 
k + l  t . k z  k l k ) t .  k q l k  ) / t .  kZk  ) 

was close to zero in two cases: (i) when a jump has to begin and (ii) when the exact 
solution is about  to be obtained. So, we began thinking about  a test based on this 
observation. We first had to unders tand the meaning of  the quanti ty  _(1) and then O k +  1 

to find a test for deciding how far to jump. 
At each step k, the value ofmk  is first set to 1. Then, we shall check whether  ,~(1) V k + l ,  

as defined above, is zero or not. 
Let us discuss this condit ion in detail. As we shall see now, Vk+ 1 can be zero in 

two different cases. 
We have, when m k =  1, 

Pg+I(~) = Pk(~) -- 6k~P~l)(~), (4) 

with 6k = c(P~I)Pk)/C((P~1)2). Multiplying both sides of  (4) by P~') and applying 
the linear function c (1) we obtain 

cCl)(p~I)pk + 1) = c(~P~ 1)Pk) - c(P~ 1) Pk)C(')(~P~ ')2) IcCl ) (P~  1)2) = _(l) O k +  1" 

Since ,~(1) = (y, Ap~l)(A)Pk+ l (A)r0), this quanti ty is zero i fPk+ l (A)ro = 0, which ~ ' k +  1 
means that the exact solution will be obtained at the end of  the current  iteration, 
since rk+X = P2+I(A)ro. 
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The quantity ,,(l) ~'k+l can also be zero in another case. We have 

. (1)  = C(, ) ( p ( 1 ) p k +  1) = c(r ')Pk+ 1)" k + l  

But ~p~l)(~) = ~nk+l + Qk(~) where Qk is a polynomial of degree n k at most. Since 
(4) holds, we are in the case m k = 1, that is, nk+l = nk + 1 and, by the orthogonality 
property of Pk+ I, we finally obtain 

. ( 1 )  = c ( l ) ( p ~ l ) p k + l )  =c(r k + l  

Since P(~I has degree nk+ 1 and, by the orthogonality condition of Pk+l, we 
~T (1) (1) 

also have 0.k+l = C(Pk+ lPk+l) �9 Thus, a breakdown cannot occur at the next step if 
this quantity is different from zero. 

( l )  _ 
I f  0.g+1 - O ,  it means that the orthogonality conditions of Pk+l are satisfied 

farther than normal since Pk+l has degree nk+ 1 at most. Thus a ghost breakdown 
will occur at the beginning of the next iteration due to a division by zero and thus it 
is necessary to jump. Obviously a near-breakdown occurs if this quantity is close to 
zero and we shall also jump in this case. It must be noticed that the quantity ,~(1) is Vk+ 1 
quite easy to compute since, in fact, by the last relation, 

.(1) = (y, Sk+l)" k + l  

Thus we now have to take a value of mk greater than 1 and decide how far to 
jump. The value of mk is set to 2 and the system giving the coefficients fl;, fl';, ai 
and a'i is solved. If this system is singular (pivot=0)  or nearly singular 
(Ipivotl ~ ~1) then mk is changed to m k +  1 and the procedure is repeated until a 
non-nearly singular system has been found. 

After solving the system, if the new residual vector is zero (or small) then the 
solution of A x  = b has been obtained. If this is not the case, the iterative process 
has to be continued further and, at the beginning of the next step, a division by 
zero could occur if we are not careful enough. Thus, before going on, we have to 
check this point. If the quantity by which we shall have to divide at the beginning 
of the next iteration is zero (or close to it) it means that the preceding jump was not 
long enough and we have to return to that iteration and increase again the value of 
mk by 1. 

Thus finally, for finding the length of the jump, two different tests have to be 
performed: (i) the singularity (or the near-singularity) of the system giving the 
coefficients of the polynomials, and (ii) the value of the quantity by which we 
shall have to divide at the beginning of the next iteration if the solution of 
A x  = b has not been reached. 

Let us now discuss this second point. In section 2, for obtaining the last mk 
equations of the system giving the/~;, and the f i ,  we wrote down the orthogonality 
conditions 

c(~iP~l)Pk+l) = 0 for i = 0 , . . . , m k - -  1. 
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Let us set 
O.k(mk) + ,  = c(r 

,,(1) as above. It is easy to see that and remark that, when mk = 1, this is the same " k + l  

o.(mk) : c( l ) (~mk-- l io( l )o  \ : ~t'D(l) p : +1 --k " k + l )  C k r k + l  k + l )  c (~nk+lpk+l )  (Y, Sk+I)" 

As before, if this quantity is zero it means that either we shall obtain the exact 
solution at the end of  the current iteration or have a division by zero at the 
beginning of  the next one. In order to avoid such a division by zero (or by a 
quantity close to it) we must  sill increase the value of  mk in the current step, 
solve the system giving the coefficients of  the polynomials and so on until a 

value of  ~rk(+k~ has been obtained. satisfactory 
Thus, we first use the quantity ~(l) for deciding to start jumping and then " k +  1 

the quantity -('*) with mk > 1, for checking if the jump is long enough. Ok+ 1 , 
It must  be noticed that we proved, in passing, that the SMRZ and the BSMRZ 

described in [10, 11] are more general than we previously thought  since the case 
of  a ghost breakdown, which occurs if o'k(m~-')= C ( ~ ' k P k ) =  0, can now be 
avoided. The B M R Z  cannot be generalized for treating near-breakdowns. 

Near-breakdown (or possible numerical instability) at the step k is also detected 
by testing some ratios that are needed in the computat ion of/30, a0 and a~ 
when mk = 1. Moreover, when mk = 1, another possible cause for breakdown is 
that (y ,  Azk )  = 0. All these cases are detailed in the pseudocode of  the algorithm 
given in the next section. 

4. A l g o r i t h m  design 

We shall now analyze how the algorithm has been developed and first give it in a 
pseudocode form. 

In order to minimize, in the code of  the program, the storage and the number  of  
operations to be performed in the algorithm, some tricks have been used. 

In the case where a breakdown or a near-breakdown has been detected, it is 
necessary to jump and to solve two auxiliary systems, the first one giving the 
coefficients /3 and /3' and the other one the coefficients a and o~' and then to 
compute the coefficients -7, -)/, 77 and r 1' of  the polynomials Wk, vk, qk and t k which 
appear in the BSMRZS. Thus the following quantities must be computed at the 
iteration k 

m k <~ n k mk  > nk 
d i = (y ,  AiSk) i = 0 , . . . ,  2mk - 1, i = 0 , . . . ,  nk + mk -- 1, 

ci = ( y ,  A i + l z k )  i = 0 , . . . , 2 m  k - l ,  i = O , . . . , 2 m  k - l ,  

hio = r i = 0 , . . . ,  m k - 1, i = 0 , . . . ,  mk - 1, 
j - 1  

hij = Z Ci+l" a(1)nk-j+! -~- Ci+j 
I=0 

j =  1 , . . . ,mk ,  j = 1 , . . .  ,mk~ 
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f "o = di + l i = O, . . . , mk  -- 1, 

j - 1  
,,(k) 

f i j  = Z di+l+l " ' nk - j+ l  + di+j+l j =  1 , . . . , m k - -  1, 
t = 0  

i = O , . . . , m  k - 1, 

j = 1 , . . . , n k - -  1, 
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where  "(k) -- 0 for j -- 1 > nk. t*n k - j  + I -- 

These  sys t ems  are 
System for the fl and the fl '  

Case mr, ~< nt, 

2 m  k - 1 e q u a t i o n s  wi th :  

mk u n k n o w n s  /30,- . . , /3ink- t 

i nk - -  1 u n k n o w n s  /3~) , . . . , /3"k_  2 

{ /~mk_lr + ]~tmk_2d 0 : O, 
m k -  1 eq . . . .  

/~lco "a t - . . .  + [~mk -- l Cmk -- 2 "q- /3'odo + " "  +/3'mk--2dmk--2 = 0 

/3ohoo +/31hol + " "  +/~mk - lhO,mk -1  

+/ Uoo + Ylfol + - "  +3"k-2fO,m, -2  = do, 
mk eq. . ' -  

/~Ohmk- 1,0 + ~ l h m k -  1,1 + ' ' "  + ]~m k - l h m k -  l,mk -- 1 

+ [YOfr~-l ,0 + 3' l fmk--l , l  + " "  + f l lmk--2fmk--l ,mk--2 = d m k - l "  

System for the 13 and the fl ' 

Case mk > nk 

nk + m k  e q u a t i o n s  w i th :  

mk u n k n o w n s  /30, ' ' ' , /~mk--1 

nk u n k n o w n s  /3~, . .  ' �9 ,]~nk--I 

{ , o ~n~ CO + ' ' "  + ~mk-  1 %  - . k -  l + ~n~ - 1 do = , 

nk eq . . . .  i I d 
f i l e 0  -{- �9 �9 " + [~mk--lCmk--2 + t3odo + " "  + /3~k-1  , k - I  = 0 

/0ohoo +/31hol + " "  +/3m k - lhO,mk - 1 
i i + + i 

+/ ofoo+ lfo  " ' "  

mk eq . . . .  

flOhmk - 1,0 + / 3 1 h m k -  1,1 + ' ' "  +/3mk - lhmk - 1,ink -1 

' + ' + + ' = d m k _  +/30fmk-- l ,O /~ l fmk - - l , t  " ' "  /~nk- - l , fmk- - l ,nk- - I  1. 
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m k e q .  

mk eq., 
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System for the ct and the ct' 

Case m k ~< n k 

2rag equa t ions  with:  

m k u n k n o w n s  s0,  �9 �9 �9 ~ O~m k -  1 
I 

mk u n k n o w n s  a'o ,  �9 � 9  a m k -  1 

I 

OLm k -  l d 0  = - c 0 ~  
I t 

amk - 1 Co + OZmk -- 2d0 = --Olmk - I d! - c 1 , 

�9 . . 

l ! 

O~IC 0 §  § O~mk--ICmk--2 § o~od 0 -~ . . .  § Olmk--2dmk--2 
I 

= --O~mk_ldm k -1  -- r k -1  

aohoo + t ~ l h o l  § . . .  § OLmk--lhO,mk--I 
l I 

+ 'ofoo + + +  m,-2fO,m,- 2 = -- 

�9 . . 

o z o h m , -  1,0 § a l h m k -  l,1 §  § amk - l h m k -  l ,m , -  I § a lOfmk-  l,0 § OJl fmk-- l,l 
1 I 

§  § O~mk- 2 f m g - 1 , m k -  2 = --O~m k -  l f m  k -  1,m k -  1 -- hm k -  l,mk" 

Sys tem for the ~ and the ~' 

Case  m k > n k 

nk + m k  equa t ions  with:  

mk u n k n o w n s  a0, �9 �9 �9 ~ O~m k -  1 

t 
n k  u n k n o w n s  o ~ , . . . ,  auk -  l 

{ ~ r § " " " § C~mk - I Cmk -- nk -- I § O~lnk _ I do : - -  Cm k - nk, 

n k eq . . . .  

O~IC0 § " ' '  § O~m k lCmk--2 + C~odo + " '"  + a ' n k - l d n , - I  = --Cmk-1 

/ ~ + ~ + " " �9 + O~mk- lho,mk - 1 

-~-O~0A 0 §  ] §  §  = --hO,mk , 

mk eq . . . .  

O~Ohmk - 1,0 § Ollhmk- 1,1 -~- " " " + OLin k - l h m k -  l,m k - I 

1,o + + " "  + : 

These  two  sys tems can  be  reduced  to one  single sys tem with the same mat r ix  and  
t wo  different  r ight h a n d  sides. W e  have  
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These systems are solved by Gaussian el imination with partial pivoting and the 
matrix is stored is a quasi upper  tr iangular  form to speed up the computa t ion  and 
to reduce the a m o u n t  of  operations.  Obviously, Gaussian el imination could be 
replaced by any other  method ,  for instance the block border ing me thod  whose 
subrout ine can be found in [4]. 

If  at i teration k, for an m k  > 1, this system is singular or almost  singular 
(]pivot[ ~< el in the tr iangularizat ion stage or [determinant I ~< q) ,  then, as said 
in section 3.2, the value of  has be increased until a non nearly-singular ~k(,,~), to 
system has been obta ined and iOk+ 1 I is greater than some threshold e. Thus  at the 
end of  the i teration k, the final value of  rn k is used for setting n k +  1 = nk  -1- ink .  

After  solving these systems, the -)% 7~i, r/i and 77' i are obtained f rom the/3i,/3~i, ai 
and a'i as indicated in section 2. The computa t ion  of  the ")'i, "/i, r/i and r/li can be put  
under  a unified form by in t roducing a second index j as follows 

m k <~ n k  m k  > n k  

j - i  
,'a ~(k) 

7 j , i :  Z . . ~ t J l + i U n k _ l - ' ~ / 3  i i = O , . . . , m k -  1, i = 0 , . . . , m k -  1, 
/ = 1  

~[i,i : /3i j = m k  --  1, j = m k --  1, 

j - i  

t Z t (k) . q . . /3 t  i i = 0 , . .  m k  --  2,  i = 0 , . .  , n k - -  1, "[j,i : ~31+lank-- t  " '  " 
1=1  

! ! 
7 i,i = /3 i j = m k - -  2,  j = nk  --  1, 

j - i  

. ( k )  + a i - -  (k) i = O, m k  1, i = O, m k -  1 
7 ] j , i  = OLI + 1 "nk " I  "t- ank _ m k  + i " " " ' - -  " " " ' 

/ = 1  

7~i , i  OLi  .~_ ~ ( k )  = an k -  1 j = m k --  1, j = m k  -- 1, 

j - i  

7"lj,i = ~ t X l + i U n k _ l - J V O Q  i = O , . . . , m  k --  1, i = O , . . . , n  k --  1, 

/ = 1  
! / 

= a i  , i = m k  --  _ 1, , i = nk  --  1. rl i,i 

The four vectors rk+ 1, X k +  1, Z k + l  and Sk+ 1 are obta ined as linear combinat ions  
(with the coefficients of  the polynomials  appear ing in (3)) of  vectors of  the form 

m k <~ n k m k  > n k 

P i  = A i Z k  

g i  = A i r k  

u i = A i S k  

i = O , . . .  , 2 m k ,  

i = O , . . . , 2 m  k -  2 ,  

i -=- O, . . . , 2 m k  --  1, 

i = O , . . . , 2 m  k, 

i = O, . . . , 2nk, 

i = O, . . . , nk  + m k .  

Thus  these vectors are compu ted  once and stored as the co lumns  of  three different 
matrices. 
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At the end of  the iteration k we also need to compute and store for the next step, 
using (1) and (2), the coefficients of  the polynomials Pk+l  and #11 that is, the - - k + l '  
quantities 

a f t  +1) i = O , . . . , n k  + m k - -  l ,  

b}k + l) i = 1 , . . . ,  n k + m k. 

Some auxiliary quantities are also needed in the program. 
The solution is obtained at the iteration k when II rk§ II ~< c2. The corresponding 

value of nk+l must  be less than or equal to n. However, due to the precision of  the 
computer,  the solution can possibly be reached for an nk+ l greater than n and thus 
a value nma x/> n has been introduced to let the algorithm continue until this value. 
Let us recall that, in exact arithmetic, there exists an index k ~< n such that rk = 0. 
Obviously, the value of  nma x can also be taken smaller than n. In that case, the 
program will stop when nk+ 1 >/r/max. In order to avoid unnecessary computat ions 
and rounding errors, the maximum norm was chosen. 

The length of the jump (denoted by mk)  affects in a very heavy way the storage 
requirements of  the algorithm because its value appears in the dimensions of  all the 
working arrays and of all the working vectors. In theory, the size of the jump can 
reach the value nma x because, at the first iteration, a value of mk equal to nma x can 
be found. In practice, especially when the dimension of the system is large, it is 
necessary to set an upper bound to the value of the jump; this value is denoted mkmax. 

Let us now give the pseudocode of  the algorithm. 

Algorithm B S M R Z S  (A, b, x o, y, n, nmax, mkmax , r q ,  e2) 

Step 1. Initializations 
r o ~ b - A x  o 

Po = Zo = ro 
U 0 ~ S O ----- r 0 

g o = r o  
a~ ~ ~ 1 

n0 ~-- 0 
m_ 1 *---0 
(7~ o) <-- (y ,  ro) 

If I I r011 e2 then 
solution obtained. 
stop. 

end if 
Step 2. For k = 0, 1 ,2 , . . .  until convergence do 

mk~--- 1 

Pl  ~ Apo 

P2 ~ A p l  
U 1 ~ A u  0 
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d o  +.._ o . (mk  - I ) 

Co ~-- (Y,Pl)  
dl ~- (y, Ul) 
c~ ~-- (Y,Pe) 
j u m p  ~ false 

Step 3. I f  Co = 0 then 
j u m p  ~ true 
b r e a k d o w n  at  m k =  1 ( imposs ible  to c o m p u t e  3'0 =/30)  

end if 
I f  j u m p  = false then 

compute /30 ,  So, ")'0 and  7/0 
I f  n k = 0 then 

Sk + l = rloUo + ul  - -  rloToP~ - "/oP2 
else 

c o m p u t e  s ~  and  77~ 
/ 

Sk + l = r/oUo + 2ul -- r/oToPi -- 70P2 + r/ogo 
end if 
a(l) 

k§ (Y, Sk§ 
c o m p u t e  rk + 1 = go - 2"~oUl + ")'02p2 

(1) 
I f  crk+ 1 ~ < c o r l d o / c o l > /  1 / e o r ( n  k - - - O a n d l c l / c o l > l l / c )  

o r  (n k ~ 0 and Ido/co[ >1 c) then 
j u m p  ~ true 

(1) I I f  ak+ l ~< cthen 

else 

else 

else 

end 
end if 

I f  ,,(1) : 0 then Vk+ 1 
b r e a k d o w n  at  the next  step k + 1 
or  poss ible  so lu t ion  ob ta ined  

else 
n e a r - b r e a k d o w n  at the next  step k + 1 
or  poss ib le  so lu t ion  ob ta ined  

end if 
if leo/d01 c then 
n e a r - b r e a k d o w n  at m k  = 1 (instabil i ty in c o m p u t a t i o n  o f  

"~o =/30)  
i f n k  = 0 and Ic /col/> 1/c then 
n e a r - b r e a k d o w n  at m k  = 1 (instabil i ty in c o m p u t a t i o n  o f  

r/o = a0) 

n e a r - b r e a k d o w n  at  m k = 1 ( instabil i ty in c o m p u t a t i o n  o f  
I 

7o = s ; /  
if 
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Step 4. 

Step 5. 

I f  I l r k+ l  II ~< e2 or j u m p  = false then 
c o m p u t e  xk+l  = xk + 27oUo - q'o2pl 
I f  II"k+l II s then 

solu t ion  obta ined .  
s top.  

end if 
end if 

end if 
While  j u m p = t r u e  and nearly singular  sys tem ([pivot I -N<el or  
Ideterminantl  ~< el) do 

j u m p  ,-- false 

m k ~-- m k + 1 

I f  ( m k  = nmax - nk + 1) o r  ( m  k > mkmax ) then 
solu t ion  no t  ob ta ined  at nma x or  
so lu t ion  no t  ob t a ined  because  the j u m p  is greater  than m k  m a x .  

stop.  
end if 
P2rn k - 1 ~-- ~P2mk -- 2 

P2mk +'-- Ap2mk -- 1 

CZmk--2 ~--- (Y ,P2mk--1)  

C2mk-I ~ (Y,PZmk) 
I f  m k <~nk + l t h e n  

g2mk -- 3 6"-- Ag2mk - 4 

g2mk -- 2 +--- Ag2mk - 3 

U2mk_ 2 +--- AU2mk_ 3 

bl2rnk_ 1 +-- A lg2mk  _ 2 

else 

Un k + m k  

end if 
+'-- A u n  k + m  k - 1 

I f  m k > n k then 
d,,~ + mk - 1 ~ (Y, Unk + mk- 1 ) 

else 
d2mk_ 2 +-- ( y ,  U2mk_2) 

d2mk_ 1 ~ ( y ,  U2mk_l)  
end if 
c o m p u t e  fli, i = O, . . . , m  k - 1 

c o m p u t e  7i, i = 0 , . . . ,  mk -- 1 (coefficients o f  Wk) 

c o m p u t e  oq, i = O , . . . , m k - -  1 

c o m p u t e  r/i, i = 0 , . . . ,  m k  -- 1 (coefficients o f  qk)  

I f  rn k <, nk then 
c o m p u t e  a ' i , i  = O , . . . , m k  -- 1 

c o m p u t e  rfi, i = 0 , . . . ,  m k  -- 1 (coefficients o f  tk) 

c o m p u t e  fl'i, i = 0 , . . . ,  m k  -- 2 
c o m p u t e  t �9 7 i ,  l = 0 , . . . ,  m k  -- 2 (coefficients o f  Vk) 
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Step 6. 

else if nk r 0 
c ompu te  
c ompu te  
c o m p u t e  
c o m p u t e  

end if 

then 
O/i, i : 0 , . . .  , n k -- 1 

~7'i, i = 0 , . . . ,  nk -- 1 (coefficients o f  tk) 

/3'i, i = O, . . . , n k - 1 

~"i, i = 0 , . . . ,  n k - 1 (coefficients o f  Vk) 

I f  non-near ly  s ingular  system ( [p ivo t s [>  el and  [determinant[  > 
el) then 

c o m p u t e  s~+l ---- ( I  - A v k ( A ) ) q k ( A ) s k  -- A t k ( A ) w k ( A ) S k  

- - A q k ( A ) w k ( A ) Z k  + t k ( A ) ( I  -- A v k ( A ) ) r k  
o.(mk) k+l ~-- (Y, Sk+l) 
c o m p u t e  rk+l  = ( I  -- A v k ( A ) ) 2 r k  -- 2(1 -- A V k ( A ) ) A w k ( A ) s  ~ 

+A2w (AIz  ) I If cr k+l ~<ethen 

j u m p  ~ t rue 

If _(mk) = 0 then Ok+ 1 

b r e a k d o w n  at the next  step k + 1 
or  possible solut ion ob ta ined  

else 
n e a r - b r e a k d o w n  at the next  step k + 1 
or  possible solut ion ob ta ined  

end if 
end if 
I f  II rk+l II e2 or j u m p  = false then 

c o m p u t e  Xk+l  = Xk -- ( A v k ( A )  - 2 I ) v k ( A ) r k  

+ 2 ( I -  a V k ( A ) ) w k ( A ) s  k - Z w 2 ( A ) Z k  

If Ilrk+l II e2 then 
solut ion obta ined.  
stop. 

end if 
end if 

end if 
end while 

Step 7. nk + 1 ~ tl k q- m k 

I f  Ilk + 1 = nmax then 
solut ion no t  ob ta ined  at r/ma x . 
stop. 

end if 
c o m p u t e  Zk+ 1 = t ~ ( A ) r k  + 2 q k ( A ) t k ( A ) S k  + q 2 ( A ) Z k  

c o m p u t e  a f t  +l),  i = O , . . . ,  nk+ 1 -- 1 (coefficients o f  - -k+lJ  ~  ~ 

c o m p u t e  b f f  + 1), i = 1 , . . . ,  nk + l (coefficients o f  P k  + l)  

Po '--- Zk +1 
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go +'-- rk+l 
l'lO ~ Sk +1 

end for 

Let us now discuss the number of matrix-by-vector products needed at each 
iteration. An additional matrix-by-vector product is performed at the step k = 0 
to compute the value ro = b - A x o .  Thus we have 

if m k = 1:3 products; 
if m k > 1 and: 

(1) m k ~< n k + 1: 6mk -- 3 products, 
(2) m k > n k + 1: 5mk + nk -- 2 products. 

5. Desc r ip t ion  of  the code  

The BSMRZS algorithm has been coded in the FORTRAN 77 language 
and tested on a VAX computer and on a PC with the Microsoft FORTRAN 
Optimizing Compiler. The translation of the code into another language is very 
easy because we used structured programming and all the variables have been 
declared in the corresponding specification statements. For all the REAL data 
(variables, arrays, functions), only the DOUBLE PRECISION type has been 
considered. 

In order to use the BSMRZS algorithm, the subroutine BSMRZS must be called 
as follows 

CALL BSMRZS (N, A, AB, Y, X, R, NORM, MAXBCK, MAXN, V, W, U, 
LMAT, RMAT, ETA, ETAP, GAMMA,  GAMMAP,  D, C, 
P, P1, PWK, IR, NK, EPS, EPS1, EPS2, INIT, IFLAG, IER) 

and the arguments are defined as follows 

N 
A 

AB 

Y 

X 

Input integer value, dimension of the system. 
Input real matrix of dimension (N,N) containing the matrix A of the 
system 
Input/working real vector of dimension N containing, before the first 
call, the right hand side of b of the system. The vector is used as a 
working area in the next calls and then the input values are always 
destroyed by the subroutine. 
Input/output real vector of dimension N containing, before the first 
call, the auxiliary vector y. If IFLAG = 0 the vector Y is set to 
ro = b - A x o  by the subroutine during the first call. 
Input/output real vector of dimension N containing, after the iteration 
k, the solution Xk+l. Before the first call, X must contain x0. 
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R 

NORM 

MAXBCK 

MAXN 

V 

W 

U 

LMAT 

RMAT 
ETA 

ETAP 

G A M M A  

G A M M A P  

D 

C 

P 

P1 

Output real vector of dimension N containing, after the iteration k, the 
residual vector r k + 1. If, at the first call, the norm of the vector R = r 0 is 
less than EPS2 then the vector R contains r0 in output. 
Output real value containing, after the iteration k, the norm of the 
residual vector rk+l 
Input integer value. It represents the maximum value allowed for the 
jump mk, that is mkmax. It must be greater than or equal to 2 and less 
than or equal to MAXN. It is used to define, in the main program, 
some dimensions of the working arrays and, in the subroutine, to con- 
trol their extension. 
Input integer value. It represents the maximum value allowed for 
n k -I- m k, that is, nma x. It is used to define, in the main program, the 
dimension of the vectors P, P1 and PWK. 
Working real matrix of dimension (N,0 : 2 ,MAXBCK).  
V(I), I = 0 , . . . ,  2 ,MAXBCK,  contains A l z k  . 
Working real matrix of dimension (N,0 : 2 ,MAXBCK - 2). 
W(I), I = 0 , . . . ,  2 , M A X B C K -  2, contains A Ir k. 
Working real matrix of dimension (N,0 : 2 , M A X B C K -  1). 
U(I), I = 0 , . . . ,  2 ,MAXBCK -1 ,  contains AiSk . 
Working real vector of dimension 
(8 ,MAXBCK) if MAXBCK ,% 2, 
(2 ,MAXBCK - 1) 2 if MAXBCK > 2. 
Working real matrix of dimension (2,0 : 2 , M A X B C K -  1). 
Working real vector of dimension (0: MAXBCK) used for storing 
the r/c. 
Working real vector of dimension (0 : MAXBCK - 1) used for storing 
the r/~i. 
Working real vector of dimension (0 : MAXBCK) used for storing the 
7i. In output it contains the coefficients of the polynomial -(w(~) 
Working real vector of dimension (0 : MAXBCK - l) used for storing 
the ~'~i. In output (if n k ~ 0) it contains the coefficients of the poly- 
nomial 1 - (v((). 
Working real vector of dimension ( 0 : 2 , M A X B C K - 1 )  containing 
the di. 
Working real vector of dimension (0: 2 , M A X B C K - 1 )  containing 
the ci. 
Input/output real vector of dimension (0 : MAXN) containing, before 
the iteration k, the coefficients b} k) of the polynomial Pk of degree 
nk, and after the iteration k, the coefficients b} k+ l) of the polynomial 
Pk+l  of degree nk+l = nk + ink. The polynomial P0 is initialized by 
the subroutine during the first call. 
Input/output real vector of dimension (0 :MAXN)  containing, 
before the iteration k, the coefficients af t  ) of the polynomial p0) of 
degree nk, and after the iteration k, the coefficients aft  +l) --k of the 
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polynomial p(1) of degree = n k + m k. The polynomial p~l) is - -k+ 1 nk+ 1 
initialized by the subroutine during the first call. 
Working real vector of dimension (0 : 2 , M A X N  + 1). 
Input rows dimension exactly as specified in the dimension statements 
in the calling program for the arrays A, V, W and U. 
Output integer value nk+ 1 = nk + m k ,  dimension of the intermediate 
Krylov subspace. 
Input real value used for testing the near breakdown The subroutine 
does not control whether or not EPS is a negative real number or zero. 
Input real value used for testing the pivots and the determinant 
in Gaussian elimination for solving the auxiliary systems. If 
DABS(X) ~< EPS1, then X is considered to be zero. The subroutine 
does not control whether or not EPS1 is a negative real number or 
zero. 
Input real value used for testing the final solution. The final solution is 
obtained when, at the iteration k, [Irk+ I [[ ~< EPS2. The subroutine 
does not control whether or not EPS2 is a negative real number or 
zero. 
Input/output integer to be set to zero before the first call of the sub- 
routine, Its value is changed to 1 by the subroutine during the first 
call. For a new application of the method, INIT must be set again 
to zero. 
Input integer, If IFLAG = 0 then the auxiliary vector y is chosen to 
coincide with the vector z0 = r0. If IFLAG 7~ 0 then the user must 
define y in the main program before the first call. 
Output index warning/error. This index can take the following values 

IER -- 100 Call of the subroutine with a non zero IER value. 
IER = 200 The norm of the residual vector is less or equal to EPS2. 

The exact solution has been obtained. 
IER = 300 Solution not obtained after reaching the value NK + 

MK -- MAXN. 
IER = 400 Solution not obtained after reaching the dimension n of 

the system, due to the precision of the computer. The 
computation continues until NK + M K - - M A X N  at 
most. 
The value of MAXBCK is greater than MAXN or less 
than 2. 
The value of m k  exceeds the value of MAXBCK. 
Jump for breakdown. Case C(0) = ( y ,  A Z k )  = O. 

Jump for breakdown. Case _(mk) = 0. O k +  1 

(inK) 
Jump for near-breakdown. Case ak+l ~< EPS. 

Jump for near-breakdown. Case ID(O)/C(O)I >/1/EPS. 

IER = 500 

IER = 600 
IER = 700 

IER = 800 

IER = 900 

IER = 1000 
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IER --- 1100 Jump for near-breakdown. Case n k = 0, IC(1)/C(0)[ >/ 
1/EPS. 

IER = 1200 Jump for near-breakdown. Case n k ~ 0, ] D ( 0 ) / C ( 0 ) [  
EPS. 

In addition, there are many functions and subroutines required which are 
called directly or indirectly by the subroutine BSMRZS. Some of them have been 
explicitly written for this algorithm and some others coincide with the modules used 
for the BSMRZ algorithm [10,11]. All these modules can be found in the netlib 
library numeralgo. They can be obtained, together with all the modules for using 
MRZ, BMRZ, SMRZ, BSMRZ algorithms [10,11], by sending the command 
lines 

send nal from numeralgo 
send na5 from numeralgo 

at the Internet address 

netlib@ research.att.com 

The functions required are the following: 

SUNORM 
FH 

GAMETA 

P I N N E R  
RXSUMM 

SSUMM 

ZSUMM 

Computes the maximum norm of a vector. 
Computes the coefficient f,7 (or the hi j), needed in the system giving 
the %, a'i, ~i and/3 '  i, as the linear combination of the di (or the ci) 
with the coefficients of the polynomial pO)(~). 
Computes the value of the coefficient "7i or 3/i or ~?i or ~t i (of the poly- 
nomials wk(() or Vk(() or qk(() or tk(~)) as a linear combination of the 
/3 i orthe/3Pi or the ai or the a'i, with the coefficients of the polynomial 

Computes the inner product of two vectors (given in nal ). 
Computes a component of the vector rk+l or of the vector xk+x -- Xk 
as a linear combination of the coefficients of the polynomials 
Vk(~)(~Vk(()--2), (1--(Vk(~)):, (1--~Vk(~))Wk(~) and w~(~) with 
the vectors Pi, gi and ui. 
Computes a component of the vector Sk+ x as a linear combination of 
the coefficients of the polynomials tk (~) ( 1 -- ~vk (()), ( 1 -- (Vk (~) )qk (~), 
tk(~)Wk(() and Wk(~)qk(() with the vectors Pi, gi and ui. 
Computes a component of the vector Zk+ ~ as a linear combination of 
the coefficients of the polynomials t2((), tk(()qk(() and q2(~) with the 
vectors Pi, g~ and ui. 

The subroutines required are the following: 

CHKSIG 

COMPO1 

Controls the conditions that could produce a breakdown, a near- 
breakdown or if the solution is about to be obtained. 
Computes the coefficients of the polynomials t~(~), tk(~)qk(~) and 
q2(~). 
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COMPO2 Computes the coefficients of the polynomials tk(~)(1 --~Vk(~)), (1-- 
~Vk(~))qk(~), tk(~)wk(~) and Wk(~)qk(~). 

COMPOL Computes the coefficients of the polynomials vk(~) (~Vk(() -- 2), (1-- 
~Vk(~)) 2, (1 --~Vk(~))Wk(~) and w~(~). 

COMPP1 Computes the coefficients of the polynomials Pk+l(~) and p(l) 
CRESOL Stores, in separate vectors, the solutions f~, fl~, a and o~' of the 

auxiliary system, and computes the ")'i, 7'i, ~i and the ~'i- 
GSOLVD Computes, by Gaussian elimination, the solution of a linear system 

with two right hand sides. 
MATVEC Computes the product between a matrix and a vector (given in nal). 
POLMUL Computes the product between two polynomials. 
SOLSHF Computes the solutions fl, f~', a and a '  of the auxiliary system. 
STOMHF Stores the matrix of the auxiliary system. 
STORHF Stores the right hand sides of the auxiliary system. 

Let us mention that some of our subroutines could be replaced by standard 
routines, such as the BLAS routines, but ours were specially written for our 
purpose and, thus, they are better adapted. 

6. Us ing  the p r o g r a m  

For using the subroutine BSMRZS, a main program must be written by the user 
(five examples of such a main program are provided with the code). The subroutine 
must be called in an iterative way, that is, the user creates a loop (for instance 
K = 0 , . . . ,  NBC, with NBC greater than or equal to M A X N  - 1), containing the 
call of the subroutine BSMRZS. At each iteration, a control on the output value 
IER allows the user to stop (because the solution has been obtained or due to a 
warning/error code) or to continue until the end of the loop. 

Before the start of the loop, that is, before the first call of the subroutine, the user 
must initialize all the following input arguments: 

N Dimension n of the system. 
A Matrix ,4 of the system. 
AB Right hand side b of the system. 
Y This argument denotes the auxiliary vector y. The user can choose to 

define its components in the main program (in that case he must set 
also the argument IFLAG to a non zero value) or let the subroutine 
sets its value, during the first call, to r0 (in that case the user must 
set the argument IFLAG to zero). 

X The initial vector x0. 
MAXBCK The value of mkmax such that 2 ~< mkmax <~ nkmax" 
M A X N  The value of nma x. 
IR The value of the first dimension for the arrays A, V, W and U, as 

specified in the dimension statements of the main program. 
EPS The value of e for testing the near-breakdown. 
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EPS 1 
EPS2 
INIT 
IFLAG 

The value of q for testing the pivots and the determinant. 
The value of e2 for testing the norm of the residual vector. 
This value must be set to zero. 
This value must be set to zero or to any other integer value according 
to the user's choice (see argument Y). 

All the other initializations of the algorithm are made by the subroutine during the 
first call. 

In a pseudocode form the scheme of the main program can be synthesized as 
follows: 

Step 1. Specifications for variables and constants 
list of integer variables and parameter constants 
list of double precision variables and parameter constants 

Step 2. Specifications for parameter constants 
N, IR, MAXBCK, EPS, . . .  

Step 3. Specifications for vector and matrices 
list and dimensions of integer arrays 
list and dimensions of double precision arrays 

Step 4. Initializations 
INIT = 0. 
other initializations required 

Step 5. For K = 0 to NBC 
CALL BSMRZS 
If IER ~ 0 then 

If IER = 200 then 
solution obtained. 
stop. 

else if IER = 400 then 
solution not obtained at n. 
continue until MAXN at most. 
IER = 0 

else if IER >~ 700 then 
jump for breakdown or near-breakdown. 
IER = 0 

else 

end 
end if 

end for 

stop due to error IER. 
if 

7. N u m e r i c a l  results 

Let us recall that, in our program, we have to choose the values of 

�9 e for testing the quantities involved in the jumps, 
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�9 e I for testing the pivots and the determinant  in Gaussian elimination and 
jumping,  

�9 e2 for testing if [[ rk [[ ~< e2 and stopping�9 

There is an important  point which must  be noticed. Since after testing if 
(ink) ak+ 1 ~< e, we check whether  or not  the norm of  the current  residual is smaller 

than e2, then both tests are correlated and a value of  e2 too small could produce 
a jump�9 This point will be illustrated in example 2. 

It seems quite difficult to give advice about  the choices of  e, el and e2 which 
are valid in all circumstances, e2 is the stopping criterion for the algori thm and 
thus it is really the user's choice. However,  due to the discrepancy which can 
occur between the residuals computed  iteratively and the actual residuals, some 
unsuspected problems can arise�9 Examples of  this situation will be given below. 
The quantities e and el are involved in the jumps. I f  these quantities are too 
small, then, in general, no jump will occur (except in the case of  an exact division 
by zero) and no improvement  will be brought  by our  algorithm. For  a computer  
working with 16 decimal digits, it seems reasonable to take E and el between 
10 -14 and 10 -8. For  bigger values of  e and el, the jumps have a greater length, 
thus bringing some other  numerical  problems from the solution o f  the linear 
systems giving the coefficients of  the recurrence relationships�9 Moreover ,  in 
that case, a storage problem can also occur due to the dimension of  these 
systems�9 

Example 1 
Let us first consider the system 

0 1 

0 1 

�9 . 1 

0 

g 

('1~ 

1 

1 1 

0 \ l J  

1 

1 
\ a J  

For  n = 40, a = 0.95, x0 = 0, y = r 0 e = el = 10 -60 and 62 ~- 10 -4, we have no 
12 jump and we obtain [[ r40 [[ = 0.44 x 10 . 

When  c = el = 10 -s we have a j ump  f rom nl -- 1 to n2 = 38 and we obtain 
n4 = 40 and ][r4 [] = 0.39 • 10 -1~ The same results are obtained with e and el 
varying between 10 -5 and 10 -14.  For  e = t 0  - 4  and el = 10 -6, we have a jump at 
the first step o f  the algori thm until nl = 38 and we obtain n3 = 4 0  and 
[[r3l l=0.44 • 10 -13.  When e =  10 - 4  and el = 10 -8, the same results are 
obtained�9 For  e = 10 - 4  and el = 10 -5, we still have a j ump  at the first step, but  
until nl = 39 and we obtain n2 = 40 and ]] r 2 [[ = 0.23 x 10 -14. 

All the jumps  in this example are due to I E R  = 900. 
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Example 2 
We consider now the n x n block diagonal matrix (o / 

M2 
a ~ �9 

"~ 

M~/2 

with 

1 j - l + a )  

M j =  0 - 1  f o r j  = 1 , . . . , n / 2 .  

The case a = 0 corresponds to the example B• of  [33]. 
The solution of  this system is given by 

x2j_ 1 = b2 j -  1 + (J - 1 + a)b2j, 

X2j = - b 2 j  ~ 

where the b;'s are the components  of  the right hand side b. 
We shall take b = ( 5 , - 3 ,  4 , - 4 ,  0 , . . . ,  0) T, x0 = 0, y ~ r0, n = 40. With  these 

values and a = 0, a b reakdown occurs at the first i teration and the exact solution 
is obta ined for nl = 2 after jumping,  see [15] (in this paper,  read - 3  for the 
second componen t  of  the vector b). 

Fo r  a = 10 -6, e = e I = 10 -60, the norm of  the residuals oscillates and there is a 

j u m p  (due to I E R  = 1200) f rom n15 = 15 to n16 = 17 and we obtain l[ r16 II = 0.57• 
10 -14. However ,  the results are false, a phenomenon  due to the discrepancy 
between the residual computed  iteratively and the actual residual, that will be 
discussed in the next example. For  e = 10 -6 and el arbitrarily chosen, we have 
a j ump  of  length 2 at the first i teration and we obtain  a residual which is exactly 
zero. 

Let us now illustrate the point  ment ioned at the beginning of  this section abou t  
the correlat ion of  e and e2. 

For  a = 10 -3, e = el = 10 -60, no j u m p  occurs and the norm o f  the residuals 
oscillates and grows to II r40 1[ = 0.15 x 1014. 

When  e = 10 -6, e I = 10 -12 and e2 = 10 -8, we have n 1 = 1, [] rl ]l = 0.23 x 108, 
n2 = 2, II r2 II 6 0.37 • 10 -8 and the program stops. The same results are obtained 
for e2 = 10- . 

When  e = 10 -6, e 1 = 10 -12 and e z = 10 -9, we have again nl = 1, 
II rl II = 0.23 x 108 but  n2 = 3 (due to I E R  = 900) and II rz II = 0.74 x 10 -8. Then 
the norm of  the residuals oscillates and we have jumps  (due to I E R  = 1200) 
f rom n5 = 6 to n 6 = 8 and f rom n 6 - - 8  to n 7 = 10 where Ilr7[[= 0.13 x 10 -22. 
However ,  the solution has only 7 exact decimal digits due to the same discrepancy 
p h e n o m e n o n  as above.  The same results are obtained for e2 = 10 -12. 
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In this example, the exact solution is obtained if a jump of  length 2 occurs at the 
first step, which is the case if we take e > /a  and el is arbitrarily chosen�9 

Example 3 
We consider the same example as above but with 

(o 17) 
M j =  - 1  " '  

The case a = 0 corresponds to the example S of  [33] where a breakdown occurs at 
the first i teration of  the CGS. 

F o r n = 4 0 ,  a = 1 0  -1~ , x  0 = 0 ,  b =  ( 1 , 2 , . . . , n )  T , y = r  0 a n d e = e l = 1 0  - 6 ~  
have a jump from n 9 = 9 to nl0 = II and another  one f rom nl0 -- l l  to nil = 13 
(both due to I E R =  1200) and we obtain Ilrll [[= 0.21 x 10 -7 . However,  the 
solution is completely false and has no exact digit�9 This is due to the fact, 
ment ioned in the preceding example and in [43] (see also [33]), that  the residual 
estimates rk computed  recursively by the algori thm can differ significantly f rom 
the actual residual b-  Axk. In our case, the actual residual gives [[rll I[ = 8231. 
Of  course, it is possible to use the actual residuals in the algori thm instead 
of  their estimates but  their computa t ion  needs one more  matrix-by-vector multi- 
plication at each iteration�9 

For  a = 10 -9, e = 10 -8 and e2 = 10 -13, we have a j ump  f rom the beginning and 
we obtain nl = 2 and II rl II = 0.71 x 10 -14. This result is independent  o f  the value of  

e I �9 

Example 4 
Let us now consider the following system 

a 

- 1  

1 

a 1 

- 1  a 

� 9  

�9 ~ 

- 1  a 1 

-1 aj 

(1 (a+l  
1 a 

1 a 

1 a 

\1 \ a - 1  

This system was studied by Brown [16], and, when a = 0, a breakdown occurs every 
odd step in Lanczos' method�9 For  small values of  a, the convergence has a sawtooth 
behavior. For  n = 200, a = 10 -8, x0 = 0, y = r0, e = 10 -200 and el arbitrary, there is 
no jump but an overflow arises at k = 84. When e = 10 -5 and el is between 10 -15 and 
10 -1~ we have jumps of  length 2 from the beginning (due to IER = 1000) and we 
obtain nl00 = 200 and Ilrl0o[[ = 0.28 x 10 -9. The intermediate residuals have a 
norm which is always almost equal to 1. These results are presented in figure 1. 



C. Brezinski, M. Redivo-Zaglia 'Near-breakdown in the CGS algorithm 

20 

69 

0 

15 

Ill 

IIIII 
Illll 
~IIII 

0 

-5 

IIIIiiii 

~,~, ,, 
II,I,,qlII~IIII,1 ili~iii~il~iqq!' 
, ~I fill I I'l 
,~ d I'~,'.I 'y..' !: 

;tkl it 

-1~ s'0 10o 20o 

nk 

250 

Figure 1. 

Example 5 
Let us n ow  consider the system 

I2  1 

0 2 1 

1 0 2 ". 

. .  ~ ' � 9  

�9 , o , 

1 0 2 1 

\ 1 0 2 j  

( 1  /3'~ 

1 3 

1 4 

�9 I I �9 

�9 o 

1 4 

This system was given by Gutknecht  [27] and, for x 0 = 0  and y =  
(0, 0, 0 , -  1, 1 , . . . , - ( - 1 )  n-1 , 0) "r, a breakdown occurs at the first iteration when n 
is even since (y, to) = (y, Aro) = 0. When n is odd, ~r~ l) = 0 at the first iteration 
and a breakdown also occurs but for a different reason�9 

For n = 40, e = e I = 10 -6~ we have only one jump of  length 2 at the first 
iteration (due to IER = 700) and we obtain n32 = 33 and 11r32 II = 0�9 • 10 -14. 

When e = el = 10-7, we have a jump of  length 2 at the first iteration (due to 
IER = 700) and jumps (due to IER = 1200) o f  length 2 from n18 = 19 and, when 
nz5 = 33, we obtain Ilrz5 II = 0.10 x 10-14�9 

Quite similar results are obtained for n = 41 but the jumps at the first iteration 
are due to IER = 800. 
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Figure 2. 

Let us now replace the last component  of  the vector y (which was 0) by 10 -8. 
For  n = 400, the results can be seen in figure 2. For  e = Cl = 10 -2~176 there is no 

jump,  the norm of  the residual oscillates between 101 and 103, starting from n 6 = 6, 
and an overflow occurs at 1737 = 37 (highest curve in figure 2). 

When e = el = 10 -1~ we have jumps (due to IER = 1200) of  length 2 from n 3 --- 3 
and, when n26 -- 49, we obtain II r26 II = 0.22 • 10 -8 (middle curve in figure 2). 

When e = el = 10 -7, we have a jump (due to IER = 1100) to n 1 = 2 at the first 
iteration. Then we have jumps (due to IER = 1200) of  length 2 f rom n18 = 19 to 
n26 = 35. Then, we obtain various jumps due to IER = 900 and, when n30 = 49, 
we obtain II r30 II = 0.85 • 10 (lower curve in figure 2). 

For  n = 401, the results are given in figure 3. 
For  e = el = 10 -2~176 there is no jump and an overflow occurs at n108 = 108 

(highest curve in figure 3). 
When e = el = 10 -1~ we have jumps (due to IER = 1200) o f  length 2 f rom n 7 = 7 

and, when n33 = 59, we obtain II r33 II = 0.10 • 10 -9 (middle curve in figure 3). 
When e = el = 10 -7, we have a jump (due to IER = 900) to n 1 = 2 at the first 

iteration. Then we have jumps (due to IER = 1200) o f  length 2 f rom n19 = 20 to 
n27 = 36. Then, we obtain various jumps due to I E R  = 900 and 1200 and, when 
n35 = 60, we obtain II r35 II = 0.28 • 10 -13 (lower curve in figure 3). 

For  n = 40, the preceding results were obtained on a PC with a mathemat ical  
coprocessor. They have also been checked on a VAX using the G _ F L O A T  repre- 
sentat ion and the normal  one. For  some examples we observed quite a different 
behavior, due to the fact that,  with G _ F L O A T  representation, the VAX uses 
one less decimal digit. The examples with n > 40 were only tested on the VAX. 
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8. Discuss ion  

Our treatment of near-breakdown in the CGS algorithm is only able to try 
avoiding some of the instabilities due to the computer's arithmetic. In particular, 
we tried to avoid those instabilities coming from a denominator close to zero in 
one of the coefficients of one of the recurrence relations used in the algorithm. 

Our program was tested by using the software CADNA [19,21] based on the 
CESTAC method [18,39] which simulates a stochastic arithmetic as described in 
[19 - 21] and it was found to be quite stable. Moreover, an important and difficult 
problem which remains open in our program is the choice of the value of e, el and s 
as already noticed in [11]. Such tests are eliminated by CADNA and replaced by a 
control on the number of significant digits of each intermediate computation. Thus 
the numerical stability of each operation in the algorithm could be checked and 
validated. The implementation of our software in stochastic arithmetic using 
C A D N A  is under consideration. 

We do not claim that our software is of lasting value and that it is able to handle 
successfully all the possible causes for a near-breakdown. It is certainly possible to 
improve it and to take into account other numerical instabilities. Further research 
is still necessary to fully understand the numerical behavior of the various algo- 
rithms and for healing all the numerical deficiencies of the CGS. For example, as 
pointed out by Van der Vorst [37], the CGS can be unstable even if the biconjugate 
gradient is completely stable. However, we decided to put our software into the 
public domain, even if it is imperfect, for helping other researchers to take up 
the problem without being obliged to code again the algorithm. 
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