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Lanczos’ method for solving the system of linear equations 4x = b consists in constructing a
sequence of vectors (x;) such that r, = b — Ax, = P, (A)rp where rg = b — Axy. Py is an ortho-
gonal polynomial which is computed recursively. The conjugate gradient squared algorithm
(CGS) consists in taking r, = PZ(4)ro. In the recurrence relation for Py, the coefficients are
given as ratios of scalar products. When a scalar product in a denominator is zero, then a break-
down occurs in the algorithm. When such a scalar product is close to zero, then rounding errors
can seriously affect the algorithm, a situation known as near-breakdown. In this paper it is
shown how to avoid near-breakdown in the CGS algorithm in order to obtain a more stable
method.
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. Introduction

Let us consider in C” the system of linear equations

Ax =b,

where A is a nonsingular matrix.

Lanczos’ method [31,32] for solving this system consists in constructing a

sequence of vectors (x;) as follows

choose two arbitrary nonzero vectors x, and y;
set rg = b— Axo;
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e determine x; such that

X, — Xo € Ey = span(rg, Arg, ..., A 'rg)

Y = b— Axk 1L F = span(y,A*y, . ,A*k-ly),

where A" is the conjugate transpose of 4.
These two conditions determine x, uniquely under the assumption that the
determinant Hk(l) defined below is different from zero.
Indeed, x;, — xy can be written as

X — Xg = —b(lk)l'o — e = b,((k)Ak_er
and the orthogonality conditions give
(A*y,r) =0 fori=0,...,k—1,

which is a system of k linear equations in the kK unknowns bgk), ceey b,((k). This system
is nonsingular only if ry, Arg,..., A"y, are linearly independent and
y,A*y,...,A** "1y also.

If we set

P& =1+ b+ + 50
then we have
ri. = Pi(A)ry.
Moreover, if we define the linear functional ¢ on the space of polynomials by
c(€) = (y,A'rg), i=0,1,...,
then the preceding orthogonality conditions can be written as
c(6'P)=0 fori=0,... k-1

These relationships show that P, is the polynomial of degree at most k belonging
to the family of formal orthogonal polynomials with respect to ¢ [3]. This poly-
nomial is defined apart from a multiplying factor which was chosen, in our case,
such that P,(0) = 1. Due to this normalization, P, exists and is unique if and
only if the Hankel determinant

(y,Al‘o) (y’Aer) (yaAkVO)
H(l) (yaAer) (yaA3r0) (yvAk+1r0)
A rg) (1A ) o (9, 4% )

is different from zero.
The polynomials P, can be recursively computed in different ways leading to
the various Lanczos type algorithms known as Lanczos/Orthores, Biores (28], Lanc-
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zos/Orthodir, Biodir [28,42], Lanczos/Orthomin [40,42], Biomin [26)], biconjugate
gradient [23],..., and so on. A unified presentation and derivation of all these
methods can be based on the theory of formal orthogonal polynomials [14].

An interesting property of Lanczos’ method is its finite termination, namely that
Jk < nsuchthatr, =0and x, = x = 47 'b.

A variant of Lanczos’ method was proposed by Sonneveld [36]. It is the so-called
conjugate gradient squared method (CGS in short) which consists in taking

P = P,f(A)ro.

This method obviously has the same finite termination property as Lanczos’
method.

The coefficients appearing in the various recurrence relations for computing the
orthogonal polynomials P, are given as ratios of scalar products.

When a scalar product in a denominator is zero, then a so-called breakdown
occurs in the corresponding algorithm which has to be stopped. It can be due to
the non-existence of the orthogonal polynomial under consideration (a notion
called true breakdown [8] or pivot breakdown [17]) or to the recurrence relationship
used (a notion called ghost breakdown [8] or Lanczos breakdown [17]). When a
breakdown is due to the non-existence of some of the polynomials P, (that is, in
the case of a true breakdown), it can be avoided by jumping over these non-exist-
ing polynomials and computing only the existing ones. The corresponding algo-
rithm was presented in [12] with its derivation and theoretical background. It
was called the Method of Recursive Zoom, in short the MRZ. Our treatment
cures true breakdowns (ghost breakdowns cannot occur in the recurrence relation-
ships used) and the MRZ can only suffer from an incurable hard breakdown. The
corresponding FORTRAN subroutine can be found in [10,11]. All the other recur-
rence relationships for the implementation of the Lanczos method can suffer from
ghost breakdowns. The treatment of these ghost breakdowns consists in jumping
over polynomials which exist but cannot be computed by the recurrence relation-
ship used. In [10,11] we gave two algorithms, called BMRZ and SMRZ, based
on different recurrence relationships. They can suffer from true and ghost break-
downs but, in our programs, we only cure the true ones.

When a scalar product appearing as the denominator of a coefficient in a
recurrence relationship is close to zero, then roundoff errors can seriously affect
the algorithm, a situation known under the name of near-breakdown. There are
two kinds of near-breakdowns, true and ghost, depending on whether they are
related to a true or a ghost breakdown. It was shown in [10,11] how to cure true
near-breakdowns. The algorithms, which are modifications of the MRZ and the
SMRZ, were called the GMRZ and the BSMRZ respectively. The subroutine
corresponding to the BSMRZ can be found in [10,11]. The BMRZ cannot be
generalized. See [13] for a review of these questions.

In [15], we showed how to avoid breakdown in the CGS algorithm. In this paper,
we shall see how to use the relations given in [10] in order to avoid true and ghost
near-breakdowns in the CGS algorithm. Another look-ahead strategy for the CGS
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is given in [17]. It is based on the recurrence relationships corresponding to the
Lanczos/Orthomin algorithm and it also incorporates a residual smoothing
strategy [35,41,43] for curing further numerical instabilities. The hybrid pro-
cedures proposed in [7] could also be used for this purpose. Let us mention that
a quite similar procedure can be used for treating the near-breakdown in some
algorithms generalizing the Bi-CGSTAB of Van der Vorst [38]; see [9].

Let us now begin by recalling some results on orthogonal polynomials that will
be useful for our purpose.

2. Orthogonal polynomials

As explained in the introduction we shall consider only the existing orthogonal
polynomials (called regular) and we shall not give a name to the other ones.
Thus, we shall now denote by P, (instead of P, ) the polynomial of degree at
most 7, satisfying the orthogonality conditions

c(6'P(6) =0 fori=0,...,n —1.

Such polynomials are defined apart from a multiplying factor. As mentioned
above, they are normalized by the condition P, (0) = 1.

Let now P,E (instead of P! ) be the regular monic polynomial of degree n,
belonging to the family of formal orthogonal polynomials with respect to the func-
tional ¢\ defined by ¢V)(£7) = ¢(¢+1). P,E” exists and is unique if and only if the
Hankel determinant H, k) is different from zero, which is also the condition insuring
the existence and uniqueness of the polynomial P,. Since it has the degree n,, the
polynomial P,El) satisfies the orthogonality conditions

Oe'PM(E) =0 fori=0,...,m —1.
In some cases, this quantity can also be zero for higher values of i and if P,El) satisfies
WE'PMNE) =0 fori=0,...,n +m—2
and
cW(gnrmtp(e) #£0

then the next regular orthogonal polynomial, P,Ell |» has degree ny | = ny + my and
it was proved by Draux [22] that, in such a case, the following more general recur-
rence relationships hold

P 1(6) = Pi(€) — em (P (8),

P (&) = qu(&) PN (&) — Ce PV (0),

with Pill) =0, Pél)(é) = 1 and C; = 0. w; is a polynomial of degree m;, — 1 at most
and g, is a monic polynomial of degree m,. Their coefficients and C, ., are



C. Brezinski, M. Redivo-Zaglia | Near-breakdown in the CGS algorithm 37

determined by imposing the orthogonality condltlons of P,,, and Pk . The
preceding relations hold only if the quantities ¢ Digip 1)(5)) are exactly Zero
for i=0,...,n +m —2 (which corresponds to a breakdown). Setting
T = Pk(A)rO and Zp = P,E )(A)ro in the previous recurrence relations leads to a
breakdown-free algorithm for implementing Lanczos’ method since the use of
non-existing orthogonal polynomials is avoided. This algorithm, which is a look-
ahead strategy, was called the Method of Recursive Zoom and it is known under
its abbreviation MRZ. It can only suffer from an incurable hard breakdown. It
has a strong connection with the methods derived by Gutknecht [25]; see also
Joubert [29].

Of course, if |c(l)(§ ""*""“IP,E” )| is different from zero but small (and possibly
badly computed), the coefficients of the two recurrence relations of the MRZ
could be large and badly computed and roundmg errors could affect the
algorithm. The same is true if the quantities |c ( )| are not zero for
i=ny,..., n +m — 2 but small; in that case no breakdown occurs in the method
but numerical instability could be present, a situation called near-breakdown.

It is possible to avoid such a near-breakdown by jumping over those polynomials
which could be badly computed and to compute directly the first regular poly-
nomial following them. The tests for deciding when and how far to jump will be
discussed in detail in the next section.

For the moment let us assume that, at the step k, the regular orthogonal
polynomial P ) of degree n, with respect to ¢{!) has been obtained and that the
length m, > 1 of the jump has been decided. Let n;,; = ny +m,. We shall
denote by P,E ) the regular orthogonal polynomial of degree n, ., with respect
to ¢V, As explamed in the sequel, if such a polynomial does not exist (and we
are able to detect such a case) the value of m; has to be increased until a regular
polynomial is obtained. We shall denote by P, ; the corresponding polynomial
of degree n;,; at most orthogonal with respect to ¢ and normalized by the condi-
tion P, 1(0) = 1.

Let us first compute P; ;. This polynomial (of degree ny, ; = n; + my) is only
assumed to satisfy its usual orthogonality conditions ¢(¢'Py) =0 for i =0,...,
n, + my — 1 (which corresponds to a near-breakdown). As proved in [10], it can
be computed by

Pi1(€) = Pi(€) — Ewi(€)PLV(€) — Eui(€) Pr(8), (1)

where wy, is a polynomial of degree m; — 1 at most and v, a polynomial of degree
my, — 2 at most. Let us recall that, in the case of a breakdown, v is identically zero
and the relation (1) reduces to the previous recurrence relationship (due to Draux
[22]) for P, . The coefficients of the polynomials w; and v; are computed by
writing down the orthogonality conditions of P, with respect to the basis &'
for i=0,...,n +m— 1. This is the procedure followed in [10] which leads
toa system of linear equations giving the coefficients of these polynomials. The
corresponding procedure for avoiding near-breakdown in Lanczos’ method was
called the BSMRZ (Block Symmetric Method of Recursive Zoom). Of course, the
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polynomials P, computed in this algorithm are the same as those computed in the
look-ahead procedure given in [24]. However, the recurrence relationships used for
their computation are not the same.

In our case, this procedure could still be used and the first version of our algorithm
was coded in that way [6]. However, one of the main interests of the CGS is to avoid
the use of 4™, which is achieved, in terms of orthogonal polynomials, bel avoiding the
use of £' P, and §’P,£l) and replacing them by .{’"""P,E])Pk and §i‘"kPk]) . As shown
in [5], this is possible (but, in our case, quite tricky as it will appear below) and it pro-
vides a new and easy way for obtaining recurrence relationships between orthogonal
polynomials. However, such a change in the polynomial basis can only be made for
i > ny and is impossible to use for i = 0,...,n;, — 1. In that case, since £'w;(£) is a
polynomial of degree n, at least, we can divide it by P,El) by the Euclidean
algorithm, and thus, for i > n, — my, it can be written as [5]

§'wi(€) = UE) + ¢ P (©),

where U is an arbitrary polynomial of degree n, — 1 at most and ¢ a polynomial of
degree i + my, — ny — 1 (both depending on i), and a similar relation for £ v, (£). As
we shall see below, the polynomial U will disappear when imposing the ortho-
gonality conditions (and thus it will not be necessary to compute it) and the
coefficients of the polynomial ¢ could be determined as the solution of a linear
system. After having obtained the coefficients of ¢, the coefficients of w;, will be
obtained directly from those of ¢. Thus, the computation of the coefficients of ¢
is only an intermediate (but crucial) step in the procedure. When i < n;, — my,
the orthogonality conditions are automatically satisfied and they are not needed.

Let us now show in detail how to compute the coefficients of the polynomials v,
and w,. We first set

P/El)(é) = a(()k) + agk)g o4 ag:)_lénk—l 4
and
Pe(&) = 1+ b1+ 4 plem.
Multiplying both sides of (1) by ¢’ and applying the functional ¢, we obtain
C(giPk+I) = C(giPk) - c(l)(giwkplgl)) _ c(€i+l,kak)‘

This quantit?' must be zero for i = 0,...,n; + my — 1. By the orthogonality properties
of P, and P 1), itis zero for i = 0,...,n, — my. Thus, we shall now write that it must
also be zero for i =n, —m, +1,...,n, — 1. We see that we have to compute

C(gnk+mk+2UkPk) C(l)(gnk—Mk+1WkPI£1))

c(€™ v Py) Cm(gn"_lwkngl))
We set

Wel€) =Y+ + Ym—1E™
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Let us first consider the case where n, —m;, +1 > 0. The case n, —m; +1 <0
will be treated below. We set

() =0+ -+ Yo 262

By the Euclidean division algorithm for polynomials, we know that there exists a
polynomial U, of degree n; — 1 and a constant 3, _; such that

" Wi (6) = U(E) + By 1 PR ().
Identifying the coefficients of £"* is both sides of this relation, we obtain
Yme—1 = ﬂmk-l-
Similarly, there exists a polynomial U, of degree n, — 1 and two constants 3, _,

and (3, _, such that

MM F 2y (€) = Un(€) + Ban, — 2PV (€) + Bom —16PL(6).

Identifying the coefficients of £ ! gives the same relation as above for Yoy 1

which proves that S, _, is the same as above. Identifying the coefficients of £™
leads to

V-2 = Bmy-2+ ﬁmk—la;sk)_l'

And so on, there exists a polynomial Up, -1 of degree n;, — 1 and constants
Bi, -+, Bm, 1 such that

€% ' Wi(€) = Upye 1(8) + BIPIE) + - + By 16™ 2PV (6).

Identifying the coefficients of £’ for i = ny + 1, ..., n; + my — 2, we obtain the same
relations as above for 73, ..., 7y, - 1. Identifying the coefficients of £™, we get

k k
=B+ 6oa\ o+ B 188 o

Finally, there exists a polynomial U, of degree n; — 1 and constants fy, . .. B, 1
such that

E"Wi(€) = Un, (&) + BoP{NE) + - + By 1 €™ P (9.
Identifying, we obtain one more new relation

k
’80+'Blank 1 '+/Bmk'_la7$k)—mk+l'

It must be noticed that, in fact, we have

EU() = Ui (€) + Bume—i1 P (6),

which shows that 8, _;_; is the coefficient of the highest term in U;.
Now, similarly, we know, by the Euclidean division algorithm for polynomials,
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that there exists a polynomial ¥} of degree n;, — 1 and a constant ﬁ;nk_z such that
g2y (€) = V1(€) + Bru—2 Py (6).
By identification, we have
Yog—2 = By —2-

Similarly, there exists a polynomial V, of degree n, — 1 and constants :Bmk—Z and
ﬁ,,,k 3 such that

£ (€)= Va(€) + Brm - 3Py (€) + B, —26PL (6).
Identifying, we have

k
’Y:nk—3 = ﬁink—3 + ﬂ;n,(—za,(,k)_l-

And so on, these exists a polynomial V,, _; of degree n, —1 and constants
B0, - - Bm, —2 such that

E™0(6) = Vimg—1(€) + BOPL(E) + - + By 6™ 2P (6).
By identification, we obtain

k
Yo =Bo+ B+ + Brug— 285 12

The preceding relations allow to compute the 4’s and the v”’s from the 5’s and the
B"s. Let us now show how to compute the ’s and the 3"’s
Writing down the orthogonality condition c(f"“""““PkH) = 0, we obtain

(€™ Pyr) = (€T — V(g™ )
- C(Enk—karz'UkPk) =0.

Expressing ka,E ) and v Py in terms of the U;’s and the V;’s by means of the rela-
tions given above and using the orthogonality of P, and P( ) we get

2
cOULPD) + B -1 V(PY) + (Vi Pe) + Bl —26(PLVPE) = 0.

But, since U; and ¥V, have degree n;, — 1, then c(l)(UlP,El)) =c(VP,) =0, and it
follows

2
B 16N (P) + B _2c(PUP) = 0.

Writing down the orthogonality condition c¢(¢™ ™*2P,.,)=0 and using
W, P( )y = ¢(V,P,) = 0, we obtain

2 2
B, —26 V(P + By -1V (EPL) + Bl —3¢(PVPL) + Bl —2¢(€PP) = 0
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And so on until (™' P, ,) = 0 which gives

2 2
ﬁlc(l)(P’El) ) 4. +ﬁmk—1c(l)(§mk_2P/El) ) + ﬂ6c(Pl£1)Pk) +---
B slentpf ) =0,

Thus we have obtained my — 1 relations for determining the 2m; — 1 unknown
coefficients f3; and ;.
We shall now write the remaining orthogonality conditions of P, as
C(Ei_nkPIEI)Pk+1) =0 fori=mng,...,n+m —1.
Thus we obtain for i =0,...,m; — 1
. 1 2 . _ 1 2
700(1)(€'P/£ Y+ + Y 1 (€™ IP/£ )

i 1 1 - 1 i 1
F b€ PP 4 4yl _ac(€™ PP = (6 PV Py).

Replacing, in these relations, the v’s and the v”s by their expressions above, we
obtain m, more relations for the #’s and 3”s. Thus, we have the same number of
unknowns and relations.

In the case where n, — my + 1 < 0, we shall take for v, a polynomial of degree at
most n, — 1 (for k = 0, ny = 0 and there is no polynomial v,)

ve(€) =70+ + Ym1€™
Let us write the orthogonality conditions ¢(¢'Pg,,) =0 fori=0,...,n, — 1. We
shall have to compute the quantities

c(évPy) W (ew, P")

c(€™ v Py) cDemw, Py

Since n; < my; — 1 and wy is a polynomial of degree at most my — 1, then there
exists a polynomial U, of degree n, — 1 and constants 3, , ..., B, -1 such that

—ne—1p(1
We() = U1(6) + Br P (&) + -+ + By 1™ TIPL(E).
Identifying the coefficients of the successive terms in ¢', we obtain (with the
convention that a,.(k) =0 for i < 0)

k k
’YH;‘ = ﬂnk + ﬂnk+la,$k)_1 + e + 5mk—la2(nz_mk+l7

k (k)
7nk+l = ank+1 +/Bnk+2ar5k)—1 + e +:Bmk—1a2nk_mk+27

’YMk—l = ﬁmk—l‘
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There exists a polynomial U, of degree n, — 1 and constants 8, _1, By,,- -, Bm, -1
such that

Ewk() = Us(€) + By 1 PV (©) + -+ + B 1™ PV (8),
By identification we obtain

k k
Y -1 = :Bnk—l +ﬁnkap£k)—l +-- +ﬂrnk—la2(n2—mk

and the same relations as above for v, , ..., Ym, -1
And so on, there exists a polynomial U, ,, of degree n; — 1 and constants
Bos -+ - Bm,—1 such that

e 1 ny — 1
We() = Uner1(6) + BoPL) () + -+ B 16™ 7' PV (0).
Identifying, we obtain
k k
Yo = Bo + ﬂla,fk)_l +-o+ /Bmk—-lay(,k)_mk+1~

Similarly, there exists a polynomial V| of degree n, — 1 and a constant ﬁ;,k_l such
that

Euk(€) = V1(8) + Br -1 PV ().
Identifying, we get
’7;1/‘—1 = /B;‘lk—l‘

And so on, there exists a polynomial ¥V, of degree n; — 1 and constants B0y -
B,,k_l such that

_ 1 ~1p(1
() = Vi (€) + BoPL (6) + - + By, 16" PLU(O),
which gives, by identification
k) k
Yo = Bo+ B0 + -+ By _1al.

Writing down the orthogonality conditions ¢(¢' Pk+1) =0fori=0,...,n —1
and using ¢(U, P,E )) = ¢(V1P;) =0, we obtain

2
ﬁnkc(l)(P(l) ) 44 ﬂmk-lc(l)(émk—nk—lplgl) ) + ﬂ;'k‘lc(PlE])Pk) = 0,
By 1cV(P 1>) ._,+ﬁmk_lc(1)(£mk—nkpél)') +ﬂ;k_2c(P,51)Pk)

+ Bl _1c(6PVP) =0,

2
ﬁlc(l)(Plil) )+...+ﬂmk_1c )(fm" ZP(I) ) + Boc(P 1)Pk)
+ B (€ PO PY) =0,
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Thus, we have already obtained n, relations.
Now, writing down the conditions

c(€'P{"Peiy) =0

fori=0,...,m — 1, we obtain

. 12 i+ — 2
eV EPIY + - gy 1D m 1P
o ,. .
+v0c€ T POPY) + -+ vy 1€ PP = (6P P).

Replacing, as above, the ; and the +; by their expressions, we obtain m, more
relations for the §; and the 3;. Thus, finally, we have n, + m, relations with the
same number of unknowns.

Let us now try to compute recursively P,Elll. We shall look for P,ill] under the
form

P 1(6) = (O PI(E) + (&) Pul9), 2)

where g, is a monic polynomial of degree m, and ¢, polynomial of degree m;, — 1 at
most.
We set

Q&) = Mo+ -+ + Ny _1E™ T+ E™

Since the treatment is quite similar to what we did above for (1), we shall only give
the results without entering into the details.

Let us first assume that n, —m; > 0. The case n, — m; <0 will be treated
below.

We set , . -
(&) =mo+-+nm"
There exists ay, . . ., o, _1 such that the n; are given by
k
N —1 = Oy —1 +a,(,k)_1,
k k
M —-2 = QO -2 + amk—lar(,k)_l + a,Ek)_Za
k k k
Mo = ap + alay(,k)_l +--+ amk—lar(,k)_mk+1 + arsk)—mk'
Similarly, there exists ay, ..., ap, _; such that the 7; are given by

! !
nmk—l - amk—la

' ! / (k)
Nm—2 = Cm -2 + amk—lank_l,

' ’ 1 (k) / (k)
Mo = a0+alank—-1 + "'+amk—1ank—mk+l'
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The o; and the o} are obtained by solving the system of linear equations
1 1)2
am,16(P Pe) = =P,

2 1 1 1)?
O 1€ DV (P) + oy _2(PLVPY) + 0, —1c(€P Py) = —c V(P

alc(1)(PIE1)“) et amk_lc(l)(é-mk—zplil)’) +0466(P,£|)Pk) + .-

2
+ (€™ PP = —c V(g™ P,
followed by the equations
. 2 it — 12 . 1
moc O (EPL) + - 1V (EF TP 4 el PP -

i 1 i+mg p(1)?
+ 10§ PUP) = —e (e mep))

for i=0,...,m —1, where the n; and the n; have been replaced by their
corresponding expressions with respect to the ¢; and the «/.

In the case n; — my < 0, we shall take for 7, a polynomial of degree at most
n, — 1 (for k = 0, ny = 0 and there is no polynomial ;)

(&) =0 + -+ M1 €™
With again the convention that a,.(k) =0 for i <0, we have

— (k)
nmk—l - amk—l +ank_])

k k k
o = 0 + alar(rk)—l +-- +amk“la'5k)—mk+l +a'5")_m"’

and

/ o
nnk—l =0p—1s

th =0+ afal, + -+ o, 1al¥

The ¢; and the o] are solution of

2 ) R
'C(l)(Plil) Y4+ a'nk_lc(l)(émk-nk—lPlEI) )+ c(l)(gmk—nkplil) )

Gy,

+ap, 1c(PVP) =0

2 2 :
alc(l)(Plil) )+ _._+am‘r_lc(1)(€mk—zplil) )+ c(l)(gmk—lplgl) )

+age(PP) + -+ al, _1e(@* ' PP =0,
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followed by
O@EPM) 4 4y eV ) 4O (g p(T)
. —

+ nac(ﬁ*“Pé"Pk) +o e P P) =0

fori=0,...,m; — 1 where the m; and the n; have been replaced by their expressions
with respect to the o; and the a].

If the systems giving the coefficients are singular, it means that Pk does not exist
and the value of m,; has to be increased until a regular polynomial Pjfc + has been
obtained.

We shall now use (1) and (2) in order to cure near-breakdowns in the CGS
algorithm. Let us mention that other techniques for treating the same problem
are known as look-ahead strategies first proposed by Parlett et al. [34]. They
have been worked out for the biconjugate gradient algorithm by Freund et al. [24].
However, in our case, writing down explicitly the recurrence relationships of ortho-
gonal polynomials, instead of using matricial notations as in the look-ahead algo-
rithm 3.1 of [24], will allow us to use these relations and to square them for
obtaining an algorithm for implementing the CGS.

3. Near-breakdown in the CGS algorithm
3.1. The algorithm

Since the CGS algorithm consists in taking
re = Pi(A)ro,
we shall take the relation (1) of the BSMRZ and square it. We obtain
PRi = (1 - 0P — 21 - Eu)ew PPy + e wip()

For using thls relation, it is necessary to compute recursively the polynomials Pk 41
and Py 1Pk +1- Thus, let us square the relation (2) of the BSMRZ. We obtain

Plglﬁ)-l qu]EI) -+ 2qktkPkP/£ ) —+ szk-
Finally, multiplying (1) by (2) leads to
Peii P, = (g — Eqive — E6ew) PP — Equm P + (1 — €ui) PE
Thus, if we set
ry = PJE(A)rO,
(1
zp =Py (A)r,
sc = Pu(4)P{ (A)r,
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then we obtain the following algorithm called, for obvious reasons, the BSMRZS
reer = (I = Avg(A))?rc = 2(1 = Av(4)) Awie(A)si + A*wi(A)z,

Xir1 = X — (Avg(4) — 2D (A)ry + 21 — Ave(A))wie(A)s, — Awi(A)z,

Zkr1 = qi(A)zg + 2q0(A) e (A)sy + 17 (A)ry,, (3)
Sk1 = (qr(4) — Agr(A)v(A4) — Au(A)wi(A4))sk ~ Agi(A)wi(A4)z,
+ 1 (A)(T ~ Ave(4))r-

In this algorithm, the only possible breakdown is the incurable hard one which
occurs when the dimension of the Krylov subspace is equal to n and a zero denomi-
nator is encountered somewhere in the algorithm. However, due to the arithmetic
of the computer, this situation will almost never arise.

The implementation of this algorithm needs the computation of several products
of polynomials. Let us set

PE)=ap+--+a€", Q) =bo+ - +beth,

with n < k. Then the product of these two polynomials is given by

PEQE) =eg+ -+ + e, 1™,
with
min(k,i}

e; = E bja,-_j.

Jj= max(0,i —n)

Let us mention that it would be interesting, in order to reduce the number of
arithmetical operations (and thus, possibly, the numerical instability), to use a
procedure based on the fast Fourier transform for effecting the product of two
polynomials; see [30, pp. 500ff.] and [44, p. 226].

The main interest of the CGS, and in fact the reason for its construction, is that
the matrix A" is not needed in the scalar products giving the coefficients of the
recurrence relations. As shown in [15], this feature can be preserved in the
MRZS which is the breakdown-free version of the CGS.

This feature can also be kept in the BSMRZS and we have to compute, for
i=0,...,2m — 1, the quantities

. 2 . 2 .
COEPY) = (1,4 P (A)r) = (3,47 20)

and the following quantities for i=0,...,2m, — 1 (in the case m < ng) or
i=0,...,m +m — 1 (in the case my; > ny)

(&P P = (7, AP (AP A)ro) = (3, 4's1):
The CGS was obtained by squaring the BCG. Our BSMRZS was obtained
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by squaring the BSMRZ which reduces to the method called A8/B8, when
Vk,m, = 1 [14], which is a new algorithm for 1mplement1ng Lanczos’ method.

In the case of a true breakdown due to ¢V (¢’ P( 2) Ofori=0,...,m -2,
the BSMRZS reduces, if c(P Pk) # 0, to the algorlthm SMRZS dCSCI'led in
[15] which is a breakdown-free implementation of the CGS. It must be noticed
that the SMRZS can suffer from ghost breakdowns while the BSMRZS cannot.

In [24], a look-ahead version of the biconjugate gradient algorithm was given.
Actually, it is not yet known if this version could be squared for obtaining a
look-ahead CGS algorithm working without using 4*. However, our approach,
based on orthogonal polynomials, of the problems of breakdown and near-
breakdown in such algorithms seems simpler than those based on purely linear
algebra techniques. In particular, it seems to us that it would have been much
more difficult to obtain the coefficients of the polynomials involved in the
recurrence relations without the help of orthogonal polynomials.

It must be noticed that Sonneveld [36] implemented his method by squaring
the recurrence relationships of the Lanczos/Orthomin algorithm. Since, in the
BSMRZS, one of the recurrence relationships we are squaring is different, our
algorithm does not reduce to Sonneveld’s algorithm when Vk, m; = 1. The look-
ahead procedure, called CSCGS, proposed by Chan and Szeto [17] is also based
on the Lanczos/Orthomin algorithm and it cures only the true breakdowns by a
2 x 2 composite step. Since these authors assume that no ghost breakdown
occurs then, as shown by the discussion in [10] (see also [22]), a jump of length 2
is sufficient. The goal of these authors was not to cure all the possible breakdowns
but to obtain only a partial cure at a relatively modest modification of Sonneveld’s
algorithm. Their procedure reduces to Sonneveld’s when no jump occurs. The
CSCGS was obtained by squaring the algorithm CSBCG proposed in {1,2] for
treating true breakdowns in Lanczos/Orthomin.

3.2. Tests for near-breakdown

In section 2, we saw that, in order to avoid a breakdown, we have to find, at each
step k, the value of my such that

cV(e'PM(E) =0 fori=0,...,m +my—2.
and
cW(gnrmtpl() #0.

If the quantity ¢(1 (g™ ™~ lP(l)(f)) which appears as the denominator of some
of the coefficients of the recurrence relations (1) and (2), is close to zero, then
numerical instability could affect the algorithm. This situation is called a near-
breakdown. Thus, it seems that a near-breakdown could be avoided by defining
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the length m, of the jump by

‘c(])(ﬁiP,El))‘ e fori=mng,...,ng+m—2
and

lc(l)(f"P,El))l >e¢ fori=nm.+m—1,

where ¢ is a given threshold value.
Let us first notice that, since the polynomials P( ) are no more involved in the
algorithm, these inequalities can be replaced by the equivalent ones

(c(l)(fiplgl)z)’se fori=0,...,m 2
and

In an earlier version of our program [6], we used this test for deciding when and
how far to jump. However, the jumps were very sensitive to the value of . We tried
many examples. For some values of ¢, the exact solution was obtained for n;, < n as
expected from the theory while, for some other values of ¢, the solution could not be
attained and sometimes an overflow even occurred. However, it was observed
numerically that the quantity

1 1 1 1)2 1)2
o = c(¢PVP) — (P PV (P Y e M (P

was close to zero in two cases: (i) when a jump has to begin and (ii) when the exact
solution is about to be obtained. So, we began thinking about a test based on this
observation. We first had to understand the meaning of the quantity a,E 131 and then
to find a test for deciding how far to jump.

At each step k, the value of m is first set to 1. Then, we shall check whether o, l P
as defined above, is zero or not.

Let us discuss this condition in detail. As we shall see now, ‘71&21 can be zero in
two different cases.

We have, when m;, = 1,

Piy 1 (€) = Pu(§) — 6PV (E), 4)
with 6 = c(P{"P,)/c(¢P{"). Multiplying both sides of (4) by P{" and applying
the linear function ¢'"’ we obtain

1 1 1 1) 1 1
cOPOP, ) = c(€PV P — (PO PP (EPM) eV () = 6V,

Since 0."), = (, AP{" (4) Py, (4)ry), this quantity is zero if Py ; (4)r = 0, which
means that the exact solution will be obtained at the end of the current iteration,
since 7441 = PE, (A)r,.
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The quantity a,illl can also be zero in another case. We have

1 1 1
o), = cW(POP ) = c(€PPryy).

But §P,£])(§) ="+ 4 0,(€) where Qy is a polynomial of degree n, at most. Since
(4) holds, we are in the case m;, = 1, thatis, n; .| = n; + 1 and, by the orthogonality
property of Py, we finally obtain

1 i
Glﬁll = C(l)(PIE 'Pryy) = (6™ Peyy).

Since P,Elll(ll)las degrele ne+1 and, by the orthogonality condition of P, we
alsohave o, | = c(P,E +) 1Pi+1)- Thus, a breakdown cannot occur at the next step if
this quantity is different from zero.

If 0’,£l+1 = 0, it means that the orthogonality conditions of P, are satisfied
farther than normal since P, has degree n;,, at most. Thus a ghost breakdown
will occur at the beginning of the next iteration due to a division by zero and thus it
is necessary to jump. Obviously a near-breakdown occurs if this quantity is close to
zero and we shall also jump in this case. It must be noticed that the quantity akl+)1 is
quite easy to compute since, in fact, by the last relation,

U;EIL = (¥, Sk+1)-

Thus we now have to take a value of m, greater than 1 and decide how far to
jump. The value of my is set to 2 and the system giving the coefficients 3;, Bi, a;
and o) is solved. If this system is singular (pivot=0) or nearly singular
(|pivot| < €;) then my is changed to m; + 1 and the procedure is repeated until a
non-nearly singular system has been found.

After solving the system, if the new residual vector is zero (or small) then the
solution of Ax = b has been obtained. If this is not the case, the iterative process
has to be continued further and, at the beginning of the next step, a division by
zero could occur if we are not careful enough. Thus, before going on, we have to
check this point. If the quantity by which we shall have to divide at the beginning
of the next iteration is zero (or close to it) it means that the preceding jump was not
long enough and we have to return to that iteration and increase again the value of
my by 1.

Thus finally, for finding the length of the jump, two different tests have to be
performed: (i) the singularity (or the near-singularity) of the system giving the
coefficients of the polynomials, and (ii) the value of the quantity by which we
shall have to divide at the beginning of the next iteration if the solution of
Ax = b has not been reached.

Let us now discuss this second point. In section 2, for obtaining the last m;
equations of the system giving the 3;, and the 3}, we wrote down the orthogonality
conditions

(¢ PP ) =0 fori=0,...,m—1.
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Let us set
(1
oM = (€™ P Py)
and remark that, when m,; = 1, this is the same 0,521 as above. It is easy to see that

o) = cV(E™ T PUPes1) = (P Pri) = (€7 Pist) = (9, 5641).
As before, if this quantity is zero it means that either we shall obtain the exact
solution at the end of the current iteration or have a division by zero at the
beginning of the next one. In order to avoid such a division by zero (or by a
quantity close to it) we must sill increase the value of m, in the current step,
solve the system g1v1ng the coefficients of the polynomials and so on until a
satisfactory value of a,E +1 has been obtalned

Thus, we first use the quantity U,E +) for deciding to start jumping and then
the quantity o—,ﬁ +1) , with m; > 1, for checking if the jump is long enough.

It must be noticed that we proved in passing, that the SMRZ and the BSMRZ
described in [10, 11] are more general than we previously thought since the case
of a ghost breakdown, which occurs if a,E'"‘“') =c(£™P,) =0, can now be
avoided. The BMRZ cannot be generalized for treating near-breakdowns.

Near-breakdown (or possible numerical instability) at the step & is also detected
by testing some ratios that are needed in the computation of fy, g and a
when m; = 1. Moreover, when m; = 1, another possible cause for breakdown is
that (y, Az,) = 0. All these cases are detailed in the pseudocode of the algorithm
given in the next section.

4. Algorithm design

We shall now analyze how the algorithm has been developed and first give itin a
pseudocode form.

In order to minimize, in the code of the program, the storage and the number of
operations to be performed in the algorithm, some tricks have been used.

In the case where a breakdown or a near-breakdown has been detected, it is
necessary to jump and to solve two auxiliary systems, the first one giving the
coefficients 3 and B’ and the other one the coefficients @ and o’ and then to
compute the coefficients «, 7', 7 and ' of the polynomials wy, v, g, and ¢, which
appear in the BSMRZS. Thus the following quantities must be computed at the
iteration k

_ my < ny my > ny
diz(y,A'Sk) i=0,...,2mk—1, i=0,...,nk+mk—l,
¢ =(y,4""z) i=0,....2m—1, i=0,...,2m—1,
h,()—C,l i=0,...,mk—l, i=0,...,mk—1,
u ch+l ank)1+,+cz+j j= l,...,mk, j= 1,...,mk,

=0



where a
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ﬁ0=di+1 i=0,...,mk—1, i=0,...,mk—1,
=

i
- (k) . .
Jij _Zdi+l+l 'ank—j+1+di+j+1 j=1....m—1, j=1,...,np—1,
=0

(k) —

n—j+1=0forj—1>n.

These systems are
System for the  and the '

Case m, < ny,
2m; — 1 equations with:
m; unknowns Bos- v Bm—1
my — 1 unknowns  f8¢,...,Bm, 2

B, —1€0 + ﬂ:nk—ZdO =0,

m,—1eq.< ...
Bico + -+ + By —16m, -2 + Bodo + -+ + By —2Gm, 2 =0
Bohoo + Brhoy + « - + By~ 150 my -1
+Bofoo+Bifo+- -+ ﬂ:nk—ZfO,mk—Z = dy,
my eq.{ -
Bohm, 10 + Bihme—11 + -+ By~ 1hn 1, m -1
+ﬂ6fmk—l,0 +:Bllfmk—1,1 + e +f3’mk—2fmk—l,mk—2 = dmk—l-
System for the 8 and the S’
Case my, > n;,
ny + m; equations with:
my unknowns By, ..., 0By, -1
n, unknowns  30,...,B8n -1
BuCo+  + By —1Cme—n—1 +,3;z,(—1d0 =0,
ny €q. .
ﬂlco+"'+ﬂmk—lcmk—2+:36d0+"'+ﬁ;k—ldnk—l :0
( Bohgo + Bihor + -+ + B~ 1hom, 1
+80fo0 + B1Sfor + -+ Bue—1Som -1 = do,
my eqQ.§ ---

Bohm, — 10+ Bihme—11+ -+ + By~ 1Am, — 1,m 1
L +B0 S -1, + B1 -1 + o+ B — U Sr =t —1 = Gy 1.

51
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System for the o and the o’
Case my < n;,

2m,. equations with:

m unknowns  aq, ..., Q|
my unknowns g, ..., Gy, _1
!
( amk—ldO = —(y,
! !
Oy —1€0 + QU 20y = ~—Qtpy, _1d) — €y,
my eq.4

1€+ F Uy~ 1Cmy 2 + 0l -+ Ay 2 2
\ =_a:nk—ldmk—1_cmk—l
[ aohoo + arhor + -+ + Qmy — 10 m, -1
+agfoo + a1 for + 0+ Umy—2fom -2 = —Cmy —1 Som—1 — Boms
my eq.4
0l —10 + 1 11+ Oy 1Py 11 F OO S —10 F+ AL Som — 11

! /
+' o +amk—2fmk—1,mk—2 = _amk—lfmk—l,mk——l - hmk—l,mk'

System for the « and the o
Case m; > ny,

n, + my, equations with:

m unknowns  ag, ..., G, _|
/ /
ne unknowns — ayg,...,Q, |
/
ankc0+"'+amk—lcmk—nk—l+ank—ld0:_cmk—nka
n; €q.
. rd " d —
acp+ - +amk—]cmk—2+ao 0+"'+ank—l ne—1 = —Cmy -1

( aphgo + arhor + -+ + Qo _1Bom, -1

+agfoo + Qi for +- + a;k—lﬁ),nk—l = ~hom,,
my €q.9
QP — 10+ QP 110+ F Qg 1B 1 -1

\ +a6fmk— 1,0 + allfmk—l,l +-+ a;k—lfmk— L —1 = _hmk— 1,my.

These two systems can be reduced to one single system with the same matrix and
two different right hand sides. We have
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These systems are solved by Gaussian elimination with partial pivoting and the
matrix is stored is a quasi upper triangular form to speed up the computation and
to reduce the amount of operations. Obviously, Gaussian elimination could be
replaced by any other method, for instance the block bordering method whose
subroutine can be found in [4].

If at iteration k, for an m, > 1, this system is singular or almost singular
(|pivot| < ¢ in the triangularization stage or |determinant| < ¢;), then, as said
in section 3.2, the value of m, has to be increased until a non nearly-singular
system has been obtained and |ak 4 | is greater than some threshold e. Thus at the
end of the iteration k, the final value of my is used for setting n; .| = n, + my.

After solving these systems, the +,, v}, 7; and 7} are obtained from the 3;, 8}, ¢;
and o} as indicated in section 2. The computation of the +;, v}, 7; and n; can be put
under a unified form by introducing a second index j as follows

my < ng my > ny
ji )
=3 Brria)  + B, i=0,...omg—1, i=0,....,m — 1,
=1
1=:Bi j:mk_lv j:mk—l’
j=i )
V=Y Biran)  +Bi i=0,...,m—2, i=0,...n—]1,
I=1
Vi = Bi j=mg =2, j=n -1,
—1i
k k . .
17“=Za,+la,(,k)_,+a,~+a,sk)_mk+i z:O,...,mk—l, l=0,...,mk—1,
=1
k . .
Mii —a,—i—a(k)_l J=m -1, J=m -1,
J—i .
771’.’,.=Za}+,-a£k)_,+af~ i:O,...,mk—l, i=0,...,nk-l,
=1
Mii = Q Jj=m—1, Jj=m -1

The four vectors ry .1, Xk 41, Zx+1 and s, are obtained as linear combinations
(with the coefficients of the polynomials appearing in (3)) of vectors of the form

my < ny my > ny
pi=Az,  i=0,...,2m, =0,...,2my,
gi=Ar, i=0,...,2m -2, i=0,...,2n,
u,'ZAiSk i:O,...,2mk—l, =0, LR+ my.

Thus these vectors are computed once and stored as the columns of three different
matrices.
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At the end of the iteration k& we also need to compute and store for the next step,
using (1) and (2), the coefficients of the polynomials P, and P, 431’ that is, the
quantities

ak*th i=0,..

i

bETD =1,

1

S+ —1,

R+ my.

Some auxiliary quantities are also needed in the program.

The solution is obtained at the iteration k when ||, || < €. The corresponding
value of n; | must be less than or equal to n. However, due to the precision of the
computer, the solution can possibly be reached for an n; | greater than » and thus
a value n,,, = n has been introduced to let the algorithm continue until this value.
Let us recall that, in exact arithmetic, there exists an index k < n such that r, = 0.
Obviously, the value of n,,, can also be taken smaller than n. In that case, the
program will stop when n, .| = ny,,,. In order to avoid unnecessary computations
and rounding errors, the maximum norm was chosen.

The length of the jump (denoted by m,) affects in a very heavy way the storage
requirements of the algorithm because its value appears in the dimensions of all the
working arrays and of all the working vectors. In theory, the size of the jump can
reach the value n,,, because, at the first iteration, a value of m, equal to n,,, can
be found. In practice, especially when the dimension of the system is large, it is
necessary to set an upper bound to the value of the jump; this value is denoted m1 44

Let us now give the pseudocode of the algorithm.

Algorithm BSMRZS (A4, b, xy, y, 1, Brmax, Mic maxs €; €15 €2)

Step 1. Initializations
Fg b — AXO
Po=20 =1
Uy =38 ="r
go=Tg
a0

— 1
n0+—0

m_l‘—O

0
a8” — (y,r0)

If ||| < e, then
solution obtained.
stop.

end if

Step 2. For £ =0,1,2,... until convergence do

my 1
1 — Apo
P2 — Ap
up — Auy



Step 3.
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dO — U}Emk-l)

¢o — (»,p1)
dy — (y,uy)
¢y — (¥,p2)
jump « false

If ¢y = 0 then
jump « true
breakdown at m;, = 1 (impossible to compute v, = 5)
end if
If jump = false then
compute [y, ag, v and g
If n, = 0 then
Sg+1 = Tolg + U — TYoP1 — YoP2
else
compute o and 7
Sk+1 = oo + 2y — TeYoP1 — YoP2 + M0&o
end if

1
o) = (B Skst)

compute i, = g — 2Yo%1 + Y P2

If ’0,521’ <eor|dy/cg| = 1/e or (my = 0 and |c; /co| = 1/€)
or (n; # 0 and |dy/cy| = €) then
jump « true
If ‘a,illl‘ < € then

If o), = 0 then
breakdown at the next step £ + 1
or possible solution obtained
else
near-breakdown at the next step k + 1
or possible solution obtained
end if
else if |co/dy| < € then
near-breakdown at my, = 1 (instability in computation of
Yo = Bo)
else if n, = 0 and |c;/cg| = 1/€ then
near-breakdown at m;, = 1 (instability in computation of

T = Q)

else
near-breakdown at m, = 1 (instability in computation of
10 = aq)

end if

end if
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Step 4.

Step 5.
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If |rii1]] < e orjump = false then
compute x4 1 = X + 2%ty — ¥ P
If [[rei1]] < e then
solution obtained.
stop.
end if
end if
end if
While jump = true and nearly singular system (|pivot| <e¢;, or
|determinant| < ¢;) do
jump « false
my — my + 1
If (my, = npay — 1 + 1) o1 (Mg > My ey ) then
solution not obtained at n,,,, or
solution not obtained because the jump is greater than my, ;..
stop.
end if
Poam, -1 Aszk—z
Pam, < APka—]
Comy -2 (J’,Pka—l)
c2mk—1 A (yap2mk)
If m;, < n; + 1 then
8omy -3 Amek—4
8amy -2 < Ag2mk—3
Um, -2 Auka—3
Upm,—1 — Aoy, _2
else
U 4my < Aunk+mk—l
end if
If m;. > n, then
dnk+mk—] — (yvunk+mk—l)
else
d2mk -2 (y, Um, —2)
d2mk—l — (Yauka—l)

end if
compute 3;,,i =0,...,m — 1
compute v;,i =0,...,m; — 1 (coeflicients of wy)
compute o;,i =0,...,m — 1
compute 7;,i =0, ...,m; — 1 (coefficients of g;)
If my < ng then
compute aj,i=0,...,m; ~ 1
compute n},i =0, ...,m; — 1 (coefficients of #;)
compute 3;,i =0,...,m, —2

compute v},i =0,...,m; ~ 2 (coefficients of vy)
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else if n; £ 0O then

compute o}, i=0,...,n — 1
compute n;,i = 0,...,n, — 1 (coefficients of #;)
compute #},i=0,...,n, — 1
compute v;,i =0,...,n, — 1 (coefficients of v;)
end if
Step 6. If non-nearly singular system (|pivots| > ¢; and |determinant| >
€;) then

compute sg 41 = (I — Av(A4))g(A)si — At (A)wi(A4)si
) —Aqi(A)wi(A)zi + 14 (A) (I — Av(A4))ry
Uk+"1 — (¥, Sk+1)
compute ry,; = (I — Avg(A))2re — 2(I — Avi(A)) Awy(A4)s,
+A2wi (A)z,
If ‘O’,E’:kl) < ¢ then
jump « true
If 6" = 0 then
breakdown at the next step k£ + 1
or possible solution obtained
else
near-breakdown at the next step k + 1
or possible solution obtained
end if
end if
If |res1 || < € or jump = false then
compute x;,; = x; — (Avi(A4) — 2Dv(A)ry
+ 21 = Av(A))wi(A)se — Awi(4)z,
If | res1ll < e then
solution obtained.
stop.
end if
end if
end if
end while

Step 7. Mgy < By + my
If n;, .| = npax then
solution not obtained at np,,.

stop.
end if
compute z; | = tp(A)ry + 2qx(A) 1 (A)s + g (A) 2,
compute a,.(k“), i=0,...,n,1 — 1 (coefficients of P,ﬁlll)
compute b,-(k+1), i=1,...,nm (coefficients of Py )

Po < Zk+1
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8o « Tk
Up < Sk +1
end for

Let us now discuss the number of matrix-by-vector products needed at each
iteration. An additional matrix-by-vector product is performed at the step k =0
to compute the value rg = b — Ax,. Thus we have

e if m = 1: 3 products;
o ifm; > 1 and:
(1) my < my + 1: 6m; — 3 products,
(2) my > n, + 1: Smy + ny — 2 products.

5. Description of the code

The BSMRZS algorithm has been coded in the FORTRAN 77 language
and tested on a VAX computer and on a PC with the Microsoft FORTRAN
Optimizing Compiler. The translation of the code into another language is very
easy because we used structured programming and all the variables have been
declared in the corresponding specification statements. For all the REAL data
(variables, arrays, functions), only the DOUBLE PRECISION type has been
considered.

In order to use the BSMRZS algorithm, the subroutine BSMRZS must be called
as follows

CALL BSMRZS (N, A, AB, Y, X, R, NORM, MAXBCK, MAXN, V, W, U,
LMAT, RMAT, ETA, ETAP, GAMMA, GAMMAP, D, C,
P, P1, PWK, IR, NK, EPS, EPSI, EPS2, INIT, IFLAG, IER)

and the arguments are defined as follows

N Input integer value, dimension of the system.

A Input real matrix of dimension (N,N) containing the matrix 4 of the
system

AB Input/working real vector of dimension N containing, before the first

call, the right hand side of b of the system. The vector is used as a
working area in the next calls and then the input values are always
destroyed by the subroutine.

Y Input/output real vector of dimension N containing, before the first
call, the auxiliary vector y. If IFLAG =0 the vector Y is set to
ro = b — Ax, by the subroutine during the first call.

X Input/output real vector of dimension N containing, after the iteration
k, the solution x, , ;. Before the first call, X must contain x;.
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R Output real vector of dimension N containing, after the iteration &, the
residual vector ry ;. If, at the first call, the norm of the vector R = rg is
less than EPS2 then the vector R contains r; in output.

NORM Output real value containing, after the iteration &, the norm of the
residual vector ry

MAXBCK Input integer value. It represents the maximum value allowed for the
jump my, that is my m,,. It must be greater than or equal to 2 and less
than or equal to MAXN. It is used to define, in the main program,
some dimensions of the working arrays and, in the subroutine, to con-
trol their extension.

MAXN Input integer value. It represents the maximum value allowed for
n, + my, that is, np,,. It is used to define, in the main program, the
dimension of the vectors P, P1 and PWK.

v Working real matrix of dimension (N,0:2+MAXBCK).
V(I),I=0,...,2xMAXBCK, contains A'z.

w Working real matrix of dimension (N,0:2*xMAXBCK - 2).
W(I),1=0,...,2«MAXBCK — 2, contains A'r.

U Working real matrix of dimension (N,0:2+MAXBCK - 1).

U(I),1=0,...,2*MAXBCK —1, contains 4's,.
LMAT Working real vector of dimension
(8«*MAXBCK) if MAXBCK < 2,
(2xMAXBCK —1)*  if MAXBCK > 2.
RMAT Working real matrix of dimension (2,0: 2xMAXBCK — 1).

ETA Working real vector of dimension (0: MAXBCK) used for storing
the -

ETAP Working real vector of dimension (0: MAXBCK — 1) used for storing
the n}.

GAMMA Working real vector of dimension (0 : MAXBCK) used for storing the
~;. In output it contains the coefficients of the polynomial —&{w(&)

GAMMAP Working real vector of dimension (0: MAXBCK — 1) used for storing
the ;. In output (if #n, # 0) it contains the coefficients of the poly-
nomial 1 — &v(§).

D Working real vector of dimension (0:2«xMAXBCK — 1) containing
the di'

C Working real vector of dimension (0:2«MAXBCK — 1) containing
the c;.

P Input/output real vector of dlmensmn (0: MAXN) containing, before
the iteration k, the coefficients b ) of the polynom1a1 P, of degree
ny, and after the iteration k, the coefﬁCIents b ) of the polynomial

Py, of degree n, | = n, + my. The polynom1al Py is initialized by
the subroutine during the first call.

P1 Input/output real vector of dimension (0:MAXN) contammg,
before the iteration k, the coefficients a(k of the polynomlal P of
degree n;, and after the iteration £, the coefficients a(k+ of the
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polynomial P,Ell] of degree n;; = n, + m;. The polynomial Pél) is
initialized by the subroutine during the first call.

Working real vector of dimension (0:2«MAXN + 1).

Input rows dimension exactly as specified in the dimension statements
in the calling program for the arrays A, V, W and U.

Output integer value n; | = n; + my, dimension of the intermediate
Krylov subspace.

Input real value used for testing the near breakdown The subroutine
does not control whether or not EPS is a negative real number or zero.
Input real value used for testing the pivots and the determinant
in Gaussian elimination for solving the auxiliary systems. If
DABS(X) < EPSI, then X is considered to be zero. The subroutine
does not control whether or not EPS1 is a negative real number or
zZero.

Input real value used for testing the final solution. The final solution is
obtained when, at the iteration k, ||r,,;| < EPS2. The subroutine
does not control whether or not EPS2 is a negative real number or
zero.

Input/output integer to be set to zero before the first call of the sub-
routine. Its value is changed to 1 by the subroutine during the first
call. For a new application of the method, INIT must be set again
to zero.

Input integer. If IFLAG = 0 then the auxiliary vector y is chosen to
coincide with the vector zy = ry. If IFLAG # 0 then the user must
define y in the main program before the first call.

Output index warning/error. This index can take the following values

IER =100  Call of the subroutine with a non zero IER value.

IER =200  The norm of the residual vector is less or equal to EPS2.
The exact solution has been obtained.

IER =300  Solution not obtained after reaching the value NK +
MK = MAXN.

IER =400  Solution not obtained after reaching the dimension » of
the system, due to the precision of the computer. The
computation continues until NK + MK = MAXN at
most.

IER =500  The value of MAXBCK is greater than MAXN or less
than 2.

IER =600  The value of m, exceeds the value of MAXBCK.

IER =700  Jump for breakdown. Case C(0) = (y, Az) = 0.

IER =800  Jump for breakdown. Case O‘]Erlkl) = 0.

mg)
1

IER =900  Jump for near-breakdown. Case ’U,E | < EPS.
IER = 1000 Jump for near-breakdown. Case |D(0)/C(0)| = 1/EPS.
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IER = 1100 Jump for near-breakdown. Case n, = 0,|C(1)/C(0)| >
1/EPS.

IER = 1200 Jump for near-breakdown. Case n; # 0,|D(0)/C(0)| <
EPS.

In addition, there are many functions and subroutines required which are
called directly or indirectly by the subroutine BSMRZS. Some of them have been
explicitly written for this algorithm and some others coincide with the modules used
for the BSMRZ algorithm [10,11]. All these modules can be found in the netlib
library numeralgo. They can be obtained, together with all the modules for using
MRZ, BMRZ, SMRZ, BSMRZ algorithms [10,11], by sending the command
lines

send nal from numeralgo

send na5 from numeralgo
at the Internet address

netlib@research.att.com
The functions required are the following:

SUNORM Computes the maximum norm of a vector.

FH Computes the coefficient f;; (or the 4;;), needed in the system giving
the a;, a}, B; and 3, as the linear combination of the d; (or the c;)
with the coefficients of the polynomial P,El)(f).

GAMETA Computes the value of the coefficient +; or «y; or n; or n; (of the poly-
nomials wy (&) or v (&) or g, (€) or #,(£€)) as a linear combination of the
ﬁi(?)r‘the B: or the o; or the o}, with the coefficients of the polynomial
P ().

PINNER Ckomputes the inner product of two vectors (given in nal ).

RXSUMM Computes a component of the vector r, . or of the vector x; .| — x;
as a linear combination of the coefficients of the polynomials
e(€)(€v(&) — 2), (1= &ue(€))%s (1 — &ui())wie(€) and wie(€) with
the vectors p;, g; and u;.

SSUMM  Computes a component of the vector s, ; as a linear combination of
the coefficients of the polynomials 7, (£)(1 — & (£)), (1 — vk (€)) gk (§),
L (E)wi(€) and wy(€)g,(€) with the vectors p;, g; and u;.

ZSUMM  Computes a component of the vector z;, | as a linear combination of
the coefficients of the polynomials #7(€), £(€)qx(€) and gi(€) with the
vectors p;, g; and u;.

The subroutines required are the following:

CHKSIG Controls the conditions that could produce a breakdown, a near-
breakdown or if the solution is about to be obtained.
COMPO1 Computes the coefficients of the polynomials 12(6), 1(€)qi(€) and

ai (€).
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COMPO2 Computes the coefficients of the polynomials #(£€)(1 — &ue(§)), (1—

£ (€))ar(€), t(§wi(€) and wi(£)gx (£).
COMPOL Computes the coefficients of the })olynomlals e (&) (v (§) — 2), (1—

€ui(€))%, (1 — £ue(€))wi(€) and wic(£).

COMPP1 Computes the coefficients of the polynomials Pk+1(§) and P(l) +1(8)-
CRESOL Stores, in separate vectors, the solutlons B, B, a and a’ of the
auxiliary system, and computes the v;, v}, 7; and the n;.

GSOLVD Computes, by Gaussian elimination, the solution of a linear system
with two right hand sides.

MATVEC Computes the product between a matrix and a vector (given in nal).

POLMUL Computes the product between two polynomials.

SOLSHF  Computes the solutions 3, ', « and o' of the auxiliary system.

STOMHF Stores the matrix of the auxiliary system.

STORHF Stores the right hand sides of the auxiliary system.

Let us mention that some of our subroutines could be replaced by standard
routines, such as the BLAS routines, but ours were specially written for our
purpose and, thus, they are better adapted.

6. Using the program

For using the subroutine BSMRZS, a main program must be written by the user
(five examples of such a main program are provided with the code). The subroutine
must be called in an iterative way, that is, the user creates a loop (for instance
K =0,...,NBC, with NBC greater than or equal to MAXN — 1), containing the
call of the subroutine BSMRZS. At each iteration, a control on the output value
IER allows the user to stop (because the solution has been obtained or due to a
warning/error code) or to continue until the end of the loop.

Before the start of the loop, that is, before the first call of the subroutine, the user
must initialize all the following input arguments:

N Dimension n of the system.

A Matrix A4 of the system.

AB Right hand side b of the system.

Y This argument denotes the auxiliary vector y. The user can choose to

define its components in the main program (in that case he must set
also the argument IFLAG to a non zero value) or let the subroutine
sets its value, during the first call, to ry (in that case the user must
set the argument IFLAG to zero).

X The initial vector xg.

MAXBCK The value of my ., such that 2 < my pay < A pax.

MAXN The value of n,,.

IR The value of the first dimension for the arrays A, V, W and U, as
specified in the dimension statements of the main program.

EPS The value of € for testing the near-breakdown.
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EPS1 The value of ¢, for testing the pivots and the determinant.
EPS2 The value of ¢, for testing the norm of the residual vector.
INIT This value must be set to zero.

IFLAG This value must be set to zero or to any other integer value according
to the user’s choice (see argument Y).

All the other initializations of the algorithm are made by the subroutine during the
first call.

In a pseudocode form the scheme of the main program can be synthesized as
follows:
Step 1. Specifications for variables and constants
list of integer variables and parameter constants
list of double precision variables and parameter constants
Step 2. Specifications for parameter constants
N, IR, MAXBCK, EPS, ...
Step 3. Specifications for vector and matrices
list and dimensions of integer arrays
list and dimensions of double precision arrays
Step 4. Initializations
INIT = 0.
other initializations required
Step 5. For K = 0 to NBC
CALL BSMRZS
If IER # 0 then
If IER = 200 then
~ solution obtained.
stop.
else if IER = 400 then
solution not obtained at #.
continue until MAXN at most.
IER =0
else if IER > 700 then
jump for breakdown or near-breakdown.

IER =0
else
stop due to error IER.
end if
end if

end for

7. Numerical results

Let us recall that, in our program, we have to choose the values of
e ¢ for testing the quantities involved in the jumps,
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o ¢ for testing the pivots and the determinant in Gaussian elimination and
jumping,
e ¢, for testing if ||| < ¢, and stopping.

There is an important point which must be noticed. Since after testing if
|0,£':_"1| < €, we check whether or not the norm of the current residual is smaller
than ¢,, then both tests are correlated and a value of ¢, too small could produce
a jump. This point will be illustrated in example 2.

It seems quite difficult to give advice about the choices of ¢, ¢; and ¢, which
are valid in all circumstances. ¢, is the stopping criterion for the algorithm and
thus it is really the user’s choice. However, due to the discrepancy which can
occur between the residuals computed iteratively and the actual residuals, some
unsuspected problems can arise. Examples of this situation will be given below.
The quantities € and €, are involved in the jumps. If these quantities are too
small, then, in general, no jump will occur (except in the case of an exact division
by zero) and no improvement will be brought by our algorithm. For a computer
working with 16 decimal digits, it seems reasonable to take ¢ and ¢; between
107" and 107®. For bigger values of € and ¢;, the jumps have a greater length,
thus bringing some other numerical problems from the solution of the linear
systems giving the coeflicients of the recurrence relationships. Moreover, in
that case, a storage problem can also occur due to the dimension of these
systems.

Example 1
Let us first consider the system

AN

¥ AW

Forn=40,a=095x=0,y=rje=¢ = 107% and ¢, = 107, we have no
jump and we obtain || Tao | = 0.44 x 10'2,

When €= ¢ = 1078 we have a jump from n; =1 to n, =38 and we obtain

=40 and ||rs]|= 0 39 x 107!%. The same results are obtained with € and ¢

varymg between 107> and 107'*. For e = 10™* and ¢, = 1075, we have a jump at
the first step of the algorithm until n; =38 and we obtam ny =40 and
lirs]| = 0.44 x 107", When e=10"" and ¢ =107% the same results are
obtained. For e = 107* and ¢, = 107>, we still have a Jump at the first step, but
until n; = 39 and we obtain n, = 40 and |lr2l|=0.23 x 1071

All the jumps in this example are due to IER = 900.
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Example 2
We consider now the n x n block diagonal matrix
M,
M,
A= ,
M n/2
with

1 j—1+
Mj=<0] la) forj=1,...,n/2.

The case a = 0 corresponds to the example B, of [33].
The solution of this system is given by

Xaj—1 =bayj_1+ (= 1 +a)by,
- —b2j)

where the b;’s are the components of the right hand side 5.

We shall take b = (5,-3,4,—4,0,...,0)%, x =0, y =r,, n=40. With these
values and a = 0, a breakdown occurs at the first iteration and the exact solution
is obtained for n; =2 after jumping, see [15] (in this paper, read —3 for the
second component of the vector b).

Fora=10"%¢= € = 10"60, the norm of the residuals oscillates and there is a
jump (due to IER = 1200) from n;5 = 15 to n;s = 17 and we obtain ||ri4|| = 0.57x
1074, However, the results are false, a phenomenon due to the discrepancy
between the residual computed iteratively and the actual residual, that will be
discussed in the next example. For ¢ = 107° and ¢, arbitrarily chosen, we have
a jump of length 2 at the first iteration and we obtain a residual which is exactly
Zero.

Let us now illustrate the point mentioned at the beginning of this section about
the correlation of € and e,.

For a=107%, e = ¢ = 107%, no jump occurs and the norm of the residuals
oscillates and grows to ||ra|l= O 15 x 10",

When € = 1075, ¢; = 10-12 and €, = 107%, we have n; =1, ||r; || = 0.23 x 108,

=2, |In|= 0.37 >< 10“8 and the program stops The same results are obtained
for 6 =107°.

When e=10"°% ¢ =107 and ¢ =10" 9 we have again nl =1,
7 |l = 0.23 x 10 but ny =3 (due to IER = 900) and 72|l = 0.74 x 1078, Then
the norm of the residuals oscillates and we have jumps (due to IER = 1200)
from ns = 6 to ng = 8 and from ng =8 to n; = 10 where ||r;||=0.13 x 1072,
However, the solution has only 7 exact decimal digits due to the same dlscrepancy
phenomenon as above. The same results are obtained for ¢; = 107!
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In this example, the exact solution is obtained if a jump of length 2 occurs at the
first step, which is the case if we take € = a and ¢, is arbitrarily chosen.

Example 3
We consider the same example as above but with
0 1+
Aljz( . 0](1) forj=1,...,n/2.

The case a = 0 corresponds to the example S of [33] where a breakdown occurs at
the first iteration of the CGS.

Forn =40, a= 1071, xg=0,b= (1,2,...,n)T, y=roand e=¢ = 1079 we
have a jump from ng = 9 to n;yp = 11 and another one from n;y = 11 to n;; = 13
(both due to IER = 1200) and we obtain |ry | =0.21 x 10~’. However, the
solution is completely false and has no exact digit. This is due to the fact,
mentioned in the preceding example and in [43] (see also [33]), that the residual
estimates r, computed recursively by the algorithm can differ significantly from
the actual residual b — Ax;. In our case, the actual residual gives |r || = 8231.
Of course, it is possible to use the actual residuals in the algorithm instead
of their estimates but their computation needs one more matrix-by-vector multi-
plication at each iteration.

Fora=10" ¢=10"% and ¢, = 1073, we have a jump from the beginning and
we obtain #; = 2 and ||, || = 0.71 x 10~'%. This result is independent of the value of
€1.

Example 4
Let us now consider the following system

(a 1 (1\ (a:l\
K 1 a

-1 a 1 1 a

-1 a ) \ 1 ) \a -1 }
This system was studied by Brown [16], and, when a = 0, a breakdown occurs every

odd step in Lanczos’ method. For small values of a, the convergence has a sawtooth

behavior. For n =200, a = 1072, x, = 0, y = ry, € = 1072% and ¢, arbitrary, there is

no jump but an overflow arises at k = 84. When ¢ = 10~° and ¢, is between 10™° and

107'°, we have jumps of length 2 from the beginning (due to IER = 1000) and we

obtain ny09 =200 and |74 || = 0.28 x 107°. The intermediate residuals have a
norm which is always almost equal to 1. These results are presented in figure 1.
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Example 5

Let us now consider the system
2 1 \ 1 3
]0 2 1 \ ( \

0 -

1

1 0 2 1|1 4

\ 1 0 2) Kl/ \3/

This system was given by Gutknecht [27] and, for x, =0 and y=
(0,0,0,—1,1,...,—(-1)"~ ! 0) a breakdown occurs at the first iteration when n
is even since (y,ry) = ( y,Aro) = 0. When 7 is odd, 02]) = 0 at the first iteration
and a breakdown also occurs but for a different reason.

For n =40, ¢ = ¢; = 107, we have only one jump of length 2 at the ﬁrst
iteration (due to IER = 700) and we obtain n3; = 33 and ||r3; || = 0.10 X 1074

When e =¢; = 1077, we have a jump of length 2 at the first iteration (due to
IER = 700) and jumps (due to IER = 1200) of length 2 from n)5 = 19 and, when
nys = 33, we obtain || 7,5 = 0.10 x 107"

Quite 51m11ar results are obtained for n = 41 but the jumps at the first iteration
are due to IER = 800.
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Let us now replace the last component of the vector y (which was 0) by 1078,

For n = 400, the results can be seen in figure 2. For e = ¢; = 10"200, there is no
jump, the norm of the residual oscillates between 10' and 10°, starting from g = 6,
and an overflow occurs at n3; = 37 (highest curve in figure 2).

When € = ¢; = 107! we have jumps (due to IER = 1200) of length 2 from n; = 3
and, when nyg = 49, we obtain || ry|| = 0.22 x 10~® (middle curve in figure 2).

When € = ¢; = 1077, we have a jump (due to IER = 1100) to n; = 2 at the first
iteration. Then we have jumps (due to IER = 1200) of length 2 from n;3 = 19 to
nys = 35. Then, we obtain various jumps due to IER = 900 and, when n3q = 49,
we obtain || 30 || = 0.85 x 107" (lower curve in figure 2).

For n = 401, the results are given in figure 3.

For € = ¢, = 1072, there is no jump and an overflow occurs at n;p5 = 108
(highest curve in figure 3).

When € = ¢; = 107'° we have jumps (due to IER = 1200) of length 2 from n; = 7
and, when n3; = 59, we obtain ||r3; || = 0.10 x 10~ (middle curve in figure 3).

When € = ¢; = 1077, we have a jump (due to IER = 900) to n; = 2 at the first
iteration. Then we have jumps (due to IER = 1200) of length 2 from n;9 = 20 to
ny; = 36. Then, we obtain various jumps due to IER = 900 and 1200 and, when
n3s = 60, we obtain ||735 ]| = 0.28 x 107" (lower curve in figure 3).

For n = 40, the preceding results were obtained on a PC with a mathematical
coprocessor. They have also been checked on a VAX using the G_FLOAT repre-
sentation and the normal one. For some examples we observed quite a different
behavior, due to the fact that, with G_FLOAT representation, the VAX uses
one less decimal digit. The examples with » > 40 were only tested on the VAX.
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8. Discussion

Our treatment of near-breakdown in the CGS algorithm is only able to try
avoiding some of the instabilities due to the computer’s arithmetic. In particular,
we tried to avoid those instabilities coming from a denominator close to zero in
one of the coefficients of one of the recurrence relations used in the algorithm.

Our program was tested by using the software CADNA [19,21] based on the
CESTAC method [18,39] which simulates a stochastic arithmetic as described in
[19 — 21] and it was found to be quite stable. Moreover, an important and difficult
problem which remains open in our program is the choice of the value of ¢, €; and €,
as already noticed in [11]. Such tests are eliminated by CADNA and replaced by a
control on the number of significant digits of each intermediate computation. Thus
the numerical stability of each operation in the algorithm could be checked and
validated. The implementation of our software in stochastic arithmetic using
CADNA is under consideration.

We do not claim that our software is of lasting value and that it is able to handle
successfully all the possible causes for a near-breakdown. It is certainly possible to
improve it and to take into account other numerical instabilities. Further research
is still necessary to fully understand the numerical behavior of the various algo-
rithms and for healing all the numerical deficiencies of the CGS. For example, as
pointed out by Van der Vorst {37], the CGS can be unstable even if the biconjugate
gradient is completely stable. However, we decided to put our software into the
public domain, even if it is imperfect, for helping other researchers to take up
the problem without being obliged to code again the algorithm.
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