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The Navier-Stokes equations for the fluid motion induced by a disk rotating inside a cylindri-
cal cavity have been integrated lor several values ol the boundary layer thickness ó. The equiva-
lence ol such a device to a rotating disk immersed in an inlinite medium has been shown in the
limitasó-0.

From that solution and taking into account edge elfect corrections an equation lor the viscous
torque acting on the disk has been derived, which depends only on ó. Moreover, these results
justify the use ola rotating disk to perlorm accurate viscosity measurements.

PACS numbers: 0270, 0340G, 4715 C

$ l. Introduction

A rotating disk viscometer has recently been de-
vised !, 2] to perform accurate viscosity measure-
ments in the critical region of fluids. This visco-
meter (Fig. 1) consists of a thin copper disk sup-
ported by'a pivot inside a cylindrical cavity filled
with the fluid to be investigated. The disk is set into
rotation by the interaction between the eddy cur-
rents induced in its body by two small opposing
electromagnets.
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Fig. l. Schematic drawing ol the rotating disk viscometer
(not to scale). The rotating disk is a cylìnder ol radius R1
and height I (l < RJ enclosed into a cylindrical cavity,
which has a radius R" and a height (2zs+ l). Each disk
face is separated lrom the wall ol the cavity by a distance
.zp known as the separation gap. In the actual disk (R.-R;)
- 4zr and ze - 4(l/2).
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In the steady state the torque balance requires:

T, * tr: 0, (1.1)

where rn is the effective driving torque on the disk
including the net driving torque due to the eddy
currents and the retarding torque due to the friction
ol the disk pivot on its bearings. zo is the retarding
torque due to the fluid-disk interaction and depends
on the angular velocity of the disk, a, and on the
viscosity and density ol the fluid, 4 and p. From
measurements of rr;, g and zu, the viscosity of the
fluid can be computed through the dependence of
t, on c,l and q.

Unfortunately, there is not yet a general hydro-
dynamic solution for r, in the laminar regime [3],
but it is known in two limiting cases:

rr:xqa/zp for ò\zp,
rrcxtTco/ò for ò42p,

where d: 1v/at)1/2 is the boundary layer thickness,
,": rt/S is the kinematic viscosity of the fluid and zp

is the gap separating the disk and the housing walls
(Figure 1).

The behaviour of r4 between these two extreme
cases is not known, and it is therelore necessary to
lind an analytical empirical expression lor it by per-
forming measurements with a fluid of known den-
sity and viscosity. It has been assumed [1, 2] that
the following relationship holds:

r,t: - lt 11 to f- | (ò), ( 1.4)

(1 2)

( 1.3)
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3qrationswhere lr is a constant and /(d) is a well-suited func-
tion of the boundary layer thickness. Now, the ques-

tion arises whether (1.,1) is universally valid lor all
fluids. The answer to this question becomes affir-
mative if one shows that the viscous torque deter-
mined by solving the Navier-Stokes (NS) equations
lor the disk rotating in a housing can be expressed

by (l.a) and that its Àdependence has the same

analytical form as that determined by measure-
ments in a particular fluid. That is precisely what
has been done as it u'ill be explained in the next

sections.
Even il the final goal ol the present paper is to

give a quantitative estimation of the iorque actlng
on the disk and to compare this n'ith ihe erperi-
ment, nevertheless the main bodl of the paper is
"a fortiori" concerned with the NS equations and

with the problem of their integration.
The physical and mathematical problem of the

equations of the fluid motion in the case of a disk
ol infinite radius rotating between trvo parallel in-
finite planes is set out in $ 2. In $ 3 the relationship
between the solution of the Navier-Stokes equations
and the torque r, acting on the infinite disk is

presented. Edge eflect corrections are then intro-
duced to give an equation lor ro for an actual drsk.

The numerical integration procedure for the \S
equations and the numerical results in terms of the
fluid veiocity components are described and pre-

sented in $ 4 and $ 5. respectr,.'e11.In S 6 it is sho*n
that the dilferential equations for the disk in the
housing in the limit as Ò - 0 tend to those lbr the
disk immersed in an infinite medium. -\ numerical
check of the procedure is then performed. In $ 7 the
numerical results lor ro are compared rvith the
experimental data.

Finalll'. the conclusions are draun in $ 8.

$ 2. The Navier-Stokes Equations for a Steady-State
Rotating Disk in a Housing

We are searching for steady-state solutions of the

Navier-Stokes equations in case ol cylindrical s1 m-
metry around the disk axis. Let us refer to a s\stem
of cylindrical coordinated with the :-aris parallel to
the disk-axis and let r,.(r, z'), r, (r. -) and r', tr. -- i.

respectively, be the radial, tangential and axial com-
ponents ofthe fluid velocity and P the pressure.
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rr ith the boundarr condirions

r, (r.0) : 0.

r,, lr.0) : r't r.

r'_- {r'.01 :0.
1.,1r'.--cl:0.

!rlr.:p):0.

(2.4)

(2.5)

(2 6)

(.2.1)

(2 8)

(2 e)

r 
' 

(r'. :p) : 0. (2.10)

It must be emphasized that we are dealing now
with a disk of infinite radius, and that a similarity
solution is assumed to get rid of the partial deriva-
tives in the previous equations. For the moment anv
edge effects for a disk of finite radius are ieno:eJ.
We will account lor them later on. \fo::':'.3:. .i .:.--

the flow in the boundarr la":: . :': .. ', r:'À:::s"
as it will be seen in .. -r: --::; ..-.: -: -=::, -: Lrf the
range ol r aiidit'. .': ::: .:::r.-':-:-. r-,-:i:.rn has still
to be settlec 'j-. -tr: :::,=:.- .: .i.-. ;roi *'orry about
ir.

",: :rerefore assume

:,x,--.1.
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-: i-- - --: ::.: :,:i;:1J11 of ó and the planes

--- - --: - -.: :i .ir--:. :eSFreCtilel).
- -:- -: -::-ì-,,:iJ::1.1Ì the arial velocity (2.13)

-: - - :::31:3n!--. i.e.. lt is uniform over
r --:: r--* : . .:.3 Jisk surface. This is a good

-:-- -- .-,, . :: lnlinite disk. but surely not
- - '- : ,::. :;i,ita3 in that case the streamlines

- -:- r: :, - : a: Hou'et er. this approximation,

, : , I :::: >i,., 33 accepted for a finite disk if

,":-: ì-r i, - R rs :nuch larger than ó.

- -: ,::: :. . jisk in an inlinite fluid, pressure

----:r :::-r--3i :rl be a function only of ;1 [6-8].
- ,i -::: :-,'.i 3', ei. \\'e are forced allowing P to be

- ---. : '::lJ:1. and not in a separable way.
- :.' r: -:iirstood by the following reasoning

: i -.3 rrr rl.13) and (2.11) the continuity equa-

r - I j :"rì be immediately integrated to give

(2.r5)

,.. :.3 .i- prrme indicates diflerentiation with re-

:r:,- icr -- . Then, (2.3) is easily integrated yielding

.- '. -- r : o r' (, (H' (z) - t n' (;1)) + /7 (r). (2.16)

.,. r:re 11 (i) is a constant of the integration with
:ispect to:1. By substituting (2.16) and (2.15) into
rl.l)rveget

I of/(r') r) ,,r,,r).(217)1 ----:- : \F,, - F2 - H F, * Gt) -- yt,
o (t)- r ar

u here 71 is a constant, independent of both r afid 21,

because the l.h.s. oî (2.11) is a function only of r,

n'hile the r.h.s. is only a function of :l .

B-"- integrating (2.17) with respect to r and sub-

stituting into (2.16) we get

P (t', -) : Qr,ú) (H'(:) - tr n'e)) (2.18)

+lonco212+Po,

rl here it is evident that P (r, ;l) cannot be expressed

br a product of a function of r times a function of

-1.
\on the NS equations (2.1) and (2.2) and the

continuit) equation (2.4) become

F'-',t+F:-G:+Hr'.
G": HG'+2FG,

H':-2F

lntesration of \avier-Stokes Equations for a Rotating Disk

with the boundary conditions

r(0) : H (0) : F (b) : G (b) : H (b) : 0,

6 (0) : 1 (b : zF / 6ì). (2.22)

Equation (2. 18) will immediately give the pres-

sure once (2.19-21) are integrated. However, (2.19)

cannot be integrated because the constant 71 is
known only in the case of the disk immersed in an
infinite fluid. In this case, .F and G must vanish with
all their derivatives as tl + co, so that /r :0 from
(2. l7). This also means thaf II (r) = Po from (2.17)

and that (P - Po) is only a function of .z1 from
(2. r 8).

On the contrary, in our case, at zt:b only F,G
and H vanish, but not necessarily their derivatives.
too. Therefore, 71 * 0. But as ó - 0, ó +.n and the
equations for the disk in the housing must converge
to those of the lree disk. On these grounds, we ex-
pect that 7y depends on ó, but still in an unknown
way.

To overcome this difficulty, (2. 19) is differen-
tiated with respect to;1 and the following set of non
linear differential equations is obtained:

F"': HF" -2GG',
G":HG'+2FG,
H':-2F

(2.23)

(.2.24)

(2.2s)

with boundary conditions (2.22).
The system (2.23-25) must be integrated for dif-

ferent values of ó (or, conversely, for different ó)
and its equivalence to the system for a disk im-
mersed in an infinte fluid must also be demon-
strated by showing that

lim 11 :lim (F" - F2 + G2 - H F^) : 0'
ò-0 ò-0

$ 3. Relationship between the Exact Solutions
of the NS Equations and the Viscous Torque
on the Disk in the Housing

By neglecting edge effects, the torque acted by
the fluid on both sides of the disk of radius R1 is

given by [4]
C'{0) n R!r'l':nRl 4u-, Òip
ldGr-,rl

where G't0t = | | and G(:r) is the --1-t d=' l--,:o
dependent part of the tangential component of the

fluid velocity.

79t

--l- ,.

.9t

t't I

(2.te)

(2.20)

(2.2r)
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However, edge effects on the velocity field due to
the boundary must be taken into account.

Actual disks are not indefinitely thin. The hous-

ing walls tangentially decelerate the fluid inducing a

radial gradient ol the tangential velocity. The fluid
in the housing is also sheared by the laterai cylin-
drical surface of the disk. This results in a tangential

stress acting on the disks lateral surface [10]. As a
consequence of this, the tangential velocity t:r(r2
Ri, z:0) cannot depend linearly on the disk radius.

It urust be replaced by the more general expression

t'r(r, : :0) : ro (r + I (r)), (t > Ài), Q.2)

where /r (r) is a well-suited function describing the

deviation of the tangential velocity field from the

linear law (2. 12). The function ft(r) must further-
more be weli-behaved so as to satisfy the require-
ments

h (r) :0 for r < Ri,

ft(R"1:-4..
This radial dependence of the tangential velocity
produces a retarding torque expressed by

" I ò lr(rtl
7tt\: Qn I Rl) 4u l: -:l : - zRî kt U u.-1 

LÒ'' / 1":n; (i.5)

:/[Ò iitltlwherek':-- l- |' R; lÒr' ,' l" n'

Summing up all these contributions, the total
torque on the disk is

r,t: rf) 1,7(e) :={tg I (ot + ky 11t,t. (3.6)
"F

where /c : kt zp .

It must now be pointed out that in an actual er-
periment ft1 is not known because there is no infor-
mation about the analytical from of i (r). Therefore

the value of ft1 must be adjusted to fit experimental
data, even if an exact matching cannot be expected.

because of smaller edge effects neglected in equa-

tion (3.6).

$ 4. The Procedure of Numerical Integration
of (2.23 - 25) with Boundary Conditions (2.22)

integration easier by letting F: yt, G : yo, H : yu,
F' : !2, F" : lz and G':.15. One thus obtains a set
of six first-order nonlinear differential equations.
This set presents several difficulties to its solution,
mainly because it is non-linear and there are only the
3 boundary conditions for ;' : 0, -yl (0) : ,yo (0) : 0

and ya(0):1, (the other 3 boundary conditions
beingll (b): yo(b): ye (ó):0)

For these reasons finite differences integration
schemes have been disregarded, and the following
procedure has been adopted I l].

The set of six non-linear differential equations
has been linearized thus giving

.r'r :,1'r, (4.1)

,r'z:-1:, (4.2)

_i,, :.t,jo).i 
[0) - 2 r'(o),Ì,j0) +,r'Í0) (1,, -.ujo))

+,r'{o)1r'n -.1'{o); (3)
- 2 l.r'io) (.r, - ,r'10') +.i {0) (r. -.1'10)) l.

J'+ :.1's , (4.4)

t's :.r'10),, 
J0' + 2., 10',r'10' + r'10' {r''. - 1'{0))

+,r'{0){16- r'lo') (45)

+ I : r'j0' r.r - .r.i0') - .r.i0' r.r'. - .,.,0').

,to:-l,rr. e6)

*'here .r'10) ( i : 1. 6 r are suirable zeroth-order ap-
prorimations ol .r' . To integrare (1. 1-ó) a third-
order Runge-Kutta method has been chosen, be-
cause \\e e\pected F.6. and 11 to be smooth func-
tions ol:r (as "a posterrori" verified) and because
at each iteration ol the integration cycle of (4.1-6)
it is necessarv to know the values the lunctions had
at ihe previous iteration.

To obr,rate to the absence of 3 lurther conditions
ai ,-r :0. the linearized system with its boundarl
conditions has been integrated four times, imposing
on r'1 (0), .r's (0), and f: (0) different arbitrarl' r'alues
each time.

r-et ,r'j,f) be the first-order approximations of .r'; at
the end of the lirst iteration of the four simultane-
ous integrations. where n:1,4 relers to the n-th
integration.

(3.3)

(3 4)

The general solutions of our problem are linear

The system of differential equations (2.23-25) combinations of the solutions of the lour differenl
can be put, as usually, in a form to make numerical integrations.



Rotating Disk

.r't, H : ls,
,btains a set

equations.
ts solution,
Lre only the
=r;(0):0
conditions

ntegration
lollowing

:quations

G.1)

(4.2)

I

( 1.3)

(1.1)

r _t. j)

!.6 t

:,a:-
be-

ause

-6t
had

ons

ar_v

in-s

les

..-: : ' . f :--:;r: Integratìon of Navier-Stokes Equations lor a Rotating Disk

the follorving linear

793

vergence criterion (4.13) is satisfied. If m is the
number of iterations required to satisly (4. 13), the
required solutions are given by

4

l'1:\ c,y(i),

wherey(i/ are the ru-th-order approximations of the
true ,1,1n. Unfortunately, this procedure is not apt
to ensure the stability of the solutions to within the
desired degree ofaccuracy. e - l0-7.

In fact, il we drastically change the arbitrary val-
ues of ,t'2,(0), ts,(0), y,(;0) (n:1,4) we get a
change of some parts per thousand in the solutions.
This is a very severe drawback, for we are parti-
cularly interested in -rs (0). We therelore forced the
solutions of one of the four integrations (e.g. the
first) to converge to the true solutions.

The procedure to obtain this goal is very simple.
Once the convergence criterion (4.13) has been

satisfied, we look for the quantities

, l, t0t\

r' :l '" 
111 ì (4.11)' [ '.'tàtl

\r'thr/
.> :lle column vector containing the known terms
.nd

{ l,t',u, ''f;',r, ,11',r, , i;',0)\
o - [ r;l'rar y'^)' rbt .r 

j]'rar yil' tbt I ta.lzl
\r;l'rór rjjrrhr rjl'rót ill'útf

(4 t)

(4.8)

obtained by imposing
'1 . -r'4 and !6 at z1: b and

1'+ at :t : 6.

equations results, which

(4.e)

(4.t4)

.r\-f,/ r4'ro)

-:'
*:n \ ector containing the coefficients c,,

contains the values at the boundaries ol-r'r-1,+,,t'o in
the four dilferent simultaneous integrations.

Since system (4.1 -6) is a linearized one, we must
require that its solutions ft) {+.lS converge to the
true solutions of the original system of non-linear
diflerential equations.

Let therelore e be an arbitrary small positive
number (in our case we have chosen e : 10-7) and
consider the inequality

-u.u I tÍ')(--') --tl,(o)(zr) ì < c" (4.13)

0l --rl a

Should (4.13) not be satisfied by @.1) and (4.8),
then the ,-Í',) ur" taken as new zeroth-order ap-
proximations ol the true _t'7,. The complete cycle of
4 simultaneous integrations is then repeated, thus
determining the next approximations, until the con-

er : ,r,jfl)(o) -,12 (o) ,

e: : ,r'jl) (0) - 13 (0) ,

e: : -r'li) (o) -.r'5 (0) .

(4. I 5)

(4.16)

(4.11)

Iî e1, q and e3 are not simultaneously smaller than
e. then ,r'u (0), -y: (0), and ,r5 (0), compured through
('1.14), are taken as arbitrary conditions on y21 (0),

.t':r (0), and _r51 (0). The arbitrary conditions on

lzi (0), -t':r (0), and ,r'5p (0) (k: 2,4) are, however.
unaltered. The whole preceding procedure is then
repeated from the beginning by letting f'r(,o) 

: l; unA

t')'ì : ylP (k : 2,4) until €r ( e lor each / : 1, 3.

In such a wa) c1 x 1, cz:0, c: : 0, and ca È 0 at
the end of the calculations. The stability of the solu-
tions with respect to the arbitrary conditions in the
origin is now satisfactorily high, showing absolute
diflerences < l0-6.

Finally, a comment on the choice of the zeroth-
order functions /}): For small ó (large d) r.," and r,
are about zero [10, 12] and G(z) is a straight line to
a good approximation. So, for small ó, yLu) (zù:
1* z1/b and y,(f) G): yin(0) (n : 1,4, j + 4). For
large ó (small ó) this choice is not so good as before,
and the algorithm diverges. Therefore, the solutions
for a particular ò, say bs, afe taken as zeroth-order
approximations of the solutions for ó > ó6 and so

on. In such a way the algorithm does never diverge.

aÍ

:h
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$ 5. Numerical Results for the Velocity
Components F, G,and H

In Figs. 2,3,4 the results of the numerical integra_
tion of (2.23-25) are reported in the three inrerest_
ing cases

a) ò)zp, b) ò:zp, c) ó(zp.
In Fig. 2 the results of the numerical integration

as functions of zr for é : I 0 zr (ó : 0. I ). Funclion G

Integration of Navier-stokes Equatìons lor a Rotating Disk

is a. straighr line joinin-e point (0, l) with poinr (ó, 0)
and having a slope of - 10. F(:1) and H (z) are
both practically zero (r?_î:r, F(zr) <9x10'-3' and

oIE, ll (:r) < 5 x l0-6). The resulting flow is

therefore ol the Couette-type: the fluid only rotates
around the symmetry axis with neither radial nor
axial velocity components. The tangential velocity is
then given by

L',: c'.t r(1 -:1/b).

/ \.\
oz \E-
,/ \ r-/\\./i\.-l\/\

.G

. H x104

"r x lOq

-'-'-'-'l-'-.-'-'-
\
\.\

\

Fig 2.":,-dependenr parrs of the fluid veiocity compo_nents îor. zp./ò:,0.l. Open circles Fiz,.1, closéd circlesu (ir)^ano. closed squares H (z). C (21) is a straieht line
1:_1 

. i"9 f1 (vcry enlarged.in rhe drawing) are- nearly
zero and tarrly symmetric with respect to th-é gap cenrer
_-r:0.05.

/ \
\

1

l 
--- 

/=J-:o.. z-' I '/6/'r,,/1"
t't .G..- ,\ -,/.' / ,u"loz^-':._ _,/B / ^F.nz

'r '\ -'/ ,/ ' HxlOl-:'-'-'-'23 
,/ 

"Fx1oz

\.-.-"-,'

lg i. 4, G, and H as functions of z,:.15 for :r/g:1.
lSymbols .as in. the previous figure.) tn tfrù' cise the
Dounoary layer thrckness equals the separation gap. 6 is a
strai.ght..line to a good approximation. F and "Hìre still
lma]l l.he asymmerry of.F and .È1 with respect ro zr : 0.5
ls not yet very pronounced.

- The value of G' (0) is - l0 : - t /b. Recailing thatb: zp/ò we find C'(0) : - ò/zp or

G'(:0) I: _ : const
(, _F

or 91 Q): l.
Substituring (5.2) inro (3.6) we have

t, a ry ot/zp

(5.1 )

(s.2)

(5.3)

which is precisely the result expressed bV (1.2).

^ 
The case ò: ze (b: I ) is depicted in Figure 3.

G (:1) is still almost a straight line. The nuid has
acquired small, but non-zero components of velocity
in the radial and axial directions (.maxó.F(zril

- 8.5 r 10-3 and max H r-,t - 5 2,1n-jr
0-<--,{ À t'

G'(0) - - 1.0043 does not anymore depend upon
ó (or d) in a simple manner. It results _ó,plrttt

.Fig + C G, and H as lunctions of z1 for:p/d:9. (Sym_

|"]:^irJ.l th,1 n1eylo,qs figure.) cir,j .ànn6it. approxi-
matecl by a straight line but changel concavity. F and H
y:.:o*.Tu.roscopicaliy different -from zero. Íheir rrym_
metry wtth respecr to :1:4.5 is selfevidenr.

.,/'
../ .G
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' i; :: :r.:i'-red from (1.2) and (1.3) as ó ? zr'
, -: ..rse d: t =. (b: 9l is dePicted in

" ; -:: - - ..: :'luid now possesses large radiai and
b

: : :.,..:i components. .F is such that J F(21) dz1
0

= :. :: lo satisly the continuity equation' The

- | :. ì:.:crt1 component, described by ll (;1), is

- : --.-j, directed towards the disk to compensate

-.= :-,-,i displacement due to the action of the disk

.. '::ntrifugal fan.

Tl: iunction G (:1) does not resemble anymore a

.-.:::sht line. Particularly, its second derivative does

..-.d change sign in [0, b] and G(1) - 0'53' This

:::ans that ò is the distance from the disk over

.,. iich the tangential velocity of the fluid is reduced

:.. about half the disk velocity. The largest change in

G r:11 is restricted to the range 0 < z1 < 2' Then

Gt-,) decreases much more slowly' At about half

rhe way between disk and housing wall G'(4) -
-0 020, about 1/30 of G'(0) - -0'56' In the neigh-

bourhood ol :,: 4'0, G" (:r) - o and G changes

concavity. For z1 > 4'0lG' (zv)i again increases up

to6'(9)--0.063.
This increase of G'(21) indicates that a kind of a

boundary layer is also formed at the housing wall'

even if the tangential velocity variation in this layer

is not as sharp as in the boundary layer at the disk'

In this secondary boundary layer the radial velocity

component is negative showing that in this layer

theri is an inwards flow compensating the outwards

flo',v in the boundary layer at the rotating disk'

In the region where lG' is minimum or nearly

minimum the radial velocity is nearly zero, because

Fr0.
Furthermore. .F, G, and H do not have symmetry

properties nith respect to the plane zt: 4'5 : b/2'
' 

.dl these results are in qualitative agreement with

prer ious erperimental observations [12]'

$ 6. Comparison between the Sets of Differential

Equations for a Disk in a Housing and for a Disk

in an lnfinite Fluid.

Their Equiralence in the Limit as ò - 0'

The set ol dilferentral equations for the disk in a

housing is given b1 Eqs. (l'19-21) with boundary

conditións (Z.Z\, f rt a disk in an infinite fluid [6]'

:,: L. Bruschi. . Integration of Navier-stokes Equations for.a Rotating Disk

F. G, and H satisfy the set of differential equattons

F":HF'+F2-G2,
G": HG'+2FG,
H':-2F

(6.i )

rA rt

(6.3)

which only needs 5 boundary conditions: f (0):
H (o): r(.o): G (.o):0, G (o) : l'

It is a natural choice to give up the condition on

H(co) in going from (2.19-21) to (6'1-3), because

it is necessary not to fix the value of 'É1 at inlinity
in order to satisfy the continuity equation when
m

f f (r') d;l* 0.
ó

System (2.19'21) must however converge to sys-

tem (6. 1-3) as the gap between disk and housing

walls for a given ó indefinitely increases' However,

this is equivalent to an indefinite decrease of ó at

fixed gap separation. This is also obvious from a

physical argument. ln fact, as ó - 0 the largest

veiocity gradients are restricted to a layer very thin

with respect to the gap, and the disk has no way at

all to perceive the presence of a wall at such a large

distance. It is easy to see that system (2'19-21) re-

duces to system (6.1-3) as ó - 0 il lim 1(ò:0
The ò-dependence ol lt: F" - F2 + G2 - H F' is

shown in Figure 5. It results to be a smooth function

of the boundary layer thickness and goes to zero as

ò - 0. It therefore behaves correctly at small ó, thus

-9i
rrating Disk

'ornt (ó, 0)
H (:) are
l0-5 and

flow is

l.r' rotates
ldial nor
elocity is

(5.1)

iin_e that

(s.2)

( 5.3)

iure 3.

:d has
:1ocìty

F t:1)

-.rpon

> I/b

t]-
';-
H
:t-

"o=T s J5 L0 6tz --t-

Fie. 5' values or y, : 
'" 

- @2 - G2 + H F') as lunctions of
thó boundary layer thickness scaled by the.gap.separatlon

iD";È; *ai""té graphical extrapolationl. F^or large ó/25,

71 saturates to a constant value of about 0 31 for small

ò/zp,it tends to zero.
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showing the equivalence of system (2.19-21) to sys-

tem (6.1-3). As ó becomes very large, /t saturates

to a constant value, lr - 0.3' This means that for
large ó (2. I 8) yields

P (r, :)- Po * pv a (H' (z) - tr H' Q))
'f 0.15 p c,.t2 r2. (6.1)

(This formula does not hold of course for a disk of
infinite radius!) On the contrary, in the limit as

a - 0, (2.18) reduces to

P (r,:): Po * pv ot (H' (r') - * É1'(21)). (6.8)

In this case the pressure does not depend upon r
and is a function only of:1 as expected [3,4,6].

Finally, to check our integration procedure, sys-

tem (6. I -3) has been integrated for y1 :0 with
boundary conditions f(0) :H(0) : F(b) : G (b)
: 0, G (0) : 1 for several upper integration limits up

to ó : 8. The results for ó : 8 are compared to those

of v. Kàrmàn-Cochran [3, 6] in Table 1.

Table I

v. Kàrmàn-Cochran Present results
results (1, - oo)

zt::/ò F -H

Integration of Navier-Stokes Equations for a Rotating Disk

constant the excitation currents in the electromag-
nets. This is due to the difficulty of measuring the
absolute values of r.. In such a way, rr turns out to
be a constant, too. In this case, from (1.4) it follows

ry ot : Af (ò), (t.r)

where I : (- tr/ p) is a constant. If we now suppose
the edge effects to be negligible, (3.1) gives

rya:Bs(ò), (1.2)

where B : (- r,t ze / n R+) is a constant and g (é)

I a \_l_t.
\:e G'10) /
However, if we have to take the edge effects into

account, (3.6) gives

4 ot: C t'(ò), (7.3)

where C : -rrzp/lnRf (1 + k)l is a constant,

. (l+klatò1
u (Ò) : r;---; (1.4)

l+kg\ò)
andk:krzp.

The experimental function/(ò) (7.t) has two im-
portant features: for small ó it increases linearly
with ó and for large ó it saturates to the constant
value 1. The functions t (ó) and y(ó) can be com-
puted if G'(0) is known as a function of the
boundary layer thickness. In Fig.6 such values are

reported versus d/;p..

dt
Fig.6. Values ol - . G1z'1 | : -G'(0) as functions" dr, ' 1.,_o
oî ò/zp. For large ó/zp, G'(0) ìs linear with ó. For small
ò/ze, it tends to the value - G'(0) - 0.616 (indicated by
symbol "x") of the disk immersed in an inlinite medium.
(Dashes show graphical extrapolation.)

_H
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0.r r9 0.203
0.084 0. I 3l
0.058 0.084
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0
0.092
0.265
0.435
0.573
0.674
0.'744
0.823

The agreement between the two sets of data is
very good. Furthermore, v. Kàrmàn-Cochran give

G'(0): -0.616 and F' (0):0.510, while we obtain
G'(0) : -0.6159 and .F'(0) : 0.5101.

It can be observed that F, G, and É1 have nearly

reached their asymptotic behaviour already for
d: (l/8);p.

The complete equivalence ol system (2.19-21) in
the limit d - 0 to system (6. I - 3) has been therefore

assessed, and a successful check of our integration
procedure has been Performed.

$ 7. Comparison of the Numerical Results

for the Viscous Torque with Experimental Data

The viscosity measurements are performed at

constant eflective driving torque z" by maintaining

-G'(o)=6/, ,/-F ,/
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For large ò/zp , G'(0) is given by

- G',(0) : ò/ zp (7.5)

so that s Q) : I and 1(Ò : 1 - G',(0) goes through

a minimum at ò/zp - 0'30 and saturates to the con-

stant value 0.616 for very small ó, so that in this

region g (ò) is nearly proportional to ó. Therefore,

as a matter of fact, / (ó) shares with 9 (ó) and l (ó)

its limiting behaviour.
In Fig. 7 the experimental / (ó) and the theoreti-

cal functions g (fl and 1 (ó) are plotted versus the

bundary layer thickness. The values of y (ó) have

been calculated by adjusting the value of the un-

known constant k1 untii the minimum deviation
from the experimental / (ó) occurred.

The function g (ò) is always lower than the ex-

perimental functions /(ó). This means that (3'l) is

not correct for the disk in the housing for it neglects

any edge eflects. On the contrary, function y (ó)

with k - 1.146 does indeed approximate very well

the experimental results to within a standard devia-

tion of about 3 x 10-3. This means that (3.6) ac-

curately describes the torque on a rotating disk en-

closed in a cavity. Furthermore, by comparing (1.4)

with (7.1) and (7.3) and taking into account the ex-

plicit form of the coefficient C and that /(ó) -
y (ó), we get

nnlg+k1
Lt:------_ *'

"F
(7.5)
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and from (3.6) we get

-ftR? l+ks(ò)
fn: _ 4LU-.F s(ù

We expect that edge effects are not very strong at

small ò. In fact from (7.6), when ó* 0 kg(d)( 1

and can be neglected. Conversely, for large values of
ó the edge effects grow very large and give a sub-

stantial contribution to the total torque. In our par-
ticular case, k :1.146 and for S @):1 the edge ef-

fects contribution to the torque amounts to about
53.4Yo. lt is worth noting that the importance of this
contribution can be varied by changing the geo-

metrical dimension of the disk and of the cylindri-
cal cavity as it can be seen by recalling (3.5), (3.3)

and (3.4).
The experimental / (ó) has been interpolated with

the following analytical form [1,2] :

d: ds+ dr [(ó - ò)2 + drl-l (7.8)

and r[, d1, d2 and ft are fitting parameters whose

determination was performed by calibration with N2

at 30oC in the pressure range 1-80atm. The ana-

lytic form (1.1) of f (ò) reproduces the viscosity data
of N2 to within a standard deviation of about 0.0'l5Yo.

We performed a non-linear least squares analysis

[13] on 1,(d), adopting the same analytical form of
(7.1). ln Table 2 the results of this analysis are com-
pared with the experimental values of the fitting
parameters:

Table 2

Experimental Theoretical

1.331 x 10-2
0.5046
2.55 x 10-7
292 x I}-s

The fitting parameters for both curves are identi-
cal. ln such a way, (1.4) has been justified and,

moreover, the functional lorm (7.1) of /(ó) has

proven to be universal, because the fitting param-

eters are independent of the fluid used for the cali-
bration of the apparatus. However, small differ-
ences exist between /(f and y (ó) (the largest divia-
tion is about 0.8%) and these occur in an inter'

(1.6)

I(r5): (r r ó/Ò0) a -[za-'. lr 
-a(r. *)l']'"

where Q 7)

óo: 1.331 x 10 2 (cm)
do: 0.5046
dr:2.56,r 1g-/ lcmj)
d):2.92 x l0-) 1cmr1

lns

rall
by
m_

Fis.7. ln this 1-rsure the theoretical curves y(ó) (closed

ciriìes) and .7tÒt-topen triangles) are shown as functions
of ò. Value: ól the erperimental -/'(Ò are also plotted (open

circles) u'here thel signitìcantl1 difler lrom.r'(ó).
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mediate range of ó: 0.016 < ó < 0.021 cm, corre-

spondingto2<h<2.6.
In this range the total torque on the disk is not

given by the simple superposition of the effects ac-

counted for by (3.6), but it is a bit lower. In this

region the contribution to the torque due to the

radial gradient of the tangential velocity is over-

estimated (y (ó) </'(ó)). To better determine the in-
fluence of the contribution due to the edge effects a

more extensive experimentation on disks of differ-
ent geometries is obviously required.

In Fig. 8 we have plotted the dimensionless

torque coefficient

C u: 2it, / p Rl a2 (7.9)

as a function of the Reynolds number

R: (Rilò)2 (7. r 0)

Our experimental data agree very well with our

theoretical data as computed through (3.6)' On the

contrary, the Cy values computed through (3. 1) are

sensibly lower and tend to converge to the experi-

mental ones as ó becomes small (large R), where the

correction term k in (3.6) gives a smaller contri-
bution.

For a large d (small R) (3.6) gives

12nR,\ t+rCu=[?l (7.11)'' \ :n I R

with 2 zR; (1+ k1z;t - 293 (Ri:0.9 cm) as con-

firmed by the least squares analysis of the data for
low R on both theoretical and experimental curves.

The presence of the lateral wall acts so as to in-
crease the torque and hence the torque coefficient.

For fairly large R (small ó) C1,a is nearly propor-
tional to R-l/2.

The case of the disk in an infinite fluid yields

Cra- 3.87 R-rrz (1.12)

In our case, at R - 3.83 x lOa (3.6) gives

cM- 4.33 R-t/2, (7.13)

and then from the experimental curve we have

Cw- 4.36 R-rtz (1.14)

Recalling that the disk in the infinite fluid is a

particular case of our problem when ó - 0 (R - co)

it can be imrnediately recognized that the coeffi-
cients of (1 .13- l4) are already close to the limiting
value ol 3.87.

Integration of Navier-Stokes Equations lor a Rotating Disk

1

s

510',25256ù
Fig. 8. Values ol the dimensionless torque coelficient Cy
versus the Reynolds number. Closed circles indicate both
experimental results [,2] and the theoretical results ob-
tained through (7.6) and (7.9). Open circles represent the
theoreticàl results without taking into account any edge ef-
fects. Open triangles are results ol other authors [12],
drawn here for comparison.

For lurther comparisons, in Fig. 8 we have also

plotted experimental results of other authors [12].
These results agree quite well with the present

ones, even if they are much more scattered. The Cy
values are larger because of different values of the
geometrical constants of the devices (zplR; - 0.02

against :p/ Ri - 0.05 in our case), but they also show

a region where Cy oc R-1, and another where

Cy1 x ft-t/z.
Furthermore. the transition from the R-l- to the

4-t/2-6.1tuu1our takes place in about the same

region as in our case.

$ 8. Conclusions

The direct numerical integration of the Navier-
Stokes equatìons lor the fluid motion induced by a

rotating disk enclosed in a cylindrical cavity has

given interesting results regarding two different
problems.

The first, more theoretical one, is the determina-
tion of the components ol the fluid velocity when
the disk has an infinite radius. This helps deter-
mining the streamlines of the fluid. The velocity

components we have found depend on the vertical
height, ;, above the disk in such a way to satisfy our
physical intuition of the problem: at a given dis-

tance, r, from the center of the disk, the tangential
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velociti. monotonicell) decreases from the maxi-

mum value. (, r. on the disk to the minimum, zero,

at the housins rrall: ihe radial velocity changes sign

to satisfl the continuitl equation. while the axial

velocitl, attains a marimum at a given height and is

independent on r.
Unless the boundary layer thickness ó is not much

larger than the gap :F separating disk and housing

wall, the :-dependent parts of the velocity compo-

nents are not symmetric about the plane z::p/2'
In this case. however, the radial and axial velocity

components are practically zero, and the tangential

velocity goes to zero linearly with (zF - :)' This

does indeed characterize the flow regime known as

Couette-tyPe flow'
As the boundary layer thickness decreases the

asymmetry of the veìocity components becomes

more pronounced: a blurred secondary boundary

layer is lormed on the housing wall and there the

flow is radially inwards. As ó further decreases, the

equations for the disk in the housing tend to those

for the disk immersed in an infinite fluid.
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ticular, the tangential velocity is not simply linearly
dependent on the radius and this gives an additional
contribution to the torque acting on actual disks

which are cylinders of small, but finite height. This

more reaiistic situation becomes evident when the

computed torque acting on the disk is compared to

experimental data. ln fact, the torque calculated by

neglecting such edge effects is lower than the mea-

sured one. On the contrary, on accounting lor them,

the theoretical curve agrees very well with the ex-

perimental one. We believe that the week disagree-

ment (< l%) between the two curves is to be

ascribed to the crude way of accounting for the edge

corrections.
In any case, it has been demonstrated that the

theoretically derived lunction (with edge effects

corrections) can be expressed by an analytical form

which is identical to that used for the experimental

function. So it has also been proved that the results

of the viscosity measurements obtained with the

rotating disk viscometer do not depend upon the

fluid used for calibrating the device'
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The second problen-r is concerned with the calcu-

lation ol the retardin-s torque due to the fluid on-a 
A,.knot'!etlsements

disk oi finite radius in presence of a lateral walì' ln

this case. the lareral r.,uit ol the c1'lindrical housing The authors wish to thank Mr. C. Carraro and

drasricalh afÈc-rs ihe rjui,l relociir'field. In par- Dr.G.Torzoformanl'stimulatingdiscussions'


