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COMPLEX MANIFOLDS IN (-CONVEX BOUNDARIES

STEFANO PINTON AND GIUSEPPE ZAMPIERI

ABSTRACT. We consider a C'*° boundary b} C C" which is g¢-
convex in the sense that its Levi-form has positive trace on every
complex g-plane. We prove that b() is tangent of infinite order to
the complexification of each of its submanifolds which is complex
tangential and of finite bracket type. This generalizes Diederich-
Fornaess [2] from pseudoconvex to g-convex domains. We also
readily prove that the rows of the Levi-form are %—subelliptic mul-
tipliers for the d-Neumann problem on g¢-forms (cf. Ho [4]). This
allows to run the Kohn algorithm of [5] in the chain of ideals of
subelliptic multipliers for g-forms. If b() is real analytic and the
algorithm stucks on g¢-forms, then it produces a variety of holo-
morphic dimension ¢, and in fact, by our result above, a complex
g-manifold which is not only tangent but indeed contained in bS2.
Altogether, the absence of complex g-manifolds in b2 produces a
subelliptic estimate on g-forms.

32F10, 32F20, 32N15, 32T25

1. COMPLEX ¢-MANIFOLDS IN THE BOUNDARY AND THE KOHN
ALGORITHM ON g-FORMS

Let ©Q be a smooth domain in C" defined by r = 0 with dr # 0,
and M a smooth CR submanifold of 0§2 of CR dimension ¢ and CR
codimension p. We assume that M is “complex tangential” to bS) in
the sense that

(1.1) TM C Tb.

Condition (I.1]) is familiar in the ambient of peak-interpolation sets. If
M is minimal in the sense of Tumanov, it is endowed with a “wedge
complexification” of dimension g+ p, that is, a complex (¢4 p)-manifold
W of wedge type with edge M (cf. [6]). When 02 is pseudoconvex,
then W C 0£); this refines Bedford-Fornaess [I] which is in turn a
development of Diederich-Fornaess [2]. In fact, according to [6], W is
made out of analytic discs attached to M. The pseudoconvexity of bS2
brings the discs inside € and their complex tangency to bS2, which
follows from (L)), brings them in bS). For the last implication, we have

just to apply Hopf Lemma to a plurisubharmonic Holder exhaustion
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function of Q of type —(—r)", for n close to 1, restricted to each disc.
We weaken the hypothesis of pseudoconvexity and assume that b€ is
g-convex, that is, for a choice of the Hermitian metric, the trace of
the Levi form Lyg = 00r| ey is positive on every complex g-plane of
T, the complex tangent bundle to b$).

We strengthen the hypothesis of minimality and assume that M is
of “finite bracket type”, that is, the subsequent brackets of C'> vector
fields with values in TCM generate the whole tangent bundle 7M. Note
that when M is real analytic, finite type and minimality coincide.

Theorem 1.1. Let bS) be q-convex and let M C b§) be complex tan-
gential and of finite bracket type. Then W is tangent to bS) of infinite
order along M.

The proof follows in Section 2l
The holomorphic dimension of a variety V' C b2 at z, is defined by

: _ : : c
(1.2) hol dim,, V = S[}fzelg}rfwv dime(T-V N KerLyg),

for U,, ranging through the family of neighborhoods of z,. Remark that
TV N KerLyg is involutive; moving from 2z, to a nearby point where
the real and the CR ranks are constant, we may apply Frobenious
Theorem and produce a foliation by smooth leaves of CR-dimension ¢.
We select a leaf M, denote by £ the Lie span of TCM, and observe
that £ C KerLyy, C TCbQ. By redefining z,, if necessary, we may
assume that £ = T'M; thus M is complex tangential and of finite type.
Altogether, we have obtained

Corollary 1.2. (i) Let b2 be q-convex and let V' C b2 have holomor-
phic dimension q at z,. Then, there is M C V of CR-dimension > q
whose wedge complezification W is tangent of infinite order to bS2.
(i1) If, moreover, b and V' are real analytic, then W is contained in
b and is a (complex) manifold not just a wedge manifold.

Our purpose is now to run the Kohn algorithm in a ¢g-convex domain
and to show that, when it goes through, it produces a subelliptic esti-
mate for g-forms. This requires a minor effort in adapting the proof by
Kohn [5] in which the domain is pseudoconvex in the usual sense.

We choose an orthonormal basis wy,, ...,w, = 0r of (1,0) forms, and
the dual basis L; of (1,0) vector fields. In this basis, we denote by (7;)

the matrix of 99r and by u = > u;w; an antiholomorphic ¢ form
| T/=k

with summation being taken over ordered multiindices |J| = ¢. The

form is assumed to belong to the domain Dg. of 9% that is, to satisfy

uy|po = 0 when n € J; we denote by C2°(Q2 N U)? the space of ¢g-forms
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with support in a neighborhood U of a boundary point z, € b2 with
smooth coefficients up to b$2. We also denote by ||| - |||c the tangential
Sobolev norm (cf. [5]).

Proposition 1.3. Let b2 be q-convex; then

(1.3)
/ — —
Do DYkl < [0ull + [107ul® + [[ul
|K|=k—1 i j

for any u € Dg. NCX(QNU)F, k> q.

We express (L3) by saying that each row of d0r is a %—subelliptic
row-multiplier on k-form. We use the notation Q(u,u) for the energy
of the 0-Neumann problem, that is, the term in the right of (L.3]).

Proof. We show that for any v € C>(U’' N Q)*, for U’ 2> U, and for
any derivative D, we have

(1.4)

’Z, Z /Tij“iKD?ijdV‘ZfQ(u>U)+leij(v)|l2
| K |=k—1ij=1,..n" j
T Z/ > /Tij'UiK'UjKdS.
b2

|K|=k—1ij=1,...,n

For D = Ly, (IL4) follows from Schwartz inequality. For D = Ly, k < n,
it follows from integration by parts, Schwartz inequality, and basic
estimate for w. Finally, for D = L,,, we write

Z/ Z /Qr,-juiKEnijdV: Z/ ZAQTijuiKUjKdS

Kl|=k—1ij=1,...,n Kl=k—11%,j<n
(1.5) |K| |K|

+0((Z|IijUI|)I|vl|)-

Using again Schwartz inequality on b for the positive 2-form > i Uik Uj ke
|K|=k—1ij=1,...n
over k-vectors u, we get

/ ~ ! ~ i / ~ i
E ‘ E TijuiKUjKdv‘ < ( E E Tij”iK”jK) ( E E Tij%K%’K) ;
\K|=k—1 4] |K|=k—1ij=1,....n |K|=k—1ij=1,...,n

and this yields (L4) from (L3) and the basic estimate. We use now
(L4 for vjx =Y, riju;x. Reasoning as in [5] p. 97, we get

(1.6) ‘ Z/ Z/QTijuiKD(rkjakK)dv‘ fQ(u,u).

|K|=k—1 ijk
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Using the microlocal factorization A! = AzAZ for the tangential stan-
dard elliptic psedodifferential operator of order 1 (together with the
fact that the different derivatives D’s represent the full Al), we get

(L3) from (L.G).
U

We recall briefly the Kohn’s algorithm. We define, in a neighborhood
of z,, the chain of ideals I C I3 C ...I} and of modules M{ C Mj C
.M} starting from

Mil = {87’, 0,-57“},-:17___7n
I = \/r,det,_q 1 M7 where V- denotes the real radical,

and, inductively,

My = {Mj_y, 01y},
[ = /T det, g MY

By Proposition [[.3] and by Garding inequality, M{ is made out of %—
subelliptic row multipliers (that is, (IL3) holds) and I{ is an ideal of
%—subelliptic multipliers over g-forms. By [5] Proposition 4.7, the full
chain of M’s (resp. I}’s) is made out of subelliptic row multipliers
(resp. function multipliers). The proof of this point remains unchanged
from pseudoconvex to ¢-convex domains.

We take our conclusions. If 1 € I} for some h, then we have a subel-
liptic estimate (for some e depending on the number h of steps and on
the operation of radical) on g-forms and, in fact, on k-forms for any
k > q. If, instead, I}, | = I (and I} does not capture 1), this reveals
under the extra assumption b2 € C¥, that V = V(I}}), the zero-set of
I, has holomorphic dimension > ¢. By Corollary this implies the
existence of a complex g-manifold in 6€). Putting alltogether, we get
the proof of

Theorem 1.4. Assume that in a neighborhood of z,, bS2 is real analytic,
q-convex, and contains no germ of holomorphic manifold of dimension
> q. Then a subelliptic estimate in degree k > q for the 0-Neumann
problem holds in a neighborhood U of z,, that is, for some € we have

ull? < Q(u,u)  for any u € Dy N CX(QNU).
Ezample 1.5. In C3, consider the domain € defined by
1 3
w3 > —|a]?|2* + (1|Zl\4 + 1\Z2\4)-

Here b€} is real analytic, there are no complex 2-manifolds at 0 but
just the complex curve defined by z; = z5. Also, if we compute the
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Levi form of b2 in the metric in which 7;1(1,0,0) and 7;1(0,1,0) (for
7. @ T.b) — C? x R being the projection along the wx3-axis) is an
orthonormal system for Tb€), we have

LbQ _ —|2’2|2 + |Zl|2 —212’2
—2122 —|Zl|2 ‘|‘3|22|2

It follows
trace Lyg = 2|22/ > 0.

Thus we have a subelliptic estimate in degree 2 according to Theo-
rem [L4. Note that this example could not be explained neither by
usual pseudoconvexity nor by strong 2-pseudoconvexity. In fact

det Ly = (|Zl|2 - |22|2)(3|22|2 - |21|2) - |Zl|2|22|2
= —|z1|* = 3|z|* + 3|21 |2
< 0.

Thus,

e () is not pseudoconvex (because det Lyn < 0 implies that there
are eigenvalues of opposite sign),

e 0Q) does not satisfy Z(2) (in the sense of [3]) because there are
no positive eigenvalues at 0.

2. PROOF OF THEOREM [L.1]

We adapt the proof of [2] Proposition 3 to the new situation in which
bS) is no more pseudoconvex but just g-convex. We move to a nearby
point that we still denote by z, at which the “multitype” in the sense
of (i)=(v) below is minimal (in the lessicographic order). We observe
that the wedge complexification VW can be (non-uniquely) continued
to a smooth manifold without boundary W of real dimension 2(q + p).
Since W is holomorphic, then W is “approximatly holomorphic” at
M. By a linear unitary coordinate change we can assume that z, = 0,
T, M = CixRPx{0} and T, W = CIxCPx{0} and T, b2 = C" ! xiR.
We observe that the projection 7 along the z,-axis is transversal to W;
thus (W) and 7~ '7 (1) are real manifolds of dimension 2(g + p) and
2(q + p + 1) respectively. We use the notation ¢ := n — (p + g + 1).
We suppose that 77 (W) is defined by real equations p;(2') =0, j =
1,...,2t such that, putting f; =: y; + iperj, j < t, we have f; = O%3,
and W is graphed over (W) by 2, = h +ig with 9(h + ig) = OS5
here OF; denotes a zero of infinite order at M. Clearly M is defined by
Tp—h=0,9y,—9g=0, p=0, p =0 (where by p and pu we denote
the full set of the p;’s and 11;’s). We consider the Hermitian metric on
C" in which € is g-convex and the induced Euclidian metric on R?".
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In this metric, we choose an orthonormal basis {X¢;}, of TM and
a completion to a full basis of T'"M

(2.1) {Xo: 1, {Xu 1, { X e, with pp = 2¢ and ij =p
j=1
We may assume that

(i) any j-iterated bracket of the Xj;’s is in the span of the X} ;’s
for h < 7,

(i) X;;, = [Xou, Xj-1,,) modulo Span{Xj; ;};<;—1 for suitable

Xo, € Span{Xy;} and X;_;, € Span{Xy;}nr<;j—1 when j > 1.

This is an immediate consequence of Jacobi identity. We put £° =

TCM, write, inductively, £7 = Span{£~',[Xq,, X;_1,]},, and de-
compose

£l L?
_ 0
We can assume that our linear unitary tranformation gives %

Zo

{0} x RPi x {0}. Also, we can choose our basis so that, in addition to
(1)—(ii) we also have
(iii) each group {Xj;}i-1,. p, is orthogonal one to another for dif-
ferent j.

(iv) in a basis 291, ...20,4, 21,15 ---21,py 5 --- Of CTP we have X ;|,, = Os,,
Xoitqlzo = Oy, 1 < q, and Xj4l., = 0,,, for j > 1,
(v) M is the intersection of W with the set defined by p;; =0, 7 >
1, where the p;;’s are functions on 7(WW') with Span{Redp;;} =
Span{Re dy,;} and with (Ops, L;;) = 0 for any h > j + 1.
Note that, in particular, (v) implies that d0ps(L;;, Lyr#) = 0 for any
JiJ' <h=2.
We identify the X,; € T'M to the real or imaginary parts of vector
fields L;; € C(TM + JTM) N TH°C™ defined by
(2.2)
{LO,i = XO,i_'_iXO,q-H‘}g:l, {Ll,i = Xl,i—FiJXl’i ?;1, ceey {Lsﬂ' = Xs,i—FiJXs’i 1?;1

Since C(TM + JTM) N THOC™ C Ty, we extend the L = L,
from M to the whole Q) as sections of TH%0) keeping unchanged their
notation. We can also arrange that the L;; are extended from M to W
so that (Ou;, L) = O3, j =1, ..., 2t. For that, we extend them with the
request (0f;, L) =0, j = 1,....t; since (3f;, L) = OS5, the conclusion
follows remembering that the p’s are the real and imaginary parts of
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the f’s. By (iii) above, and by the fact that £° is invariant under
J, we have that the L;; j > 1, are orthogonal to CL’; this stays
true also outside M for the extended vector fields. Moreover, possibly
after renormalization, the Lj; can be chosen so that they form an
orthonormal system.

Recall that for the equation z, = h + ig of W, we have supposed
O(h + ig) = 055 and thus, in particular, 0h = O%5. Thus, if bS) is
graphed by z,, = h 4+ ¢ (which serves as a definition of ¢), we have
Lyo = 000 |p1.000 + O55. We also denote by r := z,, — (b + o) a definig
function for b€2. Note that o = 0 on M; we want to prove that

oc=0(p>) wheny, —¢g=0and p=0,
and hence W is tangent of infinite order to b2 along M. We expand
(2.3) o= ap' + 0" + €+ &,
\T|=k

where [ is a multi bi-index in the (j,4)’s and where £ = O(y,, — g) and
&1 = O(u). We observe that

(2.4)  00E(L,L) = O({dzy,, LY{0p, L)) + [{dzpn, L)|* + O(y, — g).

In particular, recalling that (Or,L;;) = 0 and (9p, Lo;) = O(p), we

have for y, —g =10

(2.5)

858([/]'7@', Z‘/]ﬁy) = O(pk_l), 858([/]‘71', Eoy) = O(pk), 858([/07@', Eo,i/) = O(pkﬂ).

As for 0O&, recalling also (Ou, L) = O3, we have

(2.6)
90&1(L, L) ~ 90u(L, L) + [{0n, L) (|(9p, L)| + [{dzn, L)]) + O (1)
= O + O(p™) + O(n).

For this reason, when evaluating 0o on L as above, we can assume
without loss of generality that £ = 0 in (Z3]). We call k the first integer
for which there is in (Z33]) a non-trivial occurence a; for |I| = k; we wish
to show that k cannot exist finite. First, the inclusion TW |y, C Ty
implies £ > 2. We first show that &£ cannot be odd. In fact, by a choice
of L =X+iJX, X € £7,j > 1 such that d0c(L, L) is obtained by
differentiating two factors once, we get

(2.7) 09o(L,L)= Y app” +0(p*") + 90E(L, L),
|1 |=k—2

with ap # 0 for at least one I'. By the first of (23]), the last term in
(270) can be neglected. Thus the form in the right of ([2.7]), having odd
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order, it changes sign. On the other hand
(28) 850’([/07@', EO,Z") = O(pk_l)

Define a ¢-plane by (), := Span{L, Ly ;}; (for any choice of ¢g—1 between
the indices i); we can conclude that tracquaéa changes sign, which
violates the g-convexity of b). Thus k cannot be odd.

We show that k cannot be even, either. We first remove any possible
term with a factor of p;; in the homogeneous expression of degree k of
o, that is, Y aqyrpt97. We have

(2.9) 900lcro = Z (Z a(1,i)118501,i|u0>01/ +O0(p") + 00€ |co.

\I|=k—1 i
By the third of (2.5), the last term in (2.9) can be neglected. If, for some
|[I)] = k—1, we have tracecso(>"; a(1,i,00p1,:) # 0, then tracecso(9d0)
changes sign since the p!" vary independently.
Otherwise, assume

2.10 tracec o annp00p1;) =0 for any I’
(1,4) ;

Recall that the commutators of the Lj ;s span a space of dimension py;
by Cartan formula, this is equivalent as to saying that the Levi matrices
d0p1ilcco, @ =1,...,p1 are independent. Thus, from Y, a@anp1i 7 0
for some I’ we get for some vector of CL", say Lo,

(2.11) Z aq,ir,00p1i(Los, Loy) # 0.

1—t)Lo,1+t*L1 4 . . . .
Define L; = ()OC% (any 7) where ¢, is a factor which normalizes

|U;| = 1. We deform CL° to
Qq = Sp&l’l{Lt, L072, ey L07q}.
Combination of (2.I0) and ([2Z.11]) yields
tracqu(Z a(lvi)IéaépLi) =tcp  for cpp # 0.

Then, using (2.4), we have for the trace of the full o = 3,5, arp’
(2.12)
traceg,o = tep plo+ Z crpt H1O (0220 (PPN +0(pF) +00E | o,;
A1,
[I)=k—1
observing that by (Z35) we have 90|g, = t'O(p"') + t20(p*) +
O(p**1), we see that this term can be neglected. By taking restric-
tion to a suitable region of the plane R" x R of (p;;,t), all terms in
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the right of (ZI12) are negligeable comparing to the first: thus, again,
traceg, (000) changes sign.

At last, we have to consider the case when Z‘ I|=k @ 7p! contains fac-
tors pj;, ; which start from j, > 1. For fixed h, each group of matrices
O0pn.i, i = 1,...,pp, are independent. Thus, for a pair of vectors, say
Loy € CLY and L;j,_1; € CLP 7! and for some |I)| = k — 1, we
have (3, ag,.109p;,.:) (Lo, Lj,—11) # 0. But then, under the choice

t'Loa+Lj,— N
L= —= ==ttt << 1, (for a normalization factor ¢;) we have

(2.13) (Z a(jo,i)l’aépjo,i>(Lv E) =cp, # 0.

We then complete L by ¢ — 1 vectors in CL? to an orthonormal basis
of a g-space (), thus obtaining

(2.14)  traceg,(000) = tC]épIé +1 Z crp’ +120(p" 1) + O (ph),
£
|1/ |=k—1
where tO(p*~1) comes from differentiation once with respect to L dif-
ferent terms p;,; in (k + 1)-powers and where we have controlled the
term GOE by t*0(p*~1) + O(p*) + O(pF*1!). Again, we can make ne-
gleageable in the right of (2.I4]) the terms which follow the first and
conclude that the trace changes sign, a contradiction.
In conclusion, k£ cannot exist neither odd nor even and therefore o
vanishes of infinite order along M.
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