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Abstract

In this paper we discuss higher-order asymptotic expansions for proper scor-
ing rules generalizing results for likelihood quantities, but meanwhile bring in
the difficulty caused by the failure of the information identity. In particular,
we derive higher-order approximations to the distribution of the scoring rule
estimator, of the scoring rule ratio test statistic and, for a scalar parameter
of interest, of the signed scoring rule root statistic. From these expansions, a
modified signed scoring rule root statistic is proposed. Examples are given il-
lustrating the accuracy of the modified signed scoring rule root statistic with
respect to first-order methods.

Keywords: Asymptotic expansions, Hyvérinen scoring rule, Information
identity, Likelihood asymptotics, Robustness, Third-order inference, Tsallis

scoring rule.

1. Introduction

The theory of higher-order asymptotics for likelihood-based procedures pro-
vides very accurate inferences in a variety of parametric statistical problems
(see, e.g., [? 7 ], and references therein). In this paper we address the issue of
higher-order asymptotics for proper scoring rules.

A scoring rule (see, for instance, the recent overviews by [? ] and [? ], and
references therein) is a special kind of loss function designed to measure the

quality of a probability distribution for a random variable, given its observed
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value. It is proper if it encourages honesty in the probability evaluation. Proper
scoring rules supply unbiased estimating equations for any statistical model,
which can be chosen to increase robustness or for ease of computation. The
appeal of scoring rule inference lies in the potential adaptation of the scoring
rule to the particular application [? ], and it forms a special case of M-estimation
(see e.g. [? ]). Among the most important proper scoring rules are the Brier
score [? ], the logarithmic score [? |, the Tsallis score [? ], and the Hyvérinen
score [? ]. In particular, when using the logarithmic score, the full likelihood
and the composite likelihood [? | are obtained as special cases of proper scoring
rules (see for instance ? ]).

Proper scoring rule inference is usually based on the first-order approxima-
tions to the distribution of the scoring rule estimator or of the scoring rule ratio
test statistic [? |. However, several examples illustrate the inaccuracy of first-
order methods, even in models with a scalar parameter, when the sample size is
small or moderate. In particular, numerical studies in [? | show that the Wald-
type statistic based on the Tsallis scoring rule provides unsatisfactory results
in terms of actual coverage of confidence intervals. Simulation studies in ? ],
conducted to compare the Hyvérinen estimator [? | to the full and the pairwise
maximum likelihood estimators in the first order autoregressive model, reveal
that these estimates are, on average, close to the true values. However, a loss of
efficiency is present especially near to boundaries of the parameter space. For
more accurate inference refinements can be considered to improve the first-order
approximations.

In this paper we discuss higher-order asymptotic expansions for proper scor-
ing rules generalizing results for likelihood quantities, but allowing for the failure
of the information identity. In particular, we derive higher-order approximations
to the distribution of the scoring rule estimator, of the scoring rule ratio test
statistic, and of the signed scoring rule root statistic for a scalar parameter.
From these expansions, a modified signed scoring rule root statistic is proposed.
Simulation studies are conducted to compare different procedures based on the

Tsallis and the Hyvérinen scoring rules. While the former gives rise to estimators
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that may be robust [? ], the later appears particularly attractive for inference in
the natural exponential family [? ]. The examples presented show that the pro-
posed modified signed scoring rule root statistic performs extremely well even
for small sample sizes and outperforms the first-order scoring rule statistics.
The paper unfolds as follows. In Section 2 we introduce scoring rules and we
review first-order inference for proper scoring rules. We develop higher-order
expansions in Section 3. Simulation studies are presented in Section 4. We

conclude with a discussion in Section 5.

2. Background on scoring rules

For notations and background on scoring rules we refer to [? ]. Consider
a random variable X on the sample space X and a class of distributions P on
X. A scoring rule S*(z, Q) is a loss function, from X x P to (—oo, cc], which
measures the quality of a probability distribution @ for the random variable X
given its observed result z. The expected value of S*(x, @) under P is denoted
by S*(P, Q).

A scoring rule is proper relative to the class P if
S*(P,Q) > S*(P,P), for any distribution P,Q € P. (1)

It is strictly proper when the equality is achieved only at Q = P. The validity
of this property depends on the class of distributions P under consideration.
There exists a great variety of scoring rules (for examples see, e.g., [? |, [?
] and [? ], and references therein). One of the well-known scoring rules is the
logarithmic scoring rule S*(z, Q) = —log q(z) [? ], with ¢(-) the density function
of @ with respect to the measure pu. This scoring rule is just the negative log-
likelihood. Another prominent example is the Hyvérinen score [? |, which is

defined as

Sh(z,Q) =2

0 logq(x) (8logq<w>>2 e @

Ox? Ox
The Hyvérinen score is a special case of homogeneous local proper scoring rule

[? ]. Tt was subsequently generalised to the case of a Riemannian manifold in
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[? ] and to the case of non-negative and positive real domains, and for binary
variables, in [? ]. Another scoring rule of particular interest is the Tsallis score
[? ], which is a special case of the Bregman score [? |. The Tsallis scoring rule

is given by

SH%QF%V*U/@@W@@%JW@W*,xquV>L 3)

Estimators based on (??) are minimum density power divergence estimators [?
]. Values of the parameter v near 1 can give rise to robust estimators with
negligible loss of efficiency with respect to the maximum likelihood estimator
(see [?7]).

Proper scoring rules can also be extended to the case of a random vector.
Let {Xx} be a set of marginal or conditional variables with associated proper

scoring rule S}. A proper scoring rule for the random vector X is defined as
$' (%, Q) = 3 Silxu, Qi) (4)
k

where X ~ @ when X ~ @, and x and xj, are the values assumed by X and
X}, respectively. Scoring rules of the form (??) are called composite scoring
rules; see 7 | and [? ]. Note that when each S} is the logarithmic score,

equation (?7) is a negative composite log-likelihood; see ? ].

2.1. First-order inference for scoring rules

Let X be a random variable taking values in a sample space X and Q =
{Qp:0 € ©CIRF} C P, with k > 1, be a parametric family of distributions on
X. Let g(z;0) denote the probability density function of Q. Given a proper
scoring rule S*(z,0) on X, hereafter we will implicitly identify S*(x,Qp) with
S*(x, ). Since any positive affine transformation of a proper scoring rule is again
a proper scoring rule, in the rest of the paper we consider S(z,0) = —S*(z, ).
This choice is adopted to be consistent with the results for likelihood quantities.

Let (X1, ..., X;,) be a sequence of independent and identical distributed ran-

dom variables with distribution function @Qg, with 8 € ©. Let 6y denote the true
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value of the parameter 6. To estimate 6 we can consider the value é\s which
maximizes the total empirical score

n

S(0) =Y S(:,0), (5)

i=1
where (21, ...,2,) is the observed sample. In what follows, we assume the fol-

lowing conditions (for further details see 7 |, 7 1,7 ], 7 |).

Condition 1 Let © be an open set and suppose that the support of X does not
depend on #. Furthermore suppose that the operations of integration and
differentiation with respect to 8 may be exchanged and all the components

of 0 are identifiable.

Condition 2 S(x,0) is a function absolutely continuous in € and continuously
differentiable in a neighborhood of 6. Suppose that Ey, (S(X,0)) exists
for all # € © and has a unique maximum at 6 = 6, with 6y inner point of

O.

Condition 3 sy(x,0) = % is assumed to be absolutely continuous in 6

with derivative sgg(z,0) = B;gézf) such that Eg, (seg(X,00))° is finite.

Let sppp(x, @) be the third derivative of S(x,8). Suppose, further, that the

absolute value of sppp(X,6p) is dominated by an integrable function for

every 6 in a neighborhood of 6.

Condition 4 The matrices J(6p) = Ep, (so(X,00)s0(X,00)") and K(6p) =

—Ejp, (spo(X,00)) are positive definite and non singular, respectively.

Note that Condition 2 ensures that é\s is the solution of the scoring rule esti-

mating equation
n

sg(0) = Z sg(x,0) = 0. (6)

i=1
It can be proved that the scoring rule estimating function (??) is unbiased
for any proper scoring rule (see [? ], [? ], [? ]). When S(x,0) is minus the

logarithmic score, the scoring rule estimating equation (??) is just the likelihood
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equation, and the scoring rule estimator 55 is just the maximum likelihood
estimator (MLE).
Under Conditions 1-4, the scoring rule estimator HAS is asymptotically nor-

mal, with mean 6y and variance %V(GO), where
V(60) = K(60) =" J(60) (K (60) )" .

The matrix G(0) = V(0)~! is known as the Godambe information matrix [? ].
The form of V() is due to the failure of the second Bartlett identity since, in
general, K(0) # J(6). In the special case of the logarithmic score, we have that
G(0) = K(0) = J(0) is the Fisher information matrix for a single observation.

From the general theory of M-estimators, the influence function (IF) of the

estimator 55 is given by
IFS(J:’H) :K(9)7139($79) ) (7)

and it measures the effect on the estimator of an infinitesimal contamination
at the point x, standardized by the mass of the contamination. The estimator
55 is B-robust if and only if sy(z,0) is bounded in z, for each 6. Robustness
properties of the Tsallis score are discussed in [? | and [? ].

Hypothesis testing and confidence regions for 8 can be formed in the usual way
by using a consistent estimate of the asymptotic variance %V(G). In particular,

inference for 6 can be based on the scoring rule Wald-type statistic
W, (0) = n(0s —0)" V(Bs) ' (Bs — 0) , (8)

which has an asymptotic x? distribution; see [? ]. Standard error evaluation
requires consistent estimation of the matrices J(0) and K (). If n is large, these

matrices may be empirically estimated by

n

~ ~ ~ 1 — 0s(x;,0)
S(l‘ues)S(xweS) ) n gt 80 ‘9:55

i=1

-1
J=—
n
Moreover, when it is possible to simulate from the model, the matrices J(6)

and K () can be estimated through Monte Carlo samples; see, for instance, ? ]

and ? ] for a detailed account on the estimation of the two matrices under the
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composite likelihood setting. The asymptotic X% distributional result holds also
for the scoring rule score-type statistic W5(6) = n=Lsg(0)" J(8s)Lsg(6); see ?
]

On the contrary, the asymptotic distribution of the scoring rule ratio statistic
we(0) = 2{5(@0s) - 5(0)} (9)

departs from the familiar likelihood result, and involves a linear combination of
independent chi-square random variables with coefficients given by the eigen-
values of a matrix related to Godambe information [? |. More precisely,
USOEDWIvAS
j=1
where p11, . .., g, are the eigenvalues of J(0)K(6)~! and Z1, ..., Z; are indepen-
dent standard normal variates.

Since the asymptotic null distribution of (??) depends both on the statistical
model and on the parameter of interest, adjustments to (@) are of interest
aiming at an asymptotic null distribution that depends only on the dimension
of the parameter of interest. For instance, in the scalar parameter case, i.e. for

k =1, the adjusted scoring rule root statistic satisfies

s
Wey(0) = W'ul(a) L\,
where
1= pa(0) = J(O)K(6)~". (10)

Similarly, the adjusted signed scoring rule root statistic

rS.5(8) = sgn(Bs — 6)\ /WS, (6) 5 N(0,1) . (11)

adj
For k > 1, adjustments of W*(6) are discussed in [? ].

Note that analogous limiting results can be shown to hold when 6 is parti-
tioned as 6 = (¢, ), where v is a ko-dimensional parameter of interest and A
is a (k — ko)-dimensional nuisance parameter (see, e.g., [? ]). For instance, the

Wald-type statistic for i is given by

WS () = n(vs — )T (G (Bs)) " (s — ),
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where 55 = (1253&5) and its asymptotic null distribution is X%O. Moreover, we

can define the profile scoring rule ratio statistic for ¢ as
WEw) =2 (S@s) - S@sy)) (12)

where é\sw = (z/gxsw) represents the constrained score estimate. The asymp-
totic distribution of (?7?) is ?0:1 ijf, where vy, ..., v, are the eigenvalues of
the matrix (K¥¥)~1G¥¥, with K¥¥ and G¥¥ sub-matrices of K~! and G~!
with respect to v, respectively. Moreover, Zi,...,Zy, are independent stan-
dard normal variates. Note that when ky = 1, an adjustment of Wps (1), which

recovers the usual x? asymptotic distribution, is given by (see [? ])

Wg;s(qp)adj = 7/\Wi(w)

3. Higher-order expansions for scoring rules

In this section, we discuss higher-order asymptotic expansions for (55 —0),

for W9(0) and, when k = 1, for the signed scoring rule root statistic

r5(0) = sgn(fs — 6)\/W5(6).

As for likelihood quantities, these expansions are the basis for the study of
higher-order asymptotic properties. In particular, in this paper it is of interest

to compute the modified signed scoring rule root statistic, given by

7"}?/[(9) — M (13)

Vi) + ()

where m(0) is of order O(n=1/2), v(f) is of order O(n~') and j;(f) is given in
(??). The mean and the variance corrections in (??) can improve the accuracy
of the asymptotic normal approximation to the distribution of 7°(6) (see [? |,
7], 17 ).

The expansions of the mean and the variance of 7° () obtained in this section

can be similarly derived for the signed profile scoring rule root statistic

rS(v) = sen(vs — ) /WS (), (14)



130

135

140

145

150

155

where 1 is the scalar parameter of interest. In particular, an expansion for
WS () can be obtained by writing S(é\s) - S(é\sw) as the difference between
S(gs) —5(0) and S(é\gw) — 5(0), and expanding both these terms. Examples of
(??) for a scalar parameter of interest and of the higher-order modification of
(??), denoted by rgM(w), are discussed in Section ?7?.

Let assume that the first four derivatives of the total empirical score in (?7?),
s9(0), s00(0), see0(0), sesss(0), have joint cumulants up to the fourth order
which are of order O(n) (see ? , Section 3.4]).

In the following, it is convenient to suppress the dependence on 6 for the deriva-
tives of sg(#) and, when 6 is multidimensional, to use index notation and Ein-
stein’s summation convention. The components of # are denoted by 6", the
corresponding components of sy are s,., and the components of the derivatives
of sy are denoted by $,s, Syst, - - ., where the indices r, s, ¢, ... range over 1, ... k.
The expected values of these derivatives are v,.s = Fg(Sys), Vrst = Fo(Srst), - -
and these quantities are of order O(n). Further, the zero-mean variables s,,
H,., = s;s — Upg, ..., are of order Op(nl/Q). These assumptions are satisfied
since sg is a sum of n independent random variables. Finally, we use the nota-
tion vy s = Ep($r8s), Vrst = Ep(srsst), ..., and we denote with u,s = —vps and

with " the inverse matrix of wu,..

3.1. Ezpansion of (é\s —0)

Under regularity conditions, sr(gs) can be Taylor expanded around . This

gives
o A s 1~ st
0= 57'(95) = S+ (05 - 9) Srs + 5(05 - 9) Srst
1 ~
+ 6(05’ - G)Stusrstu + Op(nil) s (15)

where (05 — 0)*t = (8 — 0)*(0s — 0)", and so on.
Let us denote the generic partial derivative of order m of S(0) by spm, =
Sry.....m,, and consider the decomposition sy, = Vrm + Hprm, Where vg,, =

O(n) and the centered variables Hgy,,, = Srm — Vrm are of order Op(nl/2)7 for
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m > 1. Remembering that v,.s = —u,s, then (??) can be re-written as

—~ 1 ~
0 = Sy + (GS - 0)5 (*urs + Hrs) + 5(93 - G)St (Vrst + Hrst)

1 ~
+ 6(03 - Q)Stu (Vrstu + Hystu) + Op(nil) )

which gives

=N ~ 1~
UTS(GS - 0)3 = s+ (95 - G)SHTS + 5(95 - G)St (VTSt + HTSt)
1 ~
+ 6(98 - H)Stu (Vrstu + HTstu) + Op(n_l) :

Now, it is possible to isolate (55 —6)" on the left-hand side by multiplying both
sides by u"". This gives

—~ —~ 1 —~ 1 ~
(05 =0)" = "+ H(0s = 0)" + S (0s — 0)"" + S HG (05 — 0)™
1 ~ )
+ s =0+ 0,7 (16)
where Hsh =ulH,,, ..., Hgn = u}”"HrSn, 1/2 =ulu., ., I/gn = u}”yrsn, and
st =uhrs,.

Using the iterative substitution method (see [? |, Section 9.3.2), after some
simple algebra we obtain
0 h h 1 r st T .S 1
s —0)" = s +§l/st8 —I—Hss‘—l—g
1
i(H;; +2ul HY + HIvb)s® + HIYHYs® + 0,(n™2) , (17)

v7st

h h v stu
(Vstu + 3stytu)5

_|_

where 5% = s%s?, 550 = s%s's%, and so on.

3.2. Asymptotic bias of 55

Expansion (??7) makes it possible to obtain an asymptotic expansion for the

bias of 53. ‘We have
~ 1
Eg(0s —0)" = §V§2Ee(8“) + Eg(H!'s*) + O(n™?) (18)

where the expectation of terms of order O,(n~3/2) in (??) is of order O(n™2).
Indeed, the expectations Eg(s,855t), Eo(srssHy) and Fy(s,HstH,,) are of or-
der O(n).

10
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The two expected values in (?7?) are, respectively,
Ep(s°) = u*"u Eg(s,5,) = usvutwyu’w
and
Eo(H!s*) = u"u" Ep(Hys5,) = v u™ Eg((Sus — Vus) $v) = 4™ U Vs 0y -
Then, we obtain

~ 1
Eo(Bs —O)" = iuhuyustEg(SSt) + Eo(H"s*) + O(n™?)

1 ) . _
iuhuuustuwutwuv,w—i—uhuu‘svyus’v—&—O(n 2)

1
= ultu™ (Vsu,v + 2utwysut’/v,w) +0(n7?). (19)

Remark 1. Note that when the information identity holds, i.e. when v, s = Uy,
or, equivalently, u*“v, ,, = 6!, where &}, is the Kronecker’s delta, equation (??)

reduces to
o r TS, UV 1 t —2
Eg(0s—0)" = u"u Vsy,v + §5U1/5ut +0(n™7)
1
= éursu“” (2Vsuw + Vsuw) + O(n_2) , (20)

recovering the result for the logarithmic score, that is for the MLE; see, e.g., 7

, Section 5.3], 7 , Section 9.4.2] and ? , Section 5.3].

Remark 2. A first-order bias corrected scoring rule estimator can be defined as
0% = 0s — d(0s)

where d(6) has components d"(6) = u"u"? (Vsum + %utwysutz/v)w). The asymp-

totic expansion (??) could also be used to obtain approximations of moments

of 55 of order higher than one; see, e.g., ? , Section 9.4.3] and ? , Section 5.3].

Remark 3. In the scalar case, i.e. for k = 1, equation (??) reduces to

. ~ 1 _
Eg(0s — 0) = vy <V99,9 - 2V991V999V9,0> +0(n7?), (21)

11



where vgg = Eg(so0), vo.0 = Eo(s2), vea,0 = Eo(seese) and vggs = Ep(se00)-

Moreover, when the second order Bartlett identity holds, i.e. when 159 =

—Vpg = gy, equation (?7?) simplifies to

. - 1 -
Eg(0s — 0) = upy (Vae,e + 21/099) +0(n7?) . (22)

3.3. Ezpansion of W9(0)

185 Direct application of stochastic Taylor formula gives

~ 1~ 1~
S(ls)—S(0) = (0s—0)"s.+ 5(95 — ) sps + 6(95 —0)" 55

1 ~
(05 _ o)rsnts'rstu + Op(n73/2) ]

Y

Using the quantities Hp, and substituting (??) in the above expansion, we

obtain

w=(0)

_|_

—~ 1 ~
2|(0s —0)"s, + i(es —0)" (Hyps + vrs)

1 ~
6(03 - 9)T5t (Hv"st + V'rst)

1

ﬁ(é\S - e)rstu (Hrstu + Vrstu) + Op(n_3/2)

1 1
urssrs + g(urstst + 3Hrs)srs + E(Vrstu + SVTSUVZ)U)STStu
1

g(Hm + 3y HY)s™ + H,o HYs™ + O, (n™%/?) . (23)

From (?7?) it is possible to obtain an asymptotic expansion for Eg(W*(8))

of the form

Eo(W5(0)) = u"vp,s + R(0) + O(n™?) , (24)

1w where R() is of order O(n~!) and is given by

with

1
_ rs, tu rs, tu, vw
R(g) - E (Brstuu u + Brstuku u-u ) )
w, xl
Brstu 3Vysumuy U™ Vap,rVt 1
w w
+ 12 (Vyt,usuy Vwr + Vrtus + Vt,ysuuy Vw,r) , (25)

12



and

— Y, 2
Brstuvw — (SVrszVuyw + 6Vrzy7/suw)u yu pV:E,'UVt,p
x
+ 12(Vr,styuv,w + VT,thsu,w + l/z,stVu'uyu yuw,y)

+ 24Vr,yvysuwuwyl/x,t + 4Vr,t,v1/suw . (26)

In order to obtain expression (?7?) the following approximations have been used

Ey (8185845 Vo = VikVs,z + VgV + Vi 2Vko +O(n),

Eo(Hgi52515k

)

Eg(Hyst5:815k) = VrstaVik + VestiVak + Vrst kVz1 + O(n),
) = VgtaVik + VgtV k + Vgt kVey +O0(n),
)

Ey (HrsHtususw = Vv,w(Vrs,tu - Vrthu) + Vrs wVtu,w + Ves,wVtu,w + O(TL)
as well as the following identity in (?7)

EG(HrssvSw) = Vrs,w,w — VrsVv,w-

Note that we are also implicitly using the identity u"'v;, = —6°.
195

Remark 4. If the information identity holds, equations (??) and (??) reduce to
Brstu == ?)Vysux(syyéiT + 12 (Vyt,us@?{ + Vr,t,us + Vt,ysu(sg)
= 3Vpsut +12 (Vrt,us + Vrtus + Vt,rsu) ,
and

_ z
Brstuvw - (SVTSZVuyw + 6Vrzyysuw)535t

12(Vr,stl/uv,w + Vp tvVsu,w + Vr,stl/uvy(;z;)

+ 24Vr,yv’/suw5iy + 4Vr,t,UVsuw

= (3Vrst’/uvw + 6VTthsuw)

+ 12(Vr,styu'u,w + Vr tvVsu,w + Vr,styuvw)
+ 24Vr,thsuw + 4Vr,t,vysuw .

In this case, R(#) is consistent with the result for the likelihood ratio test; see,

e.g., 7, Section 5.3], 7 , Section 9.4.5] and 7 , Section 5.4].

13



w0 3.4. Asymptotics for scoring rule signed square root

Asin ? | Chapter 7], we define the vector with components

1
Wts = S+ éurs(3Hm + uvaT‘t'USU))SS

1
ﬁu”u”“’sw (27THyHsy + 8u™uPPUpyy Vs Sy Sp

+ 30UV Hsp Sy + 12H, 4085 + 3™ Uy SsSy) + Op(nfl) , (27)

which is such that W9 (0) = WSWou* + O, (n=3/2).
From (?7), it is possible to obtain an asymptotic expansion for the expecta-

tion of W%, with error of order O(n™!). We have
S 1 rs vw -1
EG(Wt ) = 6” (3Vrt,s +u Vrthw,s) + O(n ) : (28)
20s  If the information identity holds, the above expansion reduces to

1
Eg(WtS) = gum(Suﬁ,s +6%vpg) +O(n7h)
1
= é’u,rs(gl/rtys + V’rts) + O(n_l) . (29)

Using (?7?), (?7?) and (??), we can obtain the expression for Cove(W;>, W5).

We have

Covg(W \ WP) = Eg(WEWE) — Eg(W2)Eg(WY)

S

Eo(W5)?)uys — Eg(W) Eg(W5)

1
Vt,s + E(Brstuuru + Brstukuruuvw)

— Ey(WPEy(WZ)+0(n™).

Inserting (??) in the above formula, with straightforward but rather lengthy

calculations, we obtain

S

1
COUG (Wtsv WS) = Uts + E{Brstuuru + uruuvw [Brstuvw - 31/7't,ul/vs,w

lm Ty, z
- U VUmu (Vvt,wl/'rsl + Vvs,ertl) - gyrtzy'uszu Yu pVy,qu,w]}

+ O(n™).

14



—1/2 —1/2 . .
210 Let ¥ = W4, / , Where 1, /% denotes an arbitrary square root matrix of

u"*. Then
Ey(r®) = m(0) + O(n=*/?) | (30)

with

1 ...
m(0) = —u"%i, 1/2(3urt73 + UV iy s)

6

of order O(n~'/2). Moreover,

Varg(r®) = Covg(W:, Wu'® = u®v, s +v(0) + O(n~2)

S
with

U(e) = R(e) - 75 [3Vrt,ul/vs,w+ ertszszumyuszy,qu,w

12
Ilm rs, tu, vw
+ u Vm,u (Vvt,wl/rsl + Vvs,wyrtl)] u U U

of order O(n~!). The first term u'*v; s in Varg(r®) indicates that ¥ has not a

a5 standard normal distribution.

Remark 5. In the scalar case, we have

1

m(0) = 6“593/2(3%9,9 + Uy, Veoove,n) (31)

and
v(0) = R(6) —m(0)* , (32)

where R(#) is given by
1 ) -3

R(0) = E(B4u90 + Bguyy) » (33)

with
B, = 31/00991659%3’9 + 12(vog.00ugy Vo.0 + Vo,0.00 + Vo.000Upg Vo,0) (34)

and
Bg = 91/9299’119_021/9279 + 241/3,99 + 361/9799V999u0_01V979 —+ 41/979,91/999 s (35)

15



where the symbol v = v(#) is used to indicate moments of scoring rule deriva-
tives, i.e. vgoo = Eg(Se00), Vo,00 = Eo(seses), and so on.
Note that in the scalar parameter case for the scoring rule ratio statistic we
20 have
WS() = wuges? + %(V@QQSQ + 3Hyg)s" + %(Veeee + 3uspgvg) s’’’
+ 1(He@a + 31/999Hg)3690 + HggHgsae + Op(n*S/Q)

3

1 2
66, 660 2 66 06 2
= ugpu’'u’ sy + g(l/gggu sg + 3Hgp) (u ) Sg

1 4 1 . 3
+ E(Veeee + 3vgeovegeu’) sy (u??)” + g(Heee + 3vggo Hogu®?) sy (u®?)

HggHgguegsg + Op(nig/Q) , (36)
and its expected value is

1 2
EWS©0) = u”vpy+ g(Veeeueeve,e,e + 3196,0,0) (uea)

3 4
+ E(V@gae + 3V999V999U96)V§,9 (u%)

1 3
§(3V099,9V9,0 + pgavs ove ou’?) (uae)

+ (Vae,eal/e,e + 2V§9,0) (u99)3 + O(n’3/2)

1 2
= ugelfe,a + g(VGGGUMVOﬂ,Q + 3v9g.0.0) (U%)

3 4
+ E(V@gee + 3vagovesou’’ vy o (u”)
1 3
3 (3v000.0v0,0 + pooves,0v0,0u”’) (u”’)

(Vee,ealfe,e + 2V39,9) (U%)S + O(”_3/2) . (37)

Given the expressions (??) and (?7) for m(0) and v(6), the proposed modified

signed scoring rule root statistic is

with p1(0) in (?7?).
The mean and the variance corrections introduced can improve the accuracy of
the normal approximation of the distribution of r¢,(6). In particular, if third-

25 and higher-order cumulants of 75, (6) are of order O(n=3/2) or smaller, then the
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normal approximation to the distribution of the modified signed scoring rule
root statistic 77,(f) has an error of order O(n~=3/2). This holds in particular
in models with all higher cumulants zero and for the logarithmic score. If
cumulants do not fulfilled such conditions, the normal approximation of the
distribution of r§,(6) has an error up to the second order, i.e. to order O(n1).

Appendix A gives the expansions for the third cumulant of r5,(6).

4. Simulations

In this section we provide simulation results to assess coverage probabilities
of confidence intervals for a scalar parameter of interest based on the modified
signed scoring rule root statistic r5,(#) and on rpSM(zm7 for a scalar parameter of
interest ¢ in presence of nuisance parameters. We discuss three examples which
are classical and historical examples of applications of higher-order asymptotics
in the likelihood framework (see [? ], [? ], 7 ], [? ]). Example 4.1 refers to
the situation of a normal model with known coefficient of variation. Examples
4.2 and 4.3 deal with nuisance parameters. In particular, Example 4.2 focuses
on the log-gamma density for which the Hyvérinen scoring rule is particularly
attractive, since the estimators can be found in closed form. Examples 4.3 con-
siders robust scoring rules for the linear regression model. In all the examples
the Tsallis scoring rule is robust. In order to assess the stability of the coverage
levels under small, arbitrary departures from the assumed model, we consider a
contamination model of the form Q. = (1 — €)@y + €G, where Qg and G denote
the true and the contaminating distributions, respectively. The parameter ~y of
the Tsallis score is the trade-off between robustness and efficiency. Its value is
fixed in order to ensure a given asymptotic variance - hence a given asymptotic
efficiency - at the assumed model. It is generally chosen to achieve approxi-
mately 90% or 95% efficiency under the assumed model distribution (see [? J;

? , Chapter 6]).
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4.1. Normal parabola

Let x1,...,x, be a sample from a normal distribution with mean 6 and
variance 2. This is a (2,1) curved exponential family, known as the normal
parabola ([? ]). This example has been discussed, among others, in ? | Chapter
7).

The log-likelihood function is

__n 1 ¢ 2
((0) = =5 log2m —nlog — ;(x —0)2, (38)

the Hyvéarinen total empirical score is

n

S (0) = 29*721 —~ H%Z(x -0)?, (39)

i=1
and the Tsallis total empirical score is
—1)(2m?)~(—1/2
Vi

Both the MLE and the Hyvérinen score estimator are roots of a quadratic

Sp(0) = -0 4y (270%) 0 WQZ —OE L (40)

equation, while the Tsallis score estimator cannot be found in closed form. Note
that the Tsallis score estimator is B-robust since the corresponding sg(z, 6) is
bounded.

We ran a simulation experiment, for several values of n and # = 2, in order
to assess the accuracy of ry,(6), when data are generated both from the central
model and from the normal model contaminated by a normal distribution with
mean 2 and variance 42. The contamination percentage € is set at 5%. For
comparison, we consider the scoring rule Wald-type statistic W3 () and the
first-order adjustment radj (8), both for the Hyvérinen and the Tsallis scoring
rules, and the corresponding likelihood-type counterparts. Results of the Tsallis
statistics are given for v = 1.2, which gives approximately 90% efficiency under
the central model (see [? |; [? , Chapter 6]). Table ?? gives the results of the
simulation study based on 10,000 Monte Carlo trials.

Note that, under the central model, the Hyvérinen and the Tsallis modified
signed scoring rule roots (i} and rI,) perform better than the first-order ad-

justments (r Hd] and radj) Moreover, they outperform also the corresponding
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Wald-type statistics (WX and WZ1). The third-order pivots are highly accu-
rate even for rather small sample sizes and behave quite similarly with the
corresponding likelihood-type statistic counterpart. The differences among the
pivots considered vanish as the sample size increases. Under the contaminated
model, the Tsallis procedures show a reasonable behavior, while both likelihood
and Hyvarinen statistics exhibit poor coverage. Finally, we remark that similar

empirical coverages, not reported here, were obtained also for different values

of 6.

Table 1: Normal parabola. Empirical coverages of 95% confidence intervals, for 6 = 2 and
n = 5,10, 20. Pivots used: Wald (w), signed likelihood root (r), higher-order signed likelihood
root (r*), Hyvérinen and Tsallis scoring rules Wald-type (W, and W.T), Hyvirinen and

Tsallis adjusted signed scoring rule roots (rﬁij and T?;dj) and Hyvérinen and Tsallis modified

signed scoring rule roots (rﬁ and TL). The Tsallis statistics are given for v = 1.2.

N(2,4)
n r r* w rﬁ{ij ri wH rz;dj rT wr
5 [ 0.938 0.946 0.869 | 0.904 0.942 0.867 | 0.938 0.948 0.924
10 | 0.950 0.951 0.916 | 0.936 0.952 0.914 | 0.950 0.952 0.925
20 | 0.946 0.949 0.928 | 0.940 0.949 0.928 | 0.947 0.948 0.949
N(2,4) cont.
n r r* w T(I;{dj ri wh ngj T Wy,
5 [ 0915 0918 0.868 | 0.890 0.918 0.871 | 0.937 0.939 0.801
10 | 0.914 0.914 0.895 | 0.899 0.913 0.901 | 0.940 0.941 0.889
20 | 0.901 0.898 0.928 | 0.892 0.890 0.913 | 0.941 0.940 0.935
4.2. The log-gamma
Consider a random sample x1, . . ., z, of size n from a log-gamma distribution

with scale parameter o > 0 and shape parameter 8 > 0. Let § = («, 8). The

log-likelihood function is

2(0) = —nfBloga — nlog(T'(B)) + Z <ﬁxz — ;emi> 7 (41)

=1
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and the Hyvarinen total empirical score is

sH(e)ZZiem —i@—;ewi)z. (42)

i=1

The Hyvérinen scoring rule estimates are Sy = > and ag =

n YTy e2ei— (0, e®i)

n 2x; n o xy)2 ~
¥ (S ) . The MLE 6 is the solution of the likelihood equations

D S

Y(B) =z —loga and a = % i, €*i, where () is the di-gamma function.

The Tsallis total empirical score is

L B c(D@iB=—Lte) _ o T(By)
Sr(0) = (aﬁr(ﬁ))y,lig e e

The Tsallis scoring rule is robust for this family of distributions, since the den-
sity p(z;0) and its derivative with respect to 6 are bounded in x, for each 6; see
Condition 5.2 in [? ].

Note that in the case of a known, the log-gamma density belongs to the one-
parameter natural exponential family with natural parameter 5. For this family,
the Hyvirinen modified signed scoring rule root test statistic 7 (3) coincides
with the adjusted signed scoring rule root test statistic rf;j (8) and with the
scoring rule score-type statistic. Details on the equivalence of these three statis-
tics in the one-parameter exponential family are summarized in Appendix B.
Let 3 be the parameter of interest and let o be the nuisance parameter. In or-
der to assess the quality of the proposed Hyvarinen and Tsallis modified signed
scoring rule roots (rfM(ﬁ) and rg v (8)), we run a simulation experiment with
n = 10,15,20, # = 2 and o = 1, both under the central model and a contami-
nated model, i.e. the log-gamma model contaminated by a log-gamma distribu-
tion with parameters o = e and 8 = 1. The contamination percentage € is set
at 10%. For comparison, we also consider the scoring rule Wald-type statistic
WS,(8) and the first-order adjustments 75 (8)qq;, both for the Hyvérinen and
the Tsallis scoring rules, and the corresponding likelihood-type counterparts.
Results of the Tsallis statistics are given for v = 1.25, which gives approximately

95% efficiency under the central model (see [? |; 7 , Chapter 6]). Table ?? gives
the results of the simulation study based on 10,000 Monte Carlo trials. Under
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the correct model, the modified signed profile scoring rule root statistics rfM
and T;FM perform better with respect to the corresponding first-order counter-

part 7 . and rT

b adj b adj- Larger sample sizes would show, as one would expect,

rather little differences between the results of all the procedures. Under the
contaminated model, the Tsallis modified signed scoring rule root statistic show
a reasonable performance in terms of coverage, while both the likelihood and
Hyvérinen modified signed scoring rule root statistics exhibit poor coverage, as
well as the first order counterparts.

As it is well known, the log-score is invariant with respect to transformations
of the data. Contrariwise, it is easy to show that the Tsallis score [? | and
the Hyvérinen score are invariant only with respect to linear transformations
of the data. Results not reported here, shown that the Tsallis modified signed
scoring rule root statistic performs the first order counterparts also in the case
of the exponential distribution (i.e. for § = 1 and Y = exp(X), where X is a
log-gamma random variable). The unreported results indicated also that the
modified signed scoring rule root statistic based on a version of the Hyvéarinen
scoring rule [? | for non-negative data outperforms the corresponding first order
statistics. Note that, the Hyvéarinen scoring rule in (??) is not proper for the

exponential distribution [? ] leading to a biased estimating function.

4.3. Linear regression model

Let us consider a linear regression model as in [? |
y=XpB+oe,

where X is a n x p fixed matrix of explanatory variables, 8 € IRP (p > 1) an
unknown regression coefficient, o > 0 a scale parameter, and € an n-dimensional
vector of random errors from a standard normal distribution.

Let 8 = (B,0). The Hyvérinen total empirical score is

m 1 =

5 4 Z(y’b - xzrﬁ)27

g= 2
i=1

Su(0) =

g
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Table 2: Log-gamma. Empirical coverages of 95% confidence intervals, for 8 = 2 and a = 1
and n = 10, 15, 20. Pivots used: profile Wald (wyp), signed profile likelihood root (rp), higher-

order signed profile likelihood root (r;), Hyvérinen and Tsallis profile scoring rules Wald-type

H
p adj

rga dj) and Hyvérinen and Tsallis modified signed profile scoring rule roots (rfM and rgM).

(Wfp and W2 ), Hyvirinen and Tsallis adjusted signed profile scoring rule roots (r

op and

The Tsallis statistics are given for v = 1.25.

Log — Gamma(1,2)

n rp [ wp rfa & rﬁj Wfp rg adj rg M ng
10 | 0.925 0.945 0.963 | 0.988 0.946 0.974 | 0.988 0.948 0.950
15| 0.934 0.951 0.963 | 0.997 0.947 0.975 | 0.997 0.948 0.955
20 | 0.944 0.953 0.960 | 0.999 0.953 0.975 | 0.999 0.954 0.957

Log — Gamma(1,2) cont.

nte Ty W | Thay A Wap | Tyati Tor Wap
10 [ 0910 0.920 0.932 | 0.981 0.931 0.950 | 0.981 0.936 0.927
15 | 0.918 0.908 0.919 | 0.994 0.923 0.938 | 0.994 0933 0.927
20 | 0.919 0.904 0.912 | 0.998 0.916 0.930 | 0.998 0.929 0.919

where 27 is the i-th row of X. When the parameter o is known and equal to
one, the Hyvéarinen test statistics coincide with classical likelihood statistics; the
Hyvarinen estimator coincides with the maximum likelihood estimator also in
the case with o unknown (see [? ]). This is an example where the matrix J() is
different from the matrix K (), but the Godambe information matrix reduces to
the Fisher information one. Consequently, Wald and score type statistics based
on the Hyvéarinen scoring rule coincides with the full-likelihood counterparts.

The Tsallis total empirical score is [? ]

B y — =D (T B)2 n(y—1)
Sr(0) = ——— oz \WiTTL P .
r(0) (27T02)”T*1 ;e ’ VA(2ma2)(=1)/2

Let p = 3, ) = B3 be the scalar parameter of interest, and let A = (81, 83, 0)
be the nuisance parameter. We ran a simulation experiment, for several values
of n, with § = (1,2,3) and 0 = 1, in order to assess the accuracy of rgM(ﬁg)
when the model is correctly specified and when the contaminated model is

Qo1 = 0.90N(0,1) + 0.1N(100,302). The entries of the first column of the
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matrix X are 1, those of the second column and third column are generated as
independent standard normal variables. For comparison, we consider also the
Wald-type statistics, Wfp(ﬁg), the first-order adjustments, 7’5(52)adj, and the
corresponding likelihood-type counterparts. Results of the Tsallis statistics are
given for v = 1.22 [? 7 ? ], the Tsallis scoring rule estimator is robust for
the linear regression model, and gives approximately 95% efficiency under the
central model (see [? |; [? ]; 7 , Chapter 6]). Table 7?7 gives the results of the
simulation study based on 10,000 Monte Carlo trials.

Under the central model, 77, (82) and rfh,(82) perform better than the cor-
responding first-order adjustments T;Zadj (B2) and rfadj(ﬂg), respectively. The
higher-order Tsallis signed root statistic show a more stable behavior in the

presence of small deviations from the model.

Table 3: Linear regression model. Empirical coverages of 95% confidence intervals, for B2 = 2
when A = (1,3,1) and n = 10, 15, 20. Pivots used: profile Wald (wp), signed profile likelihood
root (rp), higher-order signed profile likelihood root (r;), Hyvérinen and Tsallis profile scoring
rules Wald-type (Wfp and Wg;p), Hyvérinen and Tsallis adjusted signed profile scoring rule
roots (rfadj and r?adj
(7"115W and TZ;M). The Tsallis statistics are given for v = 1.22.

) and Hyvérinen and Tsallis modified signed profile scoring rule roots

N(0,1)
n Tp T wp 7";1 adj rfM Wuf; 7';{ adj rg M W;":p
10 | 0.887 0.953 0.855 | 0.855 0.944 0.855 | 0.862 0.951 0.834
15| 0.912 0.951 0.893 | 0.893 0.947 0.893 | 0.898 0.949 0.886
20 | 0.927 0.951 0.915 | 0.915 0.948 0.915 | 0.915 0.953 0.910
N(0,1) cont.
n "p Tp Wp Tf adj Y Wap 7";? adj ot Wy
10 | 0.885 0.971 0.842 | 0.653 0.981 0.842 | 0.857 0.940 0.999
15| 0.925 0.969 0.890 | 0.645 0.989 0.890 | 0.911 0.951 1
20 | 0.936 0.958 0.921 | 0.598 0.993 0.921 | 0.922 0.950 1
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5. Final remarks

Asymptotic results have been widely discussed and illustrated for likelihood
procedures in the statistical literature; see, e.g., [? 7 ? |, and references therein.
This paper discusses higher-order asymptotics to the scoring rule setting extend-
ing results for likelihood procedures; see for example [? |. The results discussed
in this paper include also, as a special instance, the results obtained by [? ] for
composite likelihood, which is a composite logarithmic scoring rule (see Section
2).

Modern likelihood theory based on higher-order asymptotic expansions is very
accurate, even for small sample sizes, when the model is correct (see, among
others, [? ] and [? ], and references therein). However, [? | show that small
deviations from the assumed model can wipe out the improvements of the accu-
racy obtained at the model by higher-order likelihood asymptotics. Under small
deviations from the assumed model, the behaviour of robust procedures - such
as the Tsallis score - in terms of second-order accuracy is generally more stable
and reliable than that of their classical counterparts [? |. The Hyvérinen score
is not robust and, under model misspecification, its behavior is similar to clas-
sical likelihood procedures. However, it has been considered in the examples in
order to illustrate also for this scoring rule the improvement due to higher-order
asymptotics under the central model. Moreover, in the case of the log-gamma
distribution it gives rise to closed form estimators, which can be suitable as a
starting point for iterative procedures (see [? |). In the linear regression model
setting, inference based on the Wald-type Hyvérinen scoring rule statistic coin-
cides with the classical likelihood counterpart. Although examples illustrated
in Section 4 focus on simple models, they are classical and historical examples
of application of higher-order asymptotics in the likelihood framework ([? |, [?
I, 2 ], 7 ]) which highlight the importance of proper scoring rule. For more
complex models, paralleling likelihood procedures, a promising line of research
appears to be the investigation of the performance of a bootstrap approxima-

tion when analytical calculation of the expected values involved in r%,(6) (or
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TSM (1)) is cumbersome as the dimension of the parameter # (and in particular

of the nuisance parameter \) is large.
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Appendix A: third order cumulant of r° in the scalar parameter case

In this section we derive the third cumulant and the skewness of ° for k = 1.

The evaluation of the third cumulant
ks(r®) = Eg((r®)%) — 3Eg((r®)?) Eg(r®) + 2(Ey(r%))?,

requires the calculation of the following quantities Eq (1), Eo((r°)?), Eg((r®)?)
and (Eg(r®))3. By using the expected values of r¥ and (r®)2 = W* in equations

(??) and (?7), respectively, it follows easily that
1 _ _ _
Eo(r®)Eo((r®)?) = 6%95/2 (3v00,0 + gy Vesove,e) + O(n/?).

Moreover, by noting that the leading term of the mean of 7% in (??) is of
order =2 we can deduce that (Ep(r®))*> = O(n=3/2). In order to find the

expectation of Ey((r®)?), we need the following expansion
_ 1 _ 3/ _ _
(r¥)* = ugy*sf + 5“995/253 (ugq vososo + 3Hgo) + Op(n~>/2).

After taking account that Ey(sj) = 31/3’9 +O(n) and Ey(sjHgpg) = 3vp,0v0,00 +

O(n), the expected value of (%) reduces to

_ 3 sy, -
Eo((r)%) = ugy*vo.0.0 + 5“995/2 (ugg vooovg g + 3veo,0v0.0) + O(n™/2).
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Finally, now we are in the right position to find the third order cumulant and

the skewness of 5. In particular,

k(%) = upy? [V0,0,0 + gy Vo,0 (ugy VeooVe,o + 3v00,6)] +O(n /%), (44)

p3(r) = 1/9_,3/2 [V0,0,0 + g vo,0 (ugg Voveve,o + 3vee.0)] + O(n=3?).  (45)

By using properties of cumulants we note that the third cumulant of 7y, is
k3(r$,) = var(r®) =3/ 2k (r9).

In order to achieve the third order normal approximation for the distribution
of r¥,, we require that the third- and higher-order cumulants of r° are of order
O(n_3/ 2) or smaller. Otherwise, if cumulants do not satisfy these conditions, the
mean and the variance corrections improve the accuracy of this approximation

only up to the second order, i.e. to the order O(n™1).

Appendix B: the one-parameter natural exponential family

Let X be a non-degenerate random variable belonging to the one-parameter

natural exponential family
p(z;0) = exp{fx—Ek(0)+a(x)}, z€R. (46)

Consider X1,...,X,, independent and identically distributed random vari-
ables with density (??). The Hyvarinen total empirical score in this case reduces
to (see for example [? |, 7 |)

n n
Su(0) = — {QZG"(xi) +Z[9+a’($i)]2}~ (47)
i=1 i=1
The Hyvérinen score estimator for this family is [? ]

5 YL
H — )
n

which can be computed without knowledge of k(6); see also [? |. The Hyvérinen

score estimator is an unbiased estimator for the parameter # and its variance
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coincides with the inverse of the Godambe function G=' = LVar (a’(X)). More-
over, it is easy to show that in this situation the modified signed scoring rule
(?7), the adjusted signed scoring rule (??), and the scoring rule score-type statis-
tics are asymptotically equivalent up to order O(n’3/ 2). In order to calculate

the pivot rik () we need the first four derivatives of the total empirical score in
(?7), ie.

n

so=—2 [0+d(2:)], Spg = —2n, 909 = So009 = 0,
i=1

and the moments of these scoring rule derivatives
Vg o = nVar (a’(X)) = J(@), V9.0,60 = —2’1%](0) V96,06 = 4n2,

vgo = —2n = —ugg = —K(0),  vpo,o = Vo006 = Vo000 =0,  Vogg = Vgges = 0.

The quantities R, B4 and Bg at (?7), (??) and (?7?), respectively, are null, as
well as the quantities Hgyp and Hpgg. Then the signed scoring rule root statistic

reduces to

7 (0) = upy % s0(8) + Op(n=2/?) (48)

withm(0) = 0and Varg(rfl) = u1+0,(n=2), with 1 = vy g /uge = 2Var (a’(X)).

The modified signed scoring rule root statistic is
rir(0) = J(0) " 2s0(6) + Op(n=°/?), (49)

which coincides with the scoring rule score-type statistic up to the order O, (n=3/2).

’I‘H

77 coincides with the
My

Note also that the adjusted scoring rule root statistic

small-sample signed likelihood root statistic 4% .
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