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Abstract

In this paper we propose a new stable and accurate approximation teehwinich is extremely féective for interpolating large
scattered data sets. The Partition of Unity (PU) method is performed esimgjcRadial Basis Functions (RBFs) as local approx-
imants and using locally supported weights. In particular, the approadists in computing, for each PU subdomain, a stable
basis. Such technique, taking advantage of the local scheme, leadgghifiaant benefit in terms of stability, especially for flat
kernels. Furthermore, an optimized searching procedure is appliedldcdie local stable bases, thus rendering the method more
efficient.
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1. Introduction

Considering the state of the E$ 12,113, 22], we proposew method for multivariate approximation which
allows to interpolate large scattered data sets stablyratzly and with a relatively low computational cost.

The interpolant we consider is expressed as a linear cotitninaf some basis or kernel functions. Focusing on
Radial Basis Functions (RBFs), the Partition of Unity (PEperformed by blending RBFs as local approximants
and using locally supported weight functions. With this imgeh a large problens decomposed into many small
problems,ﬁbﬂbﬁS], and therefore in the approxinmpimcess we could work with a large number of nodes.

However, in some cases, local approximants and consegadsil the global onsuterfrom instability due to ill-
conditioning of the interpolation matrices. This is difgaonnected to the order of smoothness of the basis function
and to the node distribution. It is well-known that the slightdepends on the flatness of the RBF. More specifically,
if one keeps the number of nodes fixed and considers smoathfbastions, then the problem of instability becomes
evident for small values of the shape parameter. Of courtas& function with a finite order of smoothness can be
used to improve the conditioning but the accuracy of the fit g@rse. For this reason, the recent research is moved
to the study of more stable bases.
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For particular RBFs, techniques allowing to stably and eately compute the interpolant, also in that limit
¢ — 0, have been designed in the recent years. These algorittan®gd RBF-QR methods, are all rooted in a
particular decomposition of the kernel, and they have bemeldped so far to treat the Gaussian and the Inverse
Multiquadric kernel. We refer td [15, 18,119,/20] for furthdetails on these methods.

A different and more general approach, consisting in computiag truncated Singular Value Decomposition
(SVD) stable bases, namely Weighted SVD (WSVD) bases, hasfresented ir{IiZ]. We remark that in the cases
where the RBF-QR algorithms can be applied, they produce mdae stable solution of the interpolation problem.
Nevertheless, the present technique appliesydRBF kernel, and to any domain.

In this paper, a stable approach via the PU method, named WY Dwhich makes use of local WSVD bases
and uses compactly supported weight functions, is predeiiieus, following ], for each PU subdomain a stable
RBF basis is computed in order to solve the local interpomatiroblem. Consequently, since the local approximation
order is preserved for the global fit, the interpolamtultsmore stable and accurate. Concerning the stability, we
surelyexpecta more significant improvement in the stabilisation proaels infinitely smooth functions than with
functions characterized by a finite order of regularity. Btwrer, in terms of accuracy, the benefits coming from the
use of such stable bases are more significant in a local agiptban in a global one. In fact, generally, while in the
global case a large number of truncated terms of the SVD neistrpped to preserve stability, a local technique
requires only few terms are eliminated, thus enabling thinateto be much more accurate.

Concerning the computational complexity of the algorithine, use of the so-called block-based space partitioning
data structure enables us figently organize points among theffdirent subdomainﬂ[S]. Then, for each subdomain
a local RBF problem is solved with the use of a stable basi® mhin and truly high cost, involved in this step, is
the computation of the SVD. To avoid this drawback, techegjoased on Krylov space methods are employed, since
they turn out to be reallyféective, [@]. A complexity analysis supports our findings

The guidelines of the paper are as follows. In Sedfion 2, vesemt the WSVD bases, computed by means of
the Lanczos algorithm, in the general context of global apjpnation. Such method is used coupled with the PU
approach which makes use of an optimized searching proeedsrshown in Sectidd 3. The proposed approach
turns out to be stable andhigient, as stressed in Sectidnld.Section$b anfdl6 extensive numerical experiments and
applications, carried out with both globally and compastipported RBFs of élierent orders of smoothness, support
our results. Finally, Sectidd 7 deals with concluding reksaMoreover, all the MrLas codes are made available to
the scientific community in a downloadable free softwarekpge:

httpy/hdl.handle.ngR31§1527447.

2. RBF interpolation and WSVD basis

In Subsectiof.2]1 we briefly review the main theoretical aspeoncerning RBF interpolatiorl.] [4], while the
remaining subsections are devoted to thieient computation of the WSVD basis via Krylov space methods.

2.1. RBF interpolation

Our goal is to recover a functioh : Q — R, Q being a bounded set iRM, using a set of samples dfon N
pairwise distinct pointXy ¢ Q, namelyf = [fy,..., fy]7, fi = f(X;), X; € Xx. To this end, one considers a positive
definite and symmetric kerndl : Q x Q — R to construct an interpolant in the form

N
RV(x) = Z ci@(x, X}), X€Q. (1)
j=1

The kernels weconsiderare always radial, meaning that there exist a posiivepe parametet and a function

¢ : Rso — R such that for allx,y € Q, ®(X,y) = ¢:(IX — Vi) = ¢(&llx = V). In Table[1 we report a list of some
strictly positive definite radial kernels with their smonéss degrees. We remark that Gaussian, Inverse MultiQuadri
and Maérn functions are globally supported and strictly positiedinite inRM for any M, whereas Wendland ones
are compactly supported (whose suppofdig/<]) and strictly positive definite ilRM for M < 3 (see]).
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RBF ¢s(r)
GaussiarC™ (GA) g
Inverse MultiQuadric€® (IMQ) (1 + £%r?)~%2
MatérnC® (M6) e (£33 + 6e2r2 + 15¢r + 15)
MatérnC* (M4) e (£2r? + 3er + 3)
WendlandC® (W6) (1 - er)® (32c%r3 + 2562r2 + 8sr + 1)
WendlandC* (W4) (1 - &r)8 (35¢%r2 + 18sr + 3)
Table 1. Examples of strictly positive definite radial keswith their orders of smoothness and shape paramete; r = || - ||2 is the Euclidean

distance, while-J, denotes the truncated power function.

The real cofficientsc = [cy,...,cy]T in (@) are determined by solving the linear syst&m = f, where the
interpolation (or kernel) matri’A € RNN is given by

Aj = d(x,xj), i,j=1,...,N. )

The so constructed solutid®l' is a function of thenative Hilbert spaceVq(Q) uniquely associated with the kernel,
and, if f € Np(Q), itis in particular theNy (Q)-projection off into the subspace spanned by #tendard basis

Txy = {@(X, %j),1 < j < N}.

We denotethis subspace a¥q(Xn).

Although this interpolation method is known to be highly taide in most cases being the matAxseverely
ill conditioned, it has been proven (s@[ll]) that the éation operatorf — RV is stable as an operator in the
function spaceVy(Q). This gap has been widely recognized to be caused by thefiise standard basis, and a lot
of efforts have been made in recent years to introduce better fectlgrconditioned basis (seE[ZZ] for a general
theorei.i?al treatment of this topic, al I@ 15, 18, 19] fartjgular instances of stable basis; for an overview see the
book [16]).

2.2. WSVD basis

We are interested here in the use of W&VD basiéntroduced in], thanks to its flexibility with respecttiee
choice of the kerneb. We recall in the following some relevant properties of thésis, while we refer to the paper
[12] for further details.

To construct a basi#/ = {uJ-}J.N:l of No(Xy) it is enough to assign an invertible ¢dbeient matrixDq, = [dij]i’f'jzl
such that

N
uj(x) = Z dij d(x, i),
=)

or, equivalently, an invertible value matig, = [u;(Xi ]ih,l':l- The two matrices are related As= V¢, - D:ul (see]),
and in our situation they are defined as follows ( f12]).

Definition 2.1. A WSVD basiq{ is a basis forNg(Xy) characterized by the matrices
Dy = YW-Q-=Y2 and V= YW-1.Q-5¥2, where YW-A- YW =0Q.%.Q",

is a singular value decomposition of the scaled kernel magy = YW - A- VW, andW,; = ;W is a diagonal
matrix of positive weights.
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We observehat the definition uses a set of positive weights that wasl@yed in the original formulation as
cubature weights to construct the basis. Neverthelesse thveights do not change the numerical behavior of the
basis, hence wassumdrom now onw; = 1/N, 1 < i < N. Moreover, for notational convenience, the diagonal
elements ok aredenoted ag{ > --- > o.

This basis has been introduced to mimic in a discrete semspriperties of theigenbasis Such basigs con-
structed starting from the operafdr: L,(Q2) — Ly(Q),

TLfI(x) = fg O(x, y)f(y)dy, 3)

through the following Theorem (see e.[23]).

Theorem 2.1(Mercer’s Theorem) If the kernel® is continuous and positive definite on a boundedset RV, the
operator T has a countable set of eigenfuncti¢pgy and eigenvaluegiy}k. The eigenfunctions are orthonormal
in L»(€2) and orthogonal inNg(€2) with [leklin, @ = /1;1. Moreover, the kernel can be expressed in terms of the
eigencouples as

DY) = D Ap(Ip(y), X,V € Q,
k

where the series converges uniformly and absolutely.

For its use in interpolation iWg(Q), it is convenient to use the basi§Axek k. that is normalized itNg (). With
this normalization, the basis has the following properties

Property 2.1. The eigenbasisvAxeklk has the following properties:
i. itis Ng(Q)-orthonormal,
ii. itis Ly(Q)-orthogonal with normi,

iii. ( \//l_k‘pk’ f)Lz(Q) = /lk( \//l_k‘pk’ f)/V(I)(Q)I Vfe N(D(Q)v
V. Ax > Ager andy — 0as k— oo,

V. Yk Ak = ¢(0) measQ).

As proven in ], the WSVD basis enjoys the same propertiesrwthe inner product df,(Q) is replaced with
its discrete versiofi;(Xy), as summarized in the following statement.

Property 2.2. The WSVD basi{suk}'k“:l has the following properties:

i. itis Ng(Q)-orthonormal,

il. itis £2(Xy)-orthogonal with normory,
iil. (Uk, f)[z(xN) = O'k(uk, f)MD(Q), Vfe Nq,(Q),

V. o1 >--->0N >0,

V. TN, ok = ¢(0) measQ).

Since the interpolation is &4 (Q)-projection, we can rewrite the interpolagit in terms of the\q (Q)-orthonormal

WSVD basis as

N
R = > (F, i na@Uk(X), @)
k=1
and, thanks to poinE(ii) of Properfy 2.2, this can be furttevritten as
N
RYX) = > i (F, U U (5)
k=1

The latter form of the interpolant shows thalt' is also the solution of the discrete least-squares appatiom
problem min|f — gll,,x,) @among all functions iy € No(Xn). If we instead solve the minimization problem over the
subspace spém, . .., Uy}, m< N, we find a solutiorR™ given by the truncation of the interpolant, i.e.,

R™(x) = E T H(F, Uk 00y Uk(X)- (6)
Py
4
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Observe that it makes sense to consider the last minimizgticblem and its solutioR™ for somem < N instead of
the original interpolation problem, since in this way weveaut the portion of the subspasg,(Xy) corresponding

to small singular values, and this corresponds to solveitiear systeni{2) by means of a low-rank approximation of
the matrixA. A detailed discussion of this approach can be founfi ih [i2we remark here that this method strictly
depends on the behavior of the singular valuea.dflamely, if we consider smoother RBFs, then by udiig (6 pimdt

of the standard approach a better stabilization of thepiotation process is expected.

On the other hand, this method has some disadvantages.ifFsstquired to compute a singular value decom-
position of the (possibly large) kernel matrix, and in thel enly a few elements of the decomposition are used. This
is computationally expensive, but in the next sectionexplainhow to overcome this problem. Second, this method
requires to neglect part of the information to reduce infitgband, in some cases, this removal is too big to obtain a
meaningful approximant. A solution to this problem is pdwrd by the coupling with a localization method, and it is
the main topic of this paper.

2.3. Fast computation through Krylov space methods

We present here a way to compute an approximation of the WSI3 bzt makes use of the Lanczos algorithm.
The method is discussed iln__[13], and it aims at reducing timepcwational cost of the procedure by approximating
the truncated SVD oA.

We start by a general description of the Lanczos algorithmrther details can be found ihl [EZEJ 26]. Let
Km(A, f) = sparif, Af,..., A™1f} be the Krylov subspace of ordargenerated by the matri& and the vectorf .
The Lanczos method computes an orthonormal @sig, of Km(A, ) through a Gram-Schmidt orthonormalization,
i.e., the Lanczos basig )", , is computed by the following recurrence formula:

Bi+1Pi1 = AP —aip - BiR-,. With pipy =0. (7

Letting P, € RN*™ the matrix having the vectong as columns, and lettingl,, be the (n+ 1) x m tridiagonal
matrix defined as

al ﬁz ... O
ﬁz az ... O
Hn={ i & gy ®)
0 - PBm1 am
o - 0 Bm

the algorithm can be formulated in matrix form as
AP = PrutHm  Fim = (—Hm) )
m m+1M1m, m he‘lr;] bl

whereg,, € R™Mis the unit vector antl is a scalar value.

Once we compute the matrices, the solution of the initialesyscan be approximated &s= Pny, wherey € R™
is such thaty = || f]|.€1. B

The idea is to use the matrbt, to approximate the SVD oA, and sinceA has usually a good low-rank approxi-
mation, we expect to do so with < N. Specifically, letH, = UnZn,V,, be a singular value decomposition igf,,
whereU,, € RMDX(MD) v/ e R™M gre unitary matrices and

==(5)
with X, the diagonal matrix with singular values, 1 <i < mon the diagonal.

Since the last row oE, is the zero vector, the decomposition does not change if weve this row and the
last column ofUy,. Thus, to simplify the notation weenoteby Uy, the matrix without the last column, so that the
decomposition becomésy, = U,V

Now we want to define an approximation of the WSVD basis usiegaibproximate SVD oA. We define a set
of functions{ug}y ; € No(Xn) which shows similarities with the WSVD basis, even if it doet form a basis, since
they do not spaVe(Xn). Anyway, wego on calling such set of functions, with abuse of notationjhas

5
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Definition 2.2. The approximate WSVD basis is characterized by the matrices
Dgz, = Pm-Vm-Z5? and Vg = Ppyq - U - X2

where AR, = Pm.1Hm is the Lanczos decomposition of A of order m &hel= UmZmV is a singular value decom-
position ofH,.

The next statement clarifies the connection between the 8g8®b As it is evident by construction, the basis
strongly depends on the particular functibre Ng(Q).

Property 2.3. The approximate WSVD bagig]; , has the following properties:

i. itis near No(Q)-orthonormal, meaning that itd/,(Q2)-Gramian is the identity matrix plus a rank one matrix,
ii. itis £2(Xn)-orthogonal with normory,
il (U, F)eyxe) = ok(Uk, (o if T is the function used to construct the basis,
V. 01> >0m>0,
v. it coincides with the WSVD basis if smN.

This basis allows to solve again the least square approximatoblem. Namely, iff € Ny(Q) is the function
used for the Lanczos algorithm, the approxim@fitdefined as

R = D i (F, B0 (),
k=1

minimizes the distancif — gll,,x,) for g € sparuy, ..., um}, m < N. Moreover, thanks to propertf{iii) of Property
[2:3,R™ can be written in terms oWy (Q)-inner products as

m

R = > (F, G (o) k(). (10)

k=1

Notethatthe point(g) of Propertyf 2B proves that =RV,
ApproximatingR™ with its fast computable versidR" solves éiciently the problems. We will see in the following
sections how to successfully couple this technique wittsadamain decomposition method.

3. Partition of unity method using stable bases

The main idea is to use the stable basis introduced in théqu®gection in order to generate local stable approx-
imants and accumulate them into the global fit.

3.1. A stable computation of the PU interpolant

Let Q c RM be an open and bounded domain, andﬂlql}?zl be an open and bounded coveringtdsatisfying
some mild overlap condition among the subdomains (or paj&@ge In other words, the subdomains must form a
covering of the domain and, moreover, the overlap must Bmnt so that each interior poirte Q is located in the
interior of at least one patc®;. Furthermore, let us suppose that thel§g} = {j : x € Q;}, for x € Q, is uniformly
bounded o2, with Q C U?:l Q;. Associated with the subdomains we choose partition of/wntight functions;,

i.e. a family of compactly supported, nonnegative and cmmtiis functions subordinate to the subdonm@jnsuch
that$9.; Wi(x) = 1 onQ and suppV)) € Q.

In order to have a better stabilization of the global fit, coalgs to define stable approximants of the fofm (10) on
each subdomaif2;. In other words, for each (local) matr#; € RN*Ni, i.e. thej-th interpolation matrix associated
with the subdomaif);, a low-rank approximation is computed and thus the so-¢alMSVD-PU approximant is
given by:

d
(0= ) RIOW (), xeQ, (11)
=1

i
6
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whereW; : Qj — R is a partition of unity weight function andly, = Xy N Qj. As evident,F_erni defines a local stable
RBF approximant of2; of the form:

RY() = > (@) oy, i) B (), x€ Q. (12)
k=1

According to EB], if we assume to havekestable partition of unity, then the derivatives of the wetifunctions
satisfy

C
ID° Wil () < (5_£' Bl <k VBeNM,
i
whered; is the diameter 0f2; andCg > 0 is a constant. As nonnegative functiofs C¥(®RM), we may consider a
Shepard weight.e.,
¢i(X) .
Wi(X) = ——————, =1,...,d,
9 kel (x) Pk(X) :
¢j(x) being compactly supported functions with supportpnsuch as the Wendland functioEJ[ZQ].
Before computing the global fit by mean of local stable appnaxts obtained with the Lanczos procedure, we
briefly sketch in the sequel some relevant properties. Jiow (4) of Property 213 implieRY = RV, we can recover
the PU interpolant, by considerii@)"i, i.e.:

d d (N . .
19 = > RIGOW) = D] D (@) oy B e B0 [ W (9, x € Q. (13)
=1

j j=1 (k=1

Remark 3.1. If the functionsR.", j=1,...,d, satisfy the interpolation conditio@NJ (xi) = f(x;) for eachx; € Q;,
then the global PU approximant inherits the interpolatiaoperty of the local interpolants, i.e.

d
I06) = Y RICOW () = > Fea)W;(x) = f(x).
=1 jel(xi)
In order to be able to formulate error bounds, we need sontlegiuassumptions on regularity Of and define
thefill distance

hxy.0 = sUpmin [IX — Xillz.
xeQ XiEXN

Specifically, we require that an open and bounded cove{fu]qd:l is regularfor (2, Xy). This means to fulfill the
following properties]:

i. for eachx € Q, the number of subdomaig®; with x € Q; is bounded by a global constaDt
ii. there exists a consta@; > 0 and an anglé e (0, 7/2) such that every subdomaid satisfies an interior cone
condition with angled and radius = C,hx, q;
iii. the local fill distanceshxNj «o; are uniformly bounded by the global fill distankg, o

Remark 3.2. The first property ensures th@3) is actually a sum over at most C summands. Moreover, it isiaruc
for an gficient evaluation of the global approximant that only a canstnumber of local interpolants has to be
evaluated. It follows that it should be possible to locatesth C indices in constant time. The second and third
properties are significant for estimating errors of RBF np@lants.

After defining the spac€X(RM) of all functions f € Ck whose derivatives of ordgs| = k satisfy D’ f(x) =
O(lIx|I3) for [Ixll2 — O, we consider the following convergence resull [ﬂ 29]is presented for strictly positive
definite functions even if it holds more in general for styictonditionally positive definite functions.

7
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Theorem 3.1. LetQ ¢ RM be open and bounded and suppose thatXx;, i = ,N} C Q. Letgp € CK(RM) be a
strictly positive definite function. Lé®; } , be aregular covering fo(Q, Xy) and Iet{W,} = be k-stable fofQ; jd =
Then the error between d N,(Q), whereN¢ is the native space @f, and its PU mterpolamﬂ:i) can be bounded by

kv
IDP£(x) - DPT(X)| < ChZ /I, ).
forall x e Qand all|g] < k/2.

3.2. The PU algorithm: the Lanczos procedure

For each subdomain, in order to generate the local stabl®xppation matrix, the Lanczos method is applied to
the matrixA; € RN>*Ni and to the function values; € RN associated with the subdomaiy. In this way the matrix

Hm, and the Lanczos basig, (‘) ', are computed for each subdomain. Then, for each interpalg@tioblem a local
stable basis is formed.

By using a diferent stopping criterion in the Lanczos algorithm, withpexst to the one employed i13], we can
compute stable bases for a wider family of RBFs, both glgidefined and compactly supported. The main problem
in the Lanczos procedure concerns the stopping criterse® %t ep 3 of theLanczos Algorithm). From Property
22 (point (v)) and Properfy 2.3 (poimi(v)) a reliable one is

<7, (14)

for a certain fixed tolerance which is supposed to be equal for all the subdomalifis.point out that, even if is
fixed among the subdomains, the left-hand sidd_aF (14) dependhe specific patch. Moreover, supposing to have
a quasi-uniform node distribution, there are no restngion selecting the same tolerance for all the subdomains.
On the opposite, if the points are more clustered in sevetd@mains, one can always keep a fixed tolerance, but
techniques enabling us to select suitable sizes of tiiereint subdomains are recommended (seelel. [24]).

From Propert{/ 213 (point{V)), the fact that we impose as maxh number of iterations, in thenczos Algorit-
hm at St ep 2, exactly the number of nodes §p;, i.e. N;, naturally follows.

I NPUTS: N;j, number of data if2;; A;, the local interpolation matrix;
f;, the function values associatedy;
7, the tolerance used as stopping criterignthe radial basis

function.
outPuTS: (..., BiY, the new basis i€2;; Hyy, the tridiagonal matrix.
step 1: Setg{’ =0; p = 0; p)’ = IIff'j||2.
Step 2: Fori:l:NJ J
I"J(D (J) _B pI(J)1
(J) (pI(J)’ p(J))
p(J) p(1) _ a(J)p(l)
B, =182
Step 3: If B}, = 00rl9(0) - § Tiy oyl < 7
break
(J) ~(J)/ﬁl(1+)l

Table 2. Thd.anczos Algorithm. Routine performing the Lanczos procedure.

8
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Then, once the matrikln, is found forQ; the stable basis is computed by calculating the singularevdécom-
position of Hy, and a local approximant on each subdomain in the farmh (12pmsputed. Then the local fits are
accumulated into the global one.

The use of stable bases by decomposing the initial probleéonnrany small ones leads to a larger benefit in
terms of accuracy than employing a global approach. In faché uses a global method the approximant results
stable, but a large number of terms in the Lanczos procedareeglected. This surely leads to a decrease of the fit
accuracy. Whereas the local method turns out to be reallyratscaince, dealing with small problems, less terms in
the computation of the basis are eliminated to preservdiggab

Extensive numerical experiments support our findings.

3.3. The PU algorithm: the block-based algorithm structure

The key step of the PU method consists in organizing the eseattdata among the subdomains. To this aim
the kd-tree partitioning structures are widely uséd, [Hadwever, they are not specifically implemented for the PU
method.

Here a novel partitioning procedure, specifically the siteddlock-based partitioning structuyéuilt for bivariate
and trivariate interpolation in order to determine the poimelonging to the dierent PU subdomains, is considered.
Even if such partitioning structure is robust enough to wonk2D or 3D irregulardomains, |I|8],we present such
efficient technique for a scattered data set lying in the uniasgu.e.Q = [0, 1]2.

At first, a partition of unity structure, composed thgircular patche$); of radius:

2
6= \/;, (15)

and whose centres;, j = 1,...,d, are a grid of points of, is generated. As irE[i4], the number of PU subdomains
is chosen so that/d ~ 4. This choice and (15) lead to a reliable partition of unttyisture since, in this way, patches
form a covering of the domaifd.

In order to find the points belonging to thefférent subdomains and consequently solve, with the use ldksta
basesd small interpolation problems, we propose a new partitigrstructure. It leads to a natural searching pro-
cedure that turns out to be really cheap in terms of compurtakicomplexity. To this aim we first cover with o
square blocks, where the numlapof blocks along one side of the unit square is:

q= H (16)

In this way the width of blocks is equal to the subdomain radithis choice can appear trivial, but on the contrary it
enables us to consider in the searching process an optimizater of blocks.

Blocks are numbered from 1 @¥ (bottom to top, left to right). Thus, with a repeated use ofixksort routine
the setXy is partitioned by the block-based partitioning structunte g? subsetXy,, k = 1,..., g%, whereXy, are the
points stored in th&-th neighbourhoodi.e. in thek-th block and in its eight neighbouring blocks. In such framek,
we areable to get an optimal procedure to find the nearest poinfacingiven a subdomai®?;, whose centre belongs
to thek-th block, we search for all data lying in theh subdomain only among those lying in tkth neighbourhood.

Remark 3.3. The same partitioning structure, in case of Compactly SttpddRBFs (CSRBFs), must be considered
locally for each subdomain. In fact, in order to build thehjdtable approximation matrix, among all points lying in
the j-th subdomain, only those belonging to the support@QBRBF must be considered.

Remark 3.4. Among several routines which can be employed to determaadfghboring points, we choose the
block-based data structure. Anyway, we stress that therigthgo, here proposed, works in any dimension M, while
the block-based data structure is only implemented fot Il 3, [E]. Thus in higher dimensions such structure must
be replaced by standard routines, such as kd-trées, |1, 4D, 1

Remark 3.5. For easiness of the reader, the procedure is here describbéiglel unit square, however, followin [8],
any extension to irregular domains is possible.
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4. Complexity analysis

Since the stable WSVD-PU algorithm is characterized by thestraction of local RBF stable approximants,
we consider the local data sets, composed\byoints, j = 1,2,...,d. Thus, the complexity of this algorithm is
influenced by the following computational issues:

i. organize by means of a partitioning structure the nodesmgnthe subdomains,
ii. compute the stable basis on each subdomain

Concerning the ficient organization of points, an extensive complexity gsial briefly shacked in Subsectibn4.2,
can be found irﬂ8]. The cost associated to the computatienacal stable basis is investigated in Subsediioh 4.1.

4.1. Computation of a stable basis

Performing the Lanczos procedure on a maix R™" requiresO(kr?), wherek is the number of vectors
computed by the algorithm, i.t.is thegoodlow rank approximation, (a priori unknown in our casg), [9].

Given Aj € RNNi the interpolation matrix defined on ti, the Lanczos method forms the matkiy, for Q;
afterm; iterations. Usually we hav@; < N;j, but in some cases the maximum number of iteratdpsan be reached
and so, in a more general settimg;, < N;. This routine requires:

O(m;N?) < O(N?), (17)

time complexity. Thus for each subdomain the upper boundh®@icomputational time of the Lanczos procedure is
given by the right-hand side df{IL7).

In case of sparse matrices, such as the ones arising fromsthefUCSRBFs, the Lanczos procedure can be
performed in:O(m;(N; + 1)) time complexity, where is the number of non-zero entries.

Then a singular value decomposition is applied to the madrix We remark that performing a singular value
decomposition on a matrig € R™K requiresO(4nk + 8nk? + 9k°) time complexity.

The singular value decomposition for each subdomain isiegpb the matrixHm,; once more we stress that
m; < N;. Thus for each subdomain the singular value decompositiorbe performed in:

O(Armim; + 8m;n + 9nw) ~ O(m’) (18)
time complexity.

4.2. The partitioning structure

Let us now focus on the block-based partitioning structiseduto organize th8l data sites in blocks. We re-
mark that such féicient organization of points is specifically implemented 2 data sets. Anyway, the proposed
WSVD-PU algorithm is robust enough to work in any dimensiénprovided that a dierent partitioning structure is
performed.

Let ng be the number of data sites belonging to a strip. The proeasked to store the points among thetent
subdomains is based on recursive calls muacksortroutine which require®(nlogn), wheren is the number of
elements to be sorted. Thus, lettiNgq the average number of points lying in a strip, the computalicost needed
to organize thé\ points among the dierent subdomains is:

O(N logN + zq: nslog rTs) ~ O(:—;N log N). (29)
s=1

Concerning the searching procedure, for each subdomaircksgut procedure is used to order distances. Thus
observing that the data sites in a neighbourhood are a@t)? and taking into account the definitions@ands,
the complexity can be estimated by:

N N 2N 2N
O(W 10 W) < 0 g 109 gg) = 0 (20)

The estimate[{20) follows from the fact that we built a partiing structure strictly related to the size of the subdo-
mains and ad hoc for the PU method.
10
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Remark 4.1. The same computational cq@0), in case of CSRBFs, must be considered locally for each snéito
to build the sparse interpolation and evaluation matrickessuch steps we usually have a relatively small number of
nodes N, with N; < N, where the index j identifies the j-th subdomain.

5. Numerical experiments

This section is devoted to point out, by means of extensivearical simulations, stability and accuracy of the
WSVD-PU interpolant. To this aim comparisons with the staddl interpolant will be carried out.

Experiments are performed consideriNg= (2 + 1)%, k = 6, 7,8, uniformly random Halton nodes, a grid of
d = | VN/2J2 subdomain centres and a grid®f 40 x 40 evaluation points, which are contained in the unit square
Q =10,1] x [0,1].

In order to show the high stability of the proposed methodcampute the Root Mean Square Error (RMSE), i.e.

RMSE = J LS If) - TP, (21)

i=1

for different values of the shape parameter in the rang¢10~3, 10?]. Moreover, in order to point out the versatility
of the proposed method, ftkrent kernels with dierent order of smoothness are considered, see [Thble 3. fdre er
1) is computed using as test function the well-known Fegfunction:

(9X1 - 2)2 + (9X2 — 2)2 3 (9X1 + 1)2 9% +1
Z " 2%P T4 10
1 [_ (9% — 7)? + (9% — 3)?

3
f(x1, X2) = 2 exp[—

1 2 2
+ > exp 7 ~3 exp[—(9x1 —4Y — (X% —7) ] .

In Figure[1 we compare the RMSEs obtained by means of the WSV Inferpolant (solid line) with the ones
obtained performing the classical PU method (dashed liag)tolerance value i {14) we set 6. These graphs
point out that the use of the WSVD-PU local approach reveatrget stability than the standard PU interpolant.
Moreover, the use of a local method enables us to improve M8mRfor the optimal shape parameter in case of
flat kernels, see Figuid 1 and Table 3. This is consistenttivéHact that in a local stable methodffdiently from
[IE], we have to solve small linear systems and thereforetéems are neglected ib(112). Furthermore, from Figure
[ we can note that the WSVD-PU method turns out to be méiextive with flat kernels, while for more picked
bases the improvement of using stable bases becomes bkghgithe order of bases function decreases. Thus, from
our numerical experiments, we can observe three kinds aiiehdepending on flierent RBF regularity classes.
Specifically, the features of such classes, whidfedboth in terms of stability and accuracy from the standasis)
can be summarized as:

i. for C* kernels: improvement of stability and of the optimal accyra
ii. for Ckernels, withk > 1: improvement of stability and same optimal accuracy;
iii. for C% kernels: same stability and same optimal accuracy.

Moreover, since we are interested in pointing out theiency of the proposed WSVD-PU algorithm, in Table
[4 we also report the CPU times obtained by using our stabegotation method with the Gaussian RBF as local
approximant, for each of the threeffdirent data sets. Tests have been carried out on a Intel(RT\) i3 CPU
M330 2.13 GHz processor.

6. Application to real world data sets

In this section we focus on an application to Earth’s toppbyawhich consists in approximating with our algo-
rithm a set of real scattered data. In particular, we comgiue so-calledylacier data set. It is composed by 8345

11
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Figure 1. RMSEs obtained by varyingior C*, C® andC* kernels. The classical PU interpolant is plotted with ddslire and the WSVD-PU
approximant with solid line. From left to right, top to bottome consider the Gaussian, Inverse MultiQuadric, ia€C®, WendlandC®, Matérn
C* and Wendlan€* kernels, respectively.
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GA IMQ M6 W6

N methOd RMSE Sopt RMSE SOpt RMSE Sopt RMSE Sopt
4225 PU 116E-5| 295 | 820E-7 | 233 | 934E-7 | 596 | 6.64E-7 | 0.72
WSVD-PU | 6.20E-7 | 295 | 598E-7 | 1.84 | 9.34E-7 | 596 | 6.64E-7 | 0.72

16641 PU 9.70E-7 | 3.73 | 294E-7 | 233 | 6.18E-8 | 471 | 6.44E-8 | 0.57
WSVD-PU | 1.25E-7 | 295 | 6.78E-8 | 1.84 | 6.20E-8 | 471 | 649E-8 | 0.57

66049 PU 164E-7 | 471 | 1.78E-7 | 294 | 1.28E-8 | 7.54 | 203E-8 | 0.91
WSVD-PU | 209E-8 | 295 | 1.54E-8 | 233 | 510E-9 | 596 | 570E-9 | 0.72

13

Table 3. RMSEs obtained by using optimal values &r C* andCS kernels.

N | 4225
CPU[s] | 3.94

16642
14.69

66049
57.73

Table 4. CPU times (in seconds) for the PU-WSVD method.

points representing digitized height contours of a gla@,@’]. The diference between the highest and the lowest
point is 800 m. Such points, filerently from the Halton data, are not quasi-uniform. Furtiere, they are distributed
on an irregular domai® c [0, 1]%. A 2D view of such points is plotted in Figuig 2 (left). Amortgetn we select

s = 90 points for the cross-validation (plotted in red in the: feime of FiguréR).

Since the nodes of the glacier data set do not cover the whotesguare, after generating an initial grid of
su[t?adomain centres in [@]?, we reduce such points taking only those lyingity means of the technique described
in [8].

To obtain reliable and numerically significant results & #grror, in this application it is more appropriate to use
the Relative RMSE (RRMSE):

RRMSE= J

In Figure2, we show how the RRMSES vary with respect to thslparametes € [10-2, 1¢?]. In doing so, we
consider Gaussia@*™, WendlandC® and MaérnC* kernels.

As already shown, the results point out once more that thegsed approach is stable and moreover turns to be
effective also in applications. The errors for the optimal shparameter are shown in TablE]5. Since we refer to
points with highly varying densities and thus truly ill-atitioned matrices, the classical PU method does not give
acceptable approximations. Consequently, we do not rép@krrors obtained with this standard algorithm.

[f(x) - 7(%)[° %)
Z If(x)?

GA W6 M4
RRMSE | £opt | RRMSE | £opt | RRMSE | opt
526E—4 | 209 | 396E—4 | 0.76 | 402E—4 | 0.76

Table 5. RRMSESs obtained by using optimal values fifr C*, C® andC* kernels.

13
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GA

RRMSE

Figure 2. Left: a 2D view of the glacier data set. Right: RRMSibtained by varying: with C*, C® and C* kernels for the WSVD-PU
approximant.

7. Conclusions and work in progress

In this paper we proposed a stable computation of the PUpiakant. Concerning the tradefdetween accuracy
and stability, the local approach together with the WSVD dasiables us to reach a good accuracy and at the same
time ensures a stable computation.

Numerical evidence supports our findings and an applicabdgarth’s topography points out that the method
turns out to be fective also with real world data. However, in order to immrdlie accuracy of the WSVD-PU
method when clustered points are considered, the use obswids with variable sizes might be useflL] [24]. This
needs further investigations. Moreover, an extension efgértitioning structure here proposed to any dimension
requires additional studies.
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