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Abstract

In a piezoelectromagnetic crystalline medium belonging to the class
2 of the monoclinic crystallographic system we find some classes of
piezoelectricity-induced electromagnetic waves. These are time har-
monic plane waves propagating along the symmetry axis and depend-
ing only on the axial coordinate. There are two independent modes
of propagation, one longitudinal and one transverse, with mechani-
cal and electromagnetical couplings. The transverse mode admits as
a particular case an electromagnetic wave with no associated elastic
deformation.

1 Introduction

As is well known, in the Voigt theory of linear piezoelectricity the electro-
magnetic equations are static and the electric and magnetic fields are not
coupled. In this approximation, called quasi-static ([1]-[3]), no electromag-
netic field evolves in time, and the wave behavior of electromagnetic fields
cannot be described. In [4] we read: “This assumption implies that both
the optical effect as well as the contribution from the rotational part of elec-
tric field are neglected. Although it is generally believed that the optical
effect is minor, it is certainly of practical interest in accurately predict the
piezoelectricity-induced electromagnetic radiation, which might be helpful in



some engineering applications, such as optical detection, as well as nonde-
structive evaluation in general.”

In fact, couplings between electromagnetic waves and acoustic waves are
used in certain ultrasonics applications involving piezoelectric or ferroelec-
tric crystals, for instance to predict the amount of electromagnetic energy
radiated by vibrating piezoelectric bodies [5]-[9], in acoustic delay lines [10]
and in wireless acoustic wave sensors [11]. Moreover, the conversion of elec-
tromagnetic energy into mechanical energy and vice versa can be realized by
exploiting this coupling.

The interactions between the mechanical and electromagnetic fields in a
piezoelectric material can be described by an extension of Voigt theory in
which the simultaneous use of the equations of infinitesimal elastic waves
and Maxwell’s equations is allowed.

Such interactions are due to Voigt constitutive equations of linear piezo-
electricity with full electromagnetic coupling, i.e. with a further linear cou-
pling between the magnetic vector and the magnetic induction vector. The
resulting field equations, which arise by substituting the constitutive equa-
tions into the balance equations, form the equations of a fully dynamic theory,
called by some authors “piezoelectromagnetism” ([12]-[14]).

Electromagnetic wave propagation and acousto-optic interaction inside
dielectrics has always attracted a great deal of interests (see e.g. [5],[16]). In
the last decades, the design of new anisotropic smart materials gave a further
interest in modeling these wave phenomena (see e.g. [3], [17], [18]). Papers
[19]-[21] discuss the propagation of electromagnetic waves (Love waves, shear
horizontal waves, etc.) in polarized ceramics using equations of linear piezo-
electromagnetism. Iadonisi et all. in [9] study acoustic and electromagnetic
modes in piezoelectric hexagonal ceramics; Weiss in [22] studies the gener-
ation of hypersound in piezoelectric quartz crystal by means of an incident
plane electromagnetic wave.

The propagation of a monochromatic elastic and electromagnetic wave
has been investigated by Nowacki in [23, pp.153-157] in a crystal belonging
to the tetragonal system of class 4 2 m (amonium dihydrogen phosphate),
and by [26] in Zinc Sulfide belonging to the cubic class 31.

Many authors (e.g. [15], [24]-[25]) have studied piezoelectric monoclinic
crystals, because several monoclinic crystals show excellent piezoelectric prop-
erties and can be used for applications as electro-mechanic transducers. Nev-
ertheless, it is difficult to find in the literature studies on optical effects and
full electromagnetic coupling in such crystals. Therefore, the present paper
develops, with regard to a monoclinic crystal, a work similar to the ones in
the afore-mentioned papers [23, pp.153-157], [26]. Furthermore, the study
written here is parallel to [27], where time harmonic plane waves propagat-
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ing along the symmetry axis of a thermo-piezoelectric crystal monoclinic of
class 2 are studied within the quasi-static approximation; unlike [27] here we
consider full coupling between electromagnetic fields and mechanical fields
in the isothermal case.

In more detail, here we consider a piezoelectromagnetic crystalline medium
belonging to the class 2 of the monoclinic crystallographic system. We study
wave propagation of time harmonic plane waves propagating along the sym-
metry axis xo, with the displacement vector w = (uq, us, us), electric vector
E = (Ey, E,, E3), and magnetic vector H = (Hy, Hs, H3) depending only
on the axial coordinate x».

We find two independent modes of propagation, one longitudinal and one
transverse, with mechanical and electromagnetical couplings. We show that:

(1) all such waves can propagate along the symmetry axis xo with H
perpendicular to such axis;

(17) there is an electro-mechanical longitudinal wave B = (us, E5) parallel
to the symmetry axis, coupling displacement with electric vector;

(i) there is a transverse mechanic-electromagnetic wave

C = [(u1,us), (E1, Es), (Hy, H3)),

coupling the parts of the displacement vector, electric vector, and magnetic
vector that are perpendicular to the symmetry axis. This transverse mode
admits as a particular case the existence of an electromagnetic wave with no
associated elastic deformation: for (uq,u3) = (0, 0), wave C' degenerates into
an electromagnetic wave Cy = [(E4, E3), (Hy, H3)] which propagate without
elastic deformation.

In the fully-dynamic theory of piezoelectromagnetism we have found some
modes of propagation of electromagnetic waves, which of course do not exist
within the quasi-static theory of piezoelectricity. They might be useful, for
instance, to enlarge the class of waves used in the dynamic methods of deter-
mination of the elastic and piezoelectric coefficients of a monoclinic crystal
([28]) and in general in nondestructive evaluation.

2 On the linear thermo piezoelectricity the-
ory referred to a natural state

2.1 Balance laws

In the absence of external fields, the linear equations for a piezoelectric di-
electric body with no magnetic effects, no electric currents and charges (field



equations of linear piezoelectromagnetism) are the balance law of linear mo-
mentum (1) and Maxwell’s equation (2)-(5) (see e.g. [13], [14], [20]):

Tji,j = Poll (1)
D;; =0 (2)
eijpHr; = D (3)
cijnBr; = —B; (4)
B;;=0, (5)

where 0;; is the mechanical Cauchy stress tensor, u; is the mechanical dis-
placement vector, D; is the electric displacement vector, E; is the electric
vector, H; is the magnetic vector, B; is the magnetic induction vector and
€ijk 1s the Ricci tensor.

Note that (5) is a consequence of (4) and (2) is a consequence of (3).
Hence the equations of piezoelectromagnetism are (1), (3), and (4).

Also note that in (1)-(5) we have assumed that there are no body forces,
no free charges, no current density, and that the dielectric is nonmagnetic.

2.2 Linear constitutive equations in the natural state

The following constitutive equations are assumed:

Oi5 = Cijkl €k — Ckij Ey, (6)
D; = eingy + e bk, (7)
Bi = MoHi, (8)
where 1
€= 5 (ur + upg) (9)

is the linearized strain temsor, c;j; are the elastic stiffness coefficients at
constant electric field, ey;; are the piezoelectric stress constants, ¢, are the
dielectric permittivities and po is the magnetic permeability of a vacuum,;
the symmetries

Cijkl = Cjikl = Cklij » €Lij = Ckji

hold.



2.3 Differential equations

In the homogeneous and anisotropic case, substituting equations (6)-(8) into
(1), (3), and (4) and making use of (9) we get the following system of differ-
ential equations

CijkiUy,; — €kij By + fi = pii (10)
—€ijkHy j + eini€yy + ek =0, (11)
EijkEk,j = _,UOHZ'- (12)

Equations (10)-(12) form the set of differential equations of piezoelectro-
magnetism. The following unknown field quantities occur in them: the com-
ponents of the displacement vector u;, electric vector F; and magnetic vector
H;.

2.4 Use of compressed notation and matrix arrays

Let us replace 75 or kl by p or ¢, where i, j, k, | take the values 1, 2, 3 and
p, q take the values 1, 2, 3,4, 5, 6 according to the following prescriptions

tgorkl || 11 122|133 |23 0r32|3lor 13 |12o0r 21
D, q 1123 4 5 6

By virtue of the above identifications the constitutive equations (6)-(7)
become

I, = ¢pgSq — €ip By (13)

q
Di = Ejp Sp + €k Ek, (14)

where

Cpq = Cijkl,  €ig = €ikl, 1p = 0y = Tjj,
for i=j,p=1,2,3, (15)

Sp =25, for 1#j, p=4,506
(16)

We can now write the elastic, piezoelectric and dielectric constants as matri-
ces, since they are described by two indices.



3 Crystal belonging to class 2

3.1 Material constants

We consider a crystal belonging to class 2 with the symmetry axis parallel
to the xy-axis of the monoclinic crystallographic system. The arrays for such
a material, for which the double symmetry axis parallel to the xs-axis is
characteristic, write as (see e.g. [27], p.101)

ci ci2 ¢z 0 ¢ 0
ciz2 1 ¢z 0 ¢y 0
| a3 3 ez3 0 e O
C B 0 0 0 Cqq 0 Cq6 ’ (17>
ci5 €25 C35 0 o550
L 0 0 0 Cq6 0 Ce6 i
0 0 0 ewu €16 ein 0 €3
e = €91 €922 €23 0 €95 s € = 0 €99 0 s (18)
0 0 0 €34 0 €36 €13 0 €33

The number of independent material constants appearing in the above ma-
trices equals 23. Moreover, the constitutive relation (8) and equation (12)
contain the magnetic permeability of free space . Hence we have together
24 independent material constants. The conditions

€22
Cyo+— >0, €20 # 0,
€22
2 0
C44Ce6 > Cyg s Ce6 1+ Caqa > 0,
€11€33 > 6%3 and €13 7& 0

are assumed in the sections 4.1.1, 4.1.2, 4.1.3 and 4.1.5, respectively.

3.2 Field equations
By substituting (13)-(18) into (10)-(12) we obtain the field equations

Cr1ly 11+ Ce6Uq 90 T C55U; 33 1 Ci5Usz 11 + Caplls 99 + C351Us3 33 + 2015”1,31

+(C12 + C66)Us 91 + (Cas + C25)Ug 30 + (C13 + C55)uz 3 = pitn (19)
Co6la, 11 C22Us 99 + Caaliy 33 + (C12 + Co6) Uy 1o + (Cos + Ca6) Uy 3
+2046U2731 _I_ (025 + C46)U3721 + (023 + 044)'113732

—616E171 — 622E272 — 634E373 — (636 + 614)E173 = pU2 (20)



Ci5Uy 11 T Ce6Uy 99 T C35U 33 T Ca5Usz 11 T CaaUs 99 + C33U3 33
+(C55 + 013)u1’31 + (025 _I_ 046)'&2721 _I_ (044 _I_ 023)u2732 _I_ 2035'&3’31

—(e25 + €14) By — (€34 + e23) By 3 = pils

—H3o+ Hy3+ ey (ﬂg,g + ﬂg,g) + e16 (211,2 + um) + enEl + 613E3 =0
_H173 + H371 + 621'&1,1 + 622?12,2 + 623?13,3 + €95 (ug,l + ul,g) + E22E‘|2 =0

(21)

(22)

(23)

—Hzy + Hip + e (712,3 + 713,2) + €36 (711,2 + 712,1) + E13E'1 + E33E'3 =0 (24)
E32—E23:—,U0H1 (25)

E13—E31:—,U0H2 (26)

E21—E12:—M0H3 (27)

4 Plane harmonic waves

4.1 Equations for waves depending only on symmetry
axis coordinate 1z
We consider a plane wave moving in an infinite medium, of the type described

in Section 3, that changes harmonically with time in the direction x5 with a
constant phase velocity ¢. The quantities that characterize the wave are

U; = Ui(llfg, t)a Ez - Ei(léa t)> HZ - Hi(x2> t) (28)

The field equations (19) to (27) for the plane waves (28) propagating in the
medium described in Section 3 reduce to simpler equations, which we split
in the following three systems of equations

(A) = Ca6l3 99 T Co6Uy 90 = PUIL (29)
Ca4llg 99 + Ca6Uq 99 = PU3

B
() = { i = el Do 30
622u272 + 622 2 — 0

( . . : >
—H3 o + e14U3 5 + €16l o + €11 1 + €13E3 =0
Hio + e3qt5 5 + €36y o + €13F1 + €3365 =0

(C) = E3p = —HoHl (31)
\E1,2 = poHs3

Note that (31), is equivalent to Hy = constant, hence Hy = 0 because we
are concerned with waves.



Proposition 4.1 Fach plane wave (28), propagating along the symmetry
axis xa, has the magnetic vector H perpendicular to such axis.

Now let us replace Hy = 0 in system (31) and split it in the two subsystems

(01) = . L : S (32>
Hy o + e34t35 + €361y o + €351 + €333 =0
Eso = —,UoHl
Cy) = ' : 33
( 2) {E1,2 = MoHs ( )

In order to solve the above field equations, we observe that

1. System (30) in the two variables us and FEs is independent from the
others.

2. Equations (29), (31) are coupled through the variables u;, us. System
(29) in the two variables uy, us can be solved (just as in [27]), so one
finds the expressions of u1, us. These are then substituted in equations
(32).

3. Lastly, E1, Es, Hy and Hjs can be found by solving (32), (33).

For plane waves (28), we give the following definitions:

(1) Wave A is the mechanical wave (uy, usz) which is solution of (29).

(2) Wave B is the electro-mechanical wave (ug, Eo) which is solution of
(30).

(3) Wave C' = (uq, us, Ey, Es, Hy, H3) is the electro-magneto-mechanical
wave which is solution of (31), where A = (uy, u3) is solution of (29).

(4) Wawve Cy is the pure electromagnetic wave (FEy, Es, Hy, H3) which
is solution of (31), or of (32), (33), when u; = 0 = us.

Note that the waves B and C' (or Cj) are not coupled.

4.1.1 Electro-mechanical wave B

Next we solve (30) in the variables uy, Eo. From (30),, differentiating with
respect to x5 we find Ey o = —(ea2/€22)u2 .92, and substituting the latter into
(30); we have the equation

AU2,22 — pig =0, (34)
where

A= Coo + % . (35)
€22



Now substituting
uy (79, t) = Udexpli( Kzy — wt)] (36)

in (34) we obtain the characteristic equation
AK? — pw? =0, (37)

that is the algebraic equation for the wave number K; when A > 0 it has the

roots
P
Ko =dwy/~.
1,2 w A (38)

C#F = cos(Kr Fwt), SF =sin(Kx F wt) (rt=m9, 1=1,2), (39)

7

Hence, putting

the solutions of Eq. (34) are the functions

uy = U Cf +U_Cy +V,.Cy +V_Cy (40)
where Uy, U_, V., V_ are real constants. Hence, by (30), we find
€22 + - + -
E, = €—[K1(U+51 +U_ST) + Ko(VSy +V_S))]. (41)
22

The phase velocities cg are related with the wave numbers Kg by the equal-
ities

Cg:w/Kﬁ, 521,2 (42)
Note that by (35) the existence of the roots (38) requires the conditions

€22
oo+ — >0, 6227&0.
€22

4.1.2 Mechanical wave A

Following [27] now we study the solutions of the system of equations

Ca6ll3 29 T+ Co6lq 99 = PUI (43)
Ca4lls 99 + Ca6lly 99 = PU3

which have the form (28). Substituting
(1, ug)(z2, t) = (U7, Ug)expli( Ky — wi)] (44)

in (43) we obtain the characteristic equation, the algebraic quartic equation
for the wave number K

K*(casces — i) — K2 pw®(ce + caa) + p'w =0 (45)
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(which coincides with [27, (3.9)]); putting
A =cyces — g, B=—puw(ces+cu), C=p’w, (46)

we have

B* —4AC > 0; (47)

one can verify that when cyyces > cﬁﬁ, ce6 + c14 > 0 Eq. (45) has the four real
roots

—B++v/B? —4AC —B —vB? —4AC
Klz 2A __K3, K2: 2A =

—Ky.

(48)
Hence the solutions wuy, us to Eqgs. (43) have the form (cf. [27, (3.6) on
p.102])

{ul =A.Cf +A_C] + B.CS + B_Cy (19)

uz = A, CT +A_Cy +B,Cy +B.Cy,

where the equalities (39) hold with the K; given by (48)and A,, A_, B,, B_,
Al A" B, B’ are real constants.

Of course, since the wave equations (43) are linear, the above 8—tuples

(Ay, ..., BY) form a linear space. In order to prove the existence of waves of

type C (see Section 4.1.5 below) we show that there are independent solutions
(49) of (43).

Remark 4.1 There are (at least) two linearly independent 8—tuples (A,
..., BY) such that the equalities (49) give a solution to the system of equa-
tions (43).

To prove the remark we find the relations between the constants Ay, ..., B/,
by substituting (49) into (43) (so completing the considerations in [27, on
p.102 below (3.7)]). First, we compute the derivatives of C3 in (39) and u,
us:

Cr =-KS5 Cf,=—-KCF

C’ijft = wSF C’f;t = —wCE
U gp = AL (—K7)CF + A_(—K7)Cy + B (—K3)Cf + B_(—K3)Cy
Usaw = A (—K7)CF + A (=K?)Cr + B, (- K3)Cf + B (- K3)Cy
Uyt = AJF(—W2)C1Jr + A—(_W2)Cl_ + B+(_W2)Cz+ + B—(_W2)C2_
uzy = A (—w?)CF + A (—w?)Cy + B (—w*)Cy + B.(—w?*)Cy  (50)
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Substituting the latter in (43) we obtain the two relations

cis[A (—K7)CY + AL(=KT)Cy + B\ (—K3)C3 + BL(—K3)Cy ]
+ cos[ Ay (—KT)CY + A (=K7)CY + By (—K3)C5 + B (—K3)Cy ]
= pl A4 (—w*)CT + A_(=w*)CT + By(—w?)CY + B_(—w*)C5], (51)

cul A (=KD)CF + AL (=K})Cr + B (—=K3)C5 + BL(=K3)Cy]
+ e[ Ay (= KT)CF + A_(=K7)Cy + Bi(=K3)C5 + B_(-K3)Cy ]
= p[A (—w*)Cf + A" (=w*)CT + B, (-w?*)Cf + B . (—w?)Cy]. (52)
Now by equating to zero the coefficients of C5= (i = 1, 2) the latter gives the
following eight relations for the constants A, ..., B/:

((ce6 K7 — pw?) At + cis KTA =0
(CG6K12 — pwz)A_ + C46K12A/_ =0
(cos K3 — pw?) By + csK3B, =0
(666K22 — pw2)B_ + C46K223/_ =0

C46K12A+ -+ (C44K12 — pw2)A/+ =0 (53>
i KPA_ + (cpuK? — pw?)A =0
cis KBy + (cau K3 — pw?)B!, =0
(cis K3 B_ + (caa K3 — pw?)B". =0
Putting
Li = C46K2-2, Mz = CﬁGKiz — pwz, Nz = C44K2-2 — pw2 (Z = 1, 2),
U= (A+7 A—7 A/+7 Al—a B+7 B—7 Bii—v B/—)v
My, 0 L, O 0 0 0 0
0 My 0 Ly O 0O 0 O
0 0O 0 0 My 0 Ly O
o 0 0 0 0 M 0 L
"=lL0 N0 0 0 0 0| (54)
L

, 0N, 0O 0 0 0
0 0 0 Ly, 0 N, 0
0 0 0 0 Ly 0 Ny

the system of equations (53) rewrites as mv? = 0, where v’ is the transpose

of v. Now,
Detm = (L3 — MyNy)*(L3 — MyN,)? (55)

Hence, the equation Detm = 0 (in the variables K;) has the same roots of
the characteristic equation (45). Consequently, if K, K, are roots of the
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characteristic equation (45), then there exist constants Ay, ..., B/ such that
the equalities (49) form a solution to Eqs. (43).

Note that
rank(m) = rank(my),
where
M, 0 L; O
my = [ ©0) mi } , my; 1= L 0 N 0 (1=1,2)
0O L, 0 N;
(56)

and (0) denotes the 4 x4 null matrix. Now, if K is a root of the characteristic
equation (45), then rank(my;) = 2 and thus rank(m) < 6.

4.1.3 Pure electromagnetic wave C)

For u; = 0 = ug, the subsystem (32) of (31) becomes

—H3,2 + EllEl + 613E3 =0 (57)
Taking the derivative of Egs. (33) with respect to zo we find
Hyp = —p15" B3, Hyy = 15" By o (58)

Then take the derivative of Eqs. (57) with respect to ¢ and substitute (58)
into the latter equality; we have

—M61E3,22 + 613E1 + 633E3 =0
Assume the equalities
C* = cos(Kx Fwt), ST =sin(KzF wt) (x = m9); (60)
putting
E1 - F_|_C+ ; E3 - F_/i_C—l— 5 (61)
we have

B = —-K*F.C"
B3 = —K*F.C*
Eiy=—-wF,C"
By = —w*F.C*
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Substituting the latter in Eqgs. (59) we have

{(N51K2 —eyw?) L — eqw?F, =0

—613w2F+ + (—633w2 + M0—1K2)F_/i_ =0 (66)

Equating to zero the determinant of the matrix of coefficients of (66) we
obtain the characteristic equation

K* — K?ug(enr + e33)w? + pa(erress — €55)w* = 0; (67)

one can verify that when €;;€33 > €25 this equation has the four real roots

B+ VBE_4C B- VB _iC
Kl = —K3, K2 =

2 N 2 =i
(68)
where
B = —ppler; +es3)w?,  C = pd(enress — e33)w?, (69)
and
B? —4C = piw?[(e11 — €33)® + 4e33)] > 0.
Hence, the solutions to Egs. (59) are the functions
Ey,=F.Cf+F.C; +G.Cf +G_Cy (70)
Es=F.Cy+F Cf +G.CFf +G.Cy

where the equalities (60) hold and F,, F_, G4, G_, F_, F', G’ , G_ are
real constants. The phase velocities cg are related with the wave numbers
Kp by the equalities

Cg:w/Kﬁ, ﬁ:12 (71)

Then H; and Hj3 can be determined by Egs. (33).
4.1.4 Electromagnetic wave C
Taking the derivative of Egs. (33) with respect to x5 we find
Hyp = —pig" B3, Hsy = 15" Ey . (72)

Then take the derivative of Eqs. (32) with respect to ¢ and substitute (72)
in the resulting equalities; we have

—1 .. .
—to Esoo + esaii p 4 €36l o + €380 + €533 =0
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Next we proceed in the following steps:

(A) We replace into equations (73) the mechanical wave (A), i.e. the
found solutions for u; and us to equations (43) (see Section 4.1.3). Then the
resulting equations yield E; and FEs.

(C') Substituting the found F; and FEj into (33) we find Hy, H3 by solving
the resulting system of equations.

4.1.5 Existence of waves of type C

Next we show that waves of type (C') exist by considering the particular case
in which F3 =0, H; = 0. Any such a wave satisfies the system of equations

Ca6Us3 99 + Cepllq 99 = PUL
C44llz 99 + Caplly 99 = PU3

€34l 9 + €361 o + €138 =0
E1o = puoHs

By taking the derivatives, from (74)s 5 we obtain
—H372 + 614’&372 + 616’d172 + EllEl =0 (75)

Hyo = g Ev s, (76)
while from (74)4 for €13 # 0 we obtain

E1 = —61_31 (634'&32 + 636u172 + C) (77)

where ¢ is any differentiable function of x5. By replacing (77) in (75), (76),
since ¢ = 0, for c 92 = 0 we obtain the equality

1o €13 (€343 995 + €361 992) + €14l 5 + €161l o — €11€13 (€3aliy o + €361l ) T 0)-

78
Remind that there are oo™ 8—tuples (Ay, ..., B), with n > 2, such that
the equalities (39), (49), where the K; are given by (48), give a solution to
the system of equations (74);2 (see Remark 4.1). This implies that there
exists at least one such a 8—tuple that in addition satisfies (78).

Indeed, let AW = (Ag?, ce Bf)), i =1, 2, be two linearly independent
8—tuples that, when replaced in (49), generate two distinct A—wave solutions
w® = WY ul), u® = W ul) to (T4)15 (or (29)). Moreover, let
E(u®) be the expression obtained by substituting the derivatives of such
u into the left-hand side of (78). Since for each real constant 7 also the
8—tuple AD + 74 by (49) generates a solution w™ := u® + 7u? to
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(74)1 9, and since equation (78) is linear, then &(w™) = £(u®) + 7E€(u?).
Now, if £(u®) = 0, then u® solves Eq. (78) too; if £(u®) # 0, for 7y :=
—&(uM)/E(u®) the 8—tuple AV +754? generates a solution w™ to (74) 5
such that &(w(™)) = 0, i.e. solving Eq. (78) too.

5 Conclusions

In the thermo-piezoelectric medium considered in [27] the mechanical wave
A = (uq, uz) is not coupled to the temperature and electric fields. In-
stead in the piezoelectromagnetic elastic medium considered here the me-
chanical wave A = (uy, ug) is coupled to the electrical and magnetic fields
(Ey, E3), (Hy, H3). The existence of acousto-electromagnetic waves C' =
(uy, ug, £, B3, Hy, H3) is then proved. When u; = 0 = ug (wave Cjp) the
general solution is shown. All the above waves constitute the transverse
mode of propagation. The longitudinal mode of propagation is given by the
mechano-electric wave B = (ug, Fs), which is not coupled with the previous
one. Waves A, B and Cj are not subject to dispersion and damping. Their
phase velocities are calculated.

By discarding the quasi-static approximation, i.e. allowing the full elec-
tromagnetic coupling, this paper finds piezoelectricity-induced electromag-
netic waves in a class of piezoelectric crystal, just as in [5], [23, pp.153-157],
[26], etc., for other classes of crystals.

The elastic and piezoelectric coefficients in a crystal can be measured by
dynamical experiments, in which the longitudinal mode of propagation of
small bars are measured, or square and rectangular plates of any orientation
can be excited by an electric field normal to the plates in modes depen-
dent on the contour [28]. In such experiments the quasi-static equations of
piezoelectricity are used. Using the fully-dynamic equations of piezoelectro-
magnetism, rather than the quasi-static equations of piezoelectricity, gives
further modes of propagation, connected with electromagnetic waves. These,
in my opinion, may enlarge the possible experiments of dynamic methods of
determination.
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