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Abstract

Let w be a group word. It is conjectured that if w has only countably many
values in a profinite group G, then the verbal subgroup w(G) is finite. In the
present paper we confirm the conjecture in the cases where w is a multilinear
commutator word, or the word z?, or the word [22,y].

Keywords: Profinite groups, Words, Verbal subgroup, Commutators
2010 MSC: 20E18, 20F12, 20F14

1. Introduction

Let w = w(xy,...,7) be a group-word, and let G be a group. The
verbal subgroup w(G) of G determined by w is the subgroup generated by
the set of all values w(gy, ..., gx), where gy, ..., g are elements of G. A word
w is said to be concise if whenever the set of its values is finite in G, it
always follows that the subgroup w(G) is finite. More generally, a word w is
said to be concise in a class of groups X if whenever the set of its values is
finite in a group G € X, it always follows that w(G) is finite. P. Hall asked
whether every word is concise, but later Ivanov proved that this problem has
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a negative solution in its general form [5] (see also [10, p. 439]). On the other
hand, many relevant words are known to be concise.

For instance, it is an easy observation by P. Hall that every non-commu-
tator word is concise (see e.g. [12, Lemma 4.27]). A word w is non-com-
mutator if the sum of exponents of at least one variable involved in w is
non-zero. It was shown in [15] that the multilinear commutator words are
concise (see also [3]). Such words are also known under the name of outer
commutator words and are precisely the words that can be written in the
form of multilinear Lie monomials. Merzlyakov showed that every word is
concise in the class of linear groups [8] while Turner-Smith proved that every
word is concise in the class of residually finite groups all of whose quotients
are again residually finite [14]. It was shown in [1] that if w is a multilinear
commutator word and n is a prime-power, then the word w™ is concise in the
class of residually finite groups. Another interesting family of words that are
concise in residually finite groups was exhibited in [4].

There is an open problem, due to Jaikin-Zapirain [6], whether every word
is concise in the class of profinite groups. Of course, the verbal subgroup
w(@) in a profinite group G is defined as the closed subgroup generated by all
w-values. In the present paper we deal with a newly discovered phenomenon
that suggests that the very definition of conciseness in profinite groups can
perhaps be relaxed. More precisely, we provide evidence in support of the
following conjecture.

Conjecture. Assume that the word w has only countable many values in a
profinite group G. Then the verbal subgroup w(G) is finite.

We show that the above conjecture holds true whenever w is multilinear
commutator word. Thus, our first result is as follows.

Theorem 1.1. Let w be a multilinear commutator word and G a profinite
group having only countably many w-values. Then the verbal subgroup w(QG)
is finite.

Further, we attempt to deal with the conjecture in the case where w is a
non-commutator word. Recall that the “classical” conciseness of such words
is just an easy observation. In sharp contrast, the above conjecture for non-
commutator words seems hard to deal with. So far we succeeded only in the

case of the word w = z2.

Theorem 1.2. Let G be a profinite group having only countably many squares.
Then G? is finite.



Here, as usual, G™ denotes the closed subgroup of G generated by n-th
powers.

We were also able to confirm the conjecture for the commutator word
w = [z2,y].

Theorem 1.3. Let G be a profinite group having only countably many values
of the word w = [x*,y]. Then the verbal subgroup w(G) is finite.

Throughout the paper by a subgroup of a profinite group we mean a
closed subgroup and we say that a subgroup is generated by a set S to mean
that it is topologically generated by S.

2. Multilinear commutator words

A multilinear commutator word (outer commutator word) is a word which
is obtained by nesting commutators, but using always different variables.
Thus the word [[z1, x2], [x3, 24, T5], 6] is a multilinear commutator while the
Engel word [z, 29, 9, 25| is not. An important family of multilinear com-
mutator words is formed by the derived words d;, on 2% variables, which are
defined recursively by

50 =Ty, 5k = [5k_1(l‘1, ce ,$2k—1>, 6k_1($2k—1+1, e ,ﬂfzk)].

Of course 0x(G) = G®, the k-th derived subgroup of G. Another distin-
guished family of multilinear commutators are the simple commutators v,
given by

71 = T, Ve = [Ve—1, k] = 21, 2.

The corresponding verbal subgroups 7x(G) are the terms of the lower central
series of G.

Recall that a group is periodic (torsion) if every element of the group has
finite order and a group is called locally finite if each of its finitely generated
subgroups is finite. Periodic profinite groups have received a good deal of
attention in the past. In particular, using Wilson’s reduction theorem [16],
Zelmanov has been able to prove local finiteness of periodic profinite groups
[17]. A profinite group is said to be of finite rank r if each subgroup of G
can be generated by at most r elements. In view of the above it is clear that
a periodic profinite group of finite rank is finite.

In this section we will make use of the following two results from [2].



Theorem 2.1. Let w be a multilinear commutator word and G a profinite
group that has countably many periodic subgroups whose union contains all
w-values in G. Then w(QG) is locally finite.

Theorem 2.2. Let w be a multilinear commutator word and G a profinite
group that has countably many subgroups of finite rank whose union contains
all w-values in G. Then w(G) has finite rank.

It will be convenient to first prove Theorem 1.1 in the special case when
w = 0 is a derived word. We require a lemma.

Lemma 2.3. Let m > 1 and k > 0 be integers. There exists a number
t = t(m, k) depending on m and k only, such that if G is an m-generated
profinite group, then every di-value in elements of G' is a product of at most
t elements which are 0k 1-values in elements of G.

Proof. The proof is by induction on k. Let H be the derived subgroup of G.
As @G is finitely generated, a theorem of Nikolov and Segal [9] tells us that
H coincides with the abstract subgroup of GG generated by commutators.
Moreover every element of H is a product of r commutators where r depends
only on m. So for k = 0 the result follows.

Assume that k£ > 1 and let u be a d;-value in elements of H. Write u =
[h1, ho] where hq, hy are §;_1-values in elements of H. By induction, hy, hy are
both product of at most t; = t(m, k—1) dx-values in elements of G. Using the

well-known commutator identities [zy, z] = [z, 2]Y [y, 2], [z, yz] = [z, 2] [z, y]?
we can decompose u as product of at most ¢? commutators [a, b] where a and
b are d;-values in elements of G. The lemma follows. O

Proposition 2.4. Let G be a profinite group and let k be an integer. Suppose
that G has only countably many 6,-values. Then G is finite.

Proof. The proof is by induction on k. Of course the result holds when £ =0
because infinite profinite groups are uncountable.

By assumption, all d,-values are covered by countably many procyclic
subgroups. Thus, by Theorem 2.2, G*) has finite rank. If every d;-value
has finite order, then by Theorem 2.1, G® is locally finite, and hence fi-
nite. So we now assume that there exist elements aq,...,asx such that
Ok(ai, ..., as) has infinite order. Without loss of generality we can assume
that G = (aq, ..., Gox).



As G is finitely generated, by Lemma 2.3, every 0,_;-value of H = G’
is a product of boundedly many d,-values in elements of G. Therefore H
has only countably many 6;_;-values and by induction H*~1) is finite. In
particular dg(ay,. .., asr) has finite order, a contradiction. ]

We will require combinatorial techniques developed in [2].

Let n > 1. Denote by I the set of all n-tuples (iy, ..., i,), where all entries
1 are non-negative integers. We will view [ as a partially ordered set with
the partial order given by the rule that

(ila---ain> S (]177.711)

if and only if 17 < 71,...,%, < Jn.
Let G be a group and w = w(xy, ..., x,) a multilinear commutator word.
For every i = (iq,...,i,) € I, we write

w(i) = w(G@W, ... G

for the subgroup generated by the w-values w(ay,...,a,) with a; € G,

Further, set
w(i®) = [Jw().

where the product is taken over all j € I such that j > i.
The following result is a special case of Proposition 7 of [2].

Lemma 2.5. Assume that there exists i € I with the property that w(it) = 1.
Let k be an index such that i, = max{i; | j = 1,...,n}. Choose a; € G
for every j =1,...,n. Then for every integer s we have

S

w(ag,...,a,)° =w(a1, ..., 0k 1,05, Q1,5 0p).

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Recall that w is a multilinear commutator word
and G is a profinite group having only countably many w-values. We wish
to prove that w(G) is finite.

Let n be the number of variables involved in w. As every d,-value is
a w-value (see for example [13, Lemma 4.1]), it follows from Proposition
2.4 that G is finite. Factoring out G we can assume that G is soluble.
Thus, there exist only finitely many i € I such that w(i) # 1. The theorem
will be proved by induction on the number of such tuples i. Choose i =
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(i1,...,4,) € I such that w(i) # 1 and w(i") = 1. Applying Lemma 2.5,
we see that if a; € GU) for every j = 1,...,n, then every integral power of
w(ay,...,a,) is again a w-value. As the set of w-values is closed, it follows
that the procyclic subgroup generated by w(ay, ..., a,) consists of w-values.
Therefore the procyclic subgroup is countable, and hence finite. This proves
that w(ay, ..., a,) has finite order whenever a; € GU) for every j =1,...,n.
Let @ be the word on r = 2%t + 2% + ... 4 2/ variables defined by:

W(T1, .y xr) = w0, (1, o Tain )y oy 04 (Tp—ging1y - -y Tp))-

Then w(i) = w(G). Moreover, every w-value is in particular an element of
the form w(ay, . . ., a,), where a; € GU%) for every j = 1,...,n, so it has finite
order. Thus the set of w-values is contained in the union of countably many
finite cyclic subgroups, and it follows from Theorems 2.1 and 2.2 that w(G)
is both locally finite and of finite rank, so it is finite. We can pass to the
quotient G/w(G). The number of tuples i such that w(i) # 1 for the group
G /w(G) is strictly smaller than that for G. Hence by induction we conclude
that w(@) is finite, as required. O

3. The words z? and [z?, y]

We first prove that if the word 22 has only countably many values in a
profinite group G then G? is finite.

Lemma 3.1. Let G be a profinite group having a countable conjugacy class
X. Then the class X is finite.

Proof. Let X = {x1,xs,...}. For every k > 11let S, = {y € G; 2} = x;}.
The sets Sy are closed and they cover the group G. By Baire Category
theorem [7, p. 200] at least one of the sets Sy has non-empty interior. Hence
Cg(z) is open. O

Lemma 3.2. Let G be an abelian profinite group in which the set {x"| x € G}
1s countable. Then G™ is finite.

Proof. The result follows from the fact that, since G is abelian, every element
in G" is an n-th power and from the fact that a countable profinite group is
finite. [

Lemma 3.3. Let G be a profinite group in which the set {x"| x € G} is
countable. Then G 1is locally finite.



Proof. 1t follows from the previous lemma that every procyclic subgroup of
G is finite. So G is periodic. By Zelmanov’s result [17], G is locally finite. [J

Proof of Theorem 1.2. Let G be a profinite group having only countably
many squares and let X = {x1, zy,...} be the set of squares of elements of G.
For every k > 1 let Sy = {y € G| y*> = z}. The sets Sy cover G so by Baire
Category Theorem at least one of them has non-empty interior. Therefore G
contains a normal open subgroup H and an element a such that (ah)? = a?
for any h € H. By Lemma 3.1, a? has only a finite number of conjugates;
moreover, by Lemma 3.3, G is locally finite so a? is contained in a finite
normal subgroup of G. Thus, we pass to the quotient over that subgroup
and assume that (ah)? = 1 for any h € H. So a inverts all elements in H
and thus H is abelian. It follows from Lemma 3.2 that H? is finite. Passing
to the quotient G/H?, we can assume that H has exponent 2.

Now fix an arbitrary b € G. The set {(bh)?| h € H} is countable. On
the other hand, (bh1)? = (bhy)? if and only if hihy € Cg(b). Therefore the
quotient H/Cy(b) is countable. We conclude that Cp(b) has finite index in
H. This happens for every b € G. Let b1 H, ..., b,H be the cosets of H in G.
As H is abelian, the center of G contains the intersection of the subgroups
C(b;) for t = 1,...,n. We conclude that G is central-by-finite. By Schur’s
Theorem [11, 10.1.4], G’ is finite. We can pass to the quotient G/G’. The
result now follows from Lemma 3.2. O

The last part of this section is devoted to proving Theorem 1.3.

Lemma 3.4. Let w = [2%,y]. There exists a constant ¢ such that in any
group G every ys-value can be written as the product of at most ¢ values of
the word w.

Proof. Let F be the free abstract group on free generators xq, r9, x3 and let
K = w(F). Since F/K is nilpotent of class 2, the commutator [z, za, 3] lies
in K. Therefore [x1, 29, x3] can be written as the product of finitely many,
say ¢, w-values or their inverses. We remark that in any group [a?, 0] is
conjugate to [a?,b7]. Therefore the inverse of a w-value is again a w-value.
Thus [x1, 22, x3] is the product of at most ¢ w-values. This holds in the free
group and hence in any group. O]

Proof of Theorem 1.3. Let GG be a profinite group having only countably
many values of the word w = [z%, y]. By Lemma 3.4, every y3-commutator is



a product of finitely many w-values. Hence G has only countably many ;-
commutators. It follows from Theorem 1.1 that v3(G) is finite. Passing to the
quotient G /v3(G), without loss of generality we can assume that G’ < Z(G),
where Z(G) is the center of G.

Let H = G%. Of course w(G) = [H,G]. Since G/Z(G) is abelian, every
element of H is a square modulo Z(G). Thus for every h € H and g € G
the commutator [k, g is a w-value. In particular, H contains only countably
many commutators [hi, ho]. It follows from Theorem 1.1 that H’ is finite.
Passing to the quotient G/H’, we can assume that H is abelian.

Therefore for every g € G the subgroup [H, g| coincides with the set of
commutators {[h,g] | h € H}. Thus [H,g] is countable, hence finite. Since
the set of w-values in G is countable, G' contains only countably many finite
subgroups generated by w-values. In particular G contains countably many
finite subgroups Hy, Hs, ... such that for every g € G there exists ¢ with the
property that [H, g] = H;.

For every k > 1 set Sy = {y € G| [H,y] = Hy}. By Baire Category
Theorem, there exist a positive integer j, an open normal subgroup N and
an element g € G such that

[H7 gu] < Hj

for every v € N. Recall that H; is finite and central in G. We pass to the
quotient G/H; and without loss of generality we assume that [H, gu] = 1 for
every u € N. It follows that [H, N] = 1. Since N is open, we can choose
finitely many elements gy, ..., g, that generate G modulo N. Then we have

n

11.6) = [ ).

i=1
Since the subgroups [H, g;] are finite, so is w(G). The proof is complete. [
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