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ABSTRACT. We give a classification theorem for a relevant class of t-structures
in triangulated categories, which includes, in the case of the derived category of
a Grothendieck category, a large class of ¢t-structures whose hearts have at most
n fixed consecutive non-zero cohomologies. Moreover, by this classification
theorem, we deduce the construction of the t-tree, a new technique which
generalises the filtration induced by a torsion pair. At last we apply our
results in the tilting context generalizing the 1-tilting equivalence proved by
Happel, Reiten and Smalg [HRS96]. The last section provides applications to
classical n-tilting objects, examples of t-trees for modules over a path algebra,
and new developments on compatible t-structures [KeV88b], [Ke(T].
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INTRODUCTION

In [BBDS&2], Beilinson, Bernstein and Deligne introduced the notion of t-structure
in a triangulated category. A triangulated category C can have plenty of ¢t-structures,
and each of these t-structures determines a full abelian subcategory of C: the heart
of the t-structure. The theory of ¢t-structures has several applications in different
mathematical areas as: algebraic analysis, algebraic geometry, motives, K-theory,
representation theory, etc.
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Happel, Reiten and Smalg in their seminal paper [HRS96] introduced a technique
to construct, starting from a given t-structure D and a torsion pair on its heart, a
new t-structure, called the tilted t-structure with respect to the given torsion pair.
By a result of Polishcuk [Pol07], in such a way one gets all the ¢-structures 7 whose
aisles satisfy

D=t C 750 C p=O,

Happel, Reiten and Smalg proved that if the torsion pair we tilt by is tilting or
cotilting, i.e., if the torsion class is cogenerating or the torsion-free class is generat-
ing, then the heart of the new t-structure is derived equivalent to the heart of the
old one (JHRS96L Chapter I, Theorem 3.3]). A motivating example for this result
is given by classical 1-tilting objects in a Grothendieck category G: the heart of the
t-structure obtained by tilting the natural ¢-structure in the derived category D(G)
with respect to the torsion pair generated by a classical 1-tilting object is derived
equivalent to G.

In his report on [HRS96] for the Mathematical Reviews, Rickard observed that
“Although the theory of tilting modules has undergone many fruitful generaliza-
tions, the original version, involving tilting modules with projective dimension one,
had one aspect that did not generalize. This was the torsion theory on the module
category determined by the tilting module.” A classical tilting object T' with projec-
tive dimension one in the category R-Mod of left modules over an arbitrary ring R
determines the torsion pair whose torsion class is {M € R-Mod : Exty(T, M) = 0}
and whose torsion-free class is {M € R-Mod : Hompg(7T, M) = 0}. Therefore every
module in R-Mod decomposes in pieces where at most only one among the derived
functors of Hompg (T, —) acts non trivially. It is well known that we lose this possi-
bility when passing to classical tilting objects in R-Mod with projective dimension
greater than one (see [Ton02]).

In this paper we want to generalise the Happel-Reiten-Smalg result and, meeting
Rickard’s demand, to recover the torsion torsion-free decomposition, passing, refer-
ring to the motivating example, from classical 1-tilting objects to classical n-tilting
objects.

A pair (D, T) of t-structures satisfying D=—" C T=9 C D=0 is right filterable
(see Definition [2.8)) if D=~ N 720 is a co-aisle for any i = 1,...,n: for n = 1 this
condition is always satisfied. Under this hypothesis we prove that

(1) if (D, T) is n-tilting then the hearts of D and T are derived equivalent (the
case n = 1 recovers [HRS96, Chapter I, Theorem 3.3));

(2) for any object in the heart of D we construct a finite tree of short exact
sequences of height n whose leaves have at most one T-cohomology different
from zero (the case n = 1 gets back the usual short exact sequence produced
by the torsion pair associated to a classical 1-tilting object [BB80]).

The paper is divided into six sections.

In Section 1, which is of preliminary nature, the basic concepts used later are in-
troduced. Here we recall some definitions and results, most of them well-known, on
t-structures in triangulated categories and on tilting objects in Grothendieck cat-
egories. We discuss briefly the connection between torsion pairs and t-structures
and indicate the relationship with tilting theory (the main references are [BBD8&2]
and [BROT]). One of the main tool that we recall is the Happel, Reiten, Smalg con-
struction (see Proposition which, starting from the heart of a (non-degenerate)
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t-structure on a triangulated category C and a torsion pair on this heart, permits
to produce a new t-structure on C.

In Section 2, we introduce the notions of shift and gap for an ordered pair (D, T)
of t-structures on a triangulated category C (see Definition . The motivating
example comes from tilting theory, when D is the natural ¢-structure on the derived
category of a Grothendieck category G and 7 is the t-structure compactly generated
by a classical n-tilting object in G. Polishchuk in [Pol07, Lemma 1.2.2] proved that
the pairs of t-structures (D, T) satisfying D<~! C T=0 C D=0 are exactly the pairs
in which 7T is obtained by tilting D with respect to a torsion pair. Generalizing the
result of Polishchuk, we prove that an iterated HRS procedure permits to recover
all the right filterable pairs (D,T) (see Definition which satisfy the condition
DS—m C T<0 C D=0 (see Theorem .

In Section 3, we introduce and investigate in detail, for a right filterable pair
(D, T) of t-structures of gap n, a factorization of the objects in the heart of D in
a finite binary t-tree of height n (see Definition , whose 2" leaves are objects
of C living in (shifts of) the heart of 7. This ¢-tree generalises the Brenner and
Butler factorization of modules induced by the torsion pair generated by a classical
1-tilting module.

In Section 4, we collect the same results of Sections 2 and 3 in the dual hypothesis
of left filterability.

In Section 5, we define and study the so called n-(co)tilting t-structures: a pair
(D, T) of t-structures in a triangulated category C is n-tilting (resp. n-cotilting)
if (D, T) is filterable, and the full subcategory Hp N Hy of Hp cogenerates Hp
(resp. the full subcategory Hp N Hy[—n] of Hp generates Hp). The 1-(co)tilting
pairs of t-structures coincide with the t-structures induced by (co)tilting torsion
pairs studied by Happel, Reiten and Smalg (see [HRS96] Ch. I, §3]). We generalise
in Theorem the derived equivalence of Happel, Reiten, Smalg [HRS96, Ch. I,
Theorem 3.3] to the case n > 1.

Section 6 is devoted to some applications. One concerns derived equivalences
induced by n-tilting objects in a Grothendieck category G. In this scenario the right
filterability is satisfied. As remarked before, when D is the natural t-structure on
the derived category of G and T is the t-structure compactly generated by a n-tilting
object T in G, then the pair (D, T) is n-tilting. The machinery developed in the
previous sections applies, providing a commutative diagram of equivalences which
clarifies the derived Morita equivalence induced by T' (see Lemma . Another
application regards compatible t-structures, introduced by Keller and Vossieck in
[KeV88D], studied also in [Vit14]. Here, according to the literature, we consider the
left filterability assumption. We prove in Theorem that given a left-filterable
pair (D, T), the t-structure 7 is left D-compatible if and only if in its generating
HRS procedure the torsion classes are all contained in Hp. In particular, we deduce
in Corollarythat if (D, T) is a n-tilting (resp. n-cotilting) pair of ¢-structures,
then T is left D-compatible if and only if n = 0 or n = 1, as suggested by Keller in
[Ke07, pag. 26].

Acknowledgement. The authors would like to thank the referee for her/his care in
reading this paper and for her/his insightful comments and suggestions.
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1. PRELIMINARIES

I. Notations. Let C be an additive category. In what follows, any full sub-
category of C will be strictly full (i.e., closed under isomorphisms) and additive.
Any functor between additive categories will be an additive functor. For any full
subcategory S of C we denote by +& the left orthogonal subcategory of S, that is,

18 :={X €C| Hom¢(X,S) =0, for all S € S},
and by St the right orthogonal subcategory of S, that is,
St :={X €C| Home(S,X) =0, for all S € S}.

If C is a triangulated category, we will denote its suspension functor by [1].

II. t-structures. Beilinson, Bernstein and Deligne [BBD82] introduced the
notion of a t-structure in a triangulated category in their study of perverse sheaves
on an algebraic or analytic variety.

Let C be a triangulated category.

Definition 1.1. A t-structure in C is a pair D := (D=, D29) of full subcategories
of C such that, setting D" := D<%[—n] and D=" := D=%[—n], one has:
(i) DY C D! and D20 D D2,
(ii) Home(X,Y) = 0, for every X in D=0 and every Y in D=1;
(iii) For any object X € C there exists a distinguished triangle

A— X — B — A[l]

in C, with A € D=0 and B € D='.
The classes D= and D29 are called the aisle and the co-aisle of the t-structure D.

The following proposition summarizes the basic properties of a t-structure.

Proposition 1.2. [BBDS82| Proposition 1.3.3, Theorem 1.3.6] Let D = (D=, D=°)
be a t-structure in a triangulated category C.

(i) The inclusion of D" in C admits a right adjoint <™, and the inclusion of
D=" in C a left adjoint 62" called the truncation functors.

(ii) For every object X in C there exists a unique morphism d: §=1(X) —
§<%(X)[1] such that the triangle

§<O(X) =X =621 (X) 5650 X)[1]

is distinguished. This triangle is (up to a unique isomorphism) the unique
distinguished triangle (A, X, B) with A in D=0 and B in D=' and it is
called the approximating triangle of X (for the t-structure D).

(iii) The category Hp = D=0 N D2 is abelian and is called the heart of the
t-structure. The truncation functors induce functors Hi: C — Hp, i €
Z, called the t-cohomological functors associated with the t¢-structure D,
defined as follows: H%(X) := §295<9(X) ~ 6=062°(X) and for everyi € Z,
Hip (X) := HO,(X]i]):

Remark 1.3. Let C be a triangulated category endowed with a t-structure D =
(D=0, D=%). We recall that its opposite category C° is a triangulated category too
and the pair (D=% D=0) defines a t-structure D° on C°.
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Given an abelian category A, its (unbounded) derived category D(A) is a trian-
gulated category which admits a t-structure, called the natural t-structure, whose
aisle D(A)=? (resp. co-aisle D(A)=Y) is the subcategory of complexes without
cohomology in positive (resp. negative) degrees. The t-cohomological functors
associated with the natural ¢-structure are simply denoted by H', i € Z.

Definition 1.4. A t-structure (D=, D=) in C is called non-degenerate if (,, ., D="
0 and ),z D=" = 0.

Remark 1.5. The property of being non-degenerate implies that an object C € C:
- vanishes if and only if H%(C') = 0, for each n € Z;
- belongs to D= if and only if H},(C) = 0, for each n > 0;
- belongs to D= if and only if H},(C') = 0, for each n < 0.

From now on we will consider only non-degenerate ¢-structures and in partic-
ular we will extensively use the characterization of D=° and D2 in cohomological
terms.

Definition 1.6. Given a t-structure 7 in C, we call T -static of degree d the objects
in C belonging to Hy[—d], and T -static the objects in C which are T-static of degree
d for some d € Z.

An object X is T-static of degree d if and only if X[d] belongs to Hr, ie.,
HJ(X) =0 for each j # d.
Definition 1.7. A torsion pair in an abelian category A is a pair (X,)) of full
subcategories of A satisfying the following conditions:
(i) Hom4(X,Y) =0, for every X € X and every Y € ).
(ii) For any object C € A there exists a short exact sequence:

0—-X—-C—=Y—=0
in A, with X e XY and Y € ).

A torsion pair (X,)) in the heart Hp of a t-structure D in a triangulated cate-
gory C induces a new t-structure 7y y) in C:

Proposition 1.8. [HRS96, Ch. I, Proposition 2.1][Bri05, Proposition 2.5] Let Hp
be the heart of a t-structure D = (D=, D=%) on a triangulated category C and let
(X,Y) be a torsion pair on Hp. Then the pair T x y := (72;?3,),7'(?3))) of full
subcategories of C

5%, = {CeC|HY(O) e X, H)(C)=0Vi> 0}
Gy = {CeC|HZ'(C) ey, HH(C)=0Vi< —1}

is a t-structure on C. We say that T x y) is obtained by tilting D with respect to
the torsion pair (X,)).

Remark 1.9. The non degeneracy of D = (D=, D=%) and the orthogonality of the
classes X and ) in Hp imply the orthogonality of 7'5(03]) and 7—5{1)}) in C. Moreover
since D71 C 7;/%0)}) C D=9 the t-structure T(x y) is non-degenerate. Let us

describe for any object C' in C the approximating triangle 7<°C' — ' — 721 &
of C for the t-structure 7(x,y). Denote by §=™ and 6=" the truncation functors of
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the t-structure D and by X the torsion part of HY(C) with respect the torsion pair
(X,)). From the diagram

§<%C — HY(C) — (5< o] — ]
there exists a map h such that the following diagram commutes

X L (65710)[1] — Cone f 1

| I LAl
HY(C) — (5571C)[1] — (650C)[1] 55
l H lL 1]

[
5200 — (6510 [1] —— O[] —

The distinguished triangle Cone f[—1] -0y Cone(ro h) 1y s the ap-

proximating triangle of C' with respect to the t-structure Ty yy, i.e., 79(C) =
Cone f[—1] and 721(C) = Cone(c o h).

We say that the t-structure 7y y) is obtained by tilting D with respect to (X, ).
The torsion class & is the subcategory of all 7(x y)-static objects in Hp of degree
0; the torsion free class ) is the subcategory of all T x y)-static objects in Hp of
degree 1.

ITI. Compactly generated t-structures. Let C be a triangulated category
with small direct sums.

An object T' € C is called compact if for any family {Y;},.; of objects of C the
canonical morphism of abelian groups:

@Homc (T,Y;) — Home (T @Y

icl icl
is an isomorphism (see [Nee96, Definition 1.6]).
Proposition 1.10. [BR0O7, Ch. III, Theorem 2.3] Let C be a triangulated category
with small direct sums and suppose that T is a set of compact objects of C. Then
the following pair (T 'T>0) of full subcategories determines a t-structure Tz in

C.
20 ={Y € C|Home(T,Y[n]) =0, for allT €T andn <0}, T°="T0).

The t-structure (TI— ,TS— ) is called to be compactly generated by the set of compact
objects .

Let us recall the definition of homotopy colimit:
Definition 1.11. [Nee96l §2] Suppose that C has direct sums. Let
Xl x, Bx, 3.

be a sequence of objects and morphisms in C. Then the homotopy colimit of this
sequence is by definition the mapping cone of the morphism

id — @1 fl
@ieN Xi ? eaieN Xi
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and it is denoted by HoColimX;. Dually when C admits direct products one gets
the notion of homotopy limit taking the homotopy colimit in C°.

Lemma 1.12. [Nee96l Lemma 2.8] Let us assume that T is a compact object in a
triangulated category C having direct sums and that

X()—>X1—>X2—>---

is a sequence of objects and morphisms in C. Then the canonical morphism of
abelian groups:
lim Home (T, X;) — Hom¢ (T, HoColim Xj;)

is an isomorphism.

Remark 1.13. If 7 is a compactly generated t-structure in C, then by Lemma|1.12
its co-aisle is closed under taking homotopy colimits in C. In particular, 7 is of
finite type (see [BRO7, Ch. III, Definition 1.1]), i.e., its co-aisle is closed under
taking small direct sums in C.

Remark 1.14. If G is a Grothendieck category, that is, G is an abelian category
with a generator and admitting exact filtered direct limits, then D(G) has both
small direct sums and small products. In fact, direct sums are obtained by taking
term-wise direct sums and products are obtained by taking term-wise products
of K-injective replacements (recall that G has enough injectives). Moreover, the
direct sum (resp. product) of a family of distinguished triangles in D(G) is a
distinguished triangle (see [NeeOll Proposition 1.2.1 and Remark 1.2.2]) and both
the classes D(G)<? and D(G)=° are closed under direct sums in D(G): therefore
Dg := (D(G)=Y, D(G)=°) is of finite type.

IV. Classical n-tilting objects and tilting torsion pairs. An object T in
a Grothendieck category G is called n-tilting if the following four properties are
satisfied:

(T1) T is a compact object in D(G);

(T2) T is rigid, i.e., Extg (T, T) = Hompg) (T, T[i]) = 0 for each i > 0;

(T3) T is a generator of D(G), i.e., given a non-zero object X in D(G) there

exists i € Z such that Homp g (T'[i], X) # 0;

(T4) Extg(T,—) # 0 and Extgt (T, —) = 0.
In such a case the derived functor RHomg(T,—) : D(G) — D(Endg(T)) is a
triangle equivalence sending T' to Endg(7T') (see [CPS86], [Hap87], [Ric89], [Ke94]).
The aisle and the co-aisle of the t-structure 77 compactly generated by T are equal
to

77" ={X € D(G) : Hompg (T, X[i]) = 0 for each i > 0}
={X € D(G) : H(RHomg(T, X)) =0 for each i > 0}

7}20 = {X € D(G) : Hompg)(T, X[i]) = 0 for each i < 0}
={X € D(G) : H(RHomg(T, X)) =0 for each i < 0}.
The derived functor R Homg (7, —) sends the t-structure 7r compactly generated
by T to the natural ¢-structure in D(Endg(T')) compactly generated by Endg(T);
hence it induces an equivalence between the hearts Hy,. and Mod- Endg(T), and
so T is a compact projective generator of H, [BRO7]. A Tr-static object of degree
d in D(G) (see Definition is a complex X such that H* RHomg(T,X) = 0
for each ¢ # d. In particular for a 7Tp-static object M of degree d in G one has
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Extig(T, M) = 0 for each i # d: the classes of Tp-static objects in G are the
classes KE4(T), d = 0,1, ...,n, studied by Miyashita in [Miy86]. If T is a classical
1-tilting object, then the class of Tp-static objects of degree 0 and the class of Tp-
static objects of degree 1 in G form a torsion pair (see [BB80], [Col99], [CF04]);
any object in G is an extension of a Tp-static object of degree 1 by a Tp-static
object of degree 0. If T is a classical n-tilting object, n > 2, it is not anymore
possible in general to decompose an object in G in Tp-static objects (see [Ton02]
for examples in the case of module categories and a characterisation of modules
which are extensions of 7p-static objects).

A torsion class X in an abelian category A is a tilting torsion class (see [HRS9G,
Ch. I, §3]) if X cogenerates A, i.e., for all A in A there is X4 € X and a monomor-
phism A < X 4. The torsion class generated by a classical 1-tilting object in
a Grothendieck category (see [Col99, Definition 2.3]) is an example of a tilting
torsion class. We recall the fundamental result originally due to Happel, Reiten,
Smalg, and independently improved by Bondal and Van den Bergh in [BvdB03]
Proposition 5.4.3], by Noohi in [Noo09, Theorem 7.6] and by [Chel0):

Theorem 1.15. [HRS96, Ch. I, Theorem 3.3][ChelQ] Let T := T(x,y) be the t-
structure on D(A) induced by a tilting torsion pair (X,Y) in A. There exists a
triangle equivalence E : D(H 1) — D(A) between the derived category of the heart
HT of the t-structure T and the derived category of A, such that the restriction to
Hr is naturally isomorphic to the inclusion Hy C D(A).

Remark 1.16. Let 7 := T(x,y) be the t-structure on D(A) induced by a tilting
torsion pair (X,)) in A. In order to prove the previous result, in [Chel0] the
author first verifies that a complex in the homotopy category K(X) is acyclic in
A if and only if is acyclic in H7. Then he observes that the class of all such
complexes forms a null system N in K (X). Therefore the natural inclusions F' and
G of K(X)/N in D(A) and in D(Hr) are triangle equivalences. Finally he gets the
triangle equivalence E : D(H7) — D(A) composing F with a quasi inverse G~! of
G such that the restriction of £ to K(X)/N coincides with F.

2. A CLASSIFICATION THEOREM FOR t-STRUCTURES WITH FINITE GAP

Throughout this section C is a triangulated category, and D := (D=0 D=20),
T = (T=° 720 are two t-structures on C whose truncation functors are denoted
by <0, 629 and 750, 729 respectively. We denote by Hp and Hy the hearts of
D and T, and by Hp and Hy the associated t-cohomological functors. For any
integer k we set D[k] := (D=[k], D=°[k]) and hence Hp[k] = Hpp). We will also
use the notation D@l = D2a DSI’, where a < b € Z.

Definition 2.1. We say that a pair of ¢-structures (D,7T) has shift k € Z and
gap n € N if k is the maximal number such that 7<F C D=0 (or equivalently

D20 C ’Tzk) and n is the minimal number such that D=—" C 7=k (or equivalently
T2k C DZ="). Such a t-structure will be called of type (n, k).

Intuitively in a pair of ¢-structures (D, T) of type (n, k), the shift k permits to
center the interval, while the gap n gives the wideness of the interval:

DS C TSP C D=0 or equivalently D20 C 72F C D2,
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Therefore if (D, T) is of type (n, k), the pair (D, T[—k]) is of type (n,0); for this
reason, up to a shift, in the main results we can reduce to study only pairs of type
(n,0).

Lemma 2.2. If (D, T) is of type (n, k), then the pair (T, D) is of type (n,—n—k).
Moreover

Hy |-k € DO and Hplk] € T,
In particular the possible non zero D-static objects in H1 have degree between —n—k
and —k, while the possible non zero T -static objects in Hp have degree between k
and n + k.

Proof. The pair of t-structures (D, T) is of type (n, k) if k is the maximal number
and n is the minimal number such that 7=F C D=0 C T<n*tk  Applying the
suspension functor [k + n| we get T<—n C p<—k-n C 70, moreover —k — n is
the maximal number such that D<—%—" C 7=<0 and n is the minimal number such
that 7<~" C D<~%~": this means that the pair (7, D) has shift —n — k and gap
n. Moreover

HT[—]{} = Tgk N 7'27’3 C DSO N 'DZ—n — ID[—n,O].

The second inclusion follows analogously. Finally we get the last statement since
Hy C DIEn=k=H and Hp C THnHH, O

The t-structure 7 xy) obtained by tilting D with respect to a torsion pair (X, )
in the heart Hp of a t-structure D in C (see Proposition [1.8)) satisfies

DSl cC ’75;’)3,) C D=% or equivalently D=° C 7'5((’)3,) cp=—L

Polishchuk in [Pol07, Lemma 1.2.2] proved that any pair of ¢-structures verifying
the latter condition is obtained by tilting with respect to a torsion pair:

Proposition 2.3. [Pol07, Lemma 1.2.2] A pair (D,T) of t-structures in a trian-
gulated category C verifies

DL C TS0 C D=0 or equivalently D=0 C 720 C D=1

if and only if T is a t-structure obtained by tilting D with respect to a torsion pair
in Hp. In such a case the torsion pair one tilts by s

(X,Y) == (T="NHp, T=" NHp).
Remark 2.4. A pair of t-structures (D, T) satisfies
D=1 C 70 C D=0 or equivalently D20 C 720 C p=-!

if and only if it is of type (0,0), (0,1) or (1,0). In the first two cases the torsion
pairs we tilt by are the trivial ones: indeed the case of type (0,0) corresponds to
tilting with respect to the torsion pair (Hp,0), and that of type (0, 1) corresponds
to tilting with respect to the torsion pair (0,Hp). Moreover we note that in all
the three cases the torsion class Hp N T=% = Hp N H coincides with the class of
objects in Hp which are T-static of degree 0, while the torsion-free class HpNT 2! =
Hp NHy[—1] coincides with the class of objects in Hp which are T-static of degree
1 (see Definition . Then each object in Hp is an extension of T-static objects
in Hp; we have the same phenomenon we encountered in the derived category of a
Grothendieck category G when D is the natural ¢-structure and 7 is the ¢-structure
Tr generated by a classical 1-tilting object T in G (see Section IV in Preliminaries).
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Our aim is to generalise the Polishchuk result describing for all m € N all the
pairs of t-structures (D, T) satisfying

ps—m C 70 C D=0 or equivalently D20 C 720 C p=—™,

Remark 2.5. Observe that a pair (D, T) satisfies D=° C 72° C D=~™ if and only
if it is of type (n, k) € Nx N with n+ k < m: indeed, the numbers k and n are the
maximal and minimal respectively such that

DZO C DZ—]C C TEO C Dz—k—n C D2—7n

To construct a pair of t-structures satisfying D=° C 729 C DZ~™ it is natural
to iterate the procedure of tilting with respect to a torsion pair.

2.6. Iterated HRS procedure. Let &) be a t-structure in a triangulated category
C. Given a torsion pair (Wy, Zy) in the abelian category He,, tilting & with respect
to W, Zp) one gets in C a new t-structure ;. Consider now a torsion pair (W, Z1)
in Hg,; repeating the same procedure one obtains in C the tilted ¢-structure Es.
Since
e’ cey™ and E°0cC e e
we have
&lcertceslcer e
and therefore (&, &) satisfies
&l ces ceg

Tterating m-times this procedure with respect to torsion pairs (Wi, Z;) in Hg,,
1=0,1,...,m — 1, we get a t-structure &, satisfying

&Greece

and hence of type (n, k) € NxN with n+k < m. We say that the pair of t-structures
(&0, Em) has been obtained by an iterated HRS procedure of length m.

Remark 2.7. Let D be a t-structure in a triangulated category C. Assume (X))
is a torsion pair in the heart Hp. Let T := T(x y) be the t-structure obtained by
tilting D with respect to (X,)). Now let us consider in Hyr = {C € C : HY(C) €
X, Hy'(C) €Y, H5(C) =0Vi # —1,0} the torsion pair (V[1], X[0]) (see [HRS96,
Ch. I, Corollary 2.2)); tilting 7 with respect to (Y[1], X[0]) we get the t-structure
5(3/[1],2([0]) defined by

ESnyxp = {C € C: HY(C) € Y[1], H7(C) =0 Vi > 0}.

As observed in [Bri05l p. 461], one has 5(%;0[1],;([0]) = D="! and hence Eynlx) =
D[1]. Notice that if both X and Y are different from 0, then the pair (D,7T) and
(T,DI1]) are of type (1,0), but (D,D[1]) is of type (0,1): therefore, iterating the
tilting procedure, the gap, the shift, or their sum are not additive functions.

Now we want to prove that, for a fixed ¢-structure D in C, an iterated HRS

procedure permits to recover all the t-structures 7 which are D-filterable and satisfy
the condition D=0 C 720 C p=—m™,

Definition 2.8. Let D be a fixed t-structure in C. We say that a t-structure 7 in
Cis
e right D-filterable if for any i € Z the intersection D=¢ N 720 is a co-aisle;
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o left D-filterable if for any i € Z the intersection D' N T=Y is an aisle.

Both the right filterability and left filterability are symmetric notions: therefore
we will say that the pair (D,T) is right (left) filterable if either T is right (left)
D-filterable or equivalently D is right (left) T-filterable. We call filterable a pair of
t-structures which is right or left filterable.

Remark 2.9. A pair (D, 7T) of t-structures satisfying condition
DL C 70 C D=0 or equivalently DZ° C 720 C p=-!
is both right and left filterable. Indeed, we have

T=0 ifi>0,
D=?  otherwise

D> if § >0,

720  otherwise.

D<im’r<°={ and D>imT>°={

Observe that in general the intersection of the aisles or the co-aisles of two t¢-
structures is not an aisle or a co-aisle (see e.g. [Bonl3, Lemma 3]): the inclusion
of the intersection of the two aisles (co-aisles) in the triangulated category C could
not admit a right (left) adjoint.

Nevertheless there is a wide class of interesting examples in which this pathology
does not occur. The following is a (not exhaustive) list of sufficient conditions for
a pair of t-structures to be filterable.

Lemma 2.10. Let (D, T) be a pair of t-structures in a triangulated category C.
Whenever one of the following conditions holds, the pair (D,T) is right filterable:

(1) C has countable direct sums and both the co-aisles D=° and T=° are closed
under taking homotopy colimits in C; the aisle corresponding to D= N T=°
is the smallest subcategory of C containing both D! and T=C, closed under
suspension, extensions and direct summands.

(2)) For each i € Z one has 72°(D2%) C DZ; the aisle corresponding to D= N
T20 is DS % T=O j.e., the subcategory of C of extensions of T<" by D=?.

(2') For each i € Z one has §=°(T=*%) C T=!; the aisle corresponding to T=* N
D=0 is the subcategory of C of extensions of D=0 by T

Dually, whenever one of the following conditions holds, the pair (D,T) is left

filterable:

(i) C has countable direct products and both the aisles D= and T<° are closed
under taking homotopy limits in C; the co-aisle corresponding to D' NT =0
is the smallest subcategory of C containing both D=* and T=°, closed under
suspension, extensions and direct summands.

(ii ) For each i € 7 one has T<°(D<%) C D=<; the co-aisle corresponding to
DN TS0 s the subcategory of C of extensions of D= by T=0.

(ii’) For each i € Z one has 6=°(T=') C T<=!; the co-aisle corresponding to
TSP N DY is the subcategory of C of extensions of T=* by D=0,

Proof. Since DZ* N T2 is closed under cosuspension and extensions, it is enough
to prove that the inclusion DZ* N 720 < C has a left adjoint 020 (see [KeV88a),
§1]).

(1) The claim is proved in [BPP13| Theorem 2.3] under the stronger hypothesis
that both D and T are compactly generated: the latter hypothesis is used exactly
in order to get our hypothesis that D% and 7=° are closed under taking homotopy
colimits in C.
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(2) The truncation functor 0=° := 720 0 §2% is left adjoint to the inclusion
DZINT20 — C; since DZ'NT 20 is closed under cosuspension and extensions, it is

a co-aisle (see [KeV88al, §1]). Next for any M € C we have the following diagram

0SIM — — 5 0SOM — — 5 759(521 1 (M)

| |

6S'M M Y
0 ——— 02 M =——= 721521 (M)

where the first row is a distinguished triangle by [BBD82, Proposition 1.1.11].
Therefore =M is an extension of the objects §<'M € D= and 7<°(§21F1(M)) €
T=9. (2) follows by (2) inverting the role of D and 7.

The dual part follows by considering the previous statements in C°. [

In the sequel we will analyze in detail the right filterable pairs of ¢-structures. We
will collect the dual results for the left filterable pairs of ¢-structures in Section [4]

Definition 2.11. Let (D,7T) be a right filterable pair of ¢-structures. We denote
by D; the t-structure whose co-aisle is D=~ N T =20, by H; its heart, and by (X, Vi)
the torsion pair in ‘H; defined by &; := D?_fl NH;, Vi = ’Diz_i_ll N?H;. The t-structures
D;, the hearts H;, the torsion classes &; and the torsion-free classes ); are called
the right basic t-structures, the right basic hearts, the right basic torsion classes
and the right basic torsion-free classes of (D, T).

Example 2.12. Let A be a well-powered, i.e., for any object the class of subob-
jects forms a set, cocomplete (resp. complete) abelian category. Then by [Dic66,
Theorem 2.1], a full subcategory X of A is a torsion (resp. torsion-free) class if and
only if it is closed under quotients, extensions and coproducts (resp. subobjects,
extensions and products). Let R be a ring and let D*(R) (with x € {b,+,—})
be the derived category (resp. bounded, bounded above, bounded below) of the
category of right R-modules. Denote by D the natural t-structure on D*(R). Any
t-structure 7 such that the pair (D, T) is of type (2,0) (hence it has gap 2) is both
left and right filterable. One has only to prove that D=9 N T=! (resp. D= N T=1)
is an aisle (resp. a co-aisle). The class Hp N T=! (resp. Hp N T=1) is a torsion
(resp. torsion-free) class in Hp = Mod-R by [Dic66, Theorem 2.1], and so it defines
a torsion pair in Mod-R whose associated t-structure has aisle (resp. co-aisle) equal
to D=ONT=! (resp. DZONTZH).

Lemma 2.13. Let (D,T) be a right filterable pair of t-structures. Then, for any
1,0 € Z we have the following inclusions
D2 C D, DFCDZT wd DE DD DI DD

In particular:

(1) (D;,Dy) is a right filterable pair of t-structures for any j < { € Z;

(2) Djy1 is obtained by tilting D; with respect to the torsion pair (X;, V;);

3) X, =D, ND7’ and Y; = DF° N D

4) for each m > 0 we have H;i1m C D[_m’o}, while H; C ploml.

+ i

i+m
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(5) if TS0 C D=0 andi >0, then Y; = T2 N H;.
Proof. We have first
Dizé — pE-itl T2t C DZ—i=1Hl A =l iz-fl;
then, the second inclusion follows by
Dize — p=—ittn Tze C p=—itl A 726—1 — p=—itlHl—1 A 7?571 _ Dizfl_l'

The other two inclusions are an easy consequence. Next, point 1 follows since for
j < £ one has

>4 .
>1 >0 > > >0 >0 Dj>0 lflz(l
DE'NDF = (D= NT=)n(D="'NT=") = (D, ifj—£<i<0,

D70 ifi<j— L.
Since D>O C D;()l - D point 2 is a consequence of Proposition Next the

equalities X; = D;_Ol N D>O and V; = ’D<0 N Dz+1 in point 3 follow easily by the

inclusions proved in the ﬁrst part. Let us prove point 4: by definition of right basic
t-structure, one gets that for any m > 0

>0 >0
D < Dz+m < D
therefore H; 1y = Do N Doy € DX NDET™ = D[*m*o]. The other inclusion
follows analogously. Finally, point 5 can be deduced by
Yi=DZ4NHi =D> ' NT' NH = T N,
O

Theorem 2.14. Any right filterable pair (D, T) of t-structures such that DS=™ C
T=0 C D=0 with m € N is obtained by an iterated HRS procedure of length m.

Proof. We proceed by an iteration in m steps. Denote by D;, i € Z, the right
basic t-structures of the pair (D, T): by Definition D; is the t-structure whose
co-aisle is D=2~ N T20. It is Dy = D and we have:

D20 = D’ cpVcC.. CD20.=T20
In this filtration, we fix a co-aisle DiZO (marked by “ 77) and we prove that the
t-structure D; 41 is obtained by tilting D;. Let us start with ¢ = 0:

>0 >0
D20 = D7" CD’C.. CDz0:=T720
/T\

The co-aisle of the t-structure D is Dlzo :=D2"'NT20 By Lemma we have
DOZO - Dlzo - Doz_l and hence by Proposition the t-structure D; is obtained
by tilting Dy with respect to the torsion pair

(X0, Wo) := (D=0 NHo, D' NHy)
on the heart Hg of Dy:

'DZO = fDOZO C D120 c...C D>0 7‘>O
1\
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The co-aisle of the t-structure Dy is D3 := D=2 T20; again by Lemma m
one has Dlzo C DQZO C Dlz_l and hence the t-structure Dy is obtained by tilting
D; with respect to the torsion pair

(X1, 1) = (D50 N Hy, DF NHy)

on the heart H; of D;. At any step we get D?O =DZ7'NT=20 for i = m we obtain
DZO — Dz—m N 7'20 — 7'20.
= :

D20 = pF'cp’c..c D =720

(]

Remark 2.15. Some steps of the HRS procedure in the previous result could be
trivial. The type of the t-structure (D, T) permits to distinguish them. Let (D, T)
be a right filterable pair of ¢-structures satisfying

DS~ C TS0 C DY or equivalently D=0 C 720 C p=—™,

As observed in Remark (D,T) is of type (n,k) € Nx N with n + k < m: by
Definition k and n are the maximum and the minimum natural numbers such
that

D2~k C 720 Cc p2—n—k,

Denote by D;, i € Z, the right basic t-structures of the pair (D, T). It is Dy =D =
DI0]...., D, = D[k]. As we have observed in Remark tilting Dy with respect to
the torsion pair (0,Ho := Hp) we get the t-structure D[1]; next tilting D[1] with
respect to the torsion pair (0,71 = Hpl[l]) we get the t-structure D[2]. Therefore,
iterating this procedure k times we get Dy = D[k]:

D20 cC..Cc D’ =Dz FCT0CpZ k=D " C D>
4\
Now (D, T) is a pair of ¢-structures of type (n,0). Following the proof of Theo-
rem due to the optimality of (n, k), we get Dgyy,, = T with an iterated HRS
procedure of n non trivial tilts. We have already recovered the t-structure 7 via
an iterated HRS procedure of length n + k& < m. If one wants to obtain the iter-

ated HRS procedure of length exactly m, another step is necessary. Indeed, tilting
m — n — k times the t-structure D, = T with respect to the trivial torsion pair

(H7,0) in the heart Hy of T we get the t-structures Dy = ... = Dy, = T
_ >0 e —m
D2C..CD>FC..CT2"=D7) =..= Dz’ CD="kCcp=—m

Summarizing, we have got

(1) For 1 < <k, the pairs (D;_1,D;) are of type (0,1); the pair (Dg := D, D;)
is of type (0, ), while the pair (D;, D,, := T) is of type (n, k — ).

(2) For k+1 < i < n+ k, the pairs (D;_1,D;) are of type (1,0); the pair
(Do :=D,D;) is of type (i — k, k), while the pair (D;, D, := T) is of type
(n+k —1i,0). In particular D, = T .

(3) For n+ k+ 1 < i <m, the pairs (D;_1,D;) are of type (0,0), i.e., Dpip =
w.=Dp =T.
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3. t-TREE

Let (D,T) be a right filterable pair of t-structures of type (n,0). We have
D20 c 720 Ccp=n

and therefore by Theorem the pair (D,T) is obtained by an iterated HRS
procedure of length n. Denoted by Dy = D, Ds,..., D,, = T the right basic t-
structures of (D, T), we recall that for each i = 0,...,n— 1, any pair (D;, D;41) is of
type (1,0), i.e., D;41 is obtained by tilting D; with respect to the non trivial torsion
pair (X;, Vi) = (D;_Sl NH;, Df_:l NH;). Observe that since X; = D;fl NH; € Hitr
and Y, = Dill NH; C H,;11][—1], the torsion class & is contained in both the hearts
H; and H; 41 while the torsion free class }; is contained in both #H; and H;41[—1].

Starting with an object in Hy, it first decomposes with respect to the torsion
pair (Xp, Vo), producing a short exact sequence in Hg. The first term of this short
exact sequence, i.e., the torsion part, belongs also to H1; therefore it decomposes
with respect to the torsion pair (X7, )), producing a new short exact sequence in
‘Hi. Analogously, the third term, i.e., the torsion-free part, belongs also to H1[—1];
therefore it decomposes with respect to the torsion pair (X;[—1], Y1[—1]), producing
a new short exact sequence in H;[—1]. Iterating this procedure n-times we will get a
tree of short exact sequences in the right basic hearts Hy = Hp, ..., Hn = H7, that
we call the right t-tree associated to the right filterable pair (D, T) of ¢t-structures.
In the sequel the symbols < and — in the t-trees represent monomorphisms and
epimorphisms once considered in the correct heart.

Theorem 3.1. Let (D,T) be a right filterable pair of t-structures of type (n,0) in
C. For any object X in Hp one can functorially construct its right t-tree

e X(( X -t —

Xi1o0 X11
e Sy
X00..0 X111
e nd N~

n n

whose branches have n + 1 vertices and where for each £ =0, ...,n — 1 the sequence
0= Xiy.ipo = Xiyip = X4y i1 — 0, i; € {0,1},

is a short exact sequence in the shifted right basic heart He[—(i1 + -+ + i¢)] with
Xi,..i,0 belonging to the torsion class Xe[—(i1 + -+ +i¢)] and X;, . i,1 belonging to
the torsion-free class YVo[—(i1 + -+ +1¢)].

Proof. Denote by D;, H;, i = 0,1,...,n — 1,n the right basic ¢-structures and
the right basic hearts of (D,7). Let us consider the torsion pairs (X;,);) :=
(Dio1 ﬂ’Hi,Dill NH;) in H;y, ¢ =0,1,...,n— 1. Take an object X in Ho = Hp; we
denote by X, and X; its torsion and torsion-free parts with respect to the torsion
pair (Xp, Vo) in Ho:
0> Xg— X —>X; >0 in Ho.

The object X belongs also to Hj, while X; belongs also to H1[—1]. Therefore X
has a torsion part Xgg and a torsion free part Xg; with respect to the torsion pair
(X1,)1) in Hq; analogously X has a torsion part X;¢ and a torsion free part X,
with respect to the torsion pair (X;[—1],J1[—1]) in Hi[-1]. Let 1 < ¢ < n—1;
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suppose we have obtained the object X;, . ;, in He[— (i1 +- - - +1p)], where iy, ..., i €
{0,1}. We denote by X;, ;0 and X;, ;1 its torsion and torsion free parts with
respect to the torsion pair (X, Vo)[—(i1 + -+ +ip)] in He[— (i1 + -+ 40)]:

0— Xi, ipo = Xiy iy = Xiy i1 = 0 in He[—(i1 + -+ - +40)].

The object X;, . i,0 belongs also to Heq1[—(i1+- - -+i¢)], while X, ;,1 belongs also
to Heq1[— (i1 + - - + ¢ + 1)]. This permits to iterate the procedure until £ =n — 1
obtaining the wished t-tree. O

Definition 3.2. Let (D, T) be a right filterable pair of ¢-structures of type (n,0)

and X an object of Hp. We call the degree of the vertex X;, . ;, in the right ¢-tree

of X the sum iy +- - - +4y. The vertices X;, ;, are called right t-leaves of the t-tree,

and the right t-leaf X1 1 o..0 is called the right leading t-leaf of degree d.
o~

d n—d

Remark 3.3. The 2" right t-leaves X;, 4, in Hp[—(i1 + - +in)] = Hy[— (i1 +
-+ +1y,)] produced in the last step of the construction of a right ¢-tree are T-static
objects in C of degree iy + -+ + i, (see Definition . Therefore we have got a
decomposition of the objects in the heart Hp in T-static pieces.

Let us study the right ¢-tree associated to an object and the information we can
obtain from it.

Definition 3.4. Let (D, T) be a right filterable pair of t-structures of type (n,0)
in C. Given the right ¢-tree of an object X € Hp, we define the subtree generated
by the term X,, . ;, to be the subtree of the right t-tree of X which has X;, ;, as
root.

£

Remark 3.5. Let X € Hp and X;, ,, be a vertex of its right ¢-tree. The object
Xi,.i[t1 + -+ + ig] belongs to Hy; since (Dy, T) is a right filterable pair of ¢-
structures of type (n—¢,0), we can construct the right t-tree of X;, ;,[i1+- - +1is):
this right ¢-tree coincides with the (i1 + - - - + i)-shift of the subtree of the right
t-tree of X generated by X, . ;,. The leaves of this subtree are the leaves of the
right t-tree of X whose index starts with ;...7,.

In the following proposition we give some cohomological properties of the vertices
in the right ¢-tree of an object X € Hp.

Proposition 3.6. Let X € Hp. For each 0 < ¢ < n, the vertex X;,
t-tree of X satisfies the following properties:

(1) Xi1...iz belongs to T[il+<~~+i5,n7[+i1+---+ig] g T[OJL];

(2) H2P (X, ) = Xy gy 0.0 [t1 4 -+ +de);

in the right

2

n—~
(3) Hg—feﬂﬁmﬂe (Xiyig) =Xiy g 1.an—C+i1+ - + 1.

n—~2

Proof. (1) In Theoremwe have proved that X;, . ;, belongs to He[—(i1+- - -+i¢)].
Since the pair of t-structures (Dy, T) is of type (n — ¢,0) it follows by Lemma
that H, C 71974, therefore the assertion is proved.
(2) For any £ =0,...,n — 1 the short exact sequence

0— X0 = Xiyip = X411 — 0
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in the heart H,[— (i1 + - - - +1¢)] provides a distinguished triangle in C. Considering
the long exact sequence of T-cohomology associated to this distinguished triangle,
by point 1 we get first

0 — HETH(XG, 0) = HET V(X o) — HEP (X, 1) =0,

e
Tterating we have
H;'frerie (Xil...ig) ~ H%EJF"'JF“ (Xil.“igo) ~
~ ] ++ . .
2 HPETTT(XG i 0..0) = Xy i 0.0 [T - A ]

n—~£ n—~£

3) The same long exact sequence of T-cohomology considered in point 2 gives

g q gy p g
0= Hp (X, o) = HEZ 0ty ) — HESREH(XG ) — 0.
Iterating we have

Hp by e qR e ()

)

1%

~ it . .
e = H;l’ T (Xiyoip1.1) =Xi ap1.an—L4ir+ -+ 1.
n—=~e n—=~e

O

Remark 3.7. Points 2 and 3 of Proposition [3.6] give the invariance of the 7T-
cohomology of degree i; + -+ + iy on the left branch passing through the vertex
X, ...i, and of the T-cohomology of degree n — ¢ +i; + - - - + iy on the right branch
passing through the vertex X;, ;,:

0

X

(/ L \»
Xiy...ip0 Kig.igl
Xiq...ip00...0 Xig.igll1
—
n—~£ n—~

Let us analyze the objects in Hp with a particularly simple right ¢-tree. The
following lemma will be useful in the sequel.

The following lemma characterizes the objects of Hp which are T-static in terms
of the basic torsion pairs.

Lemma 3.8. Let (D, T) be a right filterable pair of t-structures of type (n,0) in
C. Then the full additive subcategory Hp N Hy[—d]| of Hp consisting of T -static
objects of degree d is equal to:

0 ifd <0 ord>n;
n—1 n
x=N% ifd=0:
i=0 i=0
d—1 n—1 d n
(ﬂ yi[—i]>ﬂ X;[—d] =<ﬂ Hi[—i]>ﬁ (H;l=d] | if0o<d<n;
i=0 j=d i=0 j=d
n—1 n
() Vil=il = () Hil—] if d =n.
i=0 i=0
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Proof. Since the pair (D, T) is of type (n,0), by Lemma [2.2] the heart H is con-
tained in D=0 therefore Hp N ’HT[—d} = 0 whenever d < 0 or d > n.
By Lemma [2.13] we have for i =0,...,n — 1

Hp NHy =Dy’ N D5’ c2>>°m>z+1 D NHi =X CHiNHipa
which proves that

n—1 n
HpNHr C (X C (| Hi CHoNHn =Hp N Hy
1=0 1=0
n—1

and hence Hp NHy = ﬂ X, = ﬂ?—l

=0
If0<d§n,byLemmaWehavethatforeachogigd—l

Hp NHr[-d] C DN (D=°NT2%) =D5° ND7¢ C

C D NDI =1~ N DZT = Y[,

while for each d < i <n — 1 we have
Hp NHr[—d € (DZ°NT=)nT==D7 nD5* C

CD7'NDY = Hi[-d| N DY = Xi[—d.

This proves that for 0 <d < n

Hp N Hr[— <ﬂ YVil— ) N nﬁ X;j[—d]
j=d

in view of ¥; C H; N Hip1[—1] and X; C H; N Hipa

d n
< (ﬂ ’Hi[—ﬂ> N (Hil=dl | € HoNHul-d] =Hp N Hr[—d].
i=0 j=d

Thus we get the wanted equalities for 0 < d < n and for d = n we obtain:

N

Hp ﬁHT ﬂ yz = ﬂ z[_i]'
1=0
|

Let us start by studying the case of a right t-tree degenerating in a single branch.

Proposition 3.9. Let (D, T) be a right filterable pair of t-structures of type (n,0)
in C. An object 0 # X € Ho = Hp has a right t-tree with a unique non zero branch
if and only if X is T -static. In such a case, if X is T -static of degree d, the unique
non zero leaf is the right leading leaf of degree d.

Proof. If the right t-tree of X has a unique non zero branch, necessarily all the
maps along this branch are isomorphisms; therefore X is isomorphic to one of its
leaves, and by Remark [3.3]it is a T-static object.

Conversely, assume X is T-static of degree d (i.e., X € Hr[—d]); then X belongs to
HpNHr[—d]. If d = 0 by Lemma|3.8 we have X € ﬂg:ol X; which proves that X =

d—1 . n—1
Xo..0- If 0 <d <n by Lemma [3.8 we have X € (ﬂizo yi[—z]) N (ﬂj:d Xj[—d])
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which proves that X = X3

-+ = X4, 1 and then in the remaining n — d steps
~~

d

we have X = X1 . 10=+--=X1..1 0.0, which is the right leading leaf of degree
d d —d

d. O

The previous proposition characterises the case in which the right ¢t-tree admits
only one non zero leading leaf in Hp. The next result generalises to the case of
right t-trees whose non zero leaves are leading leaves in Hp.

Proposition 3.10. Let (D, T) be a right filterable pair of t-structures of type (n,0)
in C. An object 0 # X € Hog = Hp has a right t-tree whose non zero leaves are
leading leaves in Hp if and only if the T -cohomologies H%—X are D-static of degree
—1 for each 0 < i < n. In this case all the vertices of the right t-tree of X belong
to Hp, and moreover for each 0 < i <n

e X; 1 =77X,
—~—

e X1 10=-.=X1.10.0=H-X[-i],
<~ NN

i n—i

® X1.10jir0...50 =0 for each jiia...je # 0..0, with i +2 < £ < n.
i 1—i—1

Proof. First of all, let us recall that Hp C 719", If n = 0, the statement is clearly
true since D = T. Let n > 1 and assume the right ¢t-tree of X has the leading
leaves in Hp and the non leading ones equal to zero. For { =n—1,n—2,...,0, the
short exact sequences 0 — Xj,  j,0 = Xj,...5, = Xj;..5,1 — 0 in the shifted right
basic hearts H¢[—(j1+- - -+j¢)] induce distinguished triangles X;, ;0 = X;,. 4, —
X1 el 1 in the triangulated category C. Starting with £ = n — 1, and proceeding
along the right t-tree from the leaves towards the root, we easily get that all the
vertices of the t¢-tree live in Hp. We prove now that H-X = X 1 ¢.¢]i] for
N~

0 <7 < n; then we conclude as the leading leaves are in Hp. First of all, forasmuch
as the non leading leaves vanish, we have

X1.10=-.=X1.10.0 EHpNHr[—i], for0<i<n-—1,

and X 1 € Hp NHy[—n].
<~

Since X117 € Vi_1[l —i] € T2 1 —i] = T2 for 1 < i < n the distinguished
<~
triangle
Xi10— X110 = X1 5
T TR
coincides with the approximating triangle of X, ; with respect to the t-structure
<~
i—1
T[—i+1]: indeed X 1. 1 ¢ belongs to T<"! and X ;. ; belongs to 7=%. In particular
~T —~—
X, =7121X, X3 = 722X, = 722(721X) = 722X, and hence
X, 4 =72X, fori=0,1,..,n.
~

i
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Next Hg—(X) = Xo = XO___O, H%—(X) = H%—(Tle) = H%—(Xl) = Xlo[l] =
=~

X1 0..0[1], and hence for i =0,1,...,n
=~

n—1

Hi(X) = Hp(17'X) = H%’(Xu) = X&/._l/o[i] = X&}me € Hplil.

i i i n—1

Conversely, assume the 7T-cohomologies H}X are D-static of degree —i, i.e.,
H%—X € Hpli], for each 0 < i < n.
Consider the distinguished triangle

H;‘fl(X)[—n +1] = TS”_l(TZ”_lX) 2Tl 2y = HZ(X)[—n] H,

Since the terms H7 (X )[—n + 1] and H#(X)[—n] belong to Hp, also the middle
term 72"~1 X belongs to Hp and hence

0— HFr '"(X)[-n+1] - 7m2"'X 5 72"X =0
is a short exact sequence in ‘Hp. From the distinguished triangle

HE2(X)[-n +2] = 75" 2(r2"72X) — 72" 72X — r2n X
considered that H}?(X)[—n + 2] and 72”1 X belong to Hp, one gets that also
72"=2X € Hp and hence
0— Hy ?(X)[-n+2] - 2" 72X - 72" 1X =0

is a short exact sequence in Hp. Iterating the same argument, one proves that
(1) 0= Hy(X)[—i] » 77'X - 72X =0

is a short exact sequence in Hp for any 0 < ¢ < n—1. Moreover applying Lemma 3.8
we have:
n—1
Hip(X)[—i] € Hp N Hp[—i] C () Xj[—i] € Xi[—i] C Hy[—i]
j=i
and by Lemma [2.13
21X € Hp N T2 CD0N (D20 N T2 C D N DL = Vil—i] € Hi[—i]

which proves that also the middle term of 72¢X € H;[—i] and the sequence is
the short exact sequence in H;[—i] associated to the torsion pair (X;[—i], V;[—i])
for any 0 < ¢ < n — 1. Thus for i = 0 we have the short exact sequence in Hp:

0= HJ(X) > 7X =X 5 72'X >0
and hence 721X = X; and H}(X) = X,. Since HY(X) € HpNHr, by Lemma

n—1
it belongs to ﬂ X; and hence H%)—(X) =Xg=Xgo=..=Xo.0. In particular
i=0 ~
the vertices Xoj;,.. ;, vanish for each js...j¢ # 0...0, with 2 < ¢ < n. Next for i =1
-1
we have the short exact sequence in Hp N Hqi[—1]:

0— Hr(X)[-1] = =X =X; - 722X =0
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and hence TZQX = X11 and H%—(X)[—l] = X10 = X100 = ... = X10 In

particular the vertices Xioj,.. 5, vanish for each js...j; # 0...0, with 3 < /¢
-2
Repeating the same argument we get that for any 0 < ¢ < n — 1 we have the short
exact sequence in Hp N H;[—i]:
0— HiH(X)[~i] > 72X =X1.1 - 72X -0
~—~

i

and hence T2i+1X = X1 11 and H%—(X)[—Z] = X1 10 — .. = X1 1 0...0 - In
-~ ~~ ==~
particular the vertices X 1.1 oj,,,...;, vanish for each ji 2...50 # O .0, With 1+2<
i z—i—i
? <n. O

Remark 3.11. Let X € Hp C 719", The T-truncation functors applied to X
perform in the so called Postnikov tower of X :

H%)—(Xr\)4>7' ( TS (X):X
1 / 10
HA(X)[— 1] X)[—n]

where all the triangle diagrams are distinguished triangles in the triangulated cat-
egory C. Whenever X satisfies the equivalent conditions of Proposition (i.e.,
HY X[—i] € Hp) any object written in the previous tower belongs to Hp and so
the distinguished triangles can be regarded as short exact sequences in Hp and this
permits to interpret the Postnikov tower as a filtration of X:

HY(X)0e——— 751(X)C : =X
e / /
HEXOFY HRX

whose graded pieces are D-static.

Remark 3.12. If (D, 7)) is a right filterable pair of ¢-structures of type (n, k), then
we can repeat the construction of the right t-tree for each X in Hp; the result will
be a unique branch with k+ 1 vertices followed by a tree whose branches have n+1
vertices:

X
z
Xo
=z
y
Xo0...0
/ v\»
K
Xo...00 Xo0...01
~—— N~
k k

X00...0 X11..1
i =

n+k n+k
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4. LEFT FILTERABLE CASE

In the previous sections we have studied in detail the theory of right filterable
pairs of t-structures (D, T) satisfying the condition D<—™ C T<0 C D=0 with
m € N. This section, for reader convenience, is devoted to collect the same results
in the dual hypothesis of left filterability.

Definition 4.1 (dual to Definition 2.11)). Let (D, T) be a left filterable pair of
t-structures with
ps—m C 70 C p=0,

We indicate with ;D the t-structure whose aisle is ;D=0 = DO 7"~ Ly H
its heart, and by (;X,;)) the torsion pair in ;4 defined by ;X := ;11 D=0 N H,
Y= Z-HDZl N ;H. The t-structures ; D, the hearts ;H, the torsion classes ;X and
the torsion-free classes ;) are called the left basic t-structures, the left basic hearts,
the left basic torsion classes and the left basic torsion-free classes of (D, T).

Lemma 4.2 (dual to Lemma(2.13)). Let (D, T) be a left filterable pair of t-structures.
Then, for any i, € Z we have the following inclusions

DD DS, DS D DS and D= C D, D C DL
In particular
(1) (;D,¢D) is a left filterable pair of t-structures for any j <l € Z;
(2) ;11D is obtained by tilting ;D with respect to the torsion pair (;X,;Y);
(3) ZX = Z‘+1DSO N iDZO and Zy = iDSO n 7;+1D21,'
(4) for each m > 0 we have j1,mH C ;D0 while ;H C i1, D™ ;
(5) if TS0 C D=0 andi >0, then ;X[m —i] = T="1N;H[m —1].

The following is the left version of Theorem |2.14

Theorem 4.3 (dual to Theorem|[2.14)). Any left filterable pair (D, T) of t-structures
such that D<—™ C T<0 C D=9 withm € N is obtained by an iterated HRS procedure
of length m.

Let (D,T) be a left filterable pair of t-structures of type (n,0). We have
pS—n C TSU c D<o

and therefore by Theorem the pair (D,T) is obtained by an iterated HRS
procedure of length n. Denoted by ¢D = D, 1D,..., ,D = T the left basic t-
structures of (D, T), we recall that for each i = 0,...,n — 1, any pair (;D,;11D) is
of type (1,0), i.e., ;41D is obtained by tilting ;D with respect to the non trivial
torsion pair (;X,;)) := (;21D=°N;H, ;11D N H).

Let us briefly summarise the left ¢-tree.

Theorem 4.4 (dual to Theorem . Let (D, T) be a left filterable pair of t-
structures of type (n,0) in C. For any object X in Hp one can functorially construct

its left t-tree
/ X
. \» x
" T~ 7 T~
0X 01 0X 11

0 X 1 X

00...0X 111X
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whose branches have n+ 1 vertices and where for each £ = 0,...,n — 1 the sequence
0—= i .i00X =iy X = i1 X =0

is a short exact sequence in the heart yH[—(i1 + - - +i¢)] with ;.. .;,0X belonging to
the torsion class ¢X[—(i1 + - +1i¢)] and 4, ..,1 X belonging to the torsion-free class
V=1 4 -+ +i0)].

Definition 4.5 (dual to Definition 3.2)). Let (D,T) be a left filterable pair of ¢-
structures of type (n,0) and X an object of Hp. We call the degree of the vertex
ir...i,X in the left t-tree of X the sum ¢; + --- + 4,. The vertices ;,..,, X are called
left t-leaves of the t-tree, and the left t-leaf ¢ ¢ 1.1 X is called the left leading t-leaf
—d d

of degree d.
Proposition 4.6 (dual to Proposition. Let X € Hp. For each 0 < £ <n, the
vertex i,..;,X in the t-tree of X satisfies the following properties:

(1) ir..i, X belongs to Tliv+=+ien—trivtotid C Tiom;

(2) H;yrmﬂe (150 X) =iy ip 0.0 X[i1 4+ -+ +ig];

n—=~e

(3) H?—’”“*“'“’f (iyieX) =iy ip1.aX[n—L+d1 4+ g

sl

n—~

Lemma 4.7 (dual to Lemma. Let (D, T) be a left filterable pair of t-structures
of type (n,0) in C. Then Hp NHy[—d] is equal to:

0 ifd <0 ord>mn;
n

x= () ifd=0;

n—d n
( fH)ﬂ ﬂ j’H[*ijn*d] if 0 <d<n;
0 j=n—d

ﬁ Y[—i] = ﬂ JH][—1] if d =n.
=0 =0

5. TILTING t-STRUCTURES

This paragraph is devoted to a detailed study of the so called n-tilting t-structures.
The motivating example is the ¢-structure on the derived category of left R-modules
over a ring R generated by a n-tilting module gT.

Definition 5.1. We say that a full subcategory S of an abelian category A cogen-
erates (resp. generates) A if any object of A embeds in an object of S (resp. any
object of A is a quotient of an object in S).

Generalising the notion of tilting (cotilting) torsion class introduced in [HRS96,
Ch. I, §3], we give the following definition.
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Definition 5.2. A pair (D, T) of t-structures in a triangulated category C is n-
tilting (resp. n-cotilting) if:

(1) (D, T) is filterable of type (n,0), and

(2) the full subcategory Hp N Hr of Hp cogenerates Hp (resp. the full sub-

category Hp N Hr[—n| of Hp generates Hp).

The pair (D, T) is right n-tilting (resp. right n-cotilting) if it is n-tilting (resp.
n-cotilting) and right filterable; left n-tilting and left n-cotilting pair of t-structures
are similarly defined.

Remark 5.3. Consider an abelian category A and a non trivial torsion pair (X))
on A. Denote by D the natural t-structure on D(A) and by T(x,y) the t-structure
obtained by tilting D with respect to the torsion pair (X,)). By Remark
(D, T(x,y)) is both right and left filterable. The torsion pair (X,)) is tilting (resp.
cotilting) in the sense of [HRS96l Ch. I , §3] if and only if the pair the ¢-structures
(D, T(x,y)) is 1-tilting (resp. 1-cotilting).

Following our terminology, Theorem [L.15| proved by Happel, Reiten, Smalg be-
comes:

Theorem 5.4. Let A be an abelian category and D be the natural t-structure on
D(A). Suppose that (D,T) is a 1-tilting pair (resp. 1-cotilting pair) of t-structures;
then there is a triangle equivalence

D(H7) —— D(Hp) = D(A)
such that the restriction to Hy is naturally isomorphic to the inclusion Hy C D(A).

We want to extend this result to n-tilting ¢-structures.

Lemma 5.5. [KaSc06, Lemma 13.2.1]. Given a cogenerating (resp. generating)
full additive subcategory S of an abelian category A, any complex X* in D’(A) is
quasi-isomorphic to a complex:

S*=... 508" =585 5 ... (resp. S*=-- =858 50— --)

where S7 € S for every j > i (resp. for every j < i) andi = min {k € Z|H*(X*®) # 0}
(resp. i = max {k € Z|H*(X*®) # 0} ).

Lemma 5.6. Let (D, T) be a right n-tilting pair of t-structures on D(A) with D the
natural t-structure. Consider the right basic t-structures D;, i = 0, ...,n, associated
to the pair (D, T); then the pair (D;, D;yj) is right j-tilting for each 0 < i < n and
0<j<n-—i.

Proof. Tt is sufficient to prove that both (D, D, _1) and (D;,T) are right (n — 1)-
tilting pairs of ¢-structures. By Lemma [2.13|and Remark 2.15| the pair (D, D,,—1) is
right filterable of type (n—1,0). Then by Lemma[3.§|the full subcategory ANH,_1
is equal to ﬂ?;ol H, which contains (,_, H¢ = ANH7; since the latter cogenerates
A, also ANH,_1 cogenerates A.

Let us prove that (Dy,7) is a right (n — 1)-tilting pair of ¢-structures. By
Lemma (D1,T) is right filterable; let us prove that the subcategory & :=
H1 N Hy cogenerates Hq. Consider an object X of H#; C PI=10%. By Lemma
applied to the full subcategory S := ANH7 of A, we may assume that the complex
X is represented by:

X = . 0 g1 B, g0 o

dx

Sl
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with S7 € S and j > —1. Let us define W to be the complex

-1
dX

W = 0 S—1 S0 0

The following exact sequence of complexes 0 - Z — X — W — 0 gives rise to a
distinguished triangle in D(A):

dx

0 0 St 52

J l lid31 lid32
d71 dO dl 2

7 = 0
0 g1 X ,60_ X ,g51 *,gq2
| =

i

X =

RN
dx!

W = 0 S—1 S0 0 0

To conclude, we shall show that W € &; := H1NHy and that ¢ is a monomorphism
in H;. First notice that W e D" since H (W) = 0 for any i < —2 while H~ (W) =
H=1(X) € Yy. Moreover W € T= since it is the mapping cone of the morphism
d;(l : §71 — SY between objects in Hy. Therefore W belongs to Dlzo NT < which
is equal to H1 NH7 by Lemma[2.13] In order to prove that i is a monomorphism in
H1 we have to prove that its mapping cone Z[1] lies in H1, i.e., H~1(Z[1]) belongs
to Vo, H°(Z[1]) belongs to Xy, and H*(Z[1]) = 0 for each i # —1,0. The long exact
sequence of D-cohomology of the distinguished triangle 7 — X — W H proves
that

0—— HY(X) —— HO(W) —— HY(Z) —— H'(X) =0 and

HY(Z) = 0 for all i # 1; therefore Z[1] lies in H; since HY(Z[1]) = H'(Z) € X:
indeed it is a quotient of H°(W) which is a quotient of S € A N Hy which is
contained in Xy by Lemma |3.8 (Il

Remark 5.7. The previous lemma applied to the opposite category yields the
analogous result for the left n-cotilting case. Moreover, following its proof one can
verify that analogous result holds for left n-tilting pairs (and dually for right n-
cotilting pairs) of t-structures: one has first to replace the right basic ¢-structures
by the left ones; then the pairs (D, ,,—1D) and (1D, T) are left filterable, and, since
by Lemma (dual of Lemma AN ,_1H is equal to ﬂ;:ol ¢H, the remainder
of the proof applies unchanged.

Theorem 5.8. Let A be an abelian category and D be the natural t-structure in
D(A). Suppose that (D, T) is a n-tilting pair (resp. n-cotilting pair) of t-structures;
then there is a triangle equivalence

D(Hr) —=~ D(Hp) = D(A) .

such that the restriction Ejy., is naturally isomorphic to the inclusion Hyr C D(A).

Proof. We proceed by induction on the gap n. In both the tilting and the cotilting
cases, for n = 0 there is nothing to prove and for n = 1 the result is just Theorem[5.4]
Assume (D, T) is right filterable; suppose n > 1 and that the statement holds for
n — 1. Consider the right basic t-structures D;, i = 0, ..., n, associated to the pair
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(D,T). Let us assume (D, T) is n-tilting; if (D,7T) is n-cotilting one concludes
simply dualising the sequel.

By Lemma (D, D) is right 1-tilting. Therefore there exists a triangle equiva-
lence Eo 1 : D(H1) = D(A) such that the restriction to #; is naturally isomorphic
to the inclusion H; C D(A). Via the equivalence Ey; : D(H1) = D(A), D, is
the natural t-structure in D(#H;), and 7 can be regarded as a t-structure in D(H;).
Since (Dq, T) is (n—1)-tilting, by inductive hypothesis there is a triangle equivalence
E1, : D(H7) — D(H1) such that the restriction to H7 is naturally isomorphic
to the inclusion of Hy in D(H;); composing E;, with the triangle equivalence
Eo1: D(H1) = D(A) we get a triangle equivalence E : D(H7) = D(A) such that
the restriction to H7 is naturally isomorphic to the inclusion Hs C D(A).

Hl\ H2\ Hn—l\ HT\
D(H1) & D(H2) <— -+~ > D(Hp—1) & D(H7)
2 i K
b \ K \ k7 \ /
D(A) = D(A) D(A) o == D(A) =————=D(A)

If (D, T) is left filterable, one repeats for both the tilting and cotilting cases
analogous arguments, using the associated left basic ¢-structures ;D. O

Remark 5.9. Since Hr N A = ﬂn 'y, , following Remark a complex X*® in
the homotopy category K (Hs N .A) Q K (XO) is acyclic in A if and only if is acyclic
in H;. Since X* belongs to K (X1), it is acyclic in H; if and only if is acyclic in
‘Ho. Iterating the procedure we get that X*® is acyclic in A if and only if is acyclic
in H; for ¢ = 0, ...,n. Moreover the class of such complexes forms a null system N
in K(H+ N A). Therefore the restriction of E : D(H7) — D(A) to K(Hr N A)/N
coincides with the natural inclusion of K(H+ N .A)/N in D(A).

6. APPLICATIONS

6.1. Tilting objects in Grothendieck categories. Along all this section G is a
fixed Grothendieck category, T is a fixed n-tilting object in G, D is the natural ¢-
structure in D(G) and T is the t-structure compactly generated by T (see Sections
III, IV in Preliminaries). By Remark the co-aisle 7}20 is closed under direct
sums and homotopy colimits. Let us prove that also the co-aisle of the natural
t-structure is closed under taking homotopy colimits. The proof we propose is
valid also for AB5 abelian categories; another proof could be obtained by [AJS00,
Proposition 4.5] extending the Gabriel-Popescu adjunction (see [PG64])

¢
G <—= R-Mod

to the corresponding derived categories, using the fact that the natural ¢-structure
in D(R) is compactly generated, and hence its co-aisle is closed under homotopy
colimits.

Lemma 6.1. The co-aisle D=° is closed under taking homotopy colimits in D(G).

Proof. We use only the fact that any Grothendieck category admits coproducts
and filtered colimits of exact sequences are exact. Let us consider a sequence X LI
X1 Iy X ... whose objects X,, € DZ° and, denote by § the truncation functor
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associated to D. Since a coproduct of distinguished triangles is a distinguished
triangle (see Remark , we get the following diagram:

id —®nHS (fn) . +1
Dien Hp (Xn) ——— @, Hp (X)) —— HoColimy, (H (X)) ——
D, o X ———20 @y X, —— HoColim,, (X,,) —
id — n 21 n .
D,y 021X, — T @y 621X, — HoColim,, (621 X,,) —
+1 +1 +1

whose rows and columns are distinguished triangles.
The homotopy colimit HoColim,, (§2'X,,) belongs to DZ° since it is the map-
ping cone of a map between direct sums of objects in D!, which belong to D!

(as seen in Remark [1.14). Then we have HoColim, (X,) € D= if and only if
HoColim,,(H%(X,,)) € D=°. Let us prove that g := id — &,, H5(f,,) is a monomor-
phism in G, obtaining that HoColim,, (H%(X,,)) = li_>mn H%(X,) € G and hence

HoColim,, (X,,) € D=Y.
In order to prove that g is a monomorphism we have to prove that if A is any object
of G, a belongs to Homg (A, ®,enH%(X,)) and g o a = 0, then a = 0. Since

Homg (A, GnenHp (X,)) < [ [ Homg(A, H)(X,,)),
neN

denoted by py, : GnenHS (X)) — HY(X,,) the m-th projection, a morphism 8 €
Homg (A, ®,enHS (X)) is zero if and only if py, o B = 0 for each m € N. Now we
have:

Poog=po;  Pm©g=pm—Hp(fm-1)opm1 Vm>1.

Then g o « = 0 implies p,,, 0 g o @ = 0 for any m € N. Let us prove by induction
that p,, o a = 0 for each m € N. First pg o & = pg o g o @ = 0; assume by induction
that p,,_1 o a =0 with m > 1 and let us prove that p,, o a = 0:

O=pmogoa :pmoa—H%(fm—l) OPm-1°0Q& =Py o
which concludes the proof. [
Since both D and Tr are closed under taking homotopy colimits in D(G), by

point (1) of Lemma the pair (D, 7r) is a right filterable pair of ¢-structures.
Moreover, the following result holds:

Proposition 6.2. The pair (D, Tr) is right n-tilting.

Proof. It remains to prove that
(1) G NHp, cogenerates G;
(2) D20 C ’TTZO, D20 ¢ ’TTZl, and n is the minimal natural number such that
720 c D=7,
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(1) For any injective object I in G, one has Homp g (T, I[i]) = 0 for any i # 0 and
hence I € Hy: indeed

Ie 77" :={X € D(G) : Hompg) (T, X[i]) = 0 for each i > 0},

IeT7":={X € D(G) : Homp(g)(T, X[i]) = 0 for each i < 0}.

Since any X € @ injects into a suitable injective object Ix € G, the intersection
G NHr,. cogenerates G.

(2) Since T € G C D=, then we get D=0 C 7}20; as T belongs to D=, but
T¢ 7}217 then D=0 ¢ TTZl. Let us prove that if X € TTZO then it belongs to D=~".
By Lemma 1.17 (2) in [Stol4], if Homp g (T, X[i]) = 0 for each i < 0, then the
cohomology objects of X satisfy Hi(X) = 0 for all i < —n and so ’TTZO c p=z.
Next, since T is n-tilting, there exists M € G such that

0 7é HOmD(g) (T, M[n])

Then M[n — 1] € D<""*! but M[n — 1] does not belong to 7+ : therefore
DSt ¢ T=0 or equivalently 720 ¢ D27+, O

Denoted by D; and H;, i = 0, ..., n, the right basic ¢t-structures and hearts of the
pair (D, Tr), by Lemmafor each j > i the pairs (D;, D;) are right (j —¢)-tilting
and therefore by Theorem there are triangle equivalences

E;j : D(H;) = D(HM,)
such that the restriction to #; is naturally isomorphic to the inclusion H; € D(H;).
Following the proof of Theorem E,; =FEiy10Fi{15420---0E;_1; Thus
foreach 0 <7 < j <{ <nwehave F; y = F; jo Ej,.

We can say something more: indeed, let us prove that all the right basic hearts
H; of the pair (D, Tr) are Grothendieck categories.

Lemma 6.3. For each i =0,...,n the torsion free class Y; coincides with the kernel
of the functor Homyy, (T, —).

Proof. By point 5 of Lemma we have YV, = H; N ’7}21 for ¢ > 0. Then, for
1 =0 one gets Yy = Ho N 7}21 = KerHomy,, (T, —). Assume i > 0; if Y belongs
to 77" N H;, then we have Homy, (T,Y) 2 Hompg(T,Y) = 0 since T € T-'.
Conversely, let Y € H; such that Homy, (T,Y) = 0; we have to prove that YV
belongs to ’TTzl. Since H; C 7}[10,11—1']7 we have the following distinguished triangle
HY (Y) =Y — 721Y Hin D(G). Applying the functor Hompg)(T, —) we get
the exact sequence

HomD(g) (T, (TZIY)[f].]) E— HOInD(g) (T, H(7)-T (Y)) — HomD(g)(T, Y)

Since T belongs to 7=" and (72'Y)[-1] belongs to T='[-1] = T7> we have
Homp g (T, (r='Y)[~1]) = 0; in view of Hompg)(T,Y) = Hompy,)(T,Y) = 0,
we have 0 = Hompg)(T, H, (Y)) = Homy, (T, Hy, (Y)). Since T is a generator
of Hr,., we get H% (Y) =0 and hence Y = 721y € 77" NH,. O
Lemma 6.4. [Stol4, Theorem 6.7, Theorem 6.8] Let G be a Grothendieck category

and let T be an n-tilting object of G. Then the functor Extg (T, —) : G — Ab
preserves direct limits for all m > 0.
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Proof. Since G is a Grothendieck category, it has an injective cogenerator W. Let
R := Endg(T) and C := W. Then by [Stol4, Theorem 6.8], G is the heart of a ¢-
structure generated by the module C. Therefore we can apply [Stol4, Theorem 6.7
(1)], which asserts that the functor Extg' (T, —) : G — Ab preserves direct limits for
all m > 0. O

Proposition 6.5. Fori=0,...,n, the right basic heart H; of the pair (D, Tr) is
a Grothendieck category, and T is a (n — i)-tilting object in H,.

Proof. We proceed by induction. For i = 0 we have Hy = G which is Grothendieck
and T is a n-tilting object in G. Assume ¢ > 0, H; is a Grothendieck category and
T is a (n — i)-tilting object in H;. By Proposition and Lemma the pair
(D;, D;y1) is 1-tilting. Therefore D; 1 is obtained by tilting D; with respect to the
tilting torsion pair (X;,V;) := (DE& N ”HZ-,Dill N H;). By [PSI5 Corollary 4.10]
the heart H;y; is Grothendieck if and only if V; = D?O N Dill is closed under
taking direct limits in H;. Since T is a (n — 4)-tilting object in H;, by Lemma
the functor Homy,, (T, —) preserves direct limits. Since V; = Ker Homy, (T, —) by
Lemma, we get that ); is closed under direct limits in H;, and therefore H; 1
is Grothendieck.

Let us prove that T is a (n — ¢ — 1)-tilting object in H;11. First of all T belongs
to G N Hr, € Hit1. By Lemma the pair (D, D;41) is a pair of right (i + 1)-
tilting t-structures, so by Theorem there is a triangulated equivalence Fg ;11 :
D(Hi+1) — D(G) such that the restriction to ;41 is naturally isomorphic to
the inclusion H,;11 € D(G). Since T is a fixed point for the equivalence Eg ;41 :
D(Hiy1) — D(G), it is a compact generator in D(H;1) and Hompy,, (T, T'[j]) =
Homp g (T, T[j]) = 0 for each j > 0. Since (D11, Tr) is of type (n —i—1,0), by
point 2 of Remark we have that ¢ is the maximum natural number such that
Hiv1 C 7'T[0’"_7'_1} and hence Hompyy, (T, L[n—1i]) = EXt?{:il (T, L) = 0 for each
L € Hiyr and Exty " (T, =) #0. O

Since the right basic hearts H; are Grothendieck and T is a (n — i)-tilting object
in H;, we have for ¢ = 0, ..., n the triangle equivalences

R Homy, (T, —) : D(H;) = D(Endy, (T)) = D(Endg(T)).
Lemma 6.6. For each i =0,...,n we have
RHomy, (T, —) = RHomg (T, —) o Ey i;

Proof. Let us denote by E; o a quasi inverse of Ey; which is the identity on K (H;N
G)/N (see Remark. It is more convenient to prove that R Homy, (T, —)oE; o =
R Homg (T, —). Let us denote by Zg the full subcategory of injective objects in G.
We have Zg C G NHy NH,;, hence E; o(Zg) = Ig and its objects are acyclic for
both the functors R Homg (7T, —) and R Homy, (T, —). Observe that for any I in
Zg one has

R Homg (T, I) = Homg (T, I) = Homy, (T, 1) = R Homy, (T, I).

Since, as remarked above, the injective objects in G are acyclic for R Homy,, (T, —),
the fibrant-cofibrant replacements with respect to the injective model structure in G
can be used to compute both the functors R Homy,, (T, —) o E; o and RHomg (7, —)
(see, for instance, [Hov01]).

O
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Considering also the equivalence Homy,,. (7', —): H7 — Endg(7)-Mod proved
in [BRO7, Ch.3 Corollary 4.2], we get the following commutative diagram where
all dotted arrows are triangulated equivalences and the dashed arrow is a Morita
equivalence:

Morita equiv.

Hy——— — = — = — — — = = — — = = — — — — — — — - Endg (T)-Mod

\ Homy, (T, —)

D(HT) . ,_R_HomHT(T,—)

i . .

| -
o' D(G) o o D(Edg(T))

.. | .

Eq2 E01
D(H,) - RHomy, (T,-)
/ Eo,i T A H >

ot D(G) 0 o D(Endg(T))
G¢ D(G) > D(Endg(T))

R Homg (T,—)

6.2. The t-tree associated to a n-tilting module. For the rest of this section
G = R-Mod with R an arbitrary associative ring and therefore T' = gT is a n-
tilting left R-module. Miyashita in [Miy86] introduced the following n + 1 full
subcategories:

KE.(T) := {M € R-Mod : Ext%(T, M) =0, if i # e}, and
KT.(T) := {N € §-Mod : Tor{ (T, N) =0, ifi #e}, e=0,1,...,n,

and proved that the functors Ext% (7', —) and Tor? (T, —) induce inverse equivalences
between K E.(T) and KT, (T). Following Definition[L.6] the objects in K FE,(T) are
exactly the objects in R-Mod which are Tr-static of degree e.

If n < 1, Brenner and Butler in [BB80] observed that (K Ey(T), KE(T)) is a
torsion pair in R-Mod. In particular any object in R-Mod is an extension of a
Tr-static module of degree 1 by a Tr-static module of degree 0.

As soon as n > 1, we loose the possibility to decompose all the objects in R-Mod
in Tr-static left R-modules: in [Ton02] examples of simple non Tr-static modules
are provided. We recover the decomposition of all left R-modules in Tp-static
objects with the construction of their ¢-trees (see Section : indeed, as we have
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seen in Remark @ the t-leaves are 7Tp-static complexes of left R-modules. In the
case n = 1 the t-tree of a module coincide with its decomposition with respect to
the torsion pair (KEy(T), KE1(T)). Therefore we can regard the construction of
the t-tree as a generalization of the Brenner and Butler Theorem.

Example 6.7. In this example, k& denotes an algebraically closed field. We will
consider a finite-dimensional path k-algebra given by a quiver with relations. If
£, m and n are vertices of the quiver, we continue to denote by ¢, m and n the
correspondent simple module; £ denotes the indecomposable module whose radical
(and also socle) is the simple module n and whose top is the simple module ¢, while
¢ ™ denotes the indecomposable module whose radical (and also socle) is the
simple module n and whose top is the direct sum ¢ @ m. Let R denote the path

k-algebra given by the quiver

d_a 2 B3 V4 8 5,5 6

with relations 0 = a8 = By = 7d. The left projective modules are 3, %, %, 1

5. Let grT be the left R-module
rRT=*;°dedidi®20].

The module g7 is a classical 3-tilting object in R-Mod. It is not difficult to verify
that, denoting by Indg the subcategory of indecomposable modules in R-Mod, we
have

6
’ 5o

— 1 2 3 4 6 4 6
IndR*{1727374753632737475753 5 }

If L, M and N are left R-modules, we will denote by L — M— N the bounded
complex with M in degree zero. The derived category D(R) has a finite number of
indecomposable complexes, which are up to shifts

e
S
ot
[=2]
BWwe

L] L]
1 2 3 4 6 4 6 2 1 3 2 4
{17273,47536327374,5753 533_>274_>375_>
L]

(] ] L]
3 2 1 4 3 .2 4 6 3 3 2 1 4 6 3 2 1
e T T e s P A e P A e g e PRI A S g S B

Denoting by D the natural ¢-structure in D(R), we have proved that (D,7r) is a
right 3-tilting pair of t-structures, in particular it is right filterable. Therefore for
each object in Hp = R-Mod we can construct its right ¢-tree.

Some computation permits to obtain the indecomposable complexes belonging to
the right basic hearts R-Mod = Hg, Hi, Ho and Hz = Tr associated to the pair
(D, Tr) of t-structures:

_ _ . 1 2 3 46 4 6
Ho=RMod=1{1,2,3,4,5,6,3,3,3,2,8 4.6}

e
—

— - 1 2 3 4 6 4 6 4 3 4 6
Hl*{1327374,5[1]76,2733435[1]35[1]7 5 754)47 5 —
Ld .

_ 1 2 3 447 619 4 6 4 3 4 6 .3 4 6 _ 3
Ho={1,2,6,5,3,4,50,80,%5°% 5 =235,%5°=21,%5°—> 1
4

1
W e
—

— 1 2 3 4 6 4 6 4
H3_{1>276u2737475[1]75[3]7 5 95
3 2

3 6 _y3
15 L
4 6 2 4 6 3 1
5 74773, 5 TriTr3 72
The indecomposable objects belonging to the right basic torsion pairs are:

XOZ{la27374767%a%aiv456}7 y0:{57§7g}

] [ ]
_ 1 2 3 4 6 447 4 .3 4 6 _.3 _ 16
Xr={1,2,3,6,3,3,3, 5% 50,5 =31, 5% =3} Vi ={81}
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X2:{17 2367 %7%1431a4567%[ ]ag %27456 _>§L7456 — i _>§}7 y2:{g[2]}
The simple modules 3, 4 and 5 are not T-static; since they are simple, they admit
in R-Mod only trivial decompositions. Let us construct their ¢t-trees:

3

3 0 0 0

4 6_)§L/\{ \8‘6[2] é/\ \,qo é/ \’qo é/ \’go
4/4\»0
o Ty T
4,.;/{ &‘ OL/‘ \’ﬂ?[l] é/\ &o é/ &o

iy \/*\
SN N

The t-leaves in the t-trees are T-static. In particular the simple left R-module 3
has a leaf of degree 0 and one of degree 1; the simple left R-module 4 has a leaf of
degree 0 and one of degree 2; the simple left R-module 5 has a leaf of degree 1 and
one of degree 3.

67 0

6.3. The compatible case. This section is devoted to the applications of Sections
and [3] to the case of compatible t-structures.

The concept of compatible t-structures has been first introduced by Keller and
Vossieck in [KeV88b] and it has been recently studied independently by Bondal in
[Bon13] under the name of consistent pairs of t-structures. We adopt the notation
of Keller and Vossieck.

Definition 6.8. Let D := (D=0, D2%) and T := (T=°,72%) be two t-structures in
a triangulated category C. We denote by § and 7 the truncation functors associated
with D and T, respectively. The t-structure 7T is called:

(1) left D-compatible if T=C is stable under the truncation functors §=", n € Z;
(2) right D-compatible if T=° is stable under the truncation functors 62", n €
Z.

It is not hard to check that if 7 is left D-compatible, then 7=0 is also stable
under the truncation functors §=" and therefore HR(T<%)[-n] C T=0 for each
n € Z. Analogously if T is right D-compatible, then 7=° is also stable under the
truncation functors =" and therefore H7(T=%)[—n] C T=° for each n € Z.

Remark 6.9. In [Bonl3|, Bondal defined a pair of ¢-structures (D, T) to be lower
consistent if 69T =0 C T<0. So the t-structure 7 is left D-compatible if and only
if (D[n],T) is lower consistent for any n € Z.



A CLASSIFICATION THEOREM FOR t-STRUCTURES 33

Let us recall the principal result of Keller and Vossieck concerning left compatible
t-structures. The statement of the following proposition involves the concept of
bounded t-structure D in C i.e., for any X € D there exist m < n in Z such that
X e D™l In particular any bounded t¢-structure is non degenerate.

Proposition 6.10. [KeV88bh| Let D and T be two bounded t-structures on the
triangulated category C. The following are equivalent:
(1) T is left D-compatible;
(2) TS'={X e€C|HL(X) e HpNT="", forallicZ};
(3) we have
(a) HEHL(X) =0, for all X € Hy and i+ 5 > 0,
(b) for each morphism f:Y — Y’ in Hp withY € T<! and Y’ € TS71,
we have Ker(f) € T<" and Coker(f) € T<i~1.

Remark 6.11. Let D be a t-structure in a triangulated category C, (X, )) be a tor-
sion pair in Hp and 7 x,y) the t-structure associated to (X', V) (see Proposition|1.8)).
Note that T(x y) is both left and right D-compatible. Indeed by Proposition 1.8
one has:

Gy = {CeC|HY(C)eX, Hy(C)=0Vi>0}
Tay = {CeClHp'(C)ey, Hp(C)=0Vi< -1}

which are stable by both §<" and 62" for any n € Z. On the other side, D is both
left and right 7 x y)-compatible: we can regard D as the t-structure obtained by
tilting 7(x,y)[—1] with respect to the torsion pair (Y[0], X[—1]) which proves that
both D=0 and D=° are stable by 7=" and 72" for any n € Z.

Let us recall that by point (ii) of Lemma if T is left D-compatible, then the

pair (D, T) of t-structures is left filterable; then we can associate to this pair its
left basic t-structures ;D whose aisle is ;D<= = D=0 N T="~% by Definition

Proposition 6.12. Let (D, T) be pair of t-structures of type (n,0) in C and assume
T is left D-compatible. Then for any 0 < i < j < n the t-structure ;D is left ;D-
compatible.

Proof. Let us recall that since T is left D-compatible and ;D=0 = D<°NT<"~% then
by Lemma the truncation functor associated to ;D is ;o= := §Shpsn—ith
Let 0<i<j<nandh € Z; since T is left D-compatible, we have:

iUSh(jDSO) — 5ShTSn7i+h(D§0 N TSnfj) C 5Sh(7-§nfj) C TS”*j'

Next, for any h < 0 it is clear that

o <h(DS0) = §ShpSn—ith(DSO0 [ Tn=jy ¢ p<h ¢ PO,

i J - = = )
on the other side if A > 0 we have 0 < i < j < j+h and so n—i+h > n — j which
implies:
Z—agh(ﬂ)go) = §Shpsn—ith(pSOngsn=iy — §Sh(p<0nT=n=i) C §<M(p=Y) C D=0,
Therefore ;0= (;D<%) C D0 N T="=J = ;D=0 which proves that ;D is left ;D-
compatible. O

Lemma 6.13. Let (D, T) be pair of t-structures of type (n,0) in C and assume T
is left D-compatible. Then for any fired 0 < k < n —1, the left basic torsion classes
of (D, T) satisfy

WX =y HNTS R = N TSR =y n TS forany 0<i<k
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and hence

n-1X Cp2X C--- C1 X C X CHp = 1 &.
Moreover for any f: X1 — X with0 < k<n-—1, Xg_1 € p_1X and Xj € X
we have

Ker(f) = Hp' Cone(f) € 1 X Coker(f) = HS Cone(f) € 1 X

(kernels and cokernels are computed in Hp while Cone(f) indicates the mapping

cone of f inC).

Proof. First of all let us note that by the definition of the left basic t-structures one
obtains _1H = Hp and so _1X = Hp = HpNT=" which justifies the definition of
_1X. Let us prove that for 0 < k < n—1 we have ;X = HpNT<""*=1 For k=0
the statement holds true for any n > 1 since X = Ho N 1D = Hp N T=""1 as
stated in point (5) of Lemma[4.2] Let us now use induction on the gap n € N. For
n = 1 we have k = 0 and so the statement is true. Let us suppose 1 <k <n -1
and n > 2. By inductive hypothesis our statement is true for any pair (U,V) of
t-structures with gap less than n such that V is left U-compatible. In particular,
for 1 < i < n, the pair (;D,T) is of type (n —4,0) and by Proposition the
t-structure T is left ;D-compatible. Observe that the left basic t-structures of the
pair (;D,T) coincide with the t-structures ¢D for ¢ = 4,...,n. Then by inductive
hypothesis X :=  yHNT<""*=1 = HNTS"*1forany 1 <i<k.

It remains to prove that \H N T<""*F=1 =Y, N T=""k=1 We have

HpoNTS kL CHpn TS =) X C M

and therefore Hp N T<""F=1 C 1 H NT<""5=1 Viceversa, if X € ;HNT<nF1
then H;'(X) € ¢J; on the other hand H;'(X)[1] = 67! (X) belongs to T="—F~1
by the left compatibility hypothesis and so Hp'(X) € Hp N T<""% C Hp N
T<"=! =: ,X which implies H5'(X) =0 and so X € Hp N T=""F1,

Now, let f : Xp_1 — Xp with 0 < k < n—-1, X1 € p_1X and Xj € pX.
For what we have proved, f is a morphism in Hp, Xz_1 € T=""% and X}, €
T=n=F=L: therefore Cone(f) € T<""*~1. By the definition of the abelian structure
of the heart Hp and by the left compatibility we obtain Ker(f) = Hp ! Cone(f) =
HY(Cone(f)[—1]) € Hp N T=""F = ;_1 X while Coker(f) = HY Cone(f) € Hp N
Tsn—k-l = k1. U

Lemmal6.13]says that the left basic torsion classes X, k = 0, ..., n—1, associated
to a pair (D, T) of t-structures of type (n,0) with 7 left D-compatible, satisfy the
following closure property:

(1) (Strong Quotient) If L — M — N — 0 is exact in _1X := Hp, then
M € X C 1 X > L implies N € pX;
(2) (Weak Hereditariness) If 0 - L — M — N is exact in _1 X := Hp, then
NeXCpr 1ADDM implies Le, X
Property (1) is a sort of strong closure of the torsion class ;X with respect to
homomorphic images, while property (2) is a sort of weak hereditariness of the
torsion class ,_1X.

Theorem 6.14. Let (D,T) be a left filterable pair of t-structures of type (n,0).
The t-structure T is left D-compatible if and only if the left basic torsion classes
X lie in Hp; in particular they satisfy

n-1X Cp2X C--- C1X C ok C Hp.
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Proof. By Lemma [6.13] if 7 is left D-compatible then ;X C Hp. Let us assume
the left basic torsion classes ;X' lie in Hp. By Lemma |4.7
i—1
KX CHNHp = ﬂzX C i
£=0
thus we get
X i XNTS N TS =
Then we deduce that
X =, 1N Tgniiil = ;2 XN Tgnii n T§n7i71 =

L XNTSn il = = Y O TS
As proved by Keller and Vossieck in the bounded case (see Proposition , let
us prove by induction on ¢ = 1,...,n that we have

D={CeC|H} (C)€ ;144X if —i+1<k<O0and H}, (C)=0ifk > 0}
which permits to conclude since they are stable by 6" for any h € Z.
For ¢ = 1 the left basic ¢t-structure 1D is obtained by tilting D with respect to the
torsion pair (o, 0)) in Hp and so:
1D ={CeC|HY,(C)€oXand H}, (C)=0if k > 0}
and hence the statement holds true. Let assume that
D= ={CeC|H} (C)€ ;14X if —i+1<k<O0and H}, (C)=0ifk >0}
and let us prove that
1DV ={CeC|H} (C)€ iy Xif —i<k<O0and H}, (C)=0ifk > 0}.

By definition ;41 D=0 = {C € C | H%,(C) € ;X and H%,(C) = 0 if k > 0} and by
Lemma one has ;41 D=0 C ;D=0 C D=0, Therefore, first for any C' € ;;1D=°
and k > 0 we get H}, (C) = 0; next, since ;0<~'C € ;D<"! C D<"! and H (
belongs to ;X C Hp C D=Y, the distinguished triangle ;6=~'C — C — H%(C)
coincides with the approximating triangle with respect to the t-structure D:

C)
_l’;%

65710 —— € —— HY%,(C) ——

R

6="1C —— C——Hj_(C)—

IR

Therefore, since by inductive hypothesis we have

D="'={CeC|H} (C)€ppXif —i<k<-land H} (C)=0ifk > -1},
one gets

HY,, (C) = HO(C) € X5 HYy, (€)= Hf, (657'C) € a for any —i <k < 1,

and hence ;11D=" C {C € C | Hf_(C) € i1, X if —i <k < 0and Hf, (C) =
0if k > 0}.

Let us prove the other inclusion: consider C' € C belonging to the right side.
By the previous description of ;D<~', due to the inductive hypothesis, we have
s<-1C S ipgil - H_lDSO, while §2°C = H%D (C) €, X C i+1H - i+1'DSO; then
C is an extension of objects in 1-+1D§0 and hence it belongs to i+1D50. O
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The left compatible case has been studied by Vitéria in [Vit14]. In particular the
author considers the bounded derived category D?(A) of an AB4 abelian category
A endowed with its natural ¢-structure D. Then he proves in [Vit14] Theorem 3.13]
that, under a technical hypothesis, the data of n hereditary torsion classes of A
such that

n-1X Cp2X C--- C1 X CoX CHp = 1 &

permits to construct (via an iterated HRS procedure of length n) a new left D-
compatible ¢-structure 7. So Theorem can be seen as a partial generalization
of [Vit14].

Remark 6.15. We have seen in Proposition [2.3] that by Polishchuk’s result a pair
of t-structures (D, T) in a triangulated category C verifies D=1 C T7<0 C D=0
(or equivalently D= C 72° C D=~1) if and only if T is a t-structure obtained by
tilting D with respect to a torsion pair in Hp. Moreover we proved in Remark
that such a pair of ¢t-structures is always both left and right filterable and we proved
in Remark [6.17] that one is both left and right compatible with respect to the other.
These remarkable properties of a pair of ¢-structures obtained by HRS procedure of
length 1 do not hold true for ¢-structures with gap n > 2. Actually we can deduce
from the previous theorem the following corollary.

Corollary 6.16. Let (D,T) be a n-tilting pair of t-structures. Then T is left
D-compatible if and only if n =0 orn = 1.

Proof. It is clear that if n = 0 then D = T is left D-compatible and we have seen
in Remark that for any pair (D,7) of type (1,0), the t-structure T is left
D-compatible.

Viceversa let (D,T) be a n-tilting pair of t-structures such that T is left D-
compatible; then (D, T) is left filterable. By Theorem the t-structure 7 is
obtained by an iterated HRS procedure of length n (via its left basic t-structures)
and by Lemmawe have yHN,H = ﬂ?;ol X = p,_1X. Since (D, T) is a n-tilting
torsion pair we have that ,_1X cogenerates Hp. So given an element M € Hp
there exist a short exact sequence 0 — M — X 5 Cokery,, (i) — 0 in Hp with
X € ,1X C ,_2X and a monomorphism j : Cokery, (i) — Y with ¥ € ,,_1X.
Then we obtain:

fi=jop: X —Y with X €, X, Ye, X
and so by Theorem we have Kery, (f) = M € ,_oX for any M € Hp which

proves that ,,_oX = Hp and hence ,,_2X =--- = gX = _1 X = Hp. This implies

that n = 0 or n = 1 otherwise for n > 2 we would have Hp # ¢X C Hp which can

not occur. U
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