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We consider two related formulations for mass generation in the U (1) Higgs–Kibble model and in the 
Standard Model (SM). In the first formulation there are no scalar self-interactions and, in the case of 
the SM, the formulation is related to the normal subgroup of G = SU (3) × SU (2) × U (1), generated by 
(e2π i/3 I, −I, eπ i/3) ∈ G , that acts trivially on all the fields of the SM. The key step of our construction 
is to relax the non-negative definiteness condition for the Higgs field due to the polar decomposition. 
This solves several stringent problems, that we will shortly review, both at the non-perturbative and 
perturbative level. We will show that the usual polar decomposition of the complex scalar doublet �
should be done with U ∈ SU (2)/Z2 � S O (3), where Z2 is the group generated by −I , and with the Higgs 
field φ ∈ R rather than φ ∈ R≥0. As a byproduct, the investigation shows how Elitzur theorem may be 
avoided in the usual formulation of the SM. It follows that the simplest lagrangian density for the Higgs 
mechanism has the standard kinetic term in addition to the mass term, with the right sign, and to a linear 
term in φ. The other model concerns the scalar theories with normal ordered exponential interactions. 
The remarkable property of these theories is that for D > 2 the purely scalar sector corresponds to a free 
theory.

© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The Higgs mechanism [1–6] is a basic step in the formula-
tion of the Standard Model (SM) [7,8]. This has been confirmed 
by the spectacular experimental results at LHC [9,10]. Despite this, 
there are still some open questions. The most important one is 
that the vev of the Higgs field is evaluated at the classical level. 
On the other other hand, there are models with non-trivial min-
ima for the classical potential, with no order parameter. The point 
is that Spontaneous Symmetry Breaking (SSB) is a strictly non-
perturbative phenomenon, concerning infinitely many degrees of 
freedom. As such, even radiative corrections to 〈φ〉 should be con-
sidered with particular attention. In this respect, one should also 
recall that, against the evidence coming from the perturbative ex-
pansion, there is strong evidence that λφ4 is a free theory, that is, 
the renormalized coupling constant vanishes in the limit of large 
cut-off [11]. This is a particular case of the so-called quantum triv-
iality: all four-dimensional scalar theories are believed to be free. 
Although the situation is more subtle in the case in which the 
Higgs is coupled to other particles, the question of triviality of 
the purely scalar sector of the SM still holds once one consid-
ers the perturbative expansion in the gauge coupling constants 
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keeping λ fixed. This is known as the Higgs triviality problem. 
On the other hand, since the Higgs mass m is 125 GeV, and 
〈φ〉 = m/(

√
2λ) � 246 GeV, it follows that according to the usual 

formulation of the SM one should have for the scalar self-coupling

λ � 0.13 . (1.1)

It should be stressed that the check of self-interactions terms in 
the Higgs legrangian are a priority in the LHC experiments. This 
is a hot topic, for example in [12] it has been proposed that the 
Higgs trilinear self-coupling can be tested in a near future via sin-
gle Higgs production at LHC.

A natural question, which is also of considerable experimen-
tal interest, and suggested by the above analysis, is whether it is 
possible to have a Higgs mechanism from a scalar model where 
the unique self-interaction is represented by the mass term. Pre-
sumably such a possibility has not been considered because of the 
non-negative definiteness of the Higgs field φ and the related as-
sumption that the potential should be a function of �†� ∈ R≥0, 
with � the complex scalar doublet �. We will see that these ques-
tions can be solved.

We begin the investigation with the U (1) Higgs–Kibble model, 
showing that one may generate the mass term with a free poten-
tial and without SSB. In this respect, we note that an ingenious 
formulation of the Higgs phenomenon without SSB has been pro-
posed by Fröhlich, Morchio and Strocchi in [13,14]. Then we will 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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extend the analysis to the SM, formulating a mass generation with-
out SSB. We will start with the analysis of the so-called polar 
decomposition of �(

φ+
φ0

)
= U

( 0
φ√

2

)
, φ ∈R≥0 , U ∈ SU (2) . (1.2)

Note that this parametrization does not imply any gauge choice 
and should not be confused with the unitary gauge. Also note that 
φ = √

2�†� is gauge invariant.
A key point related to the parametrization (1.2) is that the 

normal subgroup of G = SU (3) × SU (2) × U (1), generated by 
(e2π i/3 I, −I, eπ i/3) ∈ G , acts trivially on all the fields of the SM 
[15,16]. In particular, recalling that the action of the U (1) is ei3Yγ , 
and that Y (�) = 1, one sees that in the case of �, on which 
SU (3) acts trivially, the U (1) transformation with γ = π/3 times 
−I ∈ SU (2) is the identity. This suggests considering the repre-
sentation (1.2) with U (x) ∈ SU (2)/Z2 � S O (3), where Z2 is the 
group generated by −I , and with φ ∈ R rather than φ ∈ R≥0. This 
solves the problem of the non-negative definiteness of φ of the 
polar decomposition. It follows that while in the standard polar 
decomposition φ = √

2�†�, in the case of R � φ 	= √
2�†� ∈ R≥0, 

there are potentials1 U (φ) not equivalent to U (
√

2�†�). In par-
ticular, one may consider potentials not constrained by the parity 
condition U (−φ) = U (φ) and with φ ∈R.

The outcome is that the simplest model for the Higgs mecha-
nism, free of the above mentioned problems of the standard for-
mulation, is the one whose lagrangian density has the standard 
kinetic term in addition to the mass term, with the right sign, 
and to a linear term in φ. As a byproduct, we will also show that 
the investigation provides the way to avoid Elitzur theorem in the 
usual formulation of the SM.

In the remanent part of the paper we investigate a related 
model that still considers φ ∈ R and concerns the exponential in-
teractions. Recently, in [17], the exponential interaction has been 
considered as a master model to derive other scalar theories. Inter-
estingly, exponentiation of the Higgs also arises in the framework 
of skyrmions [18].

The motivation for studying exponential interactions is that in 
the four-dimensional case, in agreement with the Higgs triviality 
problem, such theories turns out to be free. In this sense such 
models are related to the above proposed model. Nevertheless, the 
precise correspondence between such free models is still unknown, 
for this reason, considered the nice properties of the exponential 
interactions, it makes sense to investigate their possible role.

Let us recall that scalar theories with exponential interactions 
are non-renormalizable. As emphasized in [19], the difficulties in 
quantizing some non-renormalizable field theories, concern the 
non-uniqueness of the solution, rather than its existence. In such 
a context, let us remind that in [20], using the ultraviolet cut-off 
γ −N , γ > 1, N > 0, have been investigated scalar theories with 
interaction λ : exp(αφ) : . It turns out that for D > 2, for all α, 
and for D = 2, with |α| > α0, the Schwinger functions converge to 
the free Schwinger functions. The essential point in the investiga-
tion of [20] is that �F ,	(0), with �F ,	(x) the Feynman propagator 
with cut-off on the momenta, grows sufficiently fast to kill the 
fluctuations of φ, so that : exp(αφ) := exp(−α2

2 �F ,	(0)) exp(αφ)

vanishes in the limit 	 → ∞.
In the present paper, we consider the D-dimensional euclidean 

scalar theory with potential

1 In the following the “potential” U (φ) denotes the mass term together with the 
true potential part V (φ).
V = μD exp(−αφ(x)) . (1.3)

It turns out that the functional generator associated to such a 
potential is the first term of an expansion W [ J ] = W R [ J ] + . . . , 
where

W R [ J ] = e−Z R [ J ] = 〈0| : e− ∫
dD xV (φ) : |0〉 J , (1.4)

and one may easily check that [17]

Z R [ J ] = Z0[ J ] + μD
∫

dD xe−α
∫

dD y J (y)�(y−x) , (1.5)

where �(x − y) is the Feynman propagator. It turns out that Z R [ J ]
generates the lowest order contributions in α to the N-point point 
function. In particular

−δZ R [ J ]
δ J (x)

| J=0 = αμD

m2
. (1.6)

Next, as done in the previous model, we will parameterize the 
scalar doublet with U (x) ∈ SU (2)/Z2 and φ ∈ R and consider the 
lagrangian density

L� = (Dμ�)†(Dμ�) − 1

2
m2φ2 + 2νm3 sinh

(φ

ν

)
. (1.7)

We will see that this leads to

〈φ〉 = 2m +O(ν−1) . (1.8)

2. The U (1) Higgs–Kibble model and Elitzur’s theorem

Let us consider the lagrangian density of the U (1) Higgs–Kibble 
model

L = −1

4
Fμν F μν + 1

2
(Dμϕ)†(Dμϕ) − U (|ϕ|) , (2.1)

where ϕ is a complex scalar and Dμ = ∂μ − ie Aμ . The fact that the 
potential depends only on ρ = |ϕ| naturally selects the two inde-
pendent fields, ρ and θ , where eiθ = ϕ/ρ . So that (2.1) is identical 
to

L = −1

4
Fμν F μν + 1

2
e2ρ2WμW μ + 1

2
∂μρ∂μρ − U (ρ) , (2.2)

where Wμ = Aμ + e−1∂μθ . Note that a gauge transformation cor-
responds to θ → θ + α and Aμ → Aμ − e−1∂μα, so that, like ρ , 
even Wμ is gauge invariant. In this way, without performing any 
gauge choice, one passes from the degrees of freedom ϕ and Aμ , 
to ρ and Wμ .

The usual treatment of (2.2) is to consider a semiclassical ap-
proximation around the minimum ρ0 of U (ρ). Set χ = ρ − ρ0. In 
such an approximation, considering only the terms quadratic in χ
and Wμ , one gets the lagrangian density

L̃ = −1

4
Fμν F μν + 1

2
e2ρ2

0 WμW μ + 1

2
∂μχ∂μχ − 1

2
U ′′(ρ0)χ

2 ,

(2.3)

showing that Wμ and χ have square masses e2ρ2
0 and U ′′(ρ0)

respectively.
In the lucid analysis in [21] have been discussed the main prob-

lems with such a model. The first point is that in passing from (2.1)
to (2.3) one has to fix the condition ρ ∈ R≥0, a difficult task even 
at the classic level because this should be consistent with the time 
evolution. The problem is even more difficult in considering the 
semi-classical approximation because one should keep χ bounded 
by ρ0. At the quantum level there is the problem of treating the 
term |ϕ|. In a rigorous QFT formulation ϕ is a distribution and the 
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modulus of a distribution is a ill-defined quantity. This implies that 
ρ cannot be considered a quantum field.

An alternative approach is to make the decomposition ϕ = ϕ1 +
iϕ2, and then considering the semi-classical expansion

ϕ1 = ϕ0 + χ1 , ϕ2 = χ2 , (2.4)

with χ1 and χ2 considered as small fluctuations. The resulting la-
grangian density is still (2.3) with Wμ = Aμ + e−1∂μχ2 and ρ0
and χ replaced by ϕ0 and χ1 respectively.

The problem with such a formulation is that while perturba-
tion theory leads to 〈ϕ〉 	= 0, at the non-perturbative level one has, 
according to Elitzur’s theorem [22],

〈ϕ〉 = 0 . (2.5)

Another possibility is to map ϕ to a real field ϕr ∈ R by a gauge 
transformation. Nevertheless, it turns out that there is a residual 
Z2 gauge symmetry that gives, even in this case, 〈ϕr〉 = 0 [21]. 
However, there is a key point which leads to a well-defined solu-
tion. Namely, note that such a Z2 symmetry is the consequence 
of the tacitely assumed invariance of the potential under ϕ → −ϕ . 
On the other hand, one may interpret eiθ and ρ as independent 
fields, so that with ρ ∈R, and θ ∈ (−π, π ]. An interesting alterna-
tive is to consider ϕ = eiθρ as unique complex scalar field, so that 
ρ ∈ R requires θ ∈ (−π/2, π/2]. In the next section we will see 
that, in the case of the SM, the latter possibility is also suggested 
by the presence of a normal subgroup of the gauge group leaving 
the fields invariant.

We can then consider ρ to take real values and choose the po-
tential in (2.1) to be

U (ρ) = 1

2
m2ρ2 − m2ρ0ρ , (2.6)

so that the lagrangian density now reads

L = −1

4
Fμν F μν + 1

2
(Dμϕ)†(Dμϕ) − 1

2
m2ρ2 + m2ρ0ρ , (2.7)

where ϕ = eiθρ , ρ ∈R, and ρ0 is a real constant. The purely scalar 
sector is now a free theory, so that 〈ρ〉 coincides with the value 
of ρ that minimizes (2.6). Therefore, we have

〈ρ〉 = ρ0 . (2.8)

Setting η = ρ − ρ0 leads to the lagrangian density with the mass 
term for the gauge field without any SSB. In particular, since ρ
is gauge invariant, the Elitzur theorem is avoided simply because 
it concerns the vacuum expectation value of gauge non-invariant 
quantities.

3. Trivial Higgs

Let us now consider the Higgs mechanism in the SM. By (1.2)
we have that even in this case φ takes non-negative values. This 
means that η = φ − v , v = 〈φ〉, is bounded by −v , so that the path 
integral on η should be∫
η≥−v

DηeiS . (3.1)

Nevertheless, the field η is usually considered as taking all real 
values. The standard argument to justify η ∈ R is that one is con-
sidering small oscillations around a minimum of the potential. We 
saw that this is a subtle point for several reasons. In the case of 
the SM the condition η ≥ ν has effects on all the terms of the la-
grangian density of the SM, the kinetic one, the mass and the η3

terms, and the Yukawa interactions. Furthermore, even in doing 
perturbation theory, one should replace the Feynman propagator 
by the one coming from the path integral on field configurations 
bounded by −v .

Since the physical fields in the SM are the ones identified once 
one considers the polar decomposition, it is clear that one should 
understand if an why one can choose the Higgs field η to take 
real values. We now show that one may in fact relax the condition 
η ≥ −v , a result that leads to the free model. To this end, let us 
first recall that the reason why in (1.2) one can choose U ∈ SU (2), 
that is

U =
√

2

φ

(
φ̄0

−φ̄+
φ+
φ0

)
, (3.2)

is because the first column of U in the polar decomposition is 
completely arbitrary. Such an arbitrariness implies that the action 
on � of a U (1) transformation can be always represented by a 
matrix with the same determinant of U . In other words,

eiβ
(

a
c

b
d

)(
0
1

)
=

(
e−iβa
e−iβc

eiβb
eiβd

)(
0
1

)
.

It follows that any U (1) transformation of � is equivalent to a 
map from U ∈ SU (2) to SU (2). In turn, this implies that the 
SU (2) × U (1) and SU (2) orbits of � are the same. In other words, 
any SU (2) ×U (1) gauge transformation of � corresponds to a map 
of U ∈ SU (2) to U ′ ∈ SU (2), that is the gauge transformations act 
on U only. However, one should note that the identity transforma-
tion � → � is obtained in two different ways, by the simultaneous 
action of the U (1) and the SU (2) identities and by acting with 
−1 ∈ U (1) and −I ∈ SU (2). This is related to the fact that the or-
der 6 normal subgroup N of SU (3) × SU (2) × U (1), generated by

(e2π i/3 I,−I, eπ i/3) ∈ SU (3) × SU (2) × U (1) , (3.3)

acts trivially on all the fields of the SM (recall that U (1) = ei3Yγ

and Y (�) = 1). Therefore, the non-trivial part of the gauge group 
of the SM is [15,16]

SU (3) × SU (2) × U (1)/N . (3.4)

This leads to consider U (x) and φ ∈R as fully independent degrees 
of freedom, with φ that, as in the polar decomposition, is gauge 
invariant. The point is to use the following parametrization

�(x) = U (x)

( 0
φ(x)√

2

)
, φ(x) ∈R ,

U (x) ∈ SU (2)/Z2 � S O (3) , (3.5)

so that now φ = ±√
2(|φ†|2 + |φ0|2). This suggests a possible role 

of Z2 monopoles [23–26]. Note that the analogous representation 
for a complex number z = x + iy is

z = χeiθ , χ ∈ R , θ ∈ (−π/2,π/2] , (3.6)

that should be compared with the polar decomposition z = ρeiα , 
ρ ≥ 0. The principal part of arg z = α, denoted Arg z ∈ (−π, π ], 
corresponds to arctan(y/x) for x ≥ 0. In the case x < 0 one has 
Arg z = arctan(y/x) + π if y ≥ 0 and Arg z = arctan(y/x) − π if 
y < 0. Comparison with (3.6) shows that the natural choice is to 
set θ = arctan(y/x) + 2kπ , k ∈ Z, that is

z = χei[arctan(y/x)+2kπ ] , χ ∈ R . (3.7)

Note that

χ = ρei[Arg z−arctan(y/x)+2kπ ] = ±ρ . (3.8)

As a result, � factorizes in a unitary field U (x) times the gauge in-
variant field φ(x) 	= √

2�†�, which now takes values in the full 
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real axis, so that it can be considered a quantum field. In the 
following we show that this leads to a simple gauge invariant la-
grangian providing a non-trivial vev 〈φ〉.

In the usual formulation the aspects related to the non-negative 
definiteness arise in two contexts. The first one concerns the 
choice of the range of φ discussed above. The other one is the 
tacit assumption that the potential should be a function of �†�. 
As done in the previous section we relax such a condition by con-
sidering the lagrangian density

L� = (Dμ�)†(Dμ�) − U (φ) , (3.9)

without the constraint U (−φ) = U (φ) that would be implied if one 
chooses U (

√
2�†�).

As in the case of the U (1) model, the above analysis indicates 
that there is a natural candidate which is free of the problems as-
sociated to the formulation of the Higgs mechanism. Let us choose 
U (φ) = 1

2 m2φ2 −2m3φ, so that the lagrangian density of the purely 
scalar sector is

Lφ = 1

2
∂μφ∂μφ − 1

2
m2φ2 + 2m3φ , (3.10)

φ ∈ R. A nice consequence is that the contributions to 〈φ〉 from 
the purely scalar sector can be evaluated exactly. Namely, since 
the theory is the free one, it follows that the vev 〈φ〉, evaluated 
with respect to (3.10), coincides with the value of φ that minimizes 
φ2 − 4mφ, that is

〈φ〉 = 2m . (3.11)

Note that this choice is in agrement with the experimental data 
〈φ〉 ≈ 2m, with the difference 2m − 〈φ〉 which may fit the cor-
rections, that we discuss below, due to the contributions to 〈φ〉
coming from the other fields in the SM. Setting η = φ − 2m ∈ R

the lagrangian density of the purely scalar part becomes

Lη = 1

2
∂μη∂μη − 1

2
m2η2 . (3.12)

The exact value of 〈φ〉 can be evaluated by first considering the 
path integration on φ taking into account that the full contri-
butions to the quadratic and linear terms in φ include fermions, 
gauge bosons and the remanent bosonic fields in �. Denoting by 
F1φ and F2φ

2/2 the contributions of such fields, the complete la-
grangian density for φ has the form

1

2
∂μφ∂μφ + 1

2
(F2 − m2)φ2 + (F1 + 2m3)φ , (3.13)

giving the classical equation of motion

(∂μ∂μ + m2 − F2(x))φ(x) = F1(x) + 2m3 . (3.14)

It follows that the vacuum expectation value, φ̄ , of φ, obtained by 
integrating only over φ is

φ̄(x) =
∫

d4 yG(x, y)(F1(y) + 2m3) , (3.15)

where G(x, y) is the Green function for the operator (∂μ∂μ +
m2 − F2(x)). Note that neglecting F1 and F2, G(x, y) reduces to 
−�(y − x), where �(y − x) is the minkowskian Feynman propaga-
tor. Using 

∫
d4 y�(y − x) = −1/m2, one may check that in this case 

φ̄(x) reproduces (3.11). The exact value of 〈φ〉 is then given by

〈φ(x)〉 =
∫

d4 y〈G(x, y)(F1(y) + 2m3)〉χ , (3.16)

where the subscript χ denotes the path integration over the rema-
nent fields.
A byproduct of the previous analysis is that the parametrization 
with φ taking all real values can be extended also to the usual 
formulation of the SM. In particular, even if 〈φ〉 	= 0, there is no 
contradiction with the Elitzur theorem because φ is now a genuine 
quantum field and gauge invariant, so that there is no SSB. This 
arises only at the perturbative level by introducing the gauge fixing 
term. Therefore, the Higgs lagrangian density of the SM can be 
expressed in the form

L� = (Dμ�)†(Dμ�) + 1

2
μ2φ2 − λ

4
φ4 , (3.17)

with U ∈ SU (2)/Z2 and φ ∈ R.

4. Exponential interactions

In the following we investigate, in the euclidean space, a model 
that considers again φ ∈ R and concerns the exponential interac-
tions. The motivation for such an analysis is that such theories are 
free for D > 2 [20], so that they are related to the above proposed 
model.

Let us shortly review the investigation in [17]. The notation fol-
lows the one in [27]. Define

〈 f (x1, . . . , xn)〉x j ...xk ≡
∫

dD x j . . .dD xk f (x1, . . . , xn) , (4.1)

and denote by 〈 f (x1, . . . , xn)〉 integration of f over x1, . . . , xn . Let

�(x − y) =
∫

dD p

(2π)D

eip(x−y)

p2 + m2
, (4.2)

be the Feynman propagator and set

Z0[ J ] = −1

2
〈 J (x)�(x − y) J (y)〉 . (4.3)

To compute W [ J ] we use Schwinger’s method

W [ J ] = Ne−〈V ( δ
δ J )〉e−Z0[ J ] . (4.4)

The first step in [17] has been the observation that exponential 
interactions can be obtained by acting on exp(−Z0[ J ]) with power 
series in the operator 〈exp(−αδ J )〉 whose action corresponds to a 
translation of J . Consider the potential investigated in [17] with 
the opposite sign of α

V (φ) = μD e−αφ . (4.5)

The corresponding generating functional (we drop the constant N) 
is

W [ J ] = exp
[
− μD〈exp(−α

δ

δ J
)〉

]
exp(−Z0[ J ])

=
∞∑

k=0

(−μD)k

k! 〈exp(−α
δ

δ J
)〉k exp(−Z0[ J ]) . (4.6)

By [17]

exp(−α
δ

δ J (x)
)exp(−Z0[ J ]) = exp(−Z0[ J − αx])exp(−α

δ

δ J (x)
)

= exp(−Z0[ J − αx]) , (4.7)

where

Z0[ J − αx] = −1

2

∫
dD y

∫
dD z( J (y) − αδ(x − y))�(y − z)( J (z)

− αδ(x − z))

= Z0[ J ] − α2

2
�(0) + α

∫
dD y J (y)�(y − x) , (4.8)
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one gets

W [ J ] = exp(−Z0[ J ])
∞∑

k=0

[ (−μD)k

k! exp
(kα2

2
�(0)

)
∫

dD z1 . . .

∫
dD zk exp

(
− α

∫
dD z J (z)

k∑
j=1

�(z − z j)

+ α2
k∑

j>l

�(z j − zl)
)]

. (4.9)

Let us show that the Feynman propagators appearing in this ex-
pression are related to normal ordering. Let us focus on
exp

( kα2

2 �(0)
)

and exp(α2 ∑k
j>l �(z j − zl)

)
. In this respect, note 

that (4.6) corresponds to the expansion of exp
(

− ∫
dD xV (φ)

)
in 

the time-ordered vev, that is

W [ J ] = 〈0|T e−μD
∫

dD x exp(−αφ(x))|0〉 J

=
∞∑

k=0

(−μD)k

k!
∫

dD x1 . . .

∫
dD xk〈0|T e−αφ(x1) . . . e−αφ(xk)|0〉 J , (4.10)

where the vacua are the ones of the free scalar theory coupled to 
the external source J . Comparison with (4.9) fixes the expression 
of 〈0|T e−αφ(x1) . . . e−αφ(xk)|0〉 J . The fact that the normal ordering 
problem is the cause of some of the infinities arising in perturba-
tion theory, suggests considering

W R [ J ] = 〈0| : e−μD
∫

dD x exp(−αφ(x)) : |0〉 J

=
∞∑

k=0

(−μD)k

k!
∫

dD x1 . . .

∫
dD xk〈0| : e−αφ(x1) . . . e−αφ(xk) : |0〉 J . (4.11)

Note that : e−αφ(x) := e− α2
2 �(0)e−αφ(x) , and

T : e−αφ(x1) : . . . : e−αφ(xk) :
= eα2 ∑k

j>l �(x j−xl) : e−αφ(x1) . . . e−αφ(xk) : . (4.12)

Therefore,

: e−αφ(x1) . . . e−αφ(xk) :
= e−α2( k

2 �(0)+∑k
j>l �(x j−xl)

)
T e−αφ(x1) . . . e−αφ(xk) . (4.13)

It follows that the expansion on the right hand side of (4.11) ex-
ponentiates. Actually, (4.9), (4.10), (4.11) and (4.13) yield

W R [ J ] = exp(−Z R [ J ]) , (4.14)

where

Z R [ J ] = Z0[ J ] + μD
∫

dD xe−α
∫

dD y J (y)�(y−x) . (4.15)

Interestingly, removing the term exp(α2 ∑k
j>l �(x j − xl)), coming 

from the normal ordering in (4.12), is equivalent to remove a term 
〈exp(−α δ

δ J )〉 in (4.6). To show this, recall that for any suitable 
function F , if A and B are operators, then A−1 F (B)A = F (A−1 B A). 
Therefore,
W [ J ] = exp
[
− μD〈exp(−α

δ

δ J
)〉

]
exp(−Z0[ J ])

= exp(−Z0[ J ])exp
[
− μD exp(Z0[ J ])〈exp(−α

δ

δ J
)〉

exp(−Z0[ J ])
]

= exp(−Z0[ J ])exp
[
− μD

0 〈exp
( − α〈 J (y)�(x − y)〉y

)〉x

〈exp(−α
δ

δ J
)〉

]
, (4.16)

where in the last equality we used (4.7) and (4.8), and

μD
0 = μD exp

(α2

2
�(0)

)
. (4.17)

Eq. (4.16) differs from W R [ J ] by the term 〈exp(−α δ
δ J )〉 in the last 

member, and by the relabeling of μ0. The latter is equivalent to 
consider the normal ordering of exp(−αφ). Therefore,

W [ J , : e−αφ :] = W R [ J ] + . . . , (4.18)

where the dots denote the terms in (4.9) coming from the expan-
sion

∞∑
n=1

α2n

n!
( k∑

j>l

�(z j − zl)
)n

. (4.19)

Consider the field

φcl(x) := −δZ R [ J ]
δ J (x)

, (4.20)

and note that by (4.15)

φcl(x) = 〈 J (y)�(x − y)〉y + αμD〈�(y − x)

exp
( − α〈 J (z)�(y − z)〉z

)〉y , (4.21)

that satisfies the equation of motion

(−∂μ∂μ + m2)φcl(x) = J (x) + αμD exp(−α〈 J (y)�(x − y)〉y) .

(4.22)

By (4.21) it follows that �R [φcl] = Z R [ J ] − 〈 J (x)φcl(x)〉x , reads

�R [φcl] = Z R [ J ] − 〈 J (x)�(x − y) J (y)〉xy − αμD〈 J (x)�(x − y)

exp(−α〈 J (z)�(z − y)〉z)〉xy (4.23)

Furthermore, at the first order in α

〈0|φ(x)|0〉 = −δZ R [ J ]
δ J (x)

| J=0 = αμD

m2
, (4.24)

where we used 〈�(x − y)〉y = 1/m2. It follows that the higher 
derivatives of Z R [ J ], evaluated at J = 0, correspond, to the low-
est order contribution in the α expansion, to the connected Green 
functions associated to

η(x) = φ(x) − αμD

m2
, (4.25)

that is

− δN Z R [ J ]
δ J (x1) . . . δ J (xN )

| J=0 = 〈0|Tη(x1) . . . η(xN )|0〉c , (4.26)

and by (4.15), for N > 1,
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〈0|Tη(x1) . . . η(xN )|0〉c

= δN2�(x1 − x2) + αNμD
∫

dD y�(y − x1) · · ·�(y − xN) .

(4.27)

Note that higher order contributions in α come from the expansion 
(4.19).

5. sinh(φ/ν)

The above model can be extended to more general interactions, 
such as

V (φ) =
n∑

k=1

μD
k exp(αkφ) . (5.1)

In order to find the explicit expression of W R [ J ] in the case of the 
potential (5.1), one first notes that the exact generating functional

W [ J ] = exp(−Z [ J ])

=
[ n∏

k=1

exp[−μD
k 〈exp(αk

δ

δ J
)〉]

]
exp(−Z0[ J ]) , (5.2)

and then uses (4.16) iteratively. The first step is

exp
[
− μD

n 〈exp(αn
δ

δ J
)〉

]
exp(−Z0[ J ])

= exp(−Z0[ J ])exp
[
− μD

n0〈exp
(
αn〈 J (y)�(x − y)〉y

)〉x

〈exp(αn
δ

δ J
)〉

]
. (5.3)

Repeating this for the remaining n −1 terms in (5.2), makes it clear 
that

W R [ J ] = exp(−Z R [ J ]) = 〈0| : e− ∫
dD x

∑n
k=1 μD

k exp(αkφ(x)) : |0〉 J ,

(5.4)

is obtained from W [ J ] by removing, from the final expression, the 
term 〈exp

(∑n
k=1 αk

δ
δ J

)〉 on the right hand side, and by canceling 
the exp

(∑n
k=1 α2

k �(0)
)

term. Such a cancelation is equivalent to 
relabel each μk0 by μk . It follows that

Z R [ J ] = Z0[ J ] +
∫

dD x
n∑

k=1

μD
k eαk

∫
dD y J (y)�(y−x) . (5.5)

We note that taking the normal ordering of exp(− 
∫

dD xV (φ)) may 
lead to well-defined Z R [ J ], even in cases when V (φ) is unbounded 
below. A particularly interesting case is the four-dimensional po-
tential

V (φ) = −2νm3 sinh
(φ

ν

)
. (5.6)

By (5.5), we have

Z R [ J ] = Z0[ J ] − 2νm3
∫

d4x sinh
(φc(x)

ν

)
, (5.7)

where

φc(x) =
∫

d4 y J (y)�(y − x) , (5.8)

that satisfies the free classical equation of motion in the presence 
of the external source J , is a key quantity in the dual represen-
tation of W [ J ] recently introduced in [28]. Repeating the analysis 
leading to (4.24), at the zero order in ν−1, (5.7) yields
〈φ〉 = 2m , (5.9)

so that, at the same order,

2−1/4G−1/2
F = 2m , (5.10)

in agreement with the LHC data. Note that

lim
ν→∞ V (φ) = −2m3φ , (5.11)

so that, in this limit, (5.9) corresponds to the value of φ that min-
imizes m2φ2/2 + V (φ).

Making the expansion in powers of ν−1, one sees that the low-
est order contribution to the (2N + 1)-point functions is generated 
by Z R [ J ], so that, at this order

〈0|Tη(x1) . . . η(x2N+1)|0〉
= 22N+1ν−2Nm3

∫
d4 y�(y − x1) · · ·�(y − x2N+1) , (5.12)

where η(x) = φ(x) − 〈0|φ(x)|0〉. In the case of the 2N-point func-
tions, Z R [ J ] contributes to the lowest-order of the two-point func-
tion only, so that it gives the free propagator.

6. Conclusions and perspectives

We proposed two models for mass generation for fermions and 
gauge bosons without SSB. One is based on a scalar sector with-
out self-interactions and the other with exponential interactions. In 
both cases there is no need to start with an imaginary mass term, 
so that even the initial lagrangian density is physically meaningful.

The first model has the mass term and a linear term in φ. The 
model is also suggested by the strong evidence that λφ4 is a free 
theory, that is, the renormalized coupling constant vanishes in the 
large cut-off limit. This is a particular case of the mentioned Higgs 
triviality problem. As a byproduct, we saw how Elitzur theorem 
may be avoided in the usual formulation of the SM.

We also investigated the exponential interactions. We then fo-
cused on the potential (5.6). In the limit ν → ∞ this explicitly 
corresponds to the free theory. At the next order, the theory is 
described by Z R , that, besides the propagator of the free theory, 
generates only the lowest order contributions to the (2N +1)-point 
functions, N > 1. As such, for large ν , the model is well-described 
by Z R [ J ], so that W R [ J ] can be seen as describing an effective 
theory. Interestingly, exponentiation of the Higgs has been also 
considered in the framework of skyrmions [18].

An intriguing feature of the investigation is that the parametriza-
tion of the Higgs may be related to string theory. The reason is 
that such a parametrization is related to the normal subgroup of 
the SM that acts trivially on the fields, which in turn, is related to 
Calabi–Yau manifolds [16].

Another aspect of the formulation that should be investigated 
concerns the induced electroweak symmetry breaking model in 
[29–31]. In particular, the potential in (3.10) is reminiscent of the 
effective Higgs potential obtained by integrating out the heavy 
mass eigenstate.

Other investigations suggested by the proposed model con-
cern the possible connection with Z2 monopoles, see for example 
[23–26].

We note that the absence of the cubic and quartic Higgs self-
interactions can be tested experimentally. In particular, it is reason-
able that, in a near future, LHC will give some evidence about the 
possible absence of the η3 term in the lagrangian density. This can 
be checked in the production of two Higgs, with a virtual Higgs 
decaying in two real Higgs. The process to be investigated at LHC 
is of course p + p → H + H . Their absence would be a fundamen-
tal check of the present model for the Higgs mechanism. We also 
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note that possible precision tests may be suggested by the present 
model.

Let us conclude by mentioning that it would be interesting 
to investigate whether the free model we proposed could be re-
lated to an effective theory in which the Higgs field is a fermionic 
condensate. Of course this is suggested by the BCS theory of su-
perconductivity that greatly motivated the original papers on the 
Higgs mechanism. In fact there is a strong analogy with super-
conductivity, whose lower energy states can be described by the 
analogue of the Higgs field. In this respect, it is interesting to note 
that the energy gap above the Fermi sphere is described by an 
exponential function that provides an example of energy hierarchy 
scale (see the excellent book by Strocchi [32] for an account on the 
BCS theory). A key feature of the superconductivity is that the con-
densation energy, that is the difference between the ground state 
energy in the superconducting state and the conducting state, is 
of order 10−7–10−8 eV per electron, much less than the other en-
ergy scales of the metal, which are of order of 1–10 eV. In [33]
it has been used a mechanism reminiscent of the BCS theory to 
propose a non-perturbative mechanism explaining the problem of 
gauge hierarchies. The analogy between the BCS theory and Higgs 
mechanism in the SM has been also stressed in the recent review 
by Peskin [34].
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