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Stable cohomology of the perfect cone toroidal
compactification of +,

By Samuel Grushevsky at Stony Brook, Klaus Hulek at Hannover and
Orsola Tommasi at Darmstadt

Abstract. We show that the cohomology of the perfect cone (also called first Voronoi)
toroidal compactification Agerf of the moduli space of complex principally polarized abelian
varieties stabilizes in close to the top degree. Moreover, we show that this stable cohomol-
ogy is purely algebraic, and we compute it in degree up to 13. Our explicit computations and
stabilization results apply in greater generality to various toroidal compactifications and partial
compactifications, and in particular we show that the cohomology of the matroidal partial com-
pactification Ag/la” stabilizes in fixed degree, and forms a polynomial algebra. For degree up
to 8, we describe explicitly the generators of the cohomology, and discuss various approaches
to computing all of the stable cohomology in general.

1. Introduction

The stabilization of cohomology is of great interest in the study of the geometry of moduli
spaces. The most notable results in this direction are the stabilization of the cohomology of
the moduli space #, of g-dimensional complex principally polarized abelian varieties (ppav),
proved by Borel [5], and of the moduli space Mg of non-singular algebraic curves of genus g,
first proved by Harer in [31]. In both cases, the cohomology with Q coefficients is shown to
stabilize, in the sense that the degree k cohomology group of the moduli space is independent
of g when g is sufficiently large with respect to k. In both cases, stable cohomology is freely
generated by classes whose geometric meaning is well understood: it follows from the work
of Borel that the odd A-classes generate the stable cohomology +., while the fact that the
k-classes generate the stable cohomology of M, is the celebrated theorem of Madsen and
Weiss [36], proven using homotopy-theoretic methods.

It is natural to wonder whether similar stability occurs also for compactifications of mod-
uli spaces. This is clearly not the case for the Deligne—~Mumford compactification Mg of M,
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because it is known that the rank of the Picard group of Wg, and hence its second coho-
mology, grows linearly in g. On the other hand, it was shown by Charney and Lee [7] that
the cohomology of the Satake (minimal) compactification .Asa‘ of Ag stabilizes in the same
range as H k (g ). For questions in algebraic geometry, the t0r01dal compactifications of g
introduced in [2] are most relevant. The stabilization of cohomology for any toroidal compacti-
fication in any range is a completely open problem (see [24, Section 6]), and as we shall see the
answer also depends on the compactification chosen. Moreover, the question is also interesting
for partial compactifications of #Ag such as the matroidal partial toroidal compactification.

The main purpose of this paper is to show the stabilization of cohomology in close to the
top degree for the perfect cone toroidal compactification Alg,erf of Ag. Throughout the paper
we work with Q coefficients, and our main result is the following:

Theorem 1.1 (Main theorem). The cohomology and the homology of the perfect cone
compactification stabilize in close to the top degree, i.e. the groups H&&+tD—k (Age‘f, Q) and
Hg(g41)—k (:A)gerf, Q) are independent of g fork < g.

Let us recall that the map Ag — +Ag 41 defined by taking the product with a fixed elliptic
curve extends to a map A};,erf — Agefl which is a transversal embedding with well-defined
normal bundle, after passing to a suitable finite cover. This ensures the existence of Gysin maps
Hg+1)(g+2)—k (Agefl, Q) = Hg(g+1)—k (Age‘f, Q). In the stable range, these maps induce
the stabilization isomorphisms in our theorem.

The method of our proof is by noting that ,Agerf admits a stratification with strata corre-
sponding to various cones in the perfect cone or first Voronoi decomposition. First, we prove
in Theorem 8.1 that the cohomology of each stratum stabilizes. Then we use the Gysin exact
sequence to compute the cohomology of the union of all strata, using the specifics of the per-
fect fan to argue that the resulting cohomology stabilizes. This construction can be extended in
a straightforward way to homology using long exact sequences in Borel-Moore homology. In
particular, we obtain a stabilization isomorphism

H(g+1)(g+2)—k (Ag1. Q) = Hy(g+1)—k (4. Q)

in the stable range which restricts to the usual Gysin map on each toroidal stratum.
If one considers the cycle map to homology on the singular space Agerf, the constructions
above allow us to see where the stable homology classes come from, proving the next result:

Theorem 1.2. The stable homology groups Hg(g41)—k (:Agerf, Q) for k < g are gener-
ated by algebraic classes.

If Poincaré duality were to hold, one could relate the close to top degree cohomology
groups H¢§ (g+1)—k (Agerf, Q) to H¥ (Agerf, Q). Since, however, the perfect cone toroidal com-
pactification is singular, there is no a priori reason for Poincaré duality to hold. Indeed, our
computations in genus 4 (see [34]) show that Poincaré duality does fail, although these com-
putations still allow for the possibility for Poincaré duality to hold in the stable range. A dif-
ferent approach would be to look at the intersection cohomology of .Agerf. It was recently
shown by Dutour Sikiri¢, Schiirmann, and the second author in [14], that for g > 4 the locus of
singular points of the stack APerf has codimension 10 in Agerf (while AP is smooth as a stack
for g < 3). This implies by [13 Proposition 3] that /H* (.Aperf Q) = H&E&+D- k(APerf Q)
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for k < 10 for the middle perversity intersection cohomology of Ag"‘rf. Moreover, by the results
in [4] algebraic cycles can always be lifted to intersection homology. Combining this with the
two theorems above, we get that the stable homology Hg(g41)—k (Age‘f, Q) can be lifted to
THg(g+1)—k (Agerf, Q) =~ IH¥ (Agerf, Q). This motivates the following:

Question 1.3. Does the intersection cohomology of the perfect cone compactification
stabilize, more specifically, is it true that the homomorphism

TH* (AZT, Q) — Hg(g11)—k (AT, Q)

is an isomorphism for all k < g?

As the stability map AF™" — AZ°Y'| is (in an orbifold sense) a transversal embedding of
pure dimension, there is a well-defined map for intersection cohomology

IHF (AR, Q) — [HF (AR, Q).

Combining this with the (hypothetical) isomorphism from Question 1.3 would prove that also
the intersection cohomology of Agerf stabilizes in the range k < g.

It is, at this stage, opportune to go briefly back and consider the situation for the Satake
compactification Az,at. Recall that the stable cohomology of the Satake compactification was
computed by Charney and Lee:

Theorem 1.4 ([7]). For k fixed and g > k the rational cohomology H k(a‘\»gat, Q) does
not depend on g, and the stable cohomology ring is freely generated by classes A1, A3, As, . ..,
and a3, 05,07, . .., where both A; and «; are in degree 2i.

Here the A-classes are extensions of the Chern classes A; = ¢; (E) € H? (A4 ¢, Q) of the
Hodge bundle E. The Hodge bundle does not extend to Aza‘ but by [39], [19, Section V.2] it
extends to any toroidal compactification and the pullback of the classes A; on Ag,at to a smooth
projective toroidal compactification are the Chern classes of the extended Hodge bundle.

The geometric meaning of the o; € H? (Azat, Q) is less clear. By the results of [29]
there is a non-algebraic class (it has a wrong Tate twist) in H G(Agat), which is likely to be a3,
and it follows from the results of [34] that there is also a non-algebraic class in H 8(&\)2"“),
which is likely to be @34 1. Furthermore, Chen and Looijenga [8] recently proved that all ¢; are
of Hodge type (0, 0), which in particular implies that they are not algebraic.

On the other hand using our methods it is easy to see that the cohomology of Azm in
close to top degree also stabilizes, and we can compute it explicitly:

Theorem 1.5. The cohomology H8&+tD—k (Az,‘“, Q) is independent of g for k < g,
and is dual to the truncated free algebra generated by the odd Hodge classes Ayj+1.

We recall that the starting point for the study of the stable cohomology of g is the
theorem of Borel (see Theorem 3.1 below), which says that the cohomology H k(Ag) for
k < g is freely generated by the classes A1, A3, A5, .... Thus the theorem above says that the
stable cohomology in close to top degree of Az,at is dual to this, which is expected to be the
algebraic part of the stable cohomology of Az‘“.
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We shall now return to toroidal compactifications and partial compactifications, in partic-
ular the perfect cone compactification Agerf. As we explained, the principal ingredient of our
method is that we prove the stabilization for each of the toroidal strata, using representation
theory, and then by assembling this information using the Gysin spectral sequence. As at each
step we are doing explicit manipulations, as a result we get an effective procedure to compute
the dimensions of the stable cohomology groups (and also to say something about their gen-
erators). While this quickly becomes very involved combinatorially, for low degree we get the
following result:

Theorem 1.6. The stable Betti numbers of the perfect cone compactification (that is,
dimg H¥ (g+1)—k (Ag,erf, Q) for k < g) in even degree are as follows.

k 0 2 4 6 8 10 12
dimg HE@+D=k(APf Q) 1 2 4 9 18 38 83

Moreover, the stable cohomology H8&+D—k (Agerf, Q) vanishes for odd k < 13.

Remark 1.7. We note that similar questions are also currently under investigation by
Jeffrey Giansiracusa and Gregory Sankaran [23]. Their techniques are mostly topological, and
at the moment it appears that their method would yield the stabilization of the cohomol-
ogy of the matroidal locus in low degree with Z[1/2] coefficients, i.e. the independence of
HF (Az,/[a”, Z[1/2]) of g for g > k. It does not at the moment appear that their method would
yield a way to explicitly identify the generators or compute the dimensions of stable cohomol-
ogy, and thus their results are in a sense rather complementary to ours.

In fact, our technique also applies to show that the cohomology of the matroidal locus
stabilizes. We recall that the matroidal locus Ag/la‘r is a partial toroidal compactification of g
obtained by taking the union of strata corresponding to all matroidal cones. Melo and Viviani
[37] showed that a cone is contained in both the perfect cone decomposition and the second
Voronoi decomposition if and only if it is a matroidal cone. In particular, the matroidal locus is
the biggest partial toroidal compactification contained in both Agerf and .Az,"’r as a Zariski open
subset. Thus the results of Alexeev and Brunyate [1] imply that the Torelli map Mg — Ay
extends to a morphism M_g — :Aglm from the Deligne-Mumford compactification. Our result
for the matroidal locus is the following:

Theorem 1.8. The cohomology of the matroidal partial toroidal compactification stabi-
lizes, i.e. H¥ (Alg,/la”, Q) does not depend on g for k < g. The stable cohomology is generated
by algebraic classes.

Since all matroidal cones are simplicial by [18, Theorem 4.1] and thus define rationally
smooth toric varieties, the coarse moduli space of Ag’[m is arational homology manifold. Hence
the stability result for cohomology in Theorem 1.8 is equivalent to a stability result for coho-
mology with compact support in close to the top degree.

Similarly to the above, as a corollary of our work for the perfect cone compactification
we obtain (essentially simply by omitting all the non-matroidal strata) the dimensions of stable
cohomology of the matroidal locus in degree up to 12.
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Theorem 1.9. The stable cohomology of the matroidal locus in low degree vanishes in
odd degree and is given by the following table in even degree.

k 0 2 4 6 8 10 12
dim H¥(AM" Q) 1 2 4 9 18 37 78

Proving stabilization in low degree has the advantage that in this case, stable cohomol-
ogy has a natural structure of a graded Hopf algebra. As was pointed out to us by Nicholas
Shepherd-Barron, when the cohomology of a (partial) compactification oﬁTg of Ay stabilizes,
the stable cohomology can be identified with the cohomology of the inductive limit s of the
sequence of maps - -+ — ng — g1 — -+ In particular, whenever the map

Ag X Ag, = Ag i+,

defined by taking the product of abelian varieties extends to a map of compactifications
Ag, X Ag, — she, +g, forall g1, g2 > 0, the inductive limit o, has a natural structure as an
H-space. Then one can apply Hopf’s theorem (see e.g. [32, Theorem 3C.4]) to conclude that the
rational cohomology of A, i.e. the stable cohomology of o‘\Tg, is a free graded-commutative
algebra, the tensor product of an exterior algebra on odd-degree generators and a polynomial
algebra on even-degree generators.

In particular, in the case of Aglatr, the two theorems above, together with some results
from Section 12, imply the following:

Corollary 1.10. The stable cohomology of :A»glatr is a polynomial algebra generated
by algebraic classes. In low degree k < 12, a possible choice of generators is given by A,
A3, As, the fundamental classes of the strata of .Aalglatr corresponding to the matroidal cones
of dimension smaller than or equal to 6, one additional generator in degree 10, and two in
degree 12.

In Section 12 we will also discuss two natural subrings of the cohomology ring of the par-
tial compactification consisting of all the simplicial (i.e. corresponding to stack-smooth strata)
cones of Agerf, which includes the smooth locus and the matroidal locus ,Aalg,/'a” as open subsets.
More precisely we will investigate what we call the strata algebra, which is generated by the
fundamental classes of the strata corresponding to the various simplicial cones in the decom-
position, and the boundary algebra, which is generated by polynomials in divisorial boundary
components of Az,erf(Z) invariant under the deck group action, where in each case we also add
the Hodge classes A;. This gives a supply of geometrically defined cohomology classes. It turns
out that neither of these subrings suffices to generate the entire cohomology.

Proposition 1.11. Neither the strata algebra nor the boundary algebra span the stable
cohomology of ,A)ge‘f.

This proposition is simply a numerical statement — at the end of the paper we will see
that both the boundary algebra and the strata algebra in degree 12 have dimension less than the
stable cohomology.

Indeed, one expects the geometrical interpretation of stable cohomology to be easier
when restricting to suitable open subsets of Agerf, as also the discussion of the matroidal
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locus Ag’[mr shows. One can ask this question not only for the matroidal locus, but also for other
geometrically relevant partial compactifications. A first step in this direction is Theorem 9.8,
where we prove that the stable cohomology of the union .A?d of the strata of .Agerf correspond-
ing to the standard cones (x%, ..., Xx2) is freely generated over the stable cohomology of g

by the fundamental classes of the strata.
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2. Method of proof

In this section, we review the ideas and the techniques involved in computing cohomol-
ogy of toroidal compactifications.

We start by pointing out that working in the stable range has the powerful advantage
that one can make use of Borel’s results on the stable cohomology of the group Sp(2g, Z).
Indeed, the stable cohomology of #, being a K(Sp(2g.7Z). 1), is equal to the stable coho-
mology of Sp(2g, Z), and was computed by Borel [5,6]. Moreover, it is also known that the
stable cohomology of all non-trivial irreducible rational local systems on s (equivalently, of
irreducible rational representations of the algebraic group Sp(2g)) is simply zero by a strength-
ening [28, Theorem 3.2] of Borel’s stability theorem.

We now proceed to compute the cohomology of various partial toroidal compactifica-
tions of #Ag obtained by adding various boundary strata. To explain this, we first recall that
any toroidal compactification /4" of g admits a natural map ¢ : AZ" — AZ’“ to the Satake
compactification. The latter is the disjoint union

2.1) AZ = hg U kg1 U+ L oo,

and we set B; := w_l(AZaii) and ﬂio :=Bi \ Bi—1 = ¢ 1 (sg—i). Each /3? in turn is stratiﬁgd
by sets (o) where ¢ runs through all cones in the perfect cone decomposition of Sym220 (R")
whose general element has rank i. We shall refer to such cones as rank i cones. The stratum
B (o) is the quotient of a torus bundle 7 (o) over the i-fold fiber product

Xi .
Xgl_i = xg_,' Xa%g,,- XAgﬂ. Xg_l' — a‘\)g_l'

of the universal family by a finite group G(o0'), namely the stabilizer of the cone ¢ in GL(i, Z).
The codimension of §(0) in ,A.i?r equals the dimension of o.

Brought to you by | Universita degli Studi di Padova
Authenticated
Download Date | 3/4/20 3:21 PM



Grushevsky, Hulek and Tommasi, Stable cohomology of /g 217

Throughout the present work we shall make use of the perfect cone toroidal compactifi-
cation A};erf. Our method of computing the stable cohomology of Agerf, and the outline of the
paper, are as follows. In Section 3 we recall the relevant results of Borel and Hain, and other
necessary background on representations of the symplectic group. At the end of that section, as
a warmup, we prove by using Gysin’s exact sequence the stabilization (in close to top degree)
of the cohomology of the Satake compactification, proving Theorem 1.5.

For the toroidal case, in Section 4 we compute the stable cohomology of the universal
family Xg. This result will be generalized later in Section 6 to a computation of the stable
cohomology of the fiber product X ;f” for n fixed. Since Mumford’s partial toroidal compacti-
fication s LI B? is equal to g LI (Xg—1/1), by using the Gysin exact sequence, in Section 5
we are then able to compute the stable cohomology of the partial toroidal compactification.
Note that these computations are in fact easier in the stable cohomology than similar calcula-
tions in [33,34] for g = 3, 4, as it turns out that in the stable range only the even degree part
of cohomology is non-zero, and thus the Gysin long exact sequence breaks up into short exact
sequences.

This idea — of computing the cohomology of an individual stratum, and then gluing it
to the union of the previously considered strata — is the method that allows us to prove the
existence of the stable cohomology of the perfect cone compactification (and by restriction —
of the matroidal locus) in general. In Section 7 we review the construction of the perfect cone
toroidal compactification, and prove its various combinatorial properties. In Section 8 we then
use the Leray spectral sequence to argue that the cohomology of the torus bundles 7 (o), with &
fixed, and g varying, stabilizes, and moreover (only in the stable range!) vanishes in odd degree.

This computation requires dealing with certain local systems V,, corresponding to irre-
ducible representations of the algebraic group Sp(2g) indexed by some partition . By the
results of Borel and Hain we know the stable cohomology H* (4 g, V), fork < g, of which
we have to compute the G(o)-invariant part. We finally compute the stable cohomology (still
in low degree, as opposed to the close to top degree) of each individual stratum (o), and
note that this computation in fact works for any cone, not necessarily just a cone in the perfect
cone decomposition.

Adding the strata one by one, we use the Gysin (excision) exact sequence for cohomology
with compact support to compute the stable cohomology of various partial toroidal compacti-
fications of . For this, we need both the new stratum itself, and the total space obtained to
be smooth, so that we can use Poincaré duality to identify HP ~* with the previously com-
puted H¥ (for k < g). In Section 9 we argue that this process indeed stabilizes, thus proving
our main Theorem 1.1 on the stabilization of the cohomology of Agerf in close to top degree;
our proof also yields the stabilization of the cohomology of Ag'"‘“ in low degree, Theorem 1.8.
Finally, we use the same techniques to describe the stable cohomology of the open subset of
Aym consisting of degenerations given by standard cones and prove that its stable cohomol-
ogy is freely generated by the odd A-classes and the fundamental classes of the boundary strata
(Theorem 9.8).

In Section 10 we demonstrate how this process works, by dealing explicitly with ﬂg,
which is the union of two strata corresponding to semiabelic varieties with the normalization
of the toric part being P! x P! and two copies of P2, respectively. Moreover, applying method-
ically the procedure described above yields in particular H'°P % (Agerf, Q) for k < 13, and we
give the results of these computations in Section 11, proving Theorem 1.6, from which Theo-

rem 1.9 easily follows. We note that computing the entire stable cohomology of Ag"'rf \ Az,e’gng
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or of the matroidal locus by our method currently seems out of reach, as it would involve going
through all the possible combinatorics of the strata. Finally, in Section 12 we construct alge-
braic representatives for (much of) the stable cohomology in low degree. Moreover, we discuss
the strata algebra and the boundary algebra.

3. Review of stable cohomology of local systems on 4,

Symplectic local systems over +g play a central role in our computations. Let us start by
fixing the notation. Let © = (1 > 2 > -+ > g ) be a Young diagram with at most g rows.
Equivalently, we can view W as an arbitrary partition of length at most g. If we denote by V
the standard rational represe_ntation of the group scheme Sp(2g), then the representation V,, of
Sp(2g) is the irreducible representation of highest weight in the tensor product B

Sym’““_‘“(V) ® Sym”z_’“ (/\2 V) R ® Symﬂg—l—ﬂg (/\g_l V) X (/\g V)@wg.

One can generalize the definition of V, to obtain a local system over g, by applying
the same construction as above, but now setting V to be the local system R!7,Q, where
m: Xg — sAg is the universal family over Ag. Note that V,,, defined in this way, is naturally
a Hodge module of weight equal to the weight B

g
w) =) pi
i=1
of p1. One can obtain more Hodge modules by taking Tate twists of V,,. We will denote such
Tate twists by
Vu(k) =V, @ Q(k)

for all Young diagrams p with at most g rows and all & € Z; the Hodge weight of V), (k) is
then w(p) — 2k. Such Tate twists can be interpreted in the context of representation theory by
working with representations of the group of symplectic similitudes

GSp(2¢.Q) = {M € Mat(2g,2g) : MJ'M =nJ,n € Q*},

where J = (_(;g 10g ) denotes the symplectic matrix. The Tate Hodge module Q(—1) is the

inverse ! of the multiplier representation 1 : GSp(2g, Q) — Q*, and V is the product of the

standard representation of GSp(2g, Q) and n™!.

Theorem 3.1 ([5, 6], [28, Theorem 3.2]). For the group cohomology of the symplectic
group with coefficients in the rational representation Vy, for all k < g we have

H*(Sp(2g.2). V) =

otherwise,

{Q[x27x6,x10, e ifp=0,
0

where in the first case this is the degree k subspace of the graded ring generated by classes x;.
In particular, the stable cohomology is zero in every odd degree.

The classes x; in fact are algebraic and have a geometric meaning; the geometric content
of the above theorem is the following.
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Corollary 3.2 (Borel [5,6]). The stable cohomology of Ay is freely generated by the
Chern classes Azj+1 := c2i+1(E) of the Hodge bundle, that is, for k < g the vector space
Hk(Ag, Q) is the vector space generated by monomials of total degree k in A1, As, ... (where
the degree of Aaj+1 is equal to 4i + 2).

As a warmup, and to show one little step of our general machinery, we now prove Theo-
rem 1.5 on the stable cohomology of the Satake compactification, by using the Gysin sequence
(to be discussed in more detail below).

Proof of Theorem 1.5. Indeed, recall that the Satake compactification Ai"“ is the union
AgUAg 1L+ Lo, i.e. we have A = AgLIDAZ" = AgUAZ" . Thus by the Gysin exact
sequence for a closed subvariety Az,at , C Az,a‘ (see [42, Corollary 5.51])

oo HEHASY | Q) —> HE(Ag. Q) > HY(AS, Q)

g—1
— HY (AT, Q) — H (A, Q) — -

In the stable range ¢ > k we have { = g(g + 1) —k > g(g — 1) = 2dim¢ ,A,g,ai], hence the
cohomology of Aiﬂ | vanishes, so that we simply get

HEETDTHAZ, Q) = HEEHD™ (A4, Q)
for g > k. The latter cohomology by the Poincaré duality for the smooth (stack) # is dual

to Hk(Ag), which equals Q[A1,...,A2m+1,...]r by Borel’s stability theorem (see Corol-
lary 3.2). This implies our claim. |

Remark 3.3. We note that if trying to compute the stable cohomology of the image of
the Deligne-Mumford compactification M_g of the moduli space of curves in A;,’Of , Agerf , or
A?a“, to which the Torelli maps extends by [41], [1], [37], respectively, we would fail, i.e. the
cohomology would not stabilize. Indeed, for any i > 1 the Torelli map on the boundary divisor
A; C M_g would extend to an embedding of M; x Mg_; into the Satake compactification
of Mg, and then to any compactification of +g, so that we would have [g/2]| — 2 loci in the
Torelli image of M_g each of codimension 3, which similarly to above would each contribute
a class to the stable cohomology in degree top —6.

Our proof of Stabilization Theorems 1.1 and 1.8 for A% and AY" will also use the
Gysin exact sequence to compute the cohomology step-by-step by gluing the strata together.
However, notice that the situation will be much more involved, as in both of these cases the
boundary has complex codimension 1, and its cohomology will play a role in the computation.
We will thus need to understand the stable cohomology of individual boundary strata, and will
start by investigating the first one, the boundary of the partial toroidal compactification, which
is the universal Kummer family.

4. Leray spectral sequence and the stable cohomology of
the universal family of ppav X, — A,

In this section we use the Leray spectral sequence to set up the computation of the stable
cohomology of a fixed stratum in a toroidal compactification, and demonstrate how this method
works by computing the stable cohomology of the universal family of ppav.
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Indeed, let 7 : Xy — g be the universal family of ppav, considered as a stack. In
particular, all fibers of 7 are abelian varieties, whereas the generic fiber of the associated
map on coarse moduli spaces is actually the Kummer variety, as any ppav has the involution
1.2 —2Z.

Recall that the Leray spectral sequence computes the cohomology of the universal family
H*(Xg, Q) in terms of local systems on the base. Indeed, it has terms of the form

EPY .= HP(Ag, R17,Q),

and converges
El! = HP+q(xg, Q).

To understand the higher direct images under s, recall that the cohomology of an abelian
variety is the exterior algebra over the space of one-forms, i.e.

H(A4.Q = \"H'(4.Q).

This description globalizes to describe the higher direct images of the constant sheaf Q on Xg.
Since globally the first cohomology gives the local system Vi on #g (corresponding to the
standard representation of Sp(2g) on Q2¢), we need to recall the formula for the decompo-
sition of exterior powers of the standard representation of the symplectic group into a sum of
irreducible representations, which by [21, Theorem 17.5] is

L2l
1
@.1) /\ Vi= B Vi (=))
j=0

fori < g. We thus obtain:

Lemma 4.1.  For the universal family w : X g — g, foranyq < g

Rim,Q = /\q Vi =V14(0) ® Vyg2(=1) & --- & Vy(p)(—Lg/2]),

with p(q) being the remainder of ¢ modulo 2.

Remark 4.2. The cohomology of local systems of odd weight over -, vanishes in
odd degrees. In particular, this means that the cohomology of R?m.Q vanishes if ¢ is odd.
This reflects the fact that the cohomology of X (recall that we always work with rational
coefficients) coincides with the cohomology of its coarse moduli space, the universal Kummer
family, and that the odd degree cohomology of the Kummer variety A/1is 0 for every abelian
variety A because it is simply the subspace of the cohomology of the ppav A that is invariant
under the involution1: z > —z.

Using the Leray spectral sequence now allows us to compute the stable cohomology of
the universal family:

Proposition 4.3. The stable cohomology of the universal family X ¢ is generated over
the stable cohomology of Ag by the class © of the universal theta divisor trivialized along
the zero section. More precisely, this means that for any k < g, the vector space H k (Xg) is
generated by degree k monomials in the classes ©®, 11,3, ..., where ©® has degree 2 and
A2i+1 has degree 4i + 2. In particular, the stable cohomology in any odd degree is zero.
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Proof. Indeed, combining Lemma 4.1 above with Theorem 3.1 on the stable cohomol-
ogy of local systems on g, we get for p < g

HP?(Ag,Q) if pandg are even,

EP? = HP (A, RI7,Q) = {0 else

From a theorem of Deligne [10] it follows that the Leray spectral sequence for the projective
map 7 degenerates at E». In our case this is in fact immediate to see directly: in the stable range
p + g < g only the terms of E5 with both p and g even are non-zero, thus for any differential

. D4 p+r.g—r+1
dr : EP? — E!

either the source or the target space is zero, and therefore all differentials vanish. We thus obtain

k
HYXe. Q= P EZ'= P EI'=H" (A Qi —k)

p+q=2k p+q=2k i=0

for k = 2j < g even, while Hk(xg, Q) =0 for k < g odd. (Here we have a direct sum of
Hodge structures because for p + g = k < g all Ef ! carry Tate Hodge-structures of the same
weight.) In words, the above statement says that the stable cohomology of X in degree 2j is
the sum of stable cohomology of A in all even degrees up to 2j, i.e. foreachi < j we have
a copy of H? (A g)- This means that as an algebra over the stable cohomology of g, the stable
cohomology of X, is generated by one element, of degree 2 and Hodge type (1, 1). Indeed,
denote by ® C X the universal symmetric theta divisor trivialized along the zero section.
Then under the decomposition Hz(xg, Q) = HO(Ag, R?m,Q)(—1) @ Hz(a%g, Q) we see
that ® has zero projection onto the second summand, and thus it generates the first summand,
which implies that it is a generator of the stable cohomology of Xz over the stable cohomology
of Ag, as claimed. Moreover, since the class ©®f on X is algebraically equivalent to g! times
the zero section of the universal abelian variety, see [11, 30, 46], it follows that ® is stably
algebraically independent with the classes pulled back from . |

5. Gysin exact sequence and the stable cohomology of
the partial toroidal compactification

In this section we set up the method, using the Gysin exact sequence, to compute the
cohomology of the union of some partial toroidal compactification and one more stratum, and
we demonstrate how this method works by computing the stable cohomology of Mumford’s
partial toroidal compactification A, of Ag.

Recall that Mumford’s [40] partial toroidal compactification is d‘\u/g = Ag U(Xg—1/1)
(where Xg_1/11s still considered as a stack, i.e. is the universal Kummer family). The Gysin,
also sometimes called excision long exact sequence for a closed subvariety of a quasi-projective
variety is then the following:

(5.1) o> HE N (Xg-1. Q) — Hf (Ag. Q) — HE(A). Q)
— HY(Xg—1,Q) »> H (g, Q) — --- .

We remark here that this sequence respects mixed Hodge structures (see [42, Corollary 5.51]).
Since both A;, and X g1 are smooth Deligne-Mumford stacks, it follows from the usual
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Poincaré duality that the cohomology H, f is dual to H'°P—¢, where top denotes the real dimen-
sion of the space. Noticing that the boundary X,_; has complex codimension 1 in #4/,, from
the above we thus get the dual long exact sequence (where to keep track of things we denote
k = dimg Ag — € = dimp Xg_1 +2 — )

(5.2) -+ = H*2(Xg—1,Q)(=1) - H* (A}, Q)
— H*(Ag, Q) — H*1(Xg-1,Q)(~1) —

In general, for k and g arbitrary, this exact sequence is non-degenerate. For instance,
the connecting homomorphisms are non-trivial already for g = 3, 4, as described in [33, 34].
However, in the stable range the situation is very simple, as all the odd cohomology of each
term turns out to be zero, and we immediately obtain the stable cohomology of Mumford’s
partial toroidal compactification.

Proposition 5.1. The stable cohomology of Mumford’s partial toroidal compactifica-
tion ,A’ is generated by the classes A; and by the class D of the boundary. More precisely,
for any k < g, the vector space H¥ (A’ ) is generated by degree k monomials in the classes
D, A1, A3, ..., where D has degree 2 and A2i+1 has degree 41 + 2.

Proof. 'We use the Gysin exact sequence (5.2) above to obtain the stable cohomology
of Afg. Recall that in the stable range the cohomology of g was computed by Borel, see
Corollary 3.2, and the stable cohomology of the universal Kummer family is given in Propo-
sition 4.3. In particular, both of them vanish in odd degree, and thus the long exact sequence
(5.2) splits into short exact sequences. We thus obtain

H*(A,) = H (Ag) ® H*2(Xg_1)(~1)

for k = 2j, while all the odd-dimensional stable cohomology of A:g is zero. For k = 2 we
see that the two generators are A; for the first summand, and the fundamental class of the
boundary — which we denote D — for the second summand. It follows from [40, Proposition 1.8]
or [22, Lemma 1.1] that D|p = —20 . The result now follows from Proposition 4.3. D

Remark 5.2. We observe that the stable cohomology of A;, is equal to that of Xg. The
above proof gives a geometric reason for this: we consider the inclusion Xg_1 — A’g, and
pull back cohomology under it. Then the classes A; on Afg pull back to A; on Xg_1, while the
class D pulls back to —20.

While the above proposition does not let us deduce anything about the stabilization of
H k(a%ge‘f) for k < g, on the dual side we have computed the first few cohomology groups
with compact support:

Corollary 5.3. For g > 4 we have
Hg(g‘f‘l)(Agerf’ Q) — Q
HEETD=2( 4P Q) = Q-1 @ Q- DY,
Hg(g-l-l)—l(APerf Q) = Hg(g+1)—3(APerf Q) =0,

where 17, DV denote the images under H? (A),, Q) — H? (Aperf Q) =H"* (APerf Q) of the
cohomology classes in HE (g+1)— Z(A/ Q) that are Poincaré dual to A1, D, respectlvely
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Proof. Since ,A/g is smooth, applying Poincaré duality the above proposition yields the
statement that for k < g the group H$ (g+1)—k (:A;g,) is generated by classes dual to A5 41 and
to D. The complement Agerf\ A;, has real codimension 4 in Agerf. Indeed, this is a special
case of Proposition 7.1 (we note that this is special to the perfect cone compactification, and
for example does not hold for the second Voronoi compactification, for which we thus have no
result). Hence for k < 4 we have

(g+1)—k  gPerf\ 47\ _
HE'® (Ag" \ Ag) =0
and thus, by the Gysin exact sequence for (Age‘f \ A’g) C Agerf, for k < 4 we have
1)~k ( 4 Perf -k
HEG DAL = HEETDE(AL).
Since Agerf is compact, we finally have

Hcg(g+1)—k(A1;eIf) — Hg(g+1)—k(A1;e1f)

and this gives the corollary. ]

6. Stabilization of the cohomology of X ;"

In this section we describe the stable cohomology of the nth fiber product X ;” of the
universal family X¢ — s, for a fixed n. It turns out (we thank Ben Moonen for pointing this
out and explaining it to us) that the description of the subring in the cohomology of a very
general ppav generated by divisors follows from the results of Thompson [44] on invariant
theory for the symplectic group (this construction is also a special case of a much more general
deep construction of Looijenga and Lunts [35] in cohomology and of Moonen [38] in the
Chow ring). The results of Thompson [44] are formulated in terms of representations of the
symplectic group, which we think of as local systems on #Ag; we give the reformulation in
terms of cohomology classes.

Indeed, X ;” admits projection maps

pi i Xg" = Xg, i=1,...,n, and pjk:xgnexgz, 1<j<k<n.

Let ® C X be the class of the universal theta divisor trivialized along the zero section, and
let PC X ;2 be the class of the universal Poincaré divisor trivialized along the zero section.
Denote then T; := p¥®, and Pj := p]’."kP. For a very general ppav A, the restrictions of
these classes to A" generate the Néron—Severi group. We will now prove that these classes
freely generate the stable cohomology of X ;f".

Theorem 6.1. The cohomology H* (X ;”) is independent of g for k < g and, as an
algebra over the stable cohomology of Ag, is generated by the classes T;, Pjk. In particular,
all stable cohomology classes on X ;,(” are algebraic.

Proof.  'We want to compute the stable cohomology of the nth fiber product of the univer-
sal family using the Leray spectral sequence associated with the natural map 7" : X g” — Ag.
Since 7> is a projective map, the Leray spectral sequence degenerates at E5, so that we have

ER? = ED? = HP (Ag, R Q).
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Recall that the constant local system Q = Vj is the only one with non-zero stable cohomology
(from now on by abuse of language we will call Vy the trivial local system, as it corresponds
to the trivial representation). A first consequence of this is that in the stable range p < g the
E~ terms carry Tate Hodge-structures of weight p + ¢, and hence

(6.1) H"(X". Q= @ ELI= @ HP(A; RIn"Q)

ptgq=m ptg=m

holds form < g.

To compute the stable cohomology of X, it only remains to compute the Sp(2g)-invar-
iant part of H2(A", Q) for an abelian g-fold A and ¢ < g, because this is what contributes the
trivial summands (which recall, means equal to V) in the local system RZ7;"Q. As local
systems of odd weight have zero cohomology, we only have to deal with the case ¢ = 21.

The cohomology ring of an abelian variety is the exterior algebra of its first cohomology
group, so that we have

a2 Q) = N (H' (4.0 ® Q).

and by [44, Theorem 3.7], for 2/ < g the Sp(2g)-invariant part of the above cohomology group
is isomorphic to Syml (Sym? Q™).

The restriction to A™ of the classes T;, Pjj lies in H L1(4™), and thus the action of the
symplectic group on their span is given by the symmetric square of the standard representation
of Sp(2g) acting on H!(A™). Therefore, for | = 1 the Sp(2g)-invariant part of the cohomology
is generated by these classes, so that we can identify Sym? Q" with the span of the classes 7},
Pjj and Syml (Sym? Q") with the space of degree / polynomials in 7}, Pjj . In view of the iso-
morphism (6.1), this implies that in the stable range m < g the classes T;, Pjx € H 2(x ;", Q)
are algebraically independent generators of the cohomology of X ;” as an algebra over the

stable cohomology of #g. m]

Remark 6.2. Thompson’s results allow us to describe completely the subalgebra of
the rational cohomology of X ;f” generated by T;, Pji, also outside the stable range. Specif-
ically, [44, Theorem 3.4] corresponds to the statement that the ideal of relations among the
classes T; and Pjj is generated by (g + 1)st powers of divisors, i.e. by relations of the form
> mlle + ijmkij)g+1 = 0, for arbitrary my,...,my € Z. In fact, [44, Theorem 3.7]
describes the cohomology H ®(A™) as a representation of the symplectic group.

In the following sections, we will often consider the action of GL(n, Z) on X ;”. Indeed,
on each fiber A" of the map X ;" — g a matrix N € GL(n, Z) acts by the corresponding
automorphism M = INTL adding the points together: (a1, ...,a,) — M(ay,...,a,) consid-
ered as points of A”. Since the classes T; and P;; lie in H!:!1(A™), the action on them is given
by the symmetric square of the action of M on H!(A™). To write it down explicitly, it is con-
venient to denote P;; := 2T; fori = 1,...,n (and also P;; := Pj; for i > j), and then the
action is given by the symmetric square of the standard representation of the symmetric group
(we are grateful to Ben Moonen and Dmitry Zakharov for discussions on these topics)

(6.2) M(Pij)= > Y MiaMjyPyp.

1<a<mn 1<bz<n
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7. The perfect cone compactification and details of our approach

Our results are specific to the perfect cone compactification. As we shall make use of
some of the properties of the perfect cone (also known as first Voronoi) fan decomposition, we
shall review this here. For the original definition of this fan we refer the reader to [47-49], for
modern treatments and further results see [37,41,43].

To define the perfect cone decomposition, we consider the open cone Sym>0(Rg ) of all
real positive definite g x g matrices and its rational closure Sym2 (R¥), i.e. the cone of all

semipositive definite matrices whose kernel is defined over Q. The function

i SymA(RS) — Rug,  u(Q) := min{Q(&) : £ € 28 \ 0)

defines for every Q € Symio(Rg ) a finite and non-empty set

M(Q) :={§ € Z* : Q(§) = n(Q)}.

The perfect cone decomposition is then given by the union of the convex hulls

o(Q):= Y Rxo%E
§eM(Q)

The group GL(g, Z) operates on the collection of these cones with a finite number of orbits. In
the proof that the cohomology stabilizes we use a special property of the perfect cone decom-
position, namely the fact that the number of codimension i strata stabilizes, i.e. is independent
of gif i < g. This follows easily from the above definition (see Proposition 7.1).

This is indeed a special property of the perfect cone decomposition. In particular, one
cannot expect that the second Voronoi decomposition has stable cohomology. Recall that the
boundary divisors of a toroidal compactification correspond to the set of orbits under GL(g, Z)
of one-dimensional cones in the corresponding fan. There is only one such cone in the perfect
cone decomposition, namely the square of a primitive linear form. Let /(g) be the number of
inequivalent one-dimensional cones in the second Voronoi decomposition. Note that /(g) is the
number of components of the boundary of 4 Y°", so that /(g) = dim H&&+1D~ 2(89%"‘”) holds.
As HE (g+1)- !(sg) vanishes (it is Poincaré dual to H!(+,)), the Gysin long exact sequence
associated with the inclusion of the boundary into A;"’r implies that H&(&+D- 2(<>4>V°r) surjects
onto H&®+- 2(E),A)V"r) so that dim H&(&+D— 2(eA»V"r) > [(g) holds. It is well known that
[(2) =1(3) = 1, then we have [(4) = 2 (see [17,47]), 1(5) = 9 (see [12]), while [(6) > 20,000
(see [12]).

In general, and this was pointed out to us by V. Alexeev, we have at least /(g) > g — 3.
This estimate comes from the root lattices D,. Indeed, the quadratic form associated to such
aroot lattice defines a second Voronoi cone and by the results of Baranovskii and Grishukhin [3]
the barycentric rays of these cones for 4 < n < g give independent rigid forms.

We have already introduced the stratification of Agerf into the closed subvarieties f;
which lie over a‘\vzaii under the map ¢ : ,A)ge‘f — Agf“, see (2.1). Recall that B2 = B; \ Bi—1.
As for any toroidal compactification, the locally closed sets B; 0 are further stratified into strata
B (o) C Bi, corresponding to the orbits of rank i cones . More precisely let ¢ C Sym (RY)
be a rank i cone in the perfect cone decomposition. Given such a cone o, one associates with
ita torus bundle ¢ (0) : 7 (0) — X xi ;- The fiber of the torus bundle ¢ (o) is the torus T; /T,
where T; = Sym?(Z’) ® C* and T(, C T; is given by Ty = (Span(c) N Sym?(Z')) ® C*.
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226 Grushevsky, Hulek and Tommasi, Stable cohomology of Ag

Denoting by p; : X;’_ ; = sAg—; the universal i-fold product, we thus have a double fibration

7(0) =pioq(0):T(0) = Xg—i X+ X Xg_j = HAg_;.

The stratum associated to ¢ is then equal to the quotient 8(c) = G(0)\T (0), where G(0) is
the stabilizer of o in GL(Z, Z). We have

= || B

all o of rank i

and

Bi= || B

all o of rank > i

Recall that the complex codimension of (o) in ,Age‘f is equal to dimo.

In the previous sections we discussed the topology of the partial compactification A/g.
We now want to add further boundary strata and at this point it becomes important to us that
we make use of specific properties of the perfect cone decomposition. The most important
property of the perfect cone decomposition for our purposes is that the stratum f; has complex
codimension i within Agerf, a fact we have already used in Corollary 5.3. As we have pointed
out before, the situation is very different for example for Az,"’r, where boundary divisors appear
arbitrarily deep into the boundary.

Proposition 7.1. The following holds for the perfect cone decomposition Agerf:
(1) The codimension of B; is equal to i.

(ii) Let £ be an integer. If g > £, then the number of strata B(o) of codimension { in Agerf is
given by an integer N ({) independent of g.

Proof. (i) We first show that the codimension of §; is at most i. This follows since
the standard cone (x%, e ,xiz) belongs to the perfect cone decomposition, has dimension i
and rank 7. Conversely, consider a cone o C SymrzC (R") in the perfect cone decomposition of
rank 7. Since the rays of o are spanned by rank 1 matrices, there must be at least / independent
generators of ¢ and thus the dimension of o is at least i. Therefore, the same holds for the
codimension of B(o).

(ii) Let o be a cone which gives rise to a stratum of codimension ¢, i.e. assume that
o is of dimension £, and rank i. Then i < £. Choose i rays in o such that the corresponding
linear forms are independent (over Q). These linear forms generate a (not necessarily saturated)
sublattice L in Z&; let L’ be its saturation. Since the general element in o has rank 7, it follows
that o C Symrzc(L’ ® R). After acting by a suitable element in GL(g, Z) we can assume that
L' is the sublattice of Z& spanned by the first i unit vectors and thus that B(o) C ,3? and in
particular (o) C Agerf \ Be+1. Hence these strata are enumerated by the GL(m, Z)-orbits of
the cones in the perfect cone decompositions of Sym?(Z™) for all integers m < £. Clearly, the
number N (£) of such orbits is independent of g, for g > £. m]

As we already said, our approach is that we use Gysin sequences to successively compute
the cohomology of Agert. We start with the strata §(o) associated to rank i cones ¢ to com-
0 . .
pute the cohomology of ;" and then keep going deeper into the boundary to prove results about
the cohomology of Agerf itself.
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As we have just seen,
B(o) = G(o)\T (0)
with

m(0) = pi0q(0) : T(0) = X, — Ag_i.

We will need to compute the (stable) cohomology of strata (o) in several cases. For this we
must recall the construction of the torus bundle 7 (o) in more detail. We first of all fix the cusp
U over which we work. We shall want to work with the standard cusps, i.e. we fix U as the
isotropic subspace of Q2& spanned by the first i elements of the standard basis. The parabolic
subgroup P(U) of Sp(2g, Z) which fixes U is generated by elements of the following form:
The first set of generators is

, o S O

0 1 0 .

= . where S =S € Sym?(Z%).

g1 0 0 1 ym~(Z")
0 0 0 1g

These matrices generate the center P’(U) of the unipotent radical of P(U) and dividing out
by this (normal) subgroup gives T; x C/(&=1) x Hg_;, where T; = Sym?(Z') ®gz C*.
The second set of generators consists of elements of the form

I, 0 0 O

g2 = 0 4 0 B ,  where (A B)eSp(Z(g—i),Z),
0 0 1; O C D
0O C 0 D

and

O .
7.1 = , where M, N € Maty(i,g —1).
(7.1) g3 o 0 L 0 z(i,g—1)

0 0 M 1,
Note that the elements of type g», g3 generate a Jacobi group the quotient by which is

‘Ti—>XXi

where the i-fold universal family X;’_ ; — sAg—; is the quotient of Cile—i) x Hg_; by the
Jacobi group, and the fiber of the first projection is isomorphic to T;. The cone o defines
a subtorus Ty of T; and correspondingly a subbundle 75 of 77, with T (0) = 77 /7.

For later use, it is also useful to consider the torus bundle Tl.v — X;f’_ ;» whose fiber is
the torus

\ 27i\V *
T, =Sym“(Z')* ® C
dual to T;.
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Proposition 7.2. For 1 < j <k <1, let us define line bundles & on X xi ; by setting
ik —pk(P Hhe L V2 <k and i =p; O ) QLTVifj =k, whereLdenotes
the pullback of the line bundle of modular forms on A g—i- Then the torus bundle 7 "V — X X’
is isomorphic to the fiber product of the C*-bundles § Ok obtained by removing the 0- sectzon
from the § .

Proof. Let us denote by {t,s}1<r<s<; the basis of Sym2 (R%)V dual to the basis
{xrxs + XsXr}1<r<s<; and by M, the lattice generated by the 7, 5. (We will later use the
notation M for this lattice, when there is no longer a danger that this might be confused with
the matrices M, which appear later in this proof and whose notation has also become standard
in the literature.) Then

27'[ V=1t

l(t+1)

Sjk = ¢
define coordinates on the fiber M; C* =~ (C*) of 7;¥. We look at the transformation law
for the s;; under the subgroup (22~ ’)1) =~ Maty (i, g — i)®? of the Jacobi group generated
by transformations (7.1) of type g3. Forall 1 < j <k <i and M, N € Matz(i,g —i), one
gets

g—i
(7.2) (M, N)sjx _exp<2m/ (Z(m,lzkg il MR Tig—ivl)

=1

g—i
+ Z mjgmip Tg—i-i—a,g—i-i—ﬂ))sjk

a,f=1

In particular, the matrix N acts trivially on s .

To prove the claim, it is sufficient to show that s; is a local section of & for all
1 <j <k <i.lfj =k holds, this transformation behavior agrees with that of 6(Q2, Z )2
for Q@ = (tg—jta,g—i+p) € Hg—i and Z = (T g—i41,---+Tk,g) € Z', hence s;; is a local
section of the bundle p7(© ® L2,

For j < k one sees from (7.2) that & is the pullback of the line bundle §},, which is
defined analogously to &, in the special case j = 1,k = 2,i = 2, over Xg—i X, _; Xg—i-
Again, comparing with the transformation behavior of the theta function yields that the restric-
tion of &, to the fiber A x A of X;E ; 18 the inverse of the Poincaré bundle twisted by L2,
Indeed, for every [A] € Ag_;, the restriction of &}, to {0} x A and A x {0} is trivial, whereas the
restriction of &1, to the diagonal Xy_; — X;Ei gives (O ® L'/2)72, m]

Finally, the parabolic subgroup P (U) contains elements of the form

o=t 0 0 0
= , where Q € GL(i, 7).
g4 0 0 0 o0 0 (i,7)

0 0 0 1g-;
In order to obtain B(o) from T (o) we consider all Q such that the action on the space

Sym?(Z') given by
GL(i,Z)> Q0 : X —'071x0!

maps the cone ¢ to itself. This gives us a finite group G(o) and B(o) = G(0)\T (o). At
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this point we would also like to point out that the Jacobi group is a normal subgroup of
P(U)/P’(U) and that elements of the form g, and g4 commute. We will use these facts
without mentioning them explicitly when first dealing with the cohomology of 7 (o) and only
then taking the part invariant under G (o).

To compute the cohomology of one such stratum B(c), one uses two Leray spectral
sequences, namely those for the torus bundle ¢(o) and for w(0) : 7 (0) — #g—;. Indeed, in
a first step, for [A] € Ag—; the cohomology of (o)1 ([A]) can be computed from the Leray
spectral sequence of the torus bundle restricted to the fiber p;” 1([A]) = A’ of the universal
family X" ;:

(7.3) E?(q(0)) = HU(T;/To) ® HP (A") = HP 1 (n ()" ([A])).

Since the group G (o) acts fiberwise, one can then compute the G (o')-invariant part Ezp (g (0))
of the cohomology of the fibers of (o). Varying the fiber over 4 _;, one thus obtains a direct
sum of local systems on g ;. In the second step of the argument we then use the Leray spec-
tral sequence for the map 7 (o). To write Eé”q (m(0)) = Hi(Ag—;, RP(0)+Q), we consider
Eé’ “1(q(0)) as giving rise to a spectral sequence of local systems converging to R”7(0)«Q.
Provided one can control the differentials of the spectral sequence and one knows the coho-
mology of the local systems, from the G (o)-invariant terms Eg) *4(q(0)) one can thus compute
the cohomology of the stratum B (o).

Our aim is to compute stable cohomology. This simplifies the situation considerably since
stable cohomology only comes from trivial local systems. In other words we only have to take
into consideration the part Ezp “1(q(0)) of Ezp 4 (g (o)) which gives rise to trivial local systems
Vo on Ag ;. This allows us to work with a smaller spectral sequence, which still converges to
the stable cohomology of (o). Moreover, we will be able to argue that in the stable range not
only the cohomology of X ;i but also that of every open torus bundle is zero in any odd degree.
This will drastically simplify dealing with the spectral sequences.

8. Stable cohomology of strata

The aim of this section is to prove a stabilization result for the cohomology of the strata
B (o) of toroidal compactifications of #.. This kind of stabilization occurs independently of
the choice of the compactification. To set up notation, let us assume that we have an admissible
collection X = {¥g }¢en of admissible fans X in SymrzC (R&) orin a GL(g, Z)-invariant open
subset of Symrzc (R#). This means that for all g < g/, the intersection of X4/ with 4 coincides
with g, where we identify R€ with the subspace of R# ' generated by the first g coordinate
vectors. Then for each g, we define EZ,:‘ to be the (possibly partial) toroidal compactification
of g defined by this admissible collection of fans.

Let o be arank i cone of dimension £ in X. Then i < ¢ and o defines a stratum

Bg(0) C Ay

for any genus g > i. This is the quotient of a torus bundle 7g (o) over X;f’_ ; by a finite
group G(o0). The rank of the torus fiber is i(i + 1)/2 — £. The group G(o) and the fiber of
the torus bundle do not depend on g, but B¢ (o) itself does.

In what follows we must be very careful as to which space we are working in, and will
thus keep the subscript g everywhere.
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230 Grushevsky, Hulek and Tommasi, Stable cohomology of Ag

Theorem 8.1. For a given cone o the cohomology groups H* (Tg(0)) and Hk(,Bg (0))
stabilize for k < g —i — 1. Moreover, the cohomology in this range is algebraic, and explicitly
one has

H31e(Tg(0)) = Q[A1, 43, ...] ® Sym®(Span(0) N Sym*(Q")),

where the generators of Span(o) have degree 2. The stable cohomology of B(o) is the invariant
part of the stable cohomology of Tg (o) under the natural action of the stabilizer G(o) of the
cone o in GL(i, Z).

Remark 8.2. More precisely, there is an isomorphism
Hs.table(‘(rg(o—)) = Q[Trs»A2m+1 : 1 S r S s S i’ m e Z]/(UJ_ N M)?
where {1,5} denotes the basis of M = Sym?(Z’)" dual to {x,xs 4+ x5x,} and
ot ={¢p¢c Symz(Ri)V c¢p(§) =0forall &£ € o}

is the orthogonal complement of o.

One should interpret this isomorphism as a description of the stable cohomology of
Te(o) as a quotient of the stable cohomology of X;f’_ ;» by identifying 7,5 with the class
2Ty € HZo(X5L;) if r = s and with the class —Prs € HZ,p, (X0,) if r # 5.

Proof. Let us recall that for g < g’ the stabilization map on the moduli spaces of abel-
ian varieties is induced by the map #4, — A,/ given by mapping [A] € Ag to [A x B] € Ay,
where B is a fixed abelian variety of dimension g — g’. (Different choices of B lead to the
same map in cohomology.) For the universal family, the stabilization map is given by map-
ping (A, x) € Xg to (A x B,x x 0g), where Og € B denotes the identity element of B. These
stability maps can be lifted to B¢ (o) to obtain the following commutative diagram:

8.1) Te(0) —————— Tg/(0)
q(0)
7o) (X, —————— X,

pi

g —————— g,

where the map 7g (0) — T, (0) is well defined due to the fact that the fibers of the maps ¢ (o)
are independent of the genus g. The finite automorphism group G (o), being the stabilizer of o
in its Q-span, which is isomorphic to SymiO(Qi ), does not depend on g and acts equivariantly
on the diagram, thus defining the stabilization map f g(0) = Bgr(0).

Let us consider the Leray spectral sequence associated with 7 (o), with £ term

EDY = HP (Ag, Ri7(0):Q).

By the Stability Theorem 3.1, in the stable range p < g —i over #gz_; the cohomology of
the non-trivial symplectic local systems V,, vanishes, hence Ef 1 only depends on the trivial
summands of the local system R?7(0)+Q, or, equivalently, by the part of the cohomology of
the fiber of 7 (o) that is invariant under the action of the symplectic group. In Lemma 8.3 below
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we will show that this cohomology stabilizes in degree p < g — i and that in this range it is
isomorphic to the truncation of the symmetric algebra of a Q-vector space Mg/ Wg which is
isomorphic to the QQ-span of the extremal rays of the cone o.

In particular, the stabilization map induces an isomorphism between the E5 terms in the
range p,q < g — i of the Leray spectral sequences associated with (o) for g and for g’. Next,
we observe that the generators of Mg/ Wg represent algebraic classes in the cohomology,
hence the Eé’ 4 with p,q < g — i vanish if p + ¢ is odd and carry Tate Hodge-structures of
weight (p + ¢q)/2 if p + ¢ is even. The vanishing for odd p + ¢ implies that all differentials
dy : EP? — Erp-'_r’q_r'i'1 with p+r < g—i and g < g—1i are zero, so that £, = E holds.
In particular, this is the case for p + ¢ < g —i — 1, and therefore for k < g —i — 1 we have

HY(T/(0).Q) = H¥(T3(0).Q) = @) HP(Ag—i. RI7(0)«Q).

p+q=k

which in view of Lemma 8.3 is zero for odd k and isomorphic to

D H? (A Q @ Sym? (Mg/Wo)
p'+q'=k/2
for even k.

This proves the claim for the cohomology of 7 (o).

The strata B¢ (o) and Be/(0) are the quotient of T, (o), respectively, of Tg/(0) by the
finite group G(o). Therefore, the cohomology of B¢ (o) (respectively, Bg/(0)) is the G(0)
invariant part of the cohomology of T, (o) (respectively, of T/(0)). Since diagram (8.1) is
G(0)-equivariant, the cohomology of B¢ (o) stabilizes in the same range as that for 7, (o).
The explicit description of the stable cohomology and its algebraicity come from taking the
G(o)-invariant part in the description of the stable cohomology of 7 (o). The proof is thus
completed by proving the following lemma. ]

Lemma 8.3. In degree less than g—i, the Sp(2g —2i)-invariant part of the cohomology
of the fiber Vg 4 = 71(0)" ([A]) C Tg(0) is algebraic and independent of g. In particular, the
cohomology vanishes in odd degree.

Moreover, if we denote the basis OfSym2 (RY)Y dual to the basis {x,xs + XsXr}1<r<s<i
by {trs}1<r<s<i, the lattice generated by the t, s by M and the intersection octNMbyW,in
even degree k < g — i the cohomology of W4 is isomorphic to the degree k /2 part of the sym-
metric algebra generated by the quotient Mg/ Wo with Mg = M ®7 Q, Wo = W ®z Q.

Proof. To proceed, we want to describe more precisely the torus bundle 7, (c). We
recall that its fiber is the torus T; /Ty, where T; = Sym2 (Z') ® C* and T, C T; is given by
Ty = (Span(c) N Sym?(Z')) ® C*. Thus duality defines a canonical isomorphism between
the quotient T; /T, and the torus T, = (0 N M) ® C*. This enables us to view Tz () as
a subbundle of the dual torus bundle 7" of Proposition 7.2.

Let us choose a Z-basis @1, . ..., ¢m (m =i(i +1)/2) of W := o+ N M and write

¢ = Z Ojkey ko Thy ko -

1<ki<k><i

Then setting
2w, _ ok .ko
wj-=e¢ = T s
1<ki<k><i
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for j = 1,...,m defines a set of parameters for the fiber T 1 of the torus bundle 7 (o). Note
that by Proposition 7.2 each w; defines a local section of the bundle

o j.ky.ko
L/ T ®8k1k2

over X;’_ ;- Hence, if we denote the complement of the 0-section by L}’, the torus bundle Jg (0)
is contained in the direct sum of the L; as

T =709 . .70
Jg(o—) —_— Ll Xx;’q_l ”.XX;Z_I' Lm.

Now, let us consider Wg 4, which by definition is the restriction to AX = r; L([A]) of
the torus bundle 7, (o). The stabilization map commutes with (o), hence its restriction to A’
induces amap Wg 4 — Wgr 4/, where A’ = Ax B is given by the image of the point [A] € A4_;
under the stabilization map #g_; — g ;. To study the cohomology of W, 4 and Wgr 4, we
use the Leray spectral sequence of the torus bundle Vg 4 — A' and Wer g — A ', which we
denote by EZ*? and E.P+4, respectively. The E, terms are of the form

EPY = HI(T,.. Q8 H? (4, Q) = \" Wo & \" H'(4.Q)",
where we used the isomorphism
Wo = Hl(TUJ_, Q).

Let Eff ifv be the Sp(2g — 2i)-invariant part of £, and E;’invp’q the Sp(2g’ — 2i)-invariant
part of E;79. Then the description of E> given above, combined with Theorem 6.1, implies
that the stabilization map Wy 4 — W/ 4 induces an isomorphism E3 i = EZ:l if p < g—i.
Furthermore, for p < g — i the term Eé’, ’iﬂv vanishes for p odd and is given by

q q
Eyi, = /\ Wo ® Q[Tk, P kylp/2 = /\ Wo ® Sym?/2 Mg

for p even. Here we identified the symmetric algebra Sym” Mg with Q[T Pk, k] using the
map txi > —2Tk, Tkrr > — Prpe fork < k.

Furthermore, in view of the structure of T, (0) as product of C*-bundles, the Leray spec-
tral sequence of 7g (o) degenerates at £3, and the d»-differentials are determined by the Euler

classes of the C*-bundles, i.e. by the Chern class of the line bundles L1, ..., L,,. By construc-
tion, and by the description of the bundles & given in Proposition 7.2, one has
alp)=— Y  GrkkPun-2 ) T
1<ki<kor<i 1<k<i

where the coefficients of this linear combination are independent of g. In particular, in the

stable range also the differentials in the spectral sequences Ee iny and E iy coincide.

We can rephrase the description of d5 in terms of multilinear algebra by saying that

d _ -1
Ezr,q _ /\q WQ ®Symr MQ _2) E2r+2,q 1 _ /\q WQ ®Symr+l MQ

2,inv 2,inv

is the differential of the degree r + g strand of the dual Koszul complex associated to the
inclusion Wg < Mg of Q-vector spaces (see [15, Section A2.6.1]), provided both E 21,4

2,inv

and Egrh‘l'\',z’q_l are in the stable range. As this Koszul complex is exact, this immediately
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yields EZ?Y = 0forg > 1intherange p + g < g — i, as well as

3,inv

ka
EFC = Sym*2 Mo /(¢1.. ... ¢m) = Sym*/2 (Mg, W)

3,inv

for even k < g — i and the vanishing of E éi’i?w foroddk < g —1i. ]

8.1. Standard cones. We close this section by illustrating Theorem 8.1 in the concrete
case of the i-dimensional standard cone

2 .2 2
0= (X7,X3,...,X7).

As the rank of o is equal to i, we get a commutative diagram

(C*)™ _bundle .
T (o) Sl i

/G(0) z() J

IBg (o) Ag—i,

n(o)G(U)
where the rank of the torus bundle is m = (’2) To proceed, we describe more precisely the
torus bundle 7 (o) and the group G(o). As explained in the previous section, the fiber of
T (0) is given by the torus W ®z C*, where W denotes the integral points of the orthogonal
complement of 0. As o is spanned by Tjk forall 1 < j <k <i, one has

ot = Span(—7t12, ..., —Ti—1,i)-

From Proposition 7.2 it follows that exponentiating the coordinate —7;; gives rise to a local
section of the Poincaré bundle P;i. Therefore, we have that 7 (o) is the fiber product of the
Poincaré bundles Pji over X;’_ ; with the 0-section removed.

The stabilizer G(o) of the standard cone in GL(i, Z) is generated by sign changes and
permutations of the coordinates X1, ..., x;. In particular, its action on Span(c) N Sym?(Q*)
factors through the action of the symmetric group S; permuting x%, e ,xl.z. If we identify
Span(o) with the quotient of the dual space Sym?(R?)Y = Span(t11, T12, ..., Tii) by

ot = Span(zj : j < k),

we get the standard representation of S; on Span(zyy, ..., Ti;).

From this it follows that we can identify the stable cohomology of the torus bundle 7 (o)
with the quotient of the stable cohomology of X;"_ ; by the Euler classes Pz, ..., Pi—1; Qf
the factors of 7 (o), or, equivalently, with the subalgebra of the stable cohomology of X;’_ ;
generated by 71, ..., T;. As the stable cohomology of (o) is the S;-invariant part of the stable
cohomology of 7 (o), we get the following result:

Lemma 8.4. For the standard cone
2 2
0= (X7,....x7)

the cohomology groups H* (B ¢(0)) stabilize for k < g —i — 1. The stable cohomology of the
stratum Bg(0), as an algebra over the stable cohomology of Ag_;, is freely generated by
classes €; € H?% (Bg(0)) for 1 < j <1, where €; can be viewed as the degree j symmetric
polynomials in the classes Ty, ..., T; € Hz(ngil-).
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9. Stabilization of cohomology of Ager f

We can turn our attention to the (open) strata ,B? in the perfect cone compactifica-
tion Agerf, which are disjoint unions of the strata described in the previous section. To compute
their cohomology, we will use the Gysin exact sequence. We note that each individual stratum
B(0) is a finite quotient of a smooth variety, namely the quotient of 7 (o) by G(0), and hence
Poincaré duality holds between cohomology and cohomology with compact support of com-
plementary degree. We would like to point out that this is no longer true for the strata ,Blo
themselves as they will, in general, be singular, and thus we will now want to work with coho-
mology with compact support, in close to top degree.

In the proof of Theorem 8.1, we observed that the cohomology of B(o) stabilizes with
respect to a well-defined map Bg(0) — Bg/(0). Clearly, these maps extend to a morphism
Agerf — Ag?rf. This follows from the fact that in the toroidal construction, also the gluing of
the strata (o) commutes with the stabilization morphisms induced by #, — 4. Hence, by
restriction we also get maps

AL D By = Blgr C AG"
which induce the pullback maps
H¥(BYg) — H (BYp)-

However, if ,BIO < is singular, there is no natural associated map
top—k , 50 top—k / p0
HC (ﬂi,g’ - HC’ (IBi,g)’

due to the fact that Poincaré duality may not hold for ,8? .

Remark 9.1. As explained in the introduction, this is the first section the results of
which do not apply to an arbitrary toroidal compactification. To simplify notation and state-
ments, we will formulate everything for the perfect cone toroidal compactification, and make
use of Proposition 7.1, which is specific to the perfect cone compactification. However, we
would like to point out that in fact the results below hold in greater generality: indeed, prop-
erty (ii) of Proposition 7.1 follows from combining admissibility with property (i). Hence every
admissible collection X satisfying property (i) from the statement of Proposition 7.1 defines
a sequence of toroidal compactifications {Eg} to which our stability results (Proposition 9.3
and Lemma 9.5) extend. Thus our main result, the stabilization and algebraicity given by Theo-
rems 1.1 and 1.2 apply for any such X, possibly after replacing cohomology with cohomology
with compact support in the case that Zg is a partial compactification.

As we will see at the end of this section, some natural examples of such sequences of
partial compactifications are the matroidal partial compactification Aglatr (and applying the
machinery below gives the stabilization results in this case), as well as the smooth locus
Ag‘féfmom or the simplicial locus Agfgmp within Agerf.

Remark 9.2. Throughout this section, we prove all our results in the case of cohomol-
ogy. However, it is straightforward to adapt the proofs to work also for homology. For this
we need only to replace cohomology with compact support with Borel-Moore homology, and
the Gysin long exact sequences with their duals, the long exact sequences in Borel-Moore
homology associated with closed inclusions.
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Proposition 9.3. The strata ,3? < have stable cohomology with compact support in
degree close to the top degree as g goes to infinity. More precisely, the cohomology groups

H;(,ng, Q) satisfy
.1) HEBY . Q) = €D HEBe(0).Q)

rank o0 =i

if k > top—g + i + 1. Furthermore, in this range the cohomology groups with compact sup-
port are independent of g and are all algebraic, so that in particular all odd cohomology
vanishes.

Proof.  We first recall from Theorem 8.1 that the cohomology of the strata B¢ (o) sta-
bilizes in degree k < g —i — 1 and is algebraic in this range. As each Bg(0) is the global
quotient of the smooth space T (o) by a finite group, it follows that Poincaré duality holds
and the cohomology with compact support of B¢ (o) stabilizes and is algebraic in degree
k >2dimc Bg(0) —g +i + 1 <top—g + i + 1. Hence, equality (9.1) implies the rest of
the claim.

By definition of the toroidal compactification, the locus ﬂlo g C Agerf is stratified by the
locally closed subvarieties B¢ (o) defined by the rank i cones o in the perfect cone decompo-
sition. The dimension of these cones ranges from i to i (i + 1)/2. Therefore, we have

ﬂlp,g = |_| Wi

0<j<i(i+1)/2—i

where we denoted by W; o the (disjoint) union of all B¢ (o) with o of rank 7 and dimension
i(i +1)/2 — j. Note that the closures W o define a filtration on ,3? g and that the Gysin spec-
tral sequence associated with this filtration has E; term

EP? = HP (W4, Q).

where we set W, ¢ to be empty if no cone of rank i and dimension i (i + 1)/2 — p exists. As the
cohomology with compact support of W), ¢ is the direct sum of the cohomology with compact
support of its locally closed strata B¢ (o), to show claim (9.1) it suffices to show that the spectral
sequence associated with {Wj, ¢ degenerates at £ in the range p +¢g > top—g + 1 + 1.

To this end, let us note that Theorem 8.1 implies that £ f’ “? vanishes if p + ¢ is odd and
p+q > 2dimc Wy g—g+i+1,ie. forg > g2—i?—2i+ p+1.1In particular, in the non-trivial
columns, where i (i + 1)/2 —i < p <i(i + 1)/2 holds, all differentials of the form

Dsq p+rg—r+1
EZY — Ef

or
Erp—r,q+r—1 — EP4

with p +¢ > 2dim¢ ,Blpg —g+i+1=g?—i+1arein this range. Hence, either the source
or the target space of the differential vanishes. From this it follows that E*? = EZ;? holds for
p+qg>top—g+1i+1. o

Remark 9.4. The proposition above holds for any admissible collection X. The proof
can be easily extended to this more general case. This only requires us to keep track of the fact
that the top degree may be larger than g(g + 1) — 2i.
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Lemma 9.5. The cohomology of the open subset ,Aaperf \ Bi+1,¢ stabilizes in close to the
top degree, i.e. the cohomology group HE (g+1)—k (Aperf \ Bi+1,g. Q) is independent of g
for k < g. Furthermore, in this range the cohomology groups with compact support are all
algebraic, so that in particular all odd cohomology vanishes.

Proof. 'The main idea of the proof is the same as in the previous proposition: we consider
an appropriate stratification of ;1 1 ¢ into locally closed subsets, we prove that the E f) 1 terms
of the associated Gysin spectral sequence stabilize for p + ¢ < 2dimc Agerf —g=g?and
that moreover all differentials with either source or target in this stable range vanish, so that
they stabilize as well. In this case, the natural approach is to stratify Ag"'rf \ Bi+1,¢ as the
union of the strata /31 g for j =0,...,i. Then the associated Gysin spectral sequence in
cohomology with compact support has £ term

EPY = HPH(BY, ,. Q).

which in view of Proposition 9.3 stabilizes and is algebraic for
p+q>2dimch) ,,—g+i—-p+1l=g"—i+p+1

In the case of the strata Bg = Ag and 1 = X, however, the bound given in Theorem 3.1 and
Proposition 4.3 is slightly better, so that we have

p+q>2d1m(c,31 —p.g —g+i—-p=g*—i+p

as stability range for p € {i — 1,i}. At this point, we observe that all £ f’ 1 terms with either
p+q>g?orp+q>g?—1and p <i liein the stable range, and that they vanish if p + ¢
is odd. This implies that E f’ 4 = EE: stabilizes for p + g > g2, so that we have

HEAS™ Bring. Q) = D HEBY,. Q)

0<j=<i

for k > g2. This is enough to prove the stability of cohomology with compact support for
k > g2. The fact that the classes are algebraic follows from the corresponding results for
the ﬂ;) g m

We can now finally prove that the cohomology of Aperf with compact support, in degree
close to top, stablhzes The method is similar to the one developed in the previous sections:
to compute H. P~ (Aperf @), we need to analyze all the strata of complex codimension up to
lk/2] in A?rf. As we have pointed out before, the mere fact that for g > k there is a finite
fixed collection of such cones, which was shown in Proposition 7.1, is special to the perfect
cone decomposition. We are now ready to prove our main result, the stabilization of cohomol-
ogy HEETD=k (APt Q) for k < g.

Proof of the main theorem, Theorem 1.1.  As each stratum f; has codimension i in Aperf
and Ape‘f is compact, the cohomology of ,Aazerf in degree g’(g’ + 1) — k coincides with the
cohomology with compact support of Aperf \ Brg/21+1,¢’ for k < g < g’. Then the claim fol-
lows from the isomorphism

HEETDTR (AP B o1s1g. Q) = HE E TR (AP B 1167 Q)

described in Lemma 9.5 fork < g < g’. ]
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The singularities of the space Ag""f and the ensuing failure of Poincaré duality have
forced us to switch to cohomology with compact support. We will now discuss open subsets
of Agerf where this problem does not arise. The first question is to understand the singularities
of the space Agerf better. To be precise, we are interested in those singularities which come
from the perfect cone compactification itself, rather than those that arise from the non-neatness
of the group Sp(2g, Z), which do not give singular points of the stack Ag"'rf but only of its
coarse moduli space. As the latter singularities do not occur on suitable level covers they are
no obstruction to Poincaré duality as long as one works with rational coefficients. We shall
denote the locus of these singularities that are not resolved by going to a level cover by Ag";gn o
Indeed, this is the singular locus of the stack Age‘f. We have the following recent result of
Dutour Sikiri¢, Schiirmann, and the second author:

Proposition 9.6 (see [14]). The stack Agerf is smooth for g < 3 and the (complex) codi-
. . . f .
mension of its singular locus 'A’l;iing is equal to 10 for any g > 4.

We denote the underlying variety of the smooth locus of the stack Agerf by

Perf R Perf Perf
Ag,smooth i ‘A’g \ eA’g,sing'
From the toroidal point of view, we can view APt as the partial toroidal compactification
g ,smooth

of #Ag defined by the cone decomposition one obtains by considering only those perfect cones
that are basic. We recall that a cone is called basic if its generators form a Z-basis of Sym?(Z¥).
In fact, recall more generally that a cone is called simplicial if its generators form an R-basis
of Sym?(R¥), and in this case the toric variety is locally the quotient of a smooth space by
a finite abelian group.

The union of all simplicial cones defines an open subset Ag‘fgmp of Agerf. Since the
singularities of Agerf in codimension 10 arise from the non-simplicial cone D4 (see [14, The-
orem 1 (ii)]), it follows that the codimension of the complement of Ag";gmp in Alg,e‘f is also 10.
The main advantage of working with the simplicial locus (and suitable open subsets) is that
all its points are rationally smooth. This follows from rational smoothness of simplicial toric
varieties, see e.g. [9, Theorem 11.4.8]. Note that rational smoothness ensures that rational coho-
mology coincides with the middle perversity intersection cohomology. In our case, this implies
that the cohomology of the simplicial locus satisfies Poincaré duality and that we have a cycle
map to cohomology which is a ring homomorphism, i.e. we can interpret algebraic cycles of

(complex) codimension k as cohomology classes in degree 2k.

Proposition 9.7. The following statements hold.

(1) The cohomology stabilizes for the smooth and for the simplicial locus within Agerf,
i.e. the cohomology groups H¥ (:A)g‘fgmoth) and H¥ (A?,’sfmp) are both independent of g
fork < g.

(ii) For k < 19 there are isomorphisms

Htop—k(eA)gerf’ Q) ~ Hk(:A)Perf Q) ~ Hk(eA)Perf Q)

g,smooth>’ g ,simp’

induced by the Poincaré duality on ’A’gegnooth and Al;egmp, respectively.

Proof. (i) As explained in Remark 9.1, the proof of the main result above also serves to

show that H§ (g+1)—k (Agfgmp \ Bi+1,g. Q) is independent of g for k < g. In particular, this
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holds fori = [g/2] + 1. As the codimension of §; is i, one gets

Hf(g+1)_k(¢APerf \,Bi-f-l,g»Q) ~ Hég(g-l—l)—k(APerf Q) ~ Hf(eA)Perf Q),

g,simp g,simp”’ g,simp”’
where the last isomorphism is Poincaré duality for the rationally smooth Agegmp. This shows

the stabilization of the cohomology of Ag‘fgmp. The proof for Ag"ﬁnomh is completely analo-
gous.

(i1) We first note that
H op —k (Agerf’ Q) ~ HéOP —k (Algerf, Q)

holds since Alg,erf is compact. By the Gysin sequence applied to the inclusion of Ag‘fgng into
Agerf we obtain an isomorphism

top—k ,  Perf ~ gprtop—k . Perf
Hc P (Ager ’ Q) = HC P (‘A’gfrsmooth’ Q)

for k < 2-codime Ay, — 1 = 19. Finally, we have by Poincaré duality

HéOP_k(APerf Q) ~ Hk(:A)Perf Q)

g,smooth? g,smooth’

The same proof applies to the simplicial locus since Poincaré duality also holds there. m)

The third open locus of A5 which is of interest to us is the matroidal locus AY". The
importance of this locus was pointed out by Melo and Viviani [37], who identified it as the
biggest partial compactification of g contained in both the second Voronoi and the perfect
cone compactification. This means that we can think of Alé\,/[a“ as the “intersection” of A;""
and Agerf. The matroidal locus is defined as the partial compactification obtained by taking
all matroidal cones. Recall that a matrix A € Maty (g, n) is called totally unimodular if every
square submatrix has determinant —1, 0 or 1. A matrix A € Maty (g, n) is called unimodular if
there exists a matrix B € GL(g, Z) such that BA is totally unimodular. A cone in Sym?2 (R®)
is called matroidal if it is spanned by the rank 1 forms defined by the columns of a unimod-
ular matrix. It is known that all matroidal cones are simplicial [18, Theorem 4.1] and thus
AR C 'A’?,gmp- We also know that the codimension of the complement of A} in A" is 5,
due to the existence of a non-matroidal dimension 5 cone in genus 5 (namely the cone ons
discussed below among the codimension 5 strata).

As matroidal cones are simplicial, we have that Aglatr is again rationally smooth. In
particularly it satisfies Poincaré duality (with rational coefficients), so that the same argument
as in the proof of part (i) of Proposition 9.7 applies to ,A.g[a”, thus providing a proof of the
stabilization of the rational cohomology of Aglatr in degree k < g (Theorem 1.8).

Finally, the considerations above also apply to even smaller open loci of AP For

g,simp*
instance, one can take the partial compactification of /4 given by taking the union of all strata
associated with standard cones, i.e. of all B¢ (0') with o a cone of the form o = (x%, x%, ceey xiz)

for 0 <i < g (see Section 8.1). We will denote this union of the standard strata by Aztd. As
there is just one standard cone in each dimension, and standard cones are always basic, it is
easy to adapt the proof of part (i) of Proposition 9.7 to prove that the rational cohomology of
A?d stabilizes in degree k < g and is generated by algebraic classes. However, as the stable
cohomology of strata associated with standard cones is known by Lemma 8.4, in this case we
can compute this stable cohomology explicitly.
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Theorem 9.8. The cohomology of the partial toroidal compactification defined by the
standard cones stabilizes, i.e. H* (:A)gtd, Q) does not depend on g for k < g. The stable coho-
mology is the polynomial algebra generated by the odd A-classes and the fundamental classes
[Bi] € H* (A?d, Q) of the boundary strata.

Proof.  As remarked in the introduction, the stable cohomology of ,Aaztd coincides with
the cohomology of the inductive limit A5 of the sequence A3 — A3 | defined by taking
products with a fixed element of +4;. Let us observe that there is a well-defined product
Az,‘l‘ixAztz‘i — Aztld +2o forall g1, go > 0. These products define a structure of H-space on Agg‘,
so in particular its cohomology is a commutative and associative graded Hopf algebra over Q.
Hence, by Hopf’s theorem, the stable cohomology of eA.g,‘d is a free graded-commutative alge-
bra. However, in the case of Az,td we know that the stable cohomology is concentrated in even
degree, so that the stable cohomology is a polynomial algebra. At this point, it only remains to
identify the generators.

Let us recall from Lemma 8.4 that the stable cohomology of the stratum ﬂ? N A;‘d is
isomorphic to the polynomial algebra Q[n;, Aok 41 : 1 < j =i, k > 0] generated by the odd
A-classes and by i other classes n; € H 2J (,B? N A?d, Q). By the Gysin exact sequence asso-
ciated with the stratification { :310 N .Ag,td} of Az,td we have

9.2) H*(ASY, Q) = @ H* (B n A, Q) (—i)

i>0

in the stable range k < g.

Combining this with Lemma 8.4 we obtain that the rank of the stable cohomology in
degree k coincides with the rank of the polynomial algebra Q[n;, Azx41 : j. k > 0] with
degn; = 2j, degAyx41 = 4k + 2. Therefore, to prove the claim it suffices to notice that for
alli > 1, the fundamental class of [B;] is not a product of classes [8;] with j < i and A-classes.
This is indeed the case, as [8;] € H?/ (.Az,‘d, Q) vanishes under the pullback of the open inclu-
sion Af}d \ Bi — Az,td. Note that [8;] # 0 follows from (9.2) and the degeneration at £y of
the Gysin exact sequence associated with the stratification of Agtd by boundary strata. |

10. Automorphisms and the stable cohomology of the next stratum

To further demonstrate that our method can give explicit results, in this section we will
compute the stable cohomology of the “second partial” compactification of 4, obtained by
adding to Afg the locus of semiabelic varieties of torus rank 2 (which now come in two flavors,
depending on whether the toric part is P! x P! or two copies of P2, so that we have two
strata to deal with). Note that this part is still the same for the perfect cone, matroidal, second
Voronoi, and central cone toroidal compactifications.

More precisely, the perfect cone decomposition of Sym2>0 R& contains exactly two
GL(g, Z)-orbits of cones whose general element is a form of rank 2, namely the orbits of
the cones

0141 := (xf,x%) and ok, = (x%,x%,(xl —x2)2).

This implies that the locus within Agerf of semiabelic varieties of torus rank 2 is the union of
an open stratum f(o1+1), where the normalization of the corresponding semiabelic variety is

Brought to you by | Universita degli Studi di Padova
Authenticated
Download Date | 3/4/20 3:21 PM



240 Grushevsky, Hulek and Tommasi, Stable cohomology of Ag

an irreducible P! x P! bundle, and a closed stratum A := fB(0k,). In the following, we will
determine the stable cohomology of these strata and of their union using Theorem 8.1 and
the Gysin exact sequence. Both these strata are fibrations over Xg—2 X 4,_, Xg—2. By Theo-
rem 6.1 the stable cohomology H¥ (X;& ,) for k < g — 2 is generated by the classes 71, T> of
the two pullbacks of the theta divisor, and the class P := Pj; of the universal Poincaré divisor,
all trivialized along the zero section.

For the open stratum fB(o1+1) we know from [40, p. 356], see also [34, Section 5], that
it is the quotient by automorphisms of the total space of the universal Poincaré line bundle
P — X;,‘Ez, with its zero section removed (where the Poincaré bundle is trivialized along the
zero section Ag_5 — X;Ez). This description indeed agrees with that given in Section 8.1 for
the 7 -dimensional standard cone, in the case i = 2. Lemma 8.4 gives us the following result:

Lemma 10.1. The cohomology of B(01+1) stabilizes in degree k < g — 3. More pre-
cisely, in this range H*(B(0141), Q), as an algebra over the stable cohomology of 4 g—2, IS
isomorphic to the polynomial algebra Q[T + Ty, T1 T3] on two generators, of degrees 2 and 4,
respectively.

Our approach to the locally closed stratum A = B(ok,) is analogous. In this case, the
toroidal description yields that A is the quotient of X;fzz by the group G(ok,) generated by
the following three involutions:

(10.1) (x1,x2) < (=x1,—x2),
(10.2) (x1,x2) < (x2,x1),
(10.3) (x1,x2) < (x1, X1 — X2).

Note that the involution (10.1) acts trivially on Sym?(R?), whereas (10.2) can be viewed
as the involution x% <~ x% and (10.3) as x% < (x1 — x2)2. From this it follows that the action
of G(ok;) on Span(ok;) factors through the standard representation of the symmetric group S3
on the generators of og,. Let us recall from Theorem 8.1 that the stable cohomology of the
stratum B (0k,) is the G(ok,)-invariant part of the symmetric algebra on the generators of og 5,
tensored with H3 , (Ag—2). If we denote by (a1, a2, 03) = (xf, x%, (x1 — x2)?) the Z-basis
given by the generators of ok, and by

(Y1, y2,y3) = (11 + 112, T12 + 22, —T12)

the dual basis, we have

Hg e (B0K3)) = Happie(Ag—2) ® (Sym*(Qy1 + Qya + QJ/3))S3 ,

so that by the theory of symmetric functions the stable cohomology of B(ok,) is freely gen-
erated by the elementary symmetric functions in the y;. The geometric meaning of these
generators can be made more explicit by using the correspondence between the exponentials
of the coordinates t;; and the classes Tj, Pjx € H, S%able(x ;E ,) coming from Remark 8.2 and
Proposition 7.2. This yields the following description of the three generators &, 1, ¢:

—Y1—Y2—VY3=—T11 — T12 — 122 = E&=2(TT+T2) + P,
Y1v2 + v2y3 + v3y1 =T11122—f122 > n = 4T T, — P2,
—v1Y2y3 = (t11 + 112) (712 + 122)T12 > § = P(2T1 + P)(2T2 + P).
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This proves the following result:

Lemma 10.2. The cohomology of A = B(ok;) stabilizes in degree < g — 3, and in
this range is generated over the stable cohomology of g by the classes §, n and { that have
degrees 2, 4 and 6, respectively.

Since each of the two substrata of ﬂg are smooth, we can translate our results into
cohomology with compact support, and using the Gysin spectral sequence we can thus compute
the cohomology H: —k (BY. Q) with compact support in the stable range k < g — 3 (where
top := g(g + 1) — 4 is the (real) dimension of ,Bg. Recall that the stratum ﬂg is smooth, as all
rank 2 cones are basic. In particular, Poincaré duality gives an isomorphism

H (B, Q) =~ H™ %89, ),

so that we can state stability results for 8 g directly in terms of cohomology.
For later use we notice in particular that:

Corollary 10.3. For g > 11, the Betti numbers of ,Bg in even degree are as follows.

kK 0 2 4 6 8
dmH*9,Q) 1 3 6 11 19

Moreover, the stable cohomology vanishes in odd degree k < 8.

11. Further computations: Stable cohomology of Agerf in degree up to 12

In this section we outline the technical difficulties encountered in extending the explicit
computations of stable cohomology to higher degree, and list the results of this computation
for the next couple of cases. As a result, we compute H'°P ¥ (Agerf, Q) for k < 12, proving
Theorem 1.6 (and then from the computations also easily deduce H® K (:A»g,/[mr, Q), proving
Theorem 1.9). To do this, for each of the (many) cones, we will list the rank 1 forms generating
it (as in [45, Chapter 4]) and the automorphism group preserving the cone (for most cases these
have been computed by the second and third authors in [33] and [34], we provide the couple
extra computations necessary). We then describe the action of the automorphism groups on the
cohomology of the torus fiber.

We also recall that from Lemma 8.3 and Proposition 9.3 and their proofs we know that
the cohomology of each stratum is purely algebraic, all odd cohomology vanishes, that E?-4
vanishes for p odd, and that the Leray spectral sequence for the map to /g_j degenerates
at E5. Thus our job amounts to computing the invariant part of the cohomology of each toric
fiber, and then following the method of Lemma 8.3 and Proposition 9.3.

11.1. Strata of codimension 3. There is only one stratum of A" of (complex) codi-
mension 3 that we have not considered yet; it is the standard degeneration of torus rank 3, given
by the cone

O14141 = (X7,x3.x3).
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In this case, we can apply Lemma 8.4 for rank i = 3, which gives us that the stable
cohomology of B(o1+1+1) is freely generated by the elementary symmetric polynomials in
the T'-classes

T+ T+ T3, ThTr + T2T5 + T3T1, T1 12715

and the odd A-classes. Recall that to compute H =8 ETD=12(APert) — fr=12(APerf) (see Pro-
position 9.7), we will only need H =° of this stratum. The dimensions of the stable cohomology
are thus given as follows.

kK 02 46
dim HY, (B(014141),Q) 1 2 4 8

11.2. Strata of codimension 4. We have three strata of codimension 4, of which one
(the standard cone) has torus rank 4, and two others correspond to torus rank 3 degenerations,
1.e. define strata in ,Bg (we refer to [25] for the detailed description of all strata of codimension
up to 5, and of course to [34] for more details). The standard torus rank 4 cone is
Ol41+141 = (X1.X3.X3,x3).
As above, we can apply Lemma 8.4 to (01+1+1+1), Which yields the following values for the
dimension of the stable cohomology in degree k < 4.

k 02 4
dim Hf, . (BO1+14141),Q) 1 2 4

The other two cones of codimension 4 have torus rank 3. One is

GK3+1 = <x%v x%v (xl - x2)2’x§>

In this case T (0k5+1) is a torus bundle of rank 2, with parameters sl_é, S5, g Thus 7 (0g5+1) is
isomorphic to a product of the Poincaré bundles (Py,3 ® L'/2)% and (P53 ® L'/?)° with the
0-section removed. The reduced automorphism group of ok, 41, i.e. the automorphism group
divided by £1, was computed in [33, Lemma 6], and is equal to S3 x (Z/27Z). Its action on
Span(o) factors through the action of S3 permuting the first three generators of o and fixing
the last one. Then Theorem 8.1 implies that the stable cohomology of B(0k;+1) is isomorphic
to an algebra H, . (Ag) ® Q[ f2, g2, g4, g6] Where the subscript identifies the degree of the
free generators. The generator f, can be identified with x%, whereas gp; corresponds to the
degree i elementary polynomial in x%, x%, (x1 — x2)2. Using the same approach and notation

as in Lemma 10.2, this yields the isomorphism

Hae(BOKs 1)) = Q[T3.£.1.8. domy1 i m € Z] C Hypyo(X3)

for the classes £ = 2(Ty +T12)+ P,n = 4T\ T, — P2, ¢ = P(2Ty + P)(2T, + P). This yields
the following formula.

kK 0 2 4
dimHsI:able(ﬂ(aK3+1)aQ) 1 3 7

Finally, we have the last codimension 4 cone given by

oc, = (x7.x3. (x1 — x3)%, (x2 — x3)%).
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This cone was studied in [33, Section 5.4]: a natural choice of parameters for 7 (o¢c,) is given
by S1_21 , §13523533; the automorphism group of o¢, is S4, and it is generated by the three invo-
lutions sending the point (x1, X2, x3) € R3 to

(x2,x1,x1 +x2 —x3), (x1 —x3,—x2,—x3), (x3—2x2,—X2,X1 —X2),

respectively. As S4 permutes the generators of oc,, the stable cohomology of B(oc,) is freely
generated over the stable cohomology of /g by four classes of degree 2, 4, 6, 8, respectively,
corresponding to the elementary symmetric functions in the generators of oc,. To identify
them as elements of the stable cohomology of X3, we need to extend the generators of o¢,
to a basis of Sym?(R?3) in such a way that the span of the two additional generators f, g is
a subrepresentation of S4, e.g. by setting

f= —x% + 6x1x2 — x% —2Xx1X3 — 2X2Xx3 + 2x§,
g = 2x% + 2x§ —2X1X3 — 2X2X3 — x%.
Then dualizing gives the following description of the dual elements yy, ..., y4 (multiplied by 3
by convenience) of the generators «y, ..., a4 of o¢,:
Y1 =371 + 133 + 2112 + 4713 + 123 > =611 — 273 — 2P12 — 4 P13 — P23,
Y2 = 3722 + 133 + 2712 + T13 + 4123 > =612 — 273 — 2P12 — P13 — 4 P23,
Y3 =133 —T12 — 2713 + 723 > —T13 + P12 + 2P13 — Pas,
Ya =133 —T12 + 713 — 2123 > —T13 + P12 — P13 + 2P23.
From this it follows that the stable cohomology of B(oc,) is generated by the elementary
symmetric functions in the y;. In particular, the degree 2 generator is
g = 3Ty + 3T + 4T3 + 2P»3 + 2P13 + P (degree 2),
and the degree 4 generator is
n = —P} — P12P13 — Pl — P12Pas — P33y + 12T Ta + 12T1 T3 + 127> T3
+ 6P13T2 + 6T1 Pa3 + 4P13 P23 + 4P12T3 + 8P13T5 + 8P23 T3 + 8T5.

11.3. Strata of codimension 5. For the codimension 5 strata the full computation of
automorphism groups and of invariant classes becomes more elaborate. Note, however, that for
our purposes we are only interested in the cohomology in degrees up to 2. Since each of these
strata B(o) is connected, the H© is always one-dimensional, and generated by the Poincaré
dual of the fundamental class. By Theorem 8.1, the H! vanishes and the H? is generated by
A1 and by classes coming from the G (o')-invariant subspace of Span(o).

The first stratum of codimension 5 corresponds to semiabelic varieties of torus rank 3,
and was also treated in [33] and in [34], where it is denoted simply by o® 1tis given by

OK,—1 = (X7, X3, %3, (x1 — x3)%, (x2 — x3)?),
and the full automorphism group was computed in [34, Section 6.5], and it coincides with the
subgroup of the automorphism group of the cone Cy4 fixing x%. From this it follows that the
G(ok,—1)-invariant part of Span(ok,—1) is two-dimensional, generated by x% and by the sum
of the other generators. Dually, this can be viewed inside the stable cohomology of X ;3 as

the span of the two invariants i1 = 77 + T3 and i, = 475 + P12 + 2P13 + 2 P53 computed
in [34].
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Next, there are three strata in torus rank 4, namely those corresponding to the cones

Oks+141 = (X7, %3, (x1 —x2)%, x5, x3),

0Ci+1 = (x1.x3, (x1 — x3)%, (x2 — x3), x3),
ocs = (X7, %3, (x1 = x4)%, (x2 — x3)%, (x3 — x4)?).

In the case of 0k, 141 the automorphism acts on Span(ok;+1+1) as the product §3x5>,
where the first factor permutes the first three generators of o, 4141 (as in the case of og) and
the second factor interchanges the last two generators. Therefore, the invariant subspace of
Span(ok;+1+1) is two-dimensional, generated by xf + x% + (x1 — x2)? and x% + xi.

For o¢,+1 the automorphism group coincides with that of o¢, and acts trivially on xf.
Therefore, the invariant subspace of Span(oc,+1) is again two-dimensional, generated by
x% + x% + (x1 — x3)% 4 (x2 — x3)% and x‘%.

Finally, the automorphism group G(oc;) acts on Span(oc,) by permuting the 5 genera-
tors. Therefore the invariant part of Span(ocs) is one-dimensional.

We now encounter a new feature: indeed, as explained in [27], correcting [25], there exist
two cones in the perfect cone decomposition of codimension 5 and torus rank 5. The first one
is the standard cone given by

2 2 2 2 2
0141414141 = (xl 5 x2’ )C3, X4, xS),
for which Lemma 8.4 implies that the invariant part of Span(oj41+1+1+1) is one-dimensional.
The other case corresponds to the non-standard five-dimensional cone given by

ONS = (x%, .. .,x%, (2x5 —x1 — X3 — X3 —x4)2).

Its reduced automorphism group is generated by the group S5 permutating the five generators
of ons. Therefore, the invariant part of Span(oys) is generated by the sum

x%+'--+xf+(2xs—x1—x2—X3—X4)2.

11.4. Strata of codimension 6. For the strata of (complex) codimension 6, note that
by the Gysin spectral sequence their only cohomology that matters for the computation of
H Slz(zf\ag,ﬂf) is the H. Since each such stratum is connected, its H is one-dimensional, and
we simply note that there are in total thirteen strata. These correspond to the non-degenerate
six-dimensional cones of which there are 1, 4, 5 and 3 in genus 3, 4, 5 and 6, respectively,
see [16]. Note that the six-dimensional cones in genus 3 and 4 are all matroidal. In genus 5,
four of them — the cones associated with the graphical lattices C¢, C5s + 1, C4 + 1 + 1 and
C3+ 141+ 1 — are matroidal; the remaining cone contains ons and is therefore non-matroidal.

From the definition of matroidal cones, it follows that the standard cone (up to the
GL(g, Z)-action) is the only g-dimensional matroidal cone of rank g. Hence, of the three
six-dimensional perfect cones of genus 6 one is matroidal and the other two are not.

Finally, we are ready to compute the cohomology of Agerf in degree up to 12.

Proof of Theorem 1.6.  From the proof of Theorem 1.1 it follows that for k < g, the
cohomology of Agerf in degree > top —k is the direct sum of the stable cohomology with
compact support of the strata 8 (o) of codimension < [g/27. This means that for g > 13 we can
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Degree 0 2 4 6 8 10 12

Ag 1 1 2 2 3 4

BY 1 2 3 5 10

B3 3 6 11 18

B(o1+1+1) 2 8
Codimension 4 strata 3 7 15
Codimension 5 strata 6 15
Codimension 6 strata 13

Total 1 2 4 9 18 38 83

Table 1.  Betti numbers of stable cohomology.

calculate the cohomology of Agerf in degree larger than or equal to top —12 by collecting the
stable Betti numbers calculated in the previous sections and adding them as shown in Table 1.
From this the claim follows. o

The cohomology of A]g,/[a" in low degree is computed analogously:

Proof of Theorem 1.9. 'To compute the stable cohomology of Aglatr we simply need to
subtract from Table 1 the contribution of the non-matroidal cones and then use Poincaré duality
to pass from cohomology with compact support in degree top —k to cohomology in degree
k. The only changes occur in dimensions 10 and 12. In dimension 10 we lose one generator,
corresponding to the fundamental class of the non-standard torus rank 5 codimension 5 cone. In
dimension 12, we lose one generator for each of the three non-matroidal cones of dimension 6,
and two generators for the H? of the non-matroidal dimension 5 cone. |

12. Algebraic generators for cohomology

Above we have computed the dimensions of the stable cohomology groups

I_Itop—k(o‘\)gerf7 Q) ~ Hk(APerf Q) ) Hk(APeﬁ Q)

g,smooth’ g,simp?

for k < 12. We will now identify geometrically generators for the cohomology groups for
k < 8 and for most of H'°, and then discuss the phenomena present for H12. To be more
precise, we shall construct certain geometric cycles on the open part Ag‘fgmp of A};frf where
the cycle map
el s AQ(Aimp) = H* (A Q)

is well defined and a ring homomorphism, see [20, Corollary 19.2]. Naturally, this approach
also works for the open sets .Agfgfmooth and Aglatr which are (proper) subsets of Az,e’gmp.

We will use two methods for constructing cohomology classes, the strata algebra — gen-
erated by the fundamental classes of the strata in Agerf corresponding to various perfect cone
cones — and the boundary algebra — generated by suitable polynomials in irreducible divisorial
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components of the boundary of the level cover Agerf(Z) — both taken together with the algebra
generated by the Hodge classes Ap;41.

More precisely, for the first construction, we consider the algebra generated by the fun-
damental classes of the closures of the strata (o), where o is a simplicial cone — we call this
the strata algebra by analogy with the subalgebra of the cohomology of the moduli space of
curves generated by the fundamental classes of the strata of stable curves of fixed topological
type. From now on when we speak about the class of the stratum, we mean the cohomology
class of its closure. In order to keep the notation manageable, in this section we will denote the
corresponding cohomology class also by o.

The second construction is by going to a level cover Age‘f(Z), where the boundary be-
comes a reducible divisor, with its irreducible components D,, labeled by m € (Z/27)%8 \ {0}.
The boundary components in A};,erf(Z) corresponding to a basic cone intersect generically
transversally. By writing polynomials in the classes of D, invariant under the action of the
deck group Sp(2g,7/27) of the cover Age‘f@) — Age‘f we obtain classes in suitable open
subsets of Ag,erf@) (such as the simplicial locus) which descend to Agerf. To avoid unnec-
essary multiplicities in our notation we normalize the pushforward by dividing by the order
of the deck group, as was also done in [26, Section 4]. This construction provides us with
well-defined cohomology classes on the simplicial locus Agfgmp. It was used in [26], where
especially in Sections 8 and 9 similar constructions were performed, and we freely use the nota-
tion and results from there. We recall that the intersection of two different boundary divisors
Dy N D, C ARE™(2) is non-empty if and only if m and m5 span an isotropic subspace, i.e. if
and only if the scalar product m-m, = 0 € Z/27.. We note that the orbit under Sp(2g, Z/27)
of ak-tuple my, ..., my € (Z/27)?¢\{0} such that each pair m;, m; is isotropic consists of all
k-tuples of vectors satisfying the same set of linear relations over Z /27 (in particular, if some
m; are the same, then in the orbit some of the elements must also be the same). Thus the gen-
erators for the vector space of polynomials in D,, invariant under the action of Sp(2g, Z/27)
are given by sums of products of the boundary divisors of the form ) Dy, ... Dy, subject
to a fixed set of linear relations of the form m;, + ---+ m;, = 0. We will thus proceed by
enumerating all such polynomials in D,, of degree up to 6 (calling such polynomial a pure
boundary class), and multiplying them by suitable polynomials in the Chern classes A5;41 of
the Hodge bundle. To prove that one obtains the entire stable cohomology in a given degree,
one then has to compare these classes to the ones which we used to prove stability in Sections 9
and 10 and to compute the explicit numbers in Theorem 1.6.

We will see that in degree up to 8 the strata algebra and the boundary algebra are equal,
and both are equal to the stable cohomology. On the other hand in degree 10 neither of them
generates the entire stable cohomology H 10(Agfgnooth, Q), and it appears that they give diffe-
rent codimension 1 subspaces of it. In degree 12 it appears likely that the strata algebra, bound-
ary algebra, H 12 (AP Q), and H'2(AY", Q) are all different.

g,smooth’

Case k = 0. Here we of course have one class, which is simply 1.

Case k = 2. We have already treated this in Corollary 5.3. Here we have one class A1,
which already exists on s, and one class B, which on the one hand is the closure of the
stratum given by the unique rank 1 cone o; and on the other hand is nothing but the boundary
D and can in the spirit of the above discussion be identified with the sum ) ® D,,. Thus we have
identified both generators of the stable cohomology H Z(Agerf).

Brought to you by | Universita degli Studi di Padova
Authenticated
Download Date | 3/4/20 3:21 PM



Grushevsky, Hulek and Tommasi, Stable cohomology of /g 247

Case k = 4. In our previous discussion we saw that the stable cohomology in degree 4
has rank 4. The only degree 4 class which already lives on g is k%. The boundary is the closure
of the stratum o141, which contributes the classes A181 and 8 f Here we note that 3 f equals
the class given by 7' on o7 (and the latter is nothing but the universal abelian variety in genus
g — 1). Finally, the class of the closure of the stratum o3 also lies in H*. In terms of boundary
components of eAg‘°'rf(2) the first of these classes is A1(D_ D), whereas the last is given by

> -m#m’ Dm D . Finally, B3 corresponds to (3° Dyy)? =Y. D2 + > metm’ Dm D

Case k = 6. Here we need to be a bit more methodical. By Theorem 1.6 the stable
H G(Age’gfmooth) has dimension 9. There are five classes which are products of classes of degree
at most 4 (which we have already identified) with A-classes. These are the two classes from A,
namely k? and A3, then the degree 2 classes supported on the boundary multiplied with A2,
i.e. A2B1, and finally from the degree 4 classes supported on the boundary we obtain A%
and A1 B2. So far we have thus constructed five classes that are not obtained as cubic expressions
in Dy,.

We will now enumerate cubic expressions in D; this has actually been studied in detail
in [26]. However, to set up the more methodical search below, we review how this can be done.
Indeed, first of all in a cubic expression some indices m; may coincide (equivalently, this is
a linear relation m; + m; = 0). The expressions where there are some coincidences are thus
> D32 and Y D,zn1 Dy, , where from now on we use the convention that each such sum is over
all possible m 1, ..., my satisfying no additional relations in addition to the ones stated — so in
particular in the second sum m; and m, are assumed to be distinct.

If we have a cubic expression with no m; coinciding, there are actually two cases, corre-
sponding to whether the sum of the three indices is zero or not (these are the so-called local and
global, corresponding to whether the three divisors intersect within ﬂg or ,Bg). We thus have
the two expressions ), 4o Dy Dmy Dms and Y Dy Dy Dy (Where recall in the
second sum we enforce mj + my + m3 # 0). Also, from now on, when writing such sums,
we will implicitly divide by the suitable product of factorials so that each summand appears
only once, that is, both of these cubics should be divided by 6, while say » D,%“ D,Zn , would
be divided by 4.

Thus we have a total of four classes that are cubics in Dy,. Indeed, these four classes,
together with the five classes described above generate the stable cohomology in degree 6.
To see this we note that the condition m + my + m3 = 0 means that the three boundary
divisors D, intersect locally, i.e. the generic point of this intersection is contained in ,33
and this intersection is the closure of the stratum B(ok,). On the other hand the condition
m1 + my + m3 # 0 means that the three divisors intersect “globally”, i.e. their intersection
is contained in fB3. In fact, this intersection is irreducible and equals 83, which in turn is the
closure of the stratum 074141 -

For what follows it is useful to use a better formalism for describing homogeneous poly-
nomials in the D,,. To make the formulas readable, we write {m’l1 . m;’} for )" D,lf“ ...D}} /s
where we order the powers so that i; > ip > --- > i;, and furthermore we order the indices so
thatifi,—y > iy = -+ =ip > ip41, then my > -+ > myp. We further note the linear relations
in parenthesis, so that e.g. (123) means m + my 4+ m3 = 0. Thus for example we have

{1}=) Dm. {12=) DiD; =p,. {1°2}=> D?D;.

i<j i#]
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In degree 3 we thus have the four possibilities {13}, {122}, {123}, {123(123)}. They relate
to the fundamental classes of strata of Ag‘“f as follows:

B3 = {13} + 3{122} + 6{123} + 6{123(123)},
B1B2 = {122} + 3{123} + 3{123(123)},
ok, = {123(123)},
o1+141 = {123}

Hence the space of classes spanned by the four possible cubic polynomials in the D, equals
the span of ,Bf, B1B2, 0k5, O1+1+1. We note that ,Bf is the class 72 on B(o1) and B1 B2 is the
class of 77 + T» on 0141, see the proof of Lemma 10.1. Thus it follows from Section 11 that
the classes obtained as polynomials in the D, together with the A-classes generate the stable
cohomology in degree 6.

Case k = 8. From Theorem 1.6 we know that the rank of the stable cohomology in
degree 8 is 18. Above we have described 9 classes in degree 6. Multiplying these with A; and
also taking A3f3; we obtain 10 independent classes. The remaining stable cohomology can be
generated by classes which do not contain a factor which is a A-class and, according to Sec-
tions 10 and 11, is generated by the image of the classes 73071, (T + T>)%0141, (T1T2)0141,
(T1 + T2 + T3)014141, 2(T1 + T2) = P)OKs, 01414141, K3 +1,0C, in HP 78 (AL, Q).

We will now show how to obtain (the span of) these classes by the quartic polynomials
in D. For this we first have to enumerate these. This situation was studied in detail in [26, Pro-
position 8.4]. The possibilities are

{14y, {132}, {1222}, {1223(123)}, {1223}, {1234(123)}, {1234(1234)}, {1234},

so that altogether we get eight classes. As discussed in [26], their span is equal to the span of the
classes B1, BT B2. B3. B1B3. B1(0k; + 0141+1), Ba, {1234} + {1234(123)} + {1234(1234)},
and {1234(1234)}. The stratum B4 is irreducible, and we have 84 = 01+1+1+1, Which cor-
responds to the polynomial {1234}. From the definition of the cones ok, and oc, we find
that these strata correspond to the classes {1234(123)} and {1234(1234)}. Next 813 gives the
class coming from (T1 + 71>+ T3)O'1+1+1. Since 614141 = ,33, we obtain, modulo /91,33, that
B1(ok;+01+1+1) gives the unique degree 2 class on ok, which, by the proof of Lemma 10.2 is
(2(T1 + T») — P)ok;. Modulo the classes already enumerated we then see that ,3%, which cor-
responds to {12}2, gives (T1T2)o141. Similarly /3%,82, which corresponds to {1}2{12}, gives,
again modulo classes already enumerated, the class (T} + 7>)?01 4. Finally, ‘1‘ gives T30
plus classes from above. This shows that we obtain the entire stable cohomology in degree 8
by using either the strata algebra or the polynomials in D,.

Case k = 10. Here we will see that neither the boundary algebra nor the strata algebra
span all of H10(APet Q), while it could be that together they span it.

g ,smooth’

Indeed, we know from Theorem 1.6 that stable H lo(Agfgnooth, Q) = Q38. Above we
have seen that all nineteen stable classes of degree 8 lie in the strata algebra and in the boundary
algebra. Multiplying each of these eighteen classes by A1 gives a degree 10 class in the stable
cohomology of Agerf. We also have the class A5 in the stable cohomology of 4, (which also
extends to Agerf). Furthermore, we can construct more classes as a product of A3 and a suitable

boundary class. For this, we would need a polynomial in boundary strata of codimension 4, and
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there are of course two such classes, ,3% and B, (the same space is the linear span of 8(07)? and
B(01+1)). Thus altogether we have constructed 21 = 18 + 1 + 2 degree 10 classes involving
a A-class. We thus need to account for the remaining seventeen classes in H 10(A§e,gnooth .

To understand pure boundary strata in H '°, we need to study the possible quintics in D,,:

these are enumerated in the proof of [26, Proposition 9.1], and in our notation are as follows:
{15}, {142}, {1322}, {1323}, {1323(123)}, {12223}, {12223(123)},
{12234}, {17234(1234)}, {12234(123)}, {12234(234)}, {12345},
{12345(12345)}, {12345(1234)}, {12345(123)}, {12345(123, 145)},

which gives a total of sixteen quintic polynomials in D,. It follows that the dimension of pure
boundary algebra is 16, and together with the twenty-one classes enumerated above these are
insufficient to generate the stable H IO(Age’gnooth, Q). Thus the boundary algebra is smaller
than HIO(Agfgnooth, Q).

Similarly, for the strata algebra in degree 10, as per the discussion in Section (11), we
note that there are six boundary strata of complex codimension 5. These can be related to

polynomials in the D, as follows:
O141+1+1+1 = {12345},
OKks+1+1 = {12345(123)},
oc,+1 = {12345(1234)},
ok,—1 = {12345(123,145)},
while we have
ocs + ons = {12345(12345)},

where we recall that ong denotes the non-standard non-matroidal cone. The last identity follows
since the 5-tuples given by the generators of the cones o, and ong coincide mod 2. Thus all
five quintics in D,, that involve five different indices can be expressed in terms of boundary
strata, but not vice versa. We now investigate further degree 10 classes in the strata algebra. For
polynomials that involve a boundary class of complex codimension 4, we have

0101414141 = *{12234) + {12345} + %{12345(12345)},
O10K;4+1 = #{12234(123)} + *{12234(234)} + *{12345(123)} + *{12345(123, 145)},
010C,+1 = #{1234(1234)} + %{12345(1234)},
where * denotes the various combinatorial non-zero coefficients appearing. Using these expres-
sions, together with the expressions for the quintics involving five different D,,, obtained
above, we can express {12234} and {1234(1234)} as linear combinations of polynomials in
boundary strata. Note, however, that so far we are only able to express a suitable linear combi-
nation *{12234(123)} + %{12234(234)} as a polynomial in boundary strata — but not the two
summands individually.

For the elements of the (pure, not involving the classes A1) strata algebra involving a cone
of complex codimension 3, we similarly have

02014141 = *{1323) + {17223} + X,
otoks = #{1323(123)} + *{12223(123)} + X,
01+10141+1 = *{1%223} + X,
o1410K3 = *{12223(123)} + X,

Brought to you by | Universita degli Studi di Padova
Authenticated
Download Date | 3/4/20 3:21 PM



250 Grushevsky, Hulek and Tommasi, Stable cohomology of Ag

where X in each case denotes various explicit linear combinations of quintics involving at least
four different D,,. Thus from the above expressions, we can express each of the four quintic
polynomials {1323}, {1323(123)}, {12223}, {1%223(123)}, as a linear combination of monomi-
als in boundary strata and quintics involving at least four different D,,, while we get no further
information or relations that could allow us to distinguish *{12234(123)} and *{12234(234)}
(or ons and o¢s).

It remains to enumerate elements of the strata algebra that only involve classes of codi-
mension at most 2; that is to say, we now need to write monomials in o7 and B(o1+1) only.
Again, now denoting X any linear combinations of quintics involving at least three differ-
ent D,,, we get

o7 = *#{1°} + {12} + #{1°2%} + X,
oio1+1 = *{172} + %{1°2%} + X,
01012+1 = %{1°22} + X,

so that again these monomials can be expressed in terms of the polynomials in the strata algebra
and the monomials we have studied previously. We thus obtain

Summary 12.1. There exist sixteen pure boundary classes (quintics in D,;) and sixteen
pure strata classes (monomials in the classes of the strata), such that:

(i) Each pure boundary class except {12234(123)} and {12234(234)} lies in the pure strata
algebra; moreover, a suitable linear combination *{12234(123)} 4 *{12234(234)} lies
in the pure strata algebra.

(ii) Each pure strata class except ocs and ons lies in the pure boundary algebra; moreover,
0cs +ons also lies in the pure boundary algebra (in fact, simply equals {12345(12345)}).

We thus obtain:

Proposition 12.2. Neither the strata algebra nor the boundary algebra generate the
cohomology rings of either the smooth or the simplicial locus of Agerf.

We furthermore conjecture that in fact both the boundary algebra and the strata algebra
in degree 10 have dimension 37, that together they span H 10(¢Ag‘j§;00th, Q), and moreover that
the boundary algebra actually is equal to H 10(&\)1;['“‘“). As the stratum ons does not belong
to Alg,’la“, the dimension of the restriction of the strata algebra to Ag[a“ is only 36 in degree 10,
so it is clear that the strata algebra cannot give all stable cohomology of Aya“.

Case k = 12. Here we will see that H 12(A§f§fnomh, Q), H 12(&%2’[3“, Q), the boundary
and the strata algebra all seem to have different dimensions. We recall that by Theorem 1.6 and
Theorem 1.9 we have

HIZ(APerf Q) — Q83

g ,smooth’

and
12, 4 Matr _ n78
HZ(AF", Q) = Q.

For both the boundary and the strata algebra, we shall first enumerate those classes which
involve A-factors. Here we have four classes in the interior: /\?, 1%2\3, A1As, 3 -1 classes by
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multiplying the k& = 10 interior classes by the unique pure boundary class {1} (which is the
same as the pure stratum class o1, of course), 2 - 2 classes by multiplying the k = 8 interior
classes by the two pure boundary/strata classes in degree 4, 2 - 4 classes by multiplying the
k = 6 interior classes by the two pure boundary/strata classes in degree 6, 1 -8 classes by
multiplying the k = 4 interior class A% by the pure boundary/strata classes in degree 8, and
1 - 16 classes by multiplying A1 by the quintics in Dy, (which are different from the sixteen
pure strata classes, but the dimension is the same), for a total of 4 + 3 +4 + 8 + 8 + 16 = 43

classes.
Next we discuss the pure boundary classes, i.e. sextic polynomials in D,,. We have

{16}, {1°2}, {122}, {1323}, {1923}, {1%23(123)}, {13223}, {13223(123)},
(122232}, {122232(123)}, {13234}, {13234(1234)}, {13234(123)},
{13234(234)}, {122234}, {122234(1234)}, {1%2234(123)}, {122234(134)},
(122345}, {122345(12345)}, {122345(1234)}, {122345(2345)},
{122345(123)}, {122345(234)}, {122345(123, 145)}, {122345(123,245)},
(123456}, {123456(123456)}, {123456(12345)}, {123456(1234)},
{123456(1234, 1256)}, {123456(1234,156)}, {123456(123)},

{123456(123, 145)}, {123456(123,145,246)}, {123456(123,456)}
for a total of 36 sextics, so that the total dimension of the boundary algebra in degree 12 is at

most 43 4 36 = 79 (it could be less as we have not ruled linear relations among the above,
which, however, seem unlikely to exist).

We will now discuss the pure strata classes, and will take this opportunity to set up this
approach more systematically. We first list the cones of the perfect classes of boundary strata,
in each codimension.

Codim Cones Number of cones
2 01 1
4 O1+1 1
6 OK3>01+1+1 2
8 OK3+1:0C45 O1+1+1+1 3
10 0Kk,—1,0K3+141:0C4+1,0Cs> O1+1+1+1+1, ONS 6
12 13

To compute the number of pure strata classes in degree k is to compute the number of
monomials in the classes of these cones, of appropriate degree. Thus we need to sum over all
partitions k = 2n1 + --- + 2n; with the products of the numbers of cones in codimension 27;,
from the table above. We have of course implicitly used this throughout the computations
above, but there we also were able to identify the individual monomials with the stable coho-
mology generators or with the boundary algebra. Here we only do the combinatorics; the result
is given by the following table, where the results for degree up to 10 simply summarize the
previous discussion, and the number of pure strata classes in degree 12 is what we wanted.
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k Partitions of k  Number of pure strata classes in deg k
2 1 1
4 2,11 I+1-1=2
6 3,21, 111 241-141-1-1=4
8 4,31,22,211,1111 342 14+1+14+1=8
10 5,41,32,311,221,2111, 11111 6+34+24+24+14+1+1=16
12 6,51,42,411,33,321,3111, I3+46+3+3+2-24+2+4+2

222,2211,21111, 111111 +1+1+1+1=37

Summary 12.3. We thus have:

(i) The dimension of the strata algebra in degree 12 is equal to at most 80, of which at
most 37 are the pure strata classes.

(i) The dimension of the boundary algebra in degree 12 is equal to at most 79, of which at
most 36 are the pure boundary classes.

It thus follows that neither the strata nor the boundary algebra in degree 12 generate all of
H'? (Agfgfmooth, Q) — which of course is not surprising given that this fails already in degree 10.
We would like to close with the following:

Conjecture 12.4. There are no stable relations in the strata or boundary algebra. More
precisely, the strata and boundary algebra are freely generated by the odd lambda classes and
the strata, respectively boundary classes for k < g.

Question 12.5. s it true that the strata and the boundary algebras together generate the
Perf
stable cohomology of A gfsmooth.

Question 12.6. What is (stably) the intersection of the strata and the boundary algebra?

Question 12.7. Is it true that the boundary algebra generates the stable cohomology
of tA'Matrr)
P

We hope that we, or others, would be able to address some of these questions in the
future.
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