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1 | INTRODUCTION

In this paper, we study the asymptotic behavior of the solutions of a boundary value problem for the Laplace equation with a
(nonlinear) Robin boundary condition which degenerates into a Neumann condition.

Boundary value problems with perturbed Robin or mixed conditions have been investigated by several authors. For example,
Wendland, Stephan, and Hsiao'' considered a family of Poincaré problems approximating a mixed boundary value problem for
the Laplace equation in the plane. Kirsch? studied the convergence of the solution of the Helmholtz equation with boundary
condition of the type —e% + u = g to the solution with Dirichlet condition u = g as ¢ — 0. Costabel and Dauge” studied a
mixed Neumann-Robin problem for the Laplace operator, where the Robin condition contains a parameter € so that it tends to
a Dirichlet condition as ¢ — 0. An extension to nonlinear equation has been considered, for example, in Berestycki and Wei.
Degenerating nonlinear Robin conditions in the frame of homogenization problems have been studied by Gémez, Lobo, Pérez,
and Sanchez-Palencia®. Singularly perturbed boundary conditions for the Maxwell equations have been analyzed for example
in Ammari and Nédélec®. Moreover, Schmidt and Hiptmair” have exploited integral equation methods for singularly perturbed
boundary conditions in the frame of transmission problems. Furthermore, an approach based on potential theory to prove the
solvability of a small nonlinear perturbation of a homogeneous linear transmission problem can be found in Dalla Riva and
Mishuris®. Concerning existence and uniqueness results for boundary value problems with nonlinear Robin conditions, we also
mention, e.g., Donato, Monsurrd, and Raimondi®.

We note that the transmission problem for a composite domain with imperfect (nonnatural) conditions along the joint bound-
ary is, in fact, a generalisation of the classical Robin problem. Such transmission conditions frequently appear in practical
applications for various nonlinear multiphysics problems (e.g., Mishuris, Miszuris, and Ochsner'®™, and Mishuris"2). More-
over, the imperfect transmission conditions allow one to perform numerical analysis of practical problems with thin interphases
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at low cost with sufficient accuracy (see Mishuris and Ochsner2 Mishuris, Miszuris, and Ochsner™, and Sonato, Piccolroaz,
Miszuris, and Mishuris!2).

In this paper, instead, we are interested in the case where the Robin condition degenerates into a Neumann condition.

In order to introduce the problem, we first define the geometric setting. We fix once for all a natural number

neN\{0,1}.
Then we consider a €]0, 1[ and two subsets Q', Q° of R” satisfying the following assumption:
Q' and Q° are bounded open connected subsets of R” of class C'*
such that Q@ C Q° and that R" \ Q' and R" \ Qo are connected.

For the definition of sets and functions of the Schauder class C** (k € N) we refer, e.g., to Gilbarg and Trudinger®, The letter
‘i’ stands for ‘inner’ and the letter ‘o’ stands for ‘outer’. The symbol > denotes the closure. Then we introduce the domain Q
by setting

Q=0Q°\ Q.
We note that the boundary 0Q of Q consists of the two connected components 0Q2° and 9. Therefore, we can identify, for
example, C%*(0Q) with the product C%*(9Q°) x C%*(dQ"). In order to define the boundary data, we fix two functions

g’ e C™(0Q%), g eC™().
Then we take &, > 0 and a family { F; } ;¢ 4, of functions from R to R. Next, for each 6 €10, §,[ we want to consider a nonlinear
boundary value problem for the Laplace operator. Namely, we consider a Neumann condition on 0Q° and a nonlinear Robin
condition on dQ'. Thus, for each § €]0, §,[ we consider the following boundary value problem:
Au(x)=0 Vx € Q,
9 o o
mu(x) = g%x) Vx € 0Q°, (1)
d—u(x) = 5 F5(u(x)) + g'(x) Vx € 0Q',
Vai
where vg, and vg denote the outward unit normal to 0Q° and to o€, respectively.
As a first step, under suitable assumptions, in this paper we show that for each § positive and small enough, problem (I)) has

a solution, which we denote by u(6, -). Then we are interested in studying the behavior of u(6, -) as 6 — 0 and thus we pose the
following questions.

(i) Let x be a fixed point in Q. What can be said of the map 6 — u(6, x) when 6 is close to 0 and positive?
(i) What can be said of the map 6 — fg |Vu(8, x)|> dx when & is close to 0 and positive?

We also note that if in correspondence of the limiting value 6 = 0, we omit the term
o0 F5(u(x))
in (I, then we obtain the Neumann problem

Au(x)=0 VxeQ,

- jau(x) = g°(x) Vx € 0Q°, )

—u(x) = g'(x) Vx € 0Q' .

%

On the other hand, by the Divergence Theorem and classical existence results for the Neumann problem, problem (2) has (at

least) a solution if and only if
/goda—/gid0'=0. 3)

o0 oQ
This means, in particular, that if @ does not hold, then u(6, -) cannot converge to a solution of problem @ as 6 — 0.

In contrast with asymptotic expansion methods, in this paper, we answer the questions in (i), (ii) by representing the maps of
(i), (i1) in terms of real analytic maps in Banach spaces and in terms of known functions of ¢ (for the definition and properties
of real analytic maps, we refer to Deimling? P 159) We observe that if for example we know that the function in (i) equals for
6 > 0 a real analytic function defined in a whole neighborhood of 6 = 0, then we know that such a map can be expanded in
power series for 6 small.
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Such an approach has been proposed by Lanza de Cristoforis'® for the analysis of singularly perturbed problems in perforated
domain as an alternative to asymptotic expansion methods (cf., e.g., Maz’ya, Movchan, and Nieves! and Maz’ya, Nazarov, and
Plamenevskij2%2l)), In particular, it has been exploited to analyze singularly perturbed (linear and nonlinear) Robin and mixed
problems in domains with small holes (cf., e.g., Lanza de Cristoforis** and Dalla Riva and Musolino“? for the Laplace equation
and Dalla Riva and Lanza de Cristoforis?*2> for the Lamé equations).

The paper is organized as follows. In Section [2] we consider some model problems in an annular domain where we can
explicitly construct the solutions and discuss the behavior as 6 tends to 0. In Section [3] we formulate our problem in terms
of integral equations. In Section 4} we prove our main result, which answers our questions (i), (ii) above, and in Section E] we
discuss a local uniqueness property of the family of solutions. Finally, in Section [f] we make some comments on the linear case
and compute the power series expansion of the solution.

2 | MODEL PROBLEMS

In order to illustrate some aspects of the problem under investigation, in this section, we consider the set
Q=8B,0,1)\B,0,1/2),

i.e., we take Q° = B,(0, 1) and Q= B,(0,1/2), where, for r > 0, the symbol B, (0, ) denotes the open ball in R" of center 0
and radius r.

2.1 | A linear problem
We begin with a linear problem and to do so we take a, b € R. Then for each 6 €]0, +-00[ we consider the problem
Au(x) =0 Vx € B,(0,1)\ B,(0,1/2),
ux)=a Vx € dB,(0, 1), )
u(x) = éu(x) + b Vx € 0B,(0,1/2).

Vg, .1

0V|B,,(0.1/2)
As is well known, for each § €]0, +oo[ problem (@) has a unique solution in C Le(Q) and we denote it by us. On the other
hand, if instead we put § = 0 in @) we obtain

Au(x) =0 Vx € B,(0,1)\ B,(0,1/2),

a —

U =a Vx €0B,0.1), )
Y _u(x)=b Vx € dB,0,1/2).

‘)VH,,(O,]/Z)

The solvability of problem (3) is subject to a compatibility condition on the Neumann data on dB,(0, 1) and on dB,(0, 1/2).
More precisely, problem (3)) has a solution if and only if

a / do—b / do =0,

0B,(0,1) 0B, (0,1/2)
i.e., if and only if
1
asn—bﬁsn =0, (6)
where s, denotes the (n — 1)-dimensional measure of dB,(0, 1). Condition (6) can be rewritten as
b
a=7 @)
In particular, if a = zn—b_l then the Neumann problem (5] has a one-dimensional space of solutions; if instead a # znb_l , problem

() does not have any solution.

This implies that in general the solution uz of problem (@) cannot converge to a solution of () as § — 0, if the compatibility
condition (7) does not hold. Therefore, we wish to understand the behavior of u; as 6 — 0 and we do so by constructing explicitly
Us.

In order to construct the solution u; we consider separately case n = 2 and n > 3.
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If n = 2 we look for the function u; in the form
us(x) = Aslog|x| + B; Vxe€Q,

with A; and Bj to be set so that the boundary conditions of problem (@) are satisfied.

We first note that
Viuy(x) = Ay ——
|x?
and that accordingly 0. ()
s X X
m—m-A(sW—Aé Vx € 0B,(0, 1),
which implies that we must have
As=a

in order to fulfil the Neumann condition on 0B, (0, 1). On the other hand, as far as the Robin condition on 0B,(0, 1/2) is
concerned, we must find B; such that
x X

FRGFE S(alog|x| + By)+b  Vx € 9B,0,1/2).
X

Then a straightforward computation implies that we must have
B; = é(Za —b)+alog?2.
As a consequence, if n = 2 we have
us(x) = alog |x| +alog2+é(2a—b) Vx € Q. Q)

Then we turn to consider the case of dimension n > 3 and we look for a solution of problem (@) in the form
1
6 n—-2
(2 =m)|x|
with A; and Bj to be set so that the boundary conditions of problem (@) are satisfied. By arguing as above, one deduces that

1 el 2n—2
A§:as Bé:g(z a_b)+a_n_2,

us(x)= A + B; Vx € Q,

and thus
1 2n—2

+a
(2 — n)|x|"2 n—2
Thus, by looking at (8) and (9), we note that if condition (7)) does not hold, then

us(x)=a

+ é(Z"_la -b)  VYxeQ. ©)

lim |[u = +c0.
lim [l
Comparing () and (@) one can write the solutions in a uniform manner:
1
u5(x) = w00 + <uD(x), (10)
where

1 n2 s u(l)(x) =2""lg—p, Vx € 5,
a———+a=— ifn>3,
(2—n)|x|—2 n-2

and both functions u®, u) € L (Q). In particular, we note that u® is the unique solution of (3] such that

alog|x|+alog2 ifn=2,
sz{ g |x| +alog

u9de=0.
9B, (0.1/2)
On the other hand, if (7)) holds, we have u!) = 0 and
us(x) = u(x),

for all 6 €]0, +o0[, and u; is also a solution to problem @
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2.2 | A nonlinear problem

In this section we analyze a nonlinear problem and, for the sake of simplicity, we confine to the case of dimension n = 2.
For each 6 €]0, +o0[ we consider the problem

Au(x) =0 Vx € B,(0,1)\ B,(0,1/2),

‘)V[Esz(o‘l) u(x) =a Vx € (3[852(0, 1) . (1 1)
- 0 u(x) = 8%u(x) + 82u*(x) + b Vx € 0B,(0,1/2).

VB,(0.1/2)

Now we note that we can collect & in the right hand side of the third equation in (IT]) and thus we can write the Robin condition
as

_ 9 = 5<5u(x) + 5u2(x)) +b  VYx e aB,(0,1/2).
IVe,0.1/2)
If for each 6 €]0, +o0o[ we introduce the function

Fy(z) =67 +67° Vr€eER,
we can rewrite problem (TT) as follows:
Au(x) =0 Vx € B,(0,1) \ B,(0,1/2),
ux)=a Vx € dB,(0,1), (12)
u(x) = 6 Fs;(u(x)) + b Vx € 0B,(0,1/2).

vy
2(0.1)
J

aV[Esz(O,I/Z)
Then, again we look for a solution u; in the form

us(x) = Aglog |x| + B; Vx €Q,

with A; and B; to be set so that the boundary conditions of problem (I2)) are satisfied.
As we have seen, to ensure the validity of the Neumann condition on 0B, (0, 1) we must have

A(s =a.
On the other hand, in order to satisfy the Robin condition, we have to find B; such that
2a = 6F;(—alog2 + Bs) + b.

Motivated by the linear case, we find it convenient to replace B; by B;/8 + alog?2. In other words we look for a solution u; in
the form P
us(x)EAlog|x|+?5+alog2 Vx € Q,
with B such that
2a:5F5<%]§5)+b. (13)
Then we note that if we set
FE.é)=066+8 V(&6 ER?,

we have q
5F5<5§) — F(&5) VEER. (14)

As a consequence, we can rewrite equation (T3] as

2a = F(éé,a) +b. (15)

For general F, under suitable assumptions, one can try to resolve equation (T3]) by means of the Implicit Function Theorem. On
the other hand, for our specific case, for each 6 €]0, +oo[ one has that the solutions ¢ in C of equation

2a= F(g,é) +b

are delivered by
-0 + 2 -0 — zg

where
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Thus, if we look for solutions B; € R of equation (I3) for § positive and close to 0, we may have one, two, or no solutions to
(T3) depending on the sign of
—4(b - 2a).

Therefore, for § small and positive we may have one, two, or no solutions to the nonlinear problem (IT). In particular, a crucial
role for the solvability of problem (TT) is played by the function £ which ensures the validity of equation (T4).

2.2.1 | A family of nonlinear problems

In order to play with the structure of the nonlinear boundary condition, for each 6 €]0, +oo[, we consider the family of problems

Au(x)=0 Vx € B,(0,1)\ B,(0,1/2),

ET ux)=a Vx € 0dB,(0,1), (16)
2 u(x) = éu(x)(1 + c6"u2(x)) + b Vx € 0B,(0,1/2),

Vg, 0.1/2)

where ¢ € R and y,,y, € N. Note that such type of boundary conditions is crucially important for practical applications. For
example, in metallurgy and metal forming processes, the typical boundary condition involves y, = 4 where the respective term
corresponds to the heat exchange due to the radiation at high temperature (see Golitsyna®, Letavin and MishurisZ, and Letavin
and Shestakov2%).

Now we note that we can rewrite the Robin condition as

— 9 = 5<u(x) +eh uyz“(x)) +b  Vxe€dB,(0,1/2).
aV[BZ(O,l/Z)

As above, for each 6 €]0, +oo[ we introduce the function
Fy(7) = 7+ conert! VreR.
Then, we can rewrite problem (I6) as follows:
Au(x) =0 Vx € B,(0,1)\ B,(0,1/2),
u(x)=a Vx € 0B,(0,1), (17)
u(x) = 6 Fs(u(x)) + b Vx € 0B,(0,1/2).

0"[532(0.1)

0V[B2(0.l/2)
Again, we look for a solution u; in the form

ug(x) = Az log |x| +a10g2+%f35 VxeQ,

with Az and B; to be set so that the boundary conditions of problem are satisfied.
As we have seen, we must have
As;=a,
and, in order to satisfy the Robin condition, we have to find E5 such that
2a:5F5<é]§5)+b. (18)
Then we note that if we set
F w)=¢+cot™! V(w0 eR?,

we have 1
6F;(5¢) = F&.6"™) Ve R.5€l0.+ool.

Since we want to pass to the limit in F(&, 6"1772) as 6 — 0, we find it convenient to assume that
Y27
As a consequence, we rewrite equation (I8) as

2a= F(B,s,(syl—yz) +b. (19)
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We try to resolve equation (I9) around § = 0 by means of the Implicit Function Theorem. We treat separately the case y; = 7,
and the case 7, > 7,. If ¥, > 7,, then there exists a unique B, such that

2a—b= F(Eo,o) ,
ie.,
By=2a-b.

Then by applying the Implicit Function Theorem around the pair (2a — b, 0), one can prove that there exist a small neighborhood
12a—b—¢€),2a — b+ €,[X] — €,, 6] of (2a — b, 0) and a function

l—6.620- B(w) €l2a—-b—-¢€,2a-b+¢]

such that
B)=2a-b, 2a—b=ﬁ<1§(a)),w) Vo €] — €, 6.
Therefore, there exists 6, €]0, +o0[ small enough, such that
2a—b= F(E(aﬁ—h), 671‘72> V6 €10,
and thus we can take
E5 = B(s"™™) V6 €]0,6[.
Accordingly,

B(snn)

us(x) = alog |x| + alog2 + VxeQ,  Vs€l0,5,].

Now we turn to consider the case y; = y, and we note that
FE6n )y =FE D)=+ V(E S ER.
As a consequence, there are y; + 1 complex solutions ¢ to the equation
2a—b={¢ +egnth, (20)
Then if we denote by {Ej }le the set of (distinct) real solutions to equation (20)), for each of them we can construct the
corresponding function, and thus we can define a family of solutions {u; ;} 510 4o tO Problem (T6), by setting
uj‘é(x)Ealog|x|+alog2+éE’j Vx € Q, V6 €]0, +oo[,

foreach j € {1, ..., k}. Note that this can be presented in the form:

ujyé(x) = u(o)(x) + éu(j)(x) s 201

thus the non-uniqueness is related to the second term of this representation only. Moreover, it makes sense also to underline that
the first term in the solutions for the linear (I0) and nonlinear (ZI)) problems coincides.

3 | ANINTEGRAL EQUATION FORMULATION OF THE BOUNDARY VALUE PROBLEM

In order to analyze problem (T)) for § close to 0, we exploit classical potential theory, which allows to obtain an integral equation
formulation of . To do so, we need to introduce some notation.
Let .S, be the function from R” \ {0} to R defined by

Lloglx] VxeR"\ ({0}, ifn=2,
S,(x)=< °

ﬁmz—" Vxe R\ {0}, if n>2.

S, is well-known to be a fundamental solution of the Laplace operator.
We now introduce the single layer potential. If u € C%(0Q), we set

v[0Q, ul(x) = /Sn(x -yuy)do,  Vx€eR",
0Q



8 | P. MUSOLINO and G. MISHURIS

where do denotes the area element of a manifold imbedded in R”. As is well-known, if y € CO(_ag), then v[0Q2, ;] is continuous
in R”. Moreover, if u € C%*(9Q), then the function v*[9Q, u] = v[oL, ”]Iﬁ belongs to C*(Q), and the function v~ [0Q, u] =
v[0Q, puljrnq belongs to CIL’:(R" \ Q). Then we set

w,[0Q, ul(x) = /vg(x) VS, (x = yuy)do, Vx € 0Q,
0Q
where v, denotes the outward unit normal to 0Q. If u € C%(9Q), the function w,[0Q, u] belongs to C%(9Q) and we have

ivi[()g, ul = ilu + w,[0Q, u] on 0Q .
ovg 2

Then we have the technical LemmalI|below on the representation of harmonic functions as the sum of a single layer potential
with a density with zero integral mean and a constant. Therefore, we find it convenient to set

Cc%(0Q), = { fec™0Q) : / fdo = 0} )
0Q

The proof of Lemma can be deduced by classical potential theory (cf. Folland?® € 3),

Lemmal. Letue C l")‘(5) be such that Au = 0 in Q. Then there exists a unique pair (u, ¢) € C%*(0Q), X R such that
u=vt0oQ,ul+c inQ.

By exploiting Lemmal([I] we can establish a correspondence between the solutions of problem (I)) and those of a (nonlinear)
system of integral equations.

Proposition 1. Let § €]0, §,[. Then the map from the set of pairs (u, &) of C%*(dQ), X R such that

— () + w,[0Q ul(x) = g°(x) Vx € 00,
. ) 22
%,u(x) - w,[0Q, ul(x) = 5F5(u[052, ul(x) + %) + g'(x) Vx € 0Q', 22)
to the set of those functions u € C 1"”(5) which solve problem (I), which takes a pair (¢, &) to the function
vt [0Q, u] + g (23)

is a bijection.

Proof. If (u, &) € C**(0Q) x R then we know that v+[9Q, u] + % belongs to C""(ﬁ) and is harmonic in Q. Moreover, if (u, &)
satisfies system (22), then the jump formulas for the normal derivative of the single layer potential imply the validity of the
boundary condition in problem (I). Hence, the function in solves problem (T)).

Conversely, if u € C 1"”(ﬁ) satisfies problem (I, then the representation Lemma |l|for harmonic functions in terms of single
layer potentials plus constants ensures that there exists a unique pair (i, &) € C%*(0Q), X R such that u = v*[0Q, u] + % Then
the jump formulas for the normal derivative of a single layer potential and the boundary condition in (I)) imply that the system
of integral equations of (22) is satisfied. Hence, the map of the statement is a bijection. O

Now that the correspondence between the solutions of boundary value problem and those of the system of integral
equations (22)) is established, we wish to study the behavior of the solutions to system (22)) as 6 — 0. Then we note that we can
write ¢ )

5F, (u[osz, 11(x) + 5) - 5F5<5(5U[6Q, 11(x) + 5)) .
Therefore, to analyze the second equation in (22)) for § small, we need to make some other assumptions on the structure of the
family of functions
RBTI—)(SF(S(éT) as6 — 0.
So we assume that
there exist §; €]0, §,[, m € N, a real analytic function F from R™! to R,
a function w(-) from ]0, §;[ to R™ such that w, = (lsin(l) w(6) € R™ and that

5 FE(%) = F(z,0(6)) for all (, ) € Rx]0, 5,1

(24)
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Thus, under the additional assumption (24), if we let 6 tend to 0 in (22), we obtain the following limiting system of integral
equations

1 — ] o
{ — 1) + 1w, 02, p](x) = g°(x) Vx € 0Q°, 03)

%H(X) — w,[0Q, ul(x) = F(& wy) + g'(x) Vx € 0Q'.
Then, as a preliminary step in the analysis of the system of integral equations for 6 close to 0, in the following lemma we
study the limiting system (23).

Lemma 2. Let assumption (24) hold. Assume that & € R is such that

FE wy) = IaQ’l‘I . </g"da—/g" d(;>, (26)

0Q° 09

where [0Q/],_, denotes the (n — 1)-dimensional measure of dQ'. Then there exists a unique ji € C** (0Q),, such that

— 3 A(x) + w,[0Q, f(x) = g°(x) Vx € 00,
LA — w,[0Q. fl(x) = FE w,) + g'(x) Yx € 00 .

Proof. We note that if € is as in (26)), then the function  defined as
B g%(x) Vx € 0Q°,
g = - - 4 4
—(F(g, w,) + g’(x)) Vx € 00,
belongs to C*¥(0Q),. Then by classical potential theory (cf. Folland?? 1 3), there exists a unique i € C%*(9Q), such that
~ DA+ w, 00, A1) = ) Vx €00,
and the validity of the statement follows. [

In view of Proposition[T|and under assumption (24)), in order to study the solutions of (22Z)), we find it convenient to introduce
the map A = (A%, AY) from R"*! x C 0"’(69)0 x R to C**(0Q) defined by setting
A°[8, @, 1, €] = =3 p(x) + w,[0Q, u](x) — g°(x) Vx € 9Q°,
N6, 0, u,8] = %#(X) - w,[0Q, u](x) - F<5U[09, Hl(x) + 5»60) -g'(x) Vx € 0Q',
for all (8, w, u, &) € R™! x C**(0Q), X R.
In the following proposition, we investigate the solutions of the system of integral equations (22)), by applying the Implicit

Function Theorem to A, under suitable assumptions on the partial derivative dTF é, ,) of the function (7, w) — F(r, w) with
respect to the variable T computed at the point (€, wy).

Proposition 2. Let assumption (24) hold. Let (4, &) be as in Lemma Assume that
0. F (&, wy) #0. @7)
Then there exist 6, €]0, 6,[, an open neighborhood U" of w,, in R™, an open neighborhood V of (/, &)in Co’a(aﬂ)o X R, and a
real analytic map (M, E) from ] — 6,, 6,[XU" to V such that
w(6) eV V6 €]0,6,[ ,
and such that the set of zeros of A in ] — 8,, 6,[XU" X V coincides with the graph of (M, E). In particular,
(M0, ], E[0, o)) = (4, ).

Proof. We first note that by classical potential theory (cf. Miranda=?, Lanza de Cristoforis and Rossi3! ™m-3-1) by assumption
[4), and by analyticity results for the composition operator (cf. Bohme and Tomi“% P10, Henry"? P- 29 Valent=% Thm- 5.2, p- 44y
we conclude that A is real analytic. Then we note that the partial differential 6( ”,5)A[O, @y, fl, E] of A at (0, w, i, E) with respect
to the variable (u, &) is delivered by

0y N10, @0, fi. E(H. O)(x) = =3 HCx) + w0, [0Q. (%) . Vxeow,
0,0y N0, g, f1, E(, E)(x) = () — w, [0Q, HI(x) — 0, FE w)é  Vx € 0,
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for all (i, &) € C**(9Q), x R. Then by assumption (7)) and by classical potential theory (cf. Folland?® €-3)_ we deduce that
0(,.6yA0, @, i, £] is a homeomorphism from C%(0Q), X R onto C**(9Q). Then, by the Implicit Function Theorem for real
analytic maps in Banach spaces (cf., e.g., Deimling'l2 Theorem 15.3y "we deduce the validity of the statement. O

Now that we have converted problem (I into an equivalent system of integral equations for which we have exhibited a real
analytic family of solutions, we are ready to introduce the family of solutions to (T).

Definition 1. Let the assumptions of Proposition [2|hold. Then we set

E[d, w(6)]

u(8, x) = vt[Q, M[5, w(6)]](x) + Vx€Q,

for all 6 €]0, 6,][.

By Propositions andand by Deﬁnition we deduce that for each 6 €]0, 6, the function u(é, -) € C 1""(ﬁ) is a solution to
problem ().

4 | AFUNCTIONAL ANALYTIC REPRESENTATION THEOREM FOR THE FAMILY OF
SOLUTIONS

In the following theorem, we exploit the analyticity result of Proposition [2] concerning the solutions of the system of integral
equations (22)) in order to prove representation formulas for u(8, -) and its energy integral in terms of real analytic maps and thus
to answer to questions (i), (ii) of the Introduction.

Theorem 1. Let the assumptions of Proposition[2|hold. Then the following statements hold.

(i) There exists a real analytic map U from ] — 6,,6,[XVU" to C I’”’(ﬁ) such that
B[S, w(5)]

)
for all 6 €]0, 6,[. Moreover, U0, w,] is a solution of the Neumann problem

u(6,x) =U[6, w(6)](x) + Vx € Q, (28)

Au(x)=0 VxeQ,
—u(x) = g°(x) Vx € 0Q°,
Vgo (29)
9 1 o i i i
ngu(x) = m(famg do— [, 8 da) +g'(x) Vx € 0Q)',
and
El0,mwpy] = €.
(i1) There exists a real analytic map E from | — 6,, 5,[XU" to R such that
/ |Vu(s, x)|* dx = E[5,0(5)], 30)
Q

for all 6 €]0, 6,[. Moreover,
E[O,w0]=/|Vﬁ(x)|2dx,

Q
where i is any solution of the Neumann problem (29).

Proof. We first prove statement (i). We set
U6, w](x) = vT[0Q, M[5, w]](x) Vx € Q,

for all (5,w) €] — 8,,5,[XV". Then by Proposition [2| and by classical mapping properties of layer potentials (cf. Miranda=?,
Lanza de Cristoforis and Rossi=! ™™ 3.1) 'we conclude that U is real analytic. Since

- 1 .

F = R L

(€0 Iaﬂiln_1</g 4o /g d6>’
0Q°

0Q!
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and M0, wy] = fi, then
=t [0Q, jil(x) = =3 fi(x) + w,[0Q, A1(x) = g°(x) Vx € 0Q°,
\/ua

l)\/gi

L0t [0Q, A1(x) = J(x) — w,[0Q, A1(x) = ﬁ( Jogp 8°do = [10, &' do) +8'(x) Vx € 0Q'.

As a consequence, v*[0Q, ji] solves problem (29). Then we deduce the validity of statement (i) (see also Proposition .
We now consider statement (ii). By the Divergence Theorem and standard properties of harmonic functions and their normal
derivatives, we have

/|Vu(5,x)|2dx=/(U+[0Q,M[5,CO(5)]]+
o

0Q

2[5, w(8)]\ ovT[0Q, M[5, w(5)]]
5 ) do

s

ovg

vt [0Q, M5, w(5)]]
do
ovg

_ / o [0Q, M5, w(5)]] ’

0Q
for all 6 €]0, 6,[. Thus, we find natural to set

vt [0Q, M[65, w]]
do

0\,9 V(5, w) E] - 52, 52[)(1/ .

E[6,w] = / v [0Q, M[6, w]]
oQ
By Proposition [2] by mapping properties of layer potentials, and by standard calculus in Schauder spaces, we deduce the real
analyticity of E from ] — 6,, 6,[XVU" to R. Since
ouT[0Q, ]
———do
dvg

E[0, wy] = / v [0Q, fi]

0Q

= / Vot [oQ, il|* dx,
Q

and v*[0€, fi] is a solution of problem (29), we deduce the validity of statement (ii). O

Remark 1. We observe that Theorem [I]implies that the quantities in the left-hand sides of (28) and of (30) can be represented
as convergent power series of (8, @(6) — ;).

S | LOCAL UNIQUENESS OF THE FAMILY OF SOLUTIONS

We now show by means of the following theorem that the family {u(,-)}s¢j05, 18 locally essentially unique (cf. Lanza de
Cristoforis22 Thm. 4.1 (iii))

Theorem 2. Let the assumptions of Proposition hold. If {d;} ey is a sequence of ]0, 5y[ converging to 0 and if {u;} ;o is a
sequence of functions such that .
u; € C(Q),
u; solvesforé:dj, 3D
lim;_,  d;ujj0 =& in C%*(0Q"),

then there exists j, € N such that u;(-) = u(d;, -) for all j > j,.

Proof. Since u; solves problem (@, Propositionensures that for each j € N there exists a pair (¢;,¢;) € C%(0Q), X R such
that
3 _

u; =u+[asz,yj]+Z inQ. (32)

J
We now rewrite equation

AlS,w, 4,61 =0
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in the following form

—SH(xX) + w0,[0Q, u](x) = g°(x) Vx € 0Q°,
Lu(x) = 0,100 11() — 0, F(E 00) (50100, 1) +€ ) 33)
= —0.F(, w0)<5u[ag, ul(x) + 5) + F (50100, 1) + g,w) +g(x) Yxeo,

for all (8,w,pu,&) € R™! x CO”’(ﬁﬂ)O X R. Next we denote by N[5, w, u,&] = (N[5, w, u, &), N[5, , u,£]) and by
B[S, w, i, &] = (B[S, w, u, £], B'[6, w, u, £]) the left and right hand side of such an equality, respectively. By standard properties
of single layer potentials, we conclude that N is real analytic (cf. Miranda®", Lanza de Cristoforis and Rossi=! Thm-3.1)

Next we note that N[5, w, -, -] is linear for all fixed (§,w) € R™!. Accordingly, the map from R™*! to £(C**(9Q), x
R, C%*(0Q)) which takes (5, ) to N[5, w, -, -] is real analytic. Here £(C%*(0Q), X R, C**(0Q)) denotes the Banach space of
linear and continuous operators from C**(9Q), x R to C%*(0Q). We also note that

NIO, g, *» 1= a(”,g)A[O, wy, fi, E](, s
and that accordingly, N[0, @, -, -] is a linear homeomorphism (see the proof of Proposition [2). Since the set of linear home-
omorphisms is open in the set of linear and continuous operators, and since the map which takes a linear invertible operator
to its inverse is real analytic (cf. e.g., Hille and Phillips> Thms- 4.3.2and4.3.4) "there exists an open neighborhood W of (0, @) in
] = 8,5, 6,[ XV such that the map which takes (5, ) to N[5, w, -, -]V is real analytic from W to L(C**(9Q), C**(0Q), X R).
Clearly, there exists j, € N such that
djod) EW  Vj2j.

Since Ald I w(d j), Hys éj] = 0, the invertibility of N[6, w, -, -] and equality guarantee that

— (=1 i i

(lljwéj)— N[dj,a)(dj), -] [B[dj,a)(dj),/tj,éfj]] Vj > Jji-
By (32), we have
du; =d;v"[0Q, u1+¢;,

for all j > j,. Accordingly,

—0, F(E.00)(d,0109. 1 1(0) + & ) + F( ;0109 1,100 + £, 0(d)) ) + ')
= ~0,FE 0p)(du,0) + F(du,(0.00d)) + ) ¥x €0,

for all j > j,. Then by assumptions (24) and (3I)) and by analyticity results for the composition operator (cf. BShme and
Tomi“Z P10, Henry=3 P- 2% Valent3% Thm- 52.p-44) we have

lim —0, F & w0)<djuj,¢,g,-) + F(djujlag,», a)(dj)> +g = —0.FE wpf + F(E, a)0> +g, (34)
in C%*(0Q"). The analyticity of the map which takes (5, ®) to N[5, w, -, -] implies that

lim N[d;, (d)),-,- 1" = N[0, @, -,-]7" (35)
Jj—ooo
in £(C%(0Q), C**(0Q), X R).

Since the evaluation map from £(C%*(0Q), CO’“(aQ)O x R) X C%*(9Q) to Co’a(aﬂ)o X R, which takes a pair (4, v) to A[v] is
bilinear and continuous, the limiting relations (34) and (33)) imply that

lim (. £) = NI0.@p. . | V1g" ~0. FE wo)f + F(Eay ) +8' (36)
in CO""(()Q)0 X R. Since A[0, o, fi, E] = 0, the right hand side of equals (f, E). Hence,
jlilg(dj,a)(dj), pi &) =0,wp, f.8)  inR™' xC(0Q), xR.
Then Proposition [2]implies that there exists j, € N such that
&=Eld,0d)], u=Md,od) V2.
Accordingly, u; = u(d;, -) for j > j, (see Definition . O
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6 | REMARKS ON THE LINEAR CASE

In this section, we wish to make further considerations on the linear case. In particular, we plan to compute asymptotic expansions
of the solutions as the parameter 6 tends to 0.
We first note that the results of Section @ apply to the linear case. In particular, in case
Fs(r)=1 Y(r,6) € Rx]0, oo,

problem (I)) reduces to the following linear problem

Au(x) =0 Vx € Q,

Fu(x) = g°(x) Vx € 0Q°, 37)

——u(x) = du(x) + g'(x) Vx € 0Q' .

Voi

For each 6 €]0, +oo[, we know that problem has a unique solution in C'-* (ﬁ) and we denote it by u[6].
Clearly,

(SF&(%T) =7 Y(z,6) € Rx]0, +oo[,
and thus we can take for example
w(6) =0 V6 €]0, +ool,

and
F(r,w)=1 Y(r,w) € R2.

1 0 i
o] </g d"_/gd">’
n—1

0Q° 0Q!

In particular,

COO =0, g:
and
0.F¢& wy)=1+#0.

Therefore, the results of Sections [3| and 4| apply to the present case. More precisely, by simplifying the arguments of
Propositions [I]and 2] we deduce the validity of the following proposition.

Proposition 3. Let A, = (AJ, Al) be the map from R x C**(9Q), x R to C**(dQ) defined by setting
AGI8, 1, €] = =3 u(x) + w,[0Q, u](x) — g°(x) Vx € 0Q°,
AL[6, . &l = %M(X) — w,[0Q, ul(x) — 6v[0Q, ul(x) — & — g'(x) Vx € 0Q',
for all (5, u, &) € R x C%*(9Q), x R. Let (jiy, &) be the unique solution in C**(9Q), X R of
—%,u(x) +w,[09Q, ul(x) = g°(x) Vx € 9Q°,
SH() = 10,109, u](x) = & +¢'(x) Vx € 09

Then there exist 6, €]0, +o0[, an open neighborhood V of (ji, E#) inC 0"’(09)0 X R, and a real analytic map (M, E,) from
1= 6y, 6yl to V such that the set of zeros of A, in | — &, 63[XV coincides with the graph of (My, Z,). In particular,

(M4[0], E4[0]) = (fig, &) - (38)

Moreover,

Eylo]

ul81(x) = v [Q, My[8]1(x) + Vx € Q,

for all 6 €]0, §yl.

Then we can follow the lines of the proof of Theorem [I]and obtain the following real analytic representation result for u[8]
and its energy integral.

Theorem 3. Let E, be as in Proposition 3] Then the following statements hold.

(1) There exists a real analytic map Uy from ]| — 6, 6,[ to the space Ccla (ﬁ) such that

—

Ey[6]

ul81(x) = Uy81(x) + Vx € Q,
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for all 6 €]0, 6,[. Moreover, U,[0] is a solution of the Neumann problem

Au(x) =0 VxeQ,
ofm u(x) = g°(x) Vx € 0Q°, 9

d _ 1 0 _ i i i
P u(x) = e (/am gldo /asz" g da> + g'(x) Vx € 0Q2',

1 .
200l = —— /g”da—/g’dc .
* |asz'|n_1<
0Q°

0

and

(i1) There exists a real analytic map E, from ] — &, 6y[ to R such that

/ |Vu(s, x)|> dx = E,[6],
Q

for all 6 €]0, 6,[. Moreover,
E4[0] = / |Vi(x)|* dx,
Q

where i is any solution of the Neumann problem (39).

6.1 | Asymptotic expansion of u[6]

By Theorem 4| (i), we know that there exist a sequence of functions {uy; };en € C 1’“(ﬁ) and a sequence of real numbers
{&ux }ren such that

+co +oo
u[6](x) = Z Uy (x)8F + Z &8 VxeQ, (40)
k=0 k=0

where the series are uniformly convergent for § in a neighborhood of 0. As for the model problem (I0), we note that we can
rewrite equation (40) in the form

ul8](x) = u®(x) = éug)(x) Vx € Q,

where in this case in general ufsl) depends on 6.
In order to construct the sequences {uy; },cny € C*(Q) and {&; },en» We Wish to exploit the integral equation formulation

of problem and the approach of Dalla Riva, Musolino, and Rogosin.
Now we observe that the real analyticity result of Proposition [3|implies that there exists 6; €]0, §,[ small enough such that

—_
I

we can expand My[o] and E,[6] into power series of 6, i.e.,

+o0 M# ‘ +0o0 5# ‘
Myl8]= Y —=65.  Eylsl= Y, S, (41)
k=0 : k=0 :

for some { iy 4 }pens {En s }ren and for all 6 €] — 6, 6,[. Moreover,
My = (agM#[a])m:o’ i = (ag‘E#[‘S])w:o’

for all k € N. Therefore, in order to obtain a power series expansion for u[5] for 6 close to 0, we want to exploit the expansion of
(M,4[8], E4[8]). Since the coefficients of the expansions in (1)) are given by the derivatives with respect to 6 of M,[5] and E,[5],
we would like to obtain some equations identifying (0¥ M4[5]) ._, and (0¥Z,[5]) ._,. The plan is to obtain such equations by

5=0
deriving with respect to § equality (38]), which then leads to

[6=0"

a§<A#[5, M#[é],E#[é]]) =0 Véel-6.6[, VkeN. 42)

Then, as Proposition 4| below shows, by taking § = 0 in (#2), we will obtain integral equations identifying (()(’s‘M,@,t[é])| 520 and
(aga#[é])m:o'
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Proposition 4. Let 6,, M,[-], and ZE,[-] be as in Proposition [3| Then there exist 6, €]0, ;[ and a sequence of functions
{Ma s ren € C%%(0Q), and a sequence of real numbers { a1 Jren such that

+00 o

My i _ Sk

M51=) ?5" and  E6]= ) Fak Vs €] - 68,6, (43)
k=0 . k=0 :

where the two series converge uniformly for 6 €] — 6,, 6,[. Moreover, the following statements hold.

(i) The pair (uy ¢, &) is the unique solution in C%(0Q), x R of the following system of integral equations

— 3 Hy (%) + w,[0Q, py0](x) = g°(x)  Vx € 0Q°,
S 0(X) — W, [0, 1y (x) = &y + £'(x) Vx € 0Q'.

1 .
o= —— /g"dc—/g’do- .
#,0 |an|n_] <a

Qo 0Q

Moreover,

(i) Forall k € N\ {0} the pair (4 ;, & ) is the unique solution in C%%(0Q), X R of the following system of integral equations

—%y#’k(x) + 1w, [09, py  1(x) = 0 Vx € 0Q°,
%M#,k(x) - w,[08, ﬂ#,k](x) = kv[0Q, M#,k_l](x) + 5#,/( Vx € 0Q'.

1
Suk = m( - / kv[0Q, py ;] do‘) . (45)

0Q!

(44)

Moreover,

Proof. We first note that Proposition [3| implies the existence of &, and of sequences {uy; };cn and {&;; } ey Such that (43)
holds. Moreover, Proposition 3| immediately implies the validity of statement (i). Then observe that A, [5, M,[o], E#[é]] =0
for all 6 €] — &), 6y[. Accordingly, the map which takes 6 to Ay [5, M,[6], E#[é]] has derivatives which are equal to zero, i.e.,
aj;(A# [6, M,[o], E#[é]]) =0forall 6 €] — 6y, 6y[ and all k € N'\ {0}. Then a straightforward calculation shows that

05 (A [6, My[61,5,[61]) (x) = —%aj;M#[a](x) +w, [0Q,0,M,[6]] (x)=0  Vxe€oQ’, (46)
0F (AL [8, My[61,E,[61]) (x) = %agM#[a](x) — w, [0, 95 M,[5]] (x)
e _ » ‘ (47)
-y (J) (975)0 [0, ) Myl81] (x) - 0}B,[81 =0 Vx € 0,
j=0

for all § €] — §,, 8o[ and all k € N'\ {0}. Then, one verifies that system (@6)-@7) with § = 0 can be rewritten as system
for all k € N\ {0}. Hence, classical potential ensures that the solution (., &y ) € C%%(0Q), x R of system (@) exists and is
unique. Then, by integrating, one deduces the validity of (@3]). The proof is now complete. O

Finally, by Propositions[3|and[4] Theorem[d]and standard calculus in Banach spaces, one deduces the validity of the following.
Theorem 4. Let &, {uy; }ren» and {&y 4 } ke be as in Proposition [ Let
Uy (x) = 0F[0Q, iy I(x)  Vx€Q, VkeN.

Then there exists 6, €]0, 6,[ such that

+00 +o0
u[6](x) = Z y 1 (x)8* + Z E8FT VxeQ, V5 €l0,6,
k=0 k=0

where the series are uniformly convergent for 6 in ] — 65, 6,[.

Then by Proposition[d|and Theorem[d] we can deduce a representation formula similar to the one of the solution of the model
problem (T0) (where u'V is replaced by the 5-dependent function ufsl)).
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Corollary 1. Let the assumptions of Theorem 4] hold. Let

UO) = uyo(x)— &,  VxeqQ,

and +o0 +0oo
W) = Eo+ D kbt + D uy ()8 Vxe Q. V5 €10,6,[.
Then . .
ul81(x) = u®(x) + éu;“(x) VxeQ, V§€l0,6,
and u® is the unique solution in C'*(Q) of problem (39) such that

/u(o)d(7=0.

0
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