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ABSTRACT
Models for conditional heteroskedasticity belonging to the GARCH class are now
common tools in many economics and finance applications. Among the many possi-
ble competing univariate GARCH models, one of the most interesting groups allows
for the presence of the so-called asymmetry or leverage effect. In our view, asym-
metry and leverage are two distinct phenomena, both inspired by the seminal work
of Black (1976). We propose definitions of leverage and asymmetry that build on
the News Impact Curve, allowing to easily and coherently verify if they are both
present. We show that several GARCH models are asymmetric but none is allowing
for a proper leverage effect. Finally, we extend the leverage definition to a local
leverage effect and show that the AGARCH model of Engle (1990) is coherent with
the presence of local leverage. An empirical analysis completes the paper.
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1. Introduction

Models for conditional heteroskedasticity belonging to the Generalized Auto Regressive
Conditional Heteroskedasticity (GARCH) class initiated by Engle (1982) are now com-
mon tools in many economics and finance applications. Within this class, the seminal
specification of Bollerslev (1986) represents one of the most common choices, despite
the still growing number of univariate specifications proposed within the econometrics
literature (see for a survey, Bollerslev 2010). Among the many possible competing
univariate GARCH models, one of the most interesting groups, from an empirical
viewpoint, collects the specifications allowing for the presence of the so-called asym-
metry and/or leverage effects, whose definition and relevance will be the focus of this
paper. This group includes the Glosten-Jagannathan-Runkle (GJR) GARCH model
of Glosten et al. (1993), the Threshold GARCH (TARCH) of Zakoian (1994), the Ex-
ponential GARCH (EGARCH) of Nelson (1991) and the Asymmetric Power ARCH
(APARCH) of Ding et al. (1993).
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Recent contributions, McAleer (2014), McAleer and Hafner (2014) and Chang and
McAleer (2017), made some interesting progresses in motivating the derivation of
GARCH-type specifications from a Random Coefficient model (starting from the work
of Tsay 1987), and, building on these theoretical contribution, derived regularity con-
ditions for the existence of asymmetry and leverage, according to a common economic-
based definitions of these two effects. McAleer (2014) tries to derive the conditions for
asymmetry and leverage applying the same definition to competing models. Later,
Chang and McAleer (2017) clarify the conditions for the existence of asymmetry in
the EGARCH model of Nelson (1991), leading to a condition conflicting with the one
included in McAleer (2014).

In this paper, after setting a few preliminary elements, we first review the char-
acterization of asymmetry and leverage effects in terms of conditional variances and
News Impact Curve (Engle and Ng 1993), proposing definitions of these two effects
which differ from those in Chang and McAleer (2017). We believe that the definitions
we put forward, in particular that for asymmetry, are more coherent with the eco-
nomic intuition provided in Black (1976), and with the empirical interpretation of the
asymmetry effect.

Building on our definitions, we verify if a group of selected GARCH specifications
allow for the presence of asymmetry and leverage effects. We show that many models
are inherently asymmetric while none is coherent with the leverage effect. Moreover,
our conditions for the EGARCH model are coherent with those in (McAleer 2014) and
are in conflict with (Chang and McAleer 2017). We show how the condition in (Chang
and McAleer 2017) are, in our view, incoherent with the common interpretation of
symmetry for the GARCH model of (Bollerslev 1986).

Finally, we provide a more flexible characterization of leverage, allowing for its
existence only at the local level. We show that the Asymmetric GARCH (AGARCH)
model of Engle (1990) allows for local leverage.

In verifying if GARCH models allow for leverage and/or asymmetry, we focus on
the dynamic equation and on the conditions for positivity of the conditional variances
since, in empirical studies, these elements are central. In fact, most GARCH models are
commonly applied to real data even if the asymptotic properties of the estimators are
unknown, or only partially available, or not rigorously proved. Consequently, we do not
discuss the regularity conditions to ensure covariance stationarity and the asymptotic
properties of estimators. These elements go beyond the scope of our paper.

The paper proceeds as follows. Section 2 introduces selected univariate GARCH
specifications and the News Impact Curve. Section 3 discussed the characterization of
asymmetry and leverage. Section 4 provides an empirical example on the presence of
asymmetry and leverage in the US market and Section 5 concludes.

2. Preliminaries

2.1. Selected Univariate GARCH

To introduce a proper definition for asymmetry and leverage, we first present selected
models using a consistent notation in order to highlight their commonalities. For all
models we consider the simplest specifications, i.e. we limit all model orders to be equal
to one (and to simplify the model acronyms, we do not report the model orders). For
more general specifications we refer the reader to the papers introducing the various
models.
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Let xt be a sequence of returns (the logarithmic difference of the asset price Pt) for
a given financial instrument. We characterize the conditional mean as follows:

xt = E(xt|Ωt−1) + εt, εt ≡ h
1

2 zt, zt ∼ iid (0, 1) , (1)

where Ωt−1 is the information set at time t − 1, ht is the conditional variance, and
zt is an innovation term with zero mean and unit variance following an un-specified
density.

The GARCH model of Bollerslev (1986) provides the following dynamic for the
conditional variances

ht = ω + βht−1 + αε2
t−1. (2)

To ensure the positivity and the stationarity of the conditional variance ht, the pa-
rameters must satisfy the following restrictions: ω > 0, α ≥ 0, β ≥ 0 and α + β < 1
(see Bollerslev 1986). There is a general agreement in the literature on the absence of
asymmetry and/or leverage effects in the GARCH model.

The GJR-GARCH model of Glosten et al. (1993) adds a component to the GARCH
model:

ht = ω + βht−1 + αε2
t−1 + γε2

t−1I[εt−1<0], (3)

where I (.) is the indicator function. The coefficients γ drives the presence/absence of
asymmetry and/or leverage effects. Sufficient conditions for positivity of conditional
variances ht, require that ω ≥ 0, α ≥ 0, β ≥ 0, γ ≥ 0, while for covariance stationarity,
under the additional assumption of symmetry for the density of zt = εth

−1
t , we need

α+ β + 1
2γ < 1.

The EGARCH model by Nelson (1991) defines the dynamic on the logarithm of the
conditional variance,

log ht = ω + β log ht−1 + αzt−1 + κ (|zt−1| − E|zt−1|) . (4)

Due to the logarithmic transformation, variances are positive by construction. Con-
sequently, there are no restrictions on the parameters for positivity, but they must
anyway satisfy restrictions ensuring covariance stationarity. In particular, a sufficient
condition is that |β| < 1. In the EGARCH model, the presence of asymmetry and/or
leverage depends α and κ.

The Threshold-GARCH (TGARCH) specification proposed by Zakoian (1994) mod-
els the conditional standard deviation with a dynamic that preserves the information
on the shock sign, and thus potentially allowing for asymmetry and/or leverage. The
conditional volatility follows:

h
1/2
t = ω + βh

1/2
t−1 + αεt−1 + γ|εt−1|. (5)

Sufficient conditions for the positivity of conditional variances are ω > 0, β ≥ 0, γ ≥ 0
and −γ ≤ α ≤ γ.

The Asymmetric GARCH model (AGARCH), introduced in Engle (1990) and fur-
ther discussed in Engle and Ng (1993), models the conditional variance as

ht = ω + βht−1 + α (εt−1 − ϕ)2 , (6)
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and the asymmetry and/or leverage effect depends on the parameter ϕ. Moreover, En-
gle and Ng (1993) provide two alternative specifications of the shock dynamic defined
in Equation 6. In the first, Nonlinear Asymmetric GARCH model (NGARCH), they
add the interaction of the conditional standard deviation with ϕ, replacing (εt−1 − ϕ)2

with
(
εt−1 − ϕh1/2

t−1

)2
. In the second, the VGARCH model,1 they replace the εt−1 in

6 by the variance standardized shock zt.
Finally, the Asymmetric Power ARCH (APARCH) model by Ding et al. (1993) can

be viewed as a non-linear generalization of the GARCH, GJR-GARCH and TGARCH
models. The parameter δ > 0 drives the non linearity and represents the power of the
conditional volatility over which we define the dynamic. The model reads as:

hδt = ω + βhδt−1 + α (|εt−1| − ϕεt−1)δ . (7)

where |ϕ| ≤ 1 and δ > 0. An excellent discussion for necessary and sufficient moment
conditions is provided by Ling and McAleer (2002).

2.2. News Impact Curve

The News Impact Curve (NIC), introduced by Pagan and Schwert (1990) for the
GARCH model and then discussed for other models by Engle and Ng (1993), measures
how news impact on the conditional variances. In the NIC framework, the shocks of
the GARCH models, either εt or zt depending on the specifications, are proxy of the
news. We here provide the NIC for the previously mentioned GARCH models as the
NIC will have a central role in the following section. As in Engle and Ng (1993), we
refer to the GARCH as our benchmark, since it represent the most used specification
in the literature (see, among many others, Bollerslev et al. 1992; Engle 1993; Hansen
and Lunde 2005).

Let us denote by σ2 the unconditional variance of εt, i.e. σ2 = E
[
ε2
t

]
= E [ht].

Engle and Ng (1993) derive the NIC for the GARCH(1,1) model by replacing the
lagged variance with the unconditional variance, and then let the NIC be a function
of the shock only. Therefore, for the GARCH, the NIC equals:

NIC (εt−1) = ω + βσ2 + αε2
t−1. (8)

With a similar approach, several authors derive the NIC for other GARCH-type mod-
els. To report directly comparable NIC for several models, we always express the NIC
in the variance scale, that is, the NIC monitors the impact of shocks on the variances,
irrespective of the fact the dynamic is defined on the variances or on other powers
of the conditional volatility. Table 1 collects the NIC for the models discussed in the
previous subsection.

3. Asymmetry and leverage in GARCH models

According to Black (1976), the leverage effect is the negative correlation between
the shocks on returns and the subsequent shocks on volatility. Consequently, after a
negative returns shock we expect volatility to increase while after a positive shock on

1Engle and Ng (1993) do not explicitly specify the meaning of the letter V in the acronym of the VGARCH
model.
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Model News Impact Curve
GARCH NIC (εt−1) = A(2,1) + αε2

t−1

GJR-GARCH NIC (εt−1) =

{
A(2,1) + αε2

t−1 εt−1 ≥ 0,

A+ (α+ γ) ε2
t−1 εt−1 < 0,

EGARCH NIC (εt−1) =


B × exp

[
(α+κ)
σ εt−1

]
εt−1 ≥ 0,

B × exp
[

(α−κ)
σ εt−1

]
εt−1 < 0,

TARCH NIC (εt−1) =

 A(1,2) + 2A(1,1) (α+ γ) εt−1 + (α+ γ)2 ε2
t−1 εt−1 ≥ 0,

A(1,2) + 2A(1,1) (α− γ) εt−1 + (α− γ)2ε2
t−1 εt−1 < 0,

AGARCH NIC (εt−1) = A(2,1) + α (εt−1 − ϕ)2

NGARCH NIC (εt−1) = A(2,1) + α (εt−1 − ϕσ)2

VGARCH NIC (εt−1) = A(2,1) + α
( εt−1

σ − ϕ
)2

APARCH NIC (εt−1) =


(
A(δ,1) + α (1− γ)δ εδt

)1/δ
εt−1 ≥ 0,(

A(δ,1) + α (1 + γ)δ (−εt)δ
)1/δ

εt−1 < 0.

Table 1. News Impact Curves for selected GARCH models. To compress the notation we set A(a,b) =

(ω + βσa)b and B ≡ σ2β exp (ω − κE [|zt|]).
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returns we should observe a decrease in the volatility. This economic intuition represent
the foundation for the existence of asymmetry in GARCH models, as stated in the
works by Nelson (1991) and Glosten et al. (1993), and in all papers proposing GARCH-
type models where the sign of the shocks has some relevance. Therefore, it might
seem that leverage effect and asymmetry are two different names for the very same
phenomenon. Even Engle and Ng (1993) use the two terms as synonyms, and end up
with a preference for leverage only because it was “. . . popular among researchers. . . ”,
see their footnote 1 at page 1752. We do not agree with such a viewpoint when focusing
on the GARCH model class, and we prefer the interpretation of McAleer (2014) and
Chang and McAleer (2017), where asymmetry and leverage are two distinct effects.

We highlight that the use of leverage as a synonym of asymmetry is quite common
from an empirical viewpoint. Among others, we quote Ding et al. (1993), “. . . The
asymmetric response of volatility to positive and negative ‘shocks’ is well known in the
finance literature as the leverage effect of the stock market returns [Black (1976)], which
says that stock returns are negatively correlated with changes in return volatility - i.e.
volatility tends to rise in response to ‘bad news’ (excess returns lower than expected)
and to fall in response to ‘good news’ (excess returns higher than expected) [Nelson
(1991)]. Empirical studies by Nelson (1991), Glosten, Jaganathan and Runkle (1989)
and Engle and Ng (1992) show it is crucial to include the asymmetric term in financial
time series models [for a detailed discussion, see Engle and Ng (1992)]).. . . ”. It is clear
that the leverage effect of Black (1976) is matched with the asymmetry of GARCH
models. Further, we also refer to the work by Stavroyiannis (2017), that considers the
disagreement in the GARCH literature and in specialized econometric software,2 and
analyses the constraints of the parameters which lead to the existence of asymmetry
and leverage. The author shows that the approach used by software packages is not
consistent with the Nelson-Cao inequality constraints for ensuring positivity of con-
ditional variance. More recently, Engle and Siriwardane (2018) have introduced the
Structural GARCH model where leverage is referred to the capital structure of a firm,
a totally different concept with respect to the volatility asymmetry effect.
In this note we argument that the asymmetry and leverage effects within a GARCH
model are not identical. To provide a complete characterization of both effect, we sep-
arately address the two, and propose to detect their presence by focusing on the News
Impact Curve.

3.1. Asymmetry and the News Impact Curve

Building on the first proposals for GARCH models allowing for asymmetry (e.g. Nelson
1991; Glosten et al. 1993), a commonly accepted definition of asymmetry for GARCH
models is the following:

Definition 1: A GARCH model allows for asymmetry if positive and negative
shocks of the same (absolute) size have a different impact on the variance (or volatil-
ity).

We emphasize impact as, in our opinion, the interpretation of that word is crucial for
the proper characterization of asymmetry. In fact, Chang and McAleer (2017) interpret

2The use of leverage and asymmetry as synonyms is also common in statistical and econometric software. See,

among others, Matlab and Eviews.

6



impact in a literal (econometric) way, that is, by reading the coefficients of GARCH
models as measures of impact of the right hand side variables on the left hand side
variable. This clearly reminds the classical econometric interpretation of coefficients
in linear equations, and lead to the use of derivatives to measure the impact of shocks.

However, such an interpretation lead to a clear incoherence for a reference model, the
GARCH. Using the notation of the previous section, and applying the interpretation
of Chang and McAleer (2017), the evaluation of asymmetry builds on the first order
derivative of the conditional variance with respect to the shock εt−1,

∂σ2
t

∂εt−1
= 2αεt−1. (9)

Therefore, according to the interpretation of Definition 1 given by Chang and
McAleer (2017), the equality of the impact for positive and negative shocks implies
that the derivatives for positive and negative shocks of the same (absolute) size must
be identical.

Clearly, this is possible in the limiting case of α = 0. However, under this case
the model collapses to a constant (Francq and Zakoian 2011, Equation 2.46 at page
42). We thus rule out such a possibility. Assuming that α > 0, and coherently with
the constraints for variance positivity, symmetry is not possible (!) as the derivative
depends on the shock. In fact, given two shocks, one positive and one negative, both
with the same absolute size, and given the derivative evaluated at those two shocks,
we will clearly obtain different values. For instance, for shocks of size +1 and −1, the
derivatives will be 2α and−2α. Summarizing, under the characterization of asymmetry
put forward by Chang and McAleer (2017), with a literal interpretation of Definition
1, the GARCH model seems to be always asymmetric (apart in the limiting case where
we do not have heteroskedasticity). This is opposite to the common interpretation of
the GARCH model as a symmetric specification. Consequently, if a problem is present,
it must be in the definition adopted, or in the interpretation of the word impact.

We opt for an interpretation of the word impact in Definition 1 different from that
in Chang and McAleer (2017). In fact, we believe that the it points at the change that
shocks induce in the conditional variance or in the conditional volatility. To provide a
clear characterization of asymmetry, we suggest to adopt a modified definition.

Definition 2: A GARCH model allows for asymmetry if positive and negative
shocks of the same size induce changes in the conditional variance (volatility) of dif-
ferent magnitude.

Our definition is not a novel interpretation of the asymmetry, but rather a clar-
ification of the interpretation of what asymmetry represents. On the one side, it is
coherent with the leverage definition as in Black (1976) that also points at changes in
the variance and not at the impact of shocks. On the other side, it is coherent with
the commonly adopted interpretation of asymmetry. Finally, it is also coherent with
the claim in Section 2.2 of McAleer (2014) stating that leverage is a special case of
asymmetry.

If we move the focus toward the change that shocks induce on the conditional vari-
ances, our definition of asymmetry has a strong link with the NIC. In fact, according
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to our definition, the symmetry in the NIC (with respect to the Y axis) implies sym-
metry in the GARCH model. This is the same viewpoint adopted by Hentschel (1995)
in discussing asymmetry in GARCH models.

Coming back to the GARCH example, the simple inspection of the NIC reported in
Equation 8 allows verifying the presence of symmetry. In fact, positive and negative
shocks of the same magnitude produce equal positive changes in the variances.

We might rationalize our previous comment with the following corollary to Defini-
tion 2, which exploits the fact that the NIC is a function of a single argument, the
shock.

Corollary 1: A GARCH model allows for asymmetry if, for all shocks θ, we have
NIC (θ) 6= NIC (−θ).

By adopting Corollary 1, we can verify the conditions that model parameters must
satisfy to have asymmetry.

For the GARCH we have NIC (θ) = A+ αθ2. Consequently, NIC (θ) = NIC (−θ)
for all θ, and the GARCH is symmetric.

In the EGARCH model, the condition NIC (θ) = NIC (−θ) requires α+κ
σ θ =

−α−κ
σ θ. Therefore, the condition for asymmetry is that α 6= 0. Note this is oppo-

site to the claim of Chang and McAleer (2017) supporting the presence of asymmetry
if κ 6= 0.3

Moving to the GJR-GARCH, NIC (θ) = NIC (−θ) if and only if ϕ 6= 0. In this
case, there is asymmetry if the coefficient associated with the sign of the shock is not
null.

The TARCH models behaves as the EGARCH, and there is asymmetry if the coef-
ficient multiplying the shock (not squared neither in absolute terms, thus maintaining
the information on the sign) is not null. In fact, we have that NIC (θ) = NIC (−θ)
if D (α+ γ) θ + (α+ γ)2 θ2 = D (−α+ γ) θ + (α− γ)2 θ2. The latter equality is satis-
fied for all θ if α = 0, thus leading to symmetry. Note that there might exist specific
parameter combinations satisfying the equality for specific values of θ.4

The AGARCH model is symmetric if NIC (θ) = NIC (−θ) and thus when
(θ − ϕ)2 = (−θ − ϕ)2. The latter is possible only when ϕ = 0. A similar condition
applies to the NGARCH and VGARCH specifications.

Finally, in the APARCH model, the condition for symmetry NIC (θ) = NIC (−θ)
leads to the equality (1− γ)δ θδ = (1 + γ)δ θδ which is satisfied only when γ = 0.
Therefore, the condition for asymmetry is γ 6= 0.

Results for higher order specifications can be derived with some algebra and might
lead to increased flexibility in the conditions for asymmetry, even accounting for more
flexible parameter bound for variance positivity (Nelson and Cao 1992). However, we
believe the cases we report represent the vast majority of models that can be considered
in empirical analyses.

3Chang and McAleer (2017) associate symmetry to equality of the first order derivative of the conditional
variance equation with respect to the shock, evaluated for positive and negative shocks. Therefore, for the
EGARCH model, the derivative equals ∂ log ht

∂zt−1
= α − sign (zt−1)κ. Consequently, according to Chang and

McAleer (2017), symmetry requires κ = 0.
4One can verify that by solving the equality imposing that parameters α and γ satisfy the conditions for

positivity of conditional volatilities, but α < 0. For instance by setting α = − 1
2γ

.
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3.2. Leverage and the News Impact Curve

As we already stated, we agree with McAleer (2014) that leverage should be used in
accordance with the definition of Black (1976), while asymmetry represents a different
phenomenon. In fact, if leverage is matched with a negative correlation between shocks
and volatility, we expect to observe that positive shocks lead to a decrease of volatility
and not an impact on volatility with a size smaller than the one of negative shocks.
Therefore, we adopt the following characterization of leverage within a GARCH model.

Definition 3: A GARCH model is coherent with the presence of the leverage effect
if negative shocks lead to an increase in the variance while positive shocks lead to a
decrease in the variance.

The leverage effect is a special case of asymmetry as, under leverage, positive and
negative shocks have by definition a different impact on the conditional variances.
Note that, according to Definition 3, the leverage effect is not present in the GARCH
model as positive and negative shocks have always a positive (i.e. increasing) effect on
the conditional variances. This is a consequence of the positivity of the α parameter,
commonly imposed within the sufficient conditions for variance positivity. If the model
orders are larger than one, that is in a more general GARCH(P,Q), one should verify
if, under the conditions of Nelson and Cao (1992), positive shocks are associated with
decreases in the conditional variance. However, coherently with our choices in the
case of asymmetry, we maintain the above specifications which are the most used in
empirical analyses. In this regards, we verify the conditions for the existence of leverage
effects in the other GARCH models described in the previous subsection.

We proceed by first noticing that, similarly to the case of asymmetry, the presence of
leverage is also detectable by focusing on the NIC. According to Definition 3, it is now
important to verify that the NIC decreases after a positive shock while it increases
after a negative shock. Therefore, to verify the presence of leverage we suggest to
analyse the behaviour of the NIC derivative with respect to the shock. The following
Corollary gives a sufficient condition for leverage, according to our definition:

Corollary 2: A GARCH models allows for leverage if ∂NIC(εt−1)
∂εt−1

< 0 for all shocks
εt−1.

Corollary 2 provides a relatively simple condition to check, that is, the NIC is a
monotone decreasing function of the shock. In the case of the GARCH model, the
NIC is not a monotone decreasing function of the shock and the model does not
allow for leverage. The NIC derivative equals NIC ′ (εt−1) = 2αεt−1 and is positive for
positive shocks (given that α ≥ 0).

For the GJR-GARCH model, the NIC not monotone decreasing in εt−1 if α < 0
and α + γ > 0. As already noted by McAleer (2014), this is not coherent with the
constraints for positivity of conditional variances. Therefore, the GJR-GARCH model
does not allow for leverage.

The EGARCH model is more interesting. In fact, the sign of the NIC derivative de-
pends on the derivative of the exponential arguments (see the EGARCH NIC in Table
1). The existence of leverage requires that α+κ

σ < 0 and α−κ
σ < 0. These conditions are
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satisfied if α < 0 and α < κ < −α. Given that these conditions are not conflicting with
usual parameters restrictions for covariance stationarity of the EGARCH, the model
seems to allow for the presence of the leverage effect. However, as noted by McAleer
(2014) and McAleer and Hafner (2014), in order to derive proper regularity conditions
for the existence of the model, resorting to a more general Random Coefficient model,
we must have both α > 0 and κ > 0. Consequently, if we link the EGARCH to a
random coefficient model, we are ruling out leverage.

For the TARCH model, the negativity conditions on the NIC derivative equal{
D (α+ γ) < −2 (α+ γ)2 εt−1, for εt−1 ≥ 0,
D (α− γ) < −2(α− γ)2εt−1, for εt−1 < 0.

(10)

The positivity of the conditional variance is ensured by γ > 0 and −γ < α < γ. Unlike
the second condition, the first condition is never satisfied, due to the conditions for
variance positivity. Consequently, the TARCH model does not allow for leverage.

Moving to the APARCH model, to allow for leverage, from the derivative of the
NIC for positive shocks we can easily obtain the following condition

1

δ

(
E + α (1− γ)δ εδt−1

) 1−δ
δ
(
δα (1− γ)δ εδ−1

t−1

)
< 0, εt−1 > 0. (11)

For a subset of all the possible values of δ (for even δ), the previous condition is
satisfied if α < 0 or γ > 1 . However, both cases are ruled out by conditions needed to
ensure the positivity of conditional variances. Similarly to the previous specifications,
the model does not allow for leverage.

The most interesting case is the AGARCH model where the NIC derivative is equal
to

NIC ′ (εt−1) = 2α (εt−1 − ϕ) . (12)

The derivative, though not monotone decreasing in εt−1, is anyway negative for εt−1 <
ϕ when ϕ > 0. Therefore, we do have a decreasing NIC for positive shocks smaller
than ϕ (when ϕ > 0). Similar cases realize for te NGARCH and the VGARCH models.

The AGARCH, NGARCH and VGARCH models are clearly peculiar cases, but
they open the door for a more flexible characterization of the leverage effect. In this
regard, we thus suggest the following definition:

Definition 4: A GARCH model allows for local leverage if the ∂NIC(εt−1)
∂εt−1

< 0 for

a subset of Θ = (0,+∞) where Θ is the positive fraction of the support of εt−1.

According to Definition 4, the AGARCH model is thus consistent with local leverage.
Overall, all the GARCH models are not coherent with the presence of leverage

effects while only the AGARCH and similar models allow for local leverage. In some
cases, leverage might exist (see the EGARCH model) but associated with parameters
sign and size not coherent with the proper derivation of the model from a more general
random coefficient model. Local leverage might also exist for specifications with orders
larger than one and for other GARCH models not discussed in this paper.
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4. Empirical Analysis

We close the paper with an empirical analysis aiming at identifying the presence of
asymmetry and/or leverage in the US market.5 We consider the constituents of the
S&P500 index at March 2018 and whose data are available from January 2003 at
a daily frequency (426 assets). We estimate the models of order 1 described in the
previous sections by considering, for comparison purposes, four specifications of the
GARCH distribution errors:6 the Normal, the Student’s t, the GED and the Skew-
t. Moreover, we perform the estimation in four sub-samples (2003-2006, 2007-2008,
2009-2012 and 2013-2018) for a total of 47, 712 estimated process. Table 4 reports the
total number of assets classified by industry.7

Energy Bas-Mat. Ind. Cons-G. Health-C. Cons-Serv. Tlc Utilities Fin. Tech. All

21 12 69 46 45 50 2 26 79 45 395

Table 2. Total number of estimated assets according by industry. The sectors are: Energy, Basic Materials,
Industrials, Consumer Goods, Health Care, Consumer Services, Telecom, Utilities, Financials and Technology.

To compare the models, we select the most interesting period in terms of volatility
which is represented by the Global Financial Crisis during the period (January)2007–
(December)2008. We focus on the best performing models according to the various
possible forms of innovation density as our interest is to compare asymmetry and
leverage features of alternative specifications for the volatility equation.8

Table 3 reports the percentages of the best performing model during the crisis
according to the BIC criteria and for a specific distribution for the errors. Regarding
the Normal distribution, the best model for the total market (last column) and 5
sectors is the EGARCH model followed by the TARCH model (3 sectors). The results
for the other distributions are pretty similar. In fact, the TARCH model results the
best one for the market and 3 sectors (4 sectors for the SKEW-t) while the NGARCH
is the second best model. Generally as expected, the models including asymmetry in
the volatility perform better than the GARCH model. By contrasting results among
different distributional hypotheses for the errors, we note that the results for the non-
Gaussian cases are very close one to the other, and differ from those of the Normal
case, a somewhat expected result.

We then evaluate the News Impact Curves building on the estimates coming from
the Skew-t distribution.9 Appendix B reports the descriptive statistics of the estimates.
To compute the NICs, we set the parameters for the volatility equations equal to
the mean of the estimates for the S&P500 market as reported in the second row
of the last column in Tables B1-B4. Figure 1 reports News Impact Curves for the
GARCH model (solid line) versus the (dashed line) GJR model (Upper-left panel),

5As our purpose is purely illustrative on the presence of asymmetry and/or leverage, we do not make model
comparisons in terms of forecasts but only with respect to the in-sample fit.
6We do not include the VGARCH model here given its similarity with the AGARCH model in preliminary

estimates.
7The full collection of assets includes 426 equities. However, we excluded from the analysis the assets (31)

with problems of convergence in at least one of the estimated models. Hence, the final number of assets is equal
to 395.
8For sake of completeness, we include in Appendix A the percentages of the best overall performing models for

all the considered periods. A related study is that of Bampinas et al. (2018) which provides descriptive statistics
on the conditional variances under alternative distributions estimated using the GARCH, GJR-GARCH and

EGARCH models for the constituents of the S&P Composite 1500.
9The estimates of the parameters are very similar to those obtained by other distributions and are available

upon request to the authors.
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EGARCH (Upper-right panel), TARCH (middle-left panel), AGARCH (middle-right)
and APARCH (lower panel). We report the NICs on the absolute values of εt−1 in order
to highlight the asymmetry. The NICs report the impact of the positive (negative)
shocks as described by a dashed blue (red) line.10 Clearly, the asymmetry is due to
a greater effect of negative shocks on the increase of the variance with respect to the
positive shocks. This asymmetry is more pronounced for the EGARCH model and less
pronounced for the AGARCH model.

Figure 1. News Impact Curves for the GARCH model (solid line) versus the (dashed line) GJR model
(Upper-left panel), EGARCH (Upper-right panel), TARCH (Middle-left panel), AGARCH (Middle-right) and

APARCH (Lower-left panel).
Note: We report the NICs on the absolute values of εt−1 in order to highlight the asymmetry and thus, the

impact of the positive (negative) shocks which is described in the dashed blue (red) lines.

10We standardized the NICs for comparison purposes and hence the NICs of the AGARCH and NGARCH

models are equivalents.
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Finally, we report the percentages of assets showing asymmetry and leverage in
Table 4 and Table 5 for each model and error distributions in all the four considered
periods, respectively. Given the error distributions, the percentages do not substan-
tially differ across models. Except for the APARCH model, the asymmetry showed in
Table 4 results the highest for all the models during the period 2009-2012 which coin-
cides with the end of the global crisis and the recovery of the US financial market. The
EGARCH specification shows the highest percentage of asymmetry in all the periods,
followed by the GJR-GARCH and the AGARCH specification. Regarding the leverage
reported in Table 5, the percentage of leverage is very low the EGARCH specification
for all the considered periods (close to 3− 4% in the first two subsamples and almost
below 1% in the last two subsamples). The local leverage in the AGARCH model
shows the highest percentage during the period 2009-2012 (above 70%) and the lowest
percentage in the pre-crisis period (close to 30%). Overall, according to our definitions,
asymmetry is a diffuse phenomena while the leverage appears only in limited number
of cases. On the contrary, if we focus on the AGARCH model, we note that in a large
fraction of cases there is an empirical evidence in favor of local leverage.

5. Conclusion

Starting from recent contributions on the proper parameter constraints associated with
asymmetry and leverage in GARCH models, we propose here a unique treatment for
these two effects. We clarify that, in our view, leverage and asymmetry are distinct
phenomena, even if both originated by the seminal work of Black (1976).

In this regard, we propose definitions of leverage and asymmetry that build at the
News Impact Curve and provide examples on how to verify these two definitions with
selected GARCH models.

We show that several GARCH models are asymmetric but none is capable of showing
leverage effects. We then extend the leverage definition to allow for local leverage effect,
and show that the AGARCH model of (Engle 1990) is coherent with the presence of
local leverage.

Finally, an empirical analysis on the S&P 500 markets identifies a diffused presence
of asymmetry, and if we focus on AGARCH model estimates, a relevant occurrence of
local leverage.
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Appendix A. Model selection in the four considered periods according to
the BIC criteria

In this section, we include the percentages of the best overall performing models during
the four considered periods (2003-2006, 2007-2008, 2009-2012,2013-2018) by including
all the specified distribution errors. The selection is done according to BIC criteria for
each industry and for the total market (last column).
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Appendix B. Estimates of the GARCH models

In this Appendix, we include the estimates for the Skew-t distribution. Tables B1-B4
report the descriptive statistics for the parameters of the volatility equations while
Tables B5-B7 report the descriptive statistics for the parameters of the Skew-t distri-
bution for the considered models.
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Appendix C. Estimates of the GARCH models

For illustrative purposes, we include in Figure C1 the usual NICs in all the domain of
εt−1.

Figure C1. News Impact Curves for the GARCH model (solid line) versus the (dashed line) GJR model
(Upper-left panel), EGARCH (Upper-right panel), TARCH (Middle-left panel), AGARCH (Middle-right) and

APARCH (Lower-left panel).
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