Regularity of Nash payoffs of Markovian nonzero-sum
stochastic differential games.
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Abstract. In this paper we deal with the problem of existence of a smooth solution of the Hamilton-
Jacobi-Bellman-Isaacs (HJBI for short) system of equations associated with nonzero-sum stochastic
differential games. We consider the problem in unbounded domains either in the case of continuous
generators or for discontinuous ones. In each case we show the existence of a smooth solution of
the system. As a consequence, we show that the game has smooth Nash payoffs which are given by
means of the solution of the HJBI system and the stochastic process which governs the dynamic
of the controlled system.
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1 Introduction

This article deals with a nonzero-sum stochastic differential game (NZSDG for short) which we
describe hereafter. Let us consider a system, on which intervene two players 7wy and my, whose
dynamics is given by a solution of a stochastic differential equation of the following form:

dzy " = f(t, 2" urg, uge)dt + o (t, 27 "?)dBy, t < T and 2" =z € RY (1.1)

where:

(i) B := (Bt)t<r is a Brownian motion ;

(ii) uy := (u1e)e<r (vesp. ug := (ugr)i<r) is a stochastic process with values in U; (resp.
Us) a compact metric space and adapted w.r.t (F¢)<r, the completed natural filtration of B. The
process u; (resp. ug) is the way by which the first (resp. second) player 71 (resp. m2) acts on the
system ;

(iii) f(-) and o(-) are given functions.

The system that one implies could be an asset in the financial market, an economic unit, a factor
in the economic or financial spheres, etc. On the other hand, one can consider the differential game
with more than two players and this does not rise a major issue, the treatment is the same.

The conditional payoff of player m (resp. m2) from ¢ to T, when she implements wu; (resp.
ug), is denoted J} (u1,uz2) (resp. JZ(u1,uz)) and given by: for i = 1,2,

Ji(uy,ug) = E[ftT hi(s, 280" ugg, ugs)ds + gi(xg )| F).
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The functions hy, hg (resp. g1, g2) stand for the intantaneous (resp. terminal) payoffs of the players
1, T, respectively. Then the problem of interest is to find a Nash equilibrium point for the game,
i.e., a pair of controls of the players (u},u}) such that

Jo(wi,u3) > Jg (ur, u3) and J§ (uy, uz) > J§ (uf, u3) for any us, us.

On the other hand it is important to highlight the regularity properties of the conditional payoffs
JH(uf,u3), t <T,i=1,2, called conditional Nash payoffs of the game. The meaning of (uf,u}) is
that none of the players gains if she/he decides to deviate unilaterally.

In bounded domains this topic is already considered, e.g. in the monograph by Bensoussan-
Frehse [4]. So far there are many papers which deal with nonzero-sum stochastic differential games
in a framework similar to ours, among which one can quote [2, 3, 4, 5, 6, 8, 12, 13, 14, 11, 19, 20].
They can be divided into three categories. In the first category one can group the works where the
non-zerosum game is tackled by using probabilitic tools, namely backward stochastic differential
equations (BSDE for short) [12, 13, 14]; to solve the problem it is enough to solve its associated
BSDE which is multi-dimensional with non-Lipschitz coefficient. However this solvability is not
obvious and it is achieved only in the Markovian framework. The latter papers are related to various
features of the data of the game, e.g., they are bounded in [12] while this boudedness is partially
removed in [14] and finally, in [13], the authors consider the case when the coefficients of the multi-
dimensional BSDE associated with the game are discontinuous and the Nash point is of bang-bang
type. In the second category one can gather the papers which use PDEs to tackle this non-zerosum
differential game problem [2, 3, 4, 6, 8, 19, 20]. Mainly in those works, firstly the authors provide a
regular solution for the Hamilton-Jacobi-Bellman system of equations associated with the game and
then construct a Nash equilibrium point. More precisely, in the papers [2, 3, 4, 6, 8] the existence of
Nash equilibria are proved under the assumption that the feedback is continuous, while in [19, 20]
the study is done loosing continuity of the feedback and hence of the Hamiltonians. Finally in the
third category one can range papers, rather rare, where a mix of both of the previous methods are
used, e.g., in [5, 11]. Note that in [5], the controls are of relaxed type.

The general case of path dependent process (z;""?);<r solution of (1.1) is still open since,
as pointed out previously, to tackle this type of nonzero-sum SDG leads to deal with a multidi-
mensional BSDE with non Lipschitz coefficients and non markovian randomness, for which there
is a lack of result (see for instance [7]).

The probabilistic approach can be described as: Let H;, i = 1,2, be the Hamiltonians
associated with this game problem, i.e., for i = 1,2 and (t,z,u1,us, p1,p2) € [0,T] x RY x Uy x
Us x RN+N,

Hi(t, €, Pi, U1, u2) = pz—'rf(t7 T, U1, u2) + hi(tv €T, U, u2) (12)

and assume that the following generalized Isaacs condition (GIC for short) is satisfied:

(AO0): There exist measurable functions @ (¢, z, p1,p2) and @s(t, z, p1,p2) valued respectively in Uy
and Us such that for any (¢, z,p1, p2, u1, us),

Hl(tvxvphﬂl(tvxap17p2)762(taxaplap2)) > Hl(tvxaplvulvﬂz(tvxvplal)Q))
and (1.3)

HQ(t7x7p27a1(t7m7p17p2)7a2(t7x7p17p2)) 2 HQ(t7x7p27a1(t7x7pl7p2)ﬂ U2)~

This condition is the analogous of the Isaacs one in the framework of zero-sum differential games.
Next assume there exist adapted stochastic processes (Y'1,Y?2, Z! Z?2), solution of the fol-
lowing system of two coupled BSDEs: for i = 1,2

Y = gi(xr) + ftT Hi(s,zs,0  (s,25) T Z2, (U1, U2) (8, 05,0 (5,25) T ZL, 07 (s, 25) T Z2))ds
— [ ZidB,, t<T,
(1.4)
where (x¢)¢<7 is the solution of (1.1) without drift term (see (2.2) below) then
(ui,up) = (W (t, 20, 2,7, Z07), a(t, 20, 2,7, 277 ) i<y (with Z;7 = o~ Yt 2y) Zf, i =1,2) is a
Nash equilibrium point for the nonzero-sum differential game and Yy = Jj(u},u3), i = 1,2. Thus



the problem turns into looking for a solution of the two-dimesional BSDE (1.4) which is associated
with the game problem. This point of view has been considered among others in [12, 14], where
the existence of a Nash point for the game is shown under appropriate assumptions on the data
of the problem. It must be said that the link between the processes Y? and Z* which allows for
the construction of the Nash equilibrium point of the game is not very well understood. Mainly
because there is a need of further regularity properties of the processes Y, i = 1,2, which are not
established yet.

As written before, the second approach uses partial differential equations tools (see e.g.
[3, 8,9, 19, 20] and the references therein) and mainly it turns into seeking a regular solution of
the Hamilton-Jacobi-Bellman-Isaacs equations associated with this game problem, under various
assumptions on the regularity of the feedbacks, which is the following: for ¢ = 1,2,

—OVi(tw) = 3Trloo T (t,2) DL, V()]
=V Vi (t, @) f(t, @, (A1, U2)(t, 2, VL V), VL V(1))

(1.5)
—hi(t, @, (G, o) (t, 2, Vo V(L 2), Vo VE(tx))) = 0, (t,x) € Rp == (0,T) x RN ;

VT, z) = g'(z), for x € RN,

This system is the verification theorem of the NZSD game problem. Indeed if a regular solution
of (1.5) exists then by the use of Ito-Krylov formula to V*(t,z;) one obtains that the pair of
controls (uj,u3) := ((1,d2)(t, 2, VoVt 2), Vi V2(t,24)))e<r is a Nash equilibrium point for
the game and additionally J{ (u},u3) = Vi(t,x;), i = 1,2. This approach provides also more regular
properties of the Nash payoffs of the game which we cannot obtain from the probabilistic one. This
is helpful at least in: i) the understanding of the link between J{(u},u}), i = 1,2, and (u}, u}) ;
ii) the simulation process of either the Nash payoffs or the Nash equilibrium points where usually
smoothness properties of the data are required. However, to the best of our knowlegde, system of
equations (1.5), with lack of regularity on @;, is studied only in the case when the domain Ry is
bounded or by considering Markovian feedback controls (see Theorem 8.5 p.233 in [?]). Therefore
the main objective of this work is to deal with the same problem when R is unbounded.

This paper is organized as follows: In Section 2, we introduce precisely the nonzero-sum
differential game which we will study later on. Section 3 is devoted to the study of the HJBI
system (1.5) associated with the NZSDG. We consider three different cases. In the first one we
show that the system has a solution when the data of the problem are mainly continuous and
bounded. Then we treat the case when the data are bounded discontinuous and finally we deal
with the case when the Hamiltonian are discontinuous and the data have linear or polynomial
growth. In Section 4, we study the connection of the solutions of the system with the NZSDG
problem. We provide the Nash equilibrium point for the game and some regularity properties of
its conditional Nash payoffs.

2 Statement of the NZSDG problem

Let (Q,F, P) be a probability space which carries a N-dimensional Brownian motion (By)i<r
whose completed natural filtration is (F; = o{Ws, s < T})i<r and P is the o-algebra on [0, 7] x §2
of Fi-progressively measurable processes.

Let o be a Borel measurable function from [0, 7] x IRY into RN *" which satisfies the following
assumptions:

(A1):
(i) 0 € C?((0,T) x IR™) and is uniformly Lipschitz in z i.e. there exists a constant C such that:

vt € [0,T), z,2' € RY,
jo(t,) — o(t,")| < Cla — .



(ii) o is bounded, invertible and its inverse is bounded.
Note that condition (ii) is equivalent to the existence of a constant a > 0 such that for any (¢, ),

a ' <o(t,z)o " (t,z) < al (2.1)
i.e., oo is uniformly elliptic (o is the transpose of o).
Next let (X¢)i<r be the process solution of the following stochastic differential equation

X, =z+ fot 0(s,X,)dBs, t <Tand z € R". (2.2)

Since o verifies (A1), the process (X;):<r exists and is unique (see e.g. [16, 21] for more details).
Next let us denote by U; and Us two compact metric spaces, meanwhile, M; and My are the sets
of the P-measurable processes with values in U; and U, subsets of R* | k; € IN \ {0}, i = 1,2,
respectively. The set M = My x M, is called of admissible controls for players w1 and 5.

Now let f (resp. hi, i = 1,2) be borelian functions from [0, T] x IRY x U; x Uy into IRY (resp. IR)
and ¢¢ another borelian function from IR" to IR such that for some constants C > 0 and v > 0 it
holds: for ¢ = 1, 2,

(A2):
(i) |f(t, 2, u1,uz)| < C(1+ |x|), for any (t,z,u;,us) € [0,T] x RN x Uy x Us;
(ii) |g°(@)] + |hi(t, 2, ur, uz)| < C(1 + |z[Y), v > 1, for any = € RY.
For (u1,us) € M, let P(*1:%2)be the probability on (Q, F) defined as follows:

dpuiu2) — g(/' o (s, Xs) f(s, X, urs, s )dBs).dP (2.3)
0

where for any (F;, P)-continuous local martingale M = (M;),<r, the density function ¢(M) is

defined by:
1

C(M) = (¢(M)e)e<r = (exp{M — (M) })e<r (2.4)

with ((M)):<7 is the increasing adapted process associated with M, i.e. (M? — (M)):<7 is a local
martingale.

Under assumptions (A1) and (A2), the non-negative measure P(“1:2) is a probability which
is equivalent to P ([16], p. 200) and by the Girsanov Theorem [10] the process B(*1:%2) = (B, —
fot o7 (s, Xs) f(8, X5, urs, ugs)ds) i< is an (F, P(u1,u2))_Brownian motion and X is a weak solution
of the following stochastic differential equation

dX, = f(t, Xy, u1g, uz)dt + o(t, X, )dB" ")t < T and Xy = x. (2.5)
For i= 1,2, we define the conditional payoffs of players m; and ms respectively by
Ji(uy,uz) = B@w) [T hy(s, Xy, ure, uss)ds + g (X7)|F] (2:6)

where E(“1:%2)ig the expectation under the probability P(“1:#2), Note that when t = 0, Jé(uy,ug)

is nothing but E(“1’7‘2)[fOT hi(s, Xs,u1s, u2s)ds + g*(X7)] since Fy contains only P-null sets and
Pv1:¥2 ig equivalent to P.

The problem is to find a Nash equilibrium point for the game, i.e. an admissible control (u*,v*)
such that for any (u1,us2) € M

Jo (ui,u3) = J (ur, u3) and Jg (uy, uz) > J§ (uf, uz)

and, as much as possible, to highlight the properties of (J}(u},u3), JZ(u}, u3))i<r- O



3 The PDE study of the HJBI associated with the NZSDG

Firstly, recall once for all that we assume that the GIC introduced in Assumption (AO0) is fulfilled.
We will consider the HJBI system associated with the NZSDG under different assumptions on the
data. We illustrate three cases to show the different techniques of the proof when we have lack
either of continuity or boundedness. In this way we obtain a generalization of results obtained
in bounded domains ([2, 19, 20]). In particular we will obtain the existence of a solution of the
parabolic system (suitably defined in dependence on the assumptions) in three cases:

Case 1: The data f, hi, g; are globally bounded and continuous with respect to all their en-
tries and @' (¢, z,p1,p2), i = 1,2, (see (1.3) for the definition) are continuous.

Example: Let us assume that N =1, Uy = [0,1], Us = [-1,1], f(t,x,u1,uz) = fi(t,z) — ug — us,
hi(t,z,u1,us) = hy(t,x) — u? and finally ho(t, 2, uy,uz) = ha(t,z) — 2u3. Then the Generalized
Isaacs condition is satisfied with u; (t,z, p1) = (=% )A1)) V0 and Uy(t, z,p2) = (=)A1)V(-1),
and obviously u;, ¢ = 1,2, are continuous.

Case 2: The data f, h;, g; are globally bounded and continuous with respect to all their entries,
the drift f has a separate structure, and the feedbacks @, (¢, z,p1,p2),? = 1,2, are not continuous
with respect to (p1,p2).

Example: Let us take N = 1, U; = [0,1], Uy = [-1,1], f(t,x,ur,u2) = fi(t,z) + ug + us,
hi(t,z,uy,us) = ho(t,x,u1,uz) = 0, with f;(¢,2) bounded and continuous. Then the General-
ized Isaacs condition is satisfied with @, (¢, 7, p1) = 1, >0y and Ua(t, 7, p2) = 1{p,>01 — 1{p,<0} and
obviously w;, ¢ = 1,2, are discontinuous.

Case 3: The data f, h;, g; are continuous with respect to all their entries but have a linear growth
w.r.t. x, the drift f has a separate structure and the feedbacks u; (¢, x, p1,p2) are not continuous
with respect to (p1,p2).

Note that the example of Case 2 fits also for Case 3 if we choose fi(t,x) and g;(z), i = 1,2,
continuous and with a linear growth w.r.t. z.

3.1 The HJBI system associated with the NZSDG

We denote by Ry := (0,T) x RN the layer in RV"!. Let us consider the following system of
PDEs which stands, after inverting time, for the HJBI system of the nonzero-sum differential game
introduced previously:

N

% — 2 ahk(t,z)m = H;(t,z,V,Vi(t,z),u;(t,x),7;(t,x)), i, =1,2, i # j, in Ry,
7 (3.1)
Vi(0,2) = gi(x),i=1,2 re RY; (3.2)
U1 (t, ) € argmaxy,, e,y Hi(t, 2, Vi Vi(t, @), ur, Ua(t, 2)); (3.3)
Up(t, ) € argmaxy,,cy,) Ha(t, v, Vi Va(t, ), 01 (t, ), u2), (3.4)

where a = %O‘O’T is the matrix with entries ang, b,k = 1,... N and the Hamiltonian H; are defined
in (1.2).

Recall that, from assumption (A1), the matrix a(t, ) € C?(Rr), is bounded and uniformly elliptic,
in the sense that for all (¢,z) € Ry and for all £ € R”,

N

a e <Y ank(t, 2)€nék < al¢? (a > 0). (3.5)

h,k=1



Let @ ¢ IRY be a bounded open domain and let us define Qp := (0,T) x Q and 8,Qr =
((0,7) x 09) U ({t = 0} x Q). We denote by H'T*(Qr), a € (0,1), the set of functions v(t,
such that v is a a-Hélder continuous function in Q7 together with its spatial derivatives (%’i,
i=1,..,N. The norm in H'*® is denoted by |v|*®). We denote by W 2(Qr), ¢ > 1, the set of

functions v(t, z) such that v and its weak derivatives 2v, 9% belong to L(Q7). The norm

Ot Bz’ 87" 8T
in W)2(Qr) is denoted by ||1)H((12).

3.2 Bounded continuous data and feedbacks

Let us study now HJBI system (3.1)-(3.4) under the assumptions of Case 1, i.e., the functions f,
hi, gi, i = 1,2, are globally bounded and continuous with respect to all their entries. Precisely we
assume that:

Assumption (H1):

(i) The functions f(¢,x,u1,us) and h;(t, x,ur,us),i = 1,2, are globally bounded in Ry

and continuous in Rt x Uy x Us; (3.6)
(ii) Fori=1,2, g;(z) € H*(Q), € (0,1), for any bounded Q c R",
and it is bounded and continuous in R"; (3.7)

(iii) For i = 1,2, the mapping
(p1,p2) € RNTY H;(t,z,p;, u1(t, z,p1,p2), U2(t, z, p1,p2)) € IR is continuous. (3.8)

System (3.1)-(3.2) is a Cauchy problem for a quasilinear uniformly parabolic system in the layer
Rp with equations strongly coupled by the functions
H;(t,z,V,Vi(t,x), (U, u2)(t, z, V. Vi(t,x), Vi Va(t, z))), i = 1,2.

Definition 3.1 (V7,V54) is a strong solution of the system (3.1)-(3.4), if

a) Vi(t,x), Va(t,z) € Loo(Rr), (3.9)
b) Vi(t,z), Va(t,x) € H' *(Qr) N W, 2(Qr), (3.10)

where for any bounded subdomain Q C RN, Qp = (0,T)xQ, a€(0,1), ¢g>N+2;
¢) Equations (3.1),(3.3), (3.3) hold almost everywhere in Qp and (3.2) holds in €.

Theorem 3.1 Under assumptions (3.5) and (H1), there exists a strong solution (Vi,V3) of the
parabolic system (3.1)-(3.4) in the layer Ry.

Proof. To prove the existence of a strong solution in any Qp = (0,T) X £, where 2 C RY is any
bounded domain, let us consider the following problem in a sequence of expanding domains of the
form Bgrr := (0,T7) x B(0, R) where B(0, R) := {|z| < R} (clearly, if R — +o00, Brr — Rr):

8V1 (t, ) ﬁ: u 82‘/1R(t,a:)
1 hk 1 & 8mh8xk

1(t,x,VxV1 (t, ), (¢, , Vo VB, VL VI, o (t, 2, VLV, VL VR)), in Brr; (3.11)

WVt P>V (t,)
P S A, (t - e N7
Zl ahk( » T axhaxk
Hy(t, 2,V VI (t, o), 1y (t, z, VL Vi Vo V)t (t, o, VL, ViR, VL V), in Brr; (3.12)

ViR(t,x) =gi(z), 1=1,2, in0,Brr:={(t )€ Rr,|z|=R}U{(t,x) € Rp,t=0}. (3.13)



Remark that this auxiliary problem is compatible with our initial nonzero-sum game problem.
In fact if a solution (V{(t,z), V5 (t, x)) exists and both functions belong to W,»?(Bg ) then, by

setting (Vi (t,2), Vo (t,2)) = (VE(T — t,2), VR(T — t,z)) and using the Ito-Krylov formula (see
e.g. [17], Theorem 2.10.1) we have the following characterization: for i = 1,2,

V0, ) = JR (1, ) = Euu{ /OTR hi(s, X, (1, T2)(s))ds + gi(xm)} (3.14)

where:
(i) (Xs)s<r is the stochastic process defined in (2.2) ;
(ii) 7R =T Ninf{s > t, X (s) ¢ Bgr} ;

(111) (ﬂl,ﬂg) = ((ﬂl,ﬂz)(S))ng = ((H17ﬂ2)(3astvzvllq(saXs)vVIV;%(S’XS)))SST'

Moreover the pair (41, us2) is a Nash equilibrium point for the nonzero-sum differential game defined
with the same data f, h;, g;, U;, i=1,2, etc. but which terminates at the random time 7r (see
Theorem 4.1 for more details). Finally note that if z € B(0, R) then 7 = 0 and V;%(0, z) = g;(x).
To prove the existence of a solution (Viff, Vi) of problem (3.11)-(3.13) we use a standard
bootstrap argument and we find uniform estimates which will allow us to prove the convergence
to the solution we are looking for.
Let {VE(t,x), Vi (t,2)}, n > 1, be the solution of the following system:

ovE X 2V

n o _ t n

81& h%l ahk( ,!L‘) al‘hal’k
=H (ta Z, VmeZ(tv 93), (ﬁlv ﬂZ)(ta T, vaf(%n—n (t’ x)’ vz‘/QI(%n—l)(L ‘T))) in BR,T; (315)

OVE N 2V

n t n

ot h%::l ank(t @) g
= 2(t7 €, V$V21§L(t7 .13), (ﬂlv EQ)(IZ T, vGCVII(%n—l) (ta JJ), Vg;V;(%n_l)(t, l‘))) in BR,T? (3-16)
ViR(t,z) = gi(x), i =1,2, on 9,Bp.r. (3.17)

Note that this is a linear system of parabolic equations, but those latter are decoupled. Next
as f, h; and g;, i = 1,2, are bounded functions in Ry, then from Theorem 9.1 p.341 of [18]
and Lemma 3.3, Chapter 2 p.80 [18] there exists an unique solution of problem (3.15)-(3.17),
Vit Vi € W2(Bgr) such that

2 2—1 .
V12, . < C(||f|q,BR,T, 1illg, 51z |gz-||q,ap§,?R,T), =12, (3.18)

where C' is a constant which does not depend on n and R. By means of the Sobolev embedding

theorem we also have

1
VA <0, a=1- 222,

1=1,2, (3.19)
where C' is a constant which does not depend on n and on R.
By (3.19) and Ascoli-Arzela Theorem, we can extract two subsequences, which we denote

again by Vi&, Vi such that

oV:E VR
n ‘ in C°(Brr), i=1,2, h=1,...N, (3.20)

VE 5 vk -
B 7 Oz, oxy,

and, from (3.18) and the weak precompactness of the unit ball of W', we have also

VI vl  92VE 0*V.E
no. L o L kly in Lo(B ,=1,2, h,k=1,...N.(3.21
ot ot ) axhaxk al’haxk , Weakly 1 2( R,T)a 1 ) 4y ) ) (3 )

From (3.20), (3.21), Vi, Vi% € H'**(Br,r) N W} *(Br,r), with a = 1 — &2,



Next the following decomposition holds true:

Hy(t, 2,V V& (t, x), (ur,u2)(t, v, vmvﬁnq) (t,z), VIVQI(%nfl)(t, x)))
= (Veri(tv z) — Vrvfgn_n(ta z)) f(t,z, (U, u2)(t, z, vzvl?n_l)(ta ), Vfcvzl({n_n(tv z)))+

Hy(t,z, VgEVfgnfl) (t,x), (U1, a2)(t, z, Vlel(%nfl)(t, x), VwV;(znfl)(t, x))).

The first term, as n — oo, converges to 0 since f is bounded and
(Vo Vi (t,2) — Vo Vi, 1 (t,x)) = 0 while the second one converges to

Hy(t, 2,V VE(, ), (@, ) (t,z, V. Vii(t, x), V. VL (¢, x)))
by the continuity of assumption (A3)-(ii). We can do the same for the quantity
Hy(t, , Vszﬁ(ta x), (ur,u2)(t, @, V$V1}Eénfl)(t7 z), V:r:Vz}(%nfn(ta z)))
which converges, as n — oo, to
Hy(t,x, V., VL (t, x), (U, o) (t, x, V. VIE(t, x), V. VI (t, x))).

Going back now to (3.15)-(3.17), take the limit w.r.t n to obtain that {Vi¥ Vif'} solve equations
(3.11)-(3.13) almost everywhere in Bgr and V;® = g;, i = 1,2, on 0,Bpr.7.

Moreover from the boundedness of the data of the problem, applying the maximum principle
([18], Theorem 2.1, p.13) in Br r we obtain that the solution V% of (3.11)-(3.13) is such that

IV Ve < C, (3.22)

where C' does not depend on R hence they are uniformly bounded. From the previous estimate
(3.22) we can say that for any Ry > 0 and V,* with R > Ry we have

2 )
Hvﬁng,gw <C(Ry), i=1,2. (3.23)
where the constant C'(Ry) depends on Ry but not on R.

Now by employing the usual diagonal process we can extract from the sequence {V?} a
subsequence which we call again {V;%} that converges together with the first derivatives V,V? at
each point of Ry to some functions V;, and such that V, V%, D2 V:F converge weakly in La(Qr)

to V;V;, D2, V; respectively for any Q7 C Ry with Q bounded subset of RY. Now from (3.22)
Vi(t, x) are bounded in Rp. Hence

Vil < C@r), i =1,2, (3.24)
for any Qp C Rr. Moreover V;(t,z), i = 1,2, solve problem (3.1)-(3.2) in any Qr C Ry with Q
bounded subset of IRY, i.e. is a strong solution of the problem (see also Section 8, p.492-493 of
[18]). |

3.3 Bounded data and discontinuous Hamiltonian.

In this subsection we consider the case where the generalized Isaacs condition (A0) is satisfied with
discontinous functions Ui(t, x,p1,p2), ¢ = 1,2, w.r.t (p1,p2). To better understand the problem we
start with an example where the feedback can be written in an explicit way. This problem was
considered in [19] for bounded domains and in [13] in R".

For the sake of brevity here in the following HJBI equation and also in the next section we denote

by V, the derivative %—‘; with respect to a generic variable y.



We take an affine structure of f and h;, i.e.,

flt,z, ur,u2) = f1(t, x)us + fo(t, x)us, where for i = 1,2,
fi: (0,7)x RN - IR, f; € CY([0,T] x RY) and bounded ; (3.25)

hl' : (O,T) X BN X U1 X U2 — B, hi(t,x7U17U2) = h,(t,l’)Uq with
hi: (0,7) x RN — R, h;y € C*([0,T] x RY) and bounded , i = 1,2. (3.26)
From (3.25)-(3.26) we have:

Hi(t,z,p,u1,u2) = (p- fi(t, o) + ha(t,))ur +p- fa(t, v)uz, (3.27)
Hg(t,l’,p, U/l,’u,z) = (p . fQ(tax) + hQ(t,.T))U/Q +p . fl(t,l‘)Ul.

We take as control sets
U, =U; =10,1]. (3.28)

In this case it is possible to find an explicit expression to argmaxy,, ey, Hi(t, z,p,u;) = Heav(p -
fi(t,x) + hi(t,x)), i = 1,2. Here Heav(n) is the set valued Heaviside graph, Heav(n) = 1, if n > 0,
Heav(n) = 0 if n < 0, Heav(0) = [0,1], i.e. Heav(n) is a multivalued function from IR to IR that
associates to each point 7 € IR a set Heav(n) C IR. In this case we can explicitely see that the
optimal feedbacks u;(t,z,p) € argmaxy, cy,} H;(t,x,p,u;) = Heav(p - fi(t,z) + h;i(t,x)) are not
continuous with respect to the variable p and the generalised Isaacs condition (A0) is satisfied with
discontinuous functions w’, i = 1,2, w.r.t (p1,p2).

Hence the terms on the right hand sides contain multivalued functions and the system (3.1)-(3.2)
becomes

Vit =Y aniViana, = (VaVi - fr + h)W + Vo Vi - foTla, (3.29)
h,k

Var =Y anikVawpay, = (VaVa - fo + ha)la + Vo Va - frn,
h.k

up(t,x, Vi V1) € Heav((V, V1 - f1 + h1)(t, ),
o (t,x, V. Va) € Heav((V,Va - fa + ho)(t, 2)),
Vi(0,z) = gi(x).

that can be written also as: V(¢,z) € Rp,

Vit = ankViepa, € (Vi - f1 + ha)Heav(Vig - fi + h1) 4+ Vig - fo Heav(Vay - fo + h2);
‘/215 - athQIhmk S (%CD : f2 + hZ)HeaV(V2x ‘ f2 + h2) + ‘/ZI : fl Heav(vlz ‘ fl + hl) ;
Vi(0,2) = gi(z), = € RN, (3.30)

In the following theorem we strongly use the explicit expression of the Hamiltonian to get the
existence result.

Theorem 3.2 Under assumptions (3.5), (3.25)-(3.26), (3.28), (3.7) there exists a strong solution
(V1,Va) of the parabolic system (3.29) in the layer Rr.

Proof. We follow the procedure used in [19] in bounded domains. We approximate the Heaviside
graph by a smooth sequence H,, and we consider the solution V% of the corresponding Dirichlet
problem in a bounded domain Bgrr as in the previous theorems where the boundary condition
is V.E = g;(x) on 9,Br . Note that, as in the previous section (see proof of Theorem 3.1), this
auxiliary Dirichlet problem is compatible with our game problem in all RN,

There exists an unique solution {Vif, VJE} € W12(Bpg 1) and from the boundedness of H,, uniform
on n and the boundedness of g;, we obtain uniform estimates on n:

WAL, < O(an

¢, Br,r —

2—1 .
@.Br.1> IIgiIIq’apgR,J =C(Bgpr), i=1,2. (3.31)



where the constant C is independent on n.
By means of the Sobolev embedding theorem we also have

VRIS < C(Bryr), a=1- 242§ =12, (3.32)

Br,T q

where C' is independent of n.
Still following the procedure of [19] we find a solution of Problem (3.29), {Vi¥, Vif} in Bg r and,
as in (3.23), we can say that for any Ry > 0 and V;? with R > Ry we have

VA2, < C(Ro), i=1,2, (3.33)

¢, Bry, 7 —

where the constant C'(Ry) depends on Ry but not on R. Hence passing to the limit as R — +oo
we obtain a strong solution of (3.29). m

After the previous example we consider more general cases. Actually assume that: either

i) The game has separate dynamics and running payoffs and the functions are IR-valued
or

ii) The control sets are multidimensional compact sets and the dynamics is affine as in (3.25).

For bounded domains this type of problem was considered in [20], here we want to extend
it to unbounded domains. We make the following assumption:

Assumption (H2):

a) U; are convex compact sets in IR¥| k; € IN, k; > 1, i =1,2; (3.34)
b)f:(0,T) x RN x Uy x Uy = RN, f(t, 2, u1,us) = f1(t,z,u1) + folt, z,us) (3.35)
with f;: (0,7) x RY x U; = R", f; € C*([0,T] x RY x U;) and bounded, i = 1,2;

) hi: (0,T)x RN x Uy x Uy = IR, hi(t,z,uy,us) = hi(t, z,u;), with
hi: (0,T) x RN x Uy — IR, h; € C*([0,T] x RN x U;) and bounded, i = 1, 2; (3.36)
d) Vp € IRN7Ai(t, x,p) = argmaxy,, cy,} (pT - fit myug) + hi(t,x,ui))

are convex sets in IR™ i =1,2. (3.37)

We state now the existence theorem in the case i).

Theorem 3.3 Let us suppose that N = 1. Under assumptions (3.5), (3.7), and (H2), i.e.(3.34)-
(3.37), there exists a strong solution (Vi, Va) of the parabolic system (3.29) in the layer Ry.

Proof. We follow the lines of the proof in [20]. By Cellina’s approximation theorem we find a
sequence A;,(t,z,p) in a 1/n-neighbourhood of the graph of

Ai(t, @, p) == argmaxy,, ey, (p < filt, xyug) + hi(t, ul)) We consider the solution V% of the cor-
responding Dirichlet problem in a bounded domain Bg r as in Theorem (3.2). We obtain uniform
estimate on n and the convergence to V,f solution of system (3.29) in Bg 7. Hence by the diagonal
procedure and passing to the limit as R — +oo we obtain a strong solution of (3.29) in the layer
Rr. O

Remark 3.1 The case ii) can be treated analogousy if additionnally to assumptions (H2) we require
that
ft,z,ur,uz) = fi(t,x)ur + fa(t, z)us.

However we do not require N =1 as in Theorem (3.3). a
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3.4 Unbounded data, discontinuous Hamiltonian, unbounded domains.

In this section we want to study from the PDEs point of view the game studied in the paper [13]
with probabilistic tools. We consider a stochastic game where the drift of the dynamics of the
system is of type

ft,x,ur,uz) = fr(t, x)ur + fa(t, x)us + (¢, ),

where
a) fi, i =1,2, and @ are continuous ;
(3.38)
b) max{[fi(t,x), |f2(t, 2)],¢(t, x)[} < C(L+ |z]), V(t, x) € Rr.
Moreover we suppose that the terminal payoffs satisfy:
For i = 1,2, g; is continuous and |g;(z)| < C(1 + [z|*), B> 1, 2 € R". (3.39)

Without loss of generality we suppose that the running payoffs h; = 0,7 = 1,2, and U; = Us = [0, 1].
In this case the Hamiltonians become

Hi(t,x,p,ur,uz) =p- (f1(t,x)us + fo(t, x)us + (¢, z)), (3.40)
Hy(t,z,p,ut,u2) =p- (fr(t,z)ur + fo(t, z)us + o(t, x)).

Hence also in this case the optimal feedbacks

Ui(t,r,p) € argmaxy,, cy,y Hi(t, z,p,u;) = Heav(p- fi(t, z)) are not continuous with respect to the
variable p, and then the Hamiltonians do not have continuous dependence on V, Vi, V. V5.

The system (3.1)-(3.4) becomes: Y(t,x) € Rp,

Vie — Zahkvlzh:ck = V. Vi- (fit + faTe + o(t, 2)), (3.41)
hok

Voo =Y aniVauyon = VaVa - (il + fo iz + 9(t,2)),
hok

Vi(0,2) = gi(z),
ﬂl(t,x, V»LVl) € Heav(Vle : fl(t,x)),
Uy (t, x, V. V) € Heav(V,Va - fo(t, x

and can be written also as: V(t,z) € Rr,

Vi — athlthk eV, Vi - (leeav(Vgcvl . fl) =+ fQ Heav(Vng . fQ) =+ (p(t, x)) ; (342)
Vot — ankVogyay, € VoVa - (filleav(V, Vi - f1) + foHeav(V,Va - fo) + ¢(t, 2)) ;
Vi(0,z) = gi(x), z € RYN.

This is a system with discontinuous and unbounded terms in an unbounded domain. Here below
we obtain two existence results. The first one gives a weak solution in all the strip Ry and could be
considered as a general result for systems with unbounded coefficients and discontinuous Hamilto-
nians. The second one comes directly from the procedure used in the previous sections and allows
us to find a more regular solution but only in the bounded subdomains of Rp. We want to write
here both the results even if for the existence of Nash equilibria is sufficient only the second one.

To obtain the first existence result we give a suitable definition of solution in the spaces L**°(R7)
and L??(Rr), following [1] and [15]:

Definition 3.2 The space LP*4(Qr) := L1[(0,T), LP(Q)] is the space where we define the following
norm: For w € LP9(Qr) we have

T 1/q
wllp,q.0 = {/0 (/Q |w(t,x)|pdm)q/pdt} .

11



In the case either p or q are infinite ||w||p.q.0 s definite in a similar way using L> norm:

[l 00,0 = e55up( ) /Q e, ) [Pda) 7.

Definition 3.3 A pair {V1,Va} is said a weak solution of Problem (3.42) in Ry = (0,T) x for
the initial condition g;(x) € L} (IRY) if Vi(t,z) € L® [(0,7),L (]RN)] N L2[(0,7), HO ( M)
and if Vi, 1 = 1,2, satisfy

loc

/ i {-V1®; + apiVig, Puy, + anksy, Via, @ (3.43)
_ Vi Vi - (filleav(V, Vi - f1) + foHeav(ViVa - f2) + ¢(t,2)) (¢, x)} dz dt = 0,
J| AVt e, anin i, 0
VLVa - (faHeav(V,Va - f2) + fy Beax(V,Vh - 1) + lt,2)) B(t.2)} o =0,
for any ® € CY(Rr). Moreover V;(0,z) = gi(x), z € RN, i =1,2.

Theorem 3.4 Under assumption (3.5), (3.38), (3.39) there exists a weak solution of the Cauchy
problem (3.42). Moreover the solution {Vi, Va} are locally Holder continuous on Ry and satisfy
the following estimate

[Vi(t,z)| < C(1 + |z|?), B> 1, Y(t,z) € Ry, (3.44)
where B is the growth exponent of assumption (3.39).

Proof. 'We use the results of [1] and [15] where linear parabolic Cauchy problems with possibly
discontinuous terms respectively in bounded and unbounded domains are considered. To get a
linear system, we use a bootstrap argument by defining a sequence of solutions V*, V5 of the
following problem

=S @V = VoV (AT + 1Y + ), in R (3.45)
n __(n—1) _(n—1) .
- Zahk‘éxhxk = (fl +f2 UQ +g0), m RT;

fgﬂ 1)(t z, v V(" 1)) EHG&V(V V(n 2 fl)?
ay'  V(t, 2, Vo V") € Heav(V, V"V - fo);
V/(0,2) = gi(x), = € RY.

Conditions (A) p.34 of [15] are satisfied and, from the equiboundedness of @;, the constants involved
in this condition depend only on the growth assumption (3.38), in particular are independent on n.
Hence we can apply Theorem 2 p.41 of [15] and then there exists an unique weak solution {V7*,V5'}
of problem (3.45) in Ry = (0,7") x IR" where T" depends on the constant of conditions (A) p.34
of [15], i.e on the growth assumption (3.38) thus it is independent on n.
We now prove that in our case 77 = T. Indeed the existence result cited above (Theorem 2 p. 41
of [15]) is based on Theorem 3 p. 639 of [1]. In this Theorem the author finds T < € where C
depends only on the bound of the diffusion term ¢ and v comes from the assumption on the initial
data:

e 17 g (z) € L2(RY). (3.46)

In our case since g; have polynomial growth (see assumption (3.39)), assumption (3.46) is satisfied
for any v > 0. Hence for any T" > 0 we can choose a sufficiently small v such that T' < %, thus the

existence of the weak solution {V;*, V5*} of the problem (3.45) is proved for any T > 0.
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Moreover, still from Theorem 2 p. 41 of [15], there exists a constant p independent on n such that
the following estimates hold

||e—p(1+\z\2)>“/in 2 i ||e—u(1+|r|2)*VIVZﬂH%)ZRT <C, (3.47)

where A is any number in (0,1] and C' depends only on the data i.e. is independent on n. At
this point, following the argument of [1] for the proof of Theorem 3 p. 640-641, from the weak
compactness of L?2, up to subsequences, we have that there exist V; and V; such that

e—u(1+|x\2)*vin s e—n(HE) Y,
- n(H gy —n (e,

where the convergence is weak in L??(Rr) and X € (0, 1].
Let us consider now a bounded domain in Rp, (0,7) x Bg with R fixed. Following the procedure
of [1] p. 641, using the fact that V;* are weak solutions of (3.45) in the sense of definition (3.3), we
obtain that
Vit = Vi, VoVt =V,

weakly in L>2((0,T) x Bg) for any R. Hence V; = V,V; in the sense of distributions. Note that,
from (3.47), also the limit function satisfies

”e_M(IHZDP)/\ViH%Q,RT + ||6_M(1+Iw‘2)AVmVi||§,2,RT <0, (3.48)

and V; € L?[(0,T), Hllof (Rr)]- Moreover from estimates (3.47) and Lemma 3 p. 633 of [1] we know
that o
le= VS oy < C

and hence V; € L [(0,T), L? (IR")]. Finally from Lemma 2 p. 624 of [1] we deduce that
Vi l2p7 247, 0,7y x B < C

where p’ and ¢’ are values whose Holder conjugates p and g satisfy % + % < 1. Hence, up to

subsequences, we have V;* — V; weakly in the space L2'27((0,T) x Bg). If we take now a test
function ® with compact support, then from Definition (3.3), letting n — oo it follows that V;
is a weak solution of the Cauchy problem (3.42) with the required regularity of Definition (3.3).
Moreover following Corollary 3.1 of [1] the sequence (V;*),, converges uniformly to V; in any compact
subset of Ryp.

Next let us show estimate (3.44). It is enough to show that for some positive constant C' > 0,

[V (t,z)| < C(1+ |z)?), Y(t,z) € [0,T] x RY,i=1,2.

Let (t,x) € [0,7] x RY be fixed and let (X5*)sc(7) be the solution of the following stochastic
differential equation:

X =a+ [ o(r,X")dB,,s € [t,T] and X!* =z for s € [0,].
On the other hand let @}~ and @5~ be the stochastic processes defined by: Vs € [0, 7],
ap ! s) = " (s, X7 VT (s, X07) and @y s) = m Y (s, X7 VLV (s, X07)).
Finally let P% % be the probability on O ([16], pp.200) such that

apm —gT{/ (s, Xb™)W(s, Xb% w1 (s), uh " (s))dBs }.dP

where U(s, z, uy, up) = fi(t,2)uy + fo(t,z)us + @(t, ). Under P™ %' the dynamics of Xt
is the following:

s S —-n—1 —n—1
ngx:g;+/ (s, X0 a1 (s),uy (s ))ds+/ o(r, Xb%)dBs* ™, for s € [t,T),
t t

Xb* =g for 5 € [0,1]

13



n—1 —n—1 . . _ n—1
where B % is a Brownian motion under P% -5

Thanks to the uniform linear growth of ¥, we have (see [16], p.306),

EUT T [sup [ X501 < C(1+ |2 ) (3.49)
r<T

where C' is a constant independent of n. On the other hand as in the proof of Theorem 4.1 of the
next section,

VAT —toa) = B % [gH(XE")]. (3.50)

Now, as g%, i = 1,2, have polynomial growth (see (3.39)), then by (3.49) there exists a positive
constant C' such that, for i =1, 2,

Vi (t, )| < C(1+al?) (3.51)

which is the claim.

Next the local Holder continuity of V; follows from its local boundedness (3.44) together with
the Interior Holder Continuity result recalled in Theorem C p.616 of [1] (one can see also the Holder
regularity result proved for linear equations in [18], Theorem 10.1, p.204). |

To prove the existence of Nash equilibria we look for solutions as in the previous sections, i.e.
that satisfy system (3.42) almost everywhere and that belong to W} in any bounded subdomain
of Ry. Hence we have to introduce a definition of strong solution (it is analogous to the definition
of strong solution (3.1) but we have dropped the boundedness in Rr):

Definition 3.4 (V1,V2) is a strong solution of the system (3.42), if

a) Vi(t,z), Va(t,z) € HF*(Qr) N W, 2(Qr), (3.52)
for any bounded subdomain Qr C Ry, a € (0,1), ¢ > N +2;
¢) Equations (3.42) hold almost everywhere in Qr and V;(0,z) = g;(z) holds in .

Using the same technique used to prove Theorem (3.2), we obtain the following result which gives
appropriate regularity of Vi, V4 to obtain the existence of Nash equilibria.

Corollary 3.1 Under assumption (A1), (3.38), (3.39) there exists a strong solution of the Cauchy
problem (3.42).

4 Connection with the NZSDG

In the following result we make the connection between the solutions of the PDEs (3.1)-(3.2) (resp.
(3.41); resp. (3.43)), and the NZSDG. This result provides information on the features of the Nash
point of the game which could be useful in several contexts, such as its numerics and simulation,
etc. Note that in bounded domains it is already known (see e.g. [3, 8]).

Theorem 4.1 Fori=1,2 and (t,z) € [O,T]XBN, let us set w'(t,x) = V(T —t,x) where (V! V?)
is a solution of the system (3.1)-(3.2) (resp. (3.29), resp. (3.41)). Then the pair of controls

(@, @*) = (@'(s), 62(8))s<T =
(@' (s, Xs, Vow' (s, Xs), Vaw?(s, Xs), @2 (s, Xs, Vaw (s, X)), w2 (s, X)) acr

is Nash equilibrium for the nonzero-sum stochastic differential game. Moreover for any t < T,

wi(t, Xy) = JH(u', u?), i.e., (w(t, X;),w?(t, X;))i<T are the associated Nash conditional payoffs of
the game.
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Proof. As the functions V?, i = 1,2, belong to H'T%(Q7) N qu (Qr) for any bounded subdomain
Qr C Ry, a € (0,1), ¢ > N+2 then also w’, i = 1,2 have the same regularity. Next let R be fixed.
Therefore one can find two sequences (w>™),>o and (w?™),>o of C12([0,T] x RY) such that: for
i=1,2,

(i) (wh™), (resp. (V,w"™),) converges uniformly to w (resp. V,w?) in Bp r;

(ii) (Byw®™),, (vesp. (D2, w"™),) converges in LY(Bg r,dt ® dz) to duw’ (resp. D2, w?).
Now recall the sequence of stopping times (7g)g>1 given in (3.14) which is non-decreasing and
converges to T as R — oco. Next making use of [t6’s formula we obtain:

W (TR, Xrp) = W (EA TR, Xinrg) + [ine, Vaw'™™ (s, Xo)d X + [0 Lw'™(s, Xo)ds  (4.1)
where

Lw™"(t,x) := daw™™( Zau (t,z)D3 , i’"(t,x).

But under condition (2.1), for any s > 0, the random variable X has a density p(0, z; s, y)dy which
satisfies (see e.g. [1], p.891 for more details)

1
—_ < _ o 2
exp{— IISE yl*} < p(0,2;5,y) < exp{ 2CQSHQS y[I*}

1 1
Civams " Caams
for some constants C; and C5 positive. Therefore for any ¢ < T, we have
Bl [0, Lw™(s, X, )ds—
TRR Hi(s, X5, Vow'(s, Xs), (U1, U2) (s, Xs, Viaw! (s, Xy), Vow?(s, Xs)))ds|] =, 0.

tAT

Going back now to (4.1) and take the limit w.r.t n to obtain: V¢ < T,

W (TR, Xrp) = Wt A TRy Xinry) + ft/\r 2w (s, Xs)d X,

o Hz‘(57XSa Vx’wi(s, Xs)a (ﬂlaQZ)(vam wal(s,Xs), Vsz(S,Xs)))dS

“ Jintgr
which implies that

’wi(t/\TR,Xt/\-,—R) Eﬁl’ﬂQ [’wi(TR,XTR)

4.2
LT s, X (71, 72) (5, Xo, Vaw! (5, Xo), Vaw?(s, X,)))ds| Finrg ] (4.2)

But
E" 2w (1R, Xrp )| Fineg] = E*V " W' (TR, Xrpy) — 6" (X1)| Fineg] + B¢ (X1) | Finrs)

and (Eai’ﬂf[wiv(TR,XTR) - gi(XT)tFtATR])Rzl (resp. (B %2[g"(Xr1)|Finrg))r>1) converges to 0
(resp. E¥0%2[g (X 7)|F;]) in LY (dP¥%2) as R — oo. Then

T LY(P™Y™2) o g i
lim E“"2[w (TR, XN Fenrnl = B2 [g"(Xr)|F].

R—o0
In the same way we deal with the second term of (4.2) to obtain

1/ puy,a o
lim esoo BT [0 (s, X (), 82())dsl Fin) = BT i, X, (5), 0 )| )

tAT
Therefore take the limit w.r.t R in both hand-sides of (4.2) to deduce that
wi(t, X;) = Ji(@',@?), vt < T; i=1,2.

Next let us fix ¢ = 1 and let w1 := (u1:)i<7 be an admissible control for the first player. For t <T
let us set

T
Jtl(ul,ﬂg) = p%"2 [/ hi(s, X, u1s,ua(s))ds + gl(XT)|.7-"t].
t
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Therefore by the representation property one can find a progressively measurable process Z%1 =
(Z}""),<r such that for any t < T,

T T
Jtl(ul,ﬂg):gl(XT)—i—/ Hl(s,XS,a_l(t,Xt)TZ;’“l,uls,Eg(s))ds—/ zZbwaB,.
t t

Taking into account of (A0), (GIC condition) it implies that
wl(t A TRvXt/\TR) - Jtl/\TR(uhHQ) > Bt [wl(TR’XTR) - Jig(u1’ﬂ2)‘ft/\‘r}2]'

Take now the limit as R — oo to obtain w'(t, X;) — J} (u1,us) > 0 since w(T, X7) = ¢'(Xr) =
JY(u1,u2) and the probabilities P*1:%2 and P are equivalent. Thus for any t < T, J}(uy,us2) >
J}(uy,uz) for any admissible control u; of the first player 1. In the same way one can show that
JE(uy,u2) > JZ(u1,uz) for any admissible control us of the second player 3. Take now ¢t = 0
in the previous inequalities to deduce that J&(uy, %) > J3 (u1,u2) and JE(u1,u) > J& (1, us)
which means that (%, %z) is Nash equilibrium point for the NZSDG. Finally note that w'(t, X;) =
Ji (1, ), i = 1,2 and then (w'(t, X;), w?(t, X;))i<T are the Nash conditional payoffs of the
NZSDG. O
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