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Abstract

We consider the partial average, i.e. the Lagrange average with respect to just one of the two
mean anomalies, of the Newtonian part of the perturbing function in the three-body problem
Hamiltonian. We prove that such a partial average exhibits a non-trivial first integral. We
show that this integral is fully responsible for certain cancellations in the averaged Newtonian
potential, including a property noticed by Harrington in the 1960s. We also highlight its joint
role (together with certain symmetries) in the appearance of the so-called Herman resonance.
Finally, we discuss an application and an open problem.
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1 Motivation

The purpose of this work is to highlight a property of the “partial average of the Newtonian
potential” and discuss some consequences.

By “partial averaged Newtonian potential”, we mean the following. Let (y), x®) =
((y{i), yéi), yéi)), (xl(i), xg), x;i))), with i = 1, 2, be impulse—position coordinates for a
two-particle system (which we also call “planets”) and let
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C: (A, l,u,v) e AXTxV — (y,x) =P, y@,xD x@)y e ®H*, (1)

where A is a domain' in R, V is a domain in R!9, T := R/QnZ), (u,v) =
((ul, us, u3, uq4, us), (vi, v2, V3, V4, v5)), be a change in coordinates, which we call, for
brevity, partial Kepler map, which “preserves the standard two forms”:

dyW AdxD +dyP Adx® =d Ay Adly +du A dv
and “integrates the Keplerian motions of (y®, x®)”:

ly@12  moM» miM; o
— oC=— =:h Ar), 2
( my k@ 203~ Ker 1D @

where my, My are suitable “mass parameters”. Of course, we have assumed that the image
of C in (1) is a domain of (y, x) where the left-hand side of (2) takes negative values. We
also assume, throughout the paper, that (y, x) are chosen so that the instantaneous ellipse E,
generated by the two-body Hamiltonian (2) has non-vanishing? eccentricity, so we denote
as P@ ||P@|| = 1, the direction of its perihelion. The angle ¢, will be referred to as “mean
anomaly”, for uniformity with the name attributed to an analogue angle in the set of the
coordinates named after Delaunay [see, e.g. Féjoz (2013) for a definition]. We look at the
Lagrange average

1 dey
Tz 0= 5 /T e (Ag, b, . v) — D (A, 3, 1, V)] ®
which we will refer to as partially averaged Newtonian potential.

There are many examples, in Celestial Mechanics, of canonical maps of the form above.
Well-known ones are the above-mentioned Delaunay map (hereafter, D), or the coordinates
after the Jacobi—Deprit reduction® of the nodes (7) (Jacobi 1842; Deprit 1983). Another
example, called “perihelia reduction” (P), has been introduced by Pinzari (2018b). A com-
prehensive review can be found in Pinzari (2015). All the maps mentioned here might actually
be named double Kepler maps, since, in such cases, they satisfy (1)—(2), with, in turn, the
(u, v)’s having the form

(u,v) = (Ay, €1, u, ﬁ), du ndv=dAy Ndly +du A dv,

where ¢; € T and A is such that (2) holds also with mj, M, y(z), x@ replaced by my, My,
y xM In Sect. 2, we present a “genuine” partial Kepler map, namely a map C where (2)
holds only for one of the bodies.

We have been interested to function (3) because, in planetary (1 + N)-body theories, one
has to deal with analogue maps of the kind

Cnv: (A 40,0) e AN TV x W — (1, ...,y™), @, ..., x™),

with W a domain in R*" in terms of which the Hamiltonian of the system is
N m3M2
Hy(A, L, 1,0) = — Lt 4 A, L, 0, 0), 4
N ( =2 ye fn( ) “

i=1

1 By “domain” we mean an open and connected set in K = R™, C™.

2 For simplicity, we refrain to formulate the results in the case that the map C in (1) is regular when the
eccentricity of E5 vanishes, as it happens, for example, in the case of the Poincaré or the RPS map.

3 The coordinates discovered by Deprit (1983) are an extension, to any number of particles, of Jacobi (1842),
which hold only for a two-particle system.
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N m?M,.2
i=l 242>
slightly perturbed by a function fy. The splitting (4) is possible—and in fact it has been
adopted by Arnold (1963), Laskar and Robutel (1995), Chierchia and Pinzari (2011), Palacian
etal. (2013), Meyer et al. (2018) and Pinzari (2018b), for example, in the so-called planetary
problem where one of the masses (“sun”) is much larger than the remaining, equally sized,
N ones (“planets”). In that case, averaging over the Keplerian frequency vector

where the Hamiltonian is composed of a leading“Keplerian part”, given by — >

m?Ml.2
WKep = (wKep,l’ s wKep,N)a WKep,i = T 5
i
leads to study the so-called secular problem
N 3\r2

_ m; M? _
Hy(A, G, D) = — -+ fn(A, 1, D),
N == yE I )

i=1
where the perturbing term is given by “multi-averaged Newtonian potential” (the study of
which goes back to Sundman 1916)

_ 1
fN(A, u, U) = —W Z m,m,
I<i<j<N

/ dede;
o XD (A, Aj, €, €5, 0,0) — xD (A, Aj, 8, €, i, D)

6)

It is known (Gallavotti 1986) that the dynamics of the full problem is well approximated by
the one of the secular one as soon as no resonances between the frequencies (5) appear. In
case of resonance, for example, in the case N = 2, with the two planets being much distant
one to the other, it is reasonable to expect that a better approximation is obtained replacing the
average (6) with the partial average (3). Concretely, it might be challenging to investigate
whether there is an application to any of the following regions of motion that have been
proposed by Féjoz (2002, p. 310), for the N = 2 case:

— the planetary region, where the eccentricity of the outer ellipse and both semi-major axes
are in a small compact set, and two masses are small compared to the third mass;

— the lunar region, where the masses are in a compact set, and the outer body is far away
from the outer two;

— the anti-planetary region, where the outer body ellipse may have a large mass, provided
its ellipse is far away from the outer two;

— the anti-lunar region, when the ellipses of the two outer bodies are close, but the corre-
sponding masses are much different.

We now go back to &, in (3). We firstly observe that
Theorem 1 h; is integrable by quadratures.

Indeed, h; has six degrees of freedom and possesses, besides itself, the following five
commuting® integrals:

4 In Hamiltonian mechanics, f(p,q), g(p, q) are said to be Poisson commuting if their Poisson parentheses
{f. 8} =2 0pfdgg — 0pgdy f vanish. Poisson commutation of f and g is equivalent to say that g remains
constant along the Hamiltonian motions of f.
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I;:= the semi-major axis action Ay := my+/Maas;

I,:= the Euclidean length lx @ of xD;

I3:= the Euclidean length of the total angular momentum C := C 4+ C® with C?) :=
x@D x y@ and “x” denoting skew product;

I4:= its third component;

Is:= the projection of the angular momentum C® along the direction x (V).

Indeed, I; is trivially due to the ¢»-averaging; I3 and I4 descend from the invariance by
rotations of /,; I and Is from invariance by rotations around the x axis. Such integrals are
independent if C and C® are not parallel. Otherwise, the problem reduces to be planar;
namely, s, has four degrees of freedom, and three independent commuting integrals are
obtained neglecting, in the list above, 14 and Is.

Remark 1 The list of independent first integrals to %, is even longer than the one above. For
example, in the spatial case, the three components of x(!) and the three components C® are
all first integrals. However, the maximum number of commuting first integrals that can be
formed with these quantities is four (and the functions I», I3, 14 and I5 are an example of
them).

Remark 2 The integrability of 4, does not imply that also the partial average of the three-
body problem Hamiltonian is so, because this includes also a kinetic term. This is an even
different situation compared to the secular problem mentioned above, whose non-integrability
is clearly proven, as a consequence of the so-called splitting of separatrices (Féjoz and
Guardia 2016).

We now consider the ellipse generated by the “Kepler Hamiltonian” at left-hand side in (2)

G2
and denote as ey := |1 — —z its eccentricity, where G, := IC@]|. Then, let
AZ
Ep := G3 — m3Maep xV . P@), @)

The following fact is a bit more subtle.
Theorem 2 The function Ey is a first integral of h».

Proof The proof of this theorem uses some results from® Pinzari (2018a) that here we recall.
We consider the Hamiltonian
@2

_ly myMp myM;

J — — .
2y k@) D = X0

This is the Hamiltonian of one moving particle ( y(z), x@) having mass mj, subject to the
gravitational attraction by two fixed particles: My, at the origin, and My, at x(1). The Hamil-
tonian is integrable by quadratures, for having, as first integrals, the function I5 defined above
(which trivializes in the case of the planar problem) and the function

E = Eyp + M Eq,
where E is as in (7), while

(eY] M _ @
X (X X
El - lll% ( )

5 my, My, My, correspond to m, M, uM in Pinzari (2018a).
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We write J and E in terms of a given partial Kepler map, C. We obtain
mgM% moM;
- 2 2,
245 g’ =

JIe = Ec =Eo,c + MiE ¢, ®)

where the sub-fix C denotes the composition with C. The commutation of J¢ and E¢ implies
the following relation, which is obtained picking up the terms at the first order in M :

oMy o m
2437 T

Taking the ¢,-average of this identity, the first term vanishes itself:

1 m3M? 1 miM2
{—22 El’c}dﬁz =22 / d¢,E1,cdlr = 0.
T

o 2 3
27 Jr 2A2 2 A2
Hence,
O—L [ m Eoc}dﬂz—{ my hy Eoc}
= T @ Y -l B
2n e [ g =2
since Eo,¢ is £»-independent. This is the thesis. ]

In the next sections, we highlight some properties of the partially averaged Newtonian
potential that descend from Theorems 1 and 2. More precisely, the paper is organized as
follows. In Sect. 2, we show that, as a consequence of Theorem 2, an infinite number of Fourier
coefficients in the expansion of s with respect to the perihelion of its outer planet cancel.
This property is a generalization of a fact noticed by S. Harrington in the 1960s, Harrington
(1969). To this purpose, we introduce a set of canonical coordinates in terms of which 4, and
Eg are reduced to one degree of freedom. In Sect. 3, we show that there is an explicit functional
dependence between 41, and Eg. We call this circumstance “renormalizable integrability”. The
author argues that it might be helpful in the framework of the study of the three-body problem.
For example, it would be nice to understand whether fixed points of E, both of elliptic and
hyperbolic character, being at the same time fixed points to /4 with the same character,
might give rise to quasi-periodic motions in the three-body problem, whether hyperbolic
equilibria might lead to a splitting of separatrices, etc. Instead of addressing such issues here
(which would lead much further than the purposes of this note; see, however, Pinzari (2018a)
for an application in this direction), we discuss the relations between level curves and the
fixed points of the two functions. Next, we show that, as a consequence of renormalizable
integrability and the well-known

Proposition 1 (Keplerian property)

1 dt 1
N / N 72

T llxg Il 42
A linear combination with integer coefficients in a suitable expansion of %, is identically
verified. We name it “generalized Herman resonance” since it recalls the well-known Herman
resonance in the doubly averaged Newtonian potential (we refer to Abdullah and Albouy
(2001) or Féjoz (2004, Proprieté 80) for information on Herman resonance). After proving, in
Sect. 4, an algebraic property of the well-known Legendre polynomials (which, roughly, says
that a certain average of a Legendre polynomial is still a Legendre polynomial), we establish,
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22 Page6of30 G. Pinzari

in Sect. 5, a link between the aforementioned generalized Herman resonance and Herman
resonance. In this conclusive section, we also provide a sort of “eccentricity—inclination”
expansion at any order for such function and discuss a problem which is left open.

2 Generalized Harrington property

In this section, we assume that the map C in (1) includes, among the u’s, the impulse

CLINNT3

u = Gy := ||CP|. We also give 2 x@ the meaning of “interior”, “exterior” planet,
respectively, because we write formal expansions with respect to ||x (V.

We prove the following
Theorem 3 Fix a domain for C where xél) X C(Cz), Céz) X Péz), and Céz) never vanish. Let

h: (Ay,u,v) e AxV — h(Ap,u,v)

Poisson commute with Eo. Assume that h has the form

00 +00
h=7" > hun(A2, u,v)p" cosme, ©)
n=0m=0
where p(Ag, u, v) := ||xé1) I and (A2, u, v) is the angle formed by the two vectors xél) X

Céz) , C(Cz) X Péz), with respect to the counterclockwise orientation established by Cg) . Assume
also that hyy, depends on (Az, u, v) only via the following quantities

xél) 'C(cz)

Ay, up =Gy, 0= ———, (10)
(H
llxc |l

with hop being independent of uy = Gy for allm > 0. Then
hpm (A2, u,v) =0 if m > max{l, n}, Va>0. (11)
In the case that hy,;,, = 0 for n —m odd, for n > 1, the following stronger identities hold:
hpm (Ao, u,v) =0 if m>n—1, Van>1. (12)
To prove Theorem 3, we shall need the following

Lemma 1 Let the functions

o o0
W y) =YY & ham(I)cosmy g(I',y) =a(l") +eb(I") cos y
n=0m=0
verify
{ne}  =orno,g—orgon=0 (13)
ry

and assume that dra # 0 and ho,, is independent of I' for all m > 0. Then hy,,, = 0 for all
m > max{l, n}.
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Proof Due to the assumptions of 4 and g, their Poisson parenthesis at left-hand side of (13) is
a Fourier series including only sines {sin ky };>1. Projecting (13) over such basis, we obtain
the following relations:

1
mirahy = =3 (n = Dyt + n + Dho-141)3rb

1
+§<3rhn—1,m—1 —orhy—1m+1 + 3rhn—1,03m,1>b (14)
foralln =0, 1,m = 1, 2, ..., where §;; is the Kronecker symbol, and /_; ; := 0 for all
k € Z. We now prove that such relations imply %, = 0 for m > max{1, n}. We proceed by

steps.
(i) We prove hg,, = 0form =1,2,.... Weuse (14) withn =0andm = 1,2, ...:

1
morahom = —5((m = Dh_ i1+ (m+ Dh_1my1)

1
+ E(afhfl,mfl —0rh_tms1 + 0rh_1,08m,1)b
=0 m=1,2,...

since h_1y =O0forallk € Z,as dra # 0.
(ii) We prove hy, = 0 form > 1.
(ii)-a We prove h1; = 0. We use (14) with n = m = 1. We obtain

drahiy = —%(Zho,z)apb

1
+5<3rhoo —drho + 3Fh00511)b
=0
since hop = 0 by (i) and oo = 0 by assumption.
(ii)-b We prove A1, = 0 form > 2. We use (14) withn =1, m > 2:
1
mirahiy = =3 (n = Dho1 + 0n + Dhos1 )ord

1
5 (0rhoum-1 = drho st +drhood, )b
=0

because the first line vanishes by (i), while the second vanishes because, by assumption,
drho,p forall p > 1.

(iii) We prove hy,,, = 0 forn > 1 and m > n. We proceed by induction on n. The case n = 1
has been done in (ii). We assume that it is true for n > 1 and prove it for n + 1. We use (14)
replacing n with n + 1 and taking m > n + 1:

1

mrahy it = =3 (0n = Dhunot + @n 4+ Dhynin )orb
1

+§(8th,m71 —rhpmy1 + 3rhn,05m,1)b

=0.

Here, we have used that form >n+1,m + 1 > m — 1 > n, so the first line and the two
first terms in the second line vanish. The last term also vanishes because m > n + 1 > 2, so
the Kronecker symbol is zero. The lemma is completely proved. O

@ Springer



22 Page8of30 G. Pinzari

We now proceed to prove Theorem 3. To this end, we introduce a specific system of
canonical coordinates which will allow us to apply the lemma above.
The IC-map Define the “nodes”

vp:=kxC, v :=Cx * D Vv = xM % Cc?®, V3 = Cc?® x p®

and assume that they do not vanish. Denote, as above, as P, with |P@|| = 1 the direction
of its perihelion (well defined because the eccentricity does not vanish), a, its semi-major
axis, we define the map

1 2 1 2
K: (42,1,Z,G,R1, G2, 0,7, ,8,11,0) = (i), v, x), 22,

via the relations

Z:=C-k
z = ax (i, vo)
G:=|C]
g :=ac(vo, vy)
yD . x M
1= =~
x| rp = [lx V]

y Las)
Ay = mzm 1, := mean anomaly of x® on E
Gy = “C(Z) I 22 1= aco (v2, v3)

3 Cc@ . xM ¥ =, (vi, v2)
IR

where (i, j, k) is a prefixed reference frame, and for u, v € R lying in the plane orthogonal
to a vector w and «,,(«, v) denotes the positively oriented angle (mod 27) between u and
v (orientation follows the “right-hand rule”). We remark that the planar case corresponds to
taking ® = 0 and ¢ = 7 (prograde case) of ¥ = 0 (retrograde case).

The map K verifies (1)—(2) with £, = 1, and u = (Ga, %), v = (g2, V), where i =
(Z,G,Ry, ©),0 = (z, g, 11, ¥). Therefore, u and v are also as claimed in the assumptions of
Theorem 3. The canonical character of the coordinates X is discussed in Pinzari (2018a) and
to such paper we refer also for the formula, in terms of K, of the function Eg in (7), which is

2 2 G% 0?2
Eo = G +myMory 1 — 2 1-— e cos g2. (16)
2 2

We continue denoting as / the function in the statement expressed in terms of /C. It follows
from the definitions (15) that p = r; and ¢ = g7, so, by (9), A is given by

o0 400

h=7 ) tihun(42,©,Go)cosme,.
n=0 m=0

Here, we have used that, by assumption, the coefficients £, in this expansion depend only
on Az, Gy, ©. Therefore, in terms of /C, the assumption that # Poisson commutes with Eq
reduces to

{n. Eo}(Gng) = 9G,hdg, Eg — 35,hd6,Ep = 0.

@ Springer



Afirst integral to the partially averaged Newtonian potential Page9of30 22

Furthermore, with a = G%, we have dg,a # 0 and, finally, hq,, is independent of G, for all
m > 0, being this one of the assumptions of Theorem 3. We can thus apply Lemma 1 and
we obtain that h,,, (r;, Az, @) = 0 for m > max{1, n}. The identities (12) trivially follow,
under the additional assumption that h,,, = 0 if n — m is odd. ]

Application of Theorem 3 to the function hy In this section, we discuss the application of
Theorem 3 to the function /5 in (3). First of all, 4, Poisson commutes with Eg, as stated by
Theorem 2. As in the proof of Theorem 3, we now write 4, in terms of the coordinates K
in (15) and we fix a domain as in the statement of the theorem. This map is useful because
p =12, ¢ = g7 and the functions in (10) are coordinates in such system, so we have only to
check that h; affords an expansion of the form:

00 +00

hy =YY tthaum(Aa, ©,Gy) cosme, (17)
n=0m=0

with 9G,h1,0m (A2, ®, G2) = 0. We shall also check that, in this summand, only terms with
even n—m appear. We observe that, since 4 commutes with Iy, .. ., Is, and, by their definitions,
such functions are coordinates in the system X:

L =4, Lh=n, =G L=Z I=0, (18)

we have that %, is independent of their conjugate coordinates, respectively, €2, Ry, g, z, 9.
The angles g, z are themselves first integrals to 47 and so we have that /5 is also independent
of G, Z. In summary, iy will be a function of ry, Az, ®, G2, g» only. Now we check that
hy affords an expansion of the form (9), with A, depending only on the quantities (10). As
already observed in the proof of Theorem 3, in terms of the coordinates /C, this reduces to
check that &5, in terms of /C, has an expansion of the form (17). To this end, we start from
the expansion of the Newtonian potential in Legendre polynomials (see Sect. 4)

@ RCOIG)
o ;P”( T = T 1
In terms of K, such quantities are given by
G
”x(l)” =1, ||x(2)|| =a A3 : , t=—[1— %jcos(gz—!—fz),
1+ /11— i—% cos f 2

where ar = ; f2 = f2(Aa, Gy, 1p) is the true anomaly. The two former expressions are

A2
m; IM,
classical; the one for ¢ has been worked out by Pinzari (2018a). Inserting these expressions
into (19) and taking the I- average , we have that

o0
ha(r1, Az, ©, Gy, g2) = th,n(/lz, 0, Gy, gy, (20)
n=0

6 Recall the well-known transition formula [see, e.g. Palacian et al. (2017)] dlp =
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with

n+1 ~2n—1
2ray " Gj 5

©®2
Pul—./1— — cos(gz + f2) |dfa. 21
G;

This expression shows &2 , (A2, @, G2, g2) is even in g:

1 A2n—1 G2 n—l
h2 4 (A2, ©,G, 2) = 727/ (1 + J1— %cosf2>
T A

h2n(A2, ®, —g2) = h2 4, (A2,0,Gy,2) Vg eT, (22)
so, it affords a Fourier expansion
+o00
hyn(A2,0,Ga,22) = Y haum(A2, 0, Ga)cosmg, (23)
m=0

and the claimed expansion (17) follows. We finally check that dg, /1, Om =0 for allm > 0.
But this is a consequence of the fact that, for ry = 0, A reduces to 2 — f’Jl‘ " (2)“ which is

I'-independent by Proposition 1. Then the assertion and hence thesis (11) hold We now
check that, in the case of h;, one also has £, = 0forn —m odd, so, forn > 1, the stronger
identity in (12) holds. Denoting as c,, € Q the coefficients in the expansion

n

Pu(t) = Z Capt?

p=0
where, we recall, only p’s having the same parity as n appear (an explicit formula for the
Cpp’s is available from the first formula in Eq. 53), so that

@2 n @2 p/2
Pa|— 1= —5cos(@+) | =(=D"Y cwp|l——5) cosP(ga+f). (24)
G2 p=0 G2

Using the expansion

cos? (g2 + f2) = (cos g cos fy — sin g sinf,)”
P
= Z(—l)k <I}<7) sin® o cosP~k o) sin® 5 cos? ¥ £,

and finally inserting this expression into (24) and afterwards into (21), we can write (21) as
a trigonometric polynomial in g, having degree n given by

n p
han = (=1)" YY" caphnpr (A2, G, ©) sin* gy cos” ¥ g3, (25)
p=0k=0

2 p/2
hupk (A2, G2, ©) = (=¥ (1 ) ( )
/ sin® £, cos? ¥ £, (1 + Fcos f2>
T

where
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The function under the integral in the expression above has the same parity as k, so fz,,,,k
vanishes for k odd.” Therefore, in the summand in (25) only even indices k appear. But for
any even k, sin® g» cos? ¥ g, has a Fourier expansion 251:0 by, cosmg, where m has the
same parity as p, which is the same as n. We collect all of the information in the following.

Proposition 2 All the assumptions of Theorem 3 are verified with h = h,. Therefore, the
coefficients ha uy, in the expansion (9) verify (11) and, for n > 1, they verify the stronger
identity (12). Choosing C = K, the expansion in (20)—(23) holds true, with hy ,, veri-
Sfying (11) and (12). In particular, the term hy | vanishes identically and hj >, called the
dipolar term, does not depend on g».

One could ask what the last assertion becomes when using, instead of the C-map, one of the
more familiar maps, D, Jor P, mentioned in the introduction. As a matter of fact, the same
assertion holds, apart from parity in the Fourier expansion:

Proposition 3 Let gZD, g2‘7 or gf denote the angles conjugate to Gy, in the case of the maps
D, J or P. In the expansion

+0o0
b= hoalxI" ¢=D, 7, P,
n=0

the coefficients h» , afford a Fourier expansion Z;;fo(anm cos gg + by Sin gg), with m
having the parity as n and anp, by verifying (11) and (12). In particular, h1,1 = 0 and hy 2
does not depend on g%), g‘27 or g%’, respectively.

Proof The maps D, Jor P share the property that u; = Gy is one of their impulses. However,
the coordinate conjugate to Gy is different in any of such cases and is given by the angle
that here we denote as g%), g§ or gf, formed by a certain “node” (we call so a non-vanishing
vector in R?) with P in the plane orthogonal to C?), with respect to the positive direction
determined by C®. The mentioned node is given by:

k x C@® ifc=D
ve={CxC® ifc=J7,

PO xC@ ifc="P

where P() denotes the direction of the perihelion associated to the Keplerian ellipse of the
inner body. We then find the following relation

o=4+¢¢ Cc=D, J, P,

where ¢€ is the angle determined by ve and v, in (15). Such function does not depend on
gg. Since the functions az, ©, 11, &2, f> in (20), expressed in terms of D, 7, P, even do not

7 Incidentally, by explicit computation of the integral, we obtain, for even k,

r/2
npi (A2, Ga, ©) = (~DF (1 _ 2) ( ) R
k +1
G 2w ay

2
_ »
AZI%Z:(—I)’(””)(WZ) ]_Gj /! (G+p—k+2r—1N
j=0r=0 g ' A3 G+p—k+2n1 ~

where only terms with j having the same parity as p appear.
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depend on gg, the proof of Proposition 3 follows, replacing such functions into (20), and
using the information given by Proposition 2. O

3 Renormalizable integrability

Another consequence of Theorems 1 and 2 is that there actually exists a functional
dependence between h; and Eg which we shall write explicitly. To this end, we premise
some abstract consideration.

Definition 1 Let 4, g be two (commuting) functions of the form
h(p.q.y. ) =h(1(p.q), y.0), §(p.q.y.x) =&Ap,q). . ), (26)
where
(p,q,y,x) e D:=BxU, 27)

with U ¢ R?, B ¢ R>" open and connected, (p,q¢) = (p1,..., Pnsq1, ---,qn) cOnjugate
coordinates with respect to the two-form w = dy Adx + Y+, dp; Adg; and I(p, q) =
(Il (pv q)v AR ] In(pv Q)), Wlth

,: B>R, i=1,...,n
pairwise Poisson commuting:
{l.l;}=0 Vi<i<j<n i=1,...,n (28)
We say that &k is renormalizably integrable via g if there exists a function
h: 1B) x gU) — R,
such that
h(p.q.y,x) =h((p,q), 20(p. q), y, X)) (29)
forall (p,q,y,x) € D.
Proposition 4 If h is renormalizably integrable via g, then:

1) Iy, ... I, are first integrals to h and g;
(ii) h and g Poisson commute.

Proof It follows from (26) that

{hogd =Y {11} (070 — 0, 801,7) + (9yhdeg — 0,80ch). (30)

I<i<j<n

In this expression, all the terms in the summand vanish because of (28), while the last term
vanishes because of (29):

dyhdeg — 0,80ch = 0ghd, gdyg — dy80,h0,g = 0.

This proves (ii). (i) follows from (ii), replacing the couple (k, g) with (h, I;) or (g, I;), with
i=1,...,n. O

At level of motion, renormalizable integrability can be rephrased as follows.
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Proposition 5 Let h be renormalizably integrable via g. Fix a value ly for the integrals 1
and look at the motion of (y, x) under h and g, on the manifold 1 = ly. For any fixed initial
datum (yo, xo), let go = gUo, Yo, x0). If (o, go) = 9dgh(l, g)ly,g0) # O, the motion
(yh (1), x" (1)) with initial datum(yg, xo) under h is related to the corresponding motion
(y8(t), x8(t)) under g via

Y1) = ¥4 (o, g0)1), x"(t) = x¥ (0o, g0)1).

In particular, under this condition, all the fixed points of g in the plane (y, x) are fixed point
to h. Values of (1y, go) for which w(ly, go) = O provide, in the plane (y, x), curves of fixed
points for h (which are not necessarily curves of fixed points to g).

Proof All the assertions follow from the formulae, implied by (26):
W= —hy = —hy = ~o(lo, g0)gx (o, " x")
and, similarly,
i = oo, g0)gy o, ¥, x™).
O

Below, we prove that, under an additional condition, the converse of Proposition 4 holds
true.

Theorem 4 Let h, g two commuting functions of the form (26) on the possibly complex domain
D as in (27), with 1; pairwise Poisson commuting. For any fixed ¢ = (cy, ..., cy) € 1(B),
let A, be the set of stationary points of the function (y,x) — g(y,x,c1, ..., cy), and put
U} := U\A.. Assume that the set D* := U(p,q)elS [(p, q)} X UI*(p,q) has full closure. Then
h is renormalizably integrable via g.

Proof We firstly observe that, since {&, g} = {I;,1;} =0 forall 1 <i < j < n, using, as in
the proof of Proposition 4, Eq. (30), then

dyhd g — d,gdch = 8,0, 8 — 3ygxh = 0. (31)
The assumptions and the implicit function theorem ensure that for any given ¢ =
(c1,...,cp) € R" in the image of the function (p,q) € B — (I, ..., I), and ¢, 4 suffi-
ciently close to in the image of g(c1, ..., ¢p, ¥, X) where (y, X) € U}, equation
glet, .oy eny ¥, X) = Cngl

can be uniquely solved with respect to either y or x, via suitable functions
y=Y(c1,...,cpy1,x) o x =X(Cly...,Cn+1,)),

where Y(cy, ..., ¢p+1, ) is defined on a small neighbourhood of x, while X (c1, . . ., ¢y41, )
is defined on a small neighbourhood of y. We now consider the function

h(cl e cl‘ta Cn+]) = il\(clv crey ci‘lv Y(C17 MR Cn-‘r]v -x)7 -x) (32)
and/or the function

W(Cr...cn cnst) = h(ct, ...,y ¥, X(Cly e v vy Crgls ). (33)
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We have that h is x-independent, while h’ is y-independent. Let us check the assertion for h
(for h' is specular). Again by the implicit function theorem:

hy =hy(er, ..., cn, Y(et, ..oy g1, ), X)Yx(Cly o oo, Ot X)
+hy(ct,..scn, Y(C1, ooty Cpyl, X), X)
—~ 21, ..., cn, Y(Cl, ..., Cral, X), X
= —hy(cr,...,cn, Y(C1, ..., 0 1,X),X)§X( oo Cn Y00, - Cntl, X), X)
y +
gy(er, ... e, Y(Ct, o0, Cpyt, X), X)
+hy(crs s cn Y(Cls e ey Cug1s X), X)
=0

because of (31). Choosing, for a fixed (p,q) € B, (y,x) € UI*(p g €1 = Li(p,q), ...,
cn = Li(p,q), cnv1 = g(p,q, v, x), we have the thesis on the set D*. Then, by smooth
continuation, the thesis holds on all of D = B x U. O

Remark 3 We observe that the proof is constructive: it provides the function Tt via formu-
lae (32)—(33).

In the following, we prove that 4, is renormalizably integrable via Eg as an application
of Theorem 4. Afterwards, in Sect. 3.1, we exhibit, explicitly, the relative function 712 realiz-
ing (29). In Sect. 3.2, as a counter-example to the last assertion of Proposition 5, we exhibit
a curve of fixed points for 47 which is not so for Ey.

Application of Theorem 4 to hy and Ey. We aim to apply Theorem 4 to i and Eg. As in
the former section, we use the coordinates C defined in (15). This map turns to be useful,
because the integrals I, .. ., Is are coordinates of such system and hence depend on (p, q)
only via one of the p’s or one of the ¢’s: see (18). As a first step, we aim to check that &,
and E( have the form in (26), with

n=3, 1=, 1) =(1,42,0), y=Gy, x=g. (34)
The expression of Ej is given in (16), so it turns to be as claimed. The expression of /3 in

terms of C has been discussed by Pinzari (2018a) and is

1
hy(r1, A2, 0,G2, 2) = —
21

dlp

I —
\/rf + 2rjaz0y |1 — % cos(gz + ) + a3o03
( G% )
o=(1- /1-—Fcossr ],
A3

with ¢», as above, the eccentric anomaly, and f;, the true anomaly, both depending on
(A2, Gy, 1). We observe that it is possible to have a closed formula for /5, since the inte-
gration in d1, can be written explicitly by means of the eccentric anomaly

dly = 02d s

and the true anomaly f; can be eliminated via the well-known relation

. (39

where

G3 Gy . .
02 cos(gr +fh) =cosgy [ cos g — ——5 | — 5~ singsinf.
A5 As
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Then we rewrite Ay as
1
ha(r1, Az, ©, Gy, 22) = */
2w T
02d%
? 4+ 2rya — 92 cos cos{r — _G — S2in sings | + a20?
1 142 G% 22 2 A% Ay 22 2 505

(36)

which is precisely of the form (26). As a second step, we check that, for any fixed value
of the integrals I in (34), the set of fixed points of Eq as a function of (G, g2) is at most
one-dimensional in the plane (g3, G2). Indeed, equations

d6,E0 =0
dg,Bg =0
which read
2 1 G?
m2Mor G; mZMor©%\ T A2
2Gy i ;1 2cosgz—l— 2 24] 2cosgg =0
245 1 G2 2G; 1 — @Z
43 G . (37
0?2 2
/1 — 5 1——251ng2=
Gy 2

define an algebraic set in having positive co-dimension. Then Theorem 4 applies and we have
the following

Proposition 6 h; is renormalizably integrable via Eg. Namely, there exists a function Ry such
that

ha(ry, Az, ©, G, 22) = ﬁz(rl, Az, 0, Eqo(r1, A2, ©, Gy, 22)).

In the two following sections, we discuss some insights of dynamical character, related to
the renormalizable integrability of &5.

3.1 The explicit expression of Ez

The function Ez in Proposition 6 can be written explicitly, and this is the purpose of this

section. Before doing it, let us premise some algebraic consideration.

Definition 2 (The class H.) We call class H the set of functions of the form
1 / P(uc(w))dw

27 Jr Ja? +2abQ(vs(w)) + b2 P (uc(w))?

where: u — P(u), u — Q(u) are smooth functions foru = 0; P(0) > 0; u — Q(u) is
odd; ¢, s are periodic functions such that there exist two “symmetries”, i.e. transformations
0,0’ : T — T verifying |3,0| = |dy0’| = 1 and

fla,b,u,v) = (38)

/ I
coo=c¢, co0 =—c, Soo0=—§5, So0 =s.
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Definition 2 implies that any f € H, is homogeneous of degree —1 in (a, b); even in all of
their arguments

f(—=a,b,u,v) = f(a,—b,u,v) = f(a,b, —u,v) = f(a,b,u, —v)

= f(a,b,u,v) V(a,b,u,v) (39
and, moreover, verifies
f(L0,u,v)y=fO,1,u,v)y =1 V (u,v). (40)
Proposition 7 All the functions in Hs afford a formal series expansion
=" fula, by v, (41)
h.k
with
a’b? puk(a, b) e
fu(a, b) = —————— for (i, j) € N°\{(0,0)}, (42)
q(a, b)§+2(h+k)

where q(a, b) is a positive definite quadratic form and p;j(a, b) are polynomials of degree
4(i + j — 1) with coefficients in Q, even separately in a and b. In particular, for any [ € H.,
there exist r, s € Q such that

rfio(a, b) + sfor(a,b) =0 V¥ (a,b) € R%. (43)

Remark 4 We call identity (43) generalized Herman resonance and underline that its validity
is strongly based on identity (40). For the averaged Newtonian potential, (40) is guaranteed
by the Keplerian property (Proposition 1).

Proof Using formula (38), it is easy to prove, by induction, that any f € H, affords an
expansion of the kind

=) Fija bu'v’,

i.j

with
— pijla,b)
fija.b) = ————, (44)
qla,b)a++]
where p;;(a, b) are polynomials in (a, b) and
q(a,b) = a*> + P(0)%b. (45)

Using the parity of f with respect to all of its arguments, one has, actually, that p;;’s are
even with respect to a and b separately, and vanish if i, j are not both even, so we have an
expansion of the form (41), with fj; = ?Zh,Zk- Furthermore, since f is homogeneous of
degree —1, all of its derivatives with respect to u or v are homogeneous of the same degree.
Since g (a, b) is homogeneous of degree 2 (see 45), we have that the p,;, 5 in (44) are to be
homogeneous of degree 4(h+k). Finally, due to (40), pyj, 2¢ (1, 0) = Py (0, 1) = Oforall
(h, k) # (0, 0). Combining this with parity of p,j, o with respect to a and b separately, (42),
Panokla, b) = azbzphk (a, b) where p(h, k)(a, b) has degree 4(h + k — 1). This proves the
former assertion. The latter follows from this, since, when i +k =1,

a’b*pio(a, b) _ a*b*poi(a, b)

Jio= — foo=—"—5—,
q(a,b)?

gla.b)?
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with p1g and po; having degree 0, namely, pjo and po; € Q. So, one can take r = — poy,
s = pP1o- [m}

Let us now proceed to write down an explicit expression of function Ry in Proposition 6.
We let

(I —ucosw)dw

1
U(a, b, u,v) = —/ ; (40
27 J1 \/a? + b2 — 2b(av sin w + bu cos w) + b2u? cos? w
A% —Ey /Eo — &2
0
E(Ay,Ep) = ————— I(A2,0,Ep) = ——. 47)

Ao As
Note that U is in the class H,, with

Pu,v)=1—u, QW) =v, cw)=cosw, s(w)=sinw, ow)=—-w
o'(w)y=m —w.
We prove that
Proposition 8 (11, Az, ©, Eg) = Ul(ry, a2, £(Az, Eg), T(Az, ©, Eg)).
Proof Reasoning as in the proof of Theorem 4 (see Remark 3), we invert equation
Eo(r1, A2, ©, Gy, 22) = Eg

with respect to G in the complex field, fixing a value of g;. We choose g» = 7, so that
cos g2 = 0 and the inversion is immediate:

Then 7 (11, Az, @, Eo) is given by
fia(r1, Az, @, Bo) = o <r,,A2,@, Eo. %) (48)
Using the formula in (36), we obtain

~ . 1
ha(ry, Ay, ©,Eg) = 7/ dgo
7T JT

1 —E&(A,Ep)cosn

. (49)

13 + a2 — 2ay(11Z(Ay. O, Eq) sin & + a2 (A2, E) cos &) + a2 £(Aa, Eg)? cos? &
with £, 7 as in (47). ]

Remark 5 Combining Propositions 6, 8 with (7) and the definitions of G, and & in (15), we
obtain that, for a generic C as in (1),

1
hy = U(IxM N, aa, ¢, Te),

with
) *D . p@
Ee = es+ep;—— | oC,
ap
XD P2ICO2 — O .c@)2  x().p®
Ic = 3 — e oC
||x(1)||2A2 a

In Sect. 5.1, we use the following consequence of this.
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Proposition 9 Let
Cr: (A, b, u, ) e AxTxU — (y?,x?) e (R??,
where U is a domain of R*, verify (2) and let © € R3. Then

1 de ~
2—/ — 25— = U(IRll @2, &, To),
I E -

-P%
—€2.0, " 2, (50)

~ 2 - 5 5

] 7P | RPICY P-@ - CP)?
&= 62,62+627c2 T, Ir:= ||v||2A2

2

where the sub-fix Co denotes the composition with Cs.

CZ

Proof Choose C = id ® C» in (1); namely, such that u = (&, %), v = (¥,7) € R? x R?,
with (P, xM)oC = @, V) € R? xR?, and (y@, x@) 0 C = (P, xP) 0 C,, depending
only on (Ay, €3, u, V). O

3.2 A curve of fixed points for h; (which is not so for Ep)

Proposition 6 implies that any level set (in the plane (G, g)) to Eg is also a level set of /> and
hence, in particular, any fixed point to Eg is so to #>. Here, we prove that the converse is not
true:

Proposition 10 If ® # 0 and r1/a;y is sufficiently small, in the plane (Gy, g2), there exists at
least a curve of fixed points of ho which is a level set of Eo, but is not a curve a fixed points
to it.

Proof In principle, to find any such curve, one should solve equation w (I, fz) = Bgfz(l, fz) =
0. In the case of h;, such equation seems too difficult, so we shall use a perturbative approach.
We look at the Taylor expansion (20) of /7 in (35) in powers of ry. Letting € := Z—‘z, we obtain

1 g2 A330%2-G3) 3, o2 A5
hzz—[l——i—ﬁ: 1—— cosgg
a 4 G 8 G!G

+0(g4)].

By (48), a corresponding expansion for the function ki in (49) is obtained letting G, = Eo
and g = 7. We obtain:

e A3(36? — Ey)

iy (r1. Ar, ©.E [1——7 04]
2(r1, Az 0) = ” ) R +0(&%)
We study equation
~ 2| A3 —156% + 3E
& = Oy = —— [427;0+0(82) —0 51)
an EO

via the implicit function theorem, for small . Neglecting the O(g?) inside parentheses, we
obtain the solution

Eo = 502
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The non-degeneracy condition at this solution is verified, since indeed

—15602 + 3E, 7 5 45
R =507 01 T o2 7Y
0 Eg=50?2

Then for sufficiently small €, Eq. (51) has, as a solution, the following level set of Eq:
Ep = 50% + 0(?)

Replacing the formula for Eg in (16), we rewrite such solution as the curve, in the (G2, g2)

plane,
S: G3-50%4+miM 1—3% 1—@72 2) =
: 5 YMor 5 2cosgz—i-O(rl)—O.
A3 G;

By Proposition 5, S is a curve of fixed points for 4,. It remains to prove that S is not a curve
of fixed points for Eq. The fixed points of Eq are the solutions of system (37). The curve S
includes a point having coordinates

B
G2 =56 +0G7), @ =5 +0()
which does not solve system (37). (It does not solve the second equation.) O

Remark 6 The proof fails for ® = 0, because, in such a case, the leading part in Eq. (51) has
no solution.

4 An algebraic property of Legendre polynomials

The Legendre polynomials P, (¢), with Po(t) = 1, Pi(t) = ¢, ..., are defined via the ¢-
expansion

1 o0
Y Pe
V1 —2¢et + 62 nX:(:) "

Many notices on such classical polynomials may be found in Giorgilli (2008, Appendix B).

The purpose of this section is to present an algebraic property of the 7, ’s. Roughly, it says
that a certain average of a Legendre polynomial is still a Legendre polynomial. The author
is not aware if it was known before and if there is a “dynamical” explanation of it.

Lemma2 Lett € R, |t| < 1, P, the nth Legendre polynomial. Then,

1
27/‘73”(\/ﬁ0059)119 = 80P (1), (52)
T JT
where
—_ 1
(_1)mw if n=2m iseven
5 — 2m)!
=
0 if n isodd

We shall prove Lemma 2 via the following one.
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Lemma 3 The even Legendre polynomials Py, (t) verify, forany h =0, .. ., m,

D P (0) = (1"~ B @m —2h — 1)
2= Qh)! Qm -2
D! P (1) = i(2m+2h—l)” Qm)!! 3

Cm— DI CW)NCm — 2k

where T := t2. In particular, the following relation holds

= DU i, 0y = (—pym @ DY

@h)! @ D¢ P D

(-1

Proof We first prove the former formula in (53). Letn € N,k =0, ..., n with n — k even.
We have x

Dk ! = (2k — D! et
" Ve “2te + 11=0 T+ ey

Therefore, denoting as IT,, the projection over the monomial &”,

1 1
D¥P,(0) = DM (M, ——— =,(Df ——
1P ©) ’( ”«/82—2&9-{-1) =0 ( " VeT —2te + 1 t=0>
1
:(2k—1)!!nn,k( T

_ 2k — 1! k)2 1
((n—ky/2)! " 1+
ey thobn = D
(= kol

Then the desired formula follows, taking n = 2m, k = 2h and noticing that

_ b kkn= DU
=0 20072 ((n — k) /2)!

= (-1 (54)

D! Py, (0) = Dz” Py (0).

(2h)'

The proof of the latter formula in (53) is a bit more complicate. We propose an algebraic one.
First of all, we change variable

r:ﬁ:«/l—Zz.
Since
h
n_ (DT
D; = oh Dz’

we are definitely reduced to prove the following identity

h
D? sz (V 1-— 2Z) 0 = D2m,2h = ((2}13' (2 —2h + 2)(2m —2h + 4) e (Zm)
Z=!

x2m+1)2m+3)---Q2m+2h —1). (55)
To this end, we let
1
Ve —2eyT—2z+1

gle, z) =
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so that (analogously to (54)) we may identify

D! Py (VT =22) Oznz,ang(e,z)\ ., (56)
7= z=

We introduce the auxiliary functions
1

1
(€2 —2eT— 2z + 1) (1 - 22)"?

so that g1,0 = g. Observe that the linear space generated by such functions is closed under
the derivative operation, since in fact

8ab(8,2) = a, BeR

D;gap(€,2) = —€aga+2,+1(8, 2) + Bgap+2(8,2) -

More in general, by iteration, one finds

h
.
Dlgap(e.2) =Y el guiajpranj(e.2). (57)
Jj=0

where, from the identity

DI+ gu (e, 2) = D:(Dligas ) (e, 2),

(h)

one easily sees that the coefficients ¢ i with j =0, .. ., h, satisfy the recursion

=1

D — _c;"jl(a +2j =2+ (B+2h— j)CY')

J

h=0,1,...; j=0,1,...h+1

(h) . _ () . _
ci =0, Chy1 i= 0

Let E(ih) ’s be the numbers defined by

&0y

et = & @j - 1+ @h - je”
(58)

h=0,1,...; j=0,1,...h+1

corresponding to the case

Specializing formula (57) to this case, we find

Dligle,)| = Dlgiole.2)|
z=0 z=0
h h N
_ N\ j o ‘ _\ "=
- ;)cj ele12jm-j(8.20)| _ = /Z_(:)Cj T
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Therefore, applying (56), we find the desired derivatives

h
DiPy(T=20)| _ =3 Con e, (59)
z=0 o
with
@m—j+ D@m= j+2) - Qm+ )
Com,j = .

@

In order to check (55), let P2; (u), Q2 (u) the polynomials in the real variable 1 defined as
the extensions of D2y, 21, Com 24 On the reals, i.e. such that

P (2m) = Do, Q2j(2m) = Cop2j (60)

and let

h
Dop(p) = Zfﬁh)gh ()
=0

the analogous polynomial extending the right-hand side of (59). We shall prove that
Dop(u) = Pop(n) YueR, h=0,1,...,

which clearly implies (55). Note that Dy, (1), Pan(0) have degree 2h; P, (10) vanishes at
the odd integers —(2h — 1), —(2h — 3), ..., —1, and the even integers O, 2, ...,2h — 2,
while the Q> (u)’s have degree 2 and vanish at the integers —j, —j + 1,..., j — 1. The
last formula in (60) provides a decomposition of Dy () on the basis of the Q5 ;’s. We then
do the same for Py, i.e. we decompose

h
NG
Pon = Z c;l) Q.

j=0
‘We now need to show that
¢ =2 Yh=01,...; j=0, 1. h 61)

From the relations

C(w=2h)(u+2h+1)
2h +2

Pont2(n) = Pon ()

and

—(m=2n)(p+2h+1)=C2h—j)HCh+j+D—(@—jHu+j+,
the following recursion rule among the coefficients immediately follows
-

2D _ _JQj - l)é(h) 4n* — j>+2h — jé(h)
htl) " .
j e 2ht2 ©2)
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Let

(h) ._ Ath) _ —(h)
(Sj = ;-

The formulae in (58) and (62) imply

55" =0

s+ _ @i+ DG =Dy [ Ch=pG =D m
I h+1 il 2(h+ 1) J
h=0,1,...; j=0,1,...h+1

W ._o s ._
8% =0, 8 =0

Those relations immediately enforce, by induction, 85.") = 0 for all &, j, and hence (61). O

Proofof Lemma 2 Let Q,(¢) denote the left-hand side of (52). Observe that, since any P, (t)
has the same parity, in ¢, as n and odd powers of cos 6 have vanishing average, the Qp,,+1(f)’s
vanish, while the Qy,,(¢)’s are polynomials of degree m in 7 := 2. Since also the even
Legendre polynomials P,,,’s are polynomial of degree m in t, we only need to show, e.g.
that

@2m — D!

D! Qo = (=1)" o

D!Pyy| _, Yh=0,... m.

The definition of Q»,, implies that, forh =1,...,m

D! Q2 (1) = (=1)"(cos )21 D" Py, (0) = (—1)h7(2?2;)'1‘)”D?PZm(O) h=0,...,m,
where
S 1 [ h — D!
2h . 2h _
(cos 0)“ = o /0 (cos0)"do = 7(2h)!!

Using Lemma 3, we find

2m—1)

"
D0y (1) = (=)™ Gl “D'"Pyy (1) h=0,....m

and hence the thesis follows. O

5 Applications

5.1 An explicit formula for a semi-axes-eccentricities—inclination expansion of a
“mixed” averaged Newtonian potential.

In this section, we assume that the map C in (1) satisfies the following conditions:
— the coordinates (u, v) include

uy:=A1, vi:=£€T, vp:=g €T, (63)
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where, in addition to (2), also the following holds

||y(1)||2 miM; ) m?M% )

— oC=— =:hy. (A}), (64)
2 K«

( oy x@] 242 e

with suitable other mass parameters m;, M; £1 in conjugate to Ay;

— the image of C in (1) is a domain of (y, x) where the left-hand side of (64) takes negative
values;

— the instantaneous ellipse [E; generated by the two-body Hamiltonian (64) has non-
vanishing eccentricity;

— if PO IPD || = 1 denotes the direction of its perihelion, and, as above, CV) := x( x
y(D, the angle g; in (63) corresponds to the anomaly of P(!) with respect to a prefixed
direction vy in (and a prefixed orientation of) the plane orthogonal to C'V;

- xéz) := x® o C and the angle f] (“true anomaly of xél)”) formed by PS” and x

respect to the orientation established by C(Cl) do not depend on g;;
—if Di = (A, 1i, pi.gi), with pi = (pi1, pi2) € R%, qi = (qi1,gi2) € R* are the
Delaunay coordinates associated with (y(‘), x®) and D =D, @D, = (A, 1, p.q) =

(A1, A2, 11, 1o, p11, P12, P21, P22, 411, 9125 921, 22), the change in coordinates

él) with

¢(13) : D1 ®Dy—C
has the form

P bL=lL+ oA, p.q), (AL, u,v)=F(AlLp,q). (65)

Our purpose is to provide, under the previous assumptions, a representation formula for the

function®
Iy = 1 / dgide,
Qm)? Jre xP = <2

which we believe may turn to be useful in applications. We introduce the following

Definition 3 For a given power series in the parameter &

(o.¢]
P n
gS A E ane )
n=0

we denote as I1, g, the even power series

oo

Mege := Y (=)™

m=0

@m — !
2m)!!

2m
am ,

with (=D := 1.

8 The reader should not confuse the function h1p above with what is commonly called “doubly averaged
Newtonian potential”, defined as

7 1 / de1dly
12 =
@m2 J12 1) — 52

even though, in the case that E| has identically vanishing eccentricity and C is regular in this limit, /11 and
h17 coincide.
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We shall prove the following formula. We let U as in (46) and

a  p®@
Co’ - Pg

E(r) = |e3¢+rieac S-S
’ I1Claz

1 2 1 2 1 2
IceIPIee 12 - g’ -ceh? el By

I(r)) = 182, ————,
1 ’ 1
\ AZlcg’ | ICE” llaz

(66)

where the sub-fix C denotes the composition with C. Then

Proposition 11 h1y = IT;, U(r1, a2, E(ry), ]I(rl))|rl=‘|x<cl>”.
Remark 7 (Herman resonance for /1) The functions E(r;), I(r;) in (66) vanish, respec-
tively, in case of zero eccentricity of the exterior planet and mutual inclination. Combining
Propositions 7, 11, Remark 4, we obtain an eccentricity—inclination expansion for /1;:

r7a3 (11, az)
hip = ZHTI <12pl]E(r1)2h]I(r1)2k
hok

q(r1, az)%+2(h+k)

1
=l

The second-order term of this expansion of course exhibits (43), as a by-product of Proposi-
tion 7 (because IT; kills the linear terms in 1 in (66) acts on the even terms only modifying the
coefficients). This identity reduces to the classical Herman resonance switching to Poincaré
coordinates with the inner body moving on a circle. In this framework, Herman resonance nat-
urally appears as a by-product of parities (39), renormalizable integrability of the Newtonian
potential (Proposition 8), Keplerian property (Proposition 1) and Lemma 2.

To prove Proposition 11, we need an equivalent formulation of Lemma 2, which is as
follows.

Proposition 12 Letr; > 0, ¢; € T, NU e R3 with INO|| = 1, z® e R3, with z® £ 0,
7@ K N, Define v := 7@ % N, Lot z(l)(rl, 01, ND, z(z)) be such that 7V | NO,
Iz = 1 and anay (v, NO x zD) = @, Then, the following identity holds

1 do, 1 1
A = *Hsifv oo (67)
27 Jp 1201, @1, N, 2@y — 2@ 1y 7 |eND —Z@) | le=iL

. L 2 ~2) . 2) . . . . 1 1 2 .
withry = |Iz( )||, 7@ = ZrT Such identity still holds replacing 2D, gol,N( ), 2Dy with
2Dy, o1 + @, N 2 spith any @, independent of ¢y .

Proof Let us decompose
2@ = @ .NO)ND 4 @

where zf) = 27z® — (z® . NDYND js orthogonal to NV Since z» is orthogonal to NV

and |12 = VIz@]2 = @@ -ND)2|| = 12y/T = G2 - ND)2, we have
2@ =20 P = 12V N cos Y = riray/T = @2 - ND)2cos

where v is the convex angle formed by z!) and zf). But v is related to ¢ via

Z

=l — el
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and therefore, cos ¥ = — cos ¢;. This readily implies

120 @1, o1, NO, 2@y — 2@ = 12 + 2y107/1 = (NO - Z@)2cos oy +12. (68)
We now use this in the expansion of the inverse distance
1 . 1
D(r1, o1, N, Z(Z)) - r% + 2r1rzmcos Q1+ r%

in terms of Legendre polynomials

1 1 & r1\" (z® . N2
LS () (- EEND ),
D(r1, o1, N, z@) 1, Z( ) rn/ " 12 1

n=0 2
To conclude, we only need to use Lemma 2, so that
1 (z® N2 7@ . ND
- 7)n( 1_72(:05901)51(/’1 =811Pn(7) ,
2w T ry I

which is a rewrite of the thesis. From the formulae from (68) on, it follows that identity (67)
still holds replacing z2D (@, o1, ND | 2@y with 2Dy, @1 + ¢, ND | @), for any ¢ inde-
pendent of ¢;. O

We can now proceed to prove Proposition 11. We do it in three steps.

First Step. Application of Proposition 12. Let C and v; € R3\{0} be as said at the beginning
of this section. As a first step, we aim to compute the g;-average applying Proposition 12. If

ch 5 '
ND = fl) , vi=xP x N,
ICe

then
T A A
N (D (v, ND % xé])) =g +tv + 3 — 0 where 0= ozc(n(vl, v).

Hence, we can write

M _ _a m, m o)
xe) =20 [ xg 0 ,g1+vl+§—v,xc ,
IC"l

where z(1 is as in Proposition 12. We apply Proposition 12 with this z(1), z® = xéz),

¢ = v1 + 5 — 0, which is independent of g1, by assumption. We find

1 / dg, L 1 o 1
e —x @) o | e o I TR
¢ e ey ~ e e ey — o
c : c n=lxl
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with x(z) = " (2)” Now we average with respect to £». We obtain, interchanging I7;, and
f’Jl‘ dta,
1 / dg1dly 1 / dety
— —— = —1TII; — . (69)
Ar? Jo ) O—x@ 2 | < o
R

Second Step. Switch to Delaunay coordinates. We apply ¢g in (65) to (69). We obtain

1 / dgidty ) e 1 / dty c
— ———— o = — | I1 o¢
2 [€9) (2) D 1 D) D
(471 T |Ixg) — xg | 2 T e Ce . )”
ey ¢ M
c r=lx$)
dl
cp O
D
o, — YD
HC I =l

=U(r,p, a2, &1y, 12, D,),

1

where & p,, I» p, are as in (50), with Co = D;. We have that rl,DC—D depends only on

ICH
= (A1, 11, p1,q1), while xg) depends only on Dy = (A, la, p2, g2). We have used
o
Proposition 9 with a given w € R3, C, = D, and next we have taken @ = 1D ”2(1 TR
Third Step. Applying (qbcD )~!, we conclude the proof. O

5.2 Is the two-centre Hamiltonian renormalizably integrable?

In this section, we outline an underlying open problem in the framework of the paper. We
pose a conjecture that we aim to study in further work, which, if proved, may be applied to
the two-centre Hamiltonian (8), so as to obtain a stronger assertion than Proposition 6.

Throughout the section, V. C R, U C R? are domains, (I,¢) e ITxT, (p,g) el
are pairwise conjugate canonical coordinates. We shall be concerned with real-analytic®
functions (“Hamiltonians”) for (7, ¢, p,q, ) € P =7 x T x U x (—po, o) having the
form:

h=nho(I)+unfd,g p.q ) with ho(I)£0 on V. (70)

Definition 4 We say that 4 is in p-normal form if there exist (i (I, P, q)}x=0 p hi

V x U — R such that

.....

P
1,9, 7.9) =Y h(,p,pu* + 0wt V(I,9,p,9) € P.
k=0

The following result is well known and hence will be not discussed.

9 Following the standard termmology, a real function £ is said to be real-analytic on a domain P C R” if
there exists an open set P, with P C P C CP, such that / has a holomorphic extension on P.
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Proposition 13 Let h be as in (70). For any p € N, it is possible to find a real-analytic,
canonical and -close to the identity transformation

¢: (1,9, p.9) €P— (I,9,p,q) €P
such that h == h o ¢ is in p-normal form:

P
1,87, = ZE I, 5.t +0w"*") ¥(I,9,7.9) € P,

with ho(I, P, q) = ho(I).
Lemma4 Let h be in p-normal form and let g be a first integral of h. Then
(i) g isin p-normal form;

(i) {h1,8} =OWP), where hi(I, p,q, ) :=> ¢ h(1,p, Du*.

Proof (i) Let

oo
g, ¢, p,q ) =) & ¢, p. g
k=0

denote the Taylor-Maclaurin series in p of g. We prove that the functions g; are ¢-
independent for all 0 < j < p. We proceed by induction on j. Since A(, -, -, -, u) and
g(-, -, -, -, n) Poisson commute for all u© € (—puo, (o), we find

{ho, 8o} = 0rho(1)0,80(I, @, p,q) =0,

where we have used that s depends only on /. Since, by assumption, d;ho(I) # O, it
follows that d,8,(/, ¢, p,q) = 0 and hence gy(/, ¢, p, q) is p-independent, and hence
20U, @, p.q) =801, 0, p,q) = go(, (p,q)) forall ¢ € T, with go(1, (p. ¢)) as in (ii).
So the step j = 0 is proved. Assume now that, fora given0 < j < pandany 0 <k < j, g,
is g-independent. Namely, g, (1, ¢, p, q) = gk(. (p. q)). for some function gi(1, (p, q)).
with 0 < k < j. We prove that g ;| is so. Since & and g Poisson commute,

{h, g} = O(uP™h. (71)

Since j + 1 < p, the projection of the left-hand side over the monomial ;7! vanishes:
J
{n0. 31} + D0 {nims & =0.
k=0

In this identity, the term {ho, g +1] has vanishing ¢-average, because /¢ depends only on

1, while the term Zi:o {h J—k+1s gk] is p-independent, due to the fact that the 2 ;¢4 (by
assumption) and the gi (by the inductive hypothesis) are so. Therefore, such two terms have
to identically vanish separately:

J

[h0,§j+1}5 EZ{ j—k+1s gk}~

k=0
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The vanishing of the left-hand side implies, as in the base step, that g ;| is p-independent.
The vanishing of the right-hand side for all 0 < j + 1 < p is a rewrite of'? (ii). O

Corollary 1 For any p,

p—1 p—1

3 = —=(p) -

gV p.) = g0 p.)+ > G po*s Wl p.a) = hipi (L, pog)pt
k=1 k=0

verify
= 7P _ »
&y s hieU, p.q@)} =0W").

We recall that

- 1 2 _ o
hl(l,p,q,0)=7/ hi, ¢, p,q,0)de.
7T Jo

Definition 5 We shall refer to the formal series Y o ik (I, P, @)X as perturbative series
inutoh.

Conjecture 1 If h as in (70) has an independeng first integral, its perturbative series con-
verges, as well as the perturbative series to g. If 4, g denote the sum of the two series, % is
renormalizably integrable via g.
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