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There exists no natural variational principle for the dynamics of abelian p-form potentials with self-
dual field strengths, also called chiral p-forms. Relying on the PST method, we establish the general 
consistency condition for a Lagrangian to describe a Lorentz invariant self-interacting chiral 2n-form 
in 4n + 2 dimensions. For a generic n, we determine a canonical solution of this condition for a 
quartic interaction Lagrangian of the 2n-form, and prove that for the four-form in ten dimensions this 
interaction is unique. It generalizes the corresponding Born-Infeld-like interaction of a chiral two-form 
in six dimensions. We verify that under a dimensional reduction on a torus, this interaction Lagrangian 
reduces to a combination of the two recently constructed S O (2)-duality invariant quartic interactions for 
abelian three-form potentials in eight dimensions. The potential relevance of our method for the type IIB 
superstring effective action is discussed.

© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

The occurrence of self-dual gauge fields as possible elementary 
excitations of a consistent, classical or quantum, field theory has 
been hampered for a long time by the absence of a natural ac-
tion describing their dynamics. The most prominent examples of 
fields of this kind are the chiral boson �0 in two dimensions, the 
chiral two-form �2 living on the M5-brane embedded in eleven-
dimensional supergravity, and the chiral four-form �4 belonging 
to the spectrum of the ten-dimensional type IIB superstring the-
ory. The breakthrough occurred with the recognition that a non-
manifestly Lorentz invariant action may produce a Lorentz invari-
ant dynamics. This new strategy was pioneered by Floreanini and 
Jackiw [1] for chiral bosons in two dimensions, and then extended 
to free chiral 2n-forms � in 4n + 2 dimensions by Henneaux and 
Teitelboim [2]. The topological properties of self-dual 2n-forms in 
this non-manifestly invariant framework have been analyzed in [3]. 
A further step, within this approach, was the inclusion of self-
interactions for chiral two-forms in a six-dimensional space-time, 
specifically the Born-Infeld-type interaction on an M5-brane [4–6]. 
More recently, this method has also been applied in [7] to the 
study of chiral two-forms interacting with non-abelian vector fields 

* Corresponding author.
E-mail addresses: ginevra.buratti@uam.es (G. Buratti), kurt.lechner@pd.infn.it

(K. Lechner), luca.melotti.3@studenti.unipd.it (L. Melotti).
https://doi.org/10.1016/j.physletb.2019.135018
0370-2693/© 2019 The Authors. Published by Elsevier B.V. This is an open access article
SCOAP3.
in six dimensions. In general, in this approach, the action is invari-
ant under modified Lorentz transformations of the fields, which 
turn into the standard transformations on-shell, i.e. if one enforces 
the equations of motion.

Other approaches for self-dual gauge fields, instead of giving up 
manifest Lorentz invariance, rely on an action involving an infinite 
number of (typically massless) auxiliary fields, and try to recon-
cile their appearance with the standard paradigms of field theories 
with a finite number of degrees of freedom [8–12]. In a specific 
case, an accurate choice of a single auxiliary tensor allowed to con-
struct, via superspace techniques, a manifestly invariant equation 
of motion for the self-interacting chiral two-form of the M5-brane 
[13,14] where, however, the reconstruction of the corresponding 
action is a rather non-trivial task [15]. More recently, a manifestly 
Lorentz invariant approach has been introduced by Sen [16,17], 
anticipated in [18,19], which relies on an action involving a sin-
gle tensorial auxiliary field whose propagator has the wrong sign, 
but which eventually decouples from the physical degrees of free-
dom. Up to now, this approach has been applied to describe the 
interaction of chiral 2n-forms with external fields, especially the 
dynamics of the four-form of type IIB supergravity, and to recover, 
via compactification, duality invariant versions of Maxwell theories 
in 4n dimensions. For a recent implementation of supersymmetry 
within this method, see [20].

Aim of this work is a general analysis of the allowed Lorentz-
invariant self-interactions of chiral 2n-forms in a space-time of 
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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generic dimension D = 4n + 2, including interactions with external 
fields and/or with charged sources. In general, the starting point 
cannot be a generic set of covariant (tensorial) equations of mo-
tion, since in general such a set does not represent a Poincaré 
invariant fundamental dynamics: as long as these equations do not 
follow from an action, they do, in fact, neither guarantee the basic 
conservation laws of four-momentum, angular momentum, and so 
on, nor do they ensure the existence of a Hamiltonian framework, 
necessarily preceding the quantization process. Hence, an efficient 
starting point is a variational principle based on an action.

There exists a further approach for the construction of actions 
for chiral 2n-forms, which is the Pasti-Sorokin-Tonin (PST) ap-
proach [21–29]. It is naturally compatible with supersymmetry and 
k-symmetry, with the coupling to gravity, and with the functional 
integral approach. Its basic advantage is its manifest Lorentz in-
variance, realized via the introduction of a single scalar auxiliary 
field a(x), which eventually must decouple via a shift-symmetry 
a → a + ϕ , where ϕ is an arbitrary scalar field. The invariance of 
the action under this symmetry leads to a constraint for the La-
grangian, the so-called PST condition, which eventually guarantees 
the “effective” Lorentz invariance of the theory. For a recent vari-
ant of this method, see [30].

In this paper, we derive the general PST condition (2.15) for a 
generic Lagrangian describing self-interacting chiral 2n-forms. For 
definiteness, we consider only non-derivative couplings. For low 
space-time dimensions we retrieve as solutions of this condition 
the known dynamics for chiral bosons and two-forms in D = 2
and D = 6, respectively. For a generic space-time D = 4n + 2, we 
find a general class of solutions of the PST condition, that we call 
canonical, for Lorentz invariant quartic interaction Lagrangians for 
the field strength H = d�. For D = 10, we prove that the canonical 
interaction is the unique quartic interaction solving the PST condi-
tion. Therefore, it represents the unique Lorentz invariant quartic 
interaction for a chiral four-form in D = 10. However, unlike the 
six-dimensional case, the ten-dimensional quartic interaction is not 
of the Born-Infeld type, in the sense that it cannot be expressed in 
terms of the spatial components Bijkl ≡ Hijkl of the field strength, 
and of its Hodge-dual B̃ , through the combinations, schematically, 
(B B)2 and (B B̃)2.

Finally, we perform a non-trivial check of the consistency of 
this quartic interaction via a dimensional reduction on a torus 
from D = 10 to D = 8, which breaks the Lorentz group S O (1, 9)

to S O (1, 7) × S O (2). The resulting eight-dimensional theory is a 
manifestly S O (2)-duality invariant Maxwell theory for a couple 
of three-form potentials AI , I = 1, 2, for which we have recently 
determined the two most general S O (2)-duality invariant quartic 
interactions [31]. We verify that the ten-dimensional quartic in-
teraction Lagrangian of the chiral four-form goes indeed over in 
a sum of the two quartic interaction Lagrangians of the Maxwell 
field strengths F I = dAI . Via a Legendre transformation of the lat-
ter, we finally determine the corresponding quartic interaction of 
a single Maxwell field F = dA in the manifestly Lorentz-invariant 
Gaillard-Zumino-Gibbons-Rasheed (GZGR) approach to duality [32,
33], noting a remarkable coincidence. In the concluding Section 6, 
we discuss the possible relevance of the new ten-dimensional 
quartic interaction, and of its generalizations, for the low energy 
effective action of type IIB superstrings, and we analyze potential 
extensions of our method to self-interactions of higher order.

2. Covariant action and PST consistency condition

We write the space-time dimension as D = 2p + 2, with p
even, and introduce the abelian p-form potential �μ1 ···μp . Its field 
strength is given by the antisymmetric tensor
Hμ1···μp+1 = (p + 1) ∂[μ1�μ2···μp+1],

whose Hodge dual is defined in the usual manner as

H̃μ1···μp+1 = 1

(p + 1)! εμ1···μp+1ν1···νp+1 Hν1···νp+1 ,
˜̃H = H .

The equation of motion of a free (anti)chiral p-form is H̃ = ±H . 
In the following, for definiteness, we will concentrate on chiral 
p-forms, H̃ = H . Chiral p-forms can be coupled to external fields 
via a minimal coupling, which amounts to impose the chirality con-
dition on the modified field strength

Hμ1···μp+1 = (p + 1) ∂[μ1�μ2···μp+1] + �μ1···μp+1 , (2.1)

where the antisymmetric tensor �μ1···μp+1 depends on the exter-
nal fields, but not on the potential � itself. For instance, in the 
M5-brane theory, �μνρ is the pull-back on the brane worldvolume 
of the D = 11 supergravity three-form potential CMN K . In type IIB 
supergravity, �μ1···μ5 is a combination of a Chern-Simons five-
form, formed with the D = 10 supergravity two-form potentials, 
and of the gravitino and dilatino bilinears. If, on the other hand, 
the potential � is coupled to a set of charged (p − 1)-branes with 
charges {er} – for chiral p-forms electric and magnetic charges 
are identified – then � is a linear combination of the δ-functions 
�r

μ1···μp+1
supported on Dirac-p-branes, whose boundaries are the 

(p − 1)-branes,

�μ1···μp+1 =
∑

r

er�
r
μ1···μp+1

, J r
μ1···μp

= ∂μ�̃r
μμ1···μp

. (2.2)

According to Poincaré duality, the current J r
μ1···μp

is thus the 
δ-function supported on the r-th (p − 1)-brane. In this case, 
the field strength (2.1) satisfies the modified Bianchi identity 
∂μ H̃μμ1···μp = ∑

r er J r μ1···μp ≡ Jμ1···μp .
In order to write a covariant action for a self-interacting chi-

ral p-form, the PST approach foresees the introduction of a scalar 
auxiliary field a(x) which allows, formally, to introduce a preferred 
direction of space-time vμ , here assumed to be time-like,

vμ = ∂μa√
(∂a)2

, v2 = 1. (2.3)

As anticipated, this scalar field must eventually become a pure-
gauge degree of freedom. Using the direction vμ , we can introduce 
the “electric” and “magnetic” components of the field strength (2.1)

Eμ1···μp = Hμ1···μpμvμ, Bμ1···μp = H̃μ1···μpμvμ, (2.4)

which allow to decompose the field strength as

Hμ1···μp+1 = (p + 1) E[μ1···μp vμp+1]

+ 1

p! εμ1···μp+1ν1···νp+1 Bν1···νp vνp+1 . (2.5)

The tensors E and B reduce to the actual electric and magnetic 
fields, if the auxiliary field is gauge-fixed to a(x) = x0, see be-
low, giving vμ = (1, 0, · · · , 0). Thanks to the relations (2.4) and 
(2.5), the equation for a free chiral field H = H̃ is equivalent to 
the equality between the electric and magnetic fields, Eμ1···μp =
Bμ1···μp . For a theory with non-linear interactions, we expect this 
equation to be modified to the non-linear first-order differential 
equation for the potential �μ1 ···μp

Eμ1···μp = Bμ1···μp + gμ1···μp (B), (2.6)
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where g(B) is a local function of the magnetic field, which starts 
with cubic powers1 of Bμ1···μp . Understanding the contraction of 
the indices which are not written out explicitly, we have the fur-
ther identities

H H = (p + 1)(E E − B B) = −H̃ H̃, H H̃ = 0. (2.7)

We then propose as action for a self-interacting chiral p-form 
the functional of � and a

I[�,a] = 1

p!
∫ (

1

2

(
E B + � J

) − V(B)

)
dD x. (2.8)

Here, for the moment, the potential V(B) is a generic Lorentz 
invariant function of only the magnetic fields and J is defined, 
for a generic function � of the external fields, by Jμ1···μp =
∂μ�̃μμ1···μp . For the linear theory, the potential is given by V(B) =
1
2 B B , and in this case the action (2.8) can be rewritten in the form

I[�,a] = 1

2p!
∫ (

1

2(p + 1)
H H + � J − 1

2
hh

)
dD x,

hμ1···μp ≡ Eμ1···μp − Bμ1···μp . (2.9)

We thus see that it differs from the action of a “standard” non-
chiral field by a term which is proportional to the square of the 
self-duality relation hμ1···μp = 0. For the choice vμ = (1, 0, · · · , 0), 
the action (2.9) reduces to the non-manifestly Lorentz-invariant ac-
tions for linear theories first given in [2,34].

To analyze the symmetries and equations of motion of the gen-
eral action (2.8) we write out its variation under generic variations 
δ� and δa

δ I[�,a] = − 1

(p!)2

∫
εμ1···μp ν1···νpμν

{
∂ν

(
hμ1···μp vμ

)
δ�ν1···νp

+
(

1

2
Eμ1···μp Eν1···νp + 1

2
Bμ1···μp Bν1···νp (2.10)

− Vμ1···μp Eν1···νp

)
vμδvν

}
dD x,

where we introduced the tensor

Vμ1···μp (B) = ∂V(B)

∂ Bμ1···μp
, (2.11)

and δvμ = (ημν − vμvν) ∂νδa/
√

(∂a)2. From the above varia-
tion one infers that, apart from the gauge symmetry δ�μ1···μp =
∂[μ1�μ2···μp] , the action is invariant under the PST symmetries

δ�μ1···μp = ϕ√
(∂a)2

hμ1···μp + ∂[μ1aλμ2···μp],

δa = ϕ,

(2.12)

where the local transformation parameters are the scalar field ϕ(x)
and the tensor λμ1···μp−1 (x). Here we defined the “generalized self-
duality condition”

hμ1···μp = Eμ1···μp − Vμ1···μp (B). (2.13)

The variation (2.10) vanishes trivially under the λ-symmetry of 
the gauge field �μ1···μp , irrespective of the form of the poten-
tial V(B). In particular, the magnetic field B (2.4) is inert under 

1 As equation (2.6) must be Lorentz invariant, it should always be possible to put 
it in a manifestly Lorentz invariant form, say Hμ1 ···μp+1 = H̃μ1 ···μp+1 + f

μ1 ···μp+1
int (H), 

see e.g. [13,15]. Since H and f int are tensors of odd rank, f int can contain only odd 
powers of H , and so the tensor g(B) in (2.6) can contain only odd powers of B , too.
the λ-symmetry. Conversely, the ϕ-symmetry, which shifts a by 
an arbitrary scalar field, holds only for a subclass of potentials 
V(B). In fact, inserting the transformations (2.12) in the varia-
tion (2.10) we find the compact expression (here one can replace 
δvν → ∂νϕ/

√
(∂a)2)

δ I[�,a] = − 1

2(p!)2

∫
εμ1···μpν1···νpμν

× (
Bμ1···μp Bν1···νp − Vμ1···μp Vν1···νp

)
vμδvν dD x. (2.14)

Requiring that δ I[�, a] vanishes for generic B , a and ϕ , the validity 
of the ϕ-symmetry imposes on V(B) the PST consistency condition

εμνμ1···μpν1···νp
(

Bμ1···μp Bν1···νp − Vμ1···μp Vν1···νp

)
vμ = 0.

(2.15)

It can be written in the equivalent form B[μ1···μp Bν1···νp ] −
V [μ1···μp Vν1···νp ] = 0, since the tensors B and V are orthogonal 
to the vector vμ . The PST condition (2.15) is thus the necessary 
and sufficient condition for a(x) to be a pure-gauge degree of free-
dom, which can be fixed to an arbitrary (non-singular) value. In 
other words, once the field a has been gauge fixed, the condition 
(2.15) ensures that the resulting theory is Lorentz invariant, de-
spite this invariance is no longer manifest. We will discuss a class 
of relevant solutions of the condition (2.15) in Section 3. The linear 
theory, for which V(B) = 1

2 B B , satisfies this condition trivially.
Equations of motion. From (2.10) we read off the equations of 

motion for � and a, respectively,

∂[μ1

(
vμ2hμ3···μp+2]

) = 0, (2.16)

ερσμ1···μpν1···νp ∂ρ

(
∂σ a

(∂a)2
hμ1···μp hν1···νp

)
= 0, (2.17)

where in the equation of motion for a we have used the PST con-
dition (2.15). By direct inspection, one sees that (2.17) is a conse-
quence of (2.16). This was to be expected, since a pure-gauge field 
cannot imply any dynamics. We are thus left with the �-equation 
of motion (2.16), whose general solution is v[μ1 hμ2···μp+1] =
∂[μ1a ∂μ2χμ3···μp+1] , for some tensor χ of rank p − 1. On the other 
hand, under the λ-transformation (2.12) the left hand side of this 
relation transforms by δ(v[μ1 hμ2···μp+1]) = −∂[μ1 a ∂μ2λμ3···μp+1] . 
This implies that, by choosing λ = χ , the equation of motion 
of the gauge field reduces to v[μ1 hμ2···μp+1] = 0 ↔ hμ1···μp = 0. 
Within this gauge fixing, in light of (2.13) the equation of motion 
for � corresponds thus to the envisaged first-order generalized 
self-duality relation, see (2.11),

Eμ1···μp = Vμ1···μp (B). (2.18)

Due to the normalization of the minimal-interaction term in the 
action (2.8), according to a classical argument [34], see [35] for 
a detailed derivation, a change of the Dirac-p-branes (2.2) results 
in a change of the action by I[�, a] → I[�, a] + 1

2

∑
r,s Nrs eres , 

where the Nrs are integers. This implies that the charges of the 
(p − 1)-branes must satisfy the quantization conditions

eres = 4πnrs, nrs ∈ Z. (2.19)

3. Exact self-interactions in low dimensions

D=2. In a two-dimensional space-time we have p = 0, and a chi-
ral p-form is a self-dual scalar field (or chiral boson) �(x), whose 
field strength is the vector Hμ = ∂μ�. Correspondingly, the electric 
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and magnetic fields are also scalars, E = vμ∂μ�, B = vμεμν∂ν�. 
This case is in some sense special, as the λ-symmetry (2.12) as-
sumes a slightly different form. To derive it, we apply a gauge 
transformation to rewrite it as δ�μ1···μp = −a ∂[μ1λμ2···μp ] . Lo-
cally, in the language of differential forms, this transformation can 
be rephrased by saying that the variation of the p-form � must 
be a multiplied by a closed p-form. For a zero-form �, this im-
plies that the λ-transformation takes the form δ�(x) = −λa(x), 
where λ is a constant. This time, the equation of motion (2.16)
reads ∂[μ(vν]h) = 0, with general solution vνh = χ∂νa, for some 
constant χ . Under a λ-symmetry we have δ(vνh) = −λ∂νa, so 
that by choosing λ = χ the generalized self-duality condition 
h = E − V = E − dV(B)/dB can again be made to vanish. How-
ever, the PST condition (2.15) in D = 2 reads εμν(B B − V V )vμ =
0 ⇔ B = dV(B)/dB , which has as unique solution the linear the-
ory V(B) = 1

2 B B , first analyzed in [1]. Therefore, there exists no 
Lorentz-invariant self-interacting theory for a chiral boson in two 
dimensions.

D=6. The general self-interactions for a chiral two-form �μν in 
a six-dimensional space-time have first been analyzed in [4]. In 
this case, there exist two independent Lorentz-invariants that can 
be formed with the magnetic fields Bμν . A convenient choice is

Q 1 = 1

2
B B,

Q 2 = 1

16

(
4trB4 − (B B)2

)
= 1

16

(
W μWμ + (B B)2

)
. (3.1)

In the last expression we have introduced the vector

W μ = −1

2
εμνμ1μ2ν1ν2 Bμ1μ2 Bν1ν2 vν, (3.2)

which appears also in the PST condition (2.15). It entails the iden-
tities, specific for D = 6,

W μWμ = 4trB4 − 2(B B)2, Bμν Wμ = 0. (3.3)

Denoting the derivatives of the potential V(Q 1, Q 2) by V i =
∂V(Q 1, Q 2)/∂ Q i , the PST condition (2.15) translates into

1

2
εμνμ1μ2ν1ν2

(
Bμ1μ2 Bν1ν2 − Vμ1μ2 Vν1ν2

)
vμ

= (
1 − V 2

1 + Q 2 V 2
2

)
W ν . (3.4)

In this derivation, the second identity in (3.3) is crucial to elim-
inate from the l.h.s. of (3.4) a term which is not proportional to 
W ν . Lorentz invariance thus constrains the potential to satisfy the 
differential equation, first derived in [4] with a different choice of 
variables,

V 2
1 − Q 2 V 2

2 = 1. (3.5)

This equation allows for an infinite set of solutions for V(Q ), see 
e.g. [4]. Particular examples are the free potential V0(Q ) = Q 1, and 
the Born-Infeld-like Lagrangian

VBI(Q ) = 2

γ

√(
1 + γ

2
Q 1

)2 − γ 2 Q 2

= 2

γ

√
det

(
δμ

ν + √
γ Bμ

ν

)
. (3.6)

Up to terms of the eighth power in B , the general solution of equa-
tion (3.5) has the universal expression

V(Q ) = Q 1 − γ Q 2 + 1

2
γ 2 Q 1 Q 2 + O (B8). (3.7)

In particular, the invariant Q 2 in (3.1) represents the unique quar-
tic interaction in D = 6.
4. Quartic self-interactions in arbitrary dimensions

For dimensions D = 2p + 2 ≥ 10, a closed analytic way of writ-
ing the PST condition, analogous to (3.4), is no longer available. 
The invariants Q 1 and W μWμ in equations (3.1) and (3.3), re-
spectively, can still be defined, where now

W μ = − 1

p! εμνμ1···μpν1...νp Bμ1···μp Bν1···νp vν . (4.1)

However, since for p ≥ 4 we have Bμ1···μp Wμp 
= 0, now the PST 
condition (2.15) develops also terms which are not proportional to 
W ν , unlike what happens for D = 6 in equation (3.4).

This means that, to derive solutions of the PST condition, we 
must resort to more general invariants of the fields B , in particular 
to a more general class of quartic invariants. We list some of them 
– the simplest ones – which will become relevant in the following:

U1 = (B B)2, (4.2)

U2 = (BμBν)(BμBν), (4.3)

U3 = (Bμν Bρσ )(Bμν Bρσ ), (4.4)

U4 = (Bμν Bρσ )(Bμρ Bνσ ). (4.5)

A further quartic invariant is given by the square of the vector (4.1)

W μWμ = − (2p)!
(p!)2

B[μ1···μp Bν1···νp]Bμ1···μp Bν1···νp . (4.6)

In (4.2)-(4.5) our convention is that the unwritten indices are con-
tracted,

(Bμν Bρσ ) = Bμνν1···νp−2 Bρσ
ν1···νp−2 , etc. (4.7)

Due to the growing complexity of the tensorial analysis in higher 
dimensions, we focus our attention to the quartic interactions. For 
this purpose, we expand the potential V(B) in a power series in B
with the free part as the lowest order contribution

V(B) = 1

2
B B + U(B) + O (B6), (4.8)

where U(B) collects all quartic contributions (see Footnote 1 in 
Section 2). Plugging this expansion into the PST condition (2.15), 
we find that U(B) must satisfy the differential equation

εμνμ1···μpν1···νp Bμ1···μp

∂ U(B)

∂ Bν1···νp
vμ = 0. (4.9)

This equation can be recast as an invariance condition for the po-
tential U(B) if we introduce a formal transformation parameter 
�μ:

δU(B) = 0, δBμ1···μp = 1

p! �ν ενμμ1···μpν1···νp Bν1···νp vμ.

(4.10)

The search for solutions of the equation δU(B) = 0 can be fur-
ther simplified by choosing a Lorentz frame where vμ = δμ0. 
Then the magnetic field has only the spatial components Bm1 ···mp , 
m = (1, · · · , D − 1), and we can introduce its (D − 1)-dimensional 
Hodge dual together with its inverse (henceforth, we will raise and 
lower the indices with the Euclidean metric δmn)

B̃m1···mp+1 = 1

p! εm1···mp+1n1···np Bn1···np ,

Bn1···np = 1
εn1···npm1···mp+1 B̃m1···mp+1 .
(p + 1)!
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In this frame, the transformation law (4.10) becomes

δBm1···mp = �k B̃km1···mp ,

δ B̃m1···mp+1 = (p + 1)�[m1 Bm2···mp+1], (4.11)

and the vector (4.1) has only the spatial components, see the no-
tation (4.7),

W m = (B̃m B). (4.12)

Canonical quartic invariants. We now proceed to the construction 
of a canonical quartic invariant Uc(B), satisfying the PST condition 
δUc(B) = 0. We call it canonical because it is present for all dimen-
sions D ≥ 6. In particular, in D = 6 and D = 10 this invariant will 
turn out to be the unique quartic interaction. We begin by comput-
ing the variations of the invariants (4.2), (4.3) and (4.6) under the 
transformation (4.11) (in the frame where vμ = δμ0)

δU1 = 4�m(B B)W m (4.13)

δU2 = 2

p
�m(

(B B)W m − (Bm Bn)W n), (4.14)

δ
(
W μWμ

) = 4�m( − (B B)W m + p(Bm Bn)W n). (4.15)

The variation (4.13) follows from (4.11) and (4.12). The variation 
(4.14) relies on the identity

(Bm B̃kn) = 1

2p

(
δmn W k − δmk W n

)
,

while the variation (4.15) is straightforward. What makes the in-
variants U1, U2 and W μWμ special is that their variation involves 
always the vector W m (4.12), or W μ (4.1). From the above vari-
ations we see that the invariant which satisfies the PST condition 
δUc(B) = 0 in any dimension is given by the combination

Uc(B) = (p − 1)U1 − 2p2 U2 − W μWμ. (4.16)

Notice that, unlike the six-dimensional universal quartic invariant 
Q 2 in (3.1), for D ≥ 10 Lorentz invariance requires in Uc(B) the 
presence of the invariant U2, in addition to (B B)2 and W μWμ . 
The dimension D = 6 is special, because there we have the iden-
tity (Bm Bn)W n = 0 and, in addition, the invariant (4.6) is linearly 
dependent, W μWμ = 4 U2 −2 U1, see the relations (3.3). Neverthe-
less, also in this case the polynomial (4.16) reduces to the correct 
unique quartic invariant: Uc(B) = 3U1 − 12U2 = −48Q 2. The di-
mension D = 2 is even more special – equation (4.14) must be 
replaced with δU2 = 4�m(B B)W m – but formula (4.16) still gives 
the expected result Uc(B) = 0.

Uniqueness in D = 10. For a generic space-time dimension D =
4p + 2, the canonical quartic invariant Uc(B) is a rather compli-
cated expression as the square W μWμ becomes the sum of a 
variety of quartic invariants. Moreover, for a generic D ≥ 10 a pri-
ori there is no reason to expect this quartic invariant to be unique. 
In both these respects, the dimension D = 10 is special in that i)
Uc(B) has a simple form, and ii) it is the unique quartic invariant 
solving the PST condition δU(B) = 0. To see it, we write out the 
contractions appearing in (4.6), for the case p = 4, in terms of the 
polynomials (4.2)-(4.5)

W μWμ = −2U1 + 32U2 − 36U3. (4.17)

The polynomial (4.16) then becomes

Uc(B) = 5U1 − 64U2 + 36U3. (4.18)

The basic point is that the linearly independent quartic contrac-
tions of an antysimmetric four-tensor Bm1m2m3m4 are given by the 
four invariants (4.2)-(4.5), but until now we did not consider U4. 
To make a preliminary analysis, we assume that Bm1m2m3m4 has 
no components, say, along the ninth spatial direction, m = 9. In 
this case, the equation δU(B) = 0 becomes an eight-dimensional 
equation, where now δBm1m2m3m4 = �9 B̃m1m2m3m4 is (proportional 
to) the eight-dimensional Hodge dual of the field. For this sim-
pler configuration, the condition δU(B) = 0 is algebraically iden-
tical to the condition for a four-form field-strength F μνρσ in an 
eight-dimensional space-time to allow for a duality-invariant quar-
tic interaction à la Gaillard-Zumino-Gibbons-Rasheed (GZGR), see 
[31]. Also for this last case, there are a priori four possible quar-
tic polynomials, given precisely by (4.2)-(4.5) with the replace-
ment Bm1m2m3m4 → F μνρσ . But for that case in [31] it has been 
shown that U4(F ), or any of its combinations with U1(F ), U2(F )

and U3(F ), cannot satisfy the condition δU(F ) = 0. This implies, 
a fortiori, that a combination involving U4(B) cannot satisfy the 
(more stringent) PST condition (4.10). It follows that the polyno-
mial (4.18) is the unique possible quartic interaction for a chiral 
four-form in a ten-dimensional space-time.

5. Dimensional reduction on a torus

From a kinematical point of view, via a dimensional reduction 
on a torus of equal periods, a theory of chiral p-forms in 2p + 2
dimensions goes over to an S O (2)-duality invariant theory of a 
pair of Maxwell-like (p − 1)-form potentials AI

μ1···μp−1
in D = 2p

dimensions (I = 1, 2). The latter type of theories, in all examples 
that have been explicitly worked out for D = 4 in the literature, 
see for instance [31,36–39], turn out to be equivalent, in turn, to 
a duality-invariant theory formulated à la GZGR [32,33] in terms 
of a single potential Aμ1···μp−1 . Recently, we have provided the 
first, canonical and non-canonical, quartic interactions for a dual-
ity invariant pair of three-form potentials AI

μ1μ2μ3
in D = 8, and 

we have proven their equivalence with a corresponding new class 
of quartic interactions in the GZGR formulation [31]. In this sec-
tion, we will establish the relation between the “chiral” quartic 
interaction (4.18) in D = 10 and these S O (2)-duality-invariant in-
teractions in D = 8.

Before proceeding, we briefly recall the general construction of 
a manifestly S O (2)-invariant theory of a pair of self-interacting 
(p − 1)-form potentials AI in D = 2p [31], based again on the PST 
method. We introduce the pair of field strengths

F I
μ1···μp

= p ∂[μ1 AI
μ2···μp] + �I

μ1···μp
, (5.1)

and the corresponding pairs of electric and magnetic fields
E I
μ1···μp−1

= F I
μ1···μp

vμp and B I
μ1···μp−1

= F̃ I
μ1···μp

vμp . The action 
then takes the form

S[A,a] = 1

(p − 1)!
∫ (

1

2
ε I J

(
E IB J + AI J J

)
+N (B)

)
d2px,

(5.2)

where the unwritten indices are contracted, as in the action (2.8), 
and the Hamiltonian N (B) is a Lorentz and S O (2)-invariant func-
tion of only the magnetic tensors B I

μ1···μp
. If the potentials AI are 

coupled to a set of dyonic (p − 2)-branes with electric and mag-
netic charges {e1

r , e2
r }, the current-doublet in (5.2) has the expres-

sion J I
μ1···μp−1

= ∑
r eI

r J r
μ1···μp−1

= ∑
r eI

r ∂μ�̃r
μμ1···μp−1

, see (2.2), 
and then the doublet representing the sources in (5.1) is given by 
�I

μ1···μp
= ∑

r eI
r �r

μ1···μp
. Again, a standard argument [34] shows 

that under a change of the δ-functions �r
μ1 ···μp

, i.e. a change of 
the Dirac-(p − 1)-branes, the action (5.2) changes by an integer 
multiple of 2π , if the charges satisfy Schwinger’s quantization con-
ditions
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(
e2

r e1
s − e1

r e2
s

)
= 4πnrs, nrs ∈ Z. (5.3)

This time, the invariance of the action S[A, a] under the PST sym-
metries requires N (B) to satisfy the differential equation

εμνμ1···μp−1ν1···νp−1 ε I J

×
(
B I

μ1···μp−1
B J

ν1···νp−1 − N I
μ1···μp−1

N J
ν1···νp−1

)
vμ = 0, (5.4)

where N I
μ1···μp−1

(B) = ∂N (B)/∂B Iμ1···μp−1 . The gauge-fixed equa-
tion of motion, which expresses the electric fields in terms of the 
magnetic ones, is given by E I

μ1···μp−1
= −ε I J N J

μ1···μp−1 (B), to be 
compared with the generalized self-duality equation (2.18). Key 
point of the approach is again the solution of the PST condition 
(5.4), which ensures the decoupling of a(x), i.e. Lorentz invariance. 
If we expand the Hamiltonian in a power series in B, with the free 
part as the lowest contribution,

N (B) = 1

2
B IB I +M(B) + O (B6), (5.5)

as in (4.8), then in [31] it has been shown that for D = 8 the most 
general S O (2)-invariant quartic interaction M(B) for the magnetic 
field B I

μ1μ2μ3
– solution of the PST condition (5.4) – is a linear 

combination of two independent polynomials

M(B) = c1 S1(B) + c2 S2(B), (5.6)

given by, see the notation (4.7),

S1(B) =
(
B IB J

)(
B IB J

)
− 1

2

(
B IB I

)2
, (5.7)

S2(B) =
(
B IB I

)2 − 12
(
B IμB Iν

)(
B J

μB J
ν

)
+ 6

(
B IμB Jν

)(
B I

μB J
ν

)
. (5.8)

5.1. From chiral p-forms to duality-invariant (p − 1)-forms.

We now move to the reduction of the action (2.8) for a chiral 
p-form on a torus. To preserve S O (2)-invariance, we take the two 
handles of the torus to have the same length L = 1. Henceforth, 
we denote the (2p + 2)-dimensional indices with a bar, μ̄ = (μ, I), 
where μ = (0, · · · , 2p − 1), and I = (2p, 2p + 1) denotes the two 
space-like compact directions. The coordinates xI vary thus be-
tween 0 and 1. We consider as the only non-vanishing components 
of the potential �μ̄1···μ̄p (x̄) the mixed components �Iμ1···μp−1 (x), 
that we take to depend only on the non-compact directions xμ . 
These components identify directly the pair of (p − 1)-form po-
tentials in D = 2p as AI

μ1···μp−1
= −�Iμ1···μp−1 . The unique non-

vanishing components of the field strength (5.1) are then given by2

H Iμ1···μp = −p ∂[μ1�Iμ2···μp] + �Iμ1···μp ≡ F I
μ1···μp

, (5.9)

which are thus identified with the 2p-dimensional field strengths 
(5.1). Correspondingly, the electric and magnetic fields (2.4) of the 
(2p + 2)-dimensional field strength H reduce to the electric and 
magnetic components of the field strengths F I

E Iμ1···μp−1 = E I
μ1···μp−1

, B Iμ1···μp−1 = ε I JB Jμ1···μp−1 . (5.10)

In this way, the first term of the action (2.8) becomes

E B = p ε I JE IB J . (5.11)

2 The reduction of the Dirac-brane δ-functions �μ1···μp+1 can be implemented as 
exemplified in reference [34].
The (2p + 2)-dimensional action (2.8) then indeed reduces to a 
2p-dimensional action of the form (5.2)

I[�,a] → S[A,a], (5.12)

where the Hamiltionian appearing in the latter is given by

N (B) = − 1

p
V

(
εB

)
. (5.13)

For the reduction of the minimal-interaction term, see the end 
of the section. As V(B) is Lorentz invariant in 2p + 2 dimen-
sions, N (B) is Lorentz invariant in 2p dimensions as well as 
S O (2)-duality-invariant. Moreover, with the reductions (5.10), the 
PST condition (2.15) for V

(
B) goes over precisely to the PST con-

dition (5.4) for the Hamiltonian N (B) (5.13): in other words, the 
decoupling of a(x̄) in 2p + 2 dimensions implies the decoupling of 
a(x) in 2p dimensions.

Comparing equations (4.8), (5.5) and (5.13), we see that the 
quartic deformation of the 2p-dimensional theory is given in terms 
of the quartic deformation of the (2p + 2)-dimensional theory by

M(B) = − 1

p
U

(
εB

)
. (5.14)

The correspondence between the PST conditions in D = 2p + 2
and D = 2p then implies that the canonical quartic interaction 
Uc(B) (4.18) for chiral four-forms in D = 10, once reduced from 
D = 10 to D = 8 according to (5.10), satisfies automatically the 
PST condition (5.4) for duality-invariant (p − 1)-forms. As the gen-
eral solution of the latter is given by the combination (5.6), the 
reduced quartic interaction Uc

(
εB

)
must necessarily be a com-

bination of this type. We can make an explicit check of this 
general property, by replacing in (4.18) the field Bμ̄1μ̄2μ̄3μ̄4 with 
B Iμ1μ2μ3 = ε I JB Jμ1μ2μ3 . An explicit calculation yields indeed the 
expected result

Mc(B) = −1

4
Uc

(
εB

) = 16 S1(B) − 12 S2(B), (5.15)

i.e. c1 = 16 and c2 = −12.
We can make a further step forward by recalling that, as 

shown in [31], the manifestly duality invariant quartic interaction 
(5.6) can be mapped in a manifestly Lorentz invariant GZGR-
type Lagrangian L(F ) of a single field strength Fμ1μ2μ3μ4 =
4∂[μ1 Aμ2μ3μ4] + �μ1μ2μ3μ4 in D = 8, for which duality is only a 
symmetry of the equations of motion. The Lagrangian correspond-
ing to (5.6) turned out to be given by L(F ) = − 1

2·4! F F + K(F ), 
where

K(F ) = 1

(4!)2 (3c1 + 2c2) R1(F ) − c2

9
R2(F ), (5.16)

and R1(F ) and R2(F ) are the duality-invariant quartic polynomials

R1(F ) = (
F F̃

)2 + (
F F

)2
, (5.17)

R2(F ) = (
F μF ν

)(
FμFν

) − 1

8

(
F F

)2
. (5.18)

Writing out the Hodge dual in (5.17), with the above values of c1

and c2 the quartic interaction (5.16) becomes

K(F ) = − 5

24

(
F F

)2 + 8

3

(
F μF ν

)(
FμFν

)− 3

2

(
F μν F ρσ

)(
Fμν Fρσ

)
.

(5.19)

In conclusion, the Lorentz invariant quartic interaction (4.18) of a 
chiral four-form �μ1μ2μ3μ4 in D = 10 – via a dimensional reduc-
tion on a torus, followed by an inverse Legendre transformation 
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leading from the PST to the GZGR formulation – gives rise to the 
particular duality-invariant quartic interaction (5.19) for an abelian 
three-form potential Aμ1μ2μ3 in D = 8. Finally, by direct inspec-
tion of formulas (4.2)-(4.4), (4.18) and (5.19), we notice the, in a 
sense intriguing, formal coincidence

K(F ) = − 1

4! Uc(F ). (5.20)

Until now we do not have any explanation for this remarkably sim-
ple relation between the quartic interactions of chiral four-forms 
in D = 10 and duality invariant three-forms in D = 8, nor do we 
know if it should be expected to hold in general for the reduction 
from D = 2p + 2 to D = 2p.

Reduction of the charged sources. For a consistent reduction of the 
charged sources the two compact coordinates of each (p −1)-brane 
must wrap a certain number of times the torus. We write the 
coordinates of the r-th brane as xμ̄

r (σ , λ), where the parame-
ters σ = (σ1, · · · , σp−1) describe the world-volume of the reduced 
(dyonic) (p − 2)-brane, and λ ∈ [0, 2π ] is a compact parame-
ter. We choose the 2p-dimensional coordinates to be independent 
of λ, xμ

r (σ , λ) = xμ
r (σ ), while the compact ones xI

r(σ , λ) must 
satisfy the wrapping conditions 

∫ 2π
0

∂xI
r (σ ,λ)

∂λ
dλ = N I

r , where the 
N I

r are integer winding numbers. Then the minimal-interaction 
term of the action (2.8) can be seen to reduce to 

∫
� J d2p+2x =

p 
∫

ε I J A I J J d2p x, where the 2p-dimensional currents J I = ∑
r eI

r Jr

carry the dyon charges eI
r = ε I J N J

r er , earned from the windings. In 
this way, the action (2.8) reduces thus as in (5.12). As last con-
sistency check we observe that, if the charges er of the chiral 
(p − 1)-branes satisfy the quantization conditions (2.19), then the 
charges eI

r = ε I J N J
r er of the dyonic (p − 2)-branes automatically 

satisfy Schwinger’s quantization conditions (5.3).

6. Outlook

We have established the general condition (2.15) for the poten-
tial V(B) of a self-interacting chiral p-form to represent a Lorentz 
invariant dynamics. In low dimensions, it reproduces the known 
theories, and for a generic dimension D ≥ 10 we have estab-
lished the canonical Lorentz invariant quartic interaction Uc(B), 
see (4.16). In D = 10, a double dimensional reduction of the latter 
gives rise to a specific S O (2)-duality invariant quartic interaction 
for a pair of three-form potentials in D = 8, which agrees with 
a previous, independent, construction of these interactions. In the 
GZGR formulation, this interaction corresponds, unexpectedly, to 
the same formal quartic polynomial of the chiral four-form from 
which it originates, formula (5.20).

There are several issues left open. The first regards the ques-
tion of higher-order interactions, say polynomials S(B) of the 
sixth power in the fields, which deform the potential (4.8) into 
V(B) = 1

2 B B + U(B) + S(B) + O (B8). Supposing that the quartic 
interactions obey δU(B) = 0, the PST condition (2.15) becomes a 
differential equation for the sixth-order interactions S(B)

δS(B) = 1

2p! �ν εμνμ1···μpν1···νp
∂ U(B)

∂ Bμ1···μp

∂ U(B)

∂ Bν1···νp
vμ. (6.1)

This means that each quartic polynomial U(B) requires necessar-
ily the presence of a non-vanishing sixth-order polynomial S0(B), 
satisfying equation (6.1), to which one must add the most general 
solution of the homogeneous equation δShom(B) = 0, which may 
entail additional sixth-order polynomials.

One of the most interesting self-dual fields is the chiral four-
form �μνρσ of type IIB superstring theory. For dimensional rea-
sons, its low energy effective action, as an expansion in the string 
slope α′ , schematically gives rise to a potential, now depend-
ing also on a set of external fields ϕ = (R, F , · · · ), of the kind 
V(B, ϕ) = 1

2 B B + α′B4 + α′ 2(∂ B)2 B2 + α′ 3
(
(∂ B)4 + B4(∂ B)2 +

B4 R2 + B4F4 + · · · ), where R is the Riemann tensor and F rep-
resents the doublet of the three-form field strengths of type IIB 
supergravity3. The dots stand for additional terms with the correct 
dimensions, involving also the scalars of the theory. In these ef-
fective interactions, the self-duality of the five-form field strength 
H = d� + � (2.1) is usually imposed on the equations of motion 
[40], or enforced by replacing in the effective action H with its 
self-dual part, H → 1

2 (H + H̃) [41], thus renouncing to the control 
of Lorentz invariance. According to the explicit form of the low en-
ergy effective action, as far as known, see for instance [40–44], 
actually there are no order-α′ and order-α′ 2 corrections up to 
one loop order in string theory, and they are conjectured to be 
absent at all orders. Conversely, would there be higher loop correc-
tions of order α′ involving the chiral four-form, then our analysis 
shows that they must necessarily be proportional to the polyno-
mial Uc(B) (4.18). On the other hand, the polynomial Uc(B) must 
appear also in the order-α′ 3 corrections above, whenever the in-
dices of the fields Bμ1μ2μ3μ4 are all contracted among four of 
them, i.e. if in V(B, ϕ) an interaction appears in the factorized 
form U f (B, ϕ) = α′ 3(B4) f (ϕ), where f (ϕ) is a scalar function of 
the other fields. In fact, in this case the condition (4.10), applied 
to U f (B, ϕ), forces the prefactor (B4) again to be proportional to 
Uc(B).

More generally, the above expansion of the potential V(B, ϕ), 
apart from involving the external fields, exhibits the new fea-
ture that B appears now also via its derivatives. However, it is 
not difficult to see that for this more general case the Lorentz-
invariance condition (2.15) keeps the same form: it suffices to re-
place the derivatives Vμ1···μp (B) (2.11) with the functional deriva-
tives Vμ1···μp (B, ϕ) = δ

∫
V(B,ϕ)d10x/δBμ1···μp . Concrete applica-

tions of our method to the effective action of type IIB superstring 
theory requires, first of all, to develop a systematic technique to 
impose the condition (2.15) on the potential V(B, ϕ), a challenge 
for future work.

Another issue left for future investigation is to write the equa-
tion of motion (2.18), following from the action (2.8), explicitly in 
a manifestly covariant form. In fact, using the decomposition (2.5), 
separating the free and interaction parts one can always rewrite 
equation (2.18) in the form H − H̃ = f int(H, a), an equation be-
tween anti-self-dual tensors of rank p + 1, see Footnote 1 of Sec-
tion 2. However, the r.h.s. of the latter cannot depend on a, because 
with the gauge-fixing leading to (2.18), the PST symmetries (2.12)
reduce to δa = ϕ , δ� = 0, giving δH = 0, see (2.13). We thus ob-
tain the manifestly invariant form H − H̃ = f int(H). An interesting 
issue would be to determine the (cubic) tensor f int(H) associated 
with the canonical quartic interaction Uc(B) (4.16).

A further interesting question regards the extension of Sen’s 
approach for chiral p-forms [16,17], and of the “extended” PST 
approach developed recently by Mkrtchyan [30], to include self-
interactions of the field. So far, these covariant approaches, which 
both require the introduction of an additional auxiliary (chiral) 
p-form, contemplate only actions involving at most quadratic 
terms of the field strength H .

3 In its original form V(H, ϕ), this effective action is usually reconstructed from 
on-shell superstring amplitudes, or deduced via on-shell supersymmetry arguments, 
both approaches where H is intrinsically self-dual, E = B , see equations (2.4), (2.5). 
The potential V(B, ϕ) is then derived from V(H, ϕ) by replacing again E with B , 
eliminating thus the ambiguities which are intrinsic to V(H, ϕ).
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