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A subset S of a group G invariably generates G if, when each element of S is replaced 
by an arbitrary conjugate, the resulting set generates G. An invariable generating 
set X of G is called minimal if no proper subset of X invariably generates G. We will 
address several questions related to the behaviour of minimal invariable generating 
sets of a finite group.
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1. Introduction

The research around invariable generation of groups followed initially two lines. The first was related 
to the probabilistic invariable generation of finite symmetric groups; the second was concerned with the 
study of fixed points in group actions. The first began with Dixon in [10], where the following definition was 
given. For a finite group G and a subset {g1, . . . , gd} of G, we say that {g1, . . . , gd} invariably generates G if 
{gx1

1 , . . . , gxd

d } generates G for every choice of xi ∈ G. The questions raised in [10] received some attention: 
see [32], [33], [11], [3].

The bridge between invariable generation and permutation groups follows easily from the definition. 
Indeed, saying that X invariably generates G amounts to saying that, for every transitive action of G on a 
finite set with more than one element Ω, there exists some element of X acting without fixed points on Ω. 
For results in this direction, see for instance [40], [12], [35].

While these two lines of research have studied invariable generation mainly for particular classes of 
groups, it was in [24] and [25] that a systematic approach to the subject was proposed. In [24] (and in [19]
independently) it was shown, among other things, that finite simple groups are invariably generated by 
two elements. In [25] it was considered the problem of invariably generating infinite groups (with analogue 
definition). One interesting feature here is that there exist infinite groups that are not invariably generated 
by any of their subsets. These two papers inspired some research, such as [9], [31], [16], [17].
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In this paper we study various questions related to minimal invariable generating sets of finite groups. 
A (classical) generating set X of G is called minimal if no proper subset of X generates G. We denote 
by d(G) and m(G), respectively, the smallest and the largest cardinality of a minimal generating set of 
G. Analogously, an invariable generating set X of G is called minimal if no proper subset of X invariably 
generates G. We use the notations dI(G) and mI(G) for the smallest and the largest cardinality of a minimal 
invariable generating set of G. We also write 〈X〉I = G to denote that X invariably generates G.

It is interesting to compare, in various directions, generation and invariable generation. This is partly 
the purpose of the present paper. For this reason, before explaining in some detail the content of the paper 
we would like to spend some words about this comparison.

There is a well developed theory of generation of finite groups. On the one side of the story there are 
soluble groups. Gaschütz [14] gave a formula to compute the minimal number of generators of a finite soluble 
group in terms of certain ‘local’ and ‘global’ parameters associated to a chief series of the group. On the 
other side of the story there are nonabelian simple groups. It follows from the Classification of Finite Simple 
Groups that simple groups are generated by two elements. Various strengthenings of this statement have 
been studied over the last three decades. In a sense, it is possible to combine the two stories in order to 
obtain a theory of generation for all finite groups. This can be done using ‘crowns’ (see [7]). The concept of 
crown was introduced by Gaschütz in [13] for finite soluble groups. Later this notion has been generalised 
to all finite groups (see for example [23] and [27]). In his paper, Gaschütz analyses the structure of the chief 
factors of a soluble group G as G-modules. Associated with an irreducible G-module A, there exists a section 
of the group, called the A-crown, which, viewed as a G-module, is completely reducible and homogeneous 
with composition length equal to the number of complemented chief factors G-isomorphic to A in any chief 
series of G.

On the contrary, we believe that the theory of invariable generation of finite groups is still poor. There 
is some systematic way to work for soluble groups, again via the theory of crowns (see Section 2), but 
outside the soluble world the available methods are unsatisfactory. The reason for this is that the concept 
of invariable generation is a subtle one.

For instance, an obvious feature of generation is the following: if x and y generate G, then x and xy also 
generate G, because we may obtain y as x−1(xy). This apparently innocent property lurks behind more or 
less all results related to generation. Think for instance to the proof of the crucial result known as Gaschütz 
Lemma [15], or to the definition of the Product Replacement Algorithm [6]. The latter should remind us 
how this innocent property allows to create new generating tuples from old ones. The possibility to create 
new generating tuples is usually important in proofs involving counting arguments.

It is very easy to find examples, even in Sym(3), showing that this innocent property fails for the 
invariable generation. This constitutes a serious obstacle for extending proofs from the classical to the 
invariable setting. Moreover, we are aware of no nontrivial way to produce new invariable generating tuples 
from old ones (except from conjugating the elements, but the tuples obtained in this way can hardly be 
considered as new ones).

All this said, and with this in mind, let us look closer at the content of the paper. Section 2 is devoted 
to introduce the background material, mainly about crowns in finite soluble groups.

Section 3 deals with the problem of estimating mI(G). We will do this for finite soluble groups, showing 
that mI(G) = m(G). This inequality is no more true in the general case. We will prove that the difference 
m(G) −mI(G) can be arbitrarily large: this statement is somewhat opposite to the known fact (proved in 
[24] and [9]) that dI(G) − d(G) can be arbitrarily large. In particular, we will show that m(G) −mI(G) can 
be arbitrarily large for the family of symmetric groups, using however the Classification of Finite Simple 
Groups. On the other hand, in Section 4 we will construct an example for which the Classification Theorem 
is not needed, and where we can really bound the two numbers m(G) and mI(G).

No example is known of a finite group G with mI(G) > m(G), so we leave open the question whether 
the inequality mI(G) ≤ m(G) is true for every finite group.
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It follows from a result in universal algebra, known as Tarski irredundant basis theorem, that for every 
positive integer k with d(G) ≤ k ≤ m(G), G contains a minimal generating set of cardinality k. In Section 6
we will try to apply Tarski’s argument to the invariable generation. This however will produce only a weak 
result, and the natural generalisation of Tarski’s theorem to the invariable setting remains an open problem. 
Nevertheless, we will prove that such generalisation holds in the soluble case.

A relevant role in the study of the generating properties of a finite group is played by the Frattini 
subgroup, since it coincides with the set of ‘non-generating’ elements. In Section 7 we will introduce the 
analogue of the Frattini subgroup from the point of view of the invariable generation. This will allow us to 
properly state the results of Section 8.

In Sections 8 and 9, extending definitions from [1] we will study the BI -groups, i.e. the finite groups 
for which dI(G) = mI(G), and the groups having the invariable basis property, i.e. the finite groups all of 
whose subgroups are BI-groups. While we will discuss in great details all the groups having the invariable 
basis property (in particular there are only four nonsoluble examples), we will only describe the structure 
of the soluble BI-groups. These have connections with ‘secretive’ p-groups, introduced in [26] with different 
purposes. On the other hand, the unsoluble BI-groups remain largely unexplored.

One last remark. The reader will have noted that most results of the present paper concern finite soluble 
groups. As we hinted above, our understanding of the invariable generation of this class of groups is better 
than in general. This depends on the fact that, with some luck, crowns allow to reduce to questions of vector 
spaces and linear algebra: the ideal environment for generation. However, the reader should be alerted that 
even for this class of groups the situation is not easy, and many apparently approachable questions still do 
not find an answer.

2. Preliminaries

We begin with an easy and well known lemma.

Lemma 2.1. Let G be a finite group, X be a subset of G and N be an abelian normal subgroup of G. Let 
π : G → G/N denote the natural projection.

(i) X invariably generates G if and only if X � ∪g∈GM
g for every maximal subgroup M of G.

(ii) If G is nilpotent, then X invariably generates G if and only if it generates G.
(iii) If π(X) invariably generates G/N , and Y ⊆ N generates N as a G-module, then X ∪ Y invariably 

generates G.

Proof. (i) follows immediately from the definition. (ii) follows from (i), since in a finite nilpotent group 
every maximal subgroup is normal. A proof of (iii) can be found for instance in [25, Lemma 2.10]. �

In the rest of this section we shall review the notion and the properties of crowns. As we recalled in the 
introduction, this notion can be given for arbitrary finite groups. In this paper, however, we will use crowns 
only for soluble groups. For more details, see for instance [2, Section 1.3].

Let G be a finite soluble group, and let VG be a set of representatives for the irreducible G-groups that are 
G-isomorphic to a complemented chief factor of G. For A ∈ VG let RG(A) be the smallest normal subgroup 
contained in CG(A) with the property that CG(A)/RG(A) is G-isomorphic to a direct product of copies of 
A and it has a complement in G/RG(A). The factor group CG(A)/RG(A) is called the A-crown of G, and 
it is the socle of G/RG(A). The positive integer δG(A) defined by CG(A)/RG(A) ∼=G AδG(A) is called the 
A-rank of G and it coincides with the number of complemented factors in any chief series of G that are 
G-isomorphic to A. Moreover CG(A)/RG(A) is complemented in G/RG(A), so that G/RG(A) ∼= AδG(A)�H

with H ∼= G/CG(A).
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Lemma 2.2. Let G be a finite soluble group with trivial Frattini subgroup. There exist A ∈ VG and a nontrivial 
normal subgroup U of G such that CG(A) = RG(A) × U . If G is nonabelian then A can be chosen with the 
extra property of being a nontrivial G-module.

Proof. By [2, Lemma 1.3.6], there exists A ∈ VG and a nontrivial normal subgroup U of G such that 
CG(A) = RG(A) × U . Assume that A is a trivial G-module. Then G = CG(A) = RG(A) × U . Write 
RG(A) = H, which is nontrivial if G is nonabelian. In this case there exist a crown CH(B)/RH(B) and a 
nontrivial normal subgroup W of H such that CH(B) = RH(B) ×W . We have CG(B) = CH(B) × U and 
RG(B) = RH(B) × U , so CG(B) = RG(B) ×W . This means that we may consider B in place of A. It is 
possible that also B is a trivial G-module. In that case G = CG(B) = RG(B) × W = RH(B) × U × W , 
and we can repeat the previous argument with H replaced by RH(B). Continuing in this way, we obtain a 
nontrivial irreducible G-module satisfying our statement, except in the case when G is abelian. �

The following lemma will be applied several times. It says that essentially we need to care only of what 
happens modulo U and modulo RG(A).

Lemma 2.3 ([31, Lemma 4 and Lemma 12]). Assume that G is a finite group with trivial Frattini subgroup and 
let C = CG(A), R = RG(A), U be as in the statement of Lemma 2.2. If K ≤ G is such that KU = KR = G, 
then K = G. In particular, for g1, . . . , gt ∈ G if 〈g1U, . . . , gtU〉I = G/U and 〈g1R, . . . , gtR〉I = G/R, then 
〈g1, . . . , gt〉I = G.

The following represents the main result for dealing with invariable generation of finite soluble groups.

Proposition 2.4 ([8, Proposition 8]). Let K be a finite soluble group and let A be a faithful nontrivial 
irreducible K-module. We may consider A as a vector space over the field F = EndK(A). Suppose that 
〈y1, . . . , yt〉I = K. Let δ be a positive integer and let w1, . . . , wt ∈ Aδ with wi = (w1,i, . . . , wδ,i). Consider 
the matrix W whose i-th column is wi:

W =

⎛⎝w1,1 · · · w1,t
...

...
wδ,1 · · · wδ,t

⎞⎠ .

Then y1w1, . . . , ytwt invariably generate Aδ � K if and only if the rows of W (seen as vectors of At) are 
linearly independent modulo B = {(u1, . . . , ut) ∈ At | ui ∈ [yi, A], i = 1, . . . , t}.

In particular, there exist elements w1, . . . , wt ∈ Aδ such that y1w1, . . . , ytwt invariably generate Aδ �K

if and only if

δ ≤ nt− dimB =
t∑

i=1
dimF CA(yi).

We restate this proposition in a slightly different form that will suit better our exposition.

Corollary 2.5. In the notation of the previous proposition, for 1 ≤ i ≤ t let Ai = [yi, A] and Bi = A/Ai. 
Again we consider A, Ai, Bi as vector spaces over the field F = EndK(A). The entries of the i-th column of 
W may be seen modulo Ai, that is, may be seen as elements of Bi. Let Z denote this new matrix:

Z =

⎛⎝w1,1 + A1 · · · w1,t + At

...
...

⎞⎠ =:

⎛⎝b1,1 · · · b1,t
...

...

⎞⎠ .
wδ,1 + A1 · · · wδ,t + At bδ,1 · · · bδ,t
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Then y1w1, . . . , ytwt invariably generate Aδ�K if and only if the rows of Z (seen as vectors of B1×· · ·×Bt) 
are linearly independent.

3. Estimating mI(G)

Proposition 3.1. Let G be a finite soluble group. There exists a minimal invariable generating set of cardi-
nality m = m(G).

Proof. We argue by induction on |G|. By [29, Theorem 2], m(G) coincides with the number of non-Frattini 
factors in a chief series of G. Since m(G) = m(G/ Frat(G)), we may assume Frat(G) = 1. Let N be a 
minimal normal subgroup of G and let H be a complement of N in G. By induction there exist m(G) − 1
elements h1, . . . , hm(G)−1 that form a minimal invariable generating set for H. If n is a nontrivial element 
of N , then by Lemma 2.1 {h1, . . . , hm(G)−1, n} is a minimal invariable generating set of G. �

This shows that, in the soluble case, m(G) � mI(G). The following proposition shows that the other 
inequality holds as well. Here we use all preliminaries on crowns introduced in Section 2.

Proposition 3.2. Let G be a finite soluble group and let m = m(G). If {x1, . . . , xt} is a minimal invariable 
generating set of G, then t ≤ m.

Proof. The statement is trivially true if G is nilpotent since, as observed in Lemma 2.1, in this case the notion 
of generation and invariable generation coincide. So we may assume that G is soluble but not nilpotent. 
We prove our statement by induction on |G|. We may assume FratG = 1. Choose a nontrivial G-module 
A ∈ VG such that R = RG(A), U, C = CG(A) satisfy the property described in Lemma 2.2.

There exists a positive integer δ such that U ∼=G Aδ. By [29, Theorem 2], m = m(G) coincides with the 
number of non-Frattini factors in a chief series of G, hence m = m(G/U) + δ. Up to reordering the indices, 
we may assume that there exists s ≤ t such that x1, . . . , xs is a minimal invariable generating set of G
modulo U . By induction s ≤ m(G/U) = m − δ.

We work now in G = G/R and, for every g ∈ G, we set g = gR. We have C/R = UR/R ∼= U ∼= Aδ and 
G/R ∼= C/R �H/R where K := H/R acts in the same say on each of the δ factors of C/R ∼= Aδ and this 
action is faithful and irreducible. We may identify G with the semidirect product Aδ �K and we can write 
x̄i = wiyi with wi ∈ U = Aδ and yi ∈ K. Since 〈x1U, . . . , xsU〉I = G/U and K ∼= G/C is an epimorphic 
image of G/U , we deduce that 〈y1, . . . , ys〉I = K.

We want to apply Proposition 2.4 and Corollary 2.5, and we employ the notations used there. Moreover, 
for 1 ≤ k ≤ t we denote by Zrem(k) the matrix obtained by Z removing the k-th column:

Zrem(k) =

⎛⎝b1,1 · · · b1,k−1 b1,k+1 · · · b1,t
...

...
...

...
bδ,1 · · · bδ,k−1 bδ,k+1 · · · bδ,t

⎞⎠ =:

⎛⎝ρ1,k
...

ρδ,k

⎞⎠
(here the ρi,k are row vectors; same below with the σi,k), and with Zkee(k) the matrix obtained by Z keeping 
only the first k columns:

Zkee(k) =

⎛⎝b1,1 · · · b1,k
...

...
bδ,1 · · · bδ,k

⎞⎠ =:

⎛⎝σ1,k
...

σδ,k

⎞⎠ .

Since 〈w1y1, . . . , wtyt〉I = G ∼= Aδ � K, we have that the rows of Z are linearly independent. 
On the other hand, since {x1, . . . , xt} is a minimal invariable generating set of G, if s < k ≤ t
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then 〈x1, . . . , xs, xs+1, . . . , xk−1, xk+1, . . . , xt〉I 
= G. Therefore, by Lemma 2.3 〈x̄1, . . . , ̄xs, ̄xs+1, . . . , ̄xj−1,

x̄j+1, . . . , ̄xt〉I 
= Ḡ, and consequently the rows of Zrem(k) are linearly dependent.
We claim that, for every s ≤ k < t, adding to Zkee(k) the (k + 1)-th column increases dimension of the 

row space, that is,

dimF 〈σ1,k, . . . , σδ,k〉 < dimF 〈σ1,k+1, . . . , σδ,k+1〉. (3.1)

Indeed, if the dimension stays the same then the (k + 1)-th column is useless, i.e., dimF 〈σ1,t, . . . , σδ,t〉 =
dimF 〈ρ1,k+1 . . . , ρδ,k+1〉. But the left-hand side is equal to δ, while the right-hand side is strictly smaller 
than δ: contradiction. Hence the claim is proved.

Since dimF 〈σ1,t, . . . , σδ,t〉 = δ we deduce from (3.1) that t − s ≤ δ, from which t ≤ s + δ ≤ (m − δ) + δ =
m. �

Combining the previous two propositions we deduce the following result.

Theorem 3.3. If G is a finite soluble group, then m(G) = mI(G).

It is easy to find examples of (nonsoluble) groups for which Proposition 3.1 fails, namely, examples of 
groups G for which mI(G) < m(G). For instance, m(Alt(5)) = 3 while mI(Alt(5)) = 2 (this is because 
any invariable generating set of Alt(5) must contain an element of order 5 and an element of order 3). On 
the other hand, we do not have examples of groups for which m(G) < mI(G), and we raise the following 
question:

Question 1. For a finite group G, is it true that mI(G) � m(G)?

It seems that often, for a nonabelian finite simple group G, the strict inequality mI(G) < m(G) holds. 
Still, there exist infinitely many examples in which equality is attained. We postpone the proof of this fact 
in Section 5, since in Section 4 we will introduce some terminology that will ease the exposition.

One could even ask whether the following strengthening of Question 1 is true: if {x1, . . . , xt} is a min-
imal invariable generating set of G, then there exist g1, . . . , gm ∈ G such that {xg1

1 , . . . , xgt
m} is a minimal 

generating set of G. Although we are not able to exhibit a soluble counterexample, the following shows that 
the statement is not true in general.

Lemma 3.4. Let G = Alt(29) and consider the following three elements:

a =(2, 3, 4)(5, 6, 7)(8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18)(19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29),

b =(1, 2)(3, 4)(5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29),

c =(1, 2)(3, 4, 5, 6, 7, 8)(9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29).

The set {a, b, c} is a minimal invariable generating set of G, but for every x, y, z ∈ G, {ax, by, cz} is not a 
minimal generating set.

Proof. It can be easily seen that no proper subgroup of Alt(29) contains conjugates of a, b and c, so 
〈a, b, c〉I = Alt(29). On the other hand 〈a, b〉 stabilises {1, 2, 3, 4}, 〈b, c〉 stabilises {1, 2} and 〈a(2,8), c〉
stabilises {3, 4, 5, 6, 7, 8} so {a, b, c} is a minimal invariable generating set of Alt(29). Now we want to show 
that, in any way we conjugate a, b, c, two elements are sufficient in order to generate Alt(29). Without loss of 
generality we may assume that one of this conjugates is a. Let x, y ∈ Alt(29). If 〈a, bx〉 
= Alt(29), then 〈a, bx〉
stabilises either {1, 2, 3, 4} (in which case {1, 2, 3, 4} is mapped into itself by x) or {1, 5, 6, 7} (in which case 
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{1, 2, 3, 4} is mapped to {1, 5, 6, 7} by x). Without loss of generality we may assume that a, b and x stabilise 
{1, 2, 3, 4}. If 〈a, cy〉 
= Alt(29), then it stabilises {2, 3, 4, 5, 6, 7} (and the 6-cycle in the decomposition of cy
permutes the elements of this subset). But then 〈bx, cy〉 = Alt(29). Indeed two conjugates of b and c either 
generate Alt(29) or stabilise the same subset of cardinality 2. But this second possibility does not occur for 
bx and cy, indeed the support of the 2-cycle in the decomposition of bx is contained in {1, 2, 3, 4} while the 
support of the 2-cycle in the decomposition of cy must be disjoint from {2, 3, 4, 5, 6, 7}. �

If G is a finite group, then dI(G) ≥ d(G) and the difference dI(G) − d(G) can be arbitrarily large. [24, 
Proposition 2.5] states that, for every r ≥ 1, there is a finite group G such that d(G) = 2 but dI(G) ≥ r. 
We do not know whether the (somewhat opposite) inequality m(G) ≥ mI(G) is true, but in any case we 
may exhibit examples in which the difference m(G) −mI(G) is arbitrarily large.

A first example is given by the symmetric group Sym(n). It is immediate to check that {(1, 2), (2, 3), . . . ,
(n − 1, n)} is a minimal generating set for Sym(n), from which m(Sym(n)) ≥ n − 1 (in fact, Whiston [39]
showed that m(Sym(n)) = n −1). The set of transpositions above is far from being an invariable generating 
set, since all its elements are conjugate. It would be interesting to exhibit ‘elegant’ and ‘large’ minimal 
invariable generating sets for Sym(n) (compare with [5], where it is shown that all minimal generating sets 
of maximal size for Sym(n) are ‘elegant’).

In any case, an easy argument (see Section 4) shows that, in every finite group G, mI(G) is at most the 
number of conjugacy classes of maximal subgroups of G. Using the Classification of Finite Simple Groups, 
Liebeck and Shalev [28] showed that the number of conjugacy classes of maximal subgroups of Sym(n) is 
of the form (1/2 + o(1))n, from which we may deduce

Theorem 3.5. m(Sym(n)) −mI(Sym(n)) → ∞ as n → ∞.

In the next section we will give a more elementary example. With this purpose, we recall that in [30] it 
is noticed that m(A ×B) = m(A) + m(B) for every pair of finite groups A and B.

Question 2. Is it true that mI(A) + mI(B) = mI(A ×B) for every pair (A, B) of finite groups?

It is easy to see that the inequality mI(A) + mI(B) ≤ mI(A × B) always holds. Indeed, if {a1, . . . , ar}
is a minimal invariable generating set of A and {b1, . . . , bs} is a minimal invariable generating set of B, 
then {(a1, 1), . . . , (ar, 1), (1, b1), . . . , (1, bs)} is a minimal invariable generating set of A ×B. Regarding the 
equality, we are only able to prove a very partial result.

Proposition 3.6. Assume that A and B are finite groups without common composition factors. Then mI(A ×
B) = mI(A) + mI(B).

Proof. Assume that g1 = (a1, b1), . . . , gm = (am, bm) is an invariable generating set of G = A × B. There 
exists I ⊆ {1, . . . , m} such that {ai | i ∈ I} is a minimal invariable generating set for A and J ⊆ {1, . . . , m}
such that {bj | j ∈ J} is a minimal invariable generating set for B. Then {(ak, bk) | k ∈ I ∪ J} is an 
invariable generating set for A ×B. So mI(A ×B) ≤ mI(A) + mI(B). �
4. An example: mI(Alt(5)n)

Since m(Alt(5)) = 3 and m(A × B) = m(A) + m(B) for every pair of finite groups A and B, we have 
m(Alt(5)n) = 3n. We are going to show that m(Alt(5)n) −mI(Alt(5)n) → ∞ as n → ∞. Indeed we shall 
prove:

Proposition 4.1. mI(Alt(5)n) = n ·mI(Alt(5)) = 2n.
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Notice first that, by what we said in the previous section, n ·mI(Alt(5)) ≤ mI(Alt(5)n), so it suffices to 
show mI(Alt(5)n) ≤ 2n. Let us introduce some considerations that we will employ to prove the previous 
proposition. A minimal invariable generating set of G cannot contain two conjugate elements so it may be 
identified with a subset of set C(G) of the conjugacy classes of G. For every maximal subgroup M of G
denote by M∗ the subset of C(G) consisting of the conjugacy classes of G with non-empty intersection with 
M . Let C1, . . . , Ct be a set of distinct conjugacy classes of G and, for every 1 ≤ i ≤ t, choose a representative 
gi ∈ Ci. We have that 〈g1, . . . , gt〉I = G if and only if {g1, . . . , gt} � ∪g∈GM

g (i.e. {C1, . . . , Ct} � M∗) for 
all maximal subgroups M of G. Let

M(G) = {M∗ | M a maximal subgroups of G}.

We say that a subset {X1, . . . , Xt} of M(G) is independent if, for every 1 ≤ i ≤ t, the intersection ∩j �=iXj is 
properly contained in ∩jXj . We denote by ι(G) the largest cardinality of an independent subset of M(G).

Lemma 4.2. mI(G) ≤ ι(G).

Proof. Let m = mI(G) and let {x1, . . . , xm} be a minimal invariable generating set of G. For 1 ≤ i ≤ m

let Ci be the conjugacy class of G containing xi. For every 1 ≤ i ≤ m, there exists a maximal subgroup 
Mi of G such that {C1, . . . , Ci−1, Ci+1, . . . , Cm} ⊆ M∗

i but Ci /∈ M∗
i . It follows that {M∗

1 , . . . , M
∗
m} is an 

independent subset of M(G), and therefore m ≤ ι(G). �
Proposition 4.3. ι(Alt(5)n) ≤ 2n.

Proof. We have 5 conjugacy classes C1, C2, C3, C4, C5 in Alt(5) with representatives 1, (1, 2)(3, 4), (1, 2, 3),
(1, 2, 3, 4, 5), (1, 5, 4, 3, 2). Notice that C1 = C−1

1 , C2 = C−1
2 , C3 = C−1

3 , while C5 = C−1
4 and C4 = C−1

5 . 
Moreover a maximal subgroup of Alt(5) is isomorphic to Alt(4), Sym(3) or D10 and M(Alt(5)) contains 
only two elements: Y1 = {C1, C2, C3} and Y2 = {C1, C2, C4, C5}. Let Ω = {C1, C2, C3, C4, C5}, Ω∗ =
{C1, C3, C4, C5}, Δ = Ωn and Δ∗ = (Ω∗)n. Notice that we are identifying the elements of Δ with the 
conjugacy classes of Alt(5)n.

Let G = Alt(5)n. A maximal subgroup M of G can be of two different kinds:

(1) there exist 1 ≤ i ≤ n and a maximal subgroup Y of Alt(5) such that (x1, . . . , xn) ∈ M if and only if 
xi ∈ Y (product type).

(2) there exist 1 ≤ i < j ≤ n and φ ∈ Aut(Alt(5)) such that (x1, . . . , xn) ∈ M if and only if xj = xφ
i

(diagonal type).

As a consequence, the elements of M(G) are of the following kinds:

(1) Ai = {(ω1, . . . , ωn) ∈ Δ | ωi ∈ Y1},
(2) Bi = {(ω1, . . . , ωn) ∈ Δ | ωi ∈ Y2},
(3) Ci,j = {(ω1, . . . , ωn) ∈ Δ | ωi = ωj},
(4) Di,j = {(ω1, . . . , ωn) ∈ Δ | ωi = ω−1

j }.

We now assume that {X1, . . . , Xt} is an independent subset of M(G) and we set Δi = X1 ∩ · · · ∩ Xi, 
Δ∗

i = Δi ∩ Δ∗. Moreover let Λi be the set of the j ∈ {1, . . . , n} such that ωj /∈ {C4, C5} for every 
(ω1, . . . , ωn) ∈ Δi.

We may assume that there exist a, b such that

• If i ≤ a then there exists Ii = (ri, si) such that Xi ∈ {Cri,si , Dri,si}.
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• If a < i ≤ a + b then Xi = Ar for some r.
• If a + b < i then Xi = Br for some r.

For i ≤ a, let ρi be the smallest equivalence relation on {1, . . . , n} containing all the pairs (rj , sj) with j ≤ i. 
We may assume, up to reordering the indices, that there exists a1 ≤ a such that for every 2 ≤ i ≤ a1 the 
relation ρi−1 is finer than ρi, while ρi = ρa1 if i > a1. We can describe how Δa1 looks like. Assume that 
B1, . . . , Bl are the equivalence classes of the relation ρa1 . Then Δa1 is a product of l ‘diagonal subsets’ each 
of cardinality 5: if i1, i2 ∈ Bj for some 1 ≤ j ≤ l, then there exists εi1,i2 = ±1 such that ωi2 = ω

εi1,i2
i1

for 
every (ω1, . . . , ωn) ∈ Δa1 . In particular, since l ≤ n − a1, we have

|Δa1 | = 5l ≤ 5n−a1 and |Δ∗
a1
| ≤ 4n−a1 .

Now assume a1 < i ≤ a. There exists an equivalence class Bj of ρa1 containing ri and si and η = ±1, 
that ωsi = ωη

ri for every (ω1, . . . , ωn) ∈ Xi. As we noticed above, there already exists ε = εri,si such that 
ωsi = ωε

ri for every (ω1, . . . , ωn) ∈ Δa1 . We must have η = −ε (otherwise Δa1 ∩Xi = Δa1), and consequently 
ωsi = ωri = ω−1

ri , (i.e. ωri /∈ {C4, C5}) for every (ω1, . . . , ωn) ∈ Δi. In particular

|Δ∗
i | ≤

|Δ∗
i−1|
2 .

Notice also that |Λa1 | = 0 and |Λa| ≥ a2, where we set a2 = a − a1.
Now assume a < i ≤ a + b: again when we consider the intersection Δi−1 ∩ Xi we add the restriction 

that ωi cannot belong to {C4, C5}, so i /∈ Λa (otherwise Δa ∩Xi = Δa1) and

|Δ∗
i | ≤

|Δ∗
i−1|
2 .

Moreover |Λa+b| ≥ a2 + b.
Finally let a + b < i. We may assume that there exists c1 such that Xi = Br with r ∈ Λa+b if and only 

if i ≤ a + b + c1. If a + b < i ≤ a + b + c1, then

|Δ∗
i | ≤

|Δ∗
i−1|
2 .

We must have

1 ≤ |Δ∗
a+b+c1 | ≤

4n

4a1 · 2a2+b+c1

and consequently 2a1 + a2 + b + c1 ≤ 2n. Set c2 = c − c1. Notice that a2 + b + c2 ≤ n (since c2 ≤
|{1, . . . , n} \Λa+b| ≤ n − a2 − b) and c1 + c2 ≤ n (since there are at most n maximal subgroups of kind Br), 
hence 2c2 + a2 + b + c1 ≤ 2n. But then 2t = (2a1 + a2 + b + c1) + (2c2 + a2 + b + c1) ≤ 4n, from which 
t ≤ 2n. �
5. mI(G) = m(G) with G nonabelian simple

In this section we will exhibit infinitely many nonabelian finite simple groups G for which mI(G) = m(G)
holds.

Proposition 5.1. Assume p is a prime such that the following conditions are both satisfied: p ≡ 1 mod 40
and p ≡ 2 mod 3. Then mI(PSL(2, p)) = m(PSL(2, p)) = 3.
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Notice that there exist infinitely many primes p satisfying the conditions in the statement. Indeed, every 
prime p ≡ 41 mod 120 satisfies them, and there exist infinitely many such primes by Dirichlet’s theorem on 
arithmetic progressions. We remark that, with analogous proof, the statement holds also for p ≡ −1 mod 
40 and p ≡ 1 mod 3. We proceed with the proof of the proposition.

Proof. In [22] it was shown that, for p > 31, m(PSL(2, p)) = 3, hence it remains to prove mI(PSL(2, p)) = 3. 
Let Gp = PSL(2, p). The subgroup structure of this group is well known, and we refer the reader to [36, 
Chapter 3, Section 6] for detailed information. In particular, the condition p ≡ 1 mod 40 implies that the 
isomorphism classes of maximal subgroups of Gp are exactly the following: dihedral groups Dp−1 and Dp+1
of order p − 1 and p + 1, a Borel subgroup B of order p(p − 1)/2, H = Alt(5) and K = Sym(4).

Consider X = {x, y, z} where |x| = 3, |y| = 4 and |z| = 5. No proper subgroup of Gp contains elements 
of order 3, 4 and 5, hence X is an invariable generating set (the conditions on p imply that, while B and 
Dp−1 contain elements of order 4 and 5, they do not contain elements of order 3). Moreover, in Gp every 
element of order coprime to p can be conjugate inside a fixed dihedral group, hence whenever |a| = |b| � 3
and gcd(p, |a|) = 1, we have aGp ∩ 〈b〉 
= ∅. Then, order considerations imply that any two elements of X
can be conjugate inside a suitable maximal subgroup of Gp. This shows that mI(Gp) � 3.

For the other inequality, we employ the notation used in Section 4. We will show ι(Gp) ≤ 3, so that 
mI(Gp) ≤ 3 by Lemma 4.2. All subgroups isomorphic to B are conjugate, and all involutions are conjugate, 
hence M(Gp) consists of D∗

p−1, D
∗
p+1, B

∗, H∗, K∗. We have that B∗∩D∗
p+1 = D∗

p−1∩D∗
p+1 is the conjugacy 

class of involutions, which belongs to every member of the list. Moreover, D∗
p−1 ⊆ B∗. This easily implies 

ι(Gp) ≤ 3. �
6. The Tarski irredundant basis theorem

A nice result in universal algebra, due to Tarski and known with the name of Tarski irredundant basis 
theorem (see [37], or [4, Theorem 4.4]), implies that, for every positive integer k with d(G) ≤ k ≤ m(G), G
contains a minimal generating set of cardinality k. A natural question is whether there exists a similar result 
for the invariable generation. Tarski’s theorem relies on an elementary but clever counting argument which 
is quite flexible and can be adapted to several different situations. However, as we shall see in this section, 
using this argument we are able to obtain only a weak and partial result. In order to see the problems in 
applying Tarski irredundant basis theorem to the invariable generation, we find it is interesting to sketch 
the proof of this partial result.

Tarski’s theorem is based on the notion of closure operator ([4, Definition 5.1]), which is a function C, 
from and to subsets of G, such that X ⊆ C(X), C(Y ) ⊆ C(X) if Y ⊆ X, and C(C(X)) = C(X). In case 
of generation, one defines C(X) = 〈X〉. For the argument, it is important that C(X) = G if and only if X
generates G (this is obviously true in the case when we define C(X) = 〈X〉). We should have this property 
also in the case of invariable generation. If X = {x1, . . . , xt}, the first definition that comes to mind is then

C(X) = X ∪

⎛⎝ ⋂
(g1,...,gt)∈Gt

〈xg1
1 , . . . , xgt

t 〉

⎞⎠ .

Artificially, we have imposed X ⊆ C(X), and monotonicity is immediate. What is not immediate from 
the definition, but straightforward to check, is that C is also idempotent. Moreover, it is not difficult to 
show that C(X) = G if and only if 〈X〉I = G. Therefore we have a closure operator, and we may be on the 
right track.

Now if we define, for n, k ≥ 1,

Cn(X) =
⋃

C(Y ), C1
n(X) = Cn(X), Ck+1

n (X) = Cn(Ck
n(X)),
Y⊆X,|Y |≤n
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following [4] we may call a finite group G invariable n-ary if C(X) =
⋃

i∈N Ci
n(X) for every subset X of G. 

Using this notion, it is possible to bound the ‘gap’ that can occur between minimal invariable generating 
sets. More precisely, if we denote by IrrBI(G) the set of the positive integers n such that G has a minimal 
invariable generating set of size n, we have the following

Theorem 6.1. Let G be an invariable n-ary finite group, with n ≥ 2. If i < j with i, j ∈ IrrBI(G) such that 
{i + 1, . . . , j − 1} ∩ IrrBI(G) = ∅, then j − i ≤ n − 1.

Proof. Follows from the proof of [4, Theorem 4.4]. �
Corollary 6.2. If G is an invariable 2-ary finite group then, for every dI(G) ≤ k ≤ mI(G), there exists a 
minimal invariable generating set of size k.

Notice that a finite group G is invariable 2-ary if the following holds: for every X ⊆ G, if C2(X) = X

then C(X) = X.
We see some problems in this approach. The first is that, although Theorem 6.1 does give a bound, 

we are not able to give a structural interpretation of the property of being invariable n-ary. Moreover, in 
case of nilpotent groups the closure operators defined for generation and for invariable generation need not 
coincide (remember that, instead, the notions of generation and invariable generation do coincide). Finally, 
the following result shows that Theorem 6.1 cannot give any absolute bound.

Lemma 6.3. For every integer n � 2, there exists a finite group G which is not invariable n-ary.

Proof. Let n � 2. Assume we prove that there exists a finite group G with the following property: dI(G) �
n + 1 and there exists g ∈ G that does not lie in any proper normal subgroup of G. Then, if we set 
X = G \{g}, we have that 〈X〉I = G (since |G \∪g∈GM

g| � |M | for every proper subgroup M of G). Hence 
C(X) = G � X. On the other hand, for every x1, . . . , xn ∈ G, N :=

⋂
gi∈G〈x

g1
1 , . . . , xgn

n 〉 is a proper normal 
subgroup of G, hence g /∈ N . This shows that Cn(X) ⊆ X, from which it follows that G is not invariable 
n-ary.

We are left to exhibit a group with the property described above. For a supersoluble example, consider 
G = P �Q, where P ∼= Cn

p and Q ∼= Cq for primes p and q, with q dividing p − 1, and Q acts on each copy 
of Cp as multiplication in the field Fp. It can be easily seen that dI(G) = n + 1. Moreover every proper 
normal subgroup of G is contained in P , so we can take in the role of g any element of G \ P . �

Summarising, in order to apply Tarski irredundant basis theorem to the invariable generation we would 
need to define a closure operator C on the set of subsets of G with the following two properties:

(1) C(X) = G if and only if 〈X〉I = G,
(2) C(X) =

⋃
i∈N Ci

2(X) for every subset X of G.

We are not able to find a closure operation satisfying (1) different from the one introduced above. However 
this fails property (2). So the following question remains open.

Question 3. Let G be a finite group. Is it true that for every dI(G) ≤ k ≤ mI(G), there exists a minimal 
invariable generating set of G of cardinality k?

We are able to prove that the answer is affirmative in the particular case of finite soluble groups.
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Theorem 6.4. Let G be a finite soluble group and let m = m(G). If {x1, . . . , xt} is a minimal invariable 
generating set of G, with t < m, then there exists a minimal invariable generating set of G of cardinality 
t + 1.

Proof. The beginning of the proof is very similar to that of Proposition 3.2. As we did there, we prove 
our statement by induction on |G|. We may assume that G is soluble but not nilpotent, the statement for 
nilpotent groups being easy to check (without applying Tarski’s theorem). Again we may assume FratG = 1, 
and we choose a nontrivial G-module A ∈ VG such that R = RG(A), U, C = CG(A) satisfy the property 
described in Lemma 2.2. We let δ be such that U ∼=G Aδ. By [29, Theorem 2], m = m(G/U) + δ. Up to 
reordering the indices, we may choose s ≤ t such that x1, . . . , xs is a minimal invariable generating set of G
modulo U .

In addition to what done in the proof of Proposition 3.2, we further choose, as we may, a complement H
of U in G with R ≤ H. For 1 ≤ i ≤ t, we write xi = wihi with wi ∈ U and hi ∈ H.

We work in G = G/R and, for every g ∈ G, we set g = gR. We may identify G with the semidirect 
product Aδ �K with K = H/R. Since 〈x1U, . . . , xsU〉I = G/U and K ∼= G/C is an epimorphic image of 
G/U , we deduce that 〈x1, . . . , xs〉I = K.

As in the proof of Proposition 3.2, we want to apply Proposition 2.4 and Corollary 2.5, and we employ 
the notations used there. A technical, but important, step here is that we pick complements for Ai in A. 
Namely, for 1 ≤ i ≤ t we decompose A as A = Ai⊕Ci. Here the Ci play the role of the Bi in Proposition 3.2
and Corollary 2.5, with the advantage (not apparent yet) that they are subspaces of A. Then, if we denote 
by cj,i the projection of wj,i ∈ A onto Ci, the matrix Z of Corollary 2.5 is replaced by

Z =

⎛⎝c1,1 · · · c1,t
...

...
cδ,1 · · · cδ,t

⎞⎠
Moreover, for 1 ≤ k ≤ t the matrices Zrem(k) and Zkee(k) of Proposition 3.2 become here

Zrem(k) =

⎛⎝c1,1 · · · c1,k−1 c1,k+1 · · · c1,t
...

...
...

...
cδ,1 · · · cδ,k−1 cδ,k+1 · · · cδ,t

⎞⎠

Zkee(k) =

⎛⎝c1,1 · · · c1,k
...

...
cδ,1 · · · cδ,k

⎞⎠
As in Proposition 3.2, the rows of Z (seen as vectors of C1 × · · · ×Ct ≤ At) are linearly independent, while, 
for every s < k ≤ t, the rows of Zrem(k) are linearly dependent.

One observation. The definition of Ci, hence of the cj,i, depend upon the element hi. Then, once the cj,i
have been defined, the hi have somewhat done their work (concerning generation modulo R), and we do 
not need to care about them anymore. Indeed, we only need to care of linear dependence of the rows of Z
inside C1 × · · · ×Ct or, equivalently, inside At. Then also the Ci are not important anymore. This gives the 
possibility to suitably modify, to ‘clean’ in some sense, the elements xi without affecting their property of 
invariable generation.

As a first example, if we denote by w̃i ∈ Aδ ∼= U the i-th column of Z, we may replace xi with

x̃i =
{
w̃ihi if i ≤ s,
w̃ otherwise.
i
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It is easy to see that {x̃1, . . . x̃t} is a minimal invariable generating set of G. Indeed, by the choice of s the 
set invariably generates modulo U and it is not possible to remove one among the first s elements. On the 
other hand, all the considerations regarding the invariable generation modulo R are not affected, because 
they concern linear dependence of the rows of Z, and this matrix does not change in passing from xi to x̃i. 
This implies that {x̃1, . . . x̃t} invariably generates G minimally.

Now choose a subset J = {i1, . . . , iu} of {1, . . . , s} minimal with respect to the property that the δ vectors

(cj,i1 , . . . , cj,iu , cj,s+1, . . . , cj,t)

for 1 ≤ j ≤ δ are linearly independent. The arguments applied in the previous paragraph imply that we 
still obtain a minimal invariable generating set if we replace x̃j = w̃jhj with hj for every j ∈ {1, . . . , s} \ J . 
So from now on we will assume w̃j = 0 for every j ∈ {1, . . . , s} \ J .

If J 
= ∅, then we obtain a minimal invariable generating set of size t + 1 by replacing x̃i1 = w̃i1hi1 with 
the two elements w̃i1 and hi1 .

So we may assume J = ∅, from which it follows that the first s columns of Z are zero. For convenience, 
we may remove from the matrix Z such columns. The rank of the matrix clearly does not change. We call 
the matrix obtained in this way again Z.

Z =

⎛⎝c1,s+1 · · · c1,t
...

...
cδ,s+1 · · · cδ,t

⎞⎠
For s < k ≤ t, we remove the first s columns in Zrem(k) and Zkee(k). Again, the rows of Z are linearly indepen-
dent (i.e. rankZ = δ), while for s < k ≤ t the rows of Zrem(k) are linearly dependent (i.e. rankZrem(k) < δ).

Now the same argument as in the end of Proposition 3.2 shows that for s ≤ k < t, rankZkee(k) <

rankZkee(k+1). Let

n1 = rankZkee(s+1), n2 = rankZkee(s+2) − rankZkee(s+1), . . . ,

nt−s = rankZkee(t) − rankZkee(t−1).

Notice that n1 + · · · + nt−s = δ, and 1 ≤ ni ≤ n for every i. Let now F = EndH(A) and n = dimF A. 
Fixing a basis for A as an F -vector space, we may identify each element of A as a vector of Fn. Denote by 
ei the vector of Fn all of whose entries are 0, except the i-th which is 1, and consider the block matrix

Y =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e1 0 · · · 0
...

...
...

en1 0 · · · 0
0 e1 · · · 0
...

...
...

0 en2 · · · 0
...

...
...

0 0 · · · e1
...

...
...

0 0 · · · et−s

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Using the definition of the ei, it is easy to check that we still obtain a minimal invariable generating set if 
we replace Z with Y . More precisely, if we consider the i-th column of Y as an element ỹs+i of U ∼= Aδ, we 
get that {x̃1, . . . , ̃xs, ̃ys+1, . . . , ̃yt} is a minimal invariable generating set of G.
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Assume first that there exists i ∈ {1, . . . , s − t} with ni > 1. Then ỹs+i ∈ Aδ has at least two nonzero 
entries, and it suffices to split ỹs+i in two vectors: if we define

z̃1 = (0, . . . , 0, e1, . . . , eni−1, 0, 0, . . . 0),

z̃2 = (0, . . . , 0, 0 , . . . , 0 , eni
, 0, . . . 0),

then the set {x̃1, . . . , ̃xs, ̃ys+1, . . . , ̃yt} ∪ {z̃1, ̃z2} \ {ỹs+i} is a minimal invariable generating set of size t + 1.
Assume finally ni = 1 for every i ∈ {1, . . . , t − s}. In this case t − s = δ. Since t < m = m(H) + δ, we 

get s < m(H). Then, by induction, there exists a minimal invariable generating set {k̃1, . . . , ̃ks+1} of H of 
cardinality s + 1. It follows that {k̃1, . . . , ̃ks+1, ̃xs+1, . . . , ̃xt} is a minimal invariable generating set of G of 
cardinality t + 1. �
7. The invariable Frattini

The Frattini subgroup FratG of a finite group G is defined as the intersection of all maximal subgroups 
of G. An important feature of this subgroup is that it coincides with the elements of G that are useless in 
generating G. More precisely, FratG coincides with the set of elements of G that can be dropped from every 
generating set of G (without compromising generation). This feature implies that the generation properties 
of G are essentially the same as those of G/ FratG. Therefore, if we are interested in generation we can 
factor out FratG with no harm. This considerably simplifies the situation, since the structure of Frattini-free 
groups is much more transparent than that of general groups (at least for soluble groups: think of how many 
times we applied Lemma 2.2 and Lemma 2.3).

Here we shall define the analogue of the Frattini subgroup from the point of view of the invariable 
generation. This will allow us to properly state the results of Section 8. For every subgroup M of G, set 
M̃ =

⋃
g∈G Mg. Consider the set Σ = Σ(G) of all maximal members of the set of all H̃, where H varies 

among the proper subgroups of G. Set FratI(G) =
⋂

M̃∈Σ M̃ .

Lemma 7.1. FratI(G) coincides with the set of elements of G that can be dropped from any invariable 
generating set.

Proof. Assume x ∈ FratI(G) and assume x ∪ X invariably generates G for some set X. If X does not 
invariably generate G then X ⊆ M̃ for some M̃ ∈ Σ, hence x ∪X ⊆ M̃ , against the assumption of invariable 
generation. Conversely, assume x /∈ FratI(G): choose M̃ such that x /∈ M̃ . Then, by the maximality of M̃
it follows that 〈x ∪ M̃〉I = G, and clearly x cannot be omitted from this invariable generating set. �

By the previous lemma, FratI(G) plays, for the invariable generation, the same role played by the Frattini 
subgroup for the usual generation. Unfortunately FratI G need not be a subgroup. For instance, if G = Alt(5)
then FratI(G) is the set of all involutions of G – hence it generates G.

Notice that if K̃ ∈ Σ(G), then K is a maximal subgroup of G and clearly if M is a maximal subgroup of 
G, then there exists a maximal subgroup K of G such that K̃ ∈ Σ(G) and M ⊆ M̃ ⊆ K̃, hence, by definition, 
FratG ⊆ FratI G. This, if we want, is the reason why we can factor out FratG also in the invariable setting.

Notice that FratI G is defined in a strange manner. Indeed, we do not intersect the M̃ ’s for M running 
among all maximal subgroups of G; we take instead only the maximal sets among the M̃ ’s. This is important 
for the proof of Lemma 7.1. However, we do not know whether this is really necessary, and we propose the 
following

Question 4. For a finite group G, does FratI G coincide with the intersection of all M̃ , where M runs among 
all maximal subgroups of G?
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What we do know is that the two concepts are different a priori, meaning that there may exist maximal 
subgroups M1 and M2 such that M̃1 is properly contained in M̃2. For example in G = Alt(6) one can 
consider M1 ∼= Sym(4) and M2 ∼= 32 : 4 ∼= (Sym(3) � Sym(2)) ∩ Alt(6). Then M̃2 is the set of the elements 
of G of order different from 5, while M̃1 does not contain elements of order 5 and moreover contains only 
one of the two conjugacy classes of elements of order 3. Hence M̃1 � M̃2. Nevertheless, once again this 
phenomenon cannot occur in the soluble world.

Lemma 7.2. Assume that G is a finite soluble group and let M1, M2 be two maximal subgroups of G. If 
M̃1 ⊆ M̃2, then M̃1 = M̃2.

Proof. We prove the statement by induction on the order of G. We may assume FratG = 1. Choose 
a nontrivial G-module A ∈ VG such that R = RG(A), U, C = CG(A) satisfy the property described in 
Lemma 2.2. We further choose a complement H of U in G with R ≤ H. We denote by M1 the set of the 
maximal subgroups of G containing U and by M2 the set of the maximal subgroups of G supplementing 
U . If M ∈ M2 then, by Lemma 2.3, R ⊆ M and M = WHu with W a maximal H-submodule of U and 
u ∈ U . Assume now M̃1 ⊆ M̃2. We consider the different cases:

(1) M1, M2 ∈ M1. In this case M̃1/U ⊆ M̃2/U , so by induction M̃1/U = M̃2/U , and consequently M̃1 =
M̃2.

(2) M1, M2 ∈ M2. We have M1 = W1H
u1 and M2 = W2H

u2 . If W1 
= W2, then 〈Mg1
1 , Mg2

2 〉 = G for 
every g1, g2 ∈ G, hence we cannot have neither the inclusion M̃1 ⊆ M̃2 nor the inclusion M̃2 ⊆ M̃1. If 
W1 = W2 then M1 and M2 are conjugates and M̃1 = M̃2.

(3) M1 ∈ M1 and M2 ∈ M2. In this case 〈Mg1
1 , Mg2

2 〉 = G for every g1, g2 ∈ G and, as above, we cannot 
have neither M̃1 ⊆ M̃2 nor M̃2 ⊆ M̃1. �

In particular, it follows from the previous lemma that Question 4 has an affirmative answer in case of 
finite soluble groups.

We make another little regression before going on with the next, more substantial, section. It is well 
known that if a prime p divides the order of a finite group G, then it divides also the order of G/ Frat(G). In 
particular, G \Frat(G) contains elements whose order is divisible by p. The analogue statement for invariable 
generation is false in general. For instance, if G = Alt(5) then G \FratI(G) does not contain elements whose 
order is divisible by 2.

Notice that in the case of classical generation we can say a little more, namely, we can say that G \Frat(G)
contains elements of p-power order. This follows from the fact that it is always possible to lift an element 
without affecting the set of prime divisors of its order. For soluble groups, the corresponding ‘invariable’ 
statement is true as well, although for the proof we invoke Hall’s theorems.

Lemma 7.3. Let G be a finite soluble group. If a prime p divides |G|, then the set G \ FratI(G) contains 
elements of p-power order.

Proof. Consider a chief series of G, choose a nontrivial element from every complemented chief factor, 
and lift it to an element of G of prime power order. It is easy to check that these elements together form 
an invariable generating set; we may therefore extract a minimal invariable generating set X. If X did 
not contain any element of p-power order, then Hall’s theorems would imply X ⊆ K̃, where K is a Hall 
p-complement, contradicting the fact that 〈X〉I = G. �

We apply this to prove a lemma that we will need in the following section. Unless otherwise stated, here 
and in the following sections modules are written multiplicatively, so that 1 denotes the identity element.
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Lemma 7.4. Let H be a finite soluble group, and let V be an H-module of finite p-power order. If CV (h) = 1
for every h ∈ H \ FratI(H), then p does not divide |H|.

Proof. Assume by contradiction that p divides |H|. Then, by Lemma 7.3 there exists h ∈ H \ FratI(H) of 
p-power order. Now we may construct G = V � 〈h〉. This is a finite p-group, hence V ∩ Z(G) 
= 1, from 
which CV (h) 
= 1, contradicting the hypothesis. �
8. BI -groups

A finite group G is called a B-group if d(G) = m(G). The letter B refers to the word ‘basis’, since the 
property d(G) = m(G) is a fundamental one for finite dimensional vector spaces. A classification of the 
Frattini-free B-groups is given in [1, Theorem 1.4]: G is a Frattini-free B-group if and only if one of the 
following holds:

(1) G is an elementary abelian p-group for some prime p;
(2) P�Q, where P is an elementary abelian p-group and Q is a nontrivial cyclic q-group, for distinct primes 

p 
= q, such that Q acts faithfully on P and the Q-module P is a direct sum of m(G) − 1 isomorphic 
copies of one simple module.

We may give a similar definition for the invariable generation: a finite group G is called a BI -group if 
dI(G) = mI(G). It turns out that B-groups are BI-groups (we include this statement in Proposition 8.2
below). Indeed, B-groups are soluble. Moreover, m(G) = d(G) ≤ dI(G) ≤ mI(G) = m(G), where the last 
equality follows from Theorem 3.3 (one can also check directly that the groups in (1) and (2) are BI-groups).

The converse implication is false. For example dI(Alt(5)) = mI(Alt(5)) = 2, so Alt(5) is a BI -group but 
not a B-group. Another example is the following. Since Alt(5) ∼= SL(2, 4) we may consider G = ASL(2, 4) ∼=
V � Alt(5), where V is a 2-dimensional vector space over the field F4 with four elements. The elements of 
order 3 and 5 in Alt(5) act fixed-point-freely on V , so if g ∈ G either |g| divides 4 or g is conjugate to an 
element of order 3 or 5 in Alt(5). If X is an invariable generating set of G, then X contains necessarily an 
element of order 3, an element of order 5 and a 2-element with a nontrivial power in V ; but three elements 
of this kind invariably generate G, so dI(G) = mI(G) = 3.

In this section we want to study the structure of soluble BI-groups. First notice that there exist soluble 
BI -groups that are not B-groups. Indeed the quaternion group Q8 is isomorphic to an irreducible subgroup 
of GL(2, 3) and we may consider G = V � Q8 where V is a 2-generated vector space over the field F3. 
The action of Q8 on V is fixed-point-free, which implies that no element of G has order 6, so an invariable 
generating set of G must contain two elements of order 4 and one element of order 3, and consequently 
dI(G) = 3 = mI(G).

It turns out that the soluble BI-groups which are not B-groups are, in a sense, generalisations of the 
above example.

Lemma 8.1. Assume that H is a finite soluble group and that N is a faithful irreducible H-module. Then 
G = N �H is a BI-group if and only if the following conditions hold:

(1) H is a BI-group.
(2) CN (h) = 1 for every h ∈ H \ FratI(H).

Proof. Notice that if 〈h1, . . . , ht〉I = H and 1 
= n ∈ N , then by Lemma 2.1 〈h1, . . . , ht, n〉I = G. Moreover, 
by Proposition 2.4, there exist n1, . . . , nt ∈ N such that 〈h1n1, . . . , htnt〉I = G if and only if CN (hi) 
= 1 for 
some 1 ≤ i ≤ t. So G is a BI -group if and only if all the minimal invariable generating sets of H have the 
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same cardinality (i.e. H is a BI -group) and whenever an element h of H appears in some minimal invariable 
generating set of H (i.e. whenever h /∈ FratI(G)), then CN (h) = 1. �
Proposition 8.2. Let G be a finite soluble group. Then G is a BI-group if and only if one of the following 
occurs:

(1) G is a B-group;
(2) G/ Frat(G) ∼= N �H where H is a BI-group, N is a faithful irreducible H-module and CN (h) = 1 for 

every h ∈ H \ FratI(H). In particular, by Lemma 7.4, H and N have coprime orders.

Proof. We may assume Frat(G) = 1. Let m = mI(G) = m(G) and F = FitG. We have that F has a 
complement H in G and that F = N1 × · · · ×Nt where Ni is an irreducible H-module. First we claim that 
Ni

∼=G Nj for every i 
= j. Indeed assume for example N1 �G N2. Choose 1 
= x1 ∈ N1 and 1 
= x2 ∈ N2

and let x = x1x2. Take a set {y1, . . . , ym−2} of invariable generators of G modulo N1N2 and consider 
X = {y1. . . . , ym−2, x}. Assume that there exist g1, . . . , gm−2, g ∈ G such that Y := 〈yg1

1 , . . . , ygm−2
m−2 , x

g〉 
= G. 
It follows that Y is a common complement of N1 and N2, but this implies N1 ∼=G N2, a contradiction. So 
〈X〉I = G and dI(G) ≤ m − 1 < m = mI(G), against the assumption that G is a BI -group. So our claim 
has been proved and we may assume F ∼=G N t for a suitable irreducible G-module N . Let K = EndH N

and n = dimK N . Recall that F = CG(F ) and G/F is isomorphic to a subgroup of GL(q, n), being q = |K|. 
There are three cases:

(a) N is central. In this case G = F is an elementary abelian p-group.
(b) N is non central and n = 1: in this case G/F is cyclic: but then mI(G/F ) = dI(G/F ) = 1, hence 

G/F is a q-group for some prime q not dividing |N |. We conclude that G = F � Q, where F is an 
elementary abelian p-group and Q is a nontrivial cyclic q-group, for distinct primes p 
= q, such that Q
acts faithfully on F and the Q-module F is a direct sum of m(G) − 1 isomorphic copies of one simple 
module.

(c) N is non central and n 
= 1. We claim that this implies t = 1. Indeed G = N t � H satisfies the 
hypothesis of Proposition 2.4. Suppose t 
= 1, let {y1, . . . , ym−t} be an invariable generating set of H
and take ym−t+1 = · · · = ym−1 = 1. Since

∑
1≤i≤m−1

dimK CN (yi) ≥
∑

m−t<i≤m−1
dimK CN (yi) = n(t− 1) ≥ 2(t− 1) ≥ t,

there exist w1, . . . , wm−1 ∈ N t such that G = 〈y1w1, . . . , ym−1wm−1〉I , but then dI(G) ≤ m − 1 <
mI(G), a contradiction.

In cases (a) and (b) G is a B-group, and it was already observed that B-groups are BI-groups. In case (c) we 
may apply Lemma 8.1 to conclude that G is a BI -group if and only if the condition in (2) is satisfied. �

To construct BI-groups that are not B-groups, we have to look for non-cyclic B-groups H admitting 
a faithful irreducible H-module N with the property that CN (h) = 1 for every h ∈ H \ FratI(H), and 
construct then G = N �H.

For example, the dicyclic group H of order 12 is a BI -group and has an irreducible and fixed-point-free 
action on the 2-dimensional vector space V over the field with 13 elements, so N �H is a BI -group of order 
12 · 132 which is not a B-group.

We can also take H to be a non-cyclic p-group. In this case, however, the only possibility to have an 
irreducible fixed-point-free action is when p = 2 and H is a generalised quaternion group [34, 10.5.5]. If we 
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want examples with p odd, we need finite p-groups H with an irreducible action on a module N which is 
not fixed-point-free, but such that CN (y) = 1 for every y /∈ FratH = FratI H.

Interestingly, the p-groups with this property have been studied with different purposes. They have been 
called ‘secretive’ in [26]. Wall [38] proved that for each prime p and integer d ≥ 2 there exists a finite 
secretive p-group P with d(P ) = d. Therefore we have several examples of soluble BI-groups which are not 
B-groups.

Outside the soluble case we know almost nothing. The problem of investigating the finite unsoluble 
BI -groups is entirely open.

9. Invariable basis property

A group G has the basis property if and only if d(H) = m(H) for every H ≤ G. The groups with this 
property are classified in [1, Corollary A.1]. In a similar way we can say that G has the invariable basis 
property if dI(H) = mI(H) for every H ≤ G. If G has the invariable basis property, then every cyclic 
subgroup of G has prime-power order. The groups all of whose elements have prime-power order are called 
CP-groups. They are studied in [20].

Lemma 9.1. Let G be a finite group and let N be a soluble normal subgroup of G. Denote by t the number 
of non-Frattini factors lying below N in a chief series passing through N . If g1N, . . . , gdN is a minimal 
invariable generating set of G/N , then G admits a minimal invariable generating set of cardinality d + t.

Proof. The proof is by induction on t, so it suffices to prove this statement in the particular case when N
is a non-Frattini minimal normal subgroup of G. In this case there exists a complement H of N in G. For 
every i, we can write gi = hini with hi ∈ H and ni ∈ N . For 1 
= n ∈ N , by Lemma 2.1 {h1, . . . , hd, n} is a 
minimal invariable generating set of G. �
Lemma 9.2. Let G be a finite group and let N be a soluble normal subgroup of G. If G has the invariable 
basis property, then G/N also has the invariable basis property.

Proof. Follows immediately from Lemma 9.1. �
Proposition 9.3. Suppose that G is a finite soluble group with Frat(G) = 1. Then G satisfies the invariable 
basis property if and only if one of the following occurs.

(1) G is an elementary abelian p-group.
(2) G = P �Q, where P is an elementary abelian p-group and Q is a nontrivial cyclic q-group, for distinct 

primes p 
= q, such that Q acts faithfully on P and the Q-module P is a direct sum of isomorphic copies 
of one simple module.

(3) G = N � H, where H is a generalised quaternion group, the action of H on N is irreducible and 
|N | = p2 where p is a prime with p ≡ 3 mod 4. In this case H coincides with the Sylow 2-subgroup of 
SL(2, p).

Proof. G is in particular a BI -group, so it satisfies one of the two possibilities described in Proposition 8.2. If 
G is a B-group, then G satisfies (1) or (2). Otherwise G = N�H where N is H-irreducible, dimEndH(N) N 
=
1, CN (h) = 1 for every h ∈ H \ FratI(H) and (|H|, |N |) = 1. Moreover G is a soluble CP-group so, by [21, 
Theorem 1], G has order divisible by at most 2 primes. Since (|H|, |N |) = 1, we conclude that H has prime 
power order. Since every element of G has prime power order, we also deduce that H acts fixed-point freely 
on N . By [34, 10.5.5], H is cyclic or generalised quaternion. However we may exclude the first case, since it 
implies dimEndH(N) N = 1.
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Let us first consider the case H = Q8, the quaternion group. Assume |N | is a power of p, being p an 
odd prime. Let Fp be the field with p elements. We have, up to equivalence, a unique faithful irreducible 
FpQ8-representation, say φp, and this representation has degree 2. Indeed choose a, b in Fp such that 
a2 + b2 = −1. Then φp : Q8 → GL(2, Fp) is defined by setting

φp(i) =
(
a b
b −a

)
, φp(j) =

(
0 −1
1 0

)
, φp(k) =

(
b −a
−a −b

)
.

Since

φp(−1) =
(
−1 0
0 −1

)
,

Q8 acts fixed-point-freely on N = F 2
p and G = N � Q8 is a BI -group. Notice that φp(i), φp(j) and φp(k)

have minimal polynomial x2 + 1.
If p ≡ 1 mod 4, then there is c ∈ Fp such that c2 = −1, hence we may choose (a, b) = (c, 0) and φp(i)

has eigenvalues c and −c. In this case consider X = N � 〈i〉, where N = 〈w1, w2〉 with wi
1 = cw1 and 

wi
2 = −cw2. We have X = 〈w1 + w2, i〉I , so 2 = dI(X) < mI(X) = 3 and G does not satisfy the invariable 

basis property. It follows that p ≡ 3 mod 4.
Consider now the general case G = V �Q2n , where V is an elementary abelian p-group and Q2n is the 

generalised quaternion group

Q2n = 〈x, y | x2n−1
= 1, y2 = x2n−2

, y−1xy = x−1〉.

Suppose that this group has the invariable basis property. In particular K = 〈x2n−3
, y〉 ∼= Q8 is a subgroup 

of Q2n and V � K is a subgroup of G. Since G has the invariable basis property, V � K is a BI -group, 
hence by Proposition 8.2 V is a faithful irreducible K-module. It follows that |V | ≤ p2 and Q2n can be 
identified with a subgroup of GL(2, p). Since V � K has the invariable basis property, we conclude again 
p ≡ 3 mod 4. Moreover, y is an element of order 4 of GL(2, p), hence its characteristic polynomial is t2 + 1
and consequently det y = 1. Let α and β be the eigenvalues of x (in the algebraic closure of Fp). Since 
x and x−1 are similar matrices we have {α, β} = {α−1, β−1}, from which β = α−1 and detx = 1. Hence 
Q2n ≤ SL(2, p). We deduce from [18, Chap. 2, Theorem 8.3 (ii)] that Q2n coincides with a Sylow p-subgroup 
of SL(2, p).

Conversely, it is not difficult to see that if G satisfies (1), (2) or (3), then G has the invariable basis 
property. �
Corollary 9.4. Let G be a finite soluble group with the invariable basis property. Then G = P �Q, where P
and Q are Sylow subgroups of G and the action of Q on P is fixed-point-free. In particular Q is cyclic or 
generalised quaternion.

Proof. Let F = Frat(G). By Proposition 9.3, G/F = X � Y where X is a p-group, Y is a q-group and p
and q are distinct primes. Since F is nilpotent and contains no element of order p · q, we deduce that F is 
either a p-group or a q-group. Assume by contradiction that F is a nontrivial q-group and let P be a Sylow 
p-subgroup of G. Clearly FP is a normal subgroup of G, so by the Frattini argument, G = FPNG(P ) =
FNG(P ) = NG(P ). But then both P and F are normal in G, so [P, F ] = 1 and G contains an element of 
order p · q, a contradiction. Therefore F is a p-group and the statement follows. �

While we did not study unsoluble BI -groups, the invariable basis property is restrictive enough to allow, 
with the help of the results in [20], a characterisation of all groups having this property. In particular, there 
are only four unsoluble groups sharing it.
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Lemma 9.5. Let G be a nonabelian finite simple group. Then G has the invariable basis property if and only 
if it is isomorphic to one of the following:

(1) L2(5), L2(8).
(2) Sz(8), Sz(32).

Proof. G must be a CP-groups, so by [20, Proposition 3] G is isomorphic to one of the following:

(1) L2(q) for q = 5, 7, 8, 9, 17.
(2) L3(4).
(3) Sz(8), Sz(32).

However, L2(7), L2(9), L2(17) and L3(4) have a subgroup isomorphic to Sym(4): since 2 = dI(Sym(4)) <
mI(Sym(4)) = 3, these groups do not have the invariable basis property. We analyse the remaining cases:

• G = L2(5) ∼= Alt(5). We have already noticed that dI(G) = mI(G) = 2. It can be easily seen that if H
is a proper subgroup of G then either H is a p-group or H is non cyclic with mI(H) = 2. Hence G has 
the invariable basis property.

• G = L2(8). An element of G can have order 1, 2, 3, 7, 9 and there are three conjugacy classes of maximal 
subgroups: F56, D18, D14. The minimal invariable generating sets of G are precisely the sets consisting 
of two elements, one of order 7, the other of order 3 or 9, so dI(G) = mI(G) = 2. It can be easily seen 
that if H is a proper subgroup of G then either H is a p-group or H is non cyclic with mI(G) = 2.

• G = Sz(8). An element of G can have order 1, 2, 4, 5, 7, 13 and there are four conjugacy classes of maxi-
mal subgroups: 23+3:7 (the Frattini subgroup has order 8, and the factor group over the Frattini subgroup 
has a unique minimal normal subgroup, of order 8), 13:4, 5:4, D14. The minimal invariable generating 
sets of G are precisely the sets consisting of two elements x, y such that {|x|, |y|} = {4, 7}, {5, 7}, {5, 13}
or {7, 13}. Again it can be easily seen that if H is a proper subgroup of G then either H is a p-group 
or H is non cyclic with mI(G) = 2.

• G = Sz(32). An element of G can have order 1, 2, 4, 5, 25, 31, 41 and there are four conjugacy classes of 
maximal subgroups: 25+5:31 (the Frattini subgroup has order 32, and the factor group over the Frattini 
subgroup has a unique minimal normal subgroup, of order 32), 41:4, 25:4 (the Frattini subgroup has 
order 5), D62. The minimal invariable generating sets of G are precisely the sets consisting of two 
elements x, y such that {|x|, |y|} = {5, 31}, {25, 31}, {25, 41} or {31, 45}. Again it can be easily seen that 
if H is a proper subgroup of G then either H is a p-group or H is non cyclic with mI(G) = 2. �

Corollary 9.6. Let G be a finite nonsoluble group. Then G has the invariable basis property if and only if 
G ∈ {L2(5), L2(8), Sz(8), Sz(32)}.

Proof. We have to prove only the direct implication. G is a CP-group so by [20, Proposition 2], there are 
normal subgroups 1 ≤ N ≤ M ≤ G of G such that G/M is soluble, M/N = S is a finite nonabelian simple 
group and N is a 2-group. By Lemmas 9.2 and 9.5, M/N ∈ {L2(5), L2(8), Sz(8), Sz(32)}; we want to show 
M = G and N = 1.

It follows from Propositions 4 and 5 in [20] that M = G. Notice that S contains a subgroup isomorphic to 
the dihedral group of order 2 · p, with p = 5 if S = L2(5), p = 7 if S ∈ {L2(8), Sz(8)}, p = 31 if S = Sz(32). 
So there exists a subgroup H of G containing N and with the property that H/N ∼= D2p. Since H satisfies 
the invariable basis property, we deduce from Corollary 9.4 that H has a normal Sylow p-subgroup, say P , 
and consequently N ≤ CG(P ). Since G cannot contain elements of order 2 · p, we conclude N = 1. �
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