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Abstract

For a mean field game model with a major and infinite minor players, we characterize a
notion of Nash equilibrium via a system of so-called master equations, namely a system of
nonlinear transport equations in the space of measures. Then, for games with a finite num-
ber N of minor players and a major player, we prove that the solution of the corresponding
Nash system converges to the solution of the system of master equations as N tends to
infinity.

Introduction

The aim of this note is to discuss the model of a mean field game (MFG) with a major and many
minor players. Let us recall that MFGs describe Nash equilibrium configurations in differential
games with infinitely many small players.

MFG problems with a major player are differential games in which infinitely many small
players interact with a major one. This class of problems was first introduced by Huang in [17]
and later studied in various forms and different frameworks in several papers [2} [3] [4] [5] 8, 9] 10,
11), 13, 14 18, 22, 24], 25 26, 28]. In the literature, the notion of solution is often that of Nash
equilibria and, in the present paper, we will concentrate on this notion of solution. Let us point
out however that this is not always the case in the above quoted references: for instance, [2] 3]
(see also [24]) study Stackelberg equilibria (in which the major player announces in advance
his strategy); [13] deals with the (closely related) problem of principal-agents; [4] considers the
situation where the small agents cooperate to play a zero-sum game against the major player.

Concerning Nash equilibria in the framework of MFG with a major player, Carmona and
Zhu [11] point out that the notion is rather subtle and not trivial at all. In fact, [I1] (and,
subsequently, [8] and [I0]) propose a notion of Nash equilibrium which differs from the classical
construction of [25, 26] (see Proposition 6.2 of [II]). In the same papers, it is proved by the
authors that this definition yields e-Nash equilibria for the N + 1-players’ game in the linear
quadratic case. Very recently, Lasry and Lions [22] introduce a new equation (the master
equation with a major player, see equation below) which could give rise to yet another
notion of solution. Finally, one could also wonder if the limit of games with finitely many

*Université Paris-Dauphine, PSL Research University, CNRS, Ceremade, 75016 Paris, France -
cardaliaguet@ceremade.dauphine.fr

TDipartimento di Scienze Matematiche Fisiche e Informatiche, Universita di Parma, Parco Area delle Scienze
53/a, 43124 Parma, Italy - cirant@math.unipd.it

fDipartimento di Matematica, Universitd di Roma “Tor Vergata”, Via della Ricerca Scientifica 1, 00133 Roma,
Italy - porretta@mat.uniroma2.it



players (including a major player) as the number of small players tends to infinity would not
give rise again to a different notion of solution. The purpose of this paper is to show that the
approach by Carmona and al. [8, [10] [I1], the master equation of Lasry and Lions [22] and the
limit of Nash equilibria, as the number of small players tends to infinity, lead to the same Nash
equilibria.

To explain our result, let us start with the differential game with N minor players and
one major player, which we describe through the following PDE system; the value functions
associated with the N minor players are denoted by ™+ (i = 1,..., N) while the value function
of the major player is u™'. To simplify the discussion, we assume that the players have only
individual noises. The Nash system reads (in (0,7") x R%*Nd) (see Section [1| below for the
notations):

-

N N
N0 N0 0 NO N N0 , Nj . Njy _
—dut — Ziju + H"(x0, Dygu",my ) + Ziju - DpH (5, w0, Dgyju™? ,my7) =
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j=0 J=1
. N . . .
} —o™ = Ay uMN o H(wi, w0, Dyu™,mil)
j=0
N,i N N N,i N,j N,j
+Dyou™" - DpHO(:L’O,Dmou O ml) + Z Dy u™" - DpH (x5, w0, Dgyju™? ,my?) = 0,
J#i, =1
. N N
’UJN’D(T’ X) = Go(x()amiv)? uN7Z(T7 X) = G(fl)i,l‘o,mx 7,L)‘
. . (1)
N Ny __ ; at]
where x = (zg,...,zN), My = N Zéz“ my"t = N1 Z dz;. In the above equation,
i1 7#{0,i}
the unknown are the maps u™'? ™! ... 4N which depend on time and on the positions

g, ...,z of all players. The Hamiltonian functions H? : R% x R% x Py(R?) — R and H :
RY x R x R? x Py(R?) — R depend in a nonlocal way of the distribution m of the small players
(see Section [1]).

Following [15] for instance, the solution ( describes the expected payoft
at equilibrium of a (N + 1)—player stochastic differential game. The particular structure of this
system expresses the fact that the “small” players (for ¢ = 1,..., N) have a symmetric cost
function, giving rise to the same Hamiltonian H. In addition, for a small player i = 1,..., N,
the other players are indistinguishable and appear only through the empirical measure mY in
the Hamiltonian H of this player. In the same way, the small players are indistinguishable for
the large player: they appear through the empirical measure m% in the Hamiltonian H° of the
large player. The fact that the players differ in size is expressed by the fact that the position of
a small player ¢ (for ¢ = 1,..., N) enters in the Hamiltonian HY of the major player and in the
Hamiltonian H of the other small players with a weight 1/N or 1/(N — 1), while the position
of the major player (i.e., for i = 0) enters in the Hamiltonian H of the other players without
weight.

Because of the symmetry of system and the uniqueness of its solution, one can check
that «™'0 only depends on (t,z0) and on the empirical measure miv of the small players while
u™+" depends on (t,z;, ) and on the empirical measure my (player i playing a particular role
for o).

So, arguing as in [6], one formally expects, as the number N of small players tends to

infinity, that u™¥'0 ~ U°(t, 29, mY), u™N?’ ~ U(t,mi,xo,mfy’z), where U, U solve the system of

NO , N1 N,N
wv Pt uY)



master equations:

(i) —oU° — Ay, U° + H(xg, Dy UY,m) — / divy, DU (t, m9, m, y)dm(y)
Rd

+ DmUO(t7 Zo,m, y) : DpH(ya xo, DxU(t7 Y, o, m)’ m)dm(y) =0
Rd
in (0,7) x R% x Py(R%),
(i) —oU — AU — Ay U + H(x, 0, DU, m) / divy D, U(t, z, x0, m, y)dm(y) @)
] Rd
+Dy, U - DpHO(xO,DIOUO(t,xO,m),m)
+ / DmU(ta €, To,Mm, y) : DpH(ya Zo, D:EU(tv Y, X0, ’I?’L), m)dm(y) =0
]Rd
in (0,7) x R? x R% x Py(RY),
(ii3) U°(T,xo,m) = G°(20,m), in R% x Py(RY),
(iw) U(T,z,z9,m) = G(x, 0, M) in R? x R% x Py(RY).

\

This is a nonlinear equation stated in the space of probability measures Po(R?) of RY. The
notion of derivative with respect to a measure used in the above system is the same as in [6].
The master equation (without a major agent) was first introduced by Lasry and Lions and dis-
cussed by Lions in [23]. It was later studied in [6l [7, [8, 12} [16] in various degrees of generality.
System is precisely the system (here without common noise, to simplify the expressions)
introduced in [22]. The fact that one can use the so-called “Hilbertian approach” to prove the
well-posedness in short time for is hinted in [22]. A completely different approach is de-
veloped in our companion paper [7]. The first goal of the present paper is to show, through
a classical verification argument, that yields the notion of Nash equilibria (in the case of
Markovian feedback controls) introduced by Carmona and al. in [8, [10} [11]: see Proposition
Then we rigorously prove that the solution of the Nash system converges to the solution
of the system of master equations as the number of players tends to infinity: see Theorem
The main interest of this result is that it provides another justification of the definition.
The method of proof follows closely the lines of [6] (see also [§]), where a similar statement for
problems without a major player but with common noise is established.

Acknowledgment. The first author was partially supported by by the ANR (Agence Nationale
de la Recherche) project ANR-16-CE40-0015-01 and by the AFOSR grant FA9550-18-1-0494.

1 Notation and assumptions

The state space of the major player is R (dg € N, dy > 1), the state space for each minor player
is R? (d e N, d > 1). Both spaces are endowed with the Euclidean distance | - |.

We denote by P(RY) the set of Borel probability measures on R? and by Py (R%), k > 1, the
set of measures in P(R?) with finite moment of order k: namely,

1/k
My (m) = </ |x|km(daj)> < 4 if m € P(RY).
Rd
The set Pr(R%) is endowed with the distance (see for instance [T}, 27, 29])

1/k
di(m,m’) = inf (/ |z — y|k7r(dac,dy)> , Ym,m' € Pp(RY),
T Rd



where the infimum is taken over the couplings 7 between m and m/, i.e., over the Borel probability
measures 7 on R? x R? with first marginal m and second marginal m’.

Given a map U : Po(R?) — R, the notion of derivative in the space of measures is the one
introduced in [6] and [7]. We say that a map U : P2(R?) — R is C! is there exists a continuous
and bounded map 32 : Py(R?) x RY — R such that

U(m') — / /Rd 5m (1= s)m + sm/,y)(m' — m)(dy)ds Ym,m' € Py(RY).

We say that the map U is continuously L—differentiable if U is C! and if y — ‘5U = (m,y) is
everywhere differentiable with a continuous and globally bounded derivative on Pg(Rd) X ]Rd

We denote by
oU

this L—derivative.

The Hamiltonians of the problem are H? : R% x R% x Py(RY) — R for the major player and
H :R% x R% x R? x Py(R?) — R for the minor players. We assume that H° and H are smooth
enough to justify the computations below. In particular, H° and H are assumed to be at least
C! in all variables with bounded derivatives (locally uniformly with respect to the variable p).
The maps p° — H%(zo,p%, m) and p — H(x, 0, p, m) are also assumed to be strictly convex:

D20 H (o, p°,m) > 0, Dy, H(x,x0,p,m) > 0.

We denote by L? and L the convex conjugate of H? and H with respect to the variable p® and
p respectively:
L(zg,a’,m) = sup —a-p° — HO(xo,p" m)
pOeR%0
and

L(z,xz9,cc,m) = sup —a- p — H(x,xz9,p,m).
peRd

2 Interpretation of the model

In this section, we show that the system of master equations can be interpreted as a Nash
equilibrium in the infinite players’ game with a major player.

Namely we consider the infinite players’ game in which the minor players play closed loop
strategies of the form a = «(t,x,z9,m) (where x is the position of the minor player, z is the
position of the major player and m is the distribution of the minor players), while the major
player plays a closed loop strategy of the form a® = a®(t, zg, m). Here and below, a(t, z, z¢, m)
and a®(t,2°, m) are (deterministic) functions which we assume to be bounded and globally
Lipschitz continuous on, respectively, [0,7] x R? x R% x Py(R?) and [0,T] x R% x Py(RY).
Thus, both the representative minor agent and the major agent are playing feedback strategies.
In particular, given a Brownian motion {BY} in R%, and a stochastic flow of measures {m;} in
P2 (R%) which is adapted to the filtration generated by BY := {B?}, the dynamics of the major
player will be given by

dX? = al(t, X2 my)dt + v/2dB?

while the dynamics of the representative minor player is given by

dX; = o(t, X, X2, my)dt +v/2dB;



where B := {B;} is a Brownian motion independent of BY. We stress that the choice of Marko-
vian feedback controls implies that the stochastic controls af = a%(t, X?, m;), and, respectively,
a; = at, Xy, XP,m;) are adapted to the filtrations generated by (BY) and, respectively, by
(Bto7 Bt)

Notice that the stochastic flow of measures m;, which is going to represent the distribution
of the minor agents, must necessarily be adapted to the filtration B of the major player. At
equilibrium, m; will be the conditional law given BY of X;.

The following definition is a reformulation of the definition of [I0] by using the stochastic
PDE satisfied by the distribution law m;:

Definition 2.1. Given an initial measure py € Pa(R?) and an initial position z3 € R% for
the magor player, a Nash equilibrium in the game is a pair (&, @) of feedback strategies for the
minor and magjor player with the following properties:

1. (XP,my) are the flow of positions for the magjor player and of the mean field for the minor
players generated by & and a°, i.e. the solution to the McKean-Vlasov stochastic system.:

dX? = a(t, X0, imy)dt + /2dBY  in [0,T]
dymy = {Amy — div(mga(t, o, X0, me))pdt in[0,T] x RY, (4)
moy = MO, Xg = $8

2. The feedback strategy & is optimal for each minor player, given (XP,my), namely
J(@;a® (my)) < J(e;a°, (my)) (5)

for any Markovian feedback control oy := a(t, Xy, XP,my), where
T — — —
J(a;a® (my)) =E U L(Xy, X7, alt, Xy, XP 1), 1m0 )dt + G(XT,X%,mT)] :
0

with dX; = apdt + +/2dBy, Xo being distributed according to ug.
3. The feedback strategy &° is optimal for the major player, meaning that
J(@;a%) < J%(a; ),
for any different feedback law o°(t,z, m), where
T
S0 — E [/O LO(X0, a0 (t, X, my), my)dt + GO(X%,mT)] ,
where (X7, my) is now the flow of positions for the major player and of the mean field for

the minor players generated by & and o°, i.e., the solution to

dX0 = a%(t, X0, my)dt +v/2dB?  in [0, 7]
dimy = {Amy — div(mea(t, z, X, my)) } dt in [0,77] x R?, (6)
mo = po, X( = 0.

A few comments on the definition are now in order. We first note that m; (and, respectively,
my) are nothing but the conditional distribution given (X?)s<; of the process X; (respectively,



the conditional distribution given (X9)s<; of X;), where X;, X; are solutions of the McKean-
Vlasov SDEs B o o B
dXs = @(S,XS, Xg,E(XS|X2))d5 + \/EdBS, E(XO) = Mo,

and, respectively,
dXs = a(s, Xs, X0, L(Xs|X0))ds + V2dBs,  L(Xo) = po -

We stress that, given any couple a’(t, z,m), a(t, z,2°,m) of bounded and globally Lipschitz
functions, the existence of a (unique) solution (X, m;) to System (4 can be proved with stan-
dard fixed point methods.

The asymmetry between the major and the infinitely many minor players appears clearly
in the above definition of Nash equilibrium. Indeed, the cost for a minor player who deviates
playing a strategy « is J(a;a®, (7)) because, for this deviating small player, the mean field
is fixed (since the strategies of the other minor players are fixed) as well as the corresponding
strategy of the major player. In contrast, if the major player deviates, the mean field (m;) also
changes because all the minor players react to the deviation. Note that this definition is exactly
the one introduced by Carmona-Wang [10] in their “closed loop version” of Section 2. In fact,
as detailed in [I1], the equilibrium defined so far can also be interpreted as a Nash equilibrium
of a two-player differential game by first defining the cost of the small player as J(a;a®, (my))
for an exogenous stochastic flow of measures and the cost of the major player as J%(a;a?) as
above, and then requiring that the flow m; satisfies, at the Nash equilibrium, the consistency
condition m; = L£(X|X?).

We now show the link between the system of master equations and the Nash equilibria of
the MFG problem with a major agent.

Proposition 2.2 (Verification). Let (U°,U) be a classical solution to the system of master
equations with bounded and globally Lipschitz continuous (in all variables) space derivatives.
Then the pair

(a(t,z, zo,m),a’(t, xg, m)) := —(DpH(x,:z:o,DxU(t,x,xo,m),m),DpHO(xo,DxOUO(t, xg, m), m))
1s a Nash equilibrium of the game.

Proof. Let us first check that holds. For any «, we have, in view of the equation satisfied by
(mt)7

dU(t, Xy, X0, ;) = {atU + DU - alt, Xy, X0, my) + Dy U - @2 (t, X0, i10g) + AgU + Ay, U
+/ dlvy(DmU(taXbX??mt?y))mt(dy)
Rd
- DmU(t7 Xt7 X?7 mt7 Z/) : DpH(y7 X?v DIU(ta Y, X?a mt)7 mt)mt(dy)}dt
Rd

++v2(D,U - dB; + D,,,U - dBY),

where, unless otherwise specified, U and its space derivatives are evaluated at (¢, X;, X?,m;). In
the above equality, we used a modest generalizatiorﬂ of the chain rule in Proposition 5.102 in [§],

In [§ the chain rule is applied to a determinist distribution while it is applied here to the conditional dis-
tribution (m¢). This generalization can be justified by approximating the process (X?) by a piecewise constant
—~ N

process (X%, computing the corresponding solution (my) of the McKean-Vlasov equation with (X/?) instead
of (X}), applying Proposition 5.102 of [§] to U(t, X¢, X;,m}") on each time interval, and then pass to the limit.
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Vol. 1. Using the equation satisfied by U and the definition of a°, we obtain after integrating
in time and taking expectation:

E [G(X7, X7, mr)] = E[U(T, X7, X3, m7)]

T
=E[U(0, Xo, 0, po)] + / E[D,U - o+ H(Xy, X7, D,U(t, Xy, X7, ), )| dt
0

T
> E [U(O7 XO? ZL‘8, MO)] - / E [L(Xta X?? Oé(t, Xt’ X}?a mt)? mt)] dta
0

with an equality if
Oé(t, Xt, X,?, ’I7_’Lt) = —DpH(t, Xt, X?, DmU(t, Xt, X,?, mt), ﬁ’Lt) = @(t, Xt, X,?, mt).

This shows that B
J(O[, Xt07 mt) =E [U(07 X07 $87 MO)] = J(&v X)?? mt)7

so that & is optimal.
Next we show the optimality of a’. Let o be a feedback for the major player, (X;,m;) be
given by @ Then, using again the chain rule in in Proposition 5.102 in [§], Vol. 1.,

dU°(t, X0, my) = {6tU0 + D, U a® + A, U + /d div, (DU (t, X2, me, y))me (dy)
R

- DmUO(ta Xtoa my, y) ' DpH(ya X)?? D:L“U(ta Y, X)?’ mt)a mt)mt(dy)}dt
Rd
++2D,,U - dBY?,

where, unless otherwise specified, U° and its space derivatives are evaluated at (¢, X, my).
Therefore, in view of the equation satisfied by U°, we have

E[GO(X0,mr)] = E[U°(T, X3, mp)]

T
= U0(07$07,U/0) + / E [onUO ’ aO + HO(X?a DonO(t7X?amt)amt>] dt
0

T
= UO(O’ Zo, ,U,()) - / E [LO(X197 ao(t7 Xi?v mt)7 mt)] dta
0

with an equality if
a?(t, XP,my) = —DpHO(t, X, Dy U (t, X7, my), my) = a°(t, X7, ma),
in which case m = m. This shows that
J(a@; ) = U°(0, 20, po) = J%(a; a°)

and proves the optimality of aV. ]

3 The mean field limit

In this part we show that the master equation corresponds to the mean field limit of the
N —player game with a major player. We work here with the d; distance and we assume that
HY, D,H 0 H and D, H are globally Lipschitz continuous in the sense that (for instance for H)

|H(‘T’x0)p’ m) - H($,7 ($O)I7PI7m,)| < C’(|’:C - l’,’ + |x0 - (CC())/| + ‘p _p/| + dl(m7ml))

for any z,2’ € R, g, 2 € R, p,p’ € RY, m, m’ € P1(R?). Our main result is the following:



Theorem 3.1. Let (u™') be a classical solution to the Nash system and (U, U) be a
classical solution to the system of master equations. There is a constant C, independent of
N, x e R% x (RHN and t € [0,T], such that

N

. . _ 1

|UN7O(t7X) - Uo(t7x07m)]:])| + SupN |uN7z(t7X) - U(t7$i7$0>me7z)| <CN ! (1 + N Z |$z|> ’
i=1,..., i=1

where, as before,

N
1 1
mi =5 20 M= D Oy
i=1 J#{0,i}

As in [0], it is also possible to show that the optimal trajectories associated with the N —player
problem converge to the optimal trajectory for the limit one.

Proof. We follow the strategy of proof of [6]. Let (u’"!) be the solution to and (U° U) be
the solution of ([2). Following [6], we set

vN’O(t,x) = Uo(t,xo,mﬁ), vN’i(t,x) = U(t, xi,xo,mg’i).

Let us fix (to, 2], o) € [0,T] x R% x Py(R?) and let (ZV#);>1 be i.i.d. random variables with
law 1o € P2(R?). We consider the system X = (XV0, XNl ... XNNY of SDEs:

dXN0 = —D,HY (XN, Dyyu™0(s,X,), m¥ _)ds + v/2dBY, s € [to, T,
dXN = —D,H(XN, XN Dy u (s, X,), my")ds + v/2d B, s € [to, T1,

NO 0 vNi __ N
XNO =4, XN = ZNi,

Let us first notice that the (v™?) are almost solutions to the Nash system:

Lemma 3.2. Fori = 0,..., N, there exist continuous maps r™* : [0,T] x RP+Nd R such
that
N
N,0 N0 0 NO N N,0 Nj . Ngjy _ .NO
— oY — Zijv + H"(x0, Dgyv ,mx)+ZijU *DpH (x5, w0, Dyjo 7 ,my?) =71
j=0 j=1
N
Nii Ny Ni . Ni
] —opw™"' — Z Ay, 0™ + H (x4, 20, Dyyv™",my ™)
j=0
N, 0 NO N Ni A Nj . Njy_ ..Ni
+Dg, v - DpyH" (20, Dygv™ ", my ) + Z Dy ™" - DyH (2, 20, Dyjv™ ,my?) = v
J#i, j=1
N,0 —_ (0 N N,i _ Ni
| v (T, x) = GP(z0,my ), 07T, %) = G(4, 10, mx ™).

and o
sup [V (t, %) o0 < A My(my)).
i=0,...,N
Recall that My (m) = [ga |x|m(dx) is the first order moment of the measure m. We postpone
the proof of the Lemma and proceed with the ongoing proof. The main part of the proof consists
in estimating the difference u™* — vV along the trajectory X. For this we set

UM =i Xe), VY = oV X),



We first note that, in view of the equation satisfied by the (u™'?),
dUNO = (a WO S AL a0 - DHOXNO, D01, X)), m,) - D™
Jj=0
= Y Dy HXN XN, Dy mi) - Dy w0t +v/2 Y Dyu - dB]
7j=1 7=0
= (H(X), Dyyu™® m¥ ) — D HO(X,Y0, Dypyu™0, m¥)) - Dy
+v2) Dyu™-dBy,
j=0
where the uVJ are evaluated at (¢, X;). On the other hand, by Lemma we have
AV = (0™ + Y Ay w0 — D HO (XY, DO (8, Xy),mY,) - Dagv™0
Jj=0
=Y DyH(XM, X0, Dyu™I mi7) - Dy o™ O)dt + V2 Y Dy ™0 - dB]
j=1 7=0
— (HO(XN’O,DJCOU O m¥ ) = DyHO (XN, Dyyu™0(t, X), mY,) - Dy o™
— Y D HX[ XM Dy i mT) — DH(XY X0, Dy o™ mi)) - Dy ™0
Jj=1
— V) dt V2 Y] D, w0 B,
j=0

N,0 N,0

where the u™7, rN0 and v™0 are, here again, evaluated at (¢,X;). So, for any s € [to, T],

(U = V)2 = (U0 = VYO
T
b [ 200 - V) (OO, Day ) — O, D™ m, )
S

— Dy HO(X,Y°, Dy, m¥,) - (Dagu™® — Dy ™)

+ Y UDpH(X X0 Dy ulNT mi7) — DX, X0 Dy o™ mi?)) - Dy o™

j=1
+TN0 dt—i-ZZ/ |Dx]u ijvN’0|2dt
j=0
+2[2/ UtNO VtNO)( I]uN,o_ijva).ng.
j=0

Note that Ujjy 0 = VC,{V ¥ because the maps u™"? and v™¥:0 have the same terminal condition. Using
the global Lipschitz continuity of H® and H and the fact that HijvN’OHOO < CON~lforj=>1,
we infer that

0> (UN’O . VN,O)Q

_c/ U0 - NO\(|DJ;O( UN’O)\—i—N’lZ]ij(uN’j—vN’j)|+|7°N’0]>dt
j=1
+22/ Dy, ( 2dt+2\FZ/ w0 — N D (W0 — N0 aB].
j=0 j=0



Taking the conditional expectation EZ given Z and using Young’s inequality we find, for any

e >0,

T
0> EZ [(US{V’O _ V;N,O)2] _ / RZ [Ce’1|UtN70 B VtN’O

+CeN" N Dy, (uM — UN’j)|2]dt
i>1

+2Z/ E2[ Dy, (w0 — oV )Pt

j=0

Note that the estimate of r™>* in Lemma implies that

(1 B2 (m,)])?,

B2, X)) < 1

where, in view of the uniform bound on D,H 0 and D,H, we have
EZ[Mi(m¥,)] < C(1 + My(mg)).

So

C Cz

N2 ( ma

where Cz := C(1 + M;(m%))2. Coming back to , we find, for € small,

E2[(r™0(t, X))*] < 75 (1 + Mi(mg))? =
CZGNiQ ]EZ [(UN,O . VN,O)Z]
—C’/ EZ e UM = VNP 4 eNT! YDy, (u UNJ)P]dt
j=1
+Z/ EZ |ij 0 _ N )|2]dt.
320

We now make the same computation for 7 > 1. We have

dUtN’i = (6tuN’i + Z AmjuN’i — DpHO(XfV’O,DmOu th) Dyyu?

>0

= 3 D H Y, X0, Dy u mi) - Dy u Y dt + V2 Y Dy dB]

7j=1 7=0

= (H(XN, XN Dya mdh) = DH (XN, XN, DyuN md DxZuN’>dt

+v2 ) Dyl dBY,

j=0

10

2 + G‘DxO(UN’O —UN’0)|2 + €|TN’0’2

(8)



where the u™V7 is evaluated at (t,X;). On the other hand, by Lemma we have
v = (™4 Y Ay o™ = DHO (X, Dy m,) - Dy
720

= Y Dy H(XN XN, Dy ™ mi) - Dy o)t v2 Y Dy o dB]
7=1 7=0

_ (H(XNZ XN Do md) = DyH(XN, XN, Dyu™ miT) - Dy
— (DpHY (X, D™, m¥ ) — Dy HO (XY, Dyv™0 m¥ ) - D™

— > D HXM X0 Dy il miT) — DyH(XNY X[ Dy o™ mi)) - Dy o
i#{0,i}

NZ)dH\fZD Wi dBl |

j=0

where the u™7, rN:J and v+ are, here again, evaluated at (¢, X;). So, for any s € [to, 1],

(UJJY’i . Vz{v,i)z _ (USNz _ VSN,i)z
T . . . A . A
+ / 20N = VY (HEN, X0, Dy ) = B, XN, Dyo™ m)
S

- D H(XN,Z' XN,O DxiuNz m)]\(]l) . Dxl( Nyjg N,i)
— (D HY(X0, D™ m¥ ) — DyHO (XN, Dygv™0,m¥)) - Dygo™
+ > (DpH (XM X0, Dy ™I mi?) — DyH (X, X0, Dy o™ md ) - Dy o™

J#0,1
NZ dt+22/ — o™V 2dt
j=0
+2\/72/ NZ_ NZ)D:E](UN’i—UN’i)'ng.
j=0

Since U:]FV - Vz{v " and H® and H are Lipschitz continuous and since |Dg;v™ e < CN™1 for
J # {0,141}, we have

0> (U;V,z . V;N,i)Q

T . .
- / C|UtN,z . ‘/tN,z

(192, = o) 4 [ Dy (w0 = w0

FNTN D (@ — N Nt
70,1}
+2Z/ Dy, ( |dt+2\f2/ oV Dy, (uN — 0N - dB].
j=0 j=0

Taking expectation and using Young’s inequality and the estimate of rV? in Lemma we

11



find, for € small enough,

T . .
CgeN~2 > EZ [(USN,i _ V;N,z')Q] _ C/ RZ [6—1|UtN7z _ V;N,7,|2

+ €| Dy (U0 — N2 f eNTE Z Dy (u™N9 — UN’J)|2]dt 9)
3#{0,4}
T . .
+ / Ez[ypxj(uNﬂ —UN’Z)lz]dt.
j=0"¢s

We add inequalities in @D fori=1,..., N with N times inequality to obtain
CZEN_l > NEZ [(UéV,O o V9N70)2] + 2 EZ [(USIV,l o V;N,i)?]

=1

T T .
— CNe—l/ REZ [’UtN’O _ ‘/tN,OIZ] dt + Ce! Z/ EZ [‘UtN,z _ ‘/vtN,’L|2i| dt
i=195

s

T T
—CNe/ EZ [| Dy (u™? — N0) 2] dt—CeZ/ E? [| Dy, (w7 —o™9) ] dt  (10)

j>17s
T T ) )
+NZ/ EZ[\ij(uN’O—vN’O)|2]dt+ 3 /EZ[|DIj(uN’Z—vN’Z)|2]dt. (11)
j=0"5 i=1,j=075

Choosing a last time € small enough, we can absorb the terms in line into the term in line
. Then, by Gronwall’s Lemma, we find

NEZ [(USJV,O o ‘/SN,O)Q] 4 2 EZ [(USJV,’L o VSN,i)2:| (12)
i1
T T . .
+NZ/ IEZ[|ij (WO —vN’0)|2]dt+ 3 / IEZ[|DIj(uN’Z —vN”)|2]dt < COzN~.
j=0"% i>1,j=07S
We use this inequality to evaluate the second line in @: fori=1,...,N we have

T . .
CgN™2 = B2 [(UNF — V2] — Ce! / EZ[JU = VYR |ae

T
+Z/ EZ[| Dy, (u™ = o) 2| at

j=07s

and finally obtain, thanks again to Gronwall’s Lemma:
T
EZ [(UN - vV ¢ ) / EZ[|D%, (N — UN’Z)|2]dt < OzN"2.
j=07s
For s =ty and in view of the initial condition of the process X, this proves that, P—a.s. and for
any t =1,..., N,
|uN’i(t[), Z) o UN’i(to, Z)‘Q _ EZ [(Ut](\)fﬂ _ ‘/tévyl)2:| < CZN72

while, for i = 0, we have by :

[Nt Z) — v (1o, Z)? = B2 | (UN° = V)2 < CoN 2

to

If we choose the Z; identically distributed with a positive density and finite first order moment,
we obtain the Theorem by the continuity of «* and of U. O

12



Proof of Lemma([3.9 Let us recall the following relations, proved in [6, Proposition 6.1.1]. For

i,7 # 0 with ¢ # j, we have

1
DoV O(t,x) = Doy U%(t, 2o, mY), Dy o™0(t,x) = NDmUO(t, zo,mY , x;),

Diﬂ (t,x) = mDQ Uo(t O, My ,a:z,acj)
Dilw MOt x) = ﬁ]‘ﬂ UO(t, zo, mY, i, ;) + NngUo(t,mo,me,xi),

where, we recall that D,,U° depends on one extra variable (see ) and consequently, D2, U°

depends on two extra variables.

The corresponding equalities hold for v™** with ¢ > 1 (with 1/N replaced by 1/(N —

1)). So

N
N0 N0 0 NO N N0 Nj . N,
— oY — ZAIJ.U + H"(z0, Dgyv™",my ) + Zijv - DpH (2,0, Dyyjv™ 7 ,my )

=0 j=1
—6tU0(t 20, mY) — Ay, U (¢, 29, mY)

1
- Z Tr <N2 Uo(t Zo, M N7xi7$1) + NDszO(tvx();m;]cV’mi))

+ Ho(xo, DxOU (t, zo, mf:[),mN)

X
1 . .
+ N Z DmUO(t,mo,mfy,xj) . DpH(:Uj,xo,DxU(t,:rj,wo,mg’]),me’j)
j=1

= —o,U" (t,z9,m ) AJ;OU (t,zog,m i\/) +HO(xO,DxOUO(t,mo,mi[),mN)

X

+ DmUo(ta xo, mi\f’ y) : DpH(y7 Zo, DIjU(t7 Y, o, miv)v miv)mN(dy)

R4 x

- / divy, DU (t, w0, mY , y)ymZ (dy) + 7V 0(t,x) = rV0(t, %)
Rd

thanks to the equation satisfied by U, where

N
1 1
x)i=— ) ﬁTrDznmUo(@ﬂ?o,mfy’xi,wi) -~ > DUt wo, my, 5)
i— j=1
[DpH(xj, w0, Dy Ut xj,xo,mf’j),miv’j) — DypH (x4, 20, Dy U(2, 2, 0,
Note that
1 .
del(miv’]amiv)<N2 Z Z i — x| < = Mi(m )
Jj=1 J>1 17#0,J

So, by the regularity of U°, U and H, we have

YOt x)| < (1 + Mi(my)),

i
as claimed.
The proof for vV goes along the same lines and we omit it.

13

mi),my) .



References

[1]

[11]

[12]

[13]

[14]

Ambrosio, L., Gigli, N., Savaré, G. GRADIENT FLOWS IN METRIC SPACES AND IN
THE SPACE OF PROBABILITY MEASURES. Second edition. Lectures in Mathematics
ETH Ziirich. Birkh&user Verlag, Basel, 2008.

Bensoussan, A., Chau, M. H. M., Yam, S. C. P. (2015). Mean field Stackelberg games:
Aggregation of delayed instructions. STAM Journal on Control and Optimization,
53(4), 2237-2266.

Bensoussan, A., Chau, M. H. M., Yam, S. C. P. (2016). Mean field games with a
dominating player. Applied Mathematics & Optimization, 74(1), 91-128.

Buckdahn, R., Li, J., Peng, S. (2014). Nonlinear stochastic differential games involv-
ing a magjor player and a large number of collectively acting minor agents. SIAM
Journal on Control and Optimization, 52(1), 451-492.

Caines, P. E., Kizilkale, A. C. (2014). Mean field estimation for partially observed
LQG systems with major and minor agents. IFAC Proceedings Volumes, 47(3), 8705-
8709.

Cardaliaguet P., Delarue F., Lasry J.-M., Lions P.-L. The master equation and the
convergence problem in mean field games. To appear in Annals of Mathematics Stud-
ies.

Cardaliaguet P., Cirant M., Porretta A. Splitting methods and short time existence
for the master equations in mean field games. In preparation.

Carmona, R., Delarue, F. (2018). PROBABILISTIC THEORY OF MEAN FIELD GAMES
WITH APPLICATIONS I-II. Springer Nature.

Carmona, R., Wang, P. (2016). Finite state mean field games with major and minor
players. arXiv preprint arXiv:1610.05408.

Carmona, R., Wang, P. (2017). An alternative approach to mean field game with
major and minor players, and applications to herders impacts. Applied Mathematics
& Optimization, 76(1), 5-27.

Carmona, R., Zhu, X. (2016). A probabilistic approach to mean field games with
magjor and minor players. The Annals of Applied Probability, 26(3), 1535-1580.

Chassagneux, J. F., Crisan, D., Delarue, F. (2014). Classical solutions to the master
equation for large population equilibria. arXiv preprint arXiv:1411.3009.

Elie, R., Mastrolia, T., Possamai, D. (2016). A tale of a Principal and many many
Agents. arXiv preprint arXiv:1608.05226.

Firoozi, D., Caines, P. E. (2015, December). e—Nash equilibria for partially observed
LQG mean field games with major agent: Partial observations by all agents. In
Decision and Control (CDC), 2015 IEEE 54th Annual Conference on (pp. 4430-
4437). IEEE.

Friedman, A. (1972) STOCHASTIC DIFFERENTIAL GAMES, Journal of differential
equations, 11 (1), 79-108.

14



[16]

[17]

[27]

28]

[29]

Gangbo, W., Swiech A. (2015) Existence of a solution to an equation arising from the
theory of mean field games. Journal of Differential Equations, 259(11), 6573-6643.

Huang, M. (2010). Large-population LQG games involving a magjor player: the Nash
certainty equivalence principle. STAM Journal on Control and Optimization, 48(5),
3318-3353.

Kordonis, 1., Papavassilopoulos, G. P. (2015). LQ Nash games with random entrance:
an infinite horizon magjor player and minor players of finite horizons. IEEE Trans-
actions on Automatic Control, 60(6), 1486-1500.

Lasry, J.-M., Lions, P.-L. Jeuz a champ moyen. I. Le cas stationnaire. C. R. Math.
Acad. Sci. Paris 343 (2006), no. 9, 619-625.

Lasry, J.-M., Lions, P.-L. Jeuz a champ moyen. II. Horizon fini et controle optimal.
C. R. Math. Acad. Sci. Paris 343 (2006), no. 10, 679-684.

Lasry, J.-M., Lions, P.-L. Mean field games. Jpn. J. Math. 2 (2007), no. 1, 229-260.

Lasry, J. M., Lions, P. L. (2018). Mean-field games with a major player. C. R. Math.
Acad. Sci. Paris.

Lions, P.L. In Cours au College de France 2008-2009. www.college-de-france.fr.

Moon, J., Bagar, T. (2015, December). Linear-quadratic stochastic differential Stack-
elberg games with a high population of followers. In Decision and Control (CDC),
2015 TEEE 54th Annual Conference on (pp. 2270-2275). IEEE.

Nguyen, S. L., Huang, M. (2012, December). Mean field LQG games with mass
behavior responsive to a major player. In Decision and Control (CDC), 2012 IEEE
51st Annual Conference on (pp. 5792-5797). IEEE.

Nourian, M., Caines, P. E. (2013). e-Nash mean field game theory for nonlinear
stochastic dynamical systems with major and minor agents. STAM Journal on Control
and Optimization, 51(4), 3302-3331.

Rachev, S.T., and Schendorf, L. R. MASS TRANSPORTATION PROBLEMS. Vol. I:
Theory; Vol. IT : Applications. Springer-Verlag, 1998.

Sen, N.; Caines, P. E. (2016). Mean field game theory with a partially observed major
agent. STAM Journal on Control and Optimization, 54(6), 3174-3224.

Villani, C. OPTIMAL TRANSPORT, OLD AND NEW. Springer-Verlag, 2008.

15



	Notation and assumptions
	Interpretation of the model
	The mean field limit

