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SUMMARY
Multioffset phase analysis (MOPA) is a fairly recent technique for evaluating seismic surface §
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wave dispersion and estimating the presence of lateral variations. The main limitation of MOPAS
is that it is based on the assumption of one predominant mode, usually the fundamental mod@
in the wave propagation. However, MOPA can be extended (at least) to the two-mode caseg

this new technique will be called multimode MOPA (MMMOPA). The method employs both
amplitude and phase spectral information. The analysis is performed for each frequency ind
pendently. The presence of two modes causes the amplitude to have an oscillating behavio
as a function of offset (beats): the spatial period of the oscillating amplitude is identified, &
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amplitude maxima and minima are extracted, and the local wavenumber is computed wa;,

linear regression. The resulting multimodal dispersion curve is consequently derived. Mode
uncertainties can be estimated by propagating the experimental phase and amplitude err
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variances through the different steps of the analysis all the way to the final phase veIocmesN
An algorithm running the process in an automatic way has been implemented and tested 0@
both synthetic and real data, with success. This is the base for future developments that, i

the MOPA framework, can take into account rapid lateral velocity variations within the same 3
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acquisition window and estimate the modal absorption, for the estimation of the damping ratio,g

even in the presence of multimode surface wave propagation.

Key words: Fourier analysis; Seismic attenuation; Surface waves and free oscillations.

The whole analysis is made in the spectral domain which, depend-
ing on each specific technique, could be frequency—wavenumber,
Seismic surface waves have been considered noise for many yearsrequency—phase velocity, frequency—offset or others.
especially in the context of reflection surveys. The first attempts to  Both active and passive techniques have been developed over
extract useful information from these waves date back to the 1950sthe years. Among the active techniques, the multichannel analysis
(Jones1958 1962 Ballard 1964, when a very simple approach, of surface waves (MASW; Parét al. 1999a Xia et al. 1999 is
the steady-state Rayleigh method, was proposed for engineering siteone of the most widely used, both for small-scale (environmental,
characterization purposes. In the early 1980s, spectral methods forengineering-geotechnical) and large-scale (oil and gas and mineral
surface wave analysis were introduced and applied in the context ofexploration) applications. The MASW method aims at retrieving
geotechnical studies, leading to the development of the well-known dispersion curves by picking amplitude maxima in one of the afore-
spectral analysis of surface waves (SASW; Nazarian & Stokoe Il mentioned spectral domains, either manually or by the use of au-
1984, but the true impulse to surface wave methods (SWM) was tomatic algorithms. In some cases, also higher modes are picked
given by the historical progress in electronics and computers, which and included in the inversion process (Gabriglsl. 1987 Park
made it possible to acquire and process a large amount of dataet al. 19991, since these modes are known to bring independent
even in geotechnical applications: the consequence has been thadditional information, helping constrain the inversion problem and
rise of multichannel techniques (McMechan & Yedli81, Park increase both investigation depth and model resolution €.
et al. 19993 Xia et al. 1999, which revealed to be more robust 2003 Socco & Strobbi®2004 Maraschiniet al. 2010.
than SASW for many types of applications at very different spatial ~ The most critical aspect of the multimodal analysis is still the
scales, including the cases where multimodal propagation is critical. mode numbering identification. Normally, the most energetic mode
The main purpose of SWM is to characterize the near surface in is taken as the fundamental one, but this is not always the case,
terms of shear elastic properties by studying the dispersive charac-especially in the presence of inversely dispersive media or strong
teristics of the medium and by solving the related inverse problem. velocity contrasts (Tokimatset al. 1992 Maraschiniet al. 201Q

1 INTRODUCTION
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Figure 1. Two monochromatic waves, (a) and (b), having the same frequieacg Hz and amplitude\ = 5, but propagating in the same direction with
different apparent velocities,e= 100 m st and ¢ = 160 m s'1. Their interference produces seismogram (c).

Figure2. From top to bottom: amplitude, unwrapped phase and unwrapped phase after LMO correction for the seismogranthiréFiganel. The analysed
frequency is 6 Hz and the velocity used for the LMO is 100Th.s
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Boagaet al. 2014. Mode misidentification is often caused by a are imposed by field conditions and instrument availability. Luo
bad choice of acquisition parameters: long, multicomponent and et al. (2008 propose the application of a high-resolution linear
fine-sampled arrays permit a better resolution of the different Radon transform to surface wave data in order to olftairspec-
modes (Fotiet al. 2002 . This is particularly true in the case tra with increased mode resolution with no need for larger arrays
of the so-called ‘osculation’ of different modes, thoroughly dis- lengths.

cussed by Boaget al. (2013, who also propose a solution based Correctly picking a multimodal dispersion curve is, however, not
on multicomponent data acquisition. However, strong limitations only a matter of spectral resolution. Low-frequency linear noise
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Figure 3. Two monochromatic waves, (a) and (b), having the same frequeadyHz, but different amplitude8, = 10 andA, = 5, and propagating in the
same direction with different apparent velocitigs=c100 m s'* and ¢= 160 m s'1. Their interference produces seismogram (c).

Figure4. From top to bottom: amplitude, unwrapped phase and unwrapped phase after LMO correction for the seismogré&nthiréFiganel. The analysed
frequency is 6 Hz and the velocity used for the LMO is 100Th s

and/or ignored lateral velocity variations may pollute the spectrum. spectrum, which makes mode picking and identification challeng-
While the first issue can be resolved with multiple repetitions of ing and potentially misleading. This is why the MASW method, in
the same shot, the latter issue is subtler: Boaiga. (2014 show spite of its robustness, is not suitable in the presence of lateral het-
the compresence of different branches for each mode iri-the  erogeneities. Adaptation of the method to laterally varying contexts
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Figure5. Steps of MMMOPA. (a) Raw amplitude (blue line) and amplitude corrected for attenuation (green line). (b) Normalized corrected amplitude (g%en),
fitting sinusoid (red line) and position of local maxima and minima (red points). (c) Average amplitude maximum and minimum (black dotted linésjl comgu
from all local maxima and minima (red points). (d) Unwrapped raw phase (blue line) and intervals selected for local linear regressions (redgopits). Ea
taken from a synthetic data set.

/Tcenoel

has been attempted, but this often consists only of moving window  In the sequel, we first explain the theoretical idea behind2
averaging (Boiero & Socc@011, Bergama2012). the method. Then, we spell out the criteria of applicability of S
More recently, a technique based on the analysis of the phasethe method and describe the processing algorithm with its mait;
versus offset has been developed by Strobbia & RAD6: this steps of application. Three successful examples are iIIustrate@
procedure, called multioffset phase analysis (MOPA), gives an es- one with a synthetic data set and two with real data. Finally, a3
timate of phase velocities and their uncertainties, preserving lateral brief discussion shows pros and cons of the method and futuré
resolution, even in the presence of abrupt lateral variations (Vignoli perspectives. c
& Cassiani2010. When multiple shots are available, a statistical
approach (sl\_/IOPA;_ Vignolét al._ 2011, tak_mg adv_antage of data 2 THEORETICAL BACKGROUND
redundancy, is advisable. In this case a finer estimate of phase un-
certainties is obtained, which may be used in turn to weight the MOPA is a very powerful technique to extract phase informatio
linear regression of phase versus offset. from multichannel data, particularly in the presence of lateral vari<
Despite the fact that MOPA is a robust technique, it has a crit- ations. MOPA takes advantage of the linear dependence betweén
ical limitation: it assumes that a single mode is dominant in the the phase of the signal at a specific frequency and the offset, valid
propagation at each frequency, and that the signal phase is a modalor the propagation of one single mode. In this case, the slope q:(j
phase. If this condition is not satisfied, MOPA can still be used if the line is linked to the wavenumber, that is, to the phase velocityz
the different modes are well separated: a preliminary processingby performing a frequency by frequency linear regression of thés
step is required, which consists in isolating each mode, for exam- phase versus offset, the dispersion relation is inferred. Yet, MOP@
ple, by filtering the data in thék domain. Otherwise, when the  has a drawback: when the underlying assumption, that most energy
different modes are close to each other and/or lateral variations areis focused on a single mode, is not fulfilled, multichannel filtering, 2
quite important, isolating modes prior to the analysis might be not such ag—k or f-x dip, is needed to isolate one mode (normally, the;
applicable. Note however that, in the presence of lateral variations, fundamental, or at least the one assumed to be such) from the othegs.
the use of thé— filtering does not take into account that energy ~ This filtering operation could be, in some cases, quite complex, ag
maxima are the results of superposition coming from different parts mentioned in Section 1. 5
of the survey lines, where modes are seemingly different. This may We presenta method that aims to overcome the limits of the single
cause the identification of apparent modes that correspond to nomode propagation as assumed by standard MOPA. The proposed
real mode in no place of the profile. method (MMMOPA) is capable of retrieving dispersion curves of
We present here a new approach, extending MOPA to the two- two different modes at the same time, and potentially more modes,
mode case, and possibly to more modes. The resulting multimodewith no specific need of filtering in th&k domain. The main
MOPA (MMMOPA) is based on the concurrent analysis of both requirements for the method are that both modes are energetic and
amplitude and phase. that the phase spectrum is affected by the mode superposition. In
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Figure 7. Normalizedf—k spectrum for the seismogram in F&.The three
first theoretical modes are also displayed.

the spectral amplitude oscillates betwednahd 0, corresponding

to perfect constructive and destructive interferences, respectively.
Conversely, the phase presents regular jumps of conjunction

with amplitude minima, at the positions of phase opposition ig.

Let us consider now the same example, but varying the relative
amplitude between the two sinusoids: in this second case, the ampli-
tude ofais double that ob. The combined seismogram(Fig. 3),
presents a pattern that resembles the previous case but here ampli-
tudes are not going to zero at any location. Similarly, phase jumps

are not as abrupt as in the previous case: the phase slope has smooth

variations also in correspondence of amplitude minima, while it is
constant for amplitude maxima (Fig).. Note that in both Fig2 and

Fig. 4, the bottom panel shows phases with a linear-moveout cor-
rection (LMO) applied. LMO shifts seismic records back in time,
where the shifAt linearly depends on the source—receiver distance

X. In formula:
X
At = s 1
VLmo ( )

Figure6. (a) 1-D Shear wave velocity model used to generate the synthetic o o\, i the velocity used for the correction. This time shift
data set and (b) resulting synthetic seismogram shown with trace by trace. ; . e
amplitude normalization. in the time domaln_ tra_mslates to a pha_se sh!ft in the spectral do-
main. LMO correction is here used for displaying purposes only, to
enhance the small-scale phase variations produced by modes inter-
ference: to this end, the velocity used for the correction is the one
geetter describing the large-scale phase trend.
The examples above show that the combination of two differ-

ent monochromatic signals having the same frequency produces

observable patterns on seismograms. In particular:

addition, no other coherent signal should interfere. In the proposed
method, both phase and amplitude need to be used. The analysis an
use of the spectral amplitude simultaneously for multiple modes, as
discussed later, also overcome the main limitations of the standard
attenuation assessment techniques.

For illustration purposes, let us start with a very simple case. Let
us consider the simple interference between two sinusoidal signals, 1. The oscillating spatial period of amplitude and phase, let us
a andb, both with frequency = 6 Hz and amplitudé = 5, and yet call it AX, is linked to the difference of wavenumbers (i.e. to the
propagating with different apparent velocitigs= 100 m s* andc, difference in velocity) of the two signals.
=160 m s. Two synthetic seismograms with 100 traces, areceiver 2. Amplitude maxima and minima give information about the
spacing of 1 m, a record length of 4 s and a sampling interval of sum (constructive or in-phase interference) and the difference (de-
10 ms were generated both andb, and combined together by a  structive or out-of-phase interference) of the individual amplitudes
simple sum: let us calt the combination o& andb (Fig. 1). Note of the two sinusoids.
that no specific reference is here made to surface waves, but only to 3. The local slope of the phase versus offset, corresponding to the
the interference between two monochromatic waves. The amplitude, position of amplitude maxima, is constant and always corresponds
as expected, presents a regular oscillating pattern with offset due toto a value in-between the wavenumblers= 2 f/c, andk, = 27 f/c,
positive and negative interferences between the two waves (beats)of the two sinusoids.
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Figure 8. Top panel: unwrapped phase (blue line) with values automatically selected by the algorithm for each inddggndentputation (red circles).
Data have been LMO corrected with a velocity of 300 nt.sBottom panel: normalized amplitude (blue line), normalized amplitude after correction f
attenuation (green line), fitting sinusoid (red line). For both plots frequency is 22 Hz. Example from the synthetic data set.

of the two sinusoidal signals may be expressed as
S:(X) — Acé(wtfkgx) — Aaei(a)tfkax) + Abé(wtfkbx)’ (4)

wherew = 27fis the angular frequencyijs time andx is the offset
coordinate. Let us first consider the amplituble which can be
expressed as (see Appendix A for details):

-gjo1e/I6/wo:

Ao = 2+ AZ + 20 Ap coS[ka — ko). ®)

Eq. ) describes the oscillating behaviour of the amplitude: maxim
and minima take place when cdg]( ky) X] is equal to 1 and-1,
respectively. In formula:

Amax:\/A§+Ag+2AaAb:Aa+Ab (6)
Amin =/ A2+ AF = 2A A, =| Aa — A | . )

Note that eq.) has two possible solutions depending on the relativ
power of the two individual waves, so that

_ Amax+ Amin _ Amax - Amin

0 Jasn enoped 1p 1pnis 1Bop ensianun Aq 62208%%/2081/E/TZZN0RASqR

= , A R 8
Figure 9. Final multimodal dispersion curve overlapped to the normalized 2 0 2 ®)
f—k spectrum: fundamental mode is in blue, first higher mode in red. Example whenA, is greater thamy,, and
from the synthetic data set. '
Aa — Amax; Amin . Ab — Amax;‘ Amin i (9)

Regarding the first point above,X may be seen as the spatial
interval needed to produce the difference of one cycle between the
two sinusoids:

u

whenAy, is greater tha\,. This means that the mere observation &
of the amplitude distribution with offset produces an intrinsic am-g
biguity about the attribution of the computed amplitude values tc2,

KeAX — kyAX = 27 ) sinusoidsa or b, unless we dispose of additional information about
which of the two waves is more energetic. Let us now analyse th&
that is, phase of the wavefield in egd)( which can be expressed as:
2 Ao sin[(ka — kp)x] }
AX = . 3 — kex = arctan{ — kaX. 10
P ) Ac+ Py Cos [ — k)X] o

As far as amplitude and phase are concerned (second and thirdfwe differentiate eq.10) with respect t, we obtain the expression
points of the list above), their behaviour can be mathematically of k. as a function ok which, in the specific case of cokj(— k)
described as follows. The wavefield resulting from the summation x] = 1 and sin[k, — ky) X] = 0 (amplitude maxima), reduces to (see
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Figure 10. Stack of seismograms from 10 repeated shots, for the first shot location, shown with trace by trace normalization—Mirandola data set.

The concepts above, illustrated in the simple case of interference
between two monochromatic waves propagating (in the same di-
rection) with different velocities, can be easily extended to surface
waves and, specifically, to the interference between different modes.

The wavefield associated to surface wave propagation into a lat-
erally homogeneous medium can be seen as the superposition of
different modal contributions (Aki & Richard2002):

Sw, X) = Z Anm(w, x)gl@t-kn(@)x+ds@) (14)

wherew is angular frequency is offset,t is time, An(w, X) and
kn(w) are respectively the amplitude spectrum and the wavenumber
of themth mode andps is the source phase. As a consequence of
wave dispersion, all terms in edl4) depend on frequency. If we
look at one single frequency = @, and at the simplest case of a
single mode propagation, ed.4) reduces to:

S(@, X) = Ao(@, x)eletK@xtos@l (15)
where the modal phase is
d(@, X) = —k(@)X + ¢s(). (16)

This is the base for the classical MOPA approach, which performs
an independent linear regression of the phase versus offset for each
frequency. The final objective is to find the wavenumber (then con-
verted to velocity) distribution with frequency, that s, the dispersion
(11) curve. Note that this method ignores the amplitude information and
A+ A, only concentrate on the phase of the signal.
In the case of coexistence of two modes, let us number them 0
and 1, eq.14) becomes:

Figure 11. Normalizedf—k spectrum for the seismogram in Fip.

Appendix A for further details):

Apk
kloc:Aaka-i- bKb

Eq. (11) states that the local phase slokg, corresponding to

the amplitude maxima, is equal to the weighted mean of the two

individual slopesk, and k,, where the weights are given by the ~ S(@, x) = €5 [ Ag(w, x)el™ 0@X + A (@, x)el@ta@Md}

sinusoid amplitudes. (17)
Supposing we have somagriori information about which of the

two waves is the most energetic, we are able to compute individual where the first exponential term is a constant and the expression in

wave amplitudesi, andA,, from either eq. &) or (9). Finally, we brackets resembles ed)(with the only difference of the amplitude

can retrieve the phase slopes, or wavenumbers, from the solution ofdependence on offset. Therefore, if we analyse the complex wave-

the system of eq3f and (1): field Sw, X) produced by the interference of two (and only two)

different modes, and we do it frequency by frequency, we apply the

Ky = Kiog — 2 A . (12) theoretical concepts and equations derived for the case of the two
AX Aa+ Ay sinusoids. In this way, we can extract the wavenumber information
2r A of the two modes for each analysed frequengyw) and k;(w),

ka = kloc + (13)

AX A+ A, which consists in retrieving the multimodal dispersion curve. This
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Figure 12. Top panel: unwrapped phase (blue line) with values automatically selected by the algorithm for each inddpgndentputation (red circles). %
Data have been LMO corrected with a velocity of 140 mh.88ottom panel: normalized amplitude (blue line), normalized smoothed amplitude after correctlgn
for attenuation (green line), fitting sinusoid (red line). For both plots the frequency is 19 Hz—Mirandola data set. g)_
%]

(i) Amplitude is not constant with offset, being affected by geo- §

metrical and intrinsic attenuation. N

(i) Real data are affected by noise which distorts phase inforss

mation and affects true amplitude recovery. 5

(iv) The investigated area could be affected by lateral velocityS

variations. g

o)

o

N

N

Given the reasons above, we show here a robust and effectl\@
algorithm to perform MMMOPA which can be applied to real dataé
under certain conditions, which are the compresence of two ang
only two energetic modes and the 1-D character of the mediurf
within each analysis window. When the first condition is not mets
we can, in some cases, pre-process the data in order to make th%n
still suitable for the analysis. Concerning the 1-D condition Wlthln—
the analysis window, this is a required assumption due to the smE
plified formulation of the method: however, as it is done with mosta
surface wave methods including the standard MOPA, the methog
could be applied either piecewise over neighbouring intervals, o§
continuously on moving windows, in order to highlight smooth 5
lateral heterogeneities. Further developments to catch rapid veIo&
ity changes are feasible in the MMMOPA framework and will be %
illustrated in Section 6.
is the base for what we call MMMOPA. In this case, both phase and  To better guide the reader in the comprehension of the metho
amplitude information have to be extracted and analysed. we list here the different steps of MMMOPA (Fig):

Figure13. Final multimodal dispersion curve, with relative error bars, over-
lapped to the normalizeiekk spectrum: fundamental mode is in black, first
higher mode in red. Mirandola data set.

0 uo

pi
S
N
o
1. Identification of a proper frequency range for the analysis, and
3 PROPOSED ALGORITHM of the most energetic mode for each frequency within that range.

When analysing surface waves and especially real data, things get 2 Amplitude correction for attenuation.
more complicated compared to the case with two sinusoids. The 3. Identification of the amplitude/phase spatial period and of the

additional problems we encounter are: position of amplitude maxima and minima.
4. Computation of the individual modes amplitudes.

(i) We need to ensure that only two modes interfere at the same 5. Phase linear regression and computation of an average local
time, with comparable amplitudes. wavenumber.
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Figure 14. Final multimodal dispersion curve from MMMOPA over the same curve picked with an automatic algorithm. Mirandola data set.

Step 1 consists in analysing the spectrum in order to identify from which
possible frequency ranges where two different modes coexist with
In ((

2 2
comparable levels of energy. Within them, frequency sub-ranges /-\o/:\FO/-\1> e 210X 4 (AOTAJ e*2“1x>
need to be defined, depending on which is the most energetic modear = —

If further modes exist, we should first analyse their impact in terms 2x

of amplitude (i.e. verify whether their energy is non-negligible and EQ. 20) describes the dependencyaf on distance. However, a
thus can produce further interference, compromising the two-mode unigue apparent attenuation coefficient is here computed through a
analysis presented in this paper). When necessary, we could filternonlinear regression of amplitudes, using the left side of &8): (
them out in thé—k domain. Of course, this is not always straightfor-  the resulting apparent attenuation coefficient represents an average
ward: in order to preserve the wanted information, we should apply a value in space (Lai998. This procedure is based on the strong
filter only when higher-orders modes velocities are far enough from assumption of a homogeneous medium (Rial. 2000. However,

the fundamental and first-order modes, going back to the problem as the goal here is to recover amplitude loss in an approximate
faced when trying to isolate the fundamental mode only. However sense (practically, using an exponential loss), and not to provide a
it should be noted that very rarely energy of Rayleigh wave is dis- precise estimate of attenuation, this approach is viable. More de-
tributed, to a measurable extent, onto more than two modes. tailed analysis of attenuation may be performed after the dispersion

Steps 2-5 describe the automatic analysis performed by the al-information is recovered: individual modes attenuation coefficients
gorithm. This is done frequency by frequency. Step 2 consists in could be easily extracted making use of all information acquired
correcting the raw measured amplitude for attenuation in space: during the MMMOPA analysis (see Appendix B).
the algorithm first corrects for geometrical (cylindrical) spreading ~ Once amplitude is corrected for attenuation, we come to step
(1/4/X, wherex is the source—receiver distance), then performs a 3, where the oscillating period of amplitude versus offgeX) is
nonlinear regression to compute a rough estimate of the averageidentified for each frequency. To this end, the algorithm searches
(in space) apparent attenuation coefficiept which describes the for a positive periodic function (more specifically, the norm of a
decay of the recorded amplitude as a combination of the joint prop- sinusoid) which approximates the observed data @&ip the period
agation of the two modes. In other words, the algorithm estimates and initial phase of the best-fitting cosine are found by minimizing
the overall amplitude loss ignoring oscillations due to modes su- a specific cost-function, which is based on the sign of the amplitude
perposition, and corrects for it (Figa). When considering both  first and second derivatives. If the amplitude is particularly noisy, a
geometrical and intrinsic attenuation effects, and by ignoring the smoothing step is necessary before fitting. From this first step we
oscillating behaviour produced by modal interaction (d@sk¢ obtain, for each frequency, the value®XK and the offset locations
ki)x] = 0), eq. 6) becomes of amplitude maxima and minima.

In step 4, the two individual modes amplitudes are extracted
for each frequency. The algorithm computes amplitude minima
Aie(ﬂmx) _ \/A%ezaox + ﬁe,zm (18) and maxima as the average of the different local minima and
VX X X ' maxima found in the previous step (Fir). Consider that data are

affected by larger uncertainties at greater distance, so it is advisable

wherewxo anda; are the attenuation coefficients of the two modes. to weight the average with respect to offset. Another possibility
Note that forx = 0, A = Ag + A;. That said, we have consists in selecting only a certain number of amplitude (and phase)
oscillations, excluding from the whole analysis the ones at greater

- Ao 2 o Ay 2 » distance. This is requi_red when the _receiver array is_ very long
e (Ao n Al) + <Ao n Al) € (19) and/or the signal-to-noise (S/N) ratio is low, and permits to adapt

(20)
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Figure 15. (a) Raw seismogram for the selected shot, with trace by trace normalization. (f-HRspectrum corresponding to the seismogram in (a). UKg
data set. w
>
E
N
the analysis window independently for each frequency. Then, the (Fig. 5d), and computes a linear regression as in the classic MOPS
two individual amplitudes are computed using either &)®f (9), approach (Strobbia & Fo#2006. In formula: ©
depending on which of the two modes is the most energetic for that
frequency. ®=G-M, (21)

In step 5, the local slope (or wavenumber) information, which ) ) o ) _
is a combination of wavenumbers of the two modes, is extracted. WhereGis the data kernel matrix, containing the offset information,
The developed algorithm takes, for each frequency, the unwrapped® the phase vector arid the vector containing the unknown poly-
(in offset) phase in a neighbourhood of each amplitude maxiinum Nomial coefficients—ke, and¢s;. Using a least-squares approach
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Figure 16. (a) Seismogram for the selected shot aft&filtering, with trace by trace normalization. (b) Filtereé spectrum corresponding to the seismogram
in (a). UK data set.

we obtainM as: with depth). In the presence of lateral variations of velocity, each
ko would have a different value, and by averaging them we would
M=G". o (22) obtain a result reflecting the average geological conditions within

the computation window. If we would like to perform, in such cases,
beingG9=(G'G)*, G' the pseudo-inverse @. The value of the 3 proper 2-D analysis, aimed to highlight the wavenumber (i.e. the
final local wavenumbek for each frequency is then computed as  yelocity) variability within the same analysis window, we should
the weighted (with respect to offset, as done for amplitude) average avoid this averaging step but work with the singlg, values. The

ofallthekioq values, or of a selection of them. This is possible since adaptation of the proposed method to the 2-D case will be described
we are performing a 1-D analysis (one-dimensional velocity profile i Section 6.
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Figure 17. Top panel: Unwrapped phase (blue line) with values automatically selected by the algorithm for each inddpgndentputation (red circles).
Data have been LMO corrected with a velocity of 140 mh.88ottom panel: normalized amplitude (blue line), normalized smoothed amplitude after correcti
for attenuation (green line), fitting sinusoid (red line). For both plots the frequency is 14 Hz—UK data set.

-@oie/)

Figure 19. Final multimodal dispersion curve from MMMOPA over the

same curve picked with an automatic algorithm. UK data set.
Figure 18. Final multimodal dispersion curve overlapped to the original

(non-filtered)f—k spectrum: fundamental mode is in black, first higher mode
in red. UK data set. different locations along the receiver line. In the first case (verticab

stack) it is possible to compute the phase variance, which may be

Finally, single modes wavenumbers are calculated for each fre- seq in turn to weight the linear regression of phase versus offse,ﬁ
quency using eqsl@) and (L3). The obtained values compose the A5 amplitude variance may be computed, which will be certainly=.
multimodal dispersion curve. small with good source repeatability (e.g. controlled sources) anai
high with impulsive uncontrolled sources (e.g. sledgehammer). I
the second case, with many shots at different locations, a statistical
approach (such as SMOPA, Vignetial. 2011]) is advisable. At any
In the section above, we illustrate a method to retrieve multimodal rate, when dealing with real data, it is always important to estimate
dispersion curves from a single shot. We now want to quantify the the uncertainties related to the model, that is, the uncertainties of
error on the final model, that is, on the estimated velocities. In the estimated phase velocities for the two modes. For this purpose,
order to improve the S/N ratio, 2-D seismic acquisitions normally we need to propagate phase and amplitude variance using a cascade
provide redundant data, repeating the same shot and/or shooting aapproach.
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Let us focus on the case of a single location with repeated shots.4 RESULTS WITH SYNTHETIC DATA
Selecting one frequency, we can easily calculate the variance of the
recorded phase at each receiver Iocat.ile"L,Then, phase variance
can be used, when solving the linear system in 21, (o build the
pseudo inverse matrig? in a weighted manner (Strobbia & Foti
2009. In formula:

In this section, we present the results of an application of MMMOPA
to a 1-D synthetic data set where the first higher mode is quite strong
in a specific frequency range, and it is measurable together with the
fundamental mode.

The synthetic seismogram was generated using PUNCH (Kausel
Gy = (GTWTWG)'GTWTW, (23) 1989, a powerful tool for the computation of Green’s functions

) ) ) N ) in a layered medium due to a variety of sources. The program is

whereW' W is the diagonal matrix containing the inverse of the pased on a finite element solution in the direction of layering, that
phase variances. This represents an improvement with respect t9s it is based on the ‘thin layer method’ or TLM (Kaud&Ig). For
the non-weighted formulation, because data quality is taken into g reason, PUNCH can handle only 1-D vertical velocity models,

account. which is sufficient for the required demonstration.

We now need to estimate the error of eakf;. Un- In the simulation we applied a single shot using a point-load
der the assumption of normally distributed data, the er- goyrce atthe surface. The receiver array is composed of 96 vertical
ror on the polynomial coefficients vectoM, ow = [oi, geophones, spaced 1 m along a line with minimum and maximum
9¢Sec], IS given by Santamarina & Fratta 99§ (in matricial offsets of 5 and 100 m. We adopted a 1-D shear wave velocity pro-
notation): file presenting different velocity layers and a velocity inversion at a

- depth of around 9 m (Figa). The presence of a velocity inversion
om = /G2y - 03, (24) moves part of the surface wave energy to higher modes (Baiatja

2014: the frequency normalizelk spectrum (Fig7) shows that,
in a wide frequency range, most of the Rayleigh wave energy is dis-
tributed between the fundamental (always the most energetic) and
the first higher mode. In the case presented herein, a suitable fre-
guency range (10—40 Hz) can be identified easily: within this range
N the fundamental and first higher modes are well separated, their en-
Z(wiZ . gk2m), (25) ergy is comparable and clearly larger than the second higher mode.
i1 Therefore we proceeded with the application of the MMMOPA for
each frequency within this range. The analysis was performed in a
fully automatic fashion using the algorithm described in the previous
section, specifically conceived for surface wave data. Fghows
an example of the algorithm performances for a selected frequency
(22 Hz): amplitudes are corrected for attenuation and fitted with a
periodic function to retrieve the spatial period and position of max-
ima and minima, while the unwrapped phase, showing a local linear

whereG2,” is the matrix containing alG,,’ elements squared.

According to the law of error propagation (Mande64), the
uncertainty of the finaf,, value, being the latter a weighted average
of the N differentkyy, is

Okioe =

wherew; are the weights used for the average, which sum to 1.

As for amplitudes, being,fw ando,fmmi the amplitude variances
for a selected frequency at each maximum and minimum amplitude
spatial location, the uncertaintiesAf,.x andAnin can be calculated
respectively as the weighted root mean square oitig,.; and of
the M Anir, values:

N (A V2w trend in conjunction with amplitude maxima, undergoes linear fit-

O Aoy = \/Ziﬂ[( "‘“N_ max) 'wi], (26) ting. Note that, due to the absence of noise, amplitudes need not
i W be smoothed before fitting them with a positive sinusoids. For the

ZiM::L[(Amiﬂ — Ann)? - w] same reason, uncertainties on the final results were not computed.

O Amin = - ) (27) The application of the method to our synthetic data set gives
Dty Wi promising results. By overlapping the final dispersion curves to
being w the composed weights given by the productwef(the the normalized—k spectrum we observe a perfect match between

weights on distance, the same used in2&j.and the inverse of the  the retrieved dispersion curves and the peaks of maximal energy
amplitude variance (/hf\ma)q or 1/of\mmi). If we further propagate (Fig. 9), already proved to correspond to the fundamental and first-
the error through the computation of the single modes amplitudes order Rayleigh modes (Fig). It is important to note that for low

Ay andA; (eqs8 or 9), we obtain: frequencies, where the two modes are very close to each other in
1 terms of wavenumber, the two modes are perfectly recovered. If we

Opg =0p = Em' (28) had applied the standard MOPA we should have separated funda-
mental and first higher modes with the use of a properly designed

Uncertainties on the two modes wavenumbgs and k; will filter, which is obviously not trivial. One could also note that the
then be a combination of both amplitude and phase error guality of the result slightly decreases with increasing frequency:

propagation: the reason has to be found in the presence of a third mode, gaining
P 2 2 Ao 2 more and more energy. This is why, for frequencies higher than
Oy = O, = \/%2 + [—71} 0% + [ni] o3 40 Hz, the analysis starts to fail: applicability conditions are no
< AX(Ao + A1)? AX(Ao+ A2 ] A '

longer valid.
29) ger vali
Finally, the error on the estimated phase velocities of the two modes,5s RESULTS WITH REAL DATA
Co andcy, can be estimated as:

o f 5.1 Mirandola case study

Ocg = 12 " Oko (30) .
kg We tested the proposed MMMOPA method also on real data. Since

_ 2nf (31) lateral variations are out of the scope of this work (in Section 7,
AN we will disccuss the possibility of extending the method to that
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case), we chose a first test data set with laterally uniform condi- 5.2 UK case study

tions: geology consists of nearly 100 m of soft soils on the top Another case study is here presented. The data set consists of a 2-D

of & stiff bedrock. The site is located in Mirandola, ltaly, close seismic line taken from a wider acquisition for mining exploration
to the epicentre of the 2012 earthquake in the Emilia region, and : d 9 exp

it is one of the three test sites where data were acquired in the" the UK. The acquisition scheme includes more than 200 shot

context of the InterPACIFIC project (Garofaé al, 2016. Many positions, each of them energized once using explosive (150 g of
. . o ... dynamite at 1 m depth). For each shot the active spread is com-
data sets concerning this case study, each referring to a specific

T . ’ . posed of 201 vertical component autonomous nodes with natural
acquisition scheme, are available online. Our analysis was focused .
. - ; ._“frequency of 10 Hz and spacing equal to 3 m. Traces were sampled
on the 1 m spaced 48 channels active acquisition and, in partic-

b . . . at 10 ms and their length is 4 s. In order to test the MMMOPAS
ular, on the first shot location (energized 10 times). We focused . . )

. ) algorithm we selected the record corresponding to the first shdt
our attention on the Rayleigh waves as recorded by 4.5 Hz natural osition, with offsets between 0 and 450 m (fully developed surs
frequency vertical geophones. Records are sampled at 0.25 ms an<$)aCe Wa\’/e trend, Figl5a). This data set is very different from the 2
theirlengthis 2 s. The firstrecorded offsetis at 15 m, the lastat 62 m ' ;

@
(Fig. 10) Mirandola one, both in terms of size of the acquisition and dat&
The first step of the analysis was the observation oftkspec-

quality (very powerful source, industrial equipment, etc.). As far a%?
tra in order to identify possible frequency ranges where the method geology is concerned, former studies in the same area show a quite
could be applied (two modes interfering). Between 10 and 23 Hz

homogeneous near-surface, so that the medium could be assurfgd
the fundamental and the first higher modes are both present an

dto be 1-D. For this reason, even if the large number of receiver§
. . o
quite energetic, whereas for frequencies higher than 23 Hz the composing the active spread would allow to apply MMMOPA ong
fundamental mode dramatically looses energy, showing spectral

moving windows, we performed the measurement only once ang
amplitudes comparable to the background noise. fHkespec- o

retrieved one single multimodal dispersion curve. 2
trum also shows that the first mode is the most energetic up to We first computed thé-k spectrum for the selected seismogram.g
19 Hz, while the second is stronger between 19 and 23 Hz {#jg.

and analysed it (FigL5b). In this case, different higher order modes g
This information is needed to constrain the final result and re-

are present and clearly visible in the spectrum, which is a quite raré
move the intrinsic ambiguity about the amplitude already discussed condition. However, the most energetic ones are the first two, which:
above.

we assume to be the fundamental and the first higher mode. In ordar
Then, we proceeded running the algorithm within the identified

to focus our analysis exclusively on them, some pre-processing
frequency interval. The main differences between this case and

necessary. We manually designed a filter in tHe domain and %’
the synthetic one are the needs of smoothing the amplitude beforeapp"ed It to the spectrum. Consequently, we applied an inversg
fitting it with the positive sinusoid and of selecting a finite number

Fourier transform to project data back to the space-time domai%
of oscillations for the analysis, which was set to three, beyond and retrieve the filtered seismogram. The filtered spectrum and the
which amplitude and phase are too noisy (Hig). Both operations

corresponding seismogram are showed in E&.

: : .. After filtering the data, we were able to define a frequency ranges

are performed in order to increase the robustness of the analysis, L e

. ) 0 test the MMMOPA algorithm: the two modes are both quite®X

Moreover, with 10 repeated shots available, the average phase ané a
amplitude spectra were used, local linear regressions were weighte

nergetic between 10 and 18 Hz, with an overall prevalence cg
using phase variance information and model uncertainties, both for he fundamental mode. However, in order to push the analysis (g
fundamental and first higher mode, were computed as described

its limits and see how the method behaves where the applicability?
conditions are not fully satisfied, we decided to extend the frequenéz
above.
The algorithm performed successfully between 13 and 23 Hz

range up to 20 Hz. 2

; . . Lo S

(Fig. 13): at lower frequencies the two modes are not sufficiently " Since the recorded offset interval is extremely large, I|m|t|nga
separated, having very similar velocities, which reflects in a very

e number of amplitude and phase oscillations included in thé;
large spatial period\X, exceeding the length of the acquisition analysis, which is equivalent to perform a frequency-dependergt
array.

offset selection, becomes an essential operation. In this case, to avéid
Even though the Mirandola data set has been processed by manfnmh. near- and far-offset effects, we excluded the first amplltudg
o : aximum and sele

scientific groups all around the world, no result on higher modes

cted the next three. As for the amplitudes, the&
has been published. In order to have a benchmark for our results, we‘évaesrg Sstllljgdhtl{F?;%othed before the fitting step, as in the prewouio
performed an automatic picking of the two most energetic maxima y ' )

. . . . O
on thef—k spectrum for the frequency interval of interest. Manual In this gxample, however, only one single source was fired irg
o . each location: for this reason we were not be able to estimate thg

or automatic picking in some spectral domain is the core of most

. . uncertainties on the final results, as for the Mirandola case. g
state-of-the-art mode separation techniques. Dispersion curves computed with MMMOPA show a good matchS
Fig. 14shows the comparison between the two results. The funda- P P g

mental mode from MMMOPA shows a good match with the picked \g:ho?‘getﬁi ][?:X:gscorlgzbnfe?ﬁggizﬂq ?\?etsoalzé:sgria(;ggﬁtima%
curve. As for the higher mode, MMMOPA result is apparently less y q y 9 =

precise, showing an average error of about 10 per cent, and certainlyOf wavenumber for both modes, but the quality of the result is,

I . much degraded. As already done for the Mirandola data set, w§
less smooth. Similarly, the computed uncertainties on the phase ve-Com ared our results with the curves obtained by picking ener
locity distributions are acceptable for the fundamental mode, while P y P 9 9y

' . . - _maxima on thd—k spectrum: in this case, since the lack of energy
rather large for the first higher mode, being the latter less energetic . ) : o
; o : ° .~ for higher frequencies caused the failure of automatic picking, we
and faster than the first. Uncertainties also have a peculiar distri-

bution in frequency up to 20 Hz, being for both modes higher for opted for a manual picking. The analysis of the results must be

higher frequencies. This reflects the distribution of the input phase separated: between 10 and 17.6 Hz the maximum error was about

. S . .~ = 2 per cent for the fundamental mode and 4 per cent for the higher
uncertainty, which is affected by a large amount of noise at high . . .
mode, whereas for frequencies higher than 17.6 Hz errors raise to
frequency and large offsets.

T/El
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10 per cent for the fundamental mode (where velocities are slightly define a suitable frequency range for its application and to determine

overestimated) and 7 per cent for the higher mode (E3). This which is the dominant mode for each frequency in that range. This
change in the MMMOPA performances around 18 Hz is certainly operation suffers for user-dependency and could affect the success
caused by: of the method. Future developments will focus on automatizing this

part of the analysis as much as possible, including an autonomous
identification of the most energetic modes involved in the Rayleigh

. . . . ) . wave propagation.
(ii) The increasing distance (difference of phase velocity) be-

> . Another limitation consists in the 1-D character of the approach:
tween th_e two_modes with frequency, which causes a decrease Ofas most surface wave methods do, MMMOPA retrieves one sin-
the spatial period\X (see eg3) and a poor sampling of the local

AR ; . - 0 gle (multimodal) dispersion curve for each measuring window, in
phases. This critical issue will be discussed in Section 6. which the medium is assumed rather homogeneous. A simple way
These two examples using real data show how the MMMOPA to check whether the 1-D conditior.1 is met is based on the analysis
can correctly perform when the applicability conditions are met. of f—k spectra computed from reciprocal shots. If these shots are

In both cases phase velocity estimation is more accurate for the Nt consistent with each other, the analysis will return an average
fundamental mode than for higher mode. dispersion curve for that area, with more weight on shorter offsets.

For this reason, as we move away from the 1-D condition, results of
the MMMOPA analysis for reciprocal shots will differ from each
other: in this case, dispersion uncertainties could be higher than
those estimated as discussed in Section 3.1. As any other technique,
The MMMOPA method presents a valid alternative to most state- MMMOPA may be also applied on sliding windows, in order to re-
of-the-art methods for surface waves analysis in multimodal propa- trieve smooth lateral velocity variations. However, the size of each
gation. The real novelty brought by MMMOPA is that it is based on computation window should respect some minimum requirement
the analysis of the interaction between two different modes, from to permit discriminating between two different modes when their
which it infers their individual characteristics. This could open new velocities are similar. We calh X« the maximum detectable spa-
possibilities to extend the method to an undefined number of modes, tial period and make it coincide with the window lendthStarting
simply by studying their (more complex) interaction. Another im- from eq. @) we get
portant difference with respect to existing surface wave methods is o o
the concurrent analysis of phase and amplitude: both surface waveAkyi, = —— = —, (32)
dispersion and absorption are considered and potentially assessed, AXmax L
as they are expressions of the same propagation phenomenon.  where Aky, is the minimum detectable distance, in wavenumber,
As for the current formulation of the method, it fails when between two different modes. This limitation mostly affects low fre-
Rayleigh wave propagation is dominated by more than two modes quencies: an example is given by the first real case presented, where
having comparable energy. Note that such situations are extremelythe method fails below 13 Hz. In the same way, the spatial interval
rare. In these cases, as already mentioned-afilter removing between receivers (dr) has an impact on the minimum detectable
higher modes could be necessary. One could wonder which is theperiod A Xy, therefore on the maximum detectable wavenumber
interest of applying arik filter to isolate two modes and apply  distance between modesk,.,. In this case, it is important to take
MMMOPA instead of isolating one mode at a time and apply clas- into account a minimum number of phase measurements for the lin-
sic MOPA. The answer is plural: when dealing with lateral variations ear regression, which depends on frequency and on the noise level. <

(i) The lack of energy on both modes, which reflects in noisier
phase;

6 DISCUSSION
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of velocity the resulting—k spectrum for one shot, being the sum  |f we set it to 5 and take a regression window of VX, we get: s
of the different spatial contributions, can be complex and mislead- 2}
ing. In this case designing d#k filter to isolate each single mode A Xy, = 12-dr, (33) >
could be far from simple and the greatest risk is to destroy part . &S
of the wanted information: getting rid of higher order modes, pre- AKmax= —. (34) o)
serving the two most energetic, represent a more prudent approach. 6dr E.:
The same argument is valid when the two most energetic modeslif this condition is not met, the local phase extracted could be 2
have similar velocities within a certain frequency band. Moreover, unreliable, and so the velocities for the two modes. A similar condi-
MMMOPA is capable of retrieving dispersive information about tion takes place in the second real case presented, where the phase§

two modes in one step, which may be used to constrain the surfacevelocities computed at higher frequencies are much less accurate.
wave velocity inversion. Last but not least, the MMMOPA analysis Nevertheless, it is important to keep in mind that the MMMOPA
gives, together with the dispersion relation, also information about method is a direct derivation of the standard MOPA, which is very
the relative amplitude or the two modes, which can be used to infer effective in targeting smooth to rapid lateral variations, and this
the attenuation coefficients of the two modes (see Appendix B).  is due to the possibility of selecting very short analysis windows

It is important to point out that, although the examples shown for the phase linear regression. This is still valid for its multimode
here deal with the interference of fundamental and first higher- version, but in this case the measurements are sparse, because the
order modes, the method could be applied to any pair of modes are linked to the position of the amplitude maxima. In this first
of any order, with the condition of being the most energetic in the simplified formulation we assume 1-D conditions within the same
propagation, and provided they can ultimately be recognized in their spatial window, so that all information coming from different oscil-
true nature (for inversion purposes). Thus one could conceive alsolations are averaged together. Therefore, a way to capture the lateral
an iterative MMMOPA approach that analyses pairs of modes when variability of phase velocity within the same analysis window is
energetic modes are more than two. to treat each amplitude maximum as a single measurement point,

The main limitation of MMMOPA, indeed, consists inthe need of avoiding averaging in space both amplitude maxima/minima and
a previous computation and analysis of tHespectrum, in order to local wavenumbers. The resulting coarse sampling in space and the
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APPENDIX A: WAVEFIELD EQUATIONS

The complex wavefield associated with the interference of two monochromatic signals is describedihyirethg complex plane, we can
represent the two sinusoidsandb as two vectors with modul, and A, and angle—k,x and —kyX, respectively, and sinusoitias their
vectorial summation. The amplituds is therefore given by

Ac = V[Aq cos (kaX) + Ay cOS (koX)]2 + [Aa SiN (—kaX) + Ap sin (—kpX)]2, (A1)

By solving eg. Al), we come to

A= \/Ag + AZ 4 2A, A[c0oS (—KaX) cos (—kpX) + Sin (—KaX) Sin (—kyX)]. (A2)
If we rotate the complex plane in order to align the real axis to the directiantbe new phases become

—Kx=0 (A3)
and

— kpX = —kpX — (—kaX) = (ka — ko)X, (A4)

eg. A2) therefore reduces to

A = \/Ag + AZ + 2A4 As[cos (=K, x) cos (ki X) + sin (—k,x) sin (—k;x)]

= \/Ag + A2+ 2A3 A, c0S [Ka — kp)X]. (A5)

which is equivalent to eq5].
Similarly, the new phase afin the rotated system can be expressed as

Y Ay sin (—kjx)
—kix = arctan{ At Aocos (KX) } (A6)
and by substituting eq#\8) and @A4) into eq. (A6) we obtain

Y Ao sin[(ka — kp)X]
—kx = arctan{ At A cos [ - ko] } : (A7)
Finally, the phase af is given by

o _ Apsinke — ko)X |

—kex = —kix — kax = arctan{ Aot Ay 00s [Ka — Ko)x] } kaX (A8)

which is the same as edL@. We are now interested in the slope of the phase. Let us compute the derivativelfl)egttf respect to x:
d(—kex) 1

=—k. = . (A9)
dx 14 { Ap Sin [(ka—kp)x] }2
Aa+ Ap cos [ka—kp)x]
Ao C0S [Ka — ko)X](Ka — ko){Aa + Ap COS [Ka — ko)X]} + AS(SiN [(ka — ko)X]}*(ka — ko) ke
{Aa+ Apcos[Ka — ko)X]}? '
In the specific case when cog[(- ky) X] = 1 and sin[k, - k,) X] = 0, eq. A9) simplifies to
Ap(Ka — kp) Agka 4 Aok
K = 2 )y fama Tt TR Al10
loc Aa n Ab ka Aa + Ab ( )
This is the local value of. corresponding to all amplitude maxima positions, already described idBq. (
APPENDIX B: ATTENUATION ANALYSIS
The amplitude decay of surface waves for one mode of propagation is described by
Alw, X) = Alw, 0)%@“@)*, (B1)

wherew is the angular frequencyis the source—receiver distance ar{e) is the frequency-dependent attenuation coefficient. When dealing
with two modes of propagation, the amplitude decay can be derived includinBBdn(eq. 6). We have:

2 2
Ao, X) = / Li“’) e 20X 4 Li“’) e 2nlox4

42 Ao(a))XAl(a))

e~ (@@t @)x cos [Ko(w) — Ky ())X]. (B2)

020z 11dy €0 UO 1SN BAOPEJ 1P IPNIS 11B3P BUSISAIUN Aq 62208.5/208T/E/TZeARNSqR-aonIe/B/Woo dno-oiwapese//:sdny Wwoly papeojumoq
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If we correct amplitudes for geometrical spreading only, Bg) pecomes

Ao, X) = v/ Ag(w)2e20@x 4 Aj(w)2e-2a@x 4
+ 2A0(w) Ag (w)e~ol@rtealdx cos [Ko(w) — ku(w))X]. (B3)

The MMMOPA technique permits to retrieve both thgw) andk; (w) distributions and the amplitudes of the two modes after compensating
for the apparent attenuation, let us call thagfw) anda; (w) to distinguish them from the true individual mode amplitud®gw) andA; ().

Let us express the latter #6(w) = 222 — A(w) and Ay(0) = 242 —Aw), whereAw) = Ao(@) + As(w). We obtain:

a (w)?

A — 2007 (W)X
(@) + as@)y @) e

) _ a0(@)? 52 o
A(‘“’X"/WWA‘@ e+

(@) (w)* ——2
+2———"— Aw) e @@t cos[Ky(w) — ki(w))X]. B4
o) 7 () @ [to(@) — ka(@))x] (84)
The individual mode attenuation coefficients can be derived fromBt).through a nonlinear regression: for each frequency, the record
displacement, compensated for geometrical spreading only, is fitted,andand«, are recovered.

0202 11dy €0 UO 1asn enoped Ip 1PNIS 11Gap ensIaAun Aq 62208.5/208T/E/Tzzoesae-a)oe/B/woo dno-aiwspese//:sdny uBiy papeojumoq



