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1 Introduction

The AdS/CFT correspondence [1–3] conjectures the equivalence of two seemingly differ-

ent theories: a string theory on some AdSd+1 × X, where X is a compact space, and a

conformal field theory (CFT) on the d-dimensional boundary of AdS. A significant success

in the investigation of the correspondence was obtained in the case of type IIB strings on

AdS5 × S5 and N = 4 Super-Yang-Mills (SYM) in the ’t Hooft limit, where it was found

that integrability techniques could be applied to the computation of the string energy spec-

trum, or equivalently to the spectrum of the dilatation operator in SYM, see [4, 5] for a

review; later, similar integrable structures were found also for different instances of the

AdS/CFT correspondence.

A particularly interesting case is the one of the AdS3/CFT2 correspondence. Histori-

cally, this was one of the earliest examples of holography [6]. In particular, we are interested

in the case of type IIB strings on AdS3 × S3 × S3 × S1, a background that preserves 16

supercharges. Due to the special properties of 2-dimensional CFTs, and to the fact that

the background can be supported by a pure NSNS flux, the resulting string theory and

dual conformal field theory are relatively well understood by means of representation the-

ory of chiral algebras [7–10]. The case of a RR background appears less manageable in

terms of the NSR formalism [11], but is strikingly similar to the AdS5 × S5 background.

Importantly, the Green-Schwarz action on AdS3×S3×S3×S1 can essentially be rewritten

as a non-linear sigma model on the Z4-graded supersymmetric coset

D(2, 1;α)×D(2, 1;α)

SU(1, 1)× SU(2)× SU(2)
,

which guarantees classical integrability [12, 13]. However, the action for the coset sigma-

model does not contain two massless modes of the original string theory, which have to be

put in by hand [12, 14]. Classical integrability was later extended to a family of backgrounds

interpolating between pure RR and pure NSNS [15].

Focusing on a pure RR background and setting aside the issue of how the massless

modes should be included in the full quantum theory, it was possible to use classical

integrability to write down finite gap equations for the massive modes, out of which a

plausible form of the all-loop Bethe ansatz was proposed, yielding an alternating d(2, 1;α)2

spin-chain [16]. This was then compared to near plane wave calculations in the string

theory, finding partial agreement [17]. The problem of incorporating the massless modes

is still not well understood; a first step in this direction was taken in [18], where the

decoupling of four additional massless modes in the limit where one of the S3’s blows up,

which gives an AdS3 × S3 × T4 background upon compactification, was studied in detail.

In this paper we will focus on the quantum integrability of the massive modes of

AdS3 × S3 × S3 × S1 strings, or equivalently of the d(2, 1;α)2 spin-chain. We bootstrap the
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all-loop two-body S-matrix out of the symmetries of the theory, in a way conceptually sim-

ilar to what was done for AdS5×S5 strings and N = 4 SYM in [19]. To do so, we study the

d(2, 1;α)2 symmetry algebra, which is broken to a centrally extended su(1|1)2 algebra by

the choice of the vacuum, similarly to what was found from studying the symmetries of gi-

ant magnons in [20]. Invariance under this symmetry, together with unitarity requirements

and a discrete Z2 symmetry between excitations of left and right chirality yields essentially

a unique S-matrix, which turns out to satisfy the Yang-Baxter equation, and hence is com-

patible with integrability. This S-matrix generalizes the result of [21, 22] by including both

left- and right-movers, as well as excitations of different masses. To completely determine

the S-matrix one needs to fix four antisymmetric phases that play a role similar to the dress-

ing phase of AdS5 × S5 strings [23–27]. These must obey a set of crossing equations whose

solution seemingly cannot be given in terms of simple expressions involving the Beisert-

Eden-Staudacher dressing phase [24]. Furthermore, some of these phases yield non-trivial

scattering processes between modes of different mass that were not accounted for in [12, 16].

The plan of the paper is as follows. In section 2, we review the construction of the

alternating d(2, 1;α)2 symmetric spin-chain. In section 3 we discuss the su(1|1)2 algebra

and how to construct its extension. In section 4 we discuss the resulting representations,

obtaining the dispersion relations and level matching conditions. Section 5 is devoted to

finding the S-matrix out of the extended su(1|1)2 symmetry; we also discuss how this can

be related to the psu(2|2) invariant S-matrix of [19], and derive the crossing equations.

Some technical details are given in the appendices.

The derivation of the Bethe ansatz equations resulting from this all-loop S-matrix,

together with the comparison with string theory predictions [12, 17] will be presented in a

separate paper [28].

Note added. At the final stage of the preparation of this article, another work aimed

at finding the all-loop AdS3/CFT2 S-matrix appeared [29]. The technique used as well as

the results found there differ from the ones presented here; in particular the authors there

reproduce the conjectured Bethe ansatz of [12, 16], while our S-matrix leads to modifica-

tion of the Bethe equations [28]. For a further comparison of the results of this paper with

those of [29], see appendix F.

2 The alternating d(2, 1;α)2 symmetric spin-chain

In [16], an alternating spin-chain with d(2, 1;α)2 symmetry was constructed. In this section

we will review that construction. The two copies of the exceptional superalgebra d(2, 1;α)

describe, respectively, left- and right-movers in AdS3 × S3 × S3 × S1. The parameter α is

related to the ratio of the radii R+ and R− of the two three-spheres in the string back-

ground. This background preserves 16 supersymmetries provided R+, R− and the AdS3
radius RAdS satisfy the relation

1

R2
AdS

=
1

R2
+

+
1

R2
−

. (2.1)
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This defines a one-parameter family of backgrounds, parametrized by

α =
R2

AdS

R2
+

= 1− R2
AdS

R2
−

, (2.2)

with 0 < α < 1.

In the weak coupling limit, the left- and right-movers decouple. The analysis of [16]

was therefore focused on the left-moving sector only. When higher order corrections are ac-

counted for, these sectors start to interact with each other. In this paper we will construct

an all-loop two-particle S-matrix for the full spin-chain. However, in order to better under-

stand the general setup it is useful to start by discussing the symmetries of the spin-chain

at weak coupling.

The left-movers are described by an alternating spin-chain, with odd and even sites in

the d(2, 1;α) representations (−α
2 ;

1
2 ; 0) and (−1−α

2 ; 0; 12), respectively. In analogy with the

gauge theory construction of spin-chains in, e.g., N = 4 super Yang-Mills we will refer to

these representations as the field modules, and correspondingly call the states sitting at a

specific site “fields”, even though there is not an obvious correspondence to fundamental

fields in the underlying CFT.

The bosonic subalgebra of d(2, 1;α) is given by sl(2)⊗ su(2)+⊗ su(2)−, where we have

added the subscripts ± on the su(2) factors to be able to distinguish them. We denote the

corresponding triplets of generators by1 J0, J± for the sl(2) algebra; L5, L± for su(2)+; and

R8, R± for su(2)−. In addition there are eight supercharges Q±±± transforming as a tri-

spinor under the bosonic subalgebra. The commutation relations of the d(2, 1;α) algebra

are given in appendix A. When we later consider left- and right-movers at the same time, we

need to introduce some extra notation in order to distinguish the generators of each sector.

For now we will keep the notation simpler, since we only focus on the left-moving sector.

In a superalgebra, there are in general several non-equivalent choices of simple roots,

with different choices leading to different Cartan matrices and Dynkin diagrams. Here we

will be considering two different such choices. First we have the mixed form, where the

simple roots, up to some normalization factors, are given by

L+, Q+−−, R+. (2.3)

This corresponds to the Dynkin diagram in figure 1a, with the Cartan matrix given by

A =




4α −2α 0

−2α 0 −2(1− α)

0 −2(1− α) 4(1− α)


 , (2.4)

Alternatively, we can use a fermionic set of simple roots, such as

Q++−, Q−++, Q+−+. (2.5)

1The sl(2) generators of d(2, 1;α) are often denoted Sµ. However, S will be a supercharge of u(1|1) in

the next section, so here we denote the sl(2) generators by Jµ.
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(a) (b)

Figure 1. Two Dynkin diagrams for d(2, 1;α). Diagram (a) corresponds to the choice of positive

roots in (2.3), while diagram (b) corresponds to the choice in (2.5).

The corresponding Dynkin diagram is shown in figure 1b, and the Cartan matrix now reads

A =




0 2α −2

2α 0 2(1− α)

−2 2(1− α) 0


 . (2.6)

In both these bases, the generators

J+, L+, R+, Q++−, Q+−+, Q+++ (2.7)

corresponds to positive roots. Hence, the only difference between the two cases is whether

Q+−− or Q−++ is considered a raising operator.

Spin-chain representations. The two representations at the odd and even sites of the

spin-chain are short representations of d(2, 1;α). The representation (−α
2 ;

1
2 ; 0) at the odd

sites consists of bosons φ
(n)
± transforming as a doublet under su(2)+, and fermions ψ

(n)
±

forming a doublet under su(2)−. The indices n indicate the sl(2) level of the fields. Sim-

ilarly, the (−1−α
2 ; 0; 12) representation consists of the bosons φ̃

(n)
± and fermions ψ̃

(n)
± , which

form doublets under su(2)− and su(2)+, respectively.

The action of the d(2, 1;α) generators on the representations can be found in ap-

pendix A. Using these expressions, it is straightforward to check that the states φ
(0)
+ and

φ̃
(0)
+ are annihilated by the charges in (2.7), as well as by Q+−− and Q−++. Additionally,

φ
(0)
+ is killed by Q−+−, while φ̃

(0)
+ is killed by Q−−+. Hence, these states are highest weight

in both the bases discussed above. Since both highest weight states are annihilated by two

extra supercharges, the two representations are 1/2-BPS.

The spin-chain ground state. As a ground state for the alternating spin-chain we use

the state

|0〉L = (φ
(0)
+ φ̃

(0)
+ )L, (2.8)

which is the highest weight state in the short (−L
2 ;

L
2 ;

L
2 ) representation. Note that the

length L refers to the number of pairs of odd and even sites, so that the number of sites

in the full spin-chain actually is 2L. This state is annihilated by Q+−− and Q−++ and is

therefore 1/4-BPS. Hence, it satisfies the shortening condition

{Q+−−,Q−++} |0〉L = H |0〉L = 0, H = −J0 − αL5 − (1− α)R8, (2.9)

where we have introduced the left-moving spin-chain Hamiltonian H.
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−δJL
0 δL5 δR8 H

|φ(n)+ φ̃
(0)
+ 〉

L
n 0 0 n

|φ(n)− φ̃
(0)
+ 〉

L
n −1 0 n+ α

|ψ(n)
+ φ̃

(0)
+ 〉

L
n+ 1

2 −1
2 +1

2 n+ α

|ψ(n)
− φ̃

(0)
+ 〉

L
n+ 1

2 −1
2 −1

2 n+ 1

|φ(0)+ φ̃
(n)
+ 〉

L
n 0 0 n

|φ(0)+ φ̃
(n)
− 〉

L
n 0 −1 n+ 1− α

|φ(0)+ ψ̃
(n)
+ 〉

L
n+ 1

2 +1
2 −1

2 n+ 1− α

|φ(0)+ ψ̃
(n)
− 〉

L
n+ 1

2 −1
2 −1

2 n+ 1

Table 1. The charges of states with a single excitation on either an odd or an even site relative to

the charges of the ground state of length L.

Spin-chain excitations. Excited states are constructed by replacing one or more of the

fields in the ground states by descendant states from the same module. If we only want

to calculate the classical charges of a state, the exact positions of the excitations are not

important, only the field content of the state. We can then denote an excited state by

listing all pairs of odd and even sites where at least one field is different from the ground

state. For example we write

|φ(0)− φ̃
(0)
+ 〉

L
= (φ

(0)
+ φ̃

(0)
+ )L−1(φ

(0)
− φ̃

(0)
+ ),

|ψ(2)
+ φ̃

(1)
− ψ

(0)
− φ̃

(0)
+ 〉

L
= (φ

(0)
+ φ̃

(0)
+ )L−2(ψ

(2)
− φ̃

(1)
− ψ

(0)
− φ̃

(0)
+ ).

(2.10)

The charges of all states with an excitation at a single site is shown in table 1. These charges

are given as the difference between the charge of the excited state and the ground state,

which has (−J0, L5, R8) = (L2 ,
L
2 ,

L
2 ), where we denote by J0 the eigenvalue of J0, and so on.

The lightest excited states in table 1 are

|φ(0)− φ̃
(0)
+ 〉

L
, |ψ(0)

+ φ̃
(0)
+ 〉

L
, |φ(0)+ φ̃

(0)
− 〉

L
and |φ(0)+ ψ̃

(0)
+ 〉

L
,

the first two state having mass α and the second two 1− α. These play the role of funda-

mental excitations in the spin-chain. The states containing heavier excitations carry the

same charges as a state with several fundamental excitations, and can hence be thought of

as composite states. The first two such states are

|ψ(0)
− φ̃

(0)
+ 〉

L
and |φ(0)+ ψ̃

(0)
− 〉

L
. (2.11)

These states are degenerate with each other and with the states

|φ(0)− ψ̃
(0)
+ 〉

L
and |ψ(0)

+ φ̃
(0)
− 〉

L
,

and hence correspond to double excitations. Another instance is given by

|φ(1)+ φ̃
(0)
+ 〉

L
and |φ(0)+ φ̃

(1)
+ 〉

L
,
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which are again double excitations consisting of

|ψ(0)
+ ψ̃

(0)
+ 〉

L
.

In the same way any other excitation with a positive sl(2) quantum number is related to

a state containing a chain of ψ
(0)
+ ψ̃

(0)
+ excitations, e.g.,

|ψ(n)
+ φ̃

(0)
+ 〉

L
∼ |(ψ(0)

+ ψ̃
(0)
+ )nψ

(0)
+ φ̃

(0)
+ 〉

L
, |φ(0)+ ψ̃

(n)
+ 〉

L
∼ |φ(0)+ ψ̃

(0)
+ (ψ

(0)
+ ψ̃

(0)
+ )n〉

L
. (2.12)

Hence, all the excited states in table 1 are related to a state containing only the funda-

mental excitations in (2.11). The first step in the understanding of the symmetries of the

spin-chain is therefore to study the properties of these excitations.2

In [18], a number of closed subsectors of the alternating d(2, 1;α) spin-chain were found.

In particular there are two closely related sectors su(2|1)+ and su(2|1)−, consisting of the

ground state |0〉L, and the excitations φ
(0)
− , ψ

(0)
+ and φ̃

(0)
− , ψ̃

(0)
+ , respectively. This corre-

sponds to restricting to states containing excitations of the same mass. In this paper we will

also consider more general states, containing excitations of two different masses at once.

2.1 Symmetries of the ground state

By choosing a ground state such as |0〉L, we break the symmetry of the spin-chain. The

residual symmetry preserving the ground state is generated by the supercharges Q+−−

and Q−++ and the spin-chain Hamiltonian H. Together, these generators form an su(1|1)
subalgebra of d(2, 1;α). In order to describe the representations of this reduced algebra it

is convenient to use a shorter notation. We thus introduce the composite fields

Z = φ
(0)
+ φ̃

(0)
+ , φ1 = φ

(0)
− φ̃

(0)
+ , ψ1 = ψ

(0)
+ φ̃

(0)
+ , φ3 = φ

(0)
+ φ̃

(0)
− , ψ3 = φ

(0)
+ ψ̃

(0)
+ ,

where we used the indices 1 and 3 to distinguish the odd and even sites; these fields are all

in the left-moving sector. Using the expressions from appendix A, we find that the su(1|1)
generators act on the spin-chain excitations as

Q+−− |φ1〉L = 0, Q+−− |ψ1〉L =
√
α |φ1〉L ,

Q−++ |φ1〉L =
√
α |ψ1〉L , Q−++ |ψ1〉L = 0,

(2.13)

and
Q+−− |φ3〉L = 0, Q+−− |ψ3〉L =

√
1− α |φ3〉L ,

Q−++ |φ3〉L =
√
1− α |ψ3〉L , Q−++ |ψ3〉L = 0.

(2.14)

Hence, the excitations on both odd and even sites transform in similar (1|1) multiplets of

su(1|1), differing only in the value of the central charge H.

It will also be useful to consider the additional generator

BL = −1

2
L5 −

1

2
R8, (2.15)

which extends the algebra to u(1|1). This charge acts on the spin-chain states by

BL |0〉L = −L
2
|0〉

L
, BL |φ〉L = −

(
L

2
− 1

2

)
|φ〉

L
, BL |φ〉L = −L

2
|ψ〉

L
. (2.16)

Hence, BL does not preserve the ground state.

2For a similar discussion of composite excitations of the ABJM spin-chain see [30].
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2.2 The full d(2, 1;α)2 spin-chain

So far we have only considered the weak coupling limit of the spin-chain, where the left-

and right-movers decouple. A general state can then be described as the direct product of

two alternating spin-chains of the type described above. In order to distinguish the two

sectors we will denote the right-moving fields by a bar. We hence have a composite ground

state Z̄, and excitations φ̄1̄, ψ̄1̄, φ̄3̄ and ψ̄3̄. These excitations transform under a second

su(1|1) algebra, obtained from the other copy of d(2, 1;α).

In the full spin-chain these sectors are coupled to each other through local interactions.

Hence, the spin-chain states are no longer of direct product form. Instead we need to pair

up sites of the two d(2, 1;α) spin-chains with each other. The ground state of the full

spin-chain is then given by

|0〉L =

∣∣∣∣∣

(
Z

Z̄

)
· · ·
(
Z

Z̄

)

︸ ︷︷ ︸
L

〉
. (2.17)

For the excitations we use the notation

φi =

(
φi

Z̄

)
, ψi =

(
ψi

Z̄

)
, φ̄ı̄ =

(
Z

φ̄ı̄

)
, ψ̄ı̄ =

(
Z

ψ̄ı̄

)
, (2.18)

with i = 1, 3 and ı̄ = 1̄, 3̄. With a small abuse of notation we indicate in the same way the

excitations of the d(2, 1;α) chain and the ones of the full d(2, 1;α)2 chain; hopefully this

will not generate confusion, since from now on we will be focusing only on the latter. In

order to construct an S-matrix, we only need to consider asymptotic states, where all the

excitations are well separated: there is therefore no need to introduce notation for the case

where one or more excitation would sit on the same composite site.

As above, the ground state breaks each of the d(2, 1;α) factors, so that the excitations

in (2.18) transform non-trivially under an su(1|1)2 algebra.

3 The centrally extended su(1|1)2 algebra

In the previous section we saw that the excitations of the d(2, 1;α)2 spin-chain transform

under an su(1|1)2 algebra preserving the ground state. One of the charges of this algebra

is the spin-chain Hamiltonian H, which is a function of the coupling contant h. In this

section we will see how the su(1|1)2 algebra is deformed to accomodate for this coupling

dependence. Our final goal is to understand the S-matrix of the AdS3 spin-chain. However,

in this section we find it useful to keep the notation generic. We will therefore consider

representations whose parameters we leave unspecified. In section 5.4, we will connect back

to the notation of section 2.

3.1 The u(1|1) algebra

The algebra u(1|1) consists of two supercharges Q and S, a central charge H, and an outer

automorphism B. The non-trivial commutation relations read

{Q,S} = H, [B,Q] = −1

2
Q, [B,S] = +

1

2
S. (3.1)

– 8 –
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This algebra has a two dimensional representation with the charges acting on a bosonic

state |φ〉 and a fermionic state |ψ〉, with the action given by

Q |φ〉 = v |ψ〉 , S |φ〉 = 0, H |φ〉 = H |φ〉 , B |φ〉 = (B − 1

2
) |φ〉 ,

Q |ψ〉 = 0, S |ψ〉 = H/v |φ〉 , H |ψ〉 = H |ψ〉 , B |ψ〉 = (B − 1) |ψ〉 .
(3.2)

This representation is labelled by the two numbers H and B. The coefficient v is not

physically relevant, but parametrizes the difference in normalization of the states |φ〉 and
|ψ〉. Denoting this representation by (1|1)H,B, we note that the tensor product between

two such states decomposes as

(1|1)H,B ⊗ (1|1)H′,B′ = (1|1)H+H′,B+B′−1/2 ⊕ (1|1)∗H+H′,B+B′−1, (3.3)

where the asterisk on the second representation on the right hand side indicates that the

statistics of the states have been exchanged, so that the highest weight state is fermionic

instead of bosonic.

3.2 The su(1|1)2 algebra

We now consider a direct product of two copies of the u(1|1) algebra. Hence we have

two copies of each charge. The two copies (anti-)commute with each other, so that the

supercharges satisfy

{QL,SL} = HL, {QL,QR} = 0, {QL,SR} = 0,

{QR,SR} = HR, {SL,SR} = 0, {QR,SL} = 0.
(3.4)

Inspired by the notation in AdS3 we will refer to the two copies of the algebra as left- and

right-moving. We also introduce the combinations

H = HL + HR, M = HL − HR. (3.5)

In terms of these generators, the first line above reads

{QL,SL} =
1

2
(H+M) , {QR,SR} =

1

2
(H−M) . (3.6)

In the spin-chain H plays the role of the energy. This charge will depend on the momentum

of the excitations, as well as on the coupling constant. The charge M will be treated as

an additional central charge labeling the representation. Its eigenvalue appears as a mass

in the dispersion relation, and we will assume that it is independent of the momentum.3

Below we will freely switch between the notations HL, HR and H, M depending on what is

convenient in a particular context.

In addition to the above generators we have two automorphisms BL and BR

[BL,QL] = −1

2
QL, [BL,SL] = +

1

2
SL, [BR,QR] = −1

2
QR, [BR,SR] = +

1

2
SR. (3.7)

3When the su(1|1)2 algebra is embedded into psu(2|2), M is a particular combination of the Cartan

generators of the two bosonic su(2) subalgebra, and is hence quantized. In the AdS3 case, M can in

principle receive quantum corrections.
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The inclusion of these generators gives the algebra u(1|1)2. However, while the charges

BL and BR are conserved, they do not preserve the ground state of the spin-chain. The

symmetry acting on the excitations is therefore su(1|1)2.
In the next section we will introduce two additional central extensions to the alge-

bra, which appear in some of the anti-commutators in (3.4). Hence the centrally extended

algebra will no longer be of direct product form.

Representations. Before turning on any central extensions let us briefly consider rep-

resentations of the undeformed su(1|1)2 algebra. Since the algebra is a direct product,

any irreducible representation can be written as a tensor product of a left-moving and a

right-moving part. For later convenience we will consider the two generators QL and SR

to be lowering operators, while SL and QR are raising operators. A highest weight state

hence satisfies

SL |h.w.〉 = 0, QR |h.w.〉 = 0. (3.8)

As usual in a superalgebra we make a distinction between short and long representa-

tion. In the su(1|1)2 algebra we have the two shortening conditions HL = 0 and HR = 0.

A highest weight state with vanishing HR is annihilated by the supercharge SR. Such a

representation will be referred to as a left-moving representation. The simplest case is

given by the product (1|1)H,B ⊗ 1. The two states in this representation are |φ〉 and |ψ〉,
with the generators acting as

QL |φ〉 = v |ψ〉 , SL |φ〉 = 0, HL |φ〉 = H |φ〉 , BL |φ〉 = (B − 1

2
) |φ〉 ,

QL |ψ〉 = 0, SL |ψ〉 = H/v |φ〉 , HL |ψ〉 = H |ψ〉 , BL |ψ〉 = (B − 1) |ψ〉 ,
QR |φ〉 = 0, SR |φ〉 = 0, HR |φ〉 = 0, BR |φ〉 = 0,

QR |ψ〉 = 0, SR |ψ〉 = 0, HR |ψ〉 = 0, BR |ψ〉 = 0.

(3.9)

We also have right-moving representations with HL = 0, whose highest weight states are

annihilated by QL. Here we will consider the representation 1⊗ (1|1)H,B, with the states

|φ̄〉 and |ψ̄〉 satisfying4

QL |φ̄〉 = 0, SL |φ̄〉 = 0, HL |φ̄〉 = 0, BL |φ̄〉 = 0,

QL |ψ̄〉 = 0, SL |ψ̄〉 = 0, HL |ψ̄〉 = 0, BL |ψ̄〉 = 0,

QR |φ̄〉 = v |ψ̄〉 , SR |φ̄〉 = 0, HR |φ̄〉 = H |φ̄〉 , BR |φ̄〉 = (B − 1

2
) |φ̄〉 ,

QR |ψ̄〉 = 0, SR |ψ̄〉 = H/v |φ̄〉 , HR |ψ̄〉 = H |ψ̄〉 , BR |ψ̄〉 = (B − 1) |ψ̄〉 .

(3.10)

In the case of the su(1|1)2 algebra, we can obtain additional short representations by

considering any tensor product of simple u(1|1) states in the left- or right-moving sector.

However, when we add additional central charges the chirality constraint will be deformed

and the number of short multiplets will be reduced.

4Notice that we chose the same representation in the left and right sectors consistently with the embed-

ding in d(2, 1;α)2.
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3.3 Spin-chain states

Our goal is to describe a spin-chain with excitations transforming under the centrally

extended su(1|1)2 algebra. Before discussing the full algebra and its representations we

introduce some notation for describing the states of this spin-chain. The spin-chain ground

state is a state where each site of the chain is occupied by an su(1|1)2 singlet which we call

Z. For a spin-chain of length L we hence have

|0〉L = |ZL〉 , (3.11)

where the exponent indicates that the state contains L consecutive sites occupied by the

state Z. We will usually suppress the subscript L denoting the length of the chain.

While the ground state preserves the su(1|1)2 algebra, it is charged under the auto-

morphisms BL and BR, which act by

BL |0〉L = −L
2
|0〉L , BR |0〉L = −L

2
|0〉L . (3.12)

Since the combination BL −BR does annihilate the ground state, it is useful to introduce

two new generators

B̃ = BL +BR, B = BL −BR. (3.13)

We can now introduce states with a single excitation at site n

|X(n)〉L = |Zn−1XZL−n〉L , (3.14)

where X is any excitations φ, ψ, φ̄ or ψ̄. From such states we can construct states of a

specific momentum by

|Xp〉L =
∑

n

eipn |X(n)〉L . (3.15)

It is now straightforward to construct multi-magnon states of the form |φp1ψ̄p2 · · ·φpn〉L.
We will always consider an asymptotic limit where L → ∞, and where all excitations can

be considered to be ordered and well separated. In general we will let each excitation carry

different charges under BL, BR and M. As we will see below, the energy H is given as a

function of the momenta.

3.4 Length-changing

The generators of the centrally extended algebra have the possibility of mixing states of

different length. To capture this we introduce some additional notation. The insertion of

the symbol Z+ (Z−) in a state indicates the insertion (removal) of a vacuum site at the

specified location. For a single excitation, equation (3.15) shows that adding or removing a

vacuum site to the right of the excitation, such as in the state |φpZ±〉, does nothing except

change the total length of the chain. However, if we insert or remove an excitation to the

left of the excitation we can move it through the excitation

|Z+φp〉 = e−ip |φpZ+〉 , |Z−φp〉 = e+ip |φpZ−〉 . (3.16)

In states with multiple excitations we will use the above result to move all occurrences of Z±

to the far right, thereby trading them for additional momentum dependent phase factors.
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2BL 2BR

|0 〉 −L −L
|φ〉 −L+ 2B −L
|ψ〉 −L+ 2B − 1 −L
|φ̄〉 −L −L+ 2B

|ψ̄〉 −L −L+ 2B − 1

QL −1 0

SL +1 0

QR 0 −1

SR 0 +1

Table 2. Charges under the automorphisms BL and BR of the ground state, the single excitation

states in the left- and right-moving multiplets as well as of the supercharges. All the spin-chain

states have length L. To make the table less cluttered, the charges have been rescaled.

3.5 The centrally extended su(1|1)2 algebra

The su(1|1)2 can be extended by two additional central charges P and P†, which appear in

the anti-commutators between supercharges from different sectors. In order to figure out

the possible length-changing actions of the supercharges, it is useful to consider the charges

under the automorphisms BL and BR of the single excitation states and the supercharges.

These are collected in table 2.

Conservation of the charges BL and BR as well as the fermion number restricts the

possible extensions. As an example, we note that a non-trivial state obtained by acting

with QR on |φ〉 should be fermionic and have the charges

BL = −L− 1

2
+B − 1

2
, BR = −L+ 1

2
. (3.17)

To construct a state with these charges we would need to change the length in different

ways in the left- and right-moving sectors. While such a construction might be possible, it

leads to a picture where the charges do not act locally on a single spin-chain. Moreover,

we would need to allow for additional 1/4-BPS states with different numbers of left- and

right-movers. However, this does not seem to be compatible with the string-theory spec-

trum, where there is a unique BMN-type ground state [12, 31]. For a further discussion of

the resulting construction see appendix D.

If we instead try to make the action of SR on |φ〉 non-trivial we need to find a state

with charges

BL = −L− 1

2
+B − 1

2
, BR = −L− 1

2
. (3.18)

Such a state is given by |ψZ−〉, i.e., a single excitation ψ in a spin-chain whose length is

one less than that of the original state. If we allow the length to change we should there-

fore allow this action. The su(1|1)2 algebra then requires the action of QR on |ψp〉 to be
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non-trivial, giving the state |φpZ+〉. We also introduce a bosonic generator P = {QL,QR}.
Comparing the charges we see that P should take |φ〉 to |φZ+〉. In the same way we

introduce P† = {SL,SR}. Hence we are lead to consider the algebra

{QL,SL} = HL, {QL,QR} = P, {QL,SR} = 0,

{QR,SR} = HR, {SL,SR} = P†, {SL,QR} = 0.
(3.19)

The non-trivial commutation relations involving the automorphisms BL and BR are given

by

[BL,QL] = −1

2
QL, [BL,SL] = +

1

2
SL, [BL,P] = −1

2
P, [BL,P

†] = +
1

2
P†,

[BR,QR] = −1

2
QR, [BR,SR] = +

1

2
SR, [BR,P] = −1

2
P, [BR,P

†] = +
1

2
P†.

(3.20)

The centrally extended algebra also has a larger set of automorphisms generated by a

triplet B̃, B̃± satisfying

[B̃, B̃±] = ±B̃±, [B̃+, B̃−] = −2B̃, (3.21)

where B̃ = BL + BR is the same charge we defined in the previous section. Under this

sl(2) algebra the supercharges form two doublets (SL,QR) and (SR,QL),

[B̃,QL] = −1

2
QL, [B̃,SR] = +

1

2
SR, [B̃+,QL] = +SR, [B̃−,SR] = −QL,

[B̃,QR] = −1

2
QR, [B̃,SL] = +

1

2
SL, [B̃+,QR] = +SL, [B̃−,SL] = −QR,

(3.22)

while the central charges split into a singlet (M) and a triplet (P, H, P†). The non-trivial

commutation relations take the form

[B̃,P†] = +P†, [B̃−,P
†] = −H, [B̃−,H] = −2P,

[B̃,P ] = −P, [B̃+,P ] = +H, [B̃+,H] = +2P†.
(3.23)

Since the charges B̃ and B̃± act non-trivially on the ground state we will mainly consider

the automorphism generated by B = BL −BR.

4 Representations of the extended su(1|1)2 algebra

4.1 The left-moving representation

In this section we will consider the generalization of the left-moving representation consid-

ered from section 3.2. It now takes the form

QL |φp〉 = ap |ψp〉 , QL |ψp〉 = 0,

SL |φp〉 = 0, SL |ψp〉 = bp |φp〉 ,
QR |φp〉 = 0, QR |ψp〉 = cp |φp Z+〉 ,
SR |φp〉 = dp |ψp Z

−〉 , SR |ψp〉 = 0,

(4.1)
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where we have parametrized the representation by ap, bp, cp and dp. The subscript indicates

that the values of these coefficients in general depends on the momentum of the excitation.

Note that the symbols Z± indicating that a single field Z to be inserted or removed always

appear directly after the excitation. We can then calculate the value of the central charges

HL |φp〉 = apbp |φp〉 , P |φp〉 = apcp |φpZ+〉 ,
HR |φp〉 = cpdp |φp〉 , P† |φp〉 = bpdp |φpZ−〉 .

(4.2)

The automorphisms BL and BR still act by

BL |φp〉 =
(
−L
2
+B

)
|φp〉 , BR |φp〉 = −L

2
|φp〉 ,

BL |ψp〉 =
(
−L
2
+B − 1

2

)
|ψp〉 , BR |ψp〉 = −L

2
|ψp〉 .

(4.3)

For the generator B this gives

B |φp〉 = B |φp〉 , B |ψp〉 =
(
B − 1

2

)
|ψp〉 . (4.4)

Shortening condition. The state |φp〉 is a highest weight state and therefore satisfies

the conditions

SL |φp〉 = QR |φp〉 = 0. (4.5)

Without the central extension, |φp〉 would satisfy the chirality constraint SR |φp〉 = 0. Here

this condition takes the form

(HRQL −PSR) |φp〉 = (apcpdp − apcpdp) |ψp〉 = 0. (4.6)

Since this particular combination of the lowering operators QL and SR vanishes this rep-

resentation is short.

When we turn off the central extensions P and P†, the generator HR vanishes. This

seem to make the operator HRQL − PSR identically zero. However, a careful treatment

of the limit shows that HR goes to zero faster than P. Hence we can recover the chirality

constraint of the undeformed representation.

The state |φp〉 must also be annihilated by the anti-commutator

{QL,HRQL −PSR} |φp〉 = (HLHR −PP†) |φp〉 . (4.7)

This shortening condition will play an important role below. It is easy to directly check that

(HLHR −PP†) |φp〉 = (apbpcpdp − apbpcpdp) |φp〉 = 0. (4.8)

Note that the above charge is central and hence also annihilates the state |ψp〉.
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Physical states. The actual symmetry preserved by the spin-chain ground state is the

undeformed su(1|1)2, in which P and P† vanish. Hence these charges must annihilate all

physical states. For a single excitation this leads to the conditions

apcp = 0, bpdp = 0. (4.9)

Solving this by setting cp = dp = 0 would give back the left-moving representation from

section 3.2. This means that to get a non-trivial physical state we need to consider sev-

eral excitations. Let us therefore start by considering a state with two excitations with

momenta p and q. We then need to know the action on the states

|φpφq〉 , |φpψq〉 , |ψpφq〉 , |ψpψq〉 ,

where the subscript labels the momentum of the excitations. We will also allow the two

excitations to carry different charges under B and M.

It will now be important that the various coefficients in the representation are momen-

tum dependent, so that

QL |φpφq〉 = ap |ψpφq〉+ aq |φpψq〉 , (4.10)

with ap and aq functions of p and q, respectively. When a vacuum site is inserted or removed

we always do so to the immediate right of the excitation we act on. Hence we have

QR |ψpψq〉 = cp |φpZ+ψq〉 − cq |ψpφqZ
+〉 , (4.11)

where we in the second term picked up a minus sign when letting the supercharge QR pass

through the fermionic excitation ψp. As we noted in the last section, we can now move the

Z+ insertion in the first term to the right. In doing this we pick up an additional phase

factor so that the above can be written as

QR |ψpψq〉 = e−iqcp |φpψqZ
+〉 − cq |ψpφqZ

+〉 . (4.12)

In the same way we can calculate the action of P = {QL,QR} on the state |φpφq〉,

{QL,QR} |φpφq〉 = QR (ap |ψpφq〉+ aq |φpψq〉)
= apcp |φpZ+φq〉+ aqcq |φpφqZ+〉
=
(
e−iqapcp + aqcq

)
|φpφqZ+〉 .

The generator P should annihilate a physical state. If we let

apcp =
h

2
e+iγ(e−ip − 1), (4.13)

where h and γ are two momentum independent real constants, we get

e−iqapcp + aqcq =
h

2
e+iγ(e−i(p+q) − 1). (4.14)

Hence the above choice makes the action of P vanish on the above two excitation state

provided ei(p+q) = 1.
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Performing the same analysis for the central charge P†, we find the same condition for

a physical state, provided that5

bpdp =
h

2
e−iγ(e+ip − 1). (4.15)

It is straightforward to generalize these calculations to a state with n excitations carrying

momentum p1, . . . , pn. We then find that a physical state satisfies

exp
(
i

n∑

k=1

pk

)
= 1. (4.16)

Finally we want to calculate the action of the central charges HL and HR. In doing so

we will require that the combination M = HL − HR takes the same value as in the non-

deformed algebra,6 while H = HL + HR is allowed to receive corrections. We will denote

the eigenvalue of M by s. In terms of the coefficients of the representation it is given by

apbp − cpdp = s. (4.17)

As we already mentioned, we will assume that this charge does not depend on the value

of the momentum p. We also note that we can use (4.17), to rewrite the shortening condi-

tion (4.8) as

(HL + HR)
2 − 4PP† = (HL − HR)

2 = s2. (4.18)

Using the condition (4.17) together with the form of the representation coefficients found

in (4.13) and (4.15) we can now write the dispersion relations, i.e., the eigenvalue of H for

a single excitation, as

E(p) = apbp + cpdp =

√
s2 + 4h2 sin2

p

2
. (4.19)

The above representation can be conveniently parametrized using the spectral param-

eters x±p satisfying

x+p

x−p
= eip,

(
x+p +

1

x+p

)
−
(
x−p +

1

x−p

)
=

2is

h
. (4.20)

We can then write the coefficients of the representation constructed above as

a =

√
h

2
ηp e

+i γ+δ
2 , c = −

√
h

2

iηp

x+p
e+i γ−δ

2 , (4.21)

b =

√
h

2
ηp e

−i γ+δ
2 , d = +

√
h

2

iηp

x−p
e−i γ−δ

2 , (4.22)

where we have introduced an additional arbitrary phase δ and

ηp =
√
i(x−p − x+p ). (4.23)

5Here we have also imposed unitarity which means that (P)† = P†.
6In particular, the eigenvalue of M does not depend on the momentum p of the excitation. In principle

it could depend on the coupling constant h.
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4.2 The right-moving representation

For the right-movers φ̄p and ψ̄p, the role of QL, QR and SL, SR is exchanged. Similar

to (4.1) we can then write the representation

QR |φ̄p〉 = āp |ψ̄p〉 , QR |ψ̄p〉 = 0,

SR |φ̄p〉 = 0, SR |ψ̄p〉 = b̄p |φ̄p〉 ,
QL |φ̄p〉 = 0, QL |ψ̄p〉 = c̄p |φ̄pZ+〉 ,
SL |φ̄p〉 = d̄p |ψ̄pZ

−〉 , SL |φ̄p〉 = 0,

(4.24)

with the automorphisms acting as

BL |φ̄p〉 = −L
2
|φ̄p〉 , BR |φ̄p〉 =

(
−L
2
+B

)
|φ̄p〉 ,

BL |ψ̄p〉 = −L
2
|ψ̄p〉 , BR |ψ̄p〉 =

(
−L
2
− 1

2
+B

)
|ψ̄p〉 .

(4.25)

The action of the central charges is

HL |φ̄p〉 = c̄pd̄p |φ̄p〉 , P |φ̄p〉 = āpc̄p |φ̄pZ+〉 ,
HR |φ̄p〉 = āpb̄p |φ̄p〉 , P† |φ̄p〉 = b̄pd̄p |φ̄pZ−〉 .

(4.26)

Note in particular that

M |φ̄p〉 = (HL − HR) |φ̄p〉 = −(āpb̄p − c̄pd̄p) |φ̄p〉 . (4.27)

To match the notation for the left-movers, we will denote this eigenvalue by −s.
As in the left-moving case, a physical state should be annihilated by P and P†. This

leads us again to the condition that the total momentum should vanish (modulo 2π). We

then find that the coefficients of the representation take the same solution as previously,

namely7

ā =

√
h

2
ηp e

+i γ+δ
2 , c̄ = −

√
h

2

iηp

x+p
e+i γ−δ

2 , (4.28)

b̄ =

√
h

2
ηp e

−i γ+δ
2 , d̄ = +

√
h

2

iηp

x−p
e−i γ−δ

2 . (4.29)

Hence, we will from now on drop the bars on these coefficients.

Shortening condition. The right-moving representation again satisfies the condition8

(HRQL −PSR) |ψ̄p〉 = 0. (4.30)

This is the same condition as for the left-moving representation. However, the small mo-

mentum limit is different. In the current case when we set the P to zero, we obtain the

anti-chirality condition QL |ψ̄p〉 = 0 from section 3.2.

7In principle some phases may be chosen differently in the two representations. For convenience we

choose them to be identical in the two cases.
8Note that we consider the generators QL and SR to be the positive simple roots. Hence the state |ψ̄p〉,

and not |φ̄p〉, is of highest weight.

– 17 –



J
H
E
P
0
4
(
2
0
1
3
)
1
1
3

4.3 Two-particle states

Let us finally comment on the action of the central generators on states with one excitation

in each sector. For the state |φpφ̄q〉, we find

P |φpφ̄q〉 =
h

2
e−i(p+q)(1− ei(p+q)) |φpφ̄qZ+〉 . (4.31)

Hence a physical state, for which the central extension vanishes, has zero total momentum,

ei(PL+PR) = 1, (4.32)

where PL and PR are the momentum in the left- and right-moving sector, respectively.

Note that even if this is an apparent contradiction with the momentum constraint used

in [12], the difference is only due to different conventions for the Cartan generators in the

two sectors [28].

Bound states. In general, two excitations together form a four-dimensional long mul-

tiplet of su(1|1)2. However, if the momenta p and q are related by x+p = x−q , then the

two-particle state |φpφq〉 satisfies

(HRQL −PSR) |φpφq〉 = 0, x+p = x−q . (4.33)

Hence the tensor product of the two representations becomes short at this point. This

corresponds to the appearance of a bound state with energy

Es1(p) + Es2(q) =

√
(s1 + s2)2 + 4h2 sin2

p+ q

2
, (4.34)

where s1 and s2 are the masses of the two excitations. Note that the representation theory

allows for bound states between two left-moving or two right-moving excitations with dif-

ferent masses. Whether such state are actually present in the d(2, 1;α)2 spin-chain hence

depends on the pole structure of the S-matrix. Note that these bound state do not appear

in the Bethe equations of [12, 16].

Singlet states. It is interesting to note that there are two-particle states that transform

as singlets under the extended su(1|1)2 algebra. Such a state is constructed from one left-

and one-right mover with the same mass. In particular we consider the states

|1LRpp̄ 〉 = |φpφ̄p̄Z+〉+ Ξpp̄ |ψpψ̄p̄〉 , |1RL
pp̄ 〉 = |φ̄pφp̄Z+〉+ Ξpp̄ |ψ̄pψp̄〉 , (4.35)

where

Ξpp̄ = ix+p̄
ηp
ηp̄
. (4.36)

It is straightforward to check that both |1LRpp̄ 〉 and |1RL
pp̄ 〉 are annihilated by all the generators

of the centrally extended su(1|1)2 algebra, provided we identify the Zhukovsky variables of

the two excitations by

x±p̄ =
1

x±p
. (4.37)
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In order to emphasize that the two momenta are related, we have denoted them by p and p̄.

It is clear that this identifications means that the singlet states are non-physical, since one

of the constituent excitations has a negative energy. Hence, we can view the singlet states

as vacuum fluctuations. These states will be useful when we consider crossing symmetry

in section 5.5.

The above states are closely related to the singlet psu(2|2) state observed in [19]. In

that case, the additional su(2) × su(2) symmetry means that we have to combine that

above state into a single singlet state |1LRpq 〉 − |1RL
pq 〉. For further comments on the relation

between the symmetry considered here and the centrally extended psu(2|2), see section 5.2

and appendix B.

5 The S-matrix

In the previous two sections we constructed the algebra and corresponding representa-

tions in which the excitations of the spin-chain transform. In this section we will consider

scattering between two such excitations.

In discussing scattering processes it will be important whether the two excitations

transform in a left- or right-moving representation, and whether they have the same or dif-

ferent eigenvalues under the charge M. We will therefore consider excitations transforming

in four different representations, which we will label by L, L′, R and R′. The representations

L and L′ are left-moving, while R and R′ are right-moving. The mass of the excitations,

i.e., the eigenvalues under the charge M, is ±s for the L and R representations, and ±s′ for
L′ and R′. In particular, in the d(2, 1;α)2 spin-chain we have s = α and s′ = 1− α. Later

we will also denote the four representations L, L′, R and R′ by 1, 3, 1̄ and 3̄, respectively.

Energy and momentum conservation. Under a scattering process, the total energy

and momentum of a two-particle state are preserved. Such a general process can be writ-

ten as

|X (in)
pin

Y(in)
qin

〉 → |X (out)
qout Y(out)

pout 〉 , (5.1)

where the fields X ,Y indicate generic excitations. We will always use a notation where

the excitations in the in- and out-states are ordered such that pin > qin and pout > qout.

Energy and momentum conservation then take the form

pin + qin = pout + qout, Es
in
(pin) + Es′

in
(qin) = Esout

(qout) + Es′out
(pout), (5.2)

where we have explicitly indicated the mass of the excitation in the dispersion relation

Es(p) =

√
s2 + 4h2 sin2

p

2
. (5.3)

In all the scattering processes the individual masses are conserved. Hence we have

sout = s′in, s
′
out = sin, or sout = sin, s

′
out = s′in. (5.4)
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If the two incoming particles have the same mass, so that sin = s′in = sout = s′out, the

momenta of the two particles are preserved, and the solution of (5.2) is given by pout = pin
and qout = qin.

9 Note that there still can be a non-trivial permutation in flavor space.

If, on the other hand, the masses of the two incoming particles are different, sin 6= s′in,

there are two solutions to (5.2), depending on the relation of masses in (5.4). For sin = s′out
and s′in = sout the solution is again given by pout = pin ≡ p and qout = qin ≡ q. We then

have a process

|X (in)
p Y(in)

q 〉 → |Y(out)
q X (out)

p 〉 , (5.5)

where the excitations X (in) and X (out) have mass s ≡ sin while Y(in) and Y(out) have mass

s′ ≡ s′in. With respect to the mass of the excitations, this process acts as a transmission.

The second case in (5.4), with sin = sout and s′in = s′out gives a solution to (5.2) in

which the momenta of the outgoing excitations are not a simple permutation of pin and

qin. The general solution in this case is quite complicated, and we will not write it down

explicitly. The corresponding process takes the form of a reflection

|X (in)
pin Y(in)

qin 〉 → |X (out)
qout Y(out)

pout 〉 , (5.6)

where again we have used the same letter to indicate excitation of the same mass (but

possibly different flavors). Notice that now pout(pin, qin) 6= pin, and similarly for q, as we

are picking the non-trivial solution of (5.2).

The general S-matrix for the case of excitations of different masses includes processes

of both a transmission and a reflection term. However, as we will see below, the S-matrix

discussed in this paper will turn out to be reflectionless.

Invariance under the symmetry algebra. The two-particle S-matrix S should be

compatible with the symmetries of the theory, and should hence satisfy

[J1 + J2,S12] = 0, (5.7)

where J is any generator of the centrally extended su(1|1)2 algebra, and the subscript on J

indicates that the generator acts on the first or second component of a two-particle state.

Equation (5.7) does not change if we multiply the S-matrix by a scalar factor, that

is thus undetermined at this point. In the case of the psu(2|2) spin-chain there is one

scalar factor that is constrained by unitarity, physical unitarity and crossing symmetry

(see later). It is important to note that in our case, at least in principle, we get a different

scalar factor for each one of the independent sectors. We will explain later how it is possible

to relate them.

Unitarity and physical unitarity. We will impose two additional constraints on the

S-matrix, related to its analytical structure. The first constraint is that of unitarity, which

means that acting twice with the S-matrix on a two-particle state gives back the original

state, as illustrated in figure 2. In terms of the operator S, this constraint is expressed as

S12 S12 = 1. (5.8)

9Clearly pout = qin and qout = pin also solves (5.2). However, this solution has the excitations in the

out-state in the wrong order, since pout < qout.
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S12

S12

=

Figure 2. Unitarity. Acting twice with the S-matrix S on a two-particle state gives back the

original state.

The above relation takes a more familiar form when written in a matrix basis, which is

discussed in more detail in appendix E. Here we just note that unitarity of the S-matrix Spq,

where p and q are the momenta of the excitations in a two-particle state, is expressed as

Sqp Spq = 1. (5.9)

The second constraint we impose is a reality constraint on the S-matrix, which we will

refer to as physical unitarity. While this constraint can also be expressed in terms of the

operator S by introducing its conjugate S†, it is more useful to again go to a matrix basis,

where it takes the form

S
†
pq Spq = 1. (5.10)

Hence, the condition of physical unitarity tells us that S is unitary as a matrix.

Discrete LR-symmetry. The two copies of su(1|1) that compose the symmetry algebra

are on equal footing and it is arbitrary what we call left- and what we call right-moving.

This allows us to require a discrete Z2 symmetry at the level of the S-matrix: scattering

processes that differ only by the exchange of the flavors left and right should give the same

result. We will refer to this as LR-symmetry. This discrete symmetry will be very useful

in constraining the solution for the S-matrix.

This symmetry is a special feature of the d(2, 1;α)2 spin-chain, due to the direct

product form of the symmetry group. In the su(2|3) spin-chain of [19, 32] the discrete

LR-symmetry is replaced by a continuous su(2) × su(2) symmetry. As we will see in sec-

tion 5.2, this difference in symmetry explains the difference between the S-matrices of the

two models.

Yang-Baxter equation. The final interesting property of our S-matrix is that is satisfies

the Yang-Baxter (YB) equation

S12 S23 S12 = S23 S12 S23. (5.11)

This equation is illustrated in figure 3. We have written the YB equation as an operator

equation, relating the two different orderings in which three two-particle S-matrices can act

on a three-particle state. Since the spin-chain S-matrix involves length-changing processes,

some care is needed when acting on a three particle state. The addition or removal of

vacuum sites gives rise to extra phase factors in the YB equation. In section 5.6 we will

discuss in more detail the exact form of the above equation in a matrix basis.
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Figure 3. The Yang-Baxter equation relates the two different ways of scattering three particles to

each other.

5.1 Excitations with the same mass

We start by discussing the case in which the excitations that scatter have the same mass.

As explained before we will consider three different sectors separately, namely the left-left

(LL), the right-right (RR) and the left-right (LR) sectors.

The LL sector. As an ansatz for the S-matrix between two particles transforming in

the left-moving multiplet we use

S |φpφq 〉 = ALL

pq |φqφp 〉 , S |φpψq 〉 = BLL

pq |ψqφp〉+ CLL

pq |φqψp〉 ,
S |ψpψq〉 = F LL

pq |ψqψp〉 , S |ψpφq 〉 = DLL

pq |φqψp〉+ ELL

pq |ψqφp〉 ,
(5.12)

This ansatz is constructed so that the bosonic charges HL, HR, BL, BR, P and P† are

preserved. By requiring that S12 also commutes with the supercharges QL, SL, QR and

SR we find that the coefficients take the form

ALL

pq = SLL

pq

x+q − x−p

x−q − x+p
, BLL

pq = SLL

pq

x+q − x+p

x−q − x+p
, CLL

pq = SLL

pq

x+q − x−q

x−q − x+p

ηp
ηq
,

F LL

pq = −SLL

pq , DLL

pq = SLL

pq

x−q − x−p

x−q − x+p
, ELL

pq = SLL

pq

x+p − x−p

x−q − x+p

ηq
ηp
,

(5.13)

where SLL

pq is an arbitrary scalar factor. Unitarity and physical unitarity are satisfied if the

scalar factor satisfies, respectively,

SLL

pqS
LL

qp = 1, (SLL

pq )
∗SLL

qp = 1. (5.14)

This amounts to SLL

12 being a phase that is anti-symmetric in the exchange of the two

momenta.

In [21] the two-particle S-matrix in a spin-chain where the excitations transform under

a single copy of su(1|1) was written down. In doing this, the Yang-Baxter equation was

imposed. The S-matrix we have found here perfectly matches the result of that paper.

However, here we have only required that the S-matrix commutes with the full, centrally

extended, symmetry algebra.

The RR sector. The calculation for the S-matrix in the RR sector goes exactly in the

same way as in LL. The ansatz that preserves the bosonic charges takes the same form as
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before, except that now the excitations φ and ψ are replaced by φ̄, ψ̄. Hence, we have

S |φ̄pφ̄q 〉 = ARR

pq |φ̄qφ̄p 〉 , S |φ̄pψ̄q 〉 = BRR

pq |ψ̄qφ̄p〉+ CRR

pq |φ̄qψ̄p〉 ,
S |ψ̄pψ̄q〉 = FRR

pq |ψ̄qψ̄p〉 , S |ψ̄pφ̄q 〉 = DRR

pq |φ̄qψ̄p〉+ ERR

pq |ψ̄qφ̄p〉 ,
(5.15)

Requiring that S also commutes with the supercharges it is not surprising to find

ARR

pq = SRR

pq

x+q − x−p

x−q − x+p
, BRR

pq = SRR

pq

x+q − x+p

x−q − x+p
, CRR

pq = SRR

pq

x+q − x−q

x−q − x+p

ηp
ηq
,

FRR

pq = −SRR

pq , DRR

pq = SRR

pq

x−q − x−p

x−q − x+p
, ERR

pq = SRR

pq

x+p − x−p

x−q − x+p

ηq
ηp
.

(5.16)

This is the same solution as the one for LL up to the fact that now SRR

pq is in principle

a different scalar factor. We can identify this factor with the previous one by requiring

LR-symmetry. Imposing for example ARR

pq = ALL

pq , it follows that

SRR

pq = SLL

pq . (5.17)

We recall that we only required that the masses of the two excitations are equal, but we

never imposed their actual value.

The LR and RL sectors. In the LR and RL sectors the most general ansatz for the

S-matrix that preserves the bosonic charges contains both a transmission part T and a

reflection part R,

S = T +R, (5.18)

where “transmission” and “reflection” refers to the chirality of the two excitations. Hence,

the transmission T takes an in-state consisting of a left- and a right-mover, such as |φpψ̄q〉,
into an out-state with a right- and a left-mover, |ψ̄qφp〉. Taking into account the conser-

vation of the bosonic charges, we can write an ansatz for such an operator as

T |φpφ̄q 〉 = ALR

pq |φ̄qφp 〉+BLR

pq |ψ̄qψpZ
−〉 , T |φpψ̄q 〉 = CLR

pq |ψ̄qφp〉 ,
T |ψpψ̄q〉 = ELR

pq |ψ̄qψp〉+F LR

pq |φ̄qφpZ+〉 , T |ψpφ̄q 〉 =DLR

pq |φ̄qψp〉 .
(5.19)

Similarly, the reflection takes a left- and a right-mover, |φpψ̄q〉, back into a left- and a

right-mover, |φqψ̄p〉. The corresponding ansatz reads

R|φpφ̄q 〉 = ÃLR

pq |φqφ̄p 〉+ B̃LR

pq |ψqψ̄pZ
−〉 , R|φpψ̄q 〉 = C̃LR

pq |φqψ̄p〉 ,
R|ψpψ̄q〉 = ẼLR

pq |ψqψ̄p〉+ F̃ LR

pq |φqφ̄pZ+〉 , R|ψpφ̄q 〉 = D̃LR

pq |ψqφ̄p〉 .
(5.20)

Commuting T with the supercharges Qi and Si, we find

ALR

pq = +τLR

pq

1− 1
x+
p x−

q

1− 1
x−
p x−

q

, BLR

pq = −τLR

pq

ηpηq

x−p x
−
q

1

1− 1
x−
p x−

q

, CLR

pq = τLR

pq ,

ELR

pq = −τLR

pq

1− 1
x−
p x+

q

1− 1
x−
p x−

q

, F LR

pq = −τLR

pq

ηpηq

x+p x
+
q

1

1− 1
x−
p x−

q

, DLR

pq = τLR

pq

1− 1
x+
p x+

q

1− 1
x−
p x−

q

.

(5.21)
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Similarly we find that the coefficients of R are given by

ÃLR

pq = ρLR

pq

ηp
ηq

1− x+
q

x+
p

1
x−
p x−

q

1− 1
x−
p x−

q

, B̃LR

pq = ρLR

pq

i

x−p x
−
q

x+p − x+q

1− 1
x−
p x−

q

, C̃LR

pq = ρLR

pq ,

ẼLR

pq = ρLR

pq

ηp
ηq

1− x−
q

x−
p

1
x+
p x+

q

1− 1
x+
p x+

q

, F̃ LR

pq = ρLR

pq

i

x+p x
+
q

x−p − x−q

1− 1
x+
p x+

q

, D̃LR

pq = ρLR

pq .

(5.22)

The coefficients τLR

pq and ρLR

pq are two scalar factors that for now are left undetermined.

If we instead consider an in-state with the excitations in the opposite order, i.e., with

the first excitation right-moving and the second left-moving, the ansatz again takes a form

similar to (5.19) and (5.20), but with the φ and φ̄, and ψ and ψ̄ exchanged. We hence find

T |φ̄pφq 〉 = ARL

pq |φqφ̄p 〉+BRL

pq |ψqψ̄pZ
−〉 , T |φ̄pψq 〉 = CRL

pq |ψqφ̄p〉 ,
T |ψ̄pψq〉 = ERL

pq |ψqψ̄p〉+FRL

pq |φqφ̄pZ+〉 , T |ψ̄pφq 〉 =DRL

pq |φqψ̄p〉 .
(5.23)

and

R|φ̄pφq 〉 = ÃRL

pq |φ̄qφp 〉+ B̃RL

pq |ψ̄qψpZ
−〉 , R|φ̄pψq 〉 = C̃RL

pq |φ̄qψp〉 ,
R|ψ̄pψq〉 = ẼRL

pq |ψ̄qψp〉+ F̃RL

pq |φ̄qφpZ+〉 , R|ψ̄pφq 〉 = D̃RL

pq |ψ̄qφp〉 .
(5.24)

In this case the coefficients are given by

ARL

pq = +τRL

pq

1− 1
x+
p x−

q

1− 1
x+
p x+

q

, BRL

pq = −τRL

pq

ηpηq

x−p x
−
q

1

1− 1
x+
p x+

q

, CRL

pq = τRL

pq

1− 1
x−
p x−

q

1− 1
x+
p x+

q

,

ERL

pq = −τRL

pq

1− 1
x−
p x+

q

1− 1
x+
p x+

q

, FRL

pq = −τRL

pq

ηpηq

x+p x
+
q

1

1− 1
x+
p x+

q

, DRL

pq = τRL

pq ,

(5.25)

and

ÃRL

pq = ρRL

pq

ηp
ηq

1− x+
q

x+
p

1
x−
p x−

q

1− 1
x−
p x−

q

, B̃RL

pq = ρRL

pq

i

x−p x
−
q

x+p − x+q

1− 1
x−
p x−

q

, C̃RL

pq = ρRL

pq ,

ẼRL

pq = ρRL

pq

ηp
ηq

1− x−
q

x−
p

1
x+
p x+

q

1− 1
x+
p x+

q

, F̃RL

pq = ρRL

pq

i

x+p x
+
q

x−p − x−q

1− 1
x+
p x+

q

, D̃RL

pq = ρRL

pq .

(5.26)

In order to further restrict the form of the S-matrix, we impose unitarity, physical unitar-

ity and LR-symmetry. As shown in more detail in appendix C, this leads to the S-matrix

taking the form of either a pure transmission or a pure reflection. In other words, we have

either ρLR

pq = ρRL

pq = 0 or τLR

pq = τRL

pq = 0. In order to match our result with the near-BMN

limit analysis performed in [17], we choose the pure transmission S-matrix. In this case

the LR-symmetry also imposes

τLR

pq = ζpqS
LR

pq , τRL

pq =
1

ζpq
SLR

pq , ζpq =

√√√√√
1− 1

x−
p x−

q

1− 1
x+
p x+

q

, (5.27)

where SLR

pq is a scalar factor that is common for the two sectors with one left-moving and

one right-moving excitation. Note that this gives, ALR

pq = ARL

pq , B
LR

pq = BRL

pq , etc.
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5.2 The psu(2|2) S-matrix

In the calculation above we imposed invariance under the LR-symmetry. In other words,

the obtained S-matrix is invariant under the simultaneous exchange of the excitations

φp, φ̄p and ψp, ψ̄p. Alternatively, we can require that the S-matrix takes a symmetric

combination of a left- and a right-moving scalar to a state containing only scalars, and

an anti-symmetric combination of a left- and a right-moving scalar into anti-symmetric

combinations of scalars and fermions. Hence we require the structure of the S-matrix to be

S
(
|φpφ̄q〉+ |φ̄pφq〉

)
= #

(
|φpφ̄q〉+ |φ̄pφq〉

)
,

S
(
|φpφ̄q〉 − |φ̄pφq〉

)
= #

(
|φpφ̄q〉 − |φ̄pφq〉

)
+#

(
|ψpψ̄q〉 − |φ̄pφq〉

)
.

(5.28)

This corresponds to introducing an additional su(2)×su(2) symmetry, with the two scalars

transforming as a doublet under one of the su(2) factors and the fermions as a double un-

der the other su(2) factor. The full symmetry is then enlarged to a centrally extended

psu(2|2) algebra studied in [19, 33], and the S-matrix coincides with the one found in these

references. The explicit embedding of the su(1|1)2 algebra and its central extension into

the extended psu(2|2) is given in appendix B.

5.3 Scattering of excitations with different mass

So far we have discussed the case in which we scatter two excitations with the same mass. As

noted in the beginning of this section, when the two excitations have different masses there

are two possibilities for the momenta of the outgoing excitations. The full S-matrix can

then be written as a sum of a transmission part and a reflection part. However, by imposing

unitarity, physical unitarity and LR-symmetry, we find again that the S-matrix is either a

pure transmission or a pure reflection. For the reasons explained before, we will consider

the case of pure transmission. Since the reflection part of the S-matrix is fairly complicated,

we will only write down the part of the S-matrix involving transmission processes.

In the following, to distinguish the excitations with different s, we will use φ, φ′ to

denote the bosons and ψ, ψ′ for the fermions. We also choose to use the variables x± for

(φ, ψ) and z± for (φ′, ψ′),

x+ +
1

x+
− x− − 1

x−
=

2is

h
, z+ +

1

z+
− z− − 1

z−
=

2is′

h
. (5.29)

As before, the corresponding right excitations will be denoted with a bar (φ̄, ψ̄), (φ̄′, ψ̄′).

The results in this section do not depend on the actual values of s and s′. When we later

discuss the d(2, 1;α)2 spin-chain we will have s = α and s′ = 1− α.

The LL′ and RR′ sectors. In a scattering process the two excitations with different

mass will always be exchanged, in order to have conservation for the bosonic charges, in

particular the energy. From this it follows that we can really think of the momentum as

a label attached to an excitation with a certain mass. If we also recall that the S-matrix

in the LL sector for the case of same mass was found without imposing the quadratic con-

straint on x±, it is easy to understand that the S-matrix in the sector that we are currently

considering is just a generalization of the previous one, where we use the variables z± when
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the momentum considered is attached to excitations of the kind (φ′, ψ′) or (φ̄′, ψ̄′). For

later convenience regarding the Bethe equations that appear in [28], to write the S-matrix

elements we choose nevertheless a different normalization as before: we want the S-matrix

element corresponding to the boson-boson interaction to be equal to the unspecified scalar

factor. Explicitly, in the LL′ sector we have

S |φpφ′q 〉 = ALL
′

pq |φ′qφp〉 , S |φpψ′
q〉 =BLL

′

pq |ψ′
qφp〉+CLL

′

pq |φ′qψp〉 ,
S |ψpψ

′
q〉 = F LL

′

pq |ψ′
qψp〉 , S |ψpφ

′
q〉 =DLL

′

pq |φ′qψp〉+ELL
′

pq |ψ′
qφp〉 ,

(5.30)

where the S-matrix elements are given by

ALL
′

pq = +SLL
′

pq , BLL
′

pq = SLL
′

pq

z+q − x+p

z+q − x−p
, CLL

′

pq = SLL
′

pq

z+q − z−q

z+q − x−p

ηp
ηq
,

F LL
′

pq = −SLL
′

pq

z−q − x+p

z+q − x−p
, DLL

′

pq = SLL
′

pq

z−q − x−p

z+q − x−p
, ELL

′

pq = SLL
′

pq

x+p − x−p

z+q − x−p

ηq
ηp
,

(5.31)

where SLL
′

pq is again a scalar factor. To obtain the S-matrix in the L′L we simply exchange

x± and z± in the above relations. We denote the corresponding scalar by SL
′
L

pq . Unitarity

is satisfied if the two scalar factors satisfy

SL
′
L

qp S
LL

′

pq = 1, (5.32)

which means that there is only one scalar factor in the LL′ and L′L sectors.

The computations for the RR′ sector are exactly the same and we choose the same

normalization. In principle one gets two new factors SRR
′

pq and SR
′
R

pq , which are again related

by unitarity, but LR-symmetry imposes SRR
′

pq = SLL
′

pq and SR
′
R

pq = SL
′
L

pq .

The LR′ and RL′ sectors. The final sectors that we consider consist of one left- and

one right-moving excitation with different masses. Let us write explicitly the result for the

elements of the pure transmission S-matrix

S |φpφ̄′q〉 = ALR
′

pq | φ̄′qφp〉+BLR
′

pq |ψ̄′
qψpZ

−〉 , S |φpψ̄′
q〉 = CLR

′

pq |ψ̄′
qφp〉 ,

S |ψpψ̄
′
q〉 = ELR

′

pq |ψ̄′
qψp〉+F LR

′

pq | φ̄′qφpZ+〉 , S |ψpφ̄
′
q〉 =DLR

′

pq |φ̄′qψp〉 ,
(5.33)

and

S | φ̄′pφq〉 = AR
′
L

pq |φqφ̄′p〉+BR
′
L

pq |ψqψ̄
′
pZ

−〉 , S |φ̄′pψq〉 = CR
′
L

pq |ψqφ̄
′
p〉 ,

S |ψ̄′
pψq〉 = ER

′
L

pq |ψqψ̄
′
p〉+FR

′
L

pq |φqφ̄′pZ+〉 , S |ψ̄′
pφq〉 =DR

′
L

pq |φqψ̄′
p〉 ,

(5.34)

where the coefficients take the form

ALR
′

pq = +τLR
′

pq

1− 1
x+
p z−q

1− 1
x−
p z−q

, BLR
′

pq = −τLR
′

pq

ηpηq

x−p z
−
q

1

1− 1
x−
p z−q

, CLR
′

pq = τLR
′

pq ,

ELR
′

pq = −τLR
′

pq

1− 1
x−
p z+q

1− 1
x−
p z−q

, F LR
′

pq = −τLR
′

pq

ηpηq

x+p z
+
q

1

1− 1
x−
p z−q

, DLR
′

pq = τLR
′

pq

1− 1
x+
p z+q

1− 1
x−
p z−q

,

(5.35)
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and

AR
′
L

pq = +τR
′
L

pq

1− 1
z+p x−

q

1− 1
z+p x+

q

, BR
′
L

pq = −τR
′
L

pq

ηpηq

z−p x
−
q

1

1− 1
z+p x+

q

, CR
′
L

pq = τR
′
L

pq

1− 1
z−p x−

q

1− 1
z+p x+

q

,

ER
′
L

pq = −τR
′
L

pq

1− 1
z−p x+

q

1− 1
z+p x+

q

, FR
′
L

pq = −τR
′
L

pq

ηpηq

z+p x
+
q

1

1− 1
z+p x+

q

, DR
′
L

pq = τR
′
L

pq ,

(5.36)

Imposing unitarity and LR-symmetry we find that the scalar factors τRL
′

pq and τR
′
L

pq are given

by

τLR
′

pq = ζLR
′

pq S
LR

′

pq , τR
′
L

pq =
1

ζR
′
L

pq

SLR
′

pq , (5.37)

where

ζLR
′

pq =

√√√√√
1− 1

x−
p z−q

1− 1
x+
p z+q

, ζR
′
L

pq =

√√√√√
1− 1

z−p x−
q

1− 1
z+p x+

q

, (5.38)

and SLR
′

pq is the common anti-symmetric phase factor of the sector. Also in this case the

S-matrix elements are a generalization of the ones found in the case of same masses.

5.4 The S-matrix of the d(2, 1;α)2 spin-chain

Now that we have derived all the S-matrix coefficients, we will slightly rewrite the S-

matrix in a notation suitable for discussing the d(2, 1;α)2 symmetric spin-chain discussed

in section 2, and the corresponding Bethe ansatz equations. As noted in that section, the

excitations of the spin-chain transform in four multiplets of su(1|1)2. There are two left-

moving representations, which we will denote by 1 and 3. The masses of the excitations

in these representations are α and 1 − α, respectively. Similarly we denote the two right-

moving representations 1̄ and 3̄, with the excitations again carrying mass α and 1−α. The
excitations in these representations will then be denoted

(φ1p, ψ
1
p), (φ3p, ψ

3
p), (φ̄1̄p, ψ̄

1̄
p), (φ̄3̄p, ψ̄

3̄
p).

The S-matrix elements for scattering between excitations in the various representations

are all given in sections 5.1 and 5.3. We only need to specify the scalar factors appearing in

these matrix elements. The scalar factors that appear in the Bethe ansatz construction [28]

are the inverse of the ones introduced at the level of the S-matrix. It will therefore be

convenient to introduce, e.g., S13̄
pq = (SLR

′

pq )−1. In principle we then end up with 16 different

phases Sij , i, j ∈ {1, 3, 1̄, 3̄}. However, in the previous sections we have already imposed

unitarity, which relates the phases Sij and Sji, as well as LR-symmetry, which relates Sij

and S ı̄̄ (where we identify ¯̄ı = i). We thus end up with six remaining independent phases

S11, S33, S13, S11̄, S13̄, S33̄, (5.39)

which amounts to four different functions, as S11, S11̄ and S33, S33̄ respectively should

have the same functional form up to specifing the value of the mass. In the next subsection

we will further relate these phases by using crossing symmetry.
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S12

S23

1

=
1

Figure 4. The scattering of a fundamental excitation with a singlet is trivial.

5.5 Crossing equations

In order to derive the crossing equations, we will follow an argument first given in [19].

The idea is to scatter an excitation with the one of the singlet states constructed in sec-

tion 4.3. By su(1|1)2 symmetry, the singlet should scatter trivially with an excitation

carrying charges under this algebra. This gives us an equation for the scalar factors in-

volved. As explained, the singlet is composed of one left- and one right-moving excitation

with the same mass,

|111̄qq̄〉 = |φ1qφ̄1̄q̄Z+〉+ Ξqq̄ |ψ1
q ψ̄

1̄
q̄ 〉 , |133̄qq̄〉 = |φ3qφ̄3̄q̄Z+〉+ Ξqq̄ |ψ3

q ψ̄
3̄
q̄ 〉 ,

|11̄1qq̄〉 = |φ̄1̄qφ1q̄Z+〉+ Ξqq̄ |ψ̄1̄
qψ

1
q̄ 〉 , |13̄3qq̄〉 = |φ̄3̄qφ3q̄Z+〉+ Ξqq̄ |ψ̄3̄

qψ
3
q̄ 〉 ,

(5.40)

where Ξqq̄ is given by

Ξqq̄ = ix+q̄
ηq
ηq̄
, (5.41)

and the Zhukovsky variables identified by

x±q̄ =
1

x±q
. (5.42)

The crossing equations can be found by scattering an arbitrary excitation Xr with one of

the four singlets

S23S12 |Xp1
ij
qq̄〉 = Xij

p,qq̄ |1ijqq̄Xp〉 , (5.43)

and requiring that Xij
p,qq̄ = 1 after the identification x±q̄ = 1/x±q . This is illustrated in

figure 4.

If we scatter an excitation of type 1 with the singlets |111̄qq̄〉 and |11̄1qq̄〉 we get the two

equations10

S11
pq S

11̄
pq̄ =

x−p − x+q

x−p − x−q

√
x+p

x−p

x−p − x−q

x+p − x+q
, S11

pq̄ S
11̄
pq =

1− 1
x+
p x+

q

1− 1
x+
p x−

q

√√√√√
1− 1

x−
p x−

q

1− 1
x+
p x+

q

. (5.44)

If we scatter an excitation of type 1̄ with the same singlets we get

S1̄1̄
pq S

1̄1
pq̄ =

x−p − x+q

x−p − x−q

√
x+p

x−p

x−p − x−q

x+p − x+q
, S1̄1̄

pq̄ S
1̄1
pq =

1− 1
x+
p x+

q

1− 1
x+
p x−

q

√√√√√
1− 1

x−
p x−

q

1− 1
x+
p x+

q

. (5.45)

10With respects to the first version of this paper, we have rewritten the crossing equations in such a way

that p, q are on the real line and q̄ is shifted upward by half of the imaginary period of the rapidity torus,

following a standard convention.
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We could also have found these equations from (5.44) by imposing LR-symmetry. Similarly,

we can scatter excitations of type 3 or 3̄ with the singlets made out of 3 and 3̄ and obtain

equations taking the same form as the ones presented above. We can also study the case

in which the excitation scatters with a singlet with a different mass. We get for example

S31
pq S

31̄
pq̄ =

z+p − x−q

z−p − x−q

√
z+p

z−p

z−p − x−q

z+p − x+q
, S31

pq̄ S
31̄
pq =

z+p

z−p

1− 1
z+p x+

q

1− 1
z−p x+

q

√√√√√
1− 1

z−p x−
q

1− 1
z+p x+

q

. (5.46)

The apparent discrepancy between (5.44) and (5.46) is due to a different choice of normal-

ization for the S-matrix in the sectors 11 and 13. Note that the crossing equations found

here differ from those of [22].

5.6 The Yang-Baxter equation

In an integrable model, any N -body scattering event can be broken down in a sequence of

two body scattering events. In general, such a factorization can be performed in several

different orderings. For consistency, the result should be independent of the ordering of the

two-particle S-matrix. It is sufficient to check this for the case of three-particle scattering.

This leads to the Yang-Baxter (YB) equation. In terms of the operator S acting on three

spin-chain excitations, this equation takes the form

S12 S23 S12 = S23 S12 S23, (5.47)

as illustrated is figure 3. Motivated by some information on the physics, namely the near-

BMN limit studied in [17], we chose a reflectionless S-matrix. A check shows that this choice

satisfies YB, while we note that YB would not be satisfied if we allowed for a reflection

S-matrix in some sectors.

It is instructive to write equation (5.47) in a matrix basis. This is straightforward

in the case of three particles of the same chirality. For definiteness, let us consider three

left-moving excitations with momenta p, q and r. Equation (5.47) can then be written as

S
LL

qr ⊗ 1 · 1⊗ S
LL

pr · SLL

pq ⊗ 1 = 1⊗ S
LL

pq · SLL

pr ⊗ 1 · 1⊗ S
LL

qr . (5.48)

However, when acting with (5.47) on a three-particle state containing particles of differing

chiralities, we have to account for the presence of length-changing effects. For instance,

scattering magnons of momentum p and q may result in two magnon with momenta q, p

plus the addition (or removal) of one vacuum site, e.g.,

|φpφ̄q〉 7→ # |ψ̄qψpZ
−〉 , or |ψpψ̄q〉 7→ # |φ̄qφpZ+〉 . (5.49)

We can take care of the extra (missing) vacuum sites by moving them to the far right of

the chain, but since this requires commuting them past the third magnon, this results in

an additional factor of e−ir (e+ir). As a result, we must modify YB equation (5.48) to

account for such phases:

1⊗ Spq ·
(
FqSprF

−1
q

)
⊗ 1 · 1⊗ Sqr =

(
FpSqrF

−1
p

)
⊗ 1 · 1⊗ Spr ·

(
FrSpqF

−1
r

)
⊗ 1, (5.50)
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where the transformation F implements a twist depending on the momentum of the third

magnon.

The fact that the all-loop S-matrix for the dynamical spin-chain satisfies a modified

(“twisted”) form of the Yang-Baxter equation, due to the length-changing effects is familiar

from the case of the N = 4 SYM spin-chain. As discussed in detail in [34], the modifica-

tions to YB equation can be seen as coming from a twist in the Zamolodchikov-Faddeev

(ZF) algebra that encodes the factorization of scattering. By redefining the ZF creation

and annihilation operators one finds a twisted ZF algebra, with a two-body S-matrix S that

satisfies a twisted YB equation.11 If U(p) is a non-local unitary operator that implements

the twist on the one-particle basis, we have that the twisted YB equation (5.50) can be

rewritten as the ordinary YB equation for a different S-matrix Ŝ using

Ŝpq = U
†(p)⊗ 1 · Spq · U(q)⊗ 1. (5.51)

The factor Fp in (5.50) is then related to U(p) by

Fp = U(p)⊗ U(p). (5.52)

The twisted and untwisted ZF algebras are isomorphic, and their S-matrices must be

physically, but not unitarily, equivalent. In particular, since Ŝ satisfies the canonical YB

equation, in certain cases it may be more convenient to work directly with it. Such a choice

of basis is sometimes referred to as “string theory basis”, as opposed to the “spin-chain

basis” that we have used here. Its explicit form can be found from the one given in section 5

by using (5.51) and specifying U(p) to act in the basis
(
φ, ψ, φ̄, ψ̄

)
by

U(p) = diag
(
e−

ip
2 , 1, e−

ip
2 , 1
)
. (5.53)

The explicit form of the matrix elements can be found in appendix E.

6 Discussion and outlook

We have derived the all-loop S-matrix of an alternating spin-chain having extended su(1|1)2
symmetry and a discrete Z2 left-right symmetry. The S-matrix is essentially unique and

satisfies Yang-Baxter equation, which points to the quantum integrability of the resulting

theory.

To completely fix the S-matrix one would have to fix the scalar factors Sij by means of

the crossing equations of section 5.5, which boil down to four functional equations for Sii,

S īı, Sij and Si̄. Postponing a more careful analysis of the such equations to a separate

work [28], let us mention that they take a form that is quite different from the one of their

AdS5/CFT4 and AdS4/CFT3 counterparts. In particular, it appears that an ansatz involv-

ing simple functions and the BES dressing phase does not solve our equations. Furthermore,

in light of the possible presence of bound states of particles of different masses described in

section 4.3, one might have to pick a non-minimal solution. Finally it is worth pointing out

11Our notations differ slightly from the ones of [34] as our S-matrix permutes the momenta of the magnons.
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that such phases should also appear when scattering modes of different masses, which is a

novel feature that was not accounted for in the Bethe ansatz equations conjectured earlier.

The S-matrix we derived should describe the massive modes of strings on AdS3×S3×
S3 × S1 through its Bethe equations [28], which give the asymptotic spectrum once the

abelian phases are determined. It remains to see how the two missing massless modes can

be incorporated back in this picture. Following the strategy of [18], it would be interesting

to analyse the representations of the centrally extended algebra and the S-matrix in the

α → 0 limit, and in that way trace the origin of the massless modes that appear in this

limit. Understanding the massless modes would open the door to a plethora of possible

developments, including the computation of the exact (i.e., non-asymptotic) spectrum by

means of the thermodynamical Bethe ansatz and a better grasp of the dual CFT. An

important step in that direction would be the construction of the bound state S-matrix. As

noted in the end of section 4.3, bound states transform in a two-dimensional short multiplet

similar to that of the fundamental excitations. Hence, the form of the S-matrix of these

states should be the same that of the S-matrix discussed here, up to the scalar factors.

Finally, given the existence of a family of classically integrable backgrounds interpolat-

ing between the pure RR and pure NSNS one [15], understanding the integrable structure

of these theories might provide insights on the relation between integrability and represen-

tation theory techniques.
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A The d(2, 1;α) algebra

The generators of d(2, 1;α) satisfy the commutation relations

[J0, J±] = ±J±, [J+, J−] = 2J0, [J0,Q±ββ̇] = ±1

2
Q±ββ̇ , [J±,Q∓ββ̇ ] = Q±ββ̇,

[L5,L±] = ±L±, [L+,L−] = 2L5, [L5,Qa±β̇ ] = ±1

2
Qa±β̇ , [L±,Qa∓β̇ ] = Qa±β̇,

[R8,R±] = ±R±, [R+,R−] = 2R8, [R8,Qaβ±] = ±1

2
Qaβ±, [R±,Qaβ∓] = Qaβ±,

{Q±++,Q±−−} = ±J±, {Q±+−,Q±−+} = ∓J±,

{Q+±+,Q−±−} = ∓αL±, {Q+±−,Q−±+} = ±αL±,

{Q++±,Q−−±} = ∓(1− α)R±, {Q+−±,Q−+±} = ±(1− α)R±,

(A.1)

{Q+±±,Q−∓∓} = −J0 ± αL5 ± (1− α)R8,

{Q+±∓,Q−∓±} = +J0 ∓ αL5 ± (1− α)R8.
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The non-vanishing action of the d(2, 1;α) generators on these states of the (−α
2 ;

1
2 ; 0) rep-

resentation is given by

L5 |φ(n)± 〉 = ±1

2
|φ(n)± 〉 , L+ |φ(n)− 〉 = |φ(n)+ 〉 , L− |φ(n)+ 〉 = |φ(n)− 〉 ,

R8 |ψ(n)
± 〉 = ±1

2
|ψ(n)

± 〉 , R+ |ψ(n)
− 〉 = |ψ(n)

+ 〉 , R− |ψ(n)
+ 〉 = |ψ(n)

− 〉 ,

J0 |φ(n)β 〉 = −
(α
2
+ n

)
|φ(n)β 〉 , J0 |ψ(n)

β̇
〉 = −

(
α

2
+

1

2
+ n

)
|ψ(n)

β̇
〉 ,

J+ |φ(n)β 〉 = +
√
(n− 1 + α)n |φ(n)β 〉 , J+ |ψ(n)

β̇
〉 = +

√
(n+ α)n |ψ(n−1)

β̇
〉 ,

J− |φ(n−1)
β 〉 = −

√
(n− 1 + α)n |φ(n)β 〉 , J− |ψ(n−1)

β̇
〉 = −

√
(n+ α)n |ψ(n)

β̇
〉 ,

Q−±β̇ |φ
(n)
∓ 〉 = ±

√
n+ α |ψ(n)

β̇
〉 , Q+±β̇ |φ

(n)
∓ 〉 = ±√

n |ψ(n−1)

β̇
〉 ,

Q−β± |ψ(n)
∓ 〉 = ∓

√
n+ 1 |φ(n+1)

β 〉 , Q+β± |ψ(n)
∓ 〉 = ∓

√
n+ α |φ(n)β 〉 .

(A.2)

On the (−1−α
2 ; 0; 12) representation the generators act as

L5 |ψ̃(n)
± 〉 = ±1

2
|ψ̃(n)

± 〉 , L+ |ψ̃(n)
− 〉 = |ψ̃(n)

+ 〉 , L− |ψ̃(n)
+ 〉 = |ψ̃(n)

− 〉 ,

R8 |φ̃(n)± 〉 = ±1

2
|φ̃(n)± 〉 , R+ |φ̃(n)− 〉 = |φ̃(n)+ 〉 , R− |φ̃(n)+ 〉 = |φ̃(n)− 〉 ,

J0 |φ̃(n)γ̇ 〉 = −
(
1− α

2
+ n

)
|φ̃(n)γ̇ 〉 , J0 |ψ̃(n)

γ 〉 = −
(
1− α

2
+

1

2
+ n

)
|ψ̃(n)

γ 〉 ,

J+ |φ̃(n)γ̇ 〉 = +
√
(n− α)n |φ̃(n−1)

γ̇ 〉 , J+ |ψ̃(n)
γ 〉 = +

√
(n+ 1− α)n |ψ̃(n−1)

γ 〉 ,
J− |φ̃(n−1)

γ̇ 〉 = −
√
(n− α)n |φ̃(n)γ̇ 〉 , J− |ψ̃(n−1)

γ 〉 = −
√
(n+ 1− α)n |ψ̃(n)

γ 〉 ,
Q−γ± |φ̃(n)∓ 〉 = ±

√
n+ 1− α |ψ̃(n)

γ 〉 , Q+γ± |φ̃(n)∓ 〉 = ±√
n |ψ̃(n−1)

γ 〉 ,
Q−±γ̇ |ψ̃(n)

∓ 〉 = ∓
√
n+ 1 |φ̃(n+1)

γ̇ 〉 , Q+±γ̇ |ψ̃(n)
∓ 〉 = ∓

√
n+ 1− α |φ̃(n)γ̇ 〉 .

(A.3)

B Embedding into psu(2|2)

The centrally extended su(1|1)2 algebra can be embedded into the centrally extended

psu(2|2) algebra discussed in [19, 33]. There are several equivalent ways to do this. We

can for example consider only the diagonal generators, which can be identified as

Q̂1
1 = QL, Q̂2

2 = QR, Ŝ1
1 = SL, Ŝ2

2 = SR,

L̂1
1 = −L̂2

2 =
1

2
M−B, R̂1

1 = −R̂2
2 =

1

2
M+B,

Ĉ =
1

2
H, P̂ = −P, K̂ = −P†.

(B.1)

Here the generators of psu(2|2) have been indicated by a hat. For the fundamental rep-

resentations we can identify φ1 and ψ1 as left-moving excitations, while φ2 and ψ2 are

right moving. For the charges B = 1/4, s = 1/2, this reproduces the fundamental (2|2)
representation of the centrally extended psu(2|2) algebra.
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C The S-matrix in the LR sector

As noted in section 5.1, the ansatz in (5.19), (5.20), (5.23) and (5.24), for the S-matrix for

two particles of the same mass but of different chirality involves both a transmission and

a reflection part. Requiring that the S-matrix commutes with the supercharges we are left

with the solution for the coefficients of the S-matrix given in equations (5.21), (5.22), (5.25)

and (5.26). This solution depends on four functions τLR

pq , τ
RL

pq , ρ
LR

pq and ρRL

pq , which we can

further constrain by requiring that unitarity and physical unitarity are satisfied. For def-

initeness we parameterize each function as a product of a positive real function of the two

momenta and two phases, respectively symmetric and anti-symmetric in the exchange of

p and q. We then have

τLR

pq = rLRpq exp
[
i
(
θLRpq + ϑLR

pq

)]
, ρLR

pq = r̃LRpq exp
[
i
(
iθ̃LRpq + ϑ̃LR

pq

)]
,

τRL

pq = rRL

pq exp
[
i
(
iθRL

pq + ϑRL

pq

)]
, ρRL

pq = r̃RL

pq exp
[
i
(
iθ̃RL

pq + ϑ̃RL

pq

)]
,

(C.1)

where, for example,

∣∣τLR

pq

∣∣ = rLRpq , θLRqp = −θLRqp , ϑLR

qp = +ϑLR

qp . (C.2)

We first solve the linear constraint

S
†
pq = Sqp, (C.3)

which gives12

(
eiϑ̃

LR
pq
)2

= 1, eiϑ̃
RL
pq = ±eiϑ̃LR

pq , rLRpq = rRL

pq ≡ rpq,

eiθ
RL
pq = eiθ

LR
pq , eiϑ

RL
pq = e−iϑLR

pq ,
(C.4)

At this point it is possible to impose either unitarity or physical unitarity and solve the

corresponding quadratic equations:

SqpSpq = 1, S
†
pqSpq = 1. (C.5)

There are three different solutions of these equations,

1. a pure transmission (r̃LRpq = r̃RL

pq = 0),

2. a pure reflection (rLRpq = rRL

pq = 0),

3. a family of solutions that interpolates between transmission and reflection:

r̃LRpq = r̃RL

pq ≡ r̃pq, (rpq)
2 + (r̃pq)

2 = 1, θ̃LRpq + θ̃RL

pq = θLRpq + θRL

pq , (C.6)

where the last relation is possible only if one chooses eiϑ̃
LR
pq = −eiϑ̃RL

pq in (C.4). This

is the reason why we wrote the solutions 1 and 2 above as separate from 3: solution

2 is different from what one gets by imposing rpq = 0 in solution 3.13

12After imposing the other quadratic equations, it turns out that for all of the functions rijqp = rijpq. Here

we already use this fact to write the solutions.
13This distinction is important when imposing the discrete LR-symmetry. Requiring this symmetry in

solution 3 would leave only transmission, while one can find a non trivial reflection S-matrix from solution

2 that satisfies LR-symmetry by choosing ϑ̃LR

pq = ϑ̃RL

pq .
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As noted in section 5.2, we can recover the psu(2|2) found in [19] from the S-matrix

considered here. In the above notation it corresponds to

r̃pq =

√
(x−p − x+p )(x

−
q − x+q )

(x−q − x+p )(x
−
p − x+q )

, eiθ̃
LR
pq = SB

pq

√
x−p − x+q

x−q − x+p
,

eiϑ
LR
pq =

√√√√√
1− 1

x−
p x−

q

1− 1
x+
p x+

q

, eiθ
LR
pq = SB

pq

√
x−p − x+q

x+p − x−q
,

(C.7)

where SB
pq is the dressing factor for the psu(2|2) S-matrix.

Here we want also the discrete LR-symmetry to be satisfied. To do this we consider for

example the processes

S |φpψ̄q〉 = CLR

pq |ψ̄qφp〉+ C̃LR

pq |φqψ̄p〉 ,
S |φ̄pψq〉 = CRL

pq |ψ̄qφp〉+ C̃RL

pq |φqψ̄p〉 ,
(C.8)

and impose CLR

pq = CRL

pq and C̃LR

pq = C̃RL

pq . This leaves only two possible solutions, a pure

transmission and a pure reflection. The same result can be found by first imposing the

LR-symmetry and then requiring that unitarity is satisfied.

In order to choose between the two cases of pure transmission and pure reflection we

compare our results with the perturbative calculation in [17], where the tree-level AdS3
string theory S-matrix for the scalars was found to be reflectionless. We also check the

Yang-Baxter (YB) equation

S12S23S12 = S23S12S23 (C.9)

and we find that an S-matrix with a pure transmission in the LR sector does satisfy the

YB equation, while one with a pure reflection does not.

D A second central extension

In this section we will consider an alternative central extension of the su(1|1)2 algebra,

and give its representation and the resulting S-matrix. In this second central extension it

is more difficult to think of only one spin-chain, but it is rather natural to think of one

spin-chain for the left movers and another one for the right movers. The reason is that

scattering processes with length-changing effects will now add one site in a spin-chain and

subtract one site in the other. Nevertheless it is still possible to uniformize the notation by

interpreting Z+
− (Z−

+ ) as the addition (removal) of one site in the chain for the left movers

and the removal (addition) of one site in the chain for the right movers. We will thus have

|Z+
−φp〉 = e−ip |φpZ+

− 〉 , |Z−
+φp〉 = e+ip |φpZ−

+ 〉 ,
|Z+

− φ̄p〉 = e+ip |φ̄pZ+
− 〉 , |Z−

+ φ̄p〉 = e−ip |φ̄pZ−
+ 〉 .

(D.1)
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D.1 Algebra

In the second central extension of su(1|1)2 we allow for different anti-commutators to be

non-vanishing, namely
{QL,SL} = HL, {QR,SR} = HR,

{QL,QR} = 0, {SL,SR} = 0,

{QL,SR} = P, {SL,QR} = P†.

(D.2)

To find representations of this algebra we use a similar ansatz as before. For the case of

two φ representations we write

QL |φ〉 = a |ψ〉 , QL |ψ〉 = 0, (D.3)

SL |φ〉 = 0, SL |ψ〉 = b |φ〉 , (D.4)

QR |φ〉 = c |ψZ−
+ 〉 , QR |ψ〉 = 0, (D.5)

SR |φ〉 = 0, SR |ψ〉 = d |φZ+
− 〉 , (D.6)

This leads to a representation very similar to that of the first central extension. Indeed we

only need to exchange the role of c and d and the coefficients now read

ap = e+iγL

√
ih

2
(x−p − x+p ), cp =

ie−iδL

x−p

√
ih

2
(x−p − x+p ), (D.7)

bp = e−iγL

√
ih

2
(x−p − x+p ), dp = − ie

+iδL

x+p

√
ih

2
(x−p − x+p ) (D.8)

On the state |φpφq〉 we then get

P |φpφq〉 =
(
e−iqapdp + aqdq

)
|φpφq〉 . (D.9)

As before this vanishes provided ei(p+q) = 1.

For the right-movers we use the ansätze

QR |φ̄〉 = ā |ψ̄〉 , QR |ψ̄〉 = 0, (D.10)

SR |φ̄〉 = 0, SR |ψ̄〉 = b̄ |φ̄〉 , (D.11)

QL |φ̄〉 = c̄ |ψ̄Z+
− 〉 , QL |ψ̄〉 = 0, (D.12)

SL |φ̄〉 = 0, SL |ψ̄〉 = d̄ |φ̄Z−
+ 〉 . (D.13)

The coefficients are given by

āp = e+iγR

√
ih

2
(x−p − x+p ), c̄p =

ie−iδR

x−p

√
ih

2
(x−p − x+p ), (D.14)

b̄p = e−iγR

√
ih

2
(x−p − x+p ), d̄p = − ie

+iδR

x+p

√
ih

2
(x−p − x+p ), (D.15)

We now consider one left-moving and one right-moving excitation. We get

P |φpφ̄q〉 = apdp |φpZ+
− φ̄q〉+ b̄q c̄q |φpφ̄qZ+

− 〉 (D.16)

= (eiqapdp + b̄q c̄q) |φpφ̄qZ+
− 〉 . (D.17)
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Inserting the expressions for the coefficients we then get

eiqapdp + b̄q c̄q =
h

2
ei(γL+δL)(e−i(p−q) − e+iq) +

h

2
ei(γR+δR)(e+iq − 1). (D.18)

In order for this to vanish we need

γL + δL = γR + δR, (D.19)

but now the condition on the momenta reads

ei(p−q) = 1. (D.20)

Hence the left-movers and right-movers in these representations contribute to the total

momentum with different signs.

D.2 The S-matrix

As in the first central extension, also in this case we can identify independent sectors for

the S-matrix. It is easy to understand that the results for the S-matrix in the LL and RR

sectors will be the same as in the first central extension. Hence, we refer to section 5.1 for

these S-matrix elements.

The results will be different in the LR sector. In particular, after imposing that it

commutes with the supercharges, we find a unique S-matrix. It is interesting to note that

when we require that the S-matrix commutes with the bosonic charges, the ansatz in the

LR sector is different from the one used in the first central extension: boson-boson interac-

tions will not produce anymore fermion-fermion excitations (similarly for fermion-fermion

interactions) and we have length-changing effects when scattering a boson and a fermion

of different chiralities, in particular when the fermionic number is not transmitted in the

scattering process. The cases of different or same mass are formally the same. We thus

present the result for the more general case of two excitations with different mass; the

S-matrix in the LR sector is

S |φpφ̄q 〉 = ALR

pq |φ̄qφp 〉 , S |φ̄pφq 〉 = ARL

pq |φqφ̄p 〉 ,
S |φpψ̄q 〉 =BLR

pq |ψ̄qφp〉+ CLR

pq |φ̄qψpZ
−
+ 〉 , S |φ̄pψq 〉 =BRL

pq |ψqφ̄p〉+ CRL

pq |φqψ̄pZ
+
− 〉 ,

S |ψpφ̄q 〉 =DLR

pq |φ̄qψp〉+ ELR

pq |ψ̄qφpZ
+
− 〉 , S |ψ̄pφq 〉 =DRL

pq |φqψ̄p〉+ ERL

pq |ψqφ̄pZ
−
+ 〉 ,

S |ψpψ̄q〉 = F LR

pq |ψ̄qψp〉 , S |ψ̄pψq〉 = FRL

pq |ψqψ̄p〉 .
(D.21)

where the coefficients take the form

ALR

pq = +SLR

pq , BLR

pq = SLR

pq

1 + 1
x+
p z+q

1 + 1
x−
p z+q

, CLR

pq = −SLR

pq

ηxpηzq

x−p z
+
q

1

1 + 1
x−
p z+q

,

F LR

pq = −SLR

pq

1 + 1
x+
p z−q

1 + 1
x−
p z+q

, DLR

pq = SLR

pq

1 + 1
x−
p z−q

1 + 1
x−
p z+q

, ELR

pq = +SLR

pq

ηxpηzq

x+p z
−
q

1

1 + 1
x−
p z+q

.

(D.22)

The S-matrix elements with superscript RL assume the same form as the ones with LR after

exchanging x and z. In principle, there are two different phases SLR

pq and SRL

pq that are then
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fixed to be equal by imposing unitarity and physical unitarity. Note that LR-symmetry

is automatically satisfied in this case. We checked that also this S-matrix satisfies the

Yang-Baxter equation.

E The S-matrix in string and spin-chain frames

Here we will give the explicit matrix form of the S-matrix acting on a two-magnon state.

To keep our expression manageable, we will consider two excitations having the same mass.

Let us pick a basis for Hilbert space of a single magnon with momentum p as

Vp = span
(
φp, ψp, φ̄p, ψ̄p

)
. (E.1)

The S-matrix then takes a state in Vp⊗Vq to a state in Vq⊗Vp. The corresponding matrix

S then takes the block form

Spq =


S

LL

pq S
RL

pq

S
LR

pq S
RR

pq


 . (E.2)

We parametrize the full matrix form of S as

Spq =




A
LL

pq 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 C
LL

pq 0 0 D
LL

pq 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 A
RL

pq 0 0 0 0 F
RL

pq 0 0

0 0 0 0 0 0 0 0 0 0 0 0 D
RL

pq 0 0 0

0 B
LL

pq 0 0 E
LL

pq 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 F
LL

pq 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 C
RL

pq 0 0 0 0 0 0

0 0 0 0 0 0 0 0 B
RL

pq 0 0 0 0 E
RL

pq 0 0

0 0 A
LR

pq 0 0 0 0 F
LR

pq 0 0 0 0 0 0 0 0

0 0 0 0 0 0 D
LR

pq 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 A
RR

pq 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 C
RR

pq 0 0 D
RR

pq 0

0 0 0 C
LR

pq 0 0 0 0 0 0 0 0 0 0 0 0

0 0 B
LR

pq 0 0 0 0 E
LR

pq 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 B
RR

pq 0 0 E
RR

pq 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 F
RR

pq




.

Let us list the matrix elements in either the spin-chain or string frame. For this purpose,

recalling that the two are related by (5.51), we introduce

νp =





√
x+
p

x−
p

in the string frame ,

1 in the spin-chain frame .

(E.3)

We then have

A
LL

pq = +SLL

pq

νp
νq

x+q − x−p

x−q − x+p
, B

LL

pq = SLL

pq

1

νq

x+q − x+p

x−q − x+p
, C

LL

pq = SLL

pq

νp
νq

x+q − x−q

x−q − x+p

ηp
ηq
,

F
LL

pq = −SLL

pq , D
LL

pq = SLL

pq νp
x−q − x−p

x−q − x+p
, E

LL

pq = SLL

pq

x+p − x−p

x−q − x+p

ηq
ηp
,

(E.4)
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and a similar list of expression in the RR sector, as discussed in section 5.1. Furthermore,

A
LR

pq = τLR

pq

νp
νq

1− 1
x+
p x−

q

1− 1
x−
p x−

q

, B
LR

pq = −τLR

pq

1

νq

ηpηq

x−p x
−
q

1

1− 1
x−
p x−

q

, C
LR

pq = τLR

pq

1

νq
,

E
LR

pq = −τLR

pq

1− 1
x−
p x+

q

1− 1
x−
p x−

q

, F
LR

pq = −τLR

pq νp
ηpηq

x+p x
+
q

1

1− 1
x−
p x−

q

, D
LR

pq = τLR

pq νp
1− 1

x+
p x+

q

1− 1
x−
p x−

q

,

(E.5)

and

A
RL

pq = τRL

pq

νp
νq

1− 1
x+
p x−

q

1− 1
x+
p x+

q

, B
RL

pq = −τRL

pq

1

νq

ηpηq

x−p x
−
q

1

1− 1
x+
p x+

q

, C
RL

pq = τRL

pq

1

νq

1− 1
x−
p x−

q

1− 1
x+
p x+

q

,

E
RL

pq = −τRL

pq

1− 1
x−
p x+

q

1− 1
x+
p x+

q

, F
RL

pq = −τRL

pq νp
ηpηq

x+p x
+
q

1

1− 1
x+
p x+

q

, D
RL

pq = τRL

pq νp,

(E.6)

where η is given by (4.23) and the coefficients τLR and τRL by (5.27),

τLR

pq = ζpqS
LR

pq , τRL

pq =
1

ζpq
SLR

pq , ζpq =

√√√√√
1− 1

x−
p x−

q

1− 1
x+
p x+

q

. (E.7)

Recall that SLL

pq , S
RR

pq , S
LR

pq and SRL

pq are undetermined antisymmetric scalar factors.

As discussed in section 5.3, the S-matrix for different masses takes the same form as

above when one allows for an appropriate scalar factor and introduces suitable Zhukovski

variables z±. In view of our different choice of normalization and for the reader’s conve-

nience let us nonetheless explicitly list the elements of S below for particles of different

masses in either frame:

A
LL

′

pq = SLL
′

pq

νp
νq
, B

LL
′

pq = SLL
′

pq

1

νq

z+q − x+p

z+q − x−p
, C

LL
′

pq = SLL
′

pq

νp
νq

z+q − z−q

z+q − x−p

ηp
ηq
,

F
LL

′

pq = −SLL
′

pq

z−q − x+p

z+q − x−p
, D

LL
′

pq = SLL
′

pq νp
z−q − x−p

z+q − x−p
, E

LL
′

pq = SLL
′

pq

x+p − x−p

z+q − x−p

ηq
ηp
,

(E.8)

A
LR

′

pq = τLR
′

pq

νp
νq

1− 1
x+
p z−q

1− 1
x−
p z−q

, B
LR

′

pq = −τLR
′

pq

1

νq

ηpηq

x−p z
−
q

1

1− 1
x−
p z−q

, C
LR

′

pq = τLR
′

pq

1

νq
,

E
LR

′

pq = −τLR
′

pq

1− 1
x−
p z+q

1− 1
x−
p z−q

, F
LR

′

pq = −τLR
′

pq νp
ηpηq

x+p z
+
q

1

1− 1
x−
p z−q

, D
LR

′

pq = τLR
′

pq νp

1− 1
x+
p z+q

1− 1
x−
p z−q

,

A
R

′
L

pq = τR
′
L

pq

νp
νq

1− 1
z+p x−

q

1− 1
z+p x+

q

, B
R

′
L

pq = −τR
′
L

pq

1

νq

ηpηq

z−p x
−
q

1

1− 1
z+p x+

q

, C
R

′
L

pq = τR
′
L

pq

1

νq

1− 1
z−p x−

q

1− 1
z+p x+

q

,

E
R

′
L

pq = −τR
′
L

pq

1− 1
z−p x+

q

1− 1
z+p x+

q

, F
R

′
L

pq = −τR
′
L

pq νp
ηpηq

z+p x
+
q

1

1− 1
z+p x+

q

, D
R

′
L

pq = τR
′
L

pq νp.
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F Comparison with Beisert’s su(1|1) S-matrix

In this section we will compare the S-matrix in the main text with the su(1|1) symmetric

S-matrix discussed in [21]. Let us consider excitations transforming under an u(1|1) algebra
of the form discussed in section 3.1. The commutation relations of this algebra read

{Q,S} = H, [B,Q] = −1

2
Q, [B,S] = +

1

2
S. (F.1)

This algebra has a two-dimensional representation denoted (1|1)H,B, with the charges act-

ing as

Q |φ〉 = v |ψ〉 , S |φ〉 = 0, H |φ〉 = H |φ〉 , B |φ〉 =
(
B − 1

2

)
|φ〉 ,

Q |ψ〉 = 0, S |ψ〉 = H/v |φ〉 , H |ψ〉 = H |ψ〉 , B |ψ〉 = (B − 1) |ψ〉 .
(F.2)

The two-particle S-matrix acting on excitations transforming in such representations can

be written in terms of projectors onto the representations appearing in the decomposition

(1|1)H,B ⊗ (1|1)H′,B′ = (1|1)H+H′,B+B′−1/2 ⊕ (1|1)∗H+H′,B+B′−1, (F.3)

where (1|1)∗H,B denotes a representation of the form (F.2), but with the roles of the boson

φ and the fermion ψ interchanged. Imposing that the S-matrix satisfies unitarity and the

Yang-Baxter equation, the action of the R-matrix is found to be14

R|φpφq〉 =
aq − ap +

i
2(Hp +Hq)

aq − ap − i
2(Hp +Hq)

|φpφq〉 ,

R|φpψq〉 =
aq − ap − i

2(Hp −Hq)

aq − ap − i
2(Hp +Hq)

|φpψq〉+
iHq

aq − ap − i
2(Hp +Hq)

vp
vq

|ψpφq〉 ,

R|ψpφq〉 =
aq − ap +

i
2(Hp −Hq)

aq − ap − i
2(Hp +Hq)

|ψpφq〉+
iHp

aq − ap − i
2(Hp +Hq)

vq
vp

|φpψq〉 ,

R|ψpψq〉 = |ψpψq〉 ,

(F.4)

where ap and aq are spectral parameters corresponding to the two excitations. The exact

form of these parameters will depend on the model under consideration.

In order to compare this result with the S-matrix in section 5, we consider the left-

moving u(1|1) algebra generated by the charges QL, SL, HL and BL. Under this algebra

the left-moving excitations (φp|ψp) transform in a representation of the form (F.2) with

the parameters Hp and vp given by

Hp = +i(x− − x+), vp = ηp. (F.5)

We furthermore express the spectral parameter ap in terms of x± as

ap =
1

2
(x− + x+) (F.6)

14The R-matrix R is closely related to the S-matrix S, but does not exchange the scattering particles.

We therefore have the relation S = PR, where P is a permutation acting on a two-particle state.
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Inserting these expressions into the R-matrix (F.4), we recover the LL sector S-matrix of

section 5.1.

The right-moving excitations are slightly more complicated. Firstly, the charge QL

acts non-trivially on the fermion ψ̄p and trivially on the boson φ̄p. Hence the grading of

the right moving u(1|1) representation is reversed, corresponding to a representation of the

type (1|1)∗H,B. Secondly, the left-moving supercharges act on the right-moving excitations

by adding or subtracting vacuum sites. In order to have a representation of the form (F.2)

we therefore consider the doublet (ψ̄p|φ̄pZ+) and identify the parameters

H̄p = −i
(

1

x̄−
− 1

x̄+

)
, v̄p = − iηp

x̄+
. (F.7)

Writing spectral parameter āp as

āp =
1

2

(
1

x̄−
+

1

x̄+

)
. (F.8)

the expressions in (F.4) reproduce RR sectors of the S-matrix in section 5.15 By using a

combination of the two representations above we also find the S-matrix in the LR and RL

sectors.

In [29] Ahn and Bombardelli (AB) proposed another S-matrix for AdS3×S3×S3×S1.

Like above, this S-matrix can be constructed from Beisert’s su(1|1) S-matrix. The difference

between the two constructions is that the left- and right-movers in [29] transform in identical

su(1|1) representations (φ|ψ) and (φ̄|ψ̄), while, as discussed above, the right-movers in

this paper transform in a representations where the roles of the bosons and fermions are

reversed. This difference is only important when we consider the mixed LR and RL sectors.

In particular, in the LR sector the S-matrix of this paper schematically acts as16

SBOSS |φpφ̄q 〉 = ABOSS

pq |φ̄qφp 〉+BBOSS

pq |ψ̄qψp〉 , SBOSS |φpψ̄q 〉 = CBOSS

pq |ψ̄qφp〉 ,
SBOSS |ψpψ̄q〉 = EBOSS

pq |ψ̄qψp〉+FBOSS

pq |φ̄qφp〉 , SBOSS |ψpφ̄q 〉 =DBOSS

pq |φ̄qψp〉 ,
(F.9)

while the S-matrix of [29] gives

SAB |φpφ̄q 〉 = AAB

pq |φ̄qφp 〉 , SAB |φpψ̄q 〉 =BAB

pq |ψ̄qφp〉+CAB

pq |φ̄qψp〉 ,
SAB |ψpψ̄q〉 = FAB

pq |ψ̄qψp〉 , SAB |ψpφ̄q 〉 =DAB

pq |φ̄qψp〉+EAB

pq |ψ̄qφp〉 .
(F.10)

Comparing (F.10) with the S-matrix in (D.21), we see that the Ahn and Bombardelli

corresponds to the second central extension of the su(1|1) × su(1|1) algebra discussed in

appendix D. As noted there, this algebra does not seem to have a straight forward spin-

chain interpretation, since the supercharges change the lengths of the left- and right-moving

parts of the spin-chain in opposite ways.

15The inverted grading of the right-moving representation gives rise to some additional minus signs that

are needed to reproduce the results of section 5.
16In order to simplify the notation we have suppressed the effects of length-changing in the spin-chain in

the out states, corresponding to the string frame discussed in appendix E.
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We also note that it is possible to distinguish equations (F.9) and (F.10) perturbatively

by determining which of the two processes

|φpφ̄q〉 → |ψ̄qψp〉 , and |φpψ̄q〉 → |φ̄qψp〉

has a non-zero amplitude.
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