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1 Introduction

The AdS/CFT correspondence [1-3] conjectures the equivalence of two seemingly differ-
ent theories: a string theory on some AdSg1; x X, where X is a compact space, and a
conformal field theory (CFT) on the d-dimensional boundary of AdS. A significant success
in the investigation of the correspondence was obtained in the case of type IIB strings on
AdSs x S° and N = 4 Super-Yang-Mills (SYM) in the t Hooft limit, where it was found
that integrability techniques could be applied to the computation of the string energy spec-
trum, or equivalently to the spectrum of the dilatation operator in SYM, see [4, 5] for a
review; later, similar integrable structures were found also for different instances of the
AdS/CFT correspondence.

A particularly interesting case is the one of the AdS3/CFTy correspondence. Histori-
cally, this was one of the earliest examples of holography [6]. In particular, we are interested
in the case of type IIB strings on AdS3 x S* x S3 x S!, a background that preserves 16
supercharges. Due to the special properties of 2-dimensional CFTs, and to the fact that
the background can be supported by a pure NSNS flux, the resulting string theory and
dual conformal field theory are relatively well understood by means of representation the-
ory of chiral algebras [7-10]. The case of a RR background appears less manageable in
terms of the NSR formalism [11], but is strikingly similar to the AdSs x S® background.
Importantly, the Green-Schwarz action on AdSs x S? x S2 x S! can essentially be rewritten
as a non-linear sigma model on the Z4-graded supersymmetric coset

D(2,1;a) x D(2,1; )
SU(1,1) x SU(2) x SU(2)’

which guarantees classical integrability [12, 13]. However, the action for the coset sigma-
model does not contain two massless modes of the original string theory, which have to be
put in by hand [12, 14]. Classical integrability was later extended to a family of backgrounds
interpolating between pure RR and pure NSNS [15].

Focusing on a pure RR background and setting aside the issue of how the massless
modes should be included in the full quantum theory, it was possible to use classical
integrability to write down finite gap equations for the massive modes, out of which a
plausible form of the all-loop Bethe ansatz was proposed, yielding an alternating 0(2, 1; a)?
spin-chain [16]. This was then compared to near plane wave calculations in the string
theory, finding partial agreement [17]. The problem of incorporating the massless modes
is still not well understood; a first step in this direction was taken in [18], where the
decoupling of four additional massless modes in the limit where one of the S*’s blows up,
which gives an AdSs x S* x T4 background upon compactification, was studied in detail.

In this paper we will focus on the quantum integrability of the massive modes of
AdS3 x S3 x 83 x S strings, or equivalently of the 9(2, 1; )? spin-chain. We bootstrap the



all-loop two-body S-matrix out of the symmetries of the theory, in a way conceptually sim-
ilar to what was done for AdSs x S° strings and A" = 4 SYM in [19]. To do so, we study the
9(2,1; a)? symmetry algebra, which is broken to a centrally extended su(1|1)? algebra by
the choice of the vacuum, similarly to what was found from studying the symmetries of gi-
ant magnons in [20]. Invariance under this symmetry, together with unitarity requirements
and a discrete Zy symmetry between excitations of left and right chirality yields essentially
a unique S-matrix, which turns out to satisfy the Yang-Baxter equation, and hence is com-
patible with integrability. This S-matrix generalizes the result of [21, 22] by including both
left- and right-movers, as well as excitations of different masses. To completely determine
the S-matrix one needs to fix four antisymmetric phases that play a role similar to the dress-
ing phase of AdS5 x S° strings [23-27]. These must obey a set of crossing equations whose
solution seemingly cannot be given in terms of simple expressions involving the Beisert-
Eden-Staudacher dressing phase [24]. Furthermore, some of these phases yield non-trivial
scattering processes between modes of different mass that were not accounted for in [12, 16].

The plan of the paper is as follows. In section 2, we review the construction of the
alternating 0(2, 1; «)? symmetric spin-chain. In section 3 we discuss the su(1|1)? algebra
and how to construct its extension. In section 4 we discuss the resulting representations,
obtaining the dispersion relations and level matching conditions. Section 5 is devoted to
finding the S-matrix out of the extended su(1]1)? symmetry; we also discuss how this can
be related to the psu(2|2) invariant S-matrix of [19], and derive the crossing equations.
Some technical details are given in the appendices.

The derivation of the Bethe ansatz equations resulting from this all-loop S-matrix,
together with the comparison with string theory predictions [12, 17] will be presented in a
separate paper [28].

Note added. At the final stage of the preparation of this article, another work aimed
at finding the all-loop AdS3/CFTy S-matrix appeared [29]. The technique used as well as
the results found there differ from the ones presented here; in particular the authors there
reproduce the conjectured Bethe ansatz of [12, 16], while our S-matrix leads to modifica-
tion of the Bethe equations [28]. For a further comparison of the results of this paper with
those of [29], see appendix F.

2 The alternating 0(2, 1; a)? symmetric spin-chain

In [16], an alternating spin-chain with 9(2, 1; )? symmetry was constructed. In this section
we will review that construction. The two copies of the exceptional superalgebra d(2,1; a)
describe, respectively, left- and right-movers in AdS3 x S* x S* x S!. The parameter « is
related to the ratio of the radii Ry and R_ of the two three-spheres in the string back-
ground. This background preserves 16 supersymmetries provided R,, R_ and the AdSs
radius Raqg satisfy the relation

1 1 1

—— = o5 T o5 (2.1)
Ri, R: R?



This defines a one-parameter family of backgrounds, parametrized by

a_Rzzxds _1_R2AdS
= 2 = 2
R2 R

(2.2)

with 0 < a < 1.

In the weak coupling limit, the left- and right-movers decouple. The analysis of [16]
was therefore focused on the left-moving sector only. When higher order corrections are ac-
counted for, these sectors start to interact with each other. In this paper we will construct
an all-loop two-particle S-matrix for the full spin-chain. However, in order to better under-
stand the general setup it is useful to start by discussing the symmetries of the spin-chain
at weak coupling.

The left-movers are described by an alternating spin-chain, with odd and even sites in
-5 %
gauge theory construction of spin-chains in, e.g., N = 4 super Yang-Mills we will refer to

the 9(2, 1; ) representations ( 0) and (—1_7"‘; 0; %), respectively. In analogy with the
these representations as the field modules, and correspondingly call the states sitting at a
specific site “fields”, even though there is not an obvious correspondence to fundamental
fields in the underlying CFT.

The bosonic subalgebra of 9(2, 1; ) is given by s[(2) ® su(2); ® su(2)_, where we have
added the subscripts + on the su(2) factors to be able to distinguish them. We denote the
corresponding triplets of generators by! Jo, J+ for the s[(2) algebra; £5, £. for su(2),; and
Rg, Ry for su(2)_. In addition there are eight supercharges Q411 transforming as a tri-
spinor under the bosonic subalgebra. The commutation relations of the 9(2,1; «) algebra
are given in appendix A. When we later consider left- and right-movers at the same time, we
need to introduce some extra notation in order to distinguish the generators of each sector.
For now we will keep the notation simpler, since we only focus on the left-moving sector.

In a superalgebra, there are in general several non-equivalent choices of simple roots,
with different choices leading to different Cartan matrices and Dynkin diagrams. Here we
will be considering two different such choices. First we have the mixed form, where the
simple roots, up to some normalization factors, are given by

£+a Q+——a m-&-' (23)
This corresponds to the Dynkin diagram in figure la, with the Cartan matrix given by

4o —2a 0
A=|-2a 0 —2(1—a) |, (2.4)
0 —2(1-a) 4(1-a)

Alternatively, we can use a fermionic set of simple roots, such as

D-i--‘r—v Q—-‘r-i-v Q+—+' (25)

!The sl(2) generators of 9(2, 1; ) are often denoted &,,. However, & will be a supercharge of u(1|1) in
the next section, so here we denote the s[(2) generators by J,.



(a) (b)

Figure 1. Two Dynkin diagrams for (2, 1; ). Diagram (a) corresponds to the choice of positive
roots in (2.3), while diagram (b) corresponds to the choice in (2.5).

The corresponding Dynkin diagram is shown in figure 1b, and the Cartan matrix now reads

0 2a -2
A=[22 0 201-a)]- (2.6)
-22(1 -« 0
In both these bases, the generators
I L4 Ry, Q4 Q44 Qigy (2.7)

corresponds to positive roots. Hence, the only difference between the two cases is whether
Qi or Q4 is considered a raising operator.

Spin-chain representations. The two representations at the odd and even sites of the

spin-chain are short representations of 9(2,1;«). The representation (—%;1;0) at the odd
sites consists of bosons (bgf ) transforming as a doublet under su(2),;, and fermions wg )

forming a doublet under su(2)_. The indices n indicate the s[(2) level of the fields. Sim-
)

ilarly, the (—1770‘; 0; %) representation consists of the bosons qﬁl

form doublets under su(2)_ and su(2)y, respectively.

and fermions '&in), which

The action of the 9(2,1;a) generators on the representations can be found in ap-
pendix A. Using these expressions, it is straightforward to check that the states gbﬁ?) and
qZN)S?) are annihilated by the charges in (2.7), as well as by Q,__ and Q_, . Additionally,
qﬁS?) is killed by Q_ _, while qESS) is killed by Q__ ;. Hence, these states are highest weight
in both the bases discussed above. Since both highest weight states are annihilated by two
extra supercharges, the two representations are 1/2-BPS.

The spin-chain ground state. As a ground state for the alternating spin-chain we use
the state

0, = (696", (2:8)
which is the highest weight state in the short (—%; %; %) representation. Note that the
length L refers to the number of pairs of odd and even sites, so that the number of sites
in the full spin-chain actually is 2L. This state is annihilated by Q. and Q_, and is
therefore 1/4-BPS. Hence, it satisfies the shortening condition

Q4 Q4110 =90), =0, H=-Jo—als—(1-a)Rs, (2.9)

where we have introduced the left-moving spin-chain Hamiltonian $).



—6JF OLs ORs H
\(Z) (0)>L n 0 0 n
\¢(” ¢(0>>L n -1 0 n+a
W (0)>L n+3 -1 +1 n+ o
WMD), n+i 1 -1 a4
\¢°>¢>i)>L no 0 0 n
\¢+ (_n)>L n 0 -1 n+l—a
|6 ¢$”>L n+i +3 -1 n+l-a
W), nty 3 5 ntl

Table 1. The charges of states with a single excitation on either an odd or an even site relative to
the charges of the ground state of length L.

Spin-chain excitations. FExcited states are constructed by replacing one or more of the
fields in the ground states by descendant states from the same module. If we only want
to calculate the classical charges of a state, the exact positions of the excitations are not
important, only the field content of the state. We can then denote an excited state by
listing all pairs of odd and even sites where at least one field is different from the ground
state. For example we write

69, = (6P F 1 (6050,
W0, = (PSP w0 De).

The charges of all states with an excitation at a single site is shown in table 1. These charges

(2.10)

are given as the difference between the charge of the excited state and the ground state,

which has (—Jy, Ls, Rg) = (%, %, %), where we denote by Jj the eigenvalue of Jg, and so on.

The lightest excited states in table 1 are

900, PPy, 10P80),  and P90,

the first two state having mass « and the second two 1 — a.. These play the role of funda-
mental excitations in the spin-chain. The states containing heavier excitations carry the
same charges as a state with several fundamental excitations, and can hence be thought of
as composite states. The first two such states are

w9D),  and  [o9Y), . (2.11)
These states are degenerate with each other and with the states

60, and P60,
and hence correspond to double excitations. Another instance is given by

|¢) (0)> and ‘gb(o) (1)>



which are again double excitations consisting of

{05

In the same way any other excitation with a positive s[(2) quantum number is related to
a state containing a chain of ¢f)1/)$) excitations, e.g.,

760, ~ 1@OP 06D, 1eD9), ~ 10D @O, (212)
Hence, all the excited states in table 1 are related to a state containing only the funda-
mental excitations in (2.11). The first step in the understanding of the symmetries of the
spin-chain is therefore to study the properties of these excitations.?

In [18], a number of closed subsectors of the alternating 9(2, 1; ) spin-chain were found.
In particular there are two closely related sectors 5u(2|1)+ and su(2|1)_, consisting of the
ground state |0);, and the excitations QLO , w(o and gb 0 , U +), respectively. This corre-
sponds to restricting to states containing excitations of the same mass. In this paper we will
also consider more general states, containing excitations of two different masses at once.

2.1 Symmetries of the ground state

By choosing a ground state such as |0);, we break the symmetry of the spin-chain. The
residual symmetry preserving the ground state is generated by the supercharges Q. _
and Q_ 4 and the spin-chain Hamiltonian §). Together, these generators form an su(1|1)
subalgebra of (2, 1; ). In order to describe the representations of this reduced algebra it
is convenient to use a shorter notation. We thus introduce the composite fields

72=¢00, ot =000,  pl=p030, =600y =g,
where we used the indices 1 and 3 to distinguish the odd and even sites; these fields are all

in the left-moving sector. Using the expressions from appendix A, we find that the su(1|1)
generators act on the spin-chain excitations as

Qi [o), =0, Qi [Pl = Vals'h),
X 1 X (2.13)
Q o)y =Valy),, Qi) =0,

and

Qi 16%), =0, Qi [W%) = Vi-ale’),
Q4 |0°), =VI—alv?),, Q[0 =0

Hence, the excitations on both odd and even sites transform in similar (1|1) multiplets of

(2.14)

su(1|1), differing only in the value of the central charge $.
It will also be useful to consider the additional generator

1 1
— g 2.1
%L 2'85 2%8, ( 5)
which extends the algebra to u(1]|1). This charge acts on the spin-chain states by
L L L
B0, =510, Buldy=-(5-3) 0k, Biloh=-3 . (210

Hence, B, does not preserve the ground state.

For a similar discussion of composite excitations of the ABJM spin-chain see [30].



2.2 The full 9(2,1;a)? spin-chain

So far we have only considered the weak coupling limit of the spin-chain, where the left-
and right-movers decouple. A general state can then be described as the direct product of
two alternating spin-chains of the type described above. In order to distinguish the two
sectors we will denote the right-moving fields by a bar. We hence have a composite ground
state Z, and excitations &i, @i, &3 and 153. These excitations transform under a second
su(1|1) algebra, obtained from the other copy of 9(2, 1; ).

In the full spin-chain these sectors are coupled to each other through local interactions.
Hence, the spin-chain states are no longer of direct product form. Instead we need to pair
up sites of the two 9(2,1;a) spin-chains with each other. The ground state of the full

) )

| S —
L

spin-chain is then given by

For the excitations we use the notation

i ¢’ i P o (2 N
O e ) -

with i = 1,3 and 7 = 1, 3. With a small abuse of notation we indicate in the same way the
excitations of the 9(2, 1; ) chain and the ones of the full 9(2,1;)? chain; hopefully this
will not generate confusion, since from now on we will be focusing only on the latter. In
order to construct an S-matrix, we only need to consider asymptotic states, where all the
excitations are well separated: there is therefore no need to introduce notation for the case
where one or more excitation would sit on the same composite site.

As above, the ground state breaks each of the 9(2, 1; «) factors, so that the excitations
in (2.18) transform non-trivially under an su(1]1)? algebra.

3 The centrally extended su(1|1)? algebra

In the previous section we saw that the excitations of the 9(2, 1; a)? spin-chain transform
under an su(1|1)? algebra preserving the ground state. One of the charges of this algebra
is the spin-chain Hamiltonian ), which is a function of the coupling contant h. In this
section we will see how the su(1]1)? algebra is deformed to accomodate for this coupling
dependence. Our final goal is to understand the S-matrix of the AdS3 spin-chain. However,
in this section we find it useful to keep the notation generic. We will therefore consider
representations whose parameters we leave unspecified. In section 5.4, we will connect back
to the notation of section 2.

3.1 The u(1|1) algebra

The algebra 1(1]|1) consists of two supercharges Q and &, a central charge $), and an outer
automorphism B. The non-trivial commutation relations read

[Qe)=9 [Ba=- 0 [B6=+6 (3.1)



This algebra has a two dimensional representation with the charges acting on a bosonic
state |¢) and a fermionic state [¢), with the action given by

asy=vle), Slo)=0.  Hle)=Hs). Ble)=(B- )0,
Q) =0, &) =Hfolé). S =H). Bl)=(B-1)).

This representation is labelled by the two numbers H and B. The coefficient v is not

(3.2)

physically relevant, but parametrizes the difference in normalization of the states |¢) and
|4). Denoting this representation by (1|1)q, 5, we note that the tensor product between
two such states decomposes as

V) ® 1) e =) i sys-1/2® M) g im pip—1s (3.3)

where the asterisk on the second representation on the right hand side indicates that the
statistics of the states have been exchanged, so that the highest weight state is fermionic
instead of bosonic.

3.2 The su(1]1)? algebra

We now consider a direct product of two copies of the u(1|1) algebra. Hence we have
two copies of each charge. The two copies (anti-)commute with each other, so that the
supercharges satisfy

{QL7 6L} = SjL? {QLJQR} = 07 {DLa GR} = 07

(3.4)
(90,64} = 9, (6,,6,) =0, (9,6, =0.

Inspired by the notation in AdS3 we will refer to the two copies of the algebra as left- and
right-moving. We also introduce the combinations

9 :ij+S;JR7 m:ﬁL_YJR' (3-5)
In terms of these generators, the first line above reads
1 1
(0,6} =5 (+M), {26} =6 M. (3.6)

In the spin-chain $) plays the role of the energy. This charge will depend on the momentum
of the excitations, as well as on the coupling constant. The charge 99t will be treated as
an additional central charge labeling the representation. Its eigenvalue appears as a mass
in the dispersion relation, and we will assume that it is independent of the momentum.3
Below we will freely switch between the notations $., 5 and £, 9 depending on what is
convenient in a particular context.

In addition to the above generators we have two automorphisms 6, and B,

1 1 1 1
[%MQL] = _59“ [%La GL] = +§6L7 [%R,QR] = _5531% [%R, GR] = +§(‘53. (3-7)

$When the su(1|1)? algebra is embedded into psu(2|2), 9 is a particular combination of the Cartan
generators of the two bosonic su(2) subalgebra, and is hence quantized. In the AdSs case, 9 can in
principle receive quantum corrections.



The inclusion of these generators gives the algebra u(1|1)2. However, while the charges
B, and By are conserved, they do not preserve the ground state of the spin-chain. The
symmetry acting on the excitations is therefore su(1[1)2.

In the next section we will introduce two additional central extensions to the alge-
bra, which appear in some of the anti-commutators in (3.4). Hence the centrally extended
algebra will no longer be of direct product form.

Representations. Before turning on any central extensions let us briefly consider rep-
resentations of the undeformed su(1|1)? algebra. Since the algebra is a direct product,
any irreducible representation can be written as a tensor product of a left-moving and a
right-moving part. For later convenience we will consider the two generators 9, and G
to be lowering operators, while &, and Qj are raising operators. A highest weight state
hence satisfies

S, |hw.) =0, Qg [h.w.) =0. (3.8)

As usual in a superalgebra we make a distinction between short and long representa-
tion. In the su(1]1)? algebra we have the two shortening conditions H, = 0 and Hy = 0.
A highest weight state with vanishing H is annihilated by the supercharge G;. Such a
representation will be referred to as a left-moving representation. The simplest case is
given by the product (1|1)g p ® 1. The two states in this representation are |¢) and |1),
with the generators acting as

Q,|¢) =vly), G.]¢)=0, Hele)=Hlp), B.|p)= (B—*)|¢>
QW) =0, E.0)=H/vle), Nulv)=HIW), Bil)=B-D), (3
Qr o) = Srl¢) =0, Hrle) =0, Brlo) =0,

Qr W> Sk W}> =0, Nr W> 0, Bp W)

We also have right-moving representations with H, = 0, whose highest weight states are
annihilated by 9,. Here we will consider the representation 1 ® (1|1)x p, with the states

|) and |¢)) satisfying?

Q.1¢) =0, G.l¢) =0, H.16) =0, B.[¢) =0,
Q. 19) =0, &, |y) =0, H.1¥) =0, B, [) =0,

_ _ - _ 3.10
Qrl¢) =vl), Grl¢) =0, Hrld) =HIp), Brplp)=(B— *) |0), 10
Qx|¢) =0, GrlY) = H/v|d), $Halt) =H), Brlv)=(B-1)[¥).

In the case of the su(1|1)? algebra, we can obtain additional short representations by
considering any tensor product of simple u(1|1) states in the left- or right-moving sector.
However, when we add additional central charges the chirality constraint will be deformed
and the number of short multiplets will be reduced.

4Notice that we chose the same representation in the left and right sectors consistently with the embed-
ding in 9(2,1; a)?.

,10,



3.3 Spin-chain states

Our goal is to describe a spin-chain with excitations transforming under the centrally
extended su(1|1)? algebra. Before discussing the full algebra and its representations we
introduce some notation for describing the states of this spin-chain. The spin-chain ground
state is a state where each site of the chain is occupied by an su(1[1)? singlet which we call
Z. For a spin-chain of length L we hence have

0y, = 12%), (3.11)

where the exponent indicates that the state contains L consecutive sites occupied by the
state Z. We will usually suppress the subscript L denoting the length of the chain.

While the ground state preserves the su(1|1)? algebra, it is charged under the auto-
morphisms 5, and 55, which act by

L
B.|0), = D)

Since the combination B, — %8, does annihilate the ground state, it is useful to introduce

0, Bal0)y=-510). (312)

two new generators

B=D,+B, B=2,—B, (3.13)

We can now introduce states with a single excitation at site n
X)), =127 Xz (3.14)

where X is any excitations ¢, 1, ¢ or 1. From such states we can construct states of a
specific momentum by

() =D €™ X)), - (3.15)

It is now straightforward to construct multi-magnon states of the form |y, ¥p, - - - dp,,) Iz
We will always consider an asymptotic limit where L — co, and where all excitations can
be considered to be ordered and well separated. In general we will let each excitation carry
different charges under B, B, and 9. As we will see below, the energy $) is given as a

function of the momenta.

3.4 Length-changing

The generators of the centrally extended algebra have the possibility of mixing states of
different length. To capture this we introduce some additional notation. The insertion of
the symbol Z* (Z7) in a state indicates the insertion (removal) of a vacuum site at the
specified location. For a single excitation, equation (3.15) shows that adding or removing a
vacuum site to the right of the excitation, such as in the state |¢,Z +), does nothing except
change the total length of the chain. However, if we insert or remove an excitation to the

left of the excitation we can move it through the excitation
|Z+¢p> —e "prJr) ) Z™ ¢p) = et [9pZ™) . (3.16)

In states with multiple excitations we will use the above result to move all occurrences of Z+
to the far right, thereby trading them for additional momentum dependent phase factors.

— 11 —



2B, 2By
0) —L L
|¢) —L+2B ~L
lv) —L+2B—1 —L
|¢) —L —L+2B
lv)y —L ~L+2B—-1
Q, -1 0
S, +1 0
Qp -1
Sy O +1

Table 2. Charges under the automorphisms 5, and By of the ground state, the single excitation
states in the left- and right-moving multiplets as well as of the supercharges. All the spin-chain
states have length L. To make the table less cluttered, the charges have been rescaled.

3.5 The centrally extended su(1]1)? algebra

The su(1]1)? can be extended by two additional central charges 8 and B¥, which appear in
the anti-commutators between supercharges from different sectors. In order to figure out
the possible length-changing actions of the supercharges, it is useful to consider the charges
under the automorphisms %, and B of the single excitation states and the supercharges.
These are collected in table 2.

Conservation of the charges B, and B, as well as the fermion number restricts the
possible extensions. As an example, we note that a non-trivial state obtained by acting
with Qp on |¢) should be fermionic and have the charges

L-1 1 L+1

BL:_T+B_§’ Bp = 5 (3.17)
To construct a state with these charges we would need to change the length in different
ways in the left- and right-moving sectors. While such a construction might be possible, it
leads to a picture where the charges do not act locally on a single spin-chain. Moreover,
we would need to allow for additional 1/4-BPS states with different numbers of left- and
right-movers. However, this does not seem to be compatible with the string-theory spec-
trum, where there is a unique BMN-type ground state [12, 31]. For a further discussion of
the resulting construction see appendix D.

If we instead try to make the action of &, on |¢) non-trivial we need to find a state

with charges
L-1 1 L-1
B,=—+B—— Brp=——. 1
- 5t 2’ " 2 (3:.18)

Such a state is given by [¢)Z7), i.e., a single excitation 1 in a spin-chain whose length is
one less than that of the original state. If we allow the length to change we should there-
fore allow this action. The su(1|1)? algebra then requires the action of Qp on |¢,) to be
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non-trivial, giving the state |¢,Z1). We also introduce a bosonic generator P = {Q,, Qx}.
Comparing the charges we see that 8 should take |¢) to |¢pZ1). In the same way we
introduce BT = {&,, &}. Hence we are lead to consider the algebra

{QLa GL} - y’)Lv {QLa QR} - ;Ba {QL7 6R} - 07

(3.19)
{QRa GR} = &, {6L7 6R} = ‘BT, {GL, QR} = 0.

The non-trivial commutation relations involving the automorphisms %, and 8, are given

by

1 1 1 1
[B.,Q.] = _§QL> [B,,6,] = +§6L7 (B, P = —55137 [%B,, 91 = +§‘J3T,
1 (3.20)

1 1 1
(B, Qr] = _§QR7 [Br, Gr] = +§637 (B, P] = —55137 [SBR»('BT] = +§5]3T-

The centrally extended algebra also has a larger set of automorphisms generated by a
triplet B, B4 satisfying

[B,B.]=+B., [B.,B_|=-28, (3.21)

where B = B, + B is the same charge we defined in the previous section. Under this
5[(2) algebra the supercharges form two doublets (&,,Q5) and (&,Q,),

B =t [B6] =+ i6n [Be.0)] = +6n (B 64— -0

1
. 1 . ) ) (3.22)
[B,Qa] = —5Q, [B.6,]=+564 [B1,Q]=+6, [B-,6.]=-2,

while the central charges split into a singlet (90) and a triplet (3, $, B!). The non-trivial
commutation relations take the form

[% ;‘BT] = +;‘BT> [%—vqﬁ] =-9, [%—75] = -2,

BB =B, [BLP]=+6, [B,, 0] =-+2p" (3.23)

Since the charges B and B, act non-trivially on the ground state we will mainly consider
the automorphism generated by 8B = B, — B.

4 Representations of the extended su(1]|1)? algebra

4.1 The left-moving representation

In this section we will consider the generalization of the left-moving representation consid-
ered from section 3.2. It now takes the form

Q. |dp) = ap [vp) Q [p) =

CHTSE 1l =yl "
Qp|¢p) = Qg [Yp) = \¢p ),

Gr ’¢p> = d Wp ) ) Sr W}P) =
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where we have parametrized the representation by ay, by, ¢, and d,. The subscript indicates
that the values of these coefficients in general depends on the momentum of the excitation.
Note that the symbols ZF indicating that a single field Z to be inserted or removed always
appear directly after the excitation. We can then calculate the value of the central charges

) |¢p> = ayby |¢p> ) ‘B |¢p> = ApCp |¢pZ+> )

B (4.2)
Nr|bp) = cpdp [Dp) %T |Pp) = bpdp |PpZ ™) -
The automorphisms B, and By still act by
L L
‘BL|¢p> = (_2+B) |¢p>7 %R|¢p> = _§|¢)p>7
I ) I (4.3)
Bulu) = (-5 + B3 )l Bal) =5 o).
For the generator 95 this gives
Blo) =Bl Bl = (B-1) ). (4.4

Shortening condition. The state |¢,) is a highest weight state and therefore satisfies
the conditions

S, ’¢p> = Qg |¢p> =0. (4-5)

Without the central extension, |¢,) would satisfy the chirality constraint & |¢,) = 0. Here
this condition takes the form

(D2, — PSy) |Bp) = (apcpdy — apcpdyp) |¢p) = 0. (4.6)

Since this particular combination of the lowering operators £, and &5 vanishes this rep-
resentation is short.

When we turn off the central extensions 3 and BT, the generator £, vanishes. This
seem to make the operator £, — P& identically zero. However, a careful treatment
of the limit shows that $; goes to zero faster than 8. Hence we can recover the chirality
constraint of the undeformed representation.

The state |¢,) must also be annihilated by the anti-commutator

{90, 9.9, — BS} 6p) = (9.9 — BB [9,) . (4.7)

This shortening condition will play an important role below. It is easy to directly check that

(H:.958 — ‘Iﬂﬂ) [9p) = (apbpcpdy — apbpcpdy) [¢p) = 0. (4.8)

Note that the above charge is central and hence also annihilates the state [i,).
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Physical states. The actual symmetry preserved by the spin-chain ground state is the
undeformed su(1|1)2, in which 98 and 9" vanish. Hence these charges must annihilate all
physical states. For a single excitation this leads to the conditions

apc, =0, byd, = 0. (4.9)

Solving this by setting ¢, = d, = 0 would give back the left-moving representation from
section 3.2. This means that to get a non-trivial physical state we need to consider sev-
eral excitations. Let us therefore start by considering a state with two excitations with
momenta p and g. We then need to know the action on the states

L ) B (L VR (2

where the subscript labels the momentum of the excitations. We will also allow the two
excitations to carry different charges under B and 9.

It will now be important that the various coefficients in the representation are momen-
tum dependent, so that

Q. |Pppq) = ap [Ypdg) + aq ldptdy) (4.10)

with a, and a4 functions of p and ¢, respectively. When a vacuum site is inserted or removed
we always do so to the immediate right of the excitation we act on. Hence we have

Qg [Ypthg) = ¢p |¢pz+¢q> —Cq ’¢p¢qz+> ) (4.11)

where we in the second term picked up a minus sign when letting the supercharge Q5 pass
through the fermionic excitation 1,. As we noted in the last section, we can now move the
Z71 insertion in the first term to the right. In doing this we pick up an additional phase
factor so that the above can be written as

Qp [pibg) = € ey [dp1hg ZT) — cq [Vpdg ZT) . (4.12)

In the same way we can calculate the action of P = {Q,, 0.} on the state |pppy),

{90, Qr} Ppdg) = Qr (ap [Ypdg) + ag [Ppidg))
= apCp ‘¢pz+¢q> + aqCq ‘¢p¢qz+>
= (e Mapcy + ageq) 1dpdg ZT) -

The generator P should annihilate a physical state. If we let
h +iy(,—p
apcp = e (e7? —1), (4.13)
where h and ~ are two momentum independent real constants, we get
. ho . .
e "aye, + agcq = §6+W(€_Z(p+q) —1). (4.14)

Hence the above choice makes the action of B vanish on the above two excitation state
provided eiPt9) = 1.
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Performing the same analysis for the central charge 9B, we find the same condition for

a physical state, provided that®
hno. )
bpd, = 56‘”(6“1’ —1). (4.15)

It is straightforward to generalize these calculations to a state with n excitations carrying
momentum pi,...,p,. We then find that a physical state satisfies

exp (z ép;& =1 (4.16)

Finally we want to calculate the action of the central charges £, and $;. In doing so
we will require that the combination 9t = $, — H, takes the same value as in the non-
deformed algebra,6 while $ = 9, + 9 is allowed to receive corrections. We will denote
the eigenvalue of 91 by s. In terms of the coefficients of the representation it is given by

apby, — cpd, = s. (4.17)

As we already mentioned, we will assume that this charge does not depend on the value
of the momentum p. We also note that we can use (4.17), to rewrite the shortening condi-
tion (4.8) as

(92 +92)? — APP' = (95, - H)* = 5% (4.18)
Using the condition (4.17) together with the form of the representation coefficients found
in (4.13) and (4.15) we can now write the dispersion relations, i.e., the eigenvalue of § for

E(p) = apby + cpdy = 152 + 4h? sin? g. (4.19)

The above representation can be conveniently parametrized using the spectral param-

a single excitation, as

eters m%t satisfying

zt . 1 1 21

oo (ged)(ael)-2 e
P Lp Lp h

We can then write the coefficients of the representation constructed above as

h NS hi?? ;y—8
_ +i1f2 _ p +ilge
a=\gme ‘\/;x* (421)
h . i o
b=1\/=mp e‘”zj’ d = _|_\/>”7p B_HTE’ (4.22)
2 2z,

where we have introduced an additional arbitrary phase ¢ and

np = \/i(ry —xp). (4.23)

®Here we have also imposed unitarity which means that ()" = 7.
SIn particular, the eigenvalue of Mt does not depend on the momentum p of the excitation. In principle
it could depend on the coupling constant h.
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4.2 The right-moving representation

For the right-movers qu and 1/;p, the role of ,, Qz and &, & is exchanged. Similar
to (4.1) we can then write the representation

Qp |¢p> =ap Wp) Qp Wp> 0,
Sk |¢p> =0, Sr W’p> by |_p> ) (4.24)
QL |¢p> — 0 QL ’wp> E |¢pz+> )
6L|¢p> = | Z_>7 6L|¢p> 0,
with the automorphisms acting as
- L - - L -
Bu16,) =~ 6, Baliy) = (~5+5) 18,
) I ) I 1 ) (4.25)
Bulip) = =5 1) Bali) = (=5 =5+ B) ).
The action of the central charges is
N |€5p> = 5pdp ‘&p) ) B |€5p> = apCyp |95p2+> ) (4.26)
ﬁR‘&ﬁ =a Ep’&p)a ‘BWM :chzp‘épz_>-
Note in particular that
m ’qu> = (91— Hn) |¢3p> = —(ELpo - 6pJp) |¢;p> : (4.27)

To match the notation for the left-movers, we will denote this eigenvalue by —s.

As in the left-moving case, a physical state should be annihilated by 9 and 3. This
leads us again to the condition that the total momentum should vanish (modulo 27). We
then find that the coefficients of the representation take the same solution as previously,

namely”’
h v+6 h in 1=
a=1/=npet c=— LetiTs 4.2
A=y me . T or, (428)
- h : - h Y
b=1/ampe 5, d= +\/> —mi’ e (4.29)
2 2z,

Hence, we will from now on drop the bars on these coefficients.
Shortening condition. The right-moving representation again satisfies the condition®
(9292, — PSp) W_)p) =0. (4.30)

This is the same condition as for the left-moving representation. However, the small mo-
mentum limit is different. In the current case when we set the B to zero, we obtain the
anti-chirality condition 9, |1,) = 0 from section 3.2.

“In principle some phases may be chosen differently in the two representations. For convenience we
choose them to be identical in the two cases.

8Note that we consider the generators 7 and &g to be the positive simple roots. Hence the state |¢,),
and not |¢,), is of highest weight.
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4.3 Two-particle states

Let us finally comment on the action of the central generators on states with one excitation
in each sector. For the state |¢,¢,), we find

h

= e (1 = ) g, 3,2, (4.31)

m |¢p¢;q>

Hence a physical state, for which the central extension vanishes, has zero total momentum,
e FLHPR) — 1) (4.32)

where P; and Pr are the momentum in the left- and right-moving sector, respectively.
Note that even if this is an apparent contradiction with the momentum constraint used
n [12], the difference is only due to different conventions for the Cartan generators in the
two sectors [28].

Bound states. In general, two excitations together form a four-dimensional long mul-
tiplet of su(1|1)%2. However, if the momenta p and ¢ are related by :cl‘,|r = x,, then the
two-particle state |¢,¢,) satisfies

(929 = B6y) [6pdg) =0,  af =a,. (4.33)

Hence the tensor product of the two representations becomes short at this point. This
corresponds to the appearance of a bound state with energy

Eo(p) + Esy(q) = \/ (s1+ $2)2 + 4h2 sin? ]%, (4.34)

where s1 and s are the masses of the two excitations. Note that the representation theory
allows for bound states between two left-moving or two right-moving excitations with dif-
ferent masses. Whether such state are actually present in the d(2, 1; a)? spin-chain hence
depends on the pole structure of the S-matrix. Note that these bound state do not appear
in the Bethe equations of [12, 16].

Singlet states. It is interesting to note that there are two-particle states that transform
as singlets under the extended su(1|1)? algebra. Such a state is constructed from one left-
and one-right mover with the same mass. In particular we consider the states

1LY = |gpdpZ ) + Zpp [pp) . |Lha) = [6p52T) + Zpp |¥pt5) (4.35)
where
pp = iz 2 (4.36)
Mp

It is straightforward to check that both \151% and |1§ﬁL ) are annihilated by all the generators
of the centrally extended su(1]|1)? algebra, provided we identify the Zhukovsky variables of
the two excitations by

1
+
o= 4.37
p xz:,t ( )
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In order to emphasize that the two momenta are related, we have denoted them by p and p.
It is clear that this identifications means that the singlet states are non-physical, since one
of the constituent excitations has a negative energy. Hence, we can view the singlet states
as vacuum fluctuations. These states will be useful when we consider crossing symmetry
in section 5.5.

The above states are closely related to the singlet psu(2]2) state observed in [19]. In
that case, the additional su(2) x su(2) symmetry means that we have to combine that
above state into a single singlet state \1£f> - |1§qL). For further comments on the relation
between the symmetry considered here and the centrally extended psu(2|2), see section 5.2
and appendix B.

5 The S-matrix

In the previous two sections we constructed the algebra and corresponding representa-
tions in which the excitations of the spin-chain transform. In this section we will consider
scattering between two such excitations.

In discussing scattering processes it will be important whether the two excitations
transform in a left- or right-moving representation, and whether they have the same or dif-
ferent eigenvalues under the charge 91. We will therefore consider excitations transforming
in four different representations, which we will label by L, L/, R and R’. The representations
L and L' are left-moving, while R and R’ are right-moving. The mass of the excitations,
i.e., the eigenvalues under the charge 91, is &s for the L and R representations, and +s’ for
L’ and R’. In particular, in the 9(2,1; a)? spin-chain we have s = o and s’ = 1 — a. Later
we will also denote the four representations L, L/, R and R/ by 1, 3, 1 and 3, respectively.

Energy and momentum conservation. Under a scattering process, the total energy
and momentum of a two-particle state are preserved. Such a general process can be writ-
ten as

‘X(in) y(ln)> N |X(OUt) y(OUt)> , (51)

Pin Gin dout Pout

where the fields X, ) indicate generic excitations. We will always use a notation where
the excitations in the in- and out-states are ordered such that pin > ¢in and pout > Gout-
Energy and momentum conservation then take the form

Pin + ¢in = Pout + Qout, Esin (pin) + Esgn (%n) = Esout (QOut) + Esguc (pout); (5-2)

where we have explicitly indicated the mass of the excitation in the dispersion relation

Ey(p) = 1/ 5% + 4h2sin? g. (5.3)

In all the scattering processes the individual masses are conserved. Hence we have

— o / _ _ / 7
Sout = Sins Sout = Sin» or Sout = Sins Sout = Sin- (54)
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If the two incoming particles have the same mass, so that Si, = sl = Sout = Shy, the
momenta of the two particles are preserved, and the solution of (5.2) is given by pout = Pin
and gout = ¢in.” Note that there still can be a non-trivial permutation in flavor space.

If, on the other hand, the masses of the two incoming particles are different, si, # s/,
there are two solutions to (5.2), depending on the relation of masses in (5.4). For s, = s/
and s, = sou the solution is again given by pout = pin = p and gout = gin = ¢. We then
have a process

‘ngin) yéin)> N |y¢§OUt) XIEOU'C)> , (5.5)

where the excitations X and X" have mass s = $;, while i) and Yu) have mass
s' = s . With respect to the mass of the excitations, this process acts as a transmission.

The second case in (5.4), with s, = sout and s}, = s/, gives a solution to (5.2) in
which the momenta of the outgoing excitations are not a simple permutation of py, and
¢in- The general solution in this case is quite complicated, and we will not write it down
explicitly. The corresponding process takes the form of a refiection

(X Vi) = 120 Vi) (5.6)

where again we have used the same letter to indicate excitation of the same mass (but
possibly different flavors). Notice that now pout(Pin, ¢in) 7 Pin, and similarly for ¢, as we
are picking the non-trivial solution of (5.2).

The general S-matrix for the case of excitations of different masses includes processes
of both a transmission and a reflection term. However, as we will see below, the S-matrix
discussed in this paper will turn out to be reflectionless.

Invariance under the symmetry algebra. The two-particle S-matrix S should be
compatible with the symmetries of the theory, and should hence satisfy

[31 +321512] = 07 (57)

where J is any generator of the centrally extended su(1]1)? algebra, and the subscript on J
indicates that the generator acts on the first or second component of a two-particle state.

Equation (5.7) does not change if we multiply the S-matrix by a scalar factor, that
is thus undetermined at this point. In the case of the psu(2|2) spin-chain there is one
scalar factor that is constrained by unitarity, physical unitarity and crossing symmetry
(see later). It is important to note that in our case, at least in principle, we get a different
scalar factor for each one of the independent sectors. We will explain later how it is possible
to relate them.

Unitarity and physical unitarity. We will impose two additional constraints on the
S-matrix, related to its analytical structure. The first constraint is that of unitarity, which
means that acting twice with the S-matrix on a two-particle state gives back the original
state, as illustrated in figure 2. In terms of the operator S, this constraint is expressed as

S12810 = 1. (5.8)

9Clearly pout = ¢in and gouws = pin also solves (5.2). However, this solution has the excitations in the
out-state in the wrong order, since pout < Gout-
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Figure 2. Unitarity. Acting twice with the S-matrix S on a two-particle state gives back the
original state.

The above relation takes a more familiar form when written in a matrix basis, which is
discussed in more detail in appendix E. Here we just note that unitarity of the S-matrix S,
where p and ¢ are the momenta of the excitations in a two-particle state, is expressed as

Sqp Spg = 1. (5.9)

The second constraint we impose is a reality constraint on the S-matrix, which we will
refer to as physical unitarity. While this constraint can also be expressed in terms of the
operator S by introducing its conjugate ST, it is more useful to again go to a matrix basis,
where it takes the form

S}y Spe = 1. (5.10)

Hence, the condition of physical unitarity tells us that S is unitary as a matrix.

Discrete LR-symmetry. The two copies of su(1|1) that compose the symmetry algebra
are on equal footing and it is arbitrary what we call left- and what we call right-moving.
This allows us to require a discrete Zs symmetry at the level of the S-matrix: scattering
processes that differ only by the exchange of the flavors left and right should give the same
result. We will refer to this as LR-symmetry. This discrete symmetry will be very useful
in constraining the solution for the S-matrix.

This symmetry is a special feature of the 9(2,1;a)? spin-chain, due to the direct
product form of the symmetry group. In the su(2|3) spin-chain of [19, 32] the discrete
LR-symmetry is replaced by a continuous su(2) x su(2) symmetry. As we will see in sec-
tion 5.2, this difference in symmetry explains the difference between the S-matrices of the
two models.

Yang-Baxter equation. The final interesting property of our S-matrix is that is satisfies
the Yang-Baxter (YB) equation

S12 S23 S12 = S23 S12 So3. (5.11)

This equation is illustrated in figure 3. We have written the YB equation as an operator
equation, relating the two different orderings in which three two-particle S-matrices can act
on a three-particle state. Since the spin-chain S-matrix involves length-changing processes,
some care is needed when acting on a three particle state. The addition or removal of
vacuum sites gives rise to extra phase factors in the YB equation. In section 5.6 we will
discuss in more detail the exact form of the above equation in a matrix basis.
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Figure 3. The Yang-Baxter equation relates the two different ways of scattering three particles to
each other.

5.1 Excitations with the same mass

We start by discussing the case in which the excitations that scatter have the same mass.
As explained before we will consider three different sectors separately, namely the left-left
(LL), the right-right (RR) and the left-right (LR) sectors.

The LL sector. As an ansatz for the S-matrix between two particles transforming in
the left-moving multiplet we use

Slopdq) = Apg ldgPp) Sopthg) = By [¥qdp) + Cpy [6qp)

5.12
S |tbpthg) = Fpg [thqtbp) S [pdg) = Dy |6qthp) + Epg [g®p) » 12

This ansatz is constructed so that the bosonic charges $3;, $, B, By, P and P! are
preserved. By requiring that S also commutes with the supercharges ., 6., Qp and
S we find that the coefficients take the form

+_ - +_ o+ ot
in_ qrife —Tp o quete —Tp e qre¥a — %q Mp
At=8" - - B S c S -
Pq pq — Pq + pq =+
Lqg — Tp Tq Tg — Tp Mg
o ot " (5.13)
- —x
LL __ LL LL __ QLL q p LL __ QLL p p Mg
qu - Spq’ Dp S = Ep S = ot
Tq — Tp Tg — Tp Tp

where S;; is an arbitrary scalar factor. Unitarity and physical unitarity are satisfied if the
scalar factor satisfies, respectively,
SULSME =1, (SHYSH =1, (5.14)

This amounts to S{4 being a phase that is anti-symmetric in the exchange of the two
momenta.

In [21] the two-particle S-matrix in a spin-chain where the excitations transform under
a single copy of su(1]|1) was written down. In doing this, the Yang-Baxter equation was
imposed. The S-matrix we have found here perfectly matches the result of that paper.
However, here we have only required that the S-matrix commutes with the full, centrally
extended, symmetry algebra.

The RR sector. The calculation for the S-matrix in the RR sector goes exactly in the
same way as in LL. The ansatz that preserves the bosonic charges takes the same form as
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before, except that now the excitations ¢ and v are replaced by ¢,1. Hence, we have

Slopdq) = Apg 109tp) , S|ophq) = Byg [gdp) + Cpg' 16g¥p)
S|Upte) = Fpy [qtip) , S [¥pdq) = Dpg' ldqthp) + Ep [gdyp) ,

Requiring that S also commutes with the supercharges it is not surprising to find

(5.15)

+ - + _ + —
ARR SRR:UQ xp BRR _ SRqu xp CRR SRqu q np
Pq o pa — Ppq o Pa =
Lg — Tp qg —Tp q p g (5.16)
— — + — .
- T
RR __ RR RR RR q P RR re¥fp — Tp Tlq
Fog = =Spg s Dpy = Spq o — ot Epy = Spq ot
Tg — Tp Tq p Tlp

This is the same solution as the one for LL up to the fact that now S; is in principle
a different scalar factor. We can identify this factor with the previous one by requiring

LR-symmetry. Imposing for example A7 = A 7, it follows that

S — gL, (5.17)

We recall that we only required that the masses of the two excitations are equal, but we
never imposed their actual value.

The LR and RL sectors. In the LR and RL sectors the most general ansatz for the
S-matrix that preserves the bosonic charges contains both a transmission part 7 and a

reflection part R,
S=T+R, (5.18)

where “transmission” and “reflection” refers to the chirality of the two excitations. Hence,
the transmission 7 takes an in-state consisting of a left- and a right-mover, such as |¢p1ﬁq>,
into an out-state with a right- and a left-mover, [1,¢,). Taking into account the conser-
vation of the bosonic charges, we can write an ansatz for such an operator as

T 6pde) = Apg 10q0p) + Byg [0qpZ™) T lbptg) = Cpg 10a$p) ,

7 LR LR Y LR (5'19)
T [ptg) = By lhqihp) + Fyg' |6g0pZ ™) T |¥p®q) = Dyg |6g¥p) -

Similarly, the reflection takes a left- and a right-mover, \¢p&q>, back into a left- and a
right-mover, |¢,1,). The corresponding ansatz reads

R |¢p€z§q> ALR ’¢q¢p> + BLR W]qd)p > ) R |¢p7j)q> CLR ’¢q¢p>

: i (5.20)
RI¢ptq) = Epg [Wathp) + Fpq' [046pZ7T) R |pq) = Dy [bgyp) -
Commuting 7 with the supercharges £; and &;, we find
1— 42— 1
LR S LR Tp Tq LR _ Lr "lp"lq LR _ LR
Apy = pql T qu_iqu:f:fl— T Cpg = Ty
@p Tg L 2y o
L 1 (5.21)
— ——F 1 oot
B = g, Byt = g, Di =t
— — q — — — —
Tp Tq Tp Tq Tp Tq
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Similarly we find that the coefficients of R are given by
+

- F - - . ; _ ~
Air — r'lp Tp TpTq  PBLR _ LR LTy T CILR _ LR
Pq 'pq 1— 1 Ppqa = Pp — =71 > “pa = Ppg
la Tp Tq Tp Tq Tp Tq
b q pq 5 22
_%q 1 ( )
- — ¥ T . ; — _ N
FLR — Lr'lp Tp TpTq FLR — LR v Ty T Xy DLR — LR
pq = Ppq 1_ 1 'm Ppq a1 1L Pra Ppq -
Mg e p Lq e
p tq p g

The coefficients 7,;" and pj,; are two scalar factors that for now are left undetermined.

If we instead consider an in-state with the excitations in the opposite order, i.e., with
the first excitation right-moving and the second left-moving, the ansatz again takes a form
similar to (5.19) and (5.20), but with the ¢ and ¢, and 1 and ) exchanged. We hence find

T’Q_Sp¢q> = A;;(; |¢q¢3p> +B1?qL |¢q&p2_> ’ T|¢;pwq> = C;qL |¢q¢_5p> ) (5 23)
T [Upthe) = By [hgtbp) + i |gdpZ7) T [¥pdq) = Dyg 19gtp) -
and
R\bpdq) = Aps |6qbp) + By [athpZ ") Rbpthg) = Cpy |640p)
pYaq Pq q¥'p q qYy'p ) pYrq g q¥p/ (524)
R |pthq) = BN [0qy) + Epif |9qpZ ™), R [pdq) = Dpy [¥q9p) -
In this case the coefficients are given by
JR—— 1 JRE—
RL __ RL Tp Tq RL __ rL Np"lq RL __ _RL Tp Tq
qu_+7—pq1_ T Bpg = T ——1_ 1 Cpq—qul_ T
ofar Tp T ofar ool
. ; ) (5.25)
RL __ RL Tp T RL __ re "p"lq RL __ _RL
qu__qul— T qu_—pqx+x+1_ T Dpg = Tpg»
T xs P aprg
and
+
g 1
— =L + +
irL _ ri'lp ay wp Ty HRL . rL b Tp T g NRL _ RL
qu_ppq* _p 1p -, qu_ g, — —1_ 1 Cpq Ppq >
Mg 1——— Tpg 1 — ——=
e P (5.26)
_%g 1 . _ _
~ n = ottt ~ 17 r, — T ~
By = oy B = Py D= ol
q afad pq atad

In order to further restrict the form of the S-matrix, we impose unitarity, physical unitar-
ity and LR-symmetry. As shown in more detail in appendix C, this leads to the S-matrix
taking the form of either a pure transmission or a pure reflection. In other words, we have
3 LR __ RL __ LR __ RL __ 3

either pp = ppo = 0 or 70" = 7, = 0. In order to match our result with the near-BMN
limit analysis performed in [17], we choose the pure transmission S-matrix. In this case

the LR-symmetry also imposes

1
LR __ LR RL __ LR —
Tog = CpgS =5 Cpqg =

pq Pq Cog P ) — ) (5.27)

where Sp is a scalar factor that is common for the two sectors with one left-moving and

one right-moving excitation. Note that this gives, Al = A7, Byt = B, etc.
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5.2 The psu(2]2) S-matrix

In the calculation above we imposed invariance under the LR-symmetry. In other words,
the obtained S-matrix is invariant under the simultaneous exchange of the excitations
Dps ép and )y, 1/_Jp. Alternatively, we can require that the S-matrix takes a symmetric
combination of a left- and a right-moving scalar to a state containing only scalars, and
an anti-symmetric combination of a left- and a right-moving scalar into anti-symmetric
combinations of scalars and fermions. Hence we require the structure of the S-matrix to be

S (‘d’p@gq) + |€5p¢q>) =# (‘¢p€5q> + |€5p¢q>) y
S (Wp(gq) - ‘(Ep¢q>) - # (Wpéq) - ‘$p¢q>) + # (W;ﬂzq> - ‘&p¢q>) :

This corresponds to introducing an additional su(2) x su(2) symmetry, with the two scalars

(5.28)

transforming as a doublet under one of the su(2) factors and the fermions as a double un-
der the other su(2) factor. The full symmetry is then enlarged to a centrally extended
psu(2|2) algebra studied in [19, 33], and the S-matrix coincides with the one found in these
references. The explicit embedding of the su(1]1)? algebra and its central extension into
the extended psu(2|2) is given in appendix B.

5.3 Scattering of excitations with different mass

So far we have discussed the case in which we scatter two excitations with the same mass. As
noted in the beginning of this section, when the two excitations have different masses there
are two possibilities for the momenta of the outgoing excitations. The full S-matrix can
then be written as a sum of a transmission part and a reflection part. However, by imposing
unitarity, physical unitarity and LR-symmetry, we find again that the S-matrix is either a
pure transmission or a pure reflection. For the reasons explained before, we will consider
the case of pure transmission. Since the reflection part of the S-matrix is fairly complicated,
we will only write down the part of the S-matrix involving transmission processes.

In the following, to distinguish the excitations with different s, we will use ¢, ¢’ to
denote the bosons and 1, ¢’ for the fermions. We also choose to use the variables z* for

(¢,v) and 2% for (¢, ),
1 1 2s 1 1 2is

T — - — == Tt - — = . 5.29

TAETY T T e TR TS h (5:29)

As before, the corresponding right excitations will be denoted with a bar (¢,v), (¢,1).

The results in this section do not depend on the actual values of s and s’. When we later
discuss the 0(2, 1; «)? spin-chain we will have s = @ and s’ = 1 — a.

The LL’ and RR’ sectors. In a scattering process the two excitations with different
mass will always be exchanged, in order to have conservation for the bosonic charges, in
particular the energy. From this it follows that we can really think of the momentum as
a label attached to an excitation with a certain mass. If we also recall that the S-matrix
in the LL sector for the case of same mass was found without imposing the quadratic con-
straint on =T, it is easy to understand that the S-matrix in the sector that we are currently
considering is just a generalization of the previous one, where we use the variables z* when
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the momentum considered is attached to excitations of the kind (¢',¢’) or (¢,+'). For
later convenience regarding the Bethe equations that appear in [28], to write the S-matrix
elements we choose nevertheless a different normalization as before: we want the S-matrix
element corresponding to the boson-boson interaction to be equal to the unspecified scalar
factor. Explicitly, in the LL’ sector we have

/\ __ ALL / I\ _ pLL / LL /
S ’¢p¢q> - qu ¢q¢p> ) S ’¢p¢q> - qu ¢q¢p> + Cpq ¢Q¢p> ) (530)
SYpy) = Fuy [¥g) S |pdy) = Dyg |0ythp) + Epg 10,0,
where the S-matrix elements are given by
+_ ot + -
L Ly L oo ?q — Tp L oo fq — “q Mp
Apg = +55¢ Bpq = Spq P Cpq = Spg o,
q P q p Tlg 531
aldd SEE Zq ~ x;r DEFY — Qi Zqg —%p ELY — gLt x;r —Tp g (530
pq pq zq+ — x;’ pq g Z(}F — xg’ Pq Pq z; . )

where Sjﬁq” is again a scalar factor. To obtain the S-matrix in the L'L we simply exchange
¥ and z* in the above relations. We denote the corresponding scalar by Sﬁ;f . Unitarity
is satisfied if the two scalar factors satisfy
L'L QLL __
SULSLY =1, (5.32)

which means that there is only one scalar factor in the LL/ and L’L sectors.

The computations for the RR’ sector are exactly the same and we choose the same
normalization. In principle one gets two new factors quR' and SI’;;R, which are again related
by unitarity, but LR-symmetry imposes S]’jf' = Sjﬁg and S;fq'R = Sﬁ;L.

The LR’ and RL’ sectors. The final sectors that we consider consist of one left- and
one right-moving excitation with different masses. Let us write explicitly the result for the
elements of the pure transmission S-matrix

S| epdy) = Apg |0y6p) + By [y Z7), S |épty) = Cpg” 1¥g¢p) -

_ . .o _ .o (5.33)
Slhpthe) = BN [iibp) + Fpd | dudpZ™) S [pdg) = Dyy |61p) »
and
S9p0q) = Ap" |0a0) + Bra a0 2 7)o Sldba) = Coa" W) o
S W’;ﬂﬁq) = E;qL |¢q1/’;/>> + F;jL | qud’;)Zﬂ ) S ’¢;¢q> = ngL ‘¢q¢;>> ’
where the coefficients take the form
1- :r+lz_ Mpn 1
LR __ LR’ P *q LR __ Lr’ 'Ip'lqg LR’ __ _LR’
Apy =7 1_ 1 By = —Tpq e 1 T Cpg = Tpg >
Ty 7g L zp 2g (5.35)
1- xiler Npn 1 1- ﬁ ‘
LR __ LR’ LR __ Lr' 'Ip'lq LR __ _LR'
Epy = —Tpq 1_ T By =T ot 1_ 1 Dpy = Tpq 1_ T
Tp 2g b b 2g Tp 24
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and

[ 1— 1
o 1 ==
R'L _ R'L ?p Tq R'L _ _ _RL "lp"lq R'L _ _R'L #p Zq
Apg = +Tpq 1_ 1 By = =Tpy —— = 1_ 1 Cpy = Tpq 1_ 1
T T Zp Tq T T T
Zp wq Zp xq Zp xq (5 36)
__1 ’
ERL — _ RL zp xg FRL _ __FL "IpTlq 1 DFL — 1 FL
pqg pq 1— 1 pqg Prq Z+x+ 1— 1 pqg — 'pq >
o p Lq o
P *q P q

Imposing unitarity and LR-symmetry we find that the scalar factors 7/**" and TIZL are given

pPq
by
1

LR' __ ~LR' QLR R'L __ LR’
Toa = Spa Spg > Tog = FRIOpg (5.37)
Dq
where
LR __ R'L __
Pq ’ pq 1 (5.38)

and S]f,(f, is the common anti-symmetric phase factor of the sector. Also in this case the
S-matrix elements are a generalization of the ones found in the case of same masses.

5.4 The S-matrix of the 0(2,1;a)? spin-chain

Now that we have derived all the S-matrix coefficients, we will slightly rewrite the S-
matrix in a notation suitable for discussing the (2, 1; @)? symmetric spin-chain discussed
in section 2, and the corresponding Bethe ansatz equations. As noted in that section, the
excitations of the spin-chain transform in four multiplets of su(1]1)2. There are two left-
moving representations, which we will denote by 1 and 3. The masses of the excitations
in these representations are o and 1 — «, respectively. Similarly we denote the two right-
moving representations 1 and 3, with the excitations again carrying mass a and 1 —a. The
excitations in these representations will then be denoted

(G p)s (D tp)s  (Gpty)s (D).

The S-matrix elements for scattering between excitations in the various representations
are all given in sections 5.1 and 5.3. We only need to specify the scalar factors appearing in
these matrix elements. The scalar factors that appear in the Bethe ansatz construction [28]
are the inverse of the ones introduced at the level of the S-matrix. It will therefore be
convenient to introduce, e.g., S;;? = (Sﬁ;')*l. In principle we then end up with 16 different
phases S%, i,7 € {1,3,1,3}. However, in the previous sections we have already imposed

unitarity, which relates the phases S% and S7¢, as well as LR-symmetry, which relates S%
and SY (where we identify 7 = 7). We thus end up with six remaining independent phases

‘51117 ‘51337 513, Sll’ 513’ 533’ (539)

which amounts to four different functions, as S, S 11 and 533, 533 respectively should
have the same functional form up to specifing the value of the mass. In the next subsection
we will further relate these phases by using crossing symmetry.
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| _
1
Figure 4. The scattering of a fundamental excitation with a singlet is trivial.

5.5 Crossing equations

In order to derive the crossing equations, we will follow an argument first given in [19].
The idea is to scatter an excitation with the one of the singlet states constructed in sec-
tion 4.3. By su(1]1)? symmetry, the singlet should scatter trivially with an excitation
carrying charges under this algebra. This gives us an equation for the scalar factors in-
volved. As explained, the singlet is composed of one left- and one right-moving excitation

with the same mass,

|Lg) = 103932") + Zag [¥q ) |15) = 163932 + Zag [0393) (5.40)
|Lg) = 103952") + Zag [¥q) |15) = 1039327 + Zag [0303)
where =4 is given by
Zyq = ia 4, (5.41)
Ng
and the Zhukovsky variables identified by
1
+
vk = (5.42)
T g

The crossing equations can be found by scattering an arbitrary excitation A, with one of
the four singlets

So3S12 | X100 = X0 -1 x) (5.43)

and requiring that X Y = 1 after the identification :rfjt =1 /:rjlt This is illustrated in

p.4q
figure 4.
If we scatter an excitation of type 1 with the singlets [111) and [111) we get the two
equations'®

1 1
) -+ + - — ~ l1—— |1 — ——
11011 _ Tp —%q [Tp Tp — Xq 11 @11 _ afxg Tp T
S-S - = | — S-> 8 = . (5.44)
pg ~pq + + g ~pq 1 1
Ty, — X Ty Ty — T 1-— 1— ——
P q p Lp q e S
P *q P *q

If we scatter an excitation of type 1 with the same singlets we get

1 1
o -+ T _ o 1—-—— |1— ——
_p q p p T 4q _ p Lq p Tq
Moll _ %p g [Tpxp —T 1 oll apxg Tp @
S-S - =5 Ly —= S-- 8 = . (5.45)
pq ©pg T I pq P pq 1 1
T, — T Ty Tp — X 1— 1— ——
P q p Lp q . ooy

10WWith respects to the first version of this paper, we have rewritten the crossing equations in such a way
that p, q are on the real line and ¢ is shifted upward by half of the imaginary period of the rapidity torus,
following a standard convention.
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We could also have found these equations from (5.44) by imposing LR-symmetry. Similarly,
we can scatter excitations of type 3 or 3 with the singlets made out of 3 and 3 and obtain
equations taking the same form as the ones presented above. We can also study the case
in which the excitation scatters with a singlet with a different mass. We get for example

— B +1—- ==
3131 _ “p —Tq [Zp Zp — g 31 031 _ “p zp Tq
1_ " a2 , 1 P ]
pq Ppq — ¥ _ pq Ppg 1
Zp ﬂjq Zp Zp $q Zp —
X
P q

The apparent discrepancy between (5.44) and (5.46) is due to a different choice of normal-
ization for the S-matrix in the sectors 11 and 13. Note that the crossing equations found
here differ from those of [22].

5.6 The Yang-Baxter equation

In an integrable model, any N-body scattering event can be broken down in a sequence of
two body scattering events. In general, such a factorization can be performed in several
different orderings. For consistency, the result should be independent of the ordering of the
two-particle S-matrix. It is sufficient to check this for the case of three-particle scattering.
This leads to the Yang-Baxter (YB) equation. In terms of the operator S acting on three
spin-chain excitations, this equation takes the form

S12 S23 S12 = S23 S12 So3, (5.47)

as illustrated is figure 3. Motivated by some information on the physics, namely the near-
BMN limit studied in [17], we chose a reflectionless S-matrix. A check shows that this choice
satisfies YB, while we note that YB would not be satisfied if we allowed for a reflection
S-matrix in some sectors.

It is instructive to write equation (5.47) in a matrix basis. This is straightforward
in the case of three particles of the same chirality. For definiteness, let us consider three
left-moving excitations with momenta p, ¢ and r. Equation (5.47) can then be written as

LL LL LL _ LL LL LL
Spr @1 - 1®S,, - S, @1l=1®S,, -5, @1 - 1&S,. (5.48)

However, when acting with (5.47) on a three-particle state containing particles of differing
chiralities, we have to account for the presence of length-changing effects. For instance,
scattering magnons of momentum p and ¢ may result in two magnon with momenta ¢, p
plus the addition (or removal) of one vacuum site, e.g.,

’¢p¢3q> = # |@Zq¢pzi> ) or |¢p1z’q> — ’QEq¢pZ+> . (5.49)

We can take care of the extra (missing) vacuum sites by moving them to the far right of
the chain, but since this requires commuting them past the third magnon, this results in
an additional factor of e™™ (e*"). As a result, we must modify YB equation (5.48) to
account for such phases:

1®Spg - (FSprF;") @1 - 1®Sq = (F,SqF, ') ©1 - 1 @Sy - (F,SpeF; ') @ 1, (5.50)
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where the transformation F implements a twist depending on the momentum of the third
magnon.

The fact that the all-loop S-matrix for the dynamical spin-chain satisfies a modified
(“twisted”) form of the Yang-Baxter equation, due to the length-changing effects is familiar
from the case of the N’ =4 SYM spin-chain. As discussed in detail in [34], the modifica-
tions to YB equation can be seen as coming from a twist in the Zamolodchikov-Faddeev
(ZF) algebra that encodes the factorization of scattering. By redefining the ZF creation
and annihilation operators one finds a twisted ZF algebra, with a two-body S-matrix S that
satisfies a twisted YB equation.!! If U(p) is a non-local unitary operator that implements
the twist on the one-particle basis, we have that the twisted YB equation (5.50) can be
rewritten as the ordinary YB equation for a different S-matrix S using

~

Spe=U(p) @1 - S, - U(g) ®1. (5.51)
The factor F,, in (5.50) is then related to U(p) by
Fp, = U(p) @ Up). (5.52)

The twisted and untwisted ZF algebras are isomorphic, and their S-matrices must be
physically, but not unitarily, equivalent. In particular, since S satisfies the canonical YB
equation, in certain cases it may be more convenient to work directly with it. Such a choice
of basis is sometimes referred to as “string theory basis”, as opposed to the “spin-chain
basis” that we have used here. Its explicit form can be found from the one given in section 5
by using (5.51) and specifying U(p) to act in the basis (gb, 0, b, &) by

U(p) = diag(e™ 2,1, %, 1). (5.53)

The explicit form of the matrix elements can be found in appendix E.

6 Discussion and outlook

We have derived the all-loop S-matrix of an alternating spin-chain having extended su(1/1)?
symmetry and a discrete Zsg left-right symmetry. The S-matrix is essentially unique and
satisfies Yang-Baxter equation, which points to the quantum integrability of the resulting
theory.

To completely fix the S-matrix one would have to fix the scalar factors S% by means of
the crossing equations of section 5.5, which boil down to four functional equations for S%,
8%, S% and SY. Postponing a more careful analysis of the such equations to a separate
work [28], let us mention that they take a form that is quite different from the one of their
AdS;/CFT,4 and AdS,/CFTj3 counterparts. In particular, it appears that an ansatz involv-
ing simple functions and the BES dressing phase does not solve our equations. Furthermore,
in light of the possible presence of bound states of particles of different masses described in
section 4.3, one might have to pick a non-minimal solution. Finally it is worth pointing out

" Our notations differ slightly from the ones of [34] as our S-matrix permutes the momenta of the magnons.
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that such phases should also appear when scattering modes of different masses, which is a
novel feature that was not accounted for in the Bethe ansatz equations conjectured earlier.

The S-matrix we derived should describe the massive modes of strings on AdSs x S3 x
S3 x S! through its Bethe equations [28], which give the asymptotic spectrum once the
abelian phases are determined. It remains to see how the two missing massless modes can
be incorporated back in this picture. Following the strategy of [18], it would be interesting
to analyse the representations of the centrally extended algebra and the S-matrix in the
a — 0 limit, and in that way trace the origin of the massless modes that appear in this
limit. Understanding the massless modes would open the door to a plethora of possible
developments, including the computation of the exact (i.e., non-asymptotic) spectrum by
means of the thermodynamical Bethe ansatz and a better grasp of the dual CFT. An
important step in that direction would be the construction of the bound state S-matrix. As
noted in the end of section 4.3, bound states transform in a two-dimensional short multiplet
similar to that of the fundamental excitations. Hence, the form of the S-matrix of these
states should be the same that of the S-matrix discussed here, up to the scalar factors.

Finally, given the existence of a family of classically integrable backgrounds interpolat-
ing between the pure RR and pure NSNS one [15], understanding the integrable structure
of these theories might provide insights on the relation between integrability and represen-
tation theory techniques.
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A The 9(2,1; ) algebra
The generators of 0(2, 1; «v) satisfy the commutation relations
N ~ 1 ~
[11071.’:‘:} == :l:tj:im [\5-&-71’—} - 21507 [\JOaQiﬁﬁ} - iiﬂiﬂﬁ’ [Ji;Q:F/jg] - Qi[@/j’?
1
[£5a 2:5:} ==+£, [£+a 27} = 2L, [257Qa:|:,3} = iiﬂaiﬁ'v [Si’DaZFB] = Qaiﬁa
1
Rs, Ri] = R4, Ry, R_] =20, R, Qups] = iiﬂaﬁ:l:a R, Qupr] = Qup,

{Q414,9+ -} =434, {941,941} = F34,
{Q4+4,9- 4} = Faly, Q4+, Q- 44} = Faly, (A.1)
Q444,91 =F(1 - )Ry, {914,914} ==£(1 - )Ry,

{Q444,Q 55} = —Jot als £ (1 — a)Rs,

{Qu4a+,Q 54} =+Jo Fals £ (1 — a)Rs.
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The non-vanishing action of the d(2,1; ) generators on these states of the (—%;%;0) rep-
resentation is given by

ool = £L 1), 2o =167, oo [6f) = 1o®).

P o) = 5 [0l Ry ) = ), s ) = [p),
W) == () = (S an) )
Ielog™) =+¢m|¢gﬂ Ca ) =+ ), (A.2)

316y = i Tramlel) . 3ol =~/ am ),

Qe >=i\/m|wﬁ. IR s P >::|:\/ﬁ‘wgl*1)>7

Qg ) = VAT 1165 YY), Qs ) = TV T alo).

On the (—1_Ta; 0; %) representation the generators act as

T(n 1 T(n T(n T(n T(n T(n
&) = 25 W), e [0 = [0, e 9 = 19),
7(n 1 7(n T(n T(n T(n T(n
s 168") = £51687), Ry 6 =161, m_16() = 161),

Jo o) = - (1;‘“ - n) 6), Fold) = - (1;“ b n) B0,
Ty =+ a3 ) = e )
316 = V= d), 3 W) =~/ T agn )
Q54 |¢~>(¢n)> =+vVn+l—alpM), Q. 1) = /[y,

Qe W) =2+ T0Y), Qe 100 = Fn T -ald).

(A.3)

B Embedding into psu(2|2)

The centrally extended su(1|1)? algebra can be embedded into the centrally extended
psu(2|2) algebra discussed in [19, 33]. There are several equivalent ways to do this. We
can for example consider only the diagonal generators, which can be identified as

i511 = QL) {122 = QR; él]. = GLv é22 = GRv

. 1 . o 1
211 — —222 = im_ %’ %11 = _%22 == im—i_ %7 (Bl)

>
[a—

=59  P=-%  AK=-p

\)

Here the generators of psu(2|2) have been indicated by a hat. For the fundamental rep-
resentations we can identify ¢! and ! as left-moving excitations, while ¢? and 1? are
right moving. For the charges B = 1/4, s = 1/2, this reproduces the fundamental (2|2)
representation of the centrally extended psu(2|2) algebra.
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C The S-matrix in the LR sector

As noted in section 5.1, the ansatz in (5.19), (5.20), (5.23) and (5.24), for the S-matrix for
two particles of the same mass but of different chirality involves both a transmission and
a reflection part. Requiring that the S-matrix commutes with the supercharges we are left
with the solution for the coefficients of the S-matrix given in equations (5.21), (5.22), (5.25)
and (5.26). This solution depends on four functions 7%, 70", pp and p,

L
g pq
further constrain by requiring that unitarity and physical unitarity are satisfied. For def-

which we can

initeness we parameterize each function as a product of a positive real function of the two
momenta and two phases, respectively symmetric and anti-symmetric in the exchange of
p and g. We then have

LR __ ,.LR - ()LR LR LR __ ~LR . (-ALR QLR
Tpg = Tpq €XP [Z (epq + 19:011)]’ Ppq = Tpq €XP [Z (Zepq + ﬂpq)]’ (C.1)
RL __ ,.RL . (*NRL RL RL __ ~RL - (+NRL QRL :
Tpqg = Tpq EXP [Z (Zepq + ﬂpq)}’ Ppq = Tpq €XP [Z (Zepq + ﬁpq)]’
where, for example,
LR| _ ..LR LR __ LR LR __ LR
‘qu ‘ = Tpg> O = —04p Vgp = T0gp- (C.2)
We first solve the linear constraint
ST, = Sep, (C.3)
which gives'?
(eiﬁlL’ff =1, eVrd = +eii Tpa = Tpg = Tpas (C.4)
eiequ = ei%’f emqu = e_wz%2 '
- ) - 9

At this point it is possible to impose either unitarity or physical unitarity and solve the
corresponding quadratic equations:

SepSpq =1,  S},Spq = 1. (C.5)
There are three different solutions of these equations,

L ~LR _ ZRL __
1. a pure transmission (7, = 7,y = 0),

3 LR __ ,.RL __
2. a pure reflection (r,/ = r;; = 0),

3. a family of solutions that interpolates between transmission and reflection:

- RL - 5 9 - .
FLR =l =Fpg, (g + () =1,  OLF+ 08 =0 +07,  (C.6)
where the last relation is possible only if one chooses erd = —eid in (C.4). This

is the reason why we wrote the solutions 1 and 2 above as separate from 3: solution
2 is different from what one gets by imposing 7,, = 0 in solution 3.13

12 After imposing the other quadratic equations, it turns out that for all of the functions rffl', = r;{z. Here
we already use this fact to write the solutions.

13This distinction is important when imposing the discrete LR-symmetry. Requiring this symmetry in
solution 3 would leave only transmission, while one can find a non trivial reflection S-matrix from solution

2 that satisfies LR-symmetry by choosing 1§£§ = 151?; .
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As noted in section 5.2, we can recover the psu(2|2) found in [19] from the S-matrix
considered here. In the above notation it corresponds to

— + - — +
—zq) eiogf _ gB Lp — Zq
ERg — Ppg — I
—zq) Lg — Tp

T'pg =
— (C.7)
o0 — R R e
R

where S}]?q is the dressing factor for the psu(2|2) S-matrix.

Here we want also the discrete LR-symmetry to be satisfied. To do this we consider for
example the processes

Sptq) = Cpg [hedp) + Cpg' |9q¥p) (C.8)

S |¢p¢q> = C;?qL W’q@f)p) + C;Iqu |¢q1/’p> )
and impose Cpf = CF and CN'I%‘ = CN'qu. This leaves only two possible solutions, a pure
transmission and a pure reflection. The same result can be found by first imposing the
LR~symmetry and then requiring that unitarity is satisfied.

In order to choose between the two cases of pure transmission and pure reflection we
compare our results with the perturbative calculation in [17], where the tree-level AdSs
string theory S-matrix for the scalars was found to be reflectionless. We also check the
Yang-Baxter (YB) equation

5128523812 = 5235128523 (C.9)

and we find that an S-matrix with a pure transmission in the LR sector does satisfy the
YB equation, while one with a pure reflection does not.

D A second central extension

In this section we will consider an alternative central extension of the su(1]1)? algebra,
and give its representation and the resulting S-matrix. In this second central extension it
is more difficult to think of only one spin-chain, but it is rather natural to think of one
spin-chain for the left movers and another one for the right movers. The reason is that
scattering processes with length-changing effects will now add one site in a spin-chain and
subtract one site in the other. Nevertheless it is still possible to uniformize the notation by
interpreting Z* (Z) as the addition (removal) of one site in the chain for the left movers
and the removal (addition) of one site in the chain for the right movers. We will thus have

1ZF ) = e P |27, |Z; dp) = et |pZ7)

_ . _ C D.1
‘Zf¢p> =t ’¢pZi_> ) ‘Z;¢p> =e |¢pZ-1_-> . (b1
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D.1 Algebra

In the second central extension of su(1|1)? we allow for different anti-commutators to be
non-vanishing, namely

{QL76L} :SjLa {QR76R} :ija
{QLJQR} = 07 {GL) GR} == 07 (D2)
{QLv GR} =P, {GMQR} = ‘BT-

To find representations of this algebra we use a similar ansatz as before. For the case of
two ¢ representations we write

Q. [¢) = a|¢> Q. [v) = (D.3)
S.lp) = S, |y) = b\¢) (D.4)
Qr|¢) = CWZ ) Qr[¢) = (D.5)
Srlo) = Srly) = d!¢Z+> (D.6)

This leads to a representation very similar to that of the first central extension. Indeed we
only need to exchange the role of ¢ and d and the coefficients now read

—y h
ap = et —ap) & = L = %(9517 —ap), (D.7)
Zp
otion ik
by = e L — ) d, = - - Z—(m’; —z) (D.g)
Tp 2

On the state |¢pp¢q) we then get

Blopdg) = (e Tapdy + agdy) |dpdq) - (D.9)

As before this vanishes provided !+ = 1.
For the right-movers we use the ansatze

Qrlo) =aly), Q) =0, (D.10)
Grlg) =0, Srl¥) =bl9), (D.11)
Q. 1¢) =elpzl), Q. [9) =0, (D.12)
&, lp) =0, &, |y) = dloZy) (D.13)
The coefficients are given by
ap = et Z: (zp —zp) Cp = ie_ﬁ Z; (zp —p), (D.14)
Tp
- g iR n - ietOr [ih
by =€ —(zp, —xp), dp=——% —(zp —zp), (D.15)
2 xp 2

We now consider one left-moving and one right-moving excitation. We get

B ‘¢p¢§q> = apdy |(;5pi¢5¢1> + Bqéq ]¢p<z3qu) (D.16)
= (eiqapdp + Bqéq) ‘d’pﬁquD . (D.17)
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Inserting the expressions for the coefficients we then get
eayd, + bycy = gei(wLML)(e—i(p—Q) —eT) 4 gei(vR+6R)(e+iq —-1). (D.18)
In order for this to vanish we need
YL + 0L =R + 0r, (D.19)
but now the condition on the momenta reads
elP= =1, (D.20)

Hence the left-movers and right-movers in these representations contribute to the total
momentum with different signs.

D.2 The S-matrix

As in the first central extension, also in this case we can identify independent sectors for
the S-matrix. It is easy to understand that the results for the S-matrix in the LL and RR
sectors will be the same as in the first central extension. Hence, we refer to section 5.1 for
these S-matrix elements.

The results will be different in the LR sector. In particular, after imposing that it
commutes with the supercharges, we find a unique S-matrix. It is interesting to note that
when we require that the S-matrix commutes with the bosonic charges, the ansatz in the
LR sector is different from the one used in the first central extension: boson-boson interac-
tions will not produce anymore fermion-fermion excitations (similarly for fermion-fermion
interactions) and we have length-changing effects when scattering a boson and a fermion
of different chiralities, in particular when the fermionic number is not transmitted in the
scattering process. The cases of different or same mass are formally the same. We thus
present the result for the more general case of two excitations with different mass; the
S-matrix in the LR sector is

Spdg) = Apq |Dqbp) » S|opdq) = Ay |dqp) »
S|opthg) = Byl 1hgdp) + Chit |ogbp Z7) S|opthq) = Bk |thedp) + Chi |dgibp Z7)
S [pdg) =Dl |dqp) + Ef g Z7) | S |pdg) =Dk |dqp) + Efir [qbp Z7) |
S WM%) FLR ‘%@/’p) ) S |¢pwq> = FRL |‘/’q¢p>
(D.21)
where the coefficients take the form
14+ ——
af 2t N 772 1
A = 577, By = sy B S o=
P <q Tp Zq
(D.22)
FLR _ _gLR 1+ %J)rlzq_ _ LR 1+ m;zq_ ELR GLR 77xp77zq 1
_pql—i-w,ler’ pq1+zz’ +pq 1+
P %q P %q q

The S-matrix elements with superscript RL assume the same form as the ones with LR after
exchanging z and z. In principle, there are two different phases S;;" and S that are then
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fixed to be equal by imposing unitarity and physical unitarity. Note that LR-symmetry
is automatically satisfied in this case. We checked that also this S-matrix satisfies the

Yang-Baxter equation.

E The S-matrix in string and spin-chain frames

Here we will give the explicit matrix form of the S-matrix acting on a two-magnon state.
To keep our expression manageable, we will consider two excitations having the same mass.
Let us pick a basis for Hilbert space of a single magnon with momentum p as

Vp = Span((bpvaaépy'&p)- (El)

The S-matrix then takes a state in V, ® V), to a state in V, ®V,. The corresponding matrix

S then takes the block form

We parametrize the full matrix form of S as

AL
i D}
AL P
st
11 =3
qu
ca
1 Ef

Sl’q = ALR FLR
pq pq
LR
DP‘I
RR
Apg
RR RR
Cra Dyq
LR
Coq
LR LR
B Epq

pq
RR RR
qu EPLZ

RR
FZ"I

Let us list the matrix elements in either the spin-chain or string frame. For this purpose,

recalling that the two are related by (5.51), we introduce

+
2 in the string frame,
U, = Tp (E 3)
» .
1 in the spin-chain frame.
We then have
+ - + _ ot +
ALL — _’_SLL@:BQ Lp BLL — SLLixq Lp CLL — SLL@xq Lq NMp
pa — Tpqg, =+ Tpe = Ppg, = £ vpq T Ppg g, = o
qTqg — Tp qTq — Tp qTqg — Xp Mg
° v v B (E.4)
FLL — _ GLL DEL — GLLy, Ly — Ty ELL — SLL:EP —Tp Mg
pq — ~ Ppg> pg — Ppg P = +0 Fpg T Ppg = ¥, 0
Tg —Zp Tg — Zp Tp
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and a similar list of expression in the RR sector, as discussed in section 5.1. Furthermore,

1

- ——
ALR — LR@ Tp Tq BLE — _ LRl TlpTlq 1 CLE — LRi
=T, 1 ) - T, [ — 1 ) =T, )
'Dg Pqo, 1 pq Pq 1_ g Pq
q oo q Tp Tq o q
L 1 (B
-+ .+
ELR — _ LR Tp Zq FLR — _ LR "pTlq 1 DER — FLR Tp Zq
Pq Pq 1 Pq L I Pq pg "Py _ 1
zp g PR ey Tp g
and
11— = e
+ p— p— —
ARL — rLYp Zp Tq BAL — _ RLi TpTlq 1 CRL — RLi Tp Tq
=T s = —T — T =T s
g Pag, 1 pq pq 1_ Pq Pag,
q T T q Tp Tq T T q E——
Tp Tq Tp Tq p Tq (E 6)
1- -2 '
— T
ERL — _RL Tp ZTq FRL — _RL,, TIpTlq 1 DAL — £RL,,
2 L Pq pg P+ 1 Pq pq “P>
oot D tq T
p~q P q

1

LR __ LR RL __ LR
Toq = CpaSpq Tpg = ¢ Spq
Pq

(E.7)

Recall that S;7, Spof, S and Sji are undetermined antisymmetric scalar factors.

As discussed in section 5.3, the S-matrix for different masses takes the same form as
above when one allows for an appropriate scalar factor and introduces suitable Zhukovski
variables z*. In view of our different choice of normalization and for the reader’s conve-
nience let us nonetheless explicitly list the elements of S below for particles of different

masses in either frame:

»t

+ _ .t _
ALL’ _ SLL’@ BLL’ _ SLL’iZq xp CLL’ _ SLL’@ q Zq @
- b - pu— } - — b
Pq Pq Pq Pq oy, o+, g gyt
q q %q P q %q p Tlg (E.8)
— _ ot — + _ '
FLL’ _ _SLL/ Zq pr DLL’ _ SLL’ v Zq xp ELL’ _ SLL’ xp xp @
pqg pq _+ - pq — ~pqg TP _+ - rqa — ~pq 4+ — ’
1— 1
+ —
ALR’ — TLR’@ Tp 2q BLR' - _ LR/i "IpTlq 1 CLR' — TLR’l
Pq pq 1 L 7 g pq -—1_ 1 g pq ’
Yq — = Vq Tp Zq == Vq
$p Zq Ip Zq
- j——
= +
ELH’ LR’ Tp Zq FLR’ _ TLB’ TlpTq 1 DLR' _ TLR’ v Tp Zq
Pq Pq 4 1 pg T pg P4 4+ 1 7 pg T 'pqg TPy 1
Tp Zq p %q Tp Zq
1— _ R
AR’L R’L@ #p Tq BR’L _TR’L 1 TIpTq 1 CR'L R’Li “p Tq
Dg Pq vyl — 1 Pq Pq Vg 25 1y 1 1 g — 'pq vy 1— 1
+_ F + F +_ F
p Tq P p Tq Zp Tq
1
ER'L _ TR'L Zp Tq FR’L _ . RL v MpTlq 1 DR'L _ TR’L v
g pg 1 _ 1 7 pg — 'pg TP+ 4+ 1 0 prq — 'pqg “P
+
2 T4 P » T
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F Comparison with Beisert’s su(1|1) S-matrix

In this section we will compare the S-matrix in the main text with the su(1|1) symmetric
S-matrix discussed in [21]. Let us consider excitations transforming under an u(1|1) algebra
of the form discussed in section 3.1. The commutation relations of this algebra read

1 1
{Q,6} =9, (B, Q] = —553, [B,6] = —1—56. (F.1)
This algebra has a two-dimensional representation denoted (1|1)x g, with the charges act-
ing as
1
Qo) =), &lo) =0, 9lo) = Ho), B :<B—> :
9) =vlY), &l¢) [ [ ¢) 5 ) 1) (F2)

Q[y) =0, S|y) = H/v|p), HlP)=HIy), Bly)=(B-1)¢).

The two-particle S-matrix acting on excitations transforming in such representations can

be written in terms of projectors onto the representations appearing in the decomposition

(UV)us @A) s = U grm pr-1/2© U 5w prp—1s (F.3)

where (1[1)7; 5 denotes a representation of the form (F.2), but with the roles of the boson
¢ and the fermion ¢ interchanged. Imposing that the S-matrix satisfies unitarity and the
Yang-Baxter equation, the action of the R-matrix is found to be'?

_ aq_ap+%(Hp+Hq)
Rlbptn) = o T )
ag — ap — L(H, — H,) iH, v
R _ Y p — 3\Hp q 1q Vp
wi) = St o)+ e ) s
_ ag — ap+ 5(H, — Hy) ity Yq
Rlvptal = q — Gp — %(Hp + Hy) Vrda) + Qg — ap — %(Hp + Hg) vp 9ra)

R Wzﬂ/fq) = Wzﬂ/}q)a

where a, and a, are spectral parameters corresponding to the two excitations. The exact
form of these parameters will depend on the model under consideration.

In order to compare this result with the S-matrix in section 5, we consider the left-
moving u(1]1) algebra generated by the charges Qr, &1, 1 and B. Under this algebra
the left-moving excitations (¢p|1),) transform in a representation of the form (F.2) with
the parameters Hy, and v, given by

H, = +i(x~ —a™), Up = Np. (F.5)

We furthermore express the spectral parameter a, in terms of z* as

1
— iy~ 4t
ap = i(x +azT) (F.6)
!The R-matrix R is closely related to the S-matrix S, but does not exchange the scattering particles.
We therefore have the relation S = PR, where P is a permutation acting on a two-particle state.
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Inserting these expressions into the R-matrix (F.4), we recover the LL sector S-matrix of
section 5.1.

The right-moving excitations are slightly more complicated. Firstly, the charge Qp,
acts non-trivially on the fermion z/_zp and trivially on the boson Q_Sp. Hence the grading of
the right moving u(1|1) representation is reversed, corresponding to a representation of the
type (1\1)}1 p- Secondly, the left-moving supercharges act on the right-moving excitations
by adding or subtracting vacuum sites. In order to have a representation of the form (F.2)
we therefore consider the doublet (1,|¢,Z ") and identify the parameters

_ 1 1 ~ in
Hp=z<jﬁ>, up:fj—f. (F.7)

Writing spectral parameter a, as

_ 1 /1 1

the expressions in (F.4) reproduce RR sectors of the S-matrix in section 5.!° By using a
combination of the two representations above we also find the S-matrix in the LR and RL
sectors.

In [29] Ahn and Bombardelli (AB) proposed another S-matrix for AdSs x 83 x 3 x St
Like above, this S-matrix can be constructed from Beisert’s su(1|1) S-matrix. The difference
between the two constructions is that the left- and right-movers in [29] transform in identical
su(1]1) representations (¢|1) and (¢|¢), while, as discussed above, the right-movers in
this paper transform in a representations where the roles of the bosons and fermions are
reversed. This difference is only important when we consider the mixed LR and RL sectors.

In particular, in the LR sector the S-matrix of this paper schematically acts as'®

S"O% |gpdg) = Apd™ |0gdp) + Byg™ [gp) . SPO% |piby) = Cpg®™ gy ,

BOSS 7 BOSS |,/, BOSS | 4 BOSS i BOSS | 4 (Fg)
SO Wpthg) = Epg™ [qtbp) + g™ [0®p) »  S7O7 [Updq) = Dpg™ |dqyp)
while the S-matrix of [29] gives
S dptq) = Apg [dqdp) » S |optdq) = Byg [ap) + Cpg’ 1dq¥p) , (F.10)

ShP qu/_)q> = F;QIB |@Zq¢p> ) S*P |¢p§5q> = D;f |§Eq7f}p> + ng ‘J’q@bp) .

Comparing (F.10) with the S-matrix in (D.21), we see that the Ahn and Bombardelli
corresponds to the second central extension of the su(1|1) x su(1|1) algebra discussed in
appendix D. As noted there, this algebra does not seem to have a straight forward spin-
chain interpretation, since the supercharges change the lengths of the left- and right-moving
parts of the spin-chain in opposite ways.

15The inverted grading of the right-moving representation gives rise to some additional minus signs that
are needed to reproduce the results of section 5.

1611 order to simplify the notation we have suppressed the effects of length-changing in the spin-chain in
the out states, corresponding to the string frame discussed in appendix E.
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We also note that it is possible to distinguish equations (F.9) and (F.10) perturbatively

by determining which of the two processes

|6pq) = [hgthp) and |dpthq) = |Pgibp)

has a non-zero amplitude.
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