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ABSTRACT: Using the S-matrix for the 9(2,1;)? symmetric spin-chain of AdS3/CFTs,
we propose a new set of all-loop Bethe equations for the system. These equations differ
from the ones previously found in the literature by the choice of relative grading between
the two copies of the (2, 1; ) superalgebra, and involve four undetermined scalar factors
that play the role of dressing phases. Imposing crossing symmetry and comparing with
the near-BMN form of the S-matrix found in the literature, we find several novel features.
In particular, the scalar factors must differ from the Beisert-Eden-Staudacher phase, and
should couple nodes of different masses to each other. In the semiclassical limit the phases
are given by a suitable generalization of Arutyunov-Frolov-Staudacher phase.
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1 Introduction

The AdS/CFT correspondence is a striking and thought-inspiring conjecture. The strongly
coupled regime of gravity theories, such as superstring theories, on AdSz11 x X with X a
compact space should be dual to a weakly coupled, d-dimensional, conformal field theory
(CFT) on the boundary of AdSz41, and vice-versa [1-3]. This can allow us to deepen our
understanding of gravity and quantum field theory.

Another remarkable aspect of the correspondence is that, in the 't Hooft limit, in-
tegrable structures may arise on both sides of the correspondence. The first and most
studied example of integrability in this context is AdS;/CFT, that relates superstrings
on a Ramond-Ramond (RR) AdSs x S® background to N = 4 supersymmetric Yang-Mills
theory (SYM); there, one is in principle able to compute the exact spectrum of any string
state by integrability, and match it with perturbative calculations in either theory, see [4, 5]
for a review.



Here we will focus on another instance of the duality where integrability seems to be
playing a role, that is when the superstring RR background is AdSs x S x §2 x S!. This
preserves 16 supercharges provided that the radii of the warped spaces satisfy the triangle

equality , X X
=+ —, 1.1
R BT -y

where 1 and 3 denote the two three-spheres. We are therefore dealing with a family of
backgrounds that can be labeled by

R3 R3
a=-—Ad —1_ —AB (1.2)
Rl R3

with 0 < a < 1, each corresponding to a two-dimensional CFT with large N' = 4 supercon-
formal symmetry [6-8]. The Green-Schwarz action for the superstrings can be rewritten
as a supersymmetric coset model on [9]

D(2,1;a) x D(2,1; «)
SU(1,1) x SU(2) x SU(2)’

plus an additional decoupled massless scalar from the S! in the background. The advan-
tage of the coset description is that it makes classical integrability manifest, from which
finite gap equations can be written down [9, 10]. These describe the semiclassical string
spectrum, and are a limit of the all-loop Bethe ansatz (BA) equations that describe the
full asymptotic spectrum. In [9] knowledge of the finite gap equations was used to reverse-
engineer the all-loop BA, that was further analyzed in [11] where an alternating symmetric
9(2,1; a)? spin-chain description was derived.

The spectrum described by the finite gap equations is missing two massless modes.
One mode corresponds to excitations on S', and the other to a mode shared by the two
spheres that is not present in the coset model since the Virasoro constraints are overim-
posed there. These modes can be put back by hand at the classical level [9, 12], but it is
not yet clear how to do that at the quantum level. See [13] for a discussion about massless
modes in the weakly coupled spin-chain.

Here we want to take a different route: in [14], the all-loop S-matrix was bootstrapped
out of the symmetries of the theory.! Building on that, it is a relatively straightforward task
to write down the resulting Bethe ansatz equations. However, we will find some unexpected
features. In particular the resulting equations are written in a different, and seemingly
inequivalent, grading of 9(2,1;a)? compared to the one used in [9, 11]. Furthermore,
they feature new couplings between particles of different mass. We also find that the
scalar factors that appear in the BA, while not being simply related to the Beisert-Eden-
Staudacher dressing phase of AdS;/CFTy4 [16] and AdSs/CFT3 [17], are expressible in
terms of the one of Arutyunov, Frolov and Staudacher [18] in the semiclassical limit.

'A different all-loop S-matrix was recently proposed in [15]. That S-matrix reproduces the Bethe equa-
tions of [9, 11], but as discussed in [14], the underlying spin-chain does not have a well-defined notion of
length. For further discussion on this point, see appendices D and F of [14].
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Table 1. Fundamental excitations of the d(2,1;)? symmetric alternating spin-chain divided by
chirality (columns) and mass s (rows).

The plan of the paper is as follows. In section 2 we will briefly recall the form of the
all-loop S-matrix of [14]; this involves some undetermined scalar factors, that are however
constrained by a set of crossing equations, which we also present. In section 3 it is shown
how the nesting procedure can be used to diagonalise the S-matrix, in a way similar to [19—
22]. In section 4 the resulting Bethe equations are presented, their fermionic dualization is
constructed and the constraints on the scalar factors are discussed. Section 5 compares our
results with other known results in the finite gap [9, 10] and near-BMN [23] limits. In doing
this, we find what appears to be a contradiction between the two semiclassical results.

2 The S-matrix

The S-matrix for the 9(2, 1; )2 symmetric alternating spin-chain was derived in [14] by im-
posing invariance under the residual symmetry algebra preserved by the spin-chain ground-
state, which is a centrally extended su(1|1)? algebra. Here we recap the results that we
need in order to construct the Bethe ansatz.

The fundamental excitations of the spin-chain are doublets of one boson and one
fermion, that can have mass s equal to either a or 1 — «, and left or right chirality. We
will denote the bosons by qﬁ; and the fermions by w;, where p is the momentum of the
excitation and the index i labels the remaining flavors. Table 1 summarizes our notation.

The matrix elements are naturally expressed in terms of the Zhukovski variables a:;,t,
which satisfy
xh , 1 1 2
P e, <x; - +> — <xp + > ==, (2.1)
Tp Zp Tp h

where h > 0 is the coupling constant. We will generally denote the Zhukovski variables as

ac;t when s = v and as zgt when s = 1—a. As discussed in [14] the S-matrix is reflectionless

and is naturally expressed in terms of the blocks appearing in the different sectors.

2.1 The 11, 11, 33 and 33 sectors

In all these sectors we are scattering excitations having the same flavors. Then the S-matrix

acts as
Slohey) = Al |ohdh) S|phyly = Bil [yiel) + Cil [ghl) 22)
Shpe) = Fop lbiwh) S|iely = Dl gty + B [yl



where i = 1,1,3,3. When i = 1,1, the S-matrix elements assume the form

- + ot -
Al — (511 Yo " pii _ (50 )1 Tg —Tp Cil — (§i)1 Tg —Zqg Mp
Pg — Pq ——F Pra= Wpg — .+ “pa = Wpq — .
r, —x, xf — a7 n (2'3)
Fii — _(Su )—1 Dii — (Su )—1 q p Eii — (Szz )—1 p p ‘lg
pa pa) Pq Pq -+ Tra Ppa - ;
Tg —Tp xg — g Mp

where

Np = \/ 7,($; - x;)v

(2.4)

and S;f] are undetermined scalar factors. By virtue of a discrete Zs symmetry between left

and right movers (“LR-symmetry”), we have that S, = Sgg.

The form of the matrix elements (2.3) does not depend on the value of the mass s

n (2.1). Therefore, when i = 3,3 they take the same form as before, up to replacing every

x* — 2% and allowing for different phases Sg’g’ and Sgg’. Again, LR-simmetry imposes that

Sgg’ = S;’g’. Furthermore, we expect that S;; and SS;;’ have the same functional form up to

specifying the value of the mass.

2.2 The 11, 11, 33 and 33 sectors

When scattering particles having the same mass but opposite chirality, we find?

S \¢;¢z> = A;i, |¢2¢;> + B;Z |¢2w;;Z*> , S r¢;w2> =Cn |¢Z,¢;}> : 25)
S|yiwly = EX [ibl) + Fir |gi¢h Z %), S |yiel) = Div |giih) .

where it is understood that 7 =i and i = 1,3,1,3. Then for i = 1,1 the coefficients read

11— = 0-
i 7\ — i 7\—1 TlpTlg 1 i i \—1""Pg
AW :—I-(S“) 1 xpiq , BY@ :_(Szz) 1 LEUR —, C :(S ) —bd.
Pq Pq QZ—;] qu Pq Pq T, Ty Q;J_q qu Pq Pq Q;J_q (2 6)
jf— - + '
- o . =1 M7, 1 L L 71qu
E7 :_(Sm) 1 xpfq’ F”:—(S“) 1 '/ptlg —, D :(Sm) Pd.
rq rq Q;_q qu rq rq .T;_ l,;]‘r Q?)_q qu rq rq qu
where
1
Of = 1 - —/——. 2.7
o AT (2.7)

LR-symmetry and unitarity impose that S’g; = S;g. The equations for 33 and 33 can be
found by replacing * — 2%, and we expect the scalar factors Sgg’ = SSS’ to have the same

SH

: 11
functional form as S,; and S,,,

up to the different value of the mass.

2.3 The 13, 13, 31 and 31 sectors

We now consider scattering between two excitations having the same chirality but different
mass. The S-matrix in this case is similar to the one found above, but for later convenience
we will use a different normalization of the S-matrix elements, where

Slonol) = Al | ¢lot) S|piapd)y = B [igh) + C |gapt)
S|vpwl) = Flwlvs) S|widl)y = D |plwh) + ES |[igh)

ZNote that here we may have to insert or remove a vacuum site after the scattering. These length-

(2.8)

changing effects are accounted for by a ZT or Z~ insertion respectively.



with 45 = 13,31, 13 or 31. Let us consider first the case where ij = 13 or 13. Then

+ + + -
ij i \—1 ij i7\—17¢9 p ij ij\—179 q ’rLP
qu - +(Spq) ) By = (Spq) + _ = Cpg = (Spq) + _ =
24 — Tp 24 — Tp Mg 59
2y — b 2, — T, b — a7 (2:9)
Fii — _(Sij)—l zi P D — (Sij)—l zi P Ei — (Sij)—l i P @7
Pq Pq — Pq Pq — Pq Pq —
Zq —Tp Zq —Tp Zg — Tp Tp

where once again the antisymmetric scalar factors satisfy S;g’ = S;g. Again, to obtain

the two remaining sectors it is enough to account for the values of the mass by swapping

xt < 2. In this case the scalar factors are related by unitarity.

2.4 The 13, 13, 31 and 31 sectors

Finally, let us consider the scattering of excitations with different mass and chirality,

S1opsy) = Ay |30y + Biag g2 7). S1opa) = Cra lvad)) 210)
Slbl) = Eg [Whn) + Fl | ¢, Z7) S |vpdy) = Dy ldgy)
with 45 = 13,31,13 or 31 and 7 = j. If we take ij = 13 or 13 we have
1

i iFN—1 1- T 2q i -1 Tplg 1 i i —1520g
Ay = +(5) oo By = —(Spe) ™ — = Qo Coq = (Spg) ™ o7

Pq 3 pq Lp Zq 3ipq Sipg Pq (2.11)

11— + '

. — . =1 M7 1 . i1 qu
EY :_(S’L]) 1#7 FZ_]:_(S’L]) 1 'Ip'lg S— DY :(Sz]) _Pa
Pq Prq ng qu prq Prq CC; Z; Q;q qu pq Pq qu

where we, with a small abuse of notation, let foq depend on momenta through the appro-

priate Zhukovski parameterizations, i.e.,

1

0E = [1— .
T

(2.12)

As before, the remaining blocks can be easily obtained by swapping 2% < 2%, and the four
scalar factors all take essentially the same form.

2.5 Crossing equations

There are four distinct undetermined scalar factors in the S-matrix, playing a role akin
to the one of the AdSs x S® dressing phase. They are constrained by a set of crossing
equations [14].3 For particles of the same mass these read, e.g.,

1
g —at (et ol ==
1l _%p —Tq [Tp Tp — g 11 il Ty g
Sllgil __7p "4 [7P , SLsll = ; (2.13)
Pq ©pq + pq ~pq 1
Tp —Tq \| Tp Tp — X4 1——=
ZTp Tq

3With respects to the first version of this paper, we have rewritten the crossing equations in such a way
that p, q are on the real line and ¢ is shifted upward by half of the imaginary period of the rapidity torus,
following a standard convention.



and for different masses they are, e.g.,

+ _ —
Zp g
Zp — Lq

5131 531 _

rq ~pq

(2.14)

These functional equations involve one scalar factor evaluated at physical value of the
momenta p and ¢, and one where the rapidity corresponding to ¢ has been analytically
continued to ¢ so that xfjt =1/ xqi and the chirality of the corresponding excitation has
been reversed.

The crossing equations are quite different from the one of AdSs/CFTy [24]. However,
taking the product of the two equations in (2.13) we find a crossing equation for S;;S},;
which takes a form resembling the one of AdS5;/CFT,. Indeed the equation for the product

can be solved at all-loop by

_ 1/4
sugti— (1), 2.15
paPpq T | T BES (P, q) ; (2.15)

Ip Lq

where opgg is the BES phase [16]. This form of the phase is similar to what was recently
found in AdSz x S3 x T* [25], as well as for Pohlmeyer reduced strings on AdSs x S? [26].

3 Diagonalisation of the S-matrix

The S-matrix presented in the previous section satisfies the Yang-Baxter equation [14] and
is therefore compatible with factorized scattering. We can then use the two-particle S-
matrix to construct eigenstates of the spin-chain Hamiltonian £. In this section we will
construct asymptotic eigenstates, living on a spin-chain of infinite length. In the next sec-
tion we will adapt them to live on a finite periodic spin-chain, thereby obtaining a set of
Bethe equations. An eigenstate of the spin-chain hamiltonian $) containing K excitations
takes the form

T) = Y S|, (3.1)

TESK

where 7 € Sk is a permutation and |¥)! is a wavefunction. Thanks to the factorization of
scattering, the K-body S-matrix can be written as a product of two-body S-matrices,

Sy = H Ski, (3.2)

(kl)emr
so that when acting on |¥) it permutes its excitations,
Sy |¥) =S |¥)_. (3.3)

From the form of the S-matrix we already know that some excitations do not scatter by
a pure transmission of all the quantum numbers among each other. We thus need the
nesting procedure of [19-22] to perform the diagonalisation.



We call level-I vacuum |0)" the usual su(1|1)2 invariant one. Rather than considering
all of its possible excitations at once, we will first restrict to a (maximal) set of excitations

Y out

that scatter by transmitting all quantum numbers and construct a level-IT vacuum |0
of these fields. The other fields are then interpreted as level-11 excitations on top of this new
vacuum. In principle one needs to repeat the procedure and restrict to those excitations
that level by level transmit all the quantum numbers in a scattering process, until all the

fields of the theory are accounted for. We will see that we only need to introduce two levels.

Level-I. The level-I vacuum is defined as |0)' = |Z%) and all the fields can be viewed as
excitations on this vacuum. This is the interpretation that was used in [14] to derive the
S-matrix. Therefore, the S-matrix given in the previous section is the level-I S-matrix and
we will denote it by S'.

Level-II vacuum. Let us first choose a maximal set of excitations that transmit all the
quantum numbers in a scattering process. From the form of S' we see that there are two
possible choices,

VA ={o' 9! ¢ 0*t  or Vi ={vh el v 0% (3.4)

Note that picking any particular excitation and letting it belong to the level-II vacuum
(say, 1) fixes this choice. For definiteness, we will use the set Vi to construct the level-II
vacuum. This is consistent with the choice of 9, and & as lowering operators. The Bethe
equations that can be derived by choosing VJ__I;,I are consistent with the choice of Q and
G, as lowering operators and are related to the previous Bethe equations by a fermionic
duality (see section 4.1).

We define the level-1I vacuum as

I i i i\l
007 = [ A1 X - k) (3.5)

where X;g is one of the excitations in Vi, and we use the index i; = 1, 3,1, 3 to distinguish
the different flavors. In total we have K excitations of type ¢!, K7 excitations of type !,
K3 of type ¢ and K3 of type 1/1‘5’, with K + K7 + K3+ K5 = K. By construction, for any
permutation 7 the S-matrix SL acts on the level-II vacuum as

11 II I (2% i
Syt =Sho)y, o) = 1A - Apran) (3.6)

In the out-state the momenta, as well as the other quantum numbers, are permuted ac-
cording to 7. The phase SL is given by the product of the S-matrix elements corresponding
to the two-particle scatterings

I _ LI
Sp = H Sikil (Pk> 1), (3.7)
(k)emr

Sy (@) = Ay S5 (0,a)=Cyp Sy (n,a) =Dy S (p,a) = Fyp (38)



Propagation. To take the other types of excitations into account, we can think of them
as level-II excitations on the level-Il vacuum. In order to do that we can act with the
(super-)charges of the symmetry algebra on the states that compose the level-IT vac-
uum. In particular, when we act with Q, on |¢!), |¢I> 90°) |¢3>, we obtain respectively
1), ]qbiZJr) 3y, \¢3Z+>. We will use y to parameterize the corresponding level-IT ex-
citations. Similarly, the action of & will create respectively |1 Z7),|¢t),|¢3Z7),|¢3).
The corresponding level-I1 excitations are now parametrized by . In what follows we will
illustrate the diagonalization of the S-matrix when considering the lowering operator £,
only. The calculations for &, are the same up to exchanging the left and right flavors.

If we denote the excitation generated by the action of 9, on |X/*) by |y;‘,;3>, a level-11
state containing a single excitation takes the form?

i i i1
)" ZXk: X0y i (3.9)

We make a plane wave ansatz for the wave function xx(y) and write

k—1

xe(w) = fi(w.oe) T Sivi (. m0)- (3.10)

=1

The function S (y pr) represents the scattering between the level-II excitation of type
1, and the levelI excitation of type ¢; and it is the coefficient that will appear in the
Bethe equations to describe such an interaction. The factor f;, (v, px) is associated with
the creation of the level-II excitation on top of the level-I field. These two functions are
determined by imposing compatibility of the S-matrix with the level-II excitation,

1T II II T T T
SEYT =St ! }:wk | ) - ) wﬁm (3.11)

where the wave function for the permuted state is given by

k—1

xwk<y>::jaﬂm<y,pﬂ@0>11A9£iﬂ%m<y,pﬂu». (3.12)
To perform the calculations it is enough to consider a state containing only two exci-
tations. We will consider separately left and right level-1I excitations and their interaction
with the left and right fields of the level-II vacuum. To make the notation simpler we will
just present the calculations in the case of excitations of mass «, as the generalization to
mass 1 —« and different masses is straightforward. Starting from a level-II vacuum defined

as |O>11 = \qbzl)d)}]} we can write

VO = iy ) [0hed) + fily, @)SiT (v, p) [obul)
V)1 = Fiy ) [Wiep) + F(y.p) STy (. @) [ogs)

“Whether |y;,@) is bosonic or fermionic depends on the statistics of the level-II vacuum state from which

(3.13)

it is created.



where we use the subscript “11” to indicate the level-II vacuum. The compatibility equation

Sy1Vu1y = Apg V)Y (3.14)
is solved by

Mp 11,1 P
fi(y,p) = 91y ) —at S (yp) = 3.15
where hi(y), g1(y) are arbitrary functlons of y.

We can repeat the same procedure for right excitations that scatter with right fields

of the level-IT vacuum. Starting from \()>Iili = Wgwg), the two-particle states are

V)i = Fily.p) |6 Z ) + fily, @)Siy (v, p) [y 8327 .16
’yy>11ﬂ = fi(y, ‘¢1Z+¢ ) + fily, )5%%3/7(]) W; ;111Z+>'
We now impose the equation
SEIYOT = Fpg V)i (3.17)
which is solved by
—igi(y) 7 11,1 1= h-(yl) .
fi(y p) = o 1 = 1 ) Sﬁ’ (yap) 1_ - 1 - (318)
P hi(y) @p hi(y) @y

As before hi(y), gi(y) are generic functions of y.

If the level-II excitations are well defined, the above results should also be consistent
with the case in which an excitation scatters with a level-II vacuum site of the opposite
chirality. Let us consider for example the level-IT vacuum |0>11 = |¢}Dwg ) and write

Vol = Fily,p) [0bol) + fily, @) STy (v, p) [oel Z7H)

N gLl (3.19)
|yy>11 ks = ( ) |¢qZ ¢p> + fl(y p) (y Q) W&ﬂ/&;) .
The equation

Sk V)it = Cpq 1)1 (3.20)

is solved by »

_ _ — - _ 9y
hi(y) = hi(y) = v, 91(y) hy)’ (3.21)

Sy p) = S1y (y.p), Sy p) = 81 (y.p).

Similar equations are valid when starting with the level-TI vacuum [0)} = \¢;¢é>. The last
line in (3.21) can be considered a consistency check — the level-II excitations produced
by acting with £, have a level-II scattering matrix that only depends on the state of the
level-II vacuum that they scatter with.

The above calculation does not make use of the mass of the involved excitations.
Hence, the resulting S-matrix elements are the same if we change the type of one or more
excitation from 1 or 1 to 3 or 3, provided we replace the parameters z* by z*. We can
also consider the excitations created by &;. Again the result is the same, up to the fact
that we need to exchange left- and right-movers and replace the parameter y by .



Scattering. We now consider a state with two level-II excitations

K
(V1 V)™ = Z Xk(y)xa(y2) [y - Yk Yph e AT (3.22)
k=1
k<l

The above state satisfies the condition SL|Vy,Vy,) = Sk |V, Vy.)., except when the two
level-IT excitations sit on neighboring sites. It is therefore again enough to consider a
state with K = 2. Considering, e.g., the level-II vacuum ]0)1111 = |¢]13¢é>, we find the a
two-excitation states

Vi V) = F1(y1,p) f1(y2, ) STy (w2, ) [0 L)
+ fi(y2.0) Ly, @) ST (1, ) STy (w1, 92) Ypibg) s

3.23)
11,1 (
Vi Vi)t = Fr(u1, @) fr(y2, ) iy (2, @) [505)

+ F1(y2, 011 0) ST (1, ) (1, 2) [g )
Demanding, as before, the compatibility condition

STII' |yy1yy2>1111 = A}l)é |yy1yy2>111177r (3'24)

to be satisfied, we find that the S-matrix element for the scattering of two level-II excita-
tions is given by
SUI (g yo) = —1, (3.25)

so that the excitations scatter trivially. It is straightforward to check that the above result
is independent of what level-II vacuum we start with. We have therefore dropped the “11”
subscript on ST,

If we instead consider the case where one or both excitations are created by &; we
again find that the corresponding matrix elements S (y, ) and S (7, 72) are trivial.

4 Bethe equations
In the following we denote the length of the spin-chain by L. We can express L as
L=N(Z)+ (N(@") + N(@) + N@") + N@?))

] ] (4.1)
+ (M@ + N + N(oh) + N (6%)

where N(Z) is the number of vacuum sites and N(X') is the number of excitations of the
corresponding type.

Thanks to the diagonalization procedure and the factorized scattering we can act with
the S-matrix on an eigenstate |¥) and obtain a new state that is just proportional to the one
in which all the excitations are permuted: the proportionality factor is given by the product
of all the S-matrix elements of the pairwise scatterings. Note that each scattering must
be performed at all the levels, namely S|X), Vp,) = g:o SAB (2 28Y |V, Xy, ), where
A indicates the level of excitation X and B the level of ). In particular, when a level-1

,10,



excitation scatters with a level-0 (vacuum) one, we get a phase S%0(z;,-) = Ty [T, = €P

The Bethe equations can thus be written as
(4.2)

The total momentum of physical states should vanish i.e., they should be annihilated by the
central charges 3, BT [14]. This is the level-matching condition, which can be written as

(4.3)

Kio+ K+ Ki g+ K3 o+
Hiﬂ HL H“La Hi
i LE] i Z] i .17] i J

Recall that they are related

In the following, all the 16 scalar factors S% will appear
among themselves by LR-symmetry and unitarity as explained in section 2, but we will

not make these constraints explicit here
Once the level matching condition and Bethe ansatz equations are imposed, the energy
of a multi-excitation state can be found from the momenta of its constituents through the

dispersion relation
3 (4.4)

J
E =FE, + E; + E3 + F3, E; :Z\/s§+4h2sm
k=1

where s; = s = a and s3 = s3 = 1 — a. The all-loop Bethe ansatz equations then take

the form

— 11 —



(4.10)

4.1 Fermionic duality

Under a fermionic duality [21, 27] the Bethe equations are modified but the spectrum of
the theory remains invariant. The idea is that one can write a new set of equations equiv-
alent to the previous one, in which all the auxiliary roots ¥, § are replaced by a dual set of
auxiliary roots ¢, 7. Here we highlight a nice feature of the Bethe equations, namely that
a fermionic duality exchanges the left and right sectors.

Define the polynomial P(§) as

J_IK ”:lK Fle - 7 (4.11)
1 3 1 1 1
[T Tl I (¢ 5 ) I (¢~ =)
j=1 j=1 j=1 L j=1 %

This is a polynomial of degree n = K; + K3+ Kj + K5 — 1. Then the Bethe equations for
excitations of type 2 and 2 can be rewritten respectively as

Ply) =0, P(1/5)=0. (4.12)

Another zero of the polynomial is at £ = 0 (the equation P(0) = 0 is equivalent to the level-
matching condition). We denote the remaining zeros by 7 and #, because they correspond
to the dualization of respectevely 2 and 2 excitations. We can thus rewrite P(£) as
K> K K3 1 1
P =TIl -l (¢~ )T (s~ 7 ) (413)
j

=1 j=1 =1 Yi

for Ko = K1 + K3 — Ky — 1 and K5 = K1 + K5 — K5 — 1 roots. In the following we dualize
the Bethe equations for excitations of type 1 and 1 (the procedure and the results are the
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same for 3 and 3). We can now write the expression P(z})/P(x; ) using the two possible

representations for the polynomial, getting the equation

xk xk Yj xk Yj xk 1/y; 33k; 1/%_
H H H —1/yJH r— 1/9;

Ty 321 Tk Y9 o Tk Y5 5o Tk

(4.14)
71—[%_1‘ ﬁ ]_111[1:,6—1/;164'11%33%Ir 1/2;r
a:k—x;r] ; jj:l —1/z; e z, —1/z;
that becomes
Xy, i1 T, — azj+ e xz ~Yj o 1-— x:g]-
) 7k (4.15)
ﬁx; ﬂjﬁl_“ﬁl@jﬁw’; z;rﬁl_%lfj Ao
- — 9y
P ok e M S e B e s R e =

where the exponent of x,j /x, is in fact 0. With the help of this substitution, the Bethe
equation for type 1 excitations can thus be rewritten as

This equation has the same form of the original equation for 1 and is actually the same if

one exchanges left and right.
Similarly, using P(1/z;)/P(1/z; ), one can obtain the dualized Bethe equation for

type 1 excitations

(4.17)

which has the same form as the original Bethe equations for type 1 excitations.

After dualizing also the Bethe equations for 3 and 3 (with the same procedure and
with similar results), one obtains a new set of Bethe equations. It is easy to see that
such equations take the same form of the original ones up to exchanging left with right
excitations and by substituting (y, K2) and (7, K3) by (4, K2) and (§, K3), respectively.
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(a) (b)

Figure 1. Two of the Dynkin diagrams for 9(2, 1; ). The crossed notes are fermionic and the labels
indicate the momentum carrying roots in the Bethe equations. The 9(2, 1;)? Cartan matrix (4.20)
corresponds to using diagram (a) for the left-movers and diagram (b) for the right-movers.

4.2 Small h limit and Cartan matrix

It is interesting to look at the weak-coupling expansion of the spin-chain. As explained
in [11, 28, 29], from the one-loop spin-chain BA we can read off the simple roots and the
weights of the underlying 9(2,1; a)? representation. In fact, we expect the BA equation
for the [-th node to take the form

) L Kl ; Kl/ ;
u+zwr\ T Wi — ikt 5 A ur; — up g+ 5 A 118
e = I — o (@19
ul,Z le k=1 ul,l ul,k‘ 2 Ul l/;él k=1 ul,’L ul,k’ 2 i
k#i

where w; are weights and A;r is an element of the Cartan matrix. When h < 1, let us

expand
L uptia Uy L uyti(l—a)
N —_— S G —_A
h Y= ho
in the left sector, where u; are finite as h — 0, and similarly in the right sector.

x (4.19)

If we assume that the scalar factors S% expand trivially in this limit, we indeed find
that the Bethe ansatz takes the form (4.18). Furthermore, the left and right sectors decou-
ple, and the simple roots indeed correspond to the ones of 9(2, 1; a)?. In fact it is immediate
to read off the resulting Cartan matrix

da —2« 0 0 0 0
—2a 0 —2(1-a) 0 0 0
= 0 —2(1l—-a) 41-a) O 0 0 7 (4.20)
0 0 0 0 2a —2
0 0 0 2a 0 2(1 — «)
0 0 0 —-22(1 - ) 0

which is the one of 9(2,1; a)? in the mixed grading of figure 1. Furthermore, we find that
the weights appearing in (4.18) are given by w; = wi = 2« and w3 = wy = 2(1 — «).

The mixed grading did not appear in [9, 11] and is here a result of the nesting proce-
dure of section 3. In fact, as explained in [14], it can be seen as arising from our choice of
the highest weight states of the left and right copies of su(1]1) used in the construction of
the central extension [14].
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At the one-loop level, we have complete freedom in picking different simple roots for
either copy of the algebra, and in particular to cast the Dynkin diagram in the form
of [9, 11].> However, there seems to be no way to do this in the all-loop Bethe ansatz.
Indeed the fermionic duality of section 4.1 yields again equations corresponding to a mixed
grading of the algebra, and the resulting Cartan matrix can be found by swapping the two
diagonal blocks of (4.20). It may still be possible that there exists some transformation on
the all-loop equations that casts them in a different grading while preserving the spectrum,
just as it happens at one-loop, but it is not clear which form it should take. This situation
is similar to what happens in AdS;/CFTy, where such a transformation is also unknown
in the all-loop case.

4.3 Constraints on the scalar factors

To fully determine the Bethe ansatz equations, we need to find the form of the scalar
factors S¥. As discussed above, this amounts to finding four functions (depending on
whether the scattering occurs between excitations of the same or different masses and on
the chiralities involved) constrained by the crossing equations (2.13) and (2.14). In the case
of AdS5;/CFT4 and AdS,;/CFTj3 something similar happens, and the resulting dressing
phases can be found in terms of the BES phase and simple functions of the Zhukovski
variables [16, 30-33]. Here, this seems not to be the case. Nonetheless, we can solve the
crossing equations in the semiclassical limit. Knowing the pole structure arising in the
near-BMN limit [23] or in the finite gap equations [9, 10], we can solve (2.13) by the ansatz

1+2v1
. o\ V2 (1= “2 ,
1 1Ty ;
S (a1, me) = | _> L2 o2 TN (1, 29), (4.21)
$1 CL’Q
/24271
: o g\ V2 (1= = 2“ \
1 - 1Ty o
S (a1, 32) = | _> ——— oX TN (1, Ty), (4.22)

Ty T
where the function o(z1,x2) is an antisymmetric phase that reduces to the AFS one [18]
in the semiclassical limit.® Similar results hold for $33, S33 after replacing 2+ — 2%, We
call 733 the corresponding undetermined coefficient.

We will assume that the equations for S3! and S31 can be solved in the semiclassi-
cal limit in terms of a suitable generalization of the AFS phase [18], coupling particles of
different masses. We therefore define

1— L 11 q__1 iy (141 /2122 —1/x2)

m;w; wfx; x;x;
U($1>$2) = - 1 . i — . ’ (423)

e wy afzy T Ty

where
2s for s1 = s9.
Wiy =412 — ! 1= 52 (4.24)
S1+ 52 45189 for s1-+s9=1.

5As we will see later, the same is true when constructing the finite gap equations, i.e., in the limit of
large excitation numbers and strong coupling h > 1.
SRequiring that this is compatible with (2.15) would set ;7 = —3/8.
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Dynkin links

------------- Fermionic inversion symmetry links
~—~— Dressing phases S* and S%

~———— Dressing phases S% and S%

Figure 2. The Dynkin diagram for 9(2,1;)? in the mixed grading (4.20), with the various
interaction terms in (4.5) indicated.

For the case of excitations of different masses we solve equation (2.14) by writing

142737
31 5 e\ 781 1-— z+1:c_ 3 -
) i
S (21, m2) = | = —12 o? W1 (29, 29), (4.25)
2] Ty 1———=
Z1 T2
3/2+2vs1
_ P R 1-— z+1:E_ 8t )
31 - ) 2tdryar _
S (21, %2) = | == —12 o2t (29, 7). (4.26)
Zl .73‘2 1-— e
Z1 T2

The remaining scalar factors can be written down in a similar way, introducing several real
constants 7;;. As we have argued earlier, we expect the whole description of the spin-chain
to be invariant under left-right symmetry which, as we have seen above, amounts to a
fermionic duality on the BA equations. Furthermore, we assume that the real parameters
in our ansétze do not depend explicitly on the mass, so that, e.g., 11 = v33. Supplementing
these requirements by unitarity, we can conclude that only two free parameters appear in
the semiclassical limit of our Bethe ansatz. One coefficient v = ~;; is common to all phases
relating particles of the same mass, and the other I' = 7;; is common to the ones relating
different masses.

This residual freedom is an artifact of our perturbative approach. Once suitable an-
alytic properties for the scalar factors are assumed, we expect the crossing equations to
have a unique set of solutions. However, this perturbative analysis already gives some
interesting insight on the scalar factors. In particular, it is easy to check that the solution
I' = —1/2, where only simple phases couple the nodes of different masses, is not a solution
of the crossing equations to all-loop orders. This implies that a non-trivial coupling among
such nodes has to be in the Bethe ansatz.

The various couplings appearing in the Bethe equations are summarized in figure 2.

5 Semiclassical spectrum and comparisons

Here we will compare our all-loop BA with the finite gap [9, 10] and near-BMN spectra [23].
As a preliminary step, we will briefly present the construction of the finite gap equations
for the supersymmetric coset with grading (4.20).
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5.1 Finite gap equations from supersymmetric coset

In this section we repeat the finite gap construction of [9, 10] to obtain a set of equations
written in the mixed grading and to highlight some aspects of this construction. Note that
the resulting equations are equivalent to those of [9], but written using a different grading
of the algebra. The two gradings are related by a fermionic duality.”

The finite gap (FG) equations describe a class of solutions of a classical integrable
model. In our case, classical integrability immediately follows from the presence of an
additional Z, symmetry in the coset model. Each FG solution is described by a Riemann
surface of finite genus, parameterized by a spectral parameter z. The eigenvalues of the
monodromy matrix are related to a set of quasi-momenta p;(z) that take value on the
Riemann sheets. The quasi-momenta have poles at x = 1 parameterized by

_ Llrg£2mmy

R S (x> 1), (5.1)

ni(z)

They also present discontinuities at the cuts of the Riemann sheets. The monodromies
around the branching points x; are given by

pi(z) = pi(x) + Ak p(z) + 2mny;, (5.2)

where Ay, are the elements of the Cartan matrix, which in our case is given by (4.20).
The Z4 symmetry of the coset is implemented by the block-antidiagonal matrix S that
can be taken to be S = o ® S, where in our grading

100
S=+]1-11]. (5.3)
001

The choice of the overall sign corresponds to a choice of the relative signs of the Cartan
elements in the right moving sector with respect to the ones in the left moving one. In par-
ticular, the two possibilities are compatible with two ways of identifying the hamiltonian
$ in terms of the left and right 9(2, 1; @) generators, namely

H=9HLFHr- (5.4)

In order to compare the finite gap equations with our Bethe ansatz, the preferred choice is
to pick a negative overall sign in the definition of S, consistent with the positive choice in
the definiton of the spin-chain energy (5.4).% The action of the Z; symmetry is implemented
on the quasi-momenta as p;(1/x) = Sp, pm(x) that gives

Sikkr = —Ky, Sipmy, = —my. (5.5)

"The procedure is similar to the one discussed in section 4.1, but at the level of finite gap equations it
can be performed independently in the left- and right-moving sectors.

8The other choice would lead to an equivalent set of finite gap equations, which can also be obtained by
flipping the sign of the denisities and mode numbers in the right-moving sector.
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We can then write the quasi-momenta in terms of densities p;(z) with support on the cuts as

pm(y) dy
_ S / ST (5.6)

KT + 2mmy
2 -1

() =—

The vector x can be found by imposing the Virasoro constraints, which translate into

the null condition

0 = (ky £+ 2mmy) Ak (kg £ 2mmy,),

d (5.7)
2mmy = (&1 — Sik) /;Pk($) = (01 — Sik) P,

Pi Z/pi:(f)dx. (5.8)

The null condition is fulfilled if k = —27€(0,1,0,0,1,0)! and if two distinct conditions on
the momenta are satisfied

where we define

Pr+P; =0, P3 + P35 = 0. (5.9)
These two conditions are stronger that the usual level-mathcing condition, which reads
0=Pit=a (P1+P;)+ (1 —a)(Ps+ Ps). (5.10)

The stronger condition (5.9) is not due to our choice of the grading. A similar constraint
appears to emerge from solving the null condition also in the original construction of [9, 10].
Finally, the finite gap equations can be written as

2 m
gy = — Ay I g, 2y gy, [ 2 1/yyg, (5.11)

where the spectral parameter takes values on the physical domain || > 1 and the winding
numbers m; are given by (5.7).
Let us give the explicit form of the FG equations in our preferred grading (4.20),

Qm_127r5+4a][21£y;dy / (; Y
pi(y) dy p3(y) p3(y) dy

+2a/fc—1/yy 2 /:v—l/yy
y

— 2
a/fc—l/y?ﬂ
(=2P1 + P2 — Py — P5 + Ps),

of

2mni = 2«
x

+ 2« 7
_ p1(y ) o [ W pily) dy
2mng = — / -2 )/x—y r—1/yy?

o p3(y) dy 1 3 1
2(1 a)/x—l/yy +2x2_1(a731+(1 a)Ps + aP; + (1 — a)P3),

dy
dy — 2
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2”W2‘2“—QMQE1%6—20—a[/mm”@+4u—a{f“m”@

o pily) dy B / pa(y) dy 3 / p3(y) dy
2(1 a)/x—l/yy2+2(1 ) x—l/yy2+2(1 a) 151
1
+2(1—a)7x2_1(772—2773+771—PQ—P;;),
L, pi(y) dy / p2(y) dy
2mng = 2ax2_12778+2a/$_1/yy2 2« 1)y
_2(1_a)/ pi(y) dé/+2a/p2£y)dy_2/p3£y)dy
z—1/yy T -y

1
+ 2$2 — (—aPy + aP2 + (1 — a)P3 — aPs + P3),

L pily) dy B / p3ly) dy /m(y)
27m2_+2a/x1/yy2 +2(1 —a) = 1/y 2 + 2« x—ydy

3 1
+2(1—a) / ZS(y) dy —2—5——(aP1 + (1 = )Ps + aPr + (1 — a)Py),

-y
oy [ dy ) o) [ 2w
+20 )/x—l/yzﬂ 2/x—ydy+2(1 )/x—ydy
+ 23;21_ {(@Pr+ (1 —a)Py = (1 - a)Ps +P1 — (1 - a)Py). (5.12)

Note that the winding contribution in the equations for 2 and 2 is proportional to the total
momentum Pye, and therefore vanishes upon imposing the level-matching condition (5.10).
Similarly, by (5.10) we can simplify the winding contribution for 1,1 and 3,3 so that ex-
citations of the same mass have the same winding. If we furthermore impose the stronger
level matching condition (5.9), we also find that the winding for 1,1 and 3,3 equals to
2aM and 2(1 — a) M respectively, where

E%ﬁ+%—%——7—. (5.13)

It would be worth investigating which one of the two conditions (5.9) and (5.10) holds
in string theory, for instance by explicitly constructing classical solutions with non-trivial

M Ps — Ps

winding.

5.2 Comparison with finite gap limit

The finite gap equations that we found by classical integrability can also be thought of as
the semiclassical limit of the all-loop Bethe equations. Let us take the spin-chain to be long
and consider the case where both the coupling constant h and the number of excitations
K; are large. Then, since h > 1, the quantum fluctuations of the string are suppressed. In
the thermodynamic limit L ~ K; > 1 we expect the Bethe roots to condense on the cuts
that appear in the finite gap equations. Strictly speaking, one would need to prove that
this is the case, as it was done e.g. in [34] for AdS;/CFT4. Here we shall assume so for
the purpose of comparing the form of the resulting equations.
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Let us then take the semiclassical limit of our all-loop conjectured Bethe ansatz. Fol-

lowing a standard route, we take the densities to be given, in terms of the Bethe roots, by
K; {132

pi(x) = Z ———0(z — mi ), i=1,2,3,1,2,3. (5.14)

2 -1
k=1

where the excitation numbers are large K; > 1 and we make use of the expansion
S; .’E2

4+ .
T RT i
! T ha? -1

(5.15)

where s; is a or 1 — « depending on the type of excitation.

ei:/pi@)dx, (5.16)

Let us introduce the notation

and observe that
2 -1 i
K;, = /pri(x)dx = /da: 2(5(1’ — Tik)- (5.17)
k=1

It is now easy to see that the limit of the Bethe ansatz correctly reproduces the interaction
terms that appear in the finite gap equations, as well as the winding term M. In place of the
residue of the quasi-momentum &, in each equation there appear expressions involving the
chain length L and combinations of ¢; and K;. If we denote such contributions by &;, we find

E1=&=L+2(v+1)er —ea+ (2T + 1)es + (27 + 1)eg + €5 + 2Tez

+(v+1/2) K1 +TK3s+ (y+1/2)K7; + T'K3, (5.18)
E3=E =L+ 2+ 1)eg —ea+2(y+ 1)es +2leg + €5 + (27 + 1)ez
+TK)+(v+1/2)Ks + 'Ky + (v + 1/2) K. (5.19)

From the finite gap construction we expect

E1=61=8=6=¢, (5.20)
which is indeed possible if
1
F=v+3. (5.21)

In this case the relation between £ and L is
1
E = L+2(1+7)(61+63)—62+(1+2’7)(61+63)+EQ+ <’7+2> (Kl + K3+ K7 + Kg) . (5.22)

5.3 Comparison with the near-BMN limit

We now consider the near-BMN expansion of our conjectured equations, where we again
take h > 1 but let the number of excitation be small, K; < L [35]. For this purpose, it
is sufficient to recall that by imposing that momentum scales as p = p/h where p is finite

when A > 1, we find
S; + wp, _
=200, = [ el (5.23)
(]
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The expansion is straightforward, but it is interesting to observe the result in the simple
case where only excitations of type 1 and 3 are present, following [23]. Recall that semiclas-
sically we take the scalar factors to be given by (4.21) and (4.25). It is then easy to compute

xt 2
- p1—q1 s1 (p1+aq1) P1 Wqy a1 Wpy
*lhlogusll P11, q1 - — (142 ( — 7
Tpy — $q1 ( ) 2 2 P1Wq, — 41 Wp, ( ’Y) 251 25
P 2
- p3—qs sz (p3+q3) P3Wgs g3 Wps
—Zhloguszas D3,q3 - —(1+4+2y ( — 7
Zpg — QS ( )~ 2 2 p3wg; — g3 Wps ( ) 2 53 253
. pi — q] i a; Wp;
—ihlog S;i(pi,q;) ~ 1+ 2T - =, 5.24
1h log zj(pzaQJ) B ( + ) < QSJ 5 s, > ( )

When taking the limit of the all-loop Bethe equations, the terms in the first two lines
proportional to (p; + g;)? correctly reproduce the one-loop S-matrices [23], whereas the
remaining terms can be interpreted as shifts in the spin-chain length L. The limit of the
equation for particles of type 1 and 3 then reads

. ; +2v 1420
ip1 L lpl,k( Ki— E1+ K3— E3) 1loop
et =e 23 | [ S11°P(Puks a15)
i#k
‘ . 15 142y 1 142
eiPs Ll _ elPS,k(gKB 355 LataKi—55F1) ] [ Sl loop P3k,q3,j)

i#k

(5.25)

so that the spin-chain length must scale as L ~ 2mh when h > 1. Here we used the
short-hand notation for the total energy of each type of excitation

K;
Ej=>) wp,,, (5.26)
k=1

and assumed a configuration satisfying

K1 K3
exp (z Zpl,k> =1=-exp (z Zp37k> . (5.27)
k=1 k=1

This particular level matching condition is a simplifying assumption that allows us to com-
pare with the explicit near-BMN calculation of [23]. In order to reproduce the energy
shifts computed there, we must recast the one-loop Bethe equation in such a way that the
equations of modes with different masses decouple, so that

ePLrt — H S17°°P(p1k, q14), Pt = H S33°% (P3.4> G3.5); (5.28)
J#k J7#k

where the one-loop S-matrix must be

si (pi+qi)?

1
—ihlog ST (P ) <~
(a2 v pi

(5.29)

We can do this by fixing the relation between the string length ¢ and the spin-chain length
L to be

1+27E 1—1—2ny
3

1
(=L— (K + K
5 (K + Ka) + 251 2 53

(5.30)
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provided that
I'=~. (5.31)

Surprisingly, this is inconsistent with the condition we found from the finite-gap construc-
tion (5.21). In order to further investigate this mismatch, let us directly compare the two
semiclassical pictures.

5.4 Comparing the coset construction to near-BMN expansion

To highlight the mismatch between the near-BMN limit and the finite gap equations it is
sufficient to consider the simpler case where only excitations of type 1 and 3 are present.
We can also overlook the contributions due to winding terms. The finite gap equations
then simply read

2
2ty = — 281 Tons + 451 ][ L(y)dy (5.32)
e —1 r—y
_ 2s3x p3(y)
2mng = ——5——2m€ + 453 dy. (5.33)
4 —1 r—y
If we now assume that the densities emerge from
i z? S +w
pi(z) = ; S0 i), witha e TP (5.34)
we can expand the interaction kernel as
K 2
; 1
451 ][ Piy) dy ~ Z 51 (P + pryg) + 5—p1iEn, (5.35)
T —y 5 2PLppy; — PLWp ) 251
so that
1 = |
2mny = —puk (2775 + QSE1> + 1og 17 (pr s prj)s (5.36)
! ik
and likewise
1 us
213 = —p3 (27T5 + 233E3> + > " log S53°°P (ps &, P j)- (5.37)
J#k

The coefficients of the terms that are linear in the momenta should be identified with the
string length ¢. However, the two coefficients are not equal. Therefore, it appears impossi-
ble to find a unique relation between £ and £. It would seem that this mismatch does not
depend on the details of our all-loop construction or on the ansatz for the scalar factors
that we conjecture, but emerges already at the level of the semiclassical constructions.

It is worth remarking that the S-matrix elements can indeed shift by terms of the form
p;E; when modifying the choice of the light-cone gauge, even if the spectrum should be
gauge invariant. Therefore a possible way to investigate the mismatch could be to repeat
the calculation of [23] by allowing for a more general light-cone gauge such as the a-gauge
of [36] in place of the uniform light-cone gauge [37].
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Another possibility is that the algebraic curve does not quite reproduce the original
string theory. To some extent, this was always known as the algebraic curve construction
overimposes the Virasoro conditions, requiring the worldsheet momentum to vanish sep-
arately on the two three-spheres, which results in the elimination of a physical massless
mode from the spectrum. Perhaps, in addition to that, the requirement that the residue
of the quasimomentum & is the same on cuts of type 1 and 3 is also an artifact of the
construction, and we should really allow & # &. Unfortunately we are at the moment
unable to determine which possibility is correct.

6 Discussion and outlook

Building on [14], we have written down a set of all-loop Bethe equations for the 9(2, 1; )2
symmetric alternating spin-chain. These should reproduce the asymptotic spectrum of
massive excitations of strings on AdSs xS% x S xS'. However, before the quantum behavior
of the massless modes of AdS3 x S% x S3 x St is understood we cannot be sure that our Bethe
ansatz truly describes a consistent sector of the string theory, and indeed understanding
the massless modes is one of the most important challenges for integrability in AdSs/CFTs.

Our Bethe ansatz is naturally written in a grading of 0(2,1;)? different from and
seemingly inequivalent to the one conjectured earlier [9, 11]. The equations involve four
undetermined scalar factors that play the role of a dressing phase. In contrast with what
happens in AdS;/CFT4 and AdS,/CFTs, it appears that crossing symmetry imposes that
these factors differ from the BES phase [16], that seems to be consistent with the recent
findings of [25, 38]. Here we have investigated their form only in the large h limit (i.e.,
semi-classical strings), and established that they must also non-trivially couple nodes of
different mass — another new feature with respect to [9, 11].

It seems that in the semiclassical limit all scalar factors can be expressed in terms of
an AFS-like phase [18]. This is also compatible with [38], where such a form is necessary to
reproduce the Liischer corrections computed from the finite gap equations. However, when
we tried to fix the semiclassical scalar factors we apparently encountered a contradiction
between the finite gap construction of [9, 10] and the near-BMN expansion of [23]. At the
moment it is not clear how this mismatch will be resolved. This is a further motivation
to solve the crossing equations at all-loop, which may be a non-trivial task. Besides the
analytical complexity of the problem, this may require some physical input on the bound-
state spectrum of the theory. As remarked in [14], representation theory of centrally
extended su(1]1)? allows for bound states of particles of different mass. If such modes are
present one should allow for suitable poles in the corresponding scalar factors.

Solving the crossing equations for the 0(2,1;)? spin-chain would allow to address
several physical issues. A significant one is the a — 0 limit of the theory, where one
sphere blows up and two modes become massless. Upon compactification, this would give
an AdS3 x S® x T* background, that also appears to be integrable [9, 10, 25]. Under-
standing how these massless modes decouple may shed light on how to incorporate the
AdSs x S? x S x S' modes that the are not captured by the coset construction. A first
effort to understand this was taken in [13] and it would be interesting to continue the
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investigation at all-loop. It would also be interesting to investigate whether quantum in-
tegrability can be extended to AdS3 backgrounds containing NS-NS flux [39]. We hope to
return to some of these questions in the future.
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