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Abstract: Metasurfaces optics and structured light represent two emerging paradigms which
are revolutionizing optics in a wide range of fields, from imaging to telecommunications, both
in the classical and single-photon regimes. In this work, we present and describe a method
for the design of high-resolution geometric-phase metasurfaces in the form of continuously
variant sub-wavelength gratings, and we demonstrate how this technique is suitable for harmonic
phase masks implementing conformal optical transformations. In this framework, we revisit
the metasurface design of blazed gratings and spiral phase plates, the so-called q-plates, and
we extend the method to the metasurface implementation of two conformal mappings, the
log-pol and the circular-sector transformation, which have been exploited successfully to perform
the generation, sorting and manipulation of structured light beams carrying orbital angular
momentum.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Metasurfaces represent nowadays one of the most rapidly expanding frontiers of nanophotonics,
priding itself to revolutionize optics as we know it by displacing common optical elements in
many large-scale applications and combining entirely altogether new functionalities [1]. Unlike
diffractive and refractive elements, in which the phase shaping is introduced through a 3D control
of the optical path difference, inmetasurfaces the phasemanipulation is imparted by structuring the
medium at the sub-wavelength scale in order to artificially induce inhomogeneity and anisotropy.
In Pancharatnam-Berry optical elements, for instance, a spatially-variant form-birefringence is
exploited to impart a geometric phase which is equal to twice the local fast-axis angle [2]. After
an initial implementation using plasmonic effects of metal gratings or resonant nano-antennas,
metasurfaces based on high-index dielectric materials, e.g. titanium oxide or silicon, gained
momentum due to their lower or negligible intrinsic losses and to the compatibility with standard
industrial processes [3]. As a matter of fact, the possibility to etch a 2D binary pattern paves the
way to the well-established fabrication techniques of semiconductor manufacturing, promoting
metasurfaces as the merging point between lens making and silicon photonics.

Dielectric metasurfaces have been successfully demonstrated for beam steering and collimation
[4,5], computer-generated holography [6] and imaging [7], showing the possibility to enclose in
their thin 2D pattern more optical operations than the diffractive counterparts, such as polarization
selectivity and aberration corrections [8]. Furthermore, the metasurface paradigm has recently
accessed the flourishing field of structured light beams, providing a new tool for the realization
of orbital angular momentum (OAM) [9] generators, the so-called q-plates [10–12], and the
implementation of demultiplexers [13] for the sorting of total angular momentum, i.e. spin
and OAM. Concurrently, the same tasks have been performed using custom-made liquid-crystal
devices [14,15], exploiting the anisotropy of the photo-aligned polymers as geometric-phase
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elements, however with a resolution which is dramatically affected by the diffraction-limited
lithographic process.

High-index metasurfaces are commonly built up by assembling an aperiodic pattern of resonant
digital sub-units, the so-called meta-atoms [16]. By acting on their geometrical features, such as
shape, period, size and orientation, it is possible to control point-by-point the phase retardation
of the transmitted wave and therefore induce a spatially-variant phase shaping. However, the
resolution of the phase pattern is limited to the size of the single resonant cell, and the coupling
between adjacent meta-atoms can introduce deviations from the ideal optical response. In this
work, we consider the method based on continuously-variant sub-wavelength gratings for the
design of effective-medium high-resolution metasurfaces based on the Pancharatnam-Berry
phase. The local anisotropy is induced by properly engineering the sub-wavelength pattern in
order to realize a spatially-variant wave plate, whose local fast axis is properly oriented on the
plane according to the Pancharatnam-Berry phase which is required to impart the desired phase
map. With respect to the meta-atoms technique, the continuity of the fast-axis rotation allows
one to achieve a higher resolution in the spatially-variant manipulation of the input phasefront.
This method, which was firstly introduced by Hasman’s group for beam steering [17] and mode
conversion [18], and lately demonstrated for angular momentum sorting [13], is here generalized
to all the optical operations which are ascribable to a conformal mapping and implemented by
harmonic phase plates. In general, conformal transformations allow to map efficiently the input
beam to a desired output distribution of intensity and phase [19]. Here, we focus on the conformal
mappings that have been implemented successfully to realize the basic optical operations on
OAM, in particular the log-pol mapping [20], exploited for multiplexing and sorting [20–25],
and the circular-sector transformation [26], used in OAM multiplication and division [26,27].
The former performs a mapping of the azimuthal coordinate over a linear direction, imparting an

Fig. 1. Schemes of conformal transformations of an input OAM beam carrying an azimuthal
phase exp(i`θ), with `=+4. (a) log-pol mapping: the input azimuthal phase is mapped
over a linear phase gradient by means of two confocal phase elements (unwrapper and
phase-corrector). (b-c) Circular-sector transformation (CST): the input phase is mapped
over a circular sector with amplitude 2πn, with n=+1/2 (b) and n=-1/3 (c). The same setups
perform the inverse circular-sector transformations when exploited in reverse (blue arrows
direction), i.e. n=+2 (b) and n=-3 (c). In the depicted phase elements, the lens terms
have been omitted in order to highlight the main contribution imparting the desired optical
transformation.
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unwrapping of the input phase onto a linear phase gradient [Fig. 1(a)]. The latter maps the whole
azimuthal phase over a circular-sector, possibly including a sign inversion [Figs. 1(b),1(c)]. In
each case, the optical operation is realized by a setup made of two confocal optical elements, in
which the second element performs the inverse transformation when the same configuration is
illuminated in reverse.
After describing the theory underlying the conversion of a harmonic phase function into its

metasurface counterpart defined by a continuously-variant form birefringence, we apply this
scheme to the different optical elements of interest in the field of structured light. In addition to the
abovementioned mappings, we extend the analysis to more simple operations as those performed
by blaze gratings and spiral phase plates, which can be included in the wider framework of
harmonic phase elements. For each considered example, the phase map of the desired optical
element is converted into a continuously-variant digital pattern of sub-wavelength gratings,
whose period changes continuously between a minimum and a maximum value, imposed by the
lithographic limitations and by the selected materials.

2. Continuously variant metasurfaces

The local anisotropy of a geometric-phase element is induced by properly engineering its sub-
wavelength structure in order to create a spatially-variant wave plate, whose local extraordinary
axis is properly oriented on the metasurface plane. By indicating with δ the phase difference
between the ordinary (slow) and extraordinary (fast) axes, the optical response of a metasurface
optical element M(x, y) in the circular polarization basis eR/L = [ 1 ±i ]/

√
2 is described as:

M(x, y) · eR/L = cos
(
δ

2

)
eR/L − i sin

(
δ

2

)
e±2iϑ(x,y)eL/R (1)

where ϑ(x, y) is the angle formed by the fast axis. Thus, the output beam includes two contributions.
The first zero-order co-polarized term is proportional to cos(δ/2) and can be eliminated by tuning
the grating profile in order to set δ = π. The second contribution is an orthogonally-polarized
term carrying a phase modulation equal to twice the anisotropy angle, with sign depending on the
input polarization. Therefore, in order to efficiently achieve the transfer of a desired phase pattern
Ω(x, y), the metasurface should implement a spatially-variant half-wave plate with extraordinary
axis orientation ϑ(x, y) = Ω(x, y)/2.
Among all the possible solutions to design the basic sub-wavelength unit, we focus on the

approach based on introducing a sub-wavelength periodicity in the fast-axis direction [28]. As a
matter of fact the effective refractive index is lower along the grating-vector direction, then its
orientation can be exploited to control the transferred geometric phase [29]. In order to define
the phase pattern with the highest lateral resolution, the orientation of the grating vector should
vary continuously, defining a spatially-variant grating structure (Fig. 2). The continuity of the
grating pattern is expressed by the following condition on the grating vector [17]:

∇ × K = 0, (2)

where the grating vector is spatially variant and defined as [Fig. 2(b)]:

K(x, y) = K(x, y)[ cos ϑ(x, y), sin ϑ(x, y) ], (3)

ϑ(x, y) being the local rotation angle, equal to half the geometric phase Ω(x, y). The curl
should be intended on the 3D vector field (Kx, Ky, 0) confined to the metasurface plane, and
we consider the nullification of the z-component, i.e. ∂xKy - ∂yKx= 0, which represents the
analytical condition for the vector K continuity on the plane. After substituting the grating-vector
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Fig. 2. Scheme of metasurface design in the form of sub-wavelength gratings. The phase
pattern W of the optical element (a) is converted into a 2D structure (b) of continuously-variant
gratings with sub-wavelength period (c). The local grating-vector angle ϑ(x, y) in (b) is
equal to half the corresponding phase in (a). (c) Scheme of the digital grating pattern: period
Λ and width t, duty-cycle w= t/Λ, thickness d, incident wavelength λ.

components as expressed in Eq. (3), we obtain the following conditions on the grating-vector
partial derivatives:

∂K
∂x
= −

K
2
∂Ω

∂y
,

∂K
∂y
=

K
2
∂Ω

∂x
, (4)

where we used the relation ϑ(x, y) = Ω(x, y)/2. The previous couple of equations can be rewritten
in the compact form:

∇ lnK =
1
2
Rπ/2∇Ω, (5)

where Rπ/2 is the 2× 2 matrix describing a π/2 counter-clockwise rotation on the (x, y) plane:

Rπ/2 =

0 −1

1 0

 . (6)

Equation (5) has two important implications. From a geometrical point of view, it expresses
the local orthogonality between the gradient of the phase function W and the gradient of the
grating modulus K, since ln(·) is a monotonic function. Therefore, at each point of coordinates
(x, y), the line of equal phase Ω = Ω(x, y) is expected to be perpendicular to the local isoline of
the function K(x, y). Secondly, Eq. (5) implies a strict condition on the phase function W. As
a matter of fact, by acting on the both sides of Eq. (5) with the inverse rotation matrix R−π/2,
performing a π/2 clockwise rotation, and applying the divergence operator ∇·, we obtain the
following condition on W:

∇2Ω = 0, (7)

which implies that the phase function W must be harmonic. As recently demonstrated in [30], a
particularly interesting family of harmonic phase functions is represented by those implementing
an anti-holomorphic conformal mapping g(z) = u(x, y) + iv(x, y) on the complex plane, where
z= x+ iy. The real and imaginary parts define an optical transformation mapping a point (x, y) on
the input plane to a point of coordinates (u(x, y), v(x, y)) on the destination plane. In the complex
function theory, an anti-holomorphic function satisfies the following identity on the Wirtinger
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operator:
∂g
∂z
=

1
2

(
∂

∂x
− i

∂

∂y

)
g = 0, (8)

which is equivalent the following Cauchy-Riemann conditions on the functions u and v, i.e. on
the real and imaginary parts of g, respectively:

∂u
∂x
= −

∂v
∂y

,
∂u
∂y
=
∂v
∂x

. (9)

In the stationary phase approximation [19], the new coordinates (u, v) of the point (x, y) after
the new mapping on the plane at a distance f, can be implemented by means of an optical element
whose phase function Ω(x, y) satisfies the following relation:

∇Ω =
k
f
[ u v ] =

k
f
[ <{g} ={g} ], (10)

being k = 2π/λ the wavevector. After taking the divergence of the gradient of Ω in Eq. (10)
and using the relations in Eq. (9), then the harmonic condition expressed in Eq. (7) is obtained.
Details on the derivation of Eq. (10) in the paraxial regime are reported in the Supplemental
document.
The combination of Eq. (5) with Eq. (10) leads to the following relation between the grating

vector K and the components of the conformal transformation g:

∇ lnK =
k
2f

Rπ/2[ <{g} ={g} ] =
k
2f
[ <{ig} ={ig} ], (11)

where we used the result that a π/2 rotation corresponds to the multiplication by a factor i on the
complex plane. Equation (11) provides the analytical tool to calculate the grating-vector function
K(x, y) for the given phase W implementing the conformal mapping g.

Once the grating vector K(x, y) is determined, the whole metasurface structure can be outlined
by introducing the grating potential ψ(x, y), whose existence is assured by the conservative
condition on the grating vector [Eq. (2)], calculated by integration over an arbitrary path:

∇ψ = K. (12)

Finally, the digitalization of the grating potential is performed by imposing the following
period-dependent Lee-type condition:

T(x, y) = Θ{cosψ(x, y) − cos(πw(Λ(x, y)))}, (13)

where Θ is the Heaviside function, w(Λ(x, y)) is the duty-cycle w(·) calculated for the grating
period Λ at the position (x, y): Λ(x, y) = 2π/K(x, y)[Figs. 2(b),2(c)]. As a matter of fact, the
spatial dependency of the grating modulus K(x, y) implies necessarily a variation of the grating
period Λ(x, y), and a consequent change of the effective refractive indices and of the resulting
phase difference δ, unless the duty-cycle is tuned accordingly. Therefore, in order to maintain a
uniform δ=π over the whole pattern, despite the change in the grating period, the solution is to
introduce a spatially-variant duty-cycle w(Λ(x, y)), as done in Eq. (13). However, the grating
period is not allowed to vary unconditionally. Its value should not exceed a maximum threshold,
given by the cut-off wavelength, beyond which the sub-wavelength regime could be violated, and
should not go below a minimum value which could be barely affordable by the fabrication process.
For this reason, the metasurface pattern requires the fragmentation over complementary zones
where the period is allowed to vary continuously between an upper limit ΛM and a lower limit
Λm, depending on the working wavelength, on the metasurface material, and on the maximum



Research Article Vol. 28, No. 23 / 9 November 2020 / Optics Express 34206

Fig. 3. Rigorous coupled-wave analysis (RCWA) of a silicon sub-wavelength grating in air
for normal incidence at λ=780 nm (nSi=3.684), glass substrate. Effective refractive indices
nTE and nTM for TM- (a) and TE- (b) polarization as a function of the grating period and
duty-cycle. (c) Grating thickness [nm] providing half-wave delay (δ=π) between TE and
TM polarization and corresponding TE- (d) and TM- (e) polarization transmittance. In
(d) the contour plot highlights the configurations of equal phase retardation δ [rad]. (f)
Transmittance variation ∆T/T%=2(TTE-TTM)/(TTE+TTM)·100. Red solid curves in (d-f):
half-wave plate configurations (δ=π) for the selected thickness of 290 nm.

aspect ratio achievable with the selected fabrication protocol. At the boundaries between different
zones, where a discontinuity occurs in the grating period, the grating orientation will be the same,
guaranteeing the continuity of the transferred geometric phase.
For given wavelength and metasurface material, numerical simulations must be performed

in order to calculate the effective refractive indices nTE and nTM, and extract the optimal
configurations of period and duty-cycle satisfying the condition δ=π for the selected thickness
of the digital pattern. We considered TM- and TE-polarizations parallel and orthogonal to
the grating-vector direction, i.e. the fast-axis direction, respectively. To this aim, numerical
simulations have been performed implementing Rigorous Coupled-Wave Analysis (RCWA)
[31–33] for a binary silicon grating in air at 780 nm deposited over a glass substrate, in order
to infer the optimal design. These results are summarized in Fig. 3. In Fig. 3(a) and 3(b), the
effective indices nTE and nTM are shown as a function of the grating period and duty-cycle. For
the same configurations, the corresponding grating thickness satisfying the condition δ=π is
reported in Fig. 3(c). As shown in Fig. 3(c), for given grating thickness and period, two values of
duty-cycle can exist providing π-phase difference. Then, for a selected grating thickness, two
distinct optimal branches exist of duty-cycle values as a function of the grating period, as shown
for the value of 290 nm. As shown in Fig. 3(d) and 3(e), the two π-branches are not equivalent in
terms of transmittance. While the lower branch has substantially the same transmittance for TE
and TM polarization, the upper branch exhibits a different behavior [Fig. 3(f)]. For this reason, in
the following calculations we will consider the lower branch for the design of continuously-variant
metasurfaces of sub-wavelength gratings in silicon with thickness d of 290 nm, designed for
the specific wavelength of 780 nm. Under the previous assumptions, the theoretical conversion
efficiency at the design wavelength is equal to one. However, the overall transmission will be
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lower, due to the reflection at the grating/air and grating/substrate interfaces, and around 93%, as
shown in Figs. 3(d) and 3(e) (silicon absorption is around 3%).

3. Application to conformal transformation optics

In the following sections, the theory outlined above will be applied to several cases of interest in
the field of structured light generation and manipulation with conformal transformation optics.
In the specific, we will show the design of continuously-variant metasurfaces of sub-wavelength
gratings implementing harmonic phase functions corresponding to several optical operations:
blazed grating, spiral phase plate, log-pol transformer, circular-sector transformer.

3.1. Blazed grating

The general phase profile of a blazed grating of period ΛG forming an angle φ with the x-axis is
given by:

Ω(x, y) = αx + βy, (14)

where γ =
√
α2 + β2 = 2π/ΛG, φ = arctan(β/α). The linear phase profile in Eq. (14) is a trivial

solution of Laplace’s Eq. (7) in Cartesian coordinates, and according to the relation in Eq. (10) it
corresponds to the constant complex function:

g(z) =
f
k
(α + iβ). (15)

Then, after introducing the last definition into Eq. (11), we obtain the following equation for
the grating vector K unknown:

∇ lnK =
1
2
[ −β α ], (16)

which provides the following solution:

K(x, y) = K0 exp
(
−
β

2
x +

α

2
y
)
, (17)

being K0=2π/Λ0 the grating vector in (x, y)=(0, 0). The grating potential, defined in Eq. (12),
can be calculated analytically and its value is given by:

ψ(x, y) =
2K0
γ

exp
(
−
β

2
x +

α

2
y
)

sin
(
α

2
x +

β

2
y − φ

)
. (18)

Therefore, by applying the digitalization algorithm in Eq. (13), the metasurface binary pattern
can be obtained. However, as discussed in the previous section, it is fundamental to limit the
grating period between two values ΛM and Λm. In the reference frame (x’, y’), rotated of φ
with respect to (x, y), the grating period varies monotonically in the y’ direction according to
Λ(y’)=Λ0·exp(-γy’/2). As a consequence, the metasurface should be divided into complementary
stripes, defined within y’=jL and y’=(j+1)L, with j integer, and L given by

L =
2
γ

ln
(
ΛM

Λm

)
. (19)

Inside the jth stripe, the digitalization is performed on the potential in Eq. (18) defined in the
new reference frame:

ψj(x′, y′) =
4π
γΛm

exp
(γ
2
(y′ − jL)

)
sin

(γ
2
x′ − φ

)
. (20)

In Fig. 4, the conversion of a blazed grating into a spatially-variant sub-wavelength digital
grating is shown, for γ=0.4 µm−1, φ=π/6. The pattern is discretized into meta-stripes according
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to Eq. (19). Inside each meta-stripe, the grating period is allowed to vary between an upper limit
ΛM=0.250 µm, and a lower limit Λm=0.050 µm. It is worth noting the continuity of the grating
angle at the boundaries between different stripes. The duty-cycle of the final metasurface pattern
changes as a function of the grating period in order to guarantee a uniform π-delay between TE
and TM polarizations, following the lower branch in Fig. 3(d) for d=290 nm.

Fig. 4. Conversion of a blazed grating phase map (a) into a continuously-variant sub-
wavelength digital grating (d). (a) Phase map of a selected zone of the blazed grating phase
pattern. γ=0.4 µm−1, φ=π/6. (b) Grating vector (logarithmic scale) of the selected zone.
Black and red lines refer to log(K) and phase isolines, respectively. (c) Period Λ [µm] of the
sub-wavelength grating over the selected zone. The zone is discretized into meta-stripes
according to Eq. (19). Inside each meta-stripe, the grating period can vary between an upper
limit, close to the structural cut-off, and a lower limit imposed by the fabrication process. (d)
After imposing a period-dependent Lee-type digitalization [Eq. (13)], the sub-wavelength
binary metasurface is finally obtained. The duty-cycle changes as a function of the grating
period according to Fig. 3 (grating thickness 290 nm).

3.2. Spiral phase plate (q-plate)

A spiral phase plate is characterized by a stair-case phase profile as [34]:

Ω(r, θ) = `θ, (21)

where `, in units of the reduced Planck constant, is the amount of orbital angular momentum
(OAM) per photon transferred to the impinging beam (Fig. S1 in the supplemental document).
The azimuthal phase profile is a trivial solution of Laplace’s Eq. (7) in polar coordinates, and
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according to Eq. (10) it corresponds to the conformal mapping:

g(z) =
f `
k
i
z
=

f `
k
i cos θ − sin θ

r
. (22)

After introducing the last relation into Eq. (11), we obtain the following equation for the
grating-vector modulus K unknown:

∇ lnK = −
`

2

[
cos θ
r

sin θ
r

]
, (23)

which provides the following solution:

K(x, y) = K0

(
r
r0

)− `
2

, (24)

beingK0=2π/Λ0 the grating vector modulus in r= r0. As in the previous case the grating potential
can be calculated analytically, and it is given by:

ψ(r, θ) = K0r0
(
r
r0

)1− `
2 cos

((
1 − `

2

)
θ
)

1 − `
2

. (25)

As expressed by Eq. (24), the modulus of the grating vector varies monotonically in the radial
direction. Then, it is convenient to calculate the metasurface over complementary concentric
annuli, defined within rj and rj+1, being j integer and positive, given by:

rj+1 = rj
(
ΛM

Λm

) 2
`

. (26)

Inside each zone, the potential is defined as in Eq. (25), with the definitions r0=rj and
K0=2π/Λm or K0=2π/ΛM , for positive or negative values of `, respectively. For positive `, the
grating period increases with the radial coordinate, from the minimum value Λm at r= rj to
the maximum value ΛM at r= rj+1. Conversely, for negative `, the grating period decreases
from the maximum value ΛM at r= rj to the minimum value Λm at r= rj+1. This is shown in
Fig. 5 and Fig. 7, for `=+1 and `=-1, respectively. The resulting metasurface represents the
sub-wavelength grating implementation of a q-plate, with q = `/2 (Fig. 6 and Fig. 8). In Fig. 9,
different continuously-variant q-plates are shown, for q-values in the set {+1.5, +2, -1, -1.5}.

3.3. Log-pol transformation

The log-pol mapping is an efficient method for OAM demultiplexing purposes, since it realizes
a unitary correspondence between angular momentum and linear momentum states which can
be easily separated by means of a Fourier lens [Fig. 1(a)] [20]. This transformation maps the
azimuthal coordinate θ=arctan(y/x) to the Cartesian coordinate v, unwrapping the input OAM
beam onto a linear intensity distribution with length 2πa on the plane (u, v) (Fig. S2 in the
supplemental document). In the complex formalism, the log-pol mapping is described by the
anti-holomorphic function g(z) = u + iv given by:

g(z) = −a ln
(
z
b

)
= −a ln

r
b
+ iaθ, (27)

where a and b are arbitrary parameters, controlling the size and position of the unwrapped
azimuthal phase. A second element, the so-called phase-corrector, is needed to restore the linear
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Fig. 5. (a) Phase map W of a spiral phase plate with `=+1. (b) Corresponding sub-
wavelength grating vector (logarithmic scale). Black and red lines refer to log(K) and phase
isolines, respectively. (c) Period Λ [µm] of the sub-wavelength grating over the selected
area. The area is discretized into complementary concentric annuli according to Eq. (26).
Inside each zone, the grating period varies between a lower and an upper threshold.

Fig. 6. Continuously-variant sub-wavelength grating metasurface implementing the spiral
phase plate in Fig. 5(a). The metasurface implements a q-plate with q=+0.5. On the right:
detail of the central phase singularity.

Fig. 7. (a) Phase map W of a spiral phase plate with `=-1. (b) Sub-wavelength grating vector
(logarithmic scale). Black and red lines refer to log(K) and phase isolines, respectively. (c)
Period Λ [µm] of the sub-wavelength grating over the selected area. The area is discretized
into complementary concentric annuli according to Eq. (26). Inside each zone, the grating
period varies between a lower and an upper threshold.
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Fig. 8. Continuously-variant sub-wavelength grating metasurface implementing the spiral
phase plate in Fig. 7(a). The metasurface implements a q-plate with q=-0.5. On the right:
detail of the central phase singularity.

phase gradient compensating for the different paths travelled by each point of the wavefront. In
other words, it performs the inverse anti-holomorphic transformation g−1(q) = x + iy, where
q = u + iv, when the sequence of the two elements is illuminated in reverse order [22]. After
inverting the complex expression of Eq. (27) we obtain:

g−1(q) = be−
q
a = be−

u
a

(
cos

v
a
+ i sin

v
a

)
, (28)

The integration of Eq. (10) provides the well-known harmonic phase functions implementing the
conformal transformations given in Eqs. (27) and (28):

ΩUW (x, y) =
2πa
λf

(
y arctan

y
x
− x ln

r
b
+ x

)
, (29)

ΩPC(u, v) = −
2πab
λf

exp
(
−
u
a

)
cos

( v
a

)
, (30)

corresponding to the unwrapper phase WUW and to the phase-corrector phase WPC, respectively.
After introducing the expressions in Eqs. (27) and (28) into Eq. (11), we obtain the following

equations for the corresponding grating vectors unknown:

∇ lnKUW = −
ka
2f
[ θ ln

( r
b
)
], (31)

∇ lnKPC = −
kb
2f

e−
u
a [ − sin

( v
a
)

cos
( v
a
)
], (32)

which provide the following solutions:

KUW (x, y) = K0 exp
(
πa
λf

(
−x arctan

y
x
− y ln

r
b
+ y

))
, (33)

KPC(u, v) = K0 exp
(
πab
λf

e−
u
a sin

v
a

)
, (34)

being K0=2π/Λ0 the grating vector in (x, y)=(0, 0). As shown in Eqs. (33) and (34) and in
Fig. 10, the grating period exhibits a complicated pattern, and an analytical solution for the



Research Article Vol. 28, No. 23 / 9 November 2020 / Optics Express 34212

Fig. 9. Examples of continuously-variant sub-wavelength grating metasurfaces implement-
ing q-plates for different values of the parameter q.

corresponding grating potential in Eq. (12) appears not to exist. Then, an alternative approach
consists in discretizing the whole pattern into a mesh of meta-pixels, and in calculating the
grating potential numerically inside each meta-pixel. Inside each zone, the grating period is
bounded between the two threshold values Λm and ΛM , as shown in Fig. 11, and the meta-pixel
size is selected so that the grating period does not exceed the upper threshold. This can be
done by calculating analytically the maximum value of grating period inside each area using
the Eqs. (33) or (34) for a given meta-pixel size. If the maximum value is greater than the
fixed threshold, then the meta-pixel size must be reduced, and the process is repeated until the
condition is satisfied. At that point, the grating potential is calculated numerically. Finally, the
digitalization process in Eq. (13) allows obtaining the metasurface pattern. At the boundaries
between different meta-pixels, the grating-vector angle is continuous, therefore assuring the
continuity of the transferred geometric phase.
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Fig. 10. Unwrapper (a) and phase-corrector (c) phase maps and corresponding grating
vectors (logarithmic scale) (b, d). Black and red lines refer to log(K) and phase isolines,
respectively. Design parameters of the transformation: a=200 µm, b=250 µm, f=35mm,
λ=780 nm. 

 

 

Fig. 11. (a) Ω/2 map of a selected zone of the un-wrapper phase pattern in Fig. 10(a). (b) 

Period [μm] of the sub-wavelength grating over the selected zone. The area is discretized into 
meta-pixels of lateral size 4 μm. Inside each meta-pixel, the grating period can vary between 

an upper limit, close to the structural cut-off, and a lower limit imposed by the fabrication 

process. (c) Continuously-variant sub-wavelength grating metasurface within the red marked 

area in (a) and (b).  

 

 

 

 

 

 

Fig. 13. (a) Ω/2 map of a selected zone of the circular-sector transformer in Fig. 12(d.1) (n=-

3). (b) Period [μm] of the sub-wavelength grating over the selected zone. The zone is 

discretized into meta-pixels of lateral size 2.5 μm. Inside each meta-pixel, the grating period 
can vary between an upper limit, close to the structural cut-off, and a lower limit imposed by 

the fabrication process. (c) Continuously-variant sub-wavelength grating metasurface within 

the red marked area in (a) and (b).  

 

 

 

 
 

Fig. 11. (a) W/2 map of a selected zone of the un-wrapper phase pattern in Fig. 10(a). (b)
Period [µm] of the sub-wavelength grating over the selected zone. The area is discretized
into meta-pixels of lateral size 4 µm. Inside each meta-pixel, the grating period can vary
between an upper limit, close to the structural cut-off, and a lower limit imposed by the
fabrication process. (c) Continuously-variant sub-wavelength grating metasurface within the
red marked area in (a) and (b).
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3.4. Circular-sector transformation

An n-fold circular-sector transformation maps the azimuthal coordinate θ to the new value
nθ, performing a projection of the input phase to a circular sector with amplitude 2πn [26]
[Figs. 1(b),1(c)] (Fig. S3 in the supplemental document). It is generated by the complex
anti-holomorphic function

g(z) = a
(
z
b

)−n
= a

( r
b

)−n
(cos nθ + i sin nθ). (35)

where a and b are arbitrary scaling parameters acting on the radial coordinate. According to the
relation in Eq. (10), the corresponding conformal transformation is implemented by the phase
element:

Ωn(r, θ) =
2πab
λf

( r
b

)1−n cos((1 − n)θ)
1 − n

, (36)

This transformation has been recently demonstrated to represent the key element to perform
multiplication and division of OAM [26,27]. As in the case of OAM sorting with log-pol
mapping, a second element is necessary in order to perform a phase correction and retrieve the
desired phase distribution. This second element actually performs the inverse transformation
of Eq. (35) [Figs. 1(b),1(c)], then it is easily obtained under the substitutions n ↔ 1/n and
a ↔ b. Therefore, the functional dependence on the spatial coordinates remains unaltered.
After introducing Eq. (36) into Eq. (11), we obtain the following equation for the grating vector
modulus K unknown:

∇ lnKn =
ka
2f

( r
b

)−n
[ − sin nθ cos nθ ], (37)

which provides the following solution:

Kn(r, θ) = K0 exp
(
−
πab
λf

( r
b

)1−n sin((1 − n)θ)
1 − n

)
, (38)

being K0=2π/Λ0 the grating-vector modulus in r=0. In Fig. 12, the circular-sector transformation
phase and the corresponding grating-vector modulus are shown for different values of the
parameter n. It is somehow surprising the analogy between the phase function in Eq. (36) and
the q-plate grating potential in Eq. (25), under the correspondence n ↔ q (q = `/2). This
becomes evident after comparing the continuously-variant q-plates in Figs. 6,8 and 9, with the
corresponding phase patterns of the circular-sector transformers in Fig. 12. In particular, it is
worth considering the analogy between Fig. 6(` = +1) and Fig. 12(e) (n = +1/2), between
Fig. 8(` = −1) and Fig. 12(g) (n = −1/2), and between Fig. 9(b)(` = +4) and Fig. 12(a) (n = +2)

As shown in the previous section, the final metasurface pattern is obtained by calculating the
grating potential numerically over a mesh of complementary meta-pixels, allowing the grating
period to vary within a minimum and a maximum value. This is shown in Fig. 13 for a selected
area of the circular-sector transformer in Fig. 12(d.1) for n=-3.
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Fig. 12. Circular-sector transformer phase maps and corresponding grating vectors
(logarithmic scale) for several values of n. Black and red lines refer to log(K) and phase
isolines, respectively. Design parameters: a=300 µm, b=300 µm, f=35mm, λ=780 nm.
Values on the x- and y-axis in microns.

 

 

 

Fig. 11. (a) Ω/2 map of a selected zone of the un-wrapper phase pattern in Fig. 10(a). (b) 

Period [μm] of the sub-wavelength grating over the selected zone. The area is discretized into 
meta-pixels of lateral size 4 μm. Inside each meta-pixel, the grating period can vary between 

an upper limit, close to the structural cut-off, and a lower limit imposed by the fabrication 

process. (c) Continuously-variant sub-wavelength grating metasurface within the red marked 

area in (a) and (b).  

 

 

 

 

 

 

Fig. 13. (a) Ω/2 map of a selected zone of the circular-sector transformer in Fig. 12(d.1) (n=-

3). (b) Period [μm] of the sub-wavelength grating over the selected zone. The zone is 

discretized into meta-pixels of lateral size 2.5 μm. Inside each meta-pixel, the grating period 
can vary between an upper limit, close to the structural cut-off, and a lower limit imposed by 

the fabrication process. (c) Continuously-variant sub-wavelength grating metasurface within 

the red marked area in (a) and (b).  

 

 

 

 
 

Fig. 13. (a) W/2 map of a selected zone of the circular-sector transformer in Fig. 12(d.1)
(n=-3). (b) Period [µm] of the sub-wavelength grating over the selected zone. The zone is
discretized into meta-pixels of lateral size 2.5 µm. Inside each meta-pixel, the grating period
can vary between an upper limit, close to the structural cut-off, and a lower limit imposed by
the fabrication process. (c) Continuously-variant sub-wavelength grating metasurface within
the red marked area in (a) and (b).
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4. Discussion

In this work, we described the implementation of high-resolution geometric-phase metasurfaces
in the form of continuously-variant sub-wavelength gratings. The anisotropy of the medium is
artificially induced by the form-birefringence of the grating pattern, and the local control of the
fast-axis orientation, i.e. of the grating-vector angle, allows the desired shaping of the wavefront.
With respect to other techniques, based on resonant plasmonic or dielectric anisotropic elements
or optically-oriented liquid crystals, this technique can assure a higher resolution in the geometric
phase definition, due to the continuity of the grating-vector rotation.
This approach is suitable to the metasurface implementation of phase functions that are

harmonic, i.e. solutions of Laplace’s equation. This family includes common optical elements
such as blazed gratings and spiral phase plates, and extends to conformal transformation optics
generated by anti-holomorphic mappings. In this framework, we applied this design tool for
the metasurface implementation of two conformal mappings of crucial importance in the field
of OAM manipulation: the log-pol mapping and the circular-sector transformation. For each
mapping, we calculated the analytical expression of the grating vector modulus and we showed
how to design the corresponding continuously-variant metasurface. The requirement of limiting
the grating period within upper and lower values imposes the fragmentation of the phase pattern
onto a set of complementary zones. Inside each area, the grating period and duty-cycle vary
continuously in order to achieve the highest resolution and efficiency conversion, while the
continuity of the grating-vector angle is assured at the boundaries between different zones.

With respect to diffractive optics, the metasurface paradigm allows to simplify the lithographic
process and realize the sub-wavelength pattern with the highest adherence to the simulated design.
As a matter of fact, a 3D surface-relief structure requires a high smoothness of the surface
and, in particular, a sharp definition of 2π-phase jumps, in order not to introduce deviations
from the exact profile which could promote a detrimental zero-order term. On the other hand,
the continuously-variant effective anisotropy of the metasurface defines the geometric phase
without discontinuities, by means of a 2D binary pattern. Deviations from the ideal profile, for
instance due to a mismatch of the grating depth with the optimal one, affect the value of the
phase delay δ and feed the presence of the co-polarized zero-order term. However, since that
contribution is orthogonally polarized to the transmitted phase-shaped beam, as described in
Eq. (1), it can be filtered out by using a quarter-wave plate and a polarizer in cascade. Moreover,
this sequence allows extending the use of the metasurface also to wavelengths different from
the design wavelength. As a matter of fact, the transferred phase has a geometric nature and
is proportional to twice the local grating orientation, which is fixed for any input wavelength.
Then, an input wavelength which is different from the optimal one will experience the same
phase shaping, however with a lower conversion efficiency, given by sin2(δ/2). As mentioned
beforehand, the zero-order contribution, proportional to cos2(δ/2), is orthogonally polarized with
respect to the modulated term and can be filtered out by using an achromatic circular polarizer, i.e.
the sequence of an achromatic quarter-wave plate and a linear polarizer. For a silicon metasurface
on glass, with a thickness of 290 nm and designed for the wavelength of 780 nm, as those shown
in the previous section, the conversion efficiency is expected to maintain higher than 95% in the
range from 710 to 870 nm (Fig. S4 in the supplemental document).
It is always possible to exploit the handedness dependence of the optical response in order

to integrate a circular-polarization splitting, by adding a tilt term to the whole phase. When
two confocal elements in cascade are needed, e.g. for OAM manipulation with log-pol or
circular-sector transformations, a piecewise design of the second element is required in order
to consider the impinging of the two orthogonal polarizations onto different non-overlapping
zones, as shown in [13,14]. Since the focusing term cannot be included in the metasurface, an
additional lens is needed and the two elements must be placed at the front- and back-focal planes
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of the lens [14]. A more compact solution consists in applying diffractive Fresnel contact-lenses
directly on the two metasurfaces [13].
It is worth noting the unexpected analogy between the phase function of circular-sector

transformations and the q-plate grating potential, under the correspondence n↔ q. Since the
phase function of the n-fold circular-sector transformation corresponds to the integrated potential
of an electric or magnetic multipole of order m=1-n, as demonstrated in [30], this analogy
suggests the possibility to engineer self-assembled liquid crystals q-plate using the driving field
of properly oriented electrodes or magnets, as shown for instance in [35–37] for q-plates with
q=+1. In this case, with respect to optically-oriented liquid crystals, the self-orientation of
the liquid crystal molecules provides a far higher resolution in the q-plate definition, while the
optimization for a specific wavelength can be obtained by tuning the applied external voltage.

5. Conclusions

To conclude, we provided a method for the design of continuously-variant metasurfaces of
sub-wavelength grating which can be applied to realize high-resolution geometric-phase optical
elements. In particular, we demonstrated how this tool can be exploited for the metasurface
design of optical elements implementing the generation, manipulation and steering of OAM
beams. The conversion of the optical element to a thin digital pattern represents a fundamental
step forward the integration of optics and silicon photonics. As a matter of fact, this design
enables the integration of optical devices directly into existing technology platforms, due to the
mainstream industrialization and mature fabrication techniques of semiconductor manufacturing.
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