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A method to solve minimum-lap-time problems using quasi-steady-state models and free
(i.e. not predetermined) trajectory on two-dimensional tracks has been recently proposed.
This work describes the extension of the method to three-dimensional tracks and builds upon
g-g-g diagrams (instead of the standard g-g), to account for the effects of three-dimensionality.
The main features of car and motorcycle g-g-g diagrams are discussed, to get insight into
the main effects of three-dimensionality and to suggest a convenient parametrisation for the
subsequent optimal control problem (OCP), whose size is not affected by the complexity of
the vehicle model employed to generate the g-g-g diagrams. The application of the method
to the Mugello and Barcelona-Catalunya circuits is given, with vehicle datasets resembling
those of a race motorcycle (MotoGP) and a race car (Formula One). The results obtained
are in line with those reported in the literature using full-dynamic models, yet such dynamic
models are generally associated to the solution of much larger OCP.

Keywords: minimum-lap-time; three-dimensional road; free-trajectory; quasi-steady-state;
g-g map; MotoGP; Formula One; cars; motorcycles; Mugello; Barcelona-Catalunya circuit.

1. Introduction

Minimum-lap-time problems have been historically solved by employing quasi-steady-
state models on a predetermined (fixed) trajectory, see e.g. [1–9], or by employing dy-
namic models on a free (i.e. not predetermined) trajectory, see e.g. [10–27]. The latter
approaches usually involve the solution of a nonlinear-optimal-control problem (OCP),
either through direct or indirect methods [28, 29].

A third approach, where the minimum-lap-time problem is solved using quasi-steady-
state models and free trajectory on two-dimensional tracks, has been recently proposed
in [30]. The advantage is that the complexity of the problem is confined to the calculation
of the g-g maps, while the related OCP remains simple, since the solver only observes
the shape of the g-g diagrams and not the model behind it. In addition, g-g maps are
often readily available because they are computed for other purposes, e.g. to compare
different vehicle set-ups. Finally, since the selected maps may be representative of a car,
a bike or some other road vehicle, the approach is quite general.

The aim of the current work is to devise a three-dimensional free-trajectory minimum-
time method based on quasi-steady-state models. The method is the natural extension
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of [30] to the more general three-dimensional scenarios. The tracks are modelled using
curvilinear coordinates, which has proven to be an effective approach when dealing with
OCP problems of road vehicles [28, 29, 31]. Semi-analytical g-g-g diagrams for a car
and a motorcycle are also derived for a number of reasons: to get insight into the three-
dimensional issues, to derive a suitable set of coordinates for the OCP problem, to provide
the basis for the example of applications of the methods. However, the methods discussed
still work if such semi-analytical diagrams are replaced by those derived from a more
complex numerical model or even from experiments. The Mugello and Catalunya tracks
are considered because their geometry is available from the literature [26, 27, 31].

The work is organised as follows. In Sec. 2 the road modelling and vehicle position-
ing are described. In Sec. 3 the g-g-g maps of a motorcycle and a car are derived and
key points highlighted. In Sec. 4 the OCP problem is formulated. In Sec. 5 examples of
application are given and the results compared against those in the literature.

2. Road model and vehicle positioning

The three-dimensional road modelling and vehicle positioning are tackled with curvilinear
coordinates. The approach has been already described and employed in a number of
places including [28, 29, 31]. Therefore, only the essential relationships are given below.

The road centreline is defined using its curvature κ and torsion τ , which are given as
a function of the travelled distance along the road, i.e. the curvilinear coordinate s. The
road plane is created by adding width w and twist ν to the road centreline. A moving
trihedron, called Darboux frame, moves with the vehicle along the centreline and its
x−y plane represents the road tangent plane. The orientation of such frame is expressed
using the attitude-slope-banking convention. The related angles, θ-µ-φ, are obtained by
integration of κ, τ and ν or alternatively by integration of the relative torsion Ωx, normal
curvature Ωy and geodesic curvature Ωz, which are the angular rate of the Darboux
frame, expressed along the axes of the Darboux frame itself. The resulting relationships
are obtained from the well known Frenet-Serret formula

θ′ = κ
cos(ν − φ)

cosµ
=

Ωy sinφ+ Ωz cosφ

cosµ
, (1)

µ′ = κ sin(ν − φ) = Ωy cosφ− Ωz sinφ, (2)

φ′ = τ + ν ′ + κ tanµ cos(ν − φ) = Ωx + tanµ(Ωy sinφ+ Ωz cosφ), (3)

where the prime means derivative with respect to s. The position [x, y, z]T of the origin
of the Darboux frame, expressed in the absolute ground frame, is obtained fromxy

z

 =

∫
tds =

∫ cos θ cosµ
sin θ cosµ
− sinµ

 ds, (4)

where t is the tangent to the road centreline, which is the first column of the rotation
matrix associated to the Darboux frame.

Once the road is defined, the vehicle position can be given in terms of the lateral
distance n from the road centreline and relative orientation χ with respect to the tangent
to the road centreline. Such quantities can be either related to the longitudinal u and
lateral v velocities of a vehicle reference point (expressed in its own reference frame and
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assumed to lie on the road plane) or to the total velocity V =
√
u2 + v2 and drift angle

β = arctan(v/u) of the vehicle reference point

n′ =
1

ṡ
(u sinχ+ v cosχ) =

1

ṡ
V sin(χ+ β), (5)

χ′ =
1

ṡ
(ωz − Ωz ṡ) =

1

ṡ
(ω̂z − Ωz ṡ− β̇), (6)

where ωz is the angular velocity of vehicle frame attached to the reference point (aligned
with the vehicle longitudinal axis), while ω̂z is the angular velocity of the vehicle frame
attached to the reference point and aligned with the total velocity and the trajectory –
and ṡ is the speed of travelling along the centreline, which is given by

ṡ =
u cosχ− v sinχ

1− nΩz
=
V cos(χ+ β)

1− nΩz
. (7)

All equations have been given as a function of the travelled distance instead of time.
Indeed, it is common to solve minimum time problem in the space domain. The link
between the space- and time-domain formulations is (7), since dx/dt = ṡ dx/ds. The
angular velocities of the vehicle reference point are computed from to road curvatures
and travelling speed ṡ using

ωx = (Ωx cosχ+ Ωy sinχ)ṡ, (8)

ωy = (Ωy cosχ− Ωx sinχ)ṡ, (9)

together with (6). Under the common assumption that the road curvatures Ωx and Ωy are
small, the longitudinal and lateral accelerations of the vehicle reference point expressed
in the vehicle frame (i.e. rotated by χ with respect to the centreline tangent) ax, ay, or
expressed in a frame aligned with the total velocity, i.e. with the trajectory of the vehicle
reference point (rotated by χ+β with respect to the centreline tangent), âx, ây, are given
by (see Fig. 1)

ax = u̇− v(χ̇+ Ωz ṡ), âx = V̇ , (10)

ay = v̇ + u(χ̇+ Ωz ṡ), ây = V (χ̇+ Ωz ṡ+ β̇), (11)

where the hat denotes variables related to the frame aligned with the vehicle trajectory,
while β̇ = 0 in the case of quasi-steady-state conditions. It is worth noting that ωz =
χ̇+ Ωz ṡ and ω̂z = χ̇+ Ωz ṡ+ β̇.

3. g-g-g diagrams

The standard g-g diagrams give information related to the vehicle performance on a
two-dimensional track. They can be extended to deal with three-dimensional scenarios,
and in particular to include the effect of road banking, road slope and the related rate of
change. The quasi-steady-state equations and g-g-g diagrams of a motorcycle and a car
are derived in the following two subsections. The inspection of terms suggests the best
parametrization of the maps for the subsequent minimum-time OCP problem.
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(a) (b)

Figure 1.: Lateral and longitudinal accelerations of the vehicle reference point P: (a)
expressed in the vehicle reference frame, and (b) expressed in a frame aligned with the
total velocity V (i.e. tangent to the trajectory).

3.1. Motorcycle model

The quasi-steady-state equations of a motorcycle on a three-dimensional track are ob-
tained by a generalization of the equations reported in [30]. The assumptions remain
the same, namely both the suspensions and the steer angle are neglected, the vehicle is
assumed symmetric with respect to the x-z plane (i.e. Ixy = Iyz = 0), the cross moment
of inertia Ixz is assumed negligible and Iy = Iz; see Fig. 2. The following equations of
motion are obtained

mãx = Fxr + Fxf − FD, (12)

mãy = Fyr + Fyf , (13)

mg̃ = Nr +Nf , (14)

mãyh cos ϕ̃ = mg̃h sin ϕ̃, (15)

mãxh cos ϕ̃ = bNr − (w − b)Nf − FDha cos ϕ̃, (16)

mãxh sin ϕ̃ = bFyr − (w − b)Fyf − FDha sin ϕ̃, (17)

where

ãx = ax + g sinµ, (18)

ãy = ay − g cosµ sinφ, (19)

g̃ = g cosµ cosφ+ ωyV, (20)

with V the velocity of the centre of mass, ax and ay the longitudinal and lateral accel-
erations expressed in the vehicle reference frame on the road plane, which has slope µ
(positive when going uphill) and banking φ (positive in the direction of the positive roll),
ωy is the angular velocity along the y-axis, and g the gravity (along the ground vertical
axis). The tilde denotes variables which define the accelerations used to parametrize the
g-g-g maps. It is worth noting that ãx, ãy, g̃ are the accelerations possibly measured by
an inertial measurement unit mounted on the bike, after projection on the road plane.
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Figure 2.: Motorcycle model.

From (15) one obtains the camber angle

ϕ̃ = arctan
ãy
g̃
, (21)

from which the roll angle is obtained as ϕ = ϕ̃+ φ. It is worth noting that (12)-(15) are
identical to those reported in [30], when the accelerations are taken from (18)-(20). As a
consequence, also the accelerations limits, and the related derivations, are identical, once
accelerations (18)-(20) are introduced.

The acceleration limit related to the tyre friction is

 w(mãx + FD)
√
ã2
y + g̃2

g((w − b)m
√
ã2
y + g̃2 +mãxh+ FDha)

2

1

µ2
x

+

(
ãy
g̃

)2 1

µ2
y

= 1, (22)

while the deceleration limit related to the tyre friction is

−ãx = g̃µx

√
1−

(
ãy
g̃

)2 1

µ2
y

+
FD
m
, (23)

and it is attained with the following (optimal) brake ratio

γopt =
Fxf
Fxr

∣∣∣∣
opt

=
mb
√
ã2
y + g̃2 −mãxh− FDha

m(w − b)
√
ã2
y + g̃2 +mãxh+ FDha

. (24)

The maximum acceleration is further limited by the engine power Pmax

ãx =
Pmax

mV
− FD

m
, (25)
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(a) (b)

Figure 3.: Motorcycle g-g diagrams: (a) at different speeds V and (b) with banking φ,
slope µ and slope rate ωy at V = 60 m/s.

and the wheelie limit (i.e. when the front tyre lifts from the road)

ãx =
b
√
ã2
y + g̃2

h
− FDha

mh
. (26)

Finally, the maximum deceleration is limited by the stoppie (the rear tyre lifts from the
road)

−ãx =
(w − b)

√
ã2
y + g̃2

h
+
FDha
mh

. (27)

In sum, the g-g-g diagram is obtained by the envelope of (22), (23), (25), (26), and
(27). For example, one can assume the velocity V , the accelerations ãy, g̃ and then solve
for ãx. From these accelerations ãx, ãy, g̃, one can compute the accelerations projected
on the road plane ax, ay through (18)-(20), given the road banking, the road slope and
slope rate.

Some sections of the g-g-g of the motorcycle with the dataset in Tab. 1 are given in
Fig. 3. Fig. 3a shows that at low speeds both wheelie and stoppie limits are visible, while
at high speeds there is no wheelie limit because the maximum acceleration is limited by
the engine power. In Fig. 3b the effect of road banking, slope and slope rate is shown: the
banking φ makes the g-g diagram asymmetric with respect to the vertical axis ay = 0
(higher lateral acceleration are possible when turning on the direction of banking, while
they reduce in adverse banking conditions), the slope µ shifts the g-g diagram vertically
(lower accelerations are possible when going uphill and larger accelerations when going
downhill), while the slope rate ωy changes the size of the g-g diagram (higher accelerations
are possible when going through to the bottom of a valley – positive ωy – while smaller
accelerations are possible when going over the brow of a hill).
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(a)

(b)

Figure 4.: Car model: side view (a) and top view (b).

3.2. Car model

The quasi-steady-state equations of a car on a three-dimensional track are obtained by
a generalization of the equations reported in [30]. The assumptions remain the same,
namely that the wheel-steering angle δ is assumed small, the roll, pitch and bounce de-
grees of freedom are neglected, together with the suspension travels; Fig. 4. The following
equations are obtained, once Iy = Iz and Ixz = 0 are assumed (as in Sec. 3.1)

mãx = (Fxfl + Fxfr + Fxrl + Fxrr)− (Fyfl + Fyfr) δ − FD, (28)

mãy = (Fyfl + Fyfr + Fyrl + Fyrr) + (Fxfl + Fxfr) δ, (29)

mg̃ = (Nfl +Nfr +Nrl +Nrr)− (FLf + FLr), (30)

mãyh =
T

2
(Nfl −Nfr +Nrl −Nrr), (31)

mãx h = −a(Nfl +Nfr) + b(Nrl +Nrr) + aFLf − bFLr, (32)

0 = −T
2

(Fyfl − Fyfr) δ + a (Fxfl + Fxfr) δ +
T

2
(Fxfl − Fxfr + Fxrl − Fxrr) +

+ a (Fyfl + Fyfr)− b (Fyrl + Fyrr) , (33)

where again the accelerations ãx, ãy, g̃ are given by (18)-(20). The equations are identical
to those presented in [30], once ax, ay, g are replaced by ãx, ãy, g̃.

The total driving force Fx is split between the rear and front axle according to the
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distribution factor kt, under the open-differential assumption

Fxfl =
(1− kt)Fx

2
, Fxfr =

(1− kt)Fx
2

, (34)

Fxrl =
ktFx

2
, Fxrr =

ktFx
2

. (35)

In acceleration kt = 1 for rear-wheel-drive (RWD) vehicles, kt = 0 for front-wheel-drive
(FWD) vehicles, and 0 < kt < 1 for all-wheel-drive (AWD) vehicles. In braking

kt =
1

1 + γ
, γ =

Fxfl + Fxfr
Fxrl + Fxrr

, (36)

where γ is the brake ratio, which is here defined as the ratio between the front and rear
longitudinal tyre forces. A standard roll stiffness balance equation is included to solve
the lateral load transfer from the roll stiffness ratio ξ

ξ =
Nfl −Nfr

(Nfl −Nfr) + (Nrl −Nrr)
. (37)

In order to obtain the g-g-g maps of the car semi-analytically, the steer angle is ne-
glected, as in the case of the motorcycle in Sec. 3.1. In addition, the following relationships
between lateral and normal forces are included

Fyfl
Nfl

=
Fyfr
Nfr

,
Fyrl
Nrl

=
Fyrr
Nrr

. (38)

In practice, enforcing (38) means including the main assumption of the standard single-
track car model in the double-track model (same cornering stiffness and slip on the tyres
of the same axle). Yet the double-track model retains the lateral load transfer, which will
in turn affect significantly the limit lateral accelerations.

In sum, there are 13 quasi-steady-state equations, namely (28)-(35),(37),(38) that
can be solved for 13 unknowns, namely the force Fx, the four tyre normal loads
(Nfl, Nfr, Nrl, Nrr), the four tyre lateral forces (Fyfl, Fyfr, Fyrl, Fyrr), and the four lon-
gitudinal forces (Fxfl, Fxfr, Fxrl, Fxrr), once the velocity V and accelerations ãx, ãy, g̃,
together with the distribution factor kt are given. Alternatively, as in the case of the
motorcycle, one can give the velocity V of the centre of mass and the accelerations in the
road plane ax, ay, which combine with the road banking φ, slope µ and angular velocity
ωy to give ãx, ãy, g̃. The g-g-g diagram is obtained by introducing the quasi-steady-state
solution into the tyre friction ellipses

(
Fxfl/Nfl

µx,fl

)2

+

(
Fyfl/Nfl

µy,fl

)2

≤ 1

(
Fxfr/Nfr

µx,fr

)2

+

(
Fyfr/Nfr

µy,fr

)2

≤ 1 (39)(
Fxrl/Nrl

µx,rl

)2

+

(
Fyrl/Nrl

µy,rl

)2

≤ 1

(
Fxrr/Nrr

µx,rr

)2

+

(
Fyrr/Nrr

µy,rr

)2

≤ 1 (40)
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The following expressions are obtained[ 1
2(1− kt)(mãx + FD)

1
2mg̃

b
a+b + 1

2FLf −
1
2mãx

h
a+b +mãy

h
T ξ

]2 1

µ2
x,fl

+

( b
a+bmãy

b
a+bmg̃ −mãx

h
a+b + FLf

)2 1

µ2
y,fl

= 1

(41)

[ 1
2(1− kt)(mãx + FD)

1
2mg̃

b
a+b + 1

2FLf −
1
2mãx

h
a+b −mãy

h
T ξ

]2 1

µ2
x,fr

+

( b
a+bmãy

b
a+bmg̃ −mãx

h
a+b + FLf

)2 1

µ2
y,fr

= 1

(42)[ 1
2kt(mãx + FD)

1
2mg̃

a
a+b + 1

2FLr + 1
2mãx

h
a+b +mãy

h
T (1− ξ)

]2 1

µ2
x,rl

+

( a
a+bmãy

a
a+bmg̃ +mãx

h
a+b + FLr

)2 1

µ2
y,rl

= 1

(43)[ 1
2kt(mãx + FD)

1
2mg̃

a
a+b + 1

2FLr + 1
2mãx

h
a+b −mãy

h
T (1− ξ)

]2 1

µ2
x,rr

+

( a
a+bmãy

a
a+bmg̃ +mãx

h
a+b + FLr

)2 1

µ2
y,rr

= 1

(44)
which can be solved for ãx given ãy, or viceversa – the limit accelerations is the minimum
value obtained from (41)-(44). The friction coefficients µx,ij , µy,ij (where i = f, r and j =
l, r) are assumed load-dependent, which does not add much complexity to the model and
allow to obtain realistic maps – without such effects the maximum lateral accelerations
are excessive and the shape of the g-g around them is too sharp, when compared to the
real-world behaviour. Following the approach in [32], the friction coefficients are given
by

µx,ij = pDx1 + pDx2dfz,ij , (45)

µx,ij = pDy1 + pDy2dfz,ij , (46)

where dfz,ij = (Nij −N0)/N0 and N0 is a reference load of the tyre. The aerodynamics
forces consist of the drag force FD, the front FLf and rear FLr downforces. They are
applied on the road plane (see Fig. 4a), and are given by

FD =
1

2
ρaCDAV

2, FLf =
1

2
ρaCLfAV

2, FLr =
1

2
ρaCLrAV

2. (47)

The g-g-g map is obtained from the envelope of (41)-(44), together with the engine power
limit, which has the same expression employed with the motorcycle model, i.e. (25).

Some sections of the g-g-g of the car with the dataset in Tab. 2 are given in Fig. 5.
In Fig. 5a the effect of speed is shown: at low speeds the accelerations are limited by
the tyre friction ellipses, while at high speeds they are limited by the engine power.
It is also visible the very large contribution of aerodynamics: as the speed increases,
the g-g diagram enlarges, i.e. larger lateral accelerations are possible as well as larger
decelerations (e.g. lateral acceleration up to 4.5 g and deceleration up to 6 g at 80 m/s
are achievable, even if the tyre-road friction coefficients do not exceed 1.7 in the related
loading condition) – this is a well known behaviour for formula cars. In Fig. 5b the
effect of road banking, slope and slope rate is shown. The behaviour is similar to the
one discussed for the motorcycle, i.e. the road baking makes the g-g asymmetric, the
slope shifts the g-g in the vertical direction, while the slope rate changes the size of the

9



December 7, 2020 Vehicle System Dynamics mainQss3d˙R4

g-g. In the formula car considered, the effect of three-dimensionality is smaller when
compared with the effect of aerodynamics. However, the absolute values are similar to
those observed on the motorcycle.

3.3. Parametrization

The inspection of the quasi-steady-state equations suggests that the g-g-g diagram can be
parametrized in terms of the three accelerations ãx, ãy, g̃ and the velocity V . Similarly to
[30], polar coordinates are conveniently employed. Remaining within the g-g-g boundaries
means enforcing the following constraint

ρ̃ ≤ ρ̃max(α̃, V, g̃) (48)

where ρ̃ is the engaged friction radius given by

ρ̃ =
1

g

√
ã2
x + ã2

y, (49)

and ρ̃max is the maximum friction radius (boundary of the g-g-g). The orientation of the
engaged friction radius is given by

α̃ = arctan 2 (ãx, ãy) . (50)

The values of the adherence radius in different conditions are interpolated by means of
multivariate modified Akima interpolation, to give a 4-dimensional C1 (i.e. continuously
differentiable) surface. The modified Akima algorithm, instead of other popular splines
such as the standard cubic splines, allows to obtain a smoother surface, while avoiding
undulations between the grid points. Moreover, the C1-periodicity along α̃ is enforced so
as to ensure a smooth transition from α̃ = π to α̃ = −π and viceversa.

As a final remark, it is worth noting that the g-g-g diagrams should be expressed in
a reference frame aligned with the total velocity V =

√
u2 + v2, which is tangent to

(a) (b)

Figure 5.: Car g-g diagrams: (a) at different speeds V and (b) with banking φ, slope µ
and slope rate ωy at V = 60 m/s.
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(a) (b)

Figure 6.: Motorcycle adherence radius hyper-surfaces: (a) iso-g̃ with g̃ = (0.8, 1.0, 1.2)g
and (b) iso-V with V = (40, 60, 80) m/s; the arrows indicate the direction of variation
when increasing the iso-parameter.

the vehicle trajectory. Many times such diagrams are instead computed in a reference
aligned with the vehicle axes. In these scenarios, the calculated maps need be rotated
by the vehicle slip angle β = arctan( vu), before being used with the method presented in
this paper.

4. Free-trajectory OCP

The problem consists in minimizing the manoeuvre time of a three-degrees-of-freedom
model, which is constrained to remain within the track borders and within the limits of
the g-g-g diagrams. All the complexity of the model is confined within the g-g-g diagram,
which can be either derived from a numerical model (for example, but not necessarily,
one of those reported in Sec. 3.1 and Sec. 3.2) or from experiments.

The state variables vector x of the OCP consists of the velocity V of the vehicle
reference point along the trajectory, the lateral position n of such reference point with
respect to the road centreline, and the relative orientation χ̂ of V with respect to the
tangent to the centreline (see Fig. 7)

x = [V, n, χ̂]T . (51)

It is worth noting that χ̂ = χ + β. The control vector u of the OCP consists of the
acceleration âx along the trajectory and acceleration ây normal to the trajectory

u = [âx, ây]
T . (52)

The differential equations of the OCP, already expressed in the space domain using
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Figure 7.: Three-dimensional road modelling with relative torsion Ωx, normal curvature
Ωy and geodesic curvature Ωz, and vehicle positioning with lateral position n of the
vehicle reference point P and relative angle χ̂ of the total velocity V with respect to the
centreline on the road tangent plane.

dx/dt = ṡ dx/ds, are given by

V ′ =
âx
ṡ
, (53)

n′ =
V

ṡ
sin χ̂, (54)

χ̂′ =
1

ṡ

ây
V
− Ωz, (55)

where ṡ is computed using (7), while (54) and (55) are obtained from (5) and (6) with
(11). In order to obtain smoother solutions, the derivatives of the accelerations (i.e. the
jerks) may be controlled instead of the accelerations: in this case the input vector becomes
u = [ĵx, ĵy]

T and two more equations need be added, namely â′x = ĵx/ṡ and â′y = ĵy/ṡ.
The target L of the OCP is the manoeuvre time

L =

∫ se

si

1

ṡ
ds, (56)

where se−si represent the track length. It is often convenient to add some regularization
terms in the integrand of (56) to avoid numerical issues such as singularities [29]. Cyclic
conditions are enforced in the case of lap-time simulations, i.e. the states at the beginning
and end of the lap, i.e. on the start/finish line, are identical

x(si) = x(se). (57)

The vehicle is constrained to move within the road borders

−rwl + T/2 ≤ n ≤ rwr − T/2, (58)

where rwl and rwr represent the left and right road widths and T is the vehicle track
width – clearly it is T = 0 in the case of motorcycles. The constraint related to the g-g-g
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envelope is given by

ρ̃ ≤ ρ̃max,

with ρ̃ and ρ̃max from (49) and (48).
In sum, the OCP controls the accelerations along the trajectory âx, ây, from which the

corresponding ãx, ãy, g̃ are derived and used to ensure that the g-g-g envelope constraint
is enforced. The OCP results consist of the optimal trajectory, expressed in the curvilinear
coordinates [s, n, χ̂]T , and the speed profile V . The full vehicle states can be retrieved
from the quasi-steady-state solution of the model used to generate the g-g-g maps. Indeed,
each point of the OCP solution is associated to a point in the g-g-g diagram, and thus to
the states of the corresponding quasi-steady-state solution. The resulting OCP can then
be solved numerically using direct or indirect methods [28].

5. Examples of application

The OCP illustrated in Sec. 4 is now employed with the g-g-g diagrams derived from
the motorcycle and car models in Sec. 3, on two three-dimensional tracks described with
the approach in Sec. 2. The Mugello (Italy) and Barcelona-Catalunya (Spain) tracks are
selected, because their geometries can be retrieved from the literature, e.g. from [26, 27]
and [31], respectively. Datasets for a racing motorcycle and a racing car are employed.
The motorcycle dataset resembles those used in [26, 27], while the car dataset resembles
that of the formula one in [31].

The procedure for both the car and the motorcycle is the same. First, the g-g-g di-
agrams for each vehicle are obtained: the speed V is varied from 0 to 90 m/s by steps
of 5 m/s, the orientation α̃ of the adherence radius is varied by steps of 1 deg, the ac-

(a) (b)

Figure 8.: Optimal 3D trajectories: (a) motorcycle on Mugello and (b) car on Catalunya.
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celeration g̃/g is varied from 0.6 to 1.4 by steps of 0.1. Second, all g-g-g diagrams (for
each vehicle) are combined to give the adherence radius hyper-surface. Third, each ad-
herence radius hyper-surface is interpolated by means of the modified Akima piecewise
cubic Hermite interpolation. Fourth, the OCP problem is run on the selected tracks. The
direct solution method in [28, 33] is employed to solve the OCP, in combination with the
NLP solver IPOPT [34].

5.1. Motorcycle

Fig. 8a shows the optimal trajectory on the Mugello circuit for the motorcycle considered
in this work, while Fig. 9a and Fig. 10a show the lateral position (with respect to the
centreline) and velocity on the Mugello and Catalunya circuits. The simulated lap times
on the two circuits are 105.313 s and 105.952 s, while the top speeds are 333 km/h and
327 km/h, respectively. The speeds in the Arrabbiata 2 and Bucine (turn 9 and 15 of
the Mugello circuit) are 162 km/h and 111 km/h, respectively. The motorcycle results in
the Mugello circuit are in line with those reported in [26, 27], which employed dynamic
motorcycle models (i.e. not quasi-steady-state), the former solved with a direct method
and the latter with an indirect method. In addition, also the effect of three-dimensionality
is quantitatively similar. Indeed, the lap time increases by 4.0 s when running on a ’flat’
Mugello, which is again in line with the results in [26, 27] – the speed difference (two- vs.
three-dimensional track) are especially relevant around turn 8 and 9 (Arrabbiata 1 and
Arrabbiata 2), while the lateral position difference (two- vs. three-dimensional track) are
especially relevant between turn 7 and 8 (Savelli and Arrabbiata 1); see Fig. 9a. On the
contrary, the effect of three-dimensionality is reversed and much less significant in the
Catalunya circuit. The simulation on the ’flat’ Catalunya is 0.7 s faster than the one on
the three-dimensional track – the speed and trajectories are closer to one-another when
comparing the results on the two- and three-dimensional tracks. Finally, it is also worth
noting that the geometry of the Catalunya is the same for both the motorcycle and the
car simulations, and corresponds to the one in [31]. Therefore, modifications carried out
afterwards are not included.

(a) (b)

Figure 9.: Effect of three-dimensionality on the velocity V (top) and lateral position
n (bottom) on Mugello for the motorcycle (a) and the car (b) – the dot-dashed line
represents the road width.

14



December 7, 2020 Vehicle System Dynamics mainQss3d˙R4

(a) (b)

Figure 10.: Effect of three-dimensionality on the velocity V (top) and lateral position
n (bottom) on Catalunya for the motorcycle (a) and the car (b) – the dot-dashed line
represents the road width.

5.2. Car

Fig. 8b shows the optimal trajectory on the Catalunya circuit for the car considered in this
work, while Fig. 9b and Fig. 10b show the lateral position (with respect to the centreline)
and velocity on Mugello and Catalunya. The simulated lap times on the two circuits are
77.274 s and 81.031 s, while the top speeds are 312 km/h and 314 km/h, respectively. The
speeds in turn 1 and 5 of the Catalunya circuit are 141 km/h and 109 km/h, respectively.
The car results in the Catalunya circuit are in line with those reported in [31], which
employed a dynamic car model. In addition, also the effect of three-dimensionality is
quantitatively similar. Indeed, the lap time reduces by 0.9 s when running on a ’flat’
Catalunya, which is again in line with the results in [31] – the speed difference (two- vs.
three-dimensional track) are visible between turn 3 and 4 (three-dimensional solution
is slower) and between turn 9 and 10 (the three-dimensional solution is faster), while
the lateral position difference (two- vs. three-dimensional track) is visible between turn
2 and 3. On the contrary, the effect of three-dimensionality is reversed and much more
significant in the Mugello. The simulation on the ’flat’ Mugello is 2.7 s slower than the
one on the three-dimensional track – as in the case of the motorcycle, the Mugello proves
to be a circuit where the effects of three-dimensionality are quite relevant.

5.3. Remarks on problem size

The computational effort of the method proposed can be assessed in terms of the number
of equations (state equations plus constraints) that need be solved and the related CPU
time. All the results reported in this work have been started with a coarse mesh, consisting
of 41 equally spaced mesh points (i.e. one point every 128 m in the Mugello and one
point every 113 m in the Catalunya circuit), resulting in 327 equations (per circuit).
The error for the IPOPT solver is 10−7, while the tolerance for the mesh refinement in
GPOPS-II is 2 × 10−4; all variables are scaled based on a reference length, a reference
mass and a reference time [29]. Numerical differentiation is employed. After 5 mesh-
refinements, which is the number of refinements required to solve the problem, the free-
trajectory OCPs consist of a number of equations between 11 231 and 12 975 (depending
on the vehicle/circuit combination), when the jerks ĵx and ĵy are used as controls. The
corresponding maximum and minimum mesh spacing is 14 m and 0.33 m in the Mugello,
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while it is 24 m and 0.21 m in the Catalunya circuit. The CPU times range from 74 s to
272 s, depending on the vehicle/circuit combination.

In the case the accelerations âx and ây are directly controlled (instead of the jerks), the
number of equations of the free-trajectory OCPs reduces to 8 735–9 935 (depending on
the vehicle/track combination), after 6 mesh-refinements, which are required to solve the
problem. The maximum and minimum mesh spacing is 14 m and 0.28 m in the Mugello,
while it is 18 m and 0.21 m in the Catalunya circuit, and the CPU times increase to 220–
624 s, depending on the vehicle/circuit combination. In general, the solution obtained
when controlling directly the accelerations is sharper (in the accelerations) and more
difficult to converge, when compared against the one obtained controlling the jerks.

In sum, controlling the jerks makes the solution faster, although with a larger number
of equations. The solution time of the proposed approach remains significantly smaller
than the typical solution time experienced with the full dynamic models – at least by a
factor 10 in the implementations by the authors. The time to compute the g-g-g-V maps
is not included – indeed the maps remain the same when changing the track.

5.4. Remarks on fixed-trajectory

Similarly to [30], also the free-trajectory method discussed in this work can be trans-
formed in a fixed-trajectory method, when neglecting in the OCP formulation of Sec. 4
the equations (54), (55) and (58), as well as the lateral acceleration control, while using
the curvilinear abscissa along the race line (instead of along the centreline) as the inde-
pendent variable. Alternately, one can keep the free-trajectory OCP formulation, while
enforcing the lateral position constraint n(s) = n0(s), where n0 is such that the desired
trajectory is followed. The solution time of the fixed-trajectory OCP is smaller than the
corresponding free-trajectory OCP – a factor around 10 is obtained in the implementa-
tion by the authors. This roughly gives a factor 100 between the typical solution time
experienced with free-trajectory full-dynamic models and that of the fixed-trajectory
quasi-steady OCP.

Finally, it is also possible to solve a three-dimensional fixed-trajectory OCP on the
trajectory obtained from a two-dimensional free-trajectory OCP. Obviously, the resulting
solution is sub-optimal, i.e. the lap time is higher, since the three-dimensionality affects
the optimal trajectory. The lap-time difference depends on the vehicle/track combination.
In the case of the Catalunya-Barcelona circuit, the lap-time differences are 0.2 s and 0.6 s
for motorcycle and car respectively, while in the case of the Mugello circuit the differences
are 0.4 s and 0.6 s, respectively.

6. Conclusion

A method to solve the minimum-lap-time of motorcycles and cars on three-dimensional
tracks using quasi-steady-state models and without a pre-determined trajectory has been
presented. The method builds upon g-g-g diagrams, whose main features have been
discussed, namely the effect of speed, banking and slope. The method is not affected by
the complexity of the vehicle model employed, because it only observes the related g-g-g
diagrams. Examples of application have been given for a MotoGP bike and a Formula
One car, finding that the effects of three-dimensionality as well as the speed profile and
optimal trajectories are in line with those obtained in the literature with dynamic models.
Therefore the method is a valid and efficient alternative to estimate the lap-time of road
vehicles on closed circuits.
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Table 1.: Motorcycle (plus rider) parameters.

Symbol Description Value

g gravity 9.81 m/s2

ρa air density 1.20 kg/m3

m mass 250 kg
h height of center of mass 0.69 m
ha height of center of pressure 0.51 m
w wheelbase 1.50 m
b longitudinal distance of the center of mass 0.73 m
CDA drag area coefficient 0.25 m2

Pmax maximum power 145 kW
µx longitudinal friction coefficient 1.30
µy lateral friction coefficient 1.40

Table 2.: Car (plus driver) parameters.

Symbol Description Value

g gravity 9.81 m/s2

ρa air density 1.20 kg/m3

m mass 660 kg
h height of center of mass 0.300 m
w wheelbase 3.400 m
b longitudinal distance of the center of mass 1.600 m
a w − b 1.800 m
T vehicle track 1.460 m
γ brake ratio Fxf/Fxr 55/45
ξ roll stiffness ratio 0.5
CDA drag area coefficient 1.4 m2

CLfA front downforce area coefficient 2.0 m2

CLrA rear downforce area coefficient 2.6 m2

Pmax maximum power 560 kW
pDx1 max longitudinal friction coefficient 1.75
pDx2 longitudinal friction load dependency factor -0.175
pDy1 max lateral friction coefficient 1.80
pDy2 lateral friction load dependency factor -0.175
N0 nominal load (where dfz = 0) 2000 N
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