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Abstract—The work focuses on a new mathematical formu-
lation for the transfer function of a pulsating injection-based
position observer, as the key point for its correct design. The
proposed analysis exploits the modulation/demodulation control
theory to derive the transfer function of the whole estimator in
the Laplace domain. Magnetic iron saturation effects and cross–
saturation between the dq-axes are taken into consideration in
the observer design. To test the effectiveness of the new transfer
function representation of the observer, it is used to synthesise
two different regulators, namely by the direct synthesis and
the internal model principle. An extensive experimental stage
is included pointing to fully verify the accuracy of the proposed
model and the theoretical considerations. A comparison with the
existing mathematical model of the observer is also reported to
show the improvement achievable in the position estimation by
the proposed observer synthesis.

Index Terms—sensorless, position observer, interior permanent
magnet (IPM), synchronous reluctance, high-frequency injection

I. INTRODUCTION

IN the recent times, sensorless motor drives have obtained
considerable attention from both academy and industry

seeking higher system reliability, reduced equipment price
and a shrunk motor frame. Several sensorless techniques have
been proposed so far, which can mainly be bundled in two
groups according to the operating motor speed. In medium–
high speed range, position observers based on fundamental
frequency signals are implemented, such as those based on
the extended back–electromotive force (BEMF) or the active
flux [1], [2]. At standstill and low speed working region, the
estimation of fundamental frequency signals is troublesome
or, worst, impossible. However, the rotor position can be esti-
mated by injecting high frequency (HF) voltages superimposed
to the fundamental components and looking at the induced
HF currents, provided that the rotor anisotropy is detectable
[3], [4]. Interior Permanent Magnet (IPM) and Synchronous
Reluctance (SynR) motors are notably suitable for the HF
rotor position estimation thanks to their pronounced rotor
anisotropy.
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HF injection methods can be classified according to the
reference frame in which signals are injected, namely the stator
or the estimated reference frame synchronous to the rotor.
Methods of the former group adopt HF voltage signals super-
imposed to the fundamental frequency in the stator reference
frame [5], thus the name of rotating signal injection sensorless
techniques. The rotor position is retrieved by demodulating
the negative–sequence carrier current through a synchronous
reference frame filter. A recent advance of this technique is
reported in [6], where the rotor position is obtained by taking
advantage of the HF currents which describe an ellipse in
the stator reference frame. The information about the rotor
position is nested in the major axis tilt, thus a fitted model
of the ellipse is adopted and updated online. However, the
rotating injected signal induces a detrimental torque ripple
and the rotor position estimation suffers from an injection
frequency-dependent position estimation error [7]. The flaws
of the rotating signal injection techniques can be overcome, or
partially weakened, by the methods of the latter group. A HF
voltage signal is injected in one of the estimated synchronous
reference frame axis, usually the d–axis [3], [4], [8]. The rotor
position is recovered through the minimisation of the measured
pulsating current along the estimated q–axis, which is obtained
by means of an observer.

Synchronous motor drives performances rely on accurate
rotor electric position information. Whatever reason that may
undermine the accuracy of the rotor position should be
carefully addressed. In case of pulsating signal injection-
based sensorless drives, the adopted estimator performance
and accuracy mainly depend on its regulator, which goal is
to nullify a variable of interest, i.e. the pulsating current along
the estimated q–axis. In a sensorless motor drive, several outer
control loops interact with each other, which results in a
very complex design process. In fact, the controllers poles
allocation must be carried out carefully to guarantee stability
and satisfactory system performances at the same time [9].
Model–based design methods allow to guarantee excellent
performances provided that the model of the plant is accurate.

So far, the literature about pulsating injection sensorless
techniques report a plant description obtained by blending
together both time and Laplace–domain expressions [3], [5],
[8], neglecting the transfer function frequency shifting due
to the modulation/demodulation process. The ensuing plant
description is not accurate and the regulator cannot be properly
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tuned, resulting in detrimental effects on the position estima-
tion accuracy.

In this paper, the pulsating injection sensorless plant is
modelled by exploiting the modulation/demodulation theory
[10]. The whole system is described in the Laplace domain,
including the effects of the modulation/demodulation process
on dynamic blocks like filters. The differences between the
proposed analysis of the sensorless technique and the classical
one are in-depth analysed and discussed. Furthermore, the
resulting transfer function is exploited to design two regu-
lators with different design methodologies, namely the direct
synthesis and the internal model principle.

For the sake of completeness, magnetic saturations and
cross–coupling are considered. Indeed, their effects on sen-
sorless motor drive are twofold: they trouble the regulator
dynamic by altering the static gain of the plant and they un-
dermine the observer stability. The former issue is considered
since the transfer function is involved, whereas the latter is
outlined, but no compensation is proposed since it does not
fall within the scope of this article. The stability issue and
remedies are described in [3], [4], whereas [11] demodulates
the pulsating q–flux to assure zero tracking error.

The paper is organised as follows. The theoretical back-
ground of the pulsating injection sensorless technique is
described in Section II. The proposed transfer function is
thoroughly explained in Section III. An exhaustive discussion
about the position observer design by means of two different
regulator design methods are described in Section IV. A
complete set of experimental tests is reported in Section V,
accompanied by an in-depth discussion of the results.

II. THEORETICAL BACKGROUND

The voltage balance equations of a synchronous motor in
the dq rotating reference frame fixed to the rotor are:

ud = Rsid +
dλd(id, iq)

dt
− ωmeλq(id, iq)

uq = Rsiq +
dλq(id, iq)

dt
+ ωmeλd(id, iq)

(1)

where ud, uq are the stator voltages, id, iq are the stator
currents, λd and λq are the flux linkages and ωme = pωm are
electric speed, pole pairs and mechanical speed, respectively.
It is worth highlighting the explicit dependence of the flux
linkages on the dq currents in (1). Finally, the possible pres-
ence of permanent magnet (PM) flux linkage Λmg is included
in λd(id, iq).

The currents-to-flux linkage relationships are usually non-
linear due to magnetic saturation. By linearising the flux
linkages and expanding the derivative terms by means of the
chain rule, yields:

dλd(id, iq)

dt
= Ldd(id, iq)

did
dt

+ Ldq(id, iq)
diq
dt

dλq(id, iq)

dt
= Ldq(id, iq)

did
dt

+ Lqq(id, iq)
diq
dt

(2)

where Ldd and Lqq are the self-differential inductances and
Ldq is the cross-differential inductance. Still, the differential
inductances depend on the operating point as much as the flux

linkages in (1). To ease the mathematical notation, the explicit
dependence from stator currents will be omitted from now on.

A. Pulsating injection-based position estimator analysis

The pulsating injection sensorless technique estimates the
rotor position by injecting a high frequency sinusoidal voltage
signal along the estimated d̂–axis superimposed to the voltage
reference generated by the current controller, i.e.:

ûh,d = Uh cos(ωht) (3)

where Uh and ωh are the magnitude and the pulsation fre-
quency of the injected sine wave. The hat superscript high-
lights the variables obtained in the estimated rotor reference
frame. Let ϑ̃me = ϑ̂me−ϑme be the estimation error between the
estimated electrical rotor position ϑ̂me and the actual one ϑme.
The high frequency currents induced by the voltage injection
are:

îh,d =M
[
LΣ − L∆ cos(2ϑ̃me)− Ldq sin(2ϑ̃me)

]
sin(ωht)

îh,q =M
[
L∆ sin(2ϑ̃me)− Ldq cos(2ϑ̃me)

]
sin(ωht)

(4)

where LΣ , (Ldd + Lqq)/2, L∆ , (Ldd − Lqq)/2 and
M , Uh/(ωh(LddLqq−L2

dq)). At the injection frequency, the
resistive voltage drop is negligible with respect to the inductive
one, whereas the motional voltage terms are disregarded due
to the low operating speed. The îh,q current can be exploited
to obtain the rotor position, as sketched in Figure 1.

At first, neglecting the cross–differential inductances con-
tribution in (4) and rearranging the expression of îh,q yields:

îh,q =
UhL∆

ωhLddLqq
sin(2ϑ̃me) sin(ωht) = Ih,q sin(ωht) (5)

where Ih,q = UhL∆

ωhLddLqq
sin(2ϑ̃me). The rotor position infor-

mation can be extracted from îh,q by using the demodulation
scheme shown in Figure 1 [8], [9]. A high pass filter is
used to extract the alternating component îh,q from iq . To
demodulate the high frequency q-current, the filtered signal is
then multiplied with a sinusoidal wave as follows:

îh,q sin(ωht) = Ih,q sin2(ωht) =
Ih,q
2

[1− cos(2ωht)] . (6)

A low pass filter is applied to block the component at twice
the perturbation frequency in (6). Assuming a small estima-
tion error, the demodulated signal amplitude can be further
approximated as:

Ih,q
2

=
UhL∆

2ωhLddLqq
sin(2ϑ̃me) ≈

UhL∆

ωhLddLqq
ϑ̃me. (7)

Finally, steering the demodulated signal to zero by means
of an observer, the rotor position is estimated and it can be
exploited for the motor control. It is worth noting that the
estimator performances rely on the observer tuning. Therefore
an accurate plant modelling by means of a transfer function
(TF) is crucial.
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Fig. 1: The considered position observer.
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III. ESTIMATOR TRANSFER FUNCTION ANALYSIS

A. The existing mathematical approach

The achievable control performances of a sensorless drive
deeply depend on the estimator ones and, in turn, on that of the
observer regulator. The observer TF P past

obs is adopted to carry
out model-based design techniques, and it is usually derived
in time domain as in Section II-A. In particular, combining
(7) with the low-pass and the high-pass filter used in the
demodulator, one obtains:

P past
obs (s) =

Ih,q(s)

ϑ̂me(s)
=

UhL∆

ωhLddLqq
FLPF(s)FHPF(s). (8)

As inferable from Figure 1, one can note that (8) indiscrimi-
nately combines time– and Laplace–domain based quantities,
which is not formally correct. In the conventional approach,
the high–pass filter removes the fundamental component from
iq , but the resulting translation in the frequency domain is
completely disregarded. In this way, the design based on
that model leads to wrong stability analysis and inaccurate
bandwidth, both critical in sensorless control design.

B. The proposed improved approach

A proper approach to derive the estimator TF can be
accomplished by observing that each Park’s transformation
consists in a modulation/demodulation at the actual or esti-
mated electrical position in addition to the real demodulation
in the estimator, i.e. equation (5). This method was used in [12]
to derive the TF of a current injection-based technique for the
stator resistance estimation. All the modulation/demodulation
blocks of the position estimator with pulsating injection are
sketched in Figure 2. Gd(s) and Gq(s) stand for the electrical
motor dynamics, and the motional terms are neglected due to
the low motor speed. For the sake of simplicity, the cross–
differential inductances are initially neglected, but they will
be considered in Section III-C.

An approximated transfer function for a modulated and
demodulated system of a particular form was derived in

um(t) ym(t)u(t) y(t)
G(s)

cos(ωd t) cos(ωd t + φ)

Fig. 3: Modulated system.

[10]. The Laplace transform of a generic modulated signal
ς(t) = cos(ωdt+ φ)x(t) is:

L(ς) =

[
ejφX(s− jωd) + e−jφX(s + iωd)

]
2

(9)

where L is the Laplace operator and X(s) is the Laplace
transform of the signal x(t). The (9) can be effectively
exploited to obtain a TF of the modulated system y(t) =
cos(ωdt)×G(s)×cos(ωdt+φ) depicted in Figure 3, where ×
stands for the modulation process. It is worth noting that y(t)
includes all the elements that assembles a position estimator,
namely sine1 and cosine modulation/demodulation at generic
pulsation frequency ωd, as well as a dynamic filtering G(s).
According to (9), the TF of the modulated input um(t) is:

Um(s) =
[U(s− jωd) + U(s + jωd)]

2
. (10)

The modulated signal is then filtered by G(s), which yields:

Ym(s) = G(s)Um(s). (11)

The (9) can be further applied to obtain the Laplace transform
of the demodulated output, yielding:

Y (s) =

[
ejφYm(s− jωd) + e−jφYm(s + jωd)

]
2

. (12)

Expanding the equation (12) by using (10) and (11), the
Laplace transform of the demodulated output becomes:

Y (s) =

[
e−jφG(s− jωd) + ejφG(s + jωd)

]
4

U(s)+

ejφG(s− 2jωd)U(s− 2jωd)

4
+

e−jφG(s + jωd)U(s + 2jωd)

4
. (13)

Then, it is possible to conclude that the original modulated
system y(t) = cos(ωdt) × G(s) × cos(ωdt + φ) can be
represented in Laplace domain by (13).

A similar procedure can be adopted to obtain the baseband
approximation of the whole pulsating injection sensorless
plant, with any other combination of modulated and demod-
ulation carriers. Assuming ϑme = ωmet, ϑ̂me = ω̂met and
ω̃me = ω̂me − ωme, it follows that the Laplace transform of
signals x3(t) and y3(t) in Figure 2 is:

X3(s) =
Gd(s)

2

[
Ud(s + jω̃me) + Ud(s− jω̃me) . . .

− jUq(s+ jω̃me) + jUq(s− jω̃me)
]

Y3(s) =
Gq(s)

2

[
jUd(s + jω̃me)− jUd(s− jω̃me) . . .

+ Uq(s+ jω̃me) + Uq(s− jω̃me)
]

(14)

1cos(ωdt+ π/2) = − sin(ωdt)
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and that of signals x5(t) and y5(t) is:

X5(s) =
1

2

[
X3(s + jω̃me) +X3(s− jω̃me) . . .

+ jY3(s+ jω̃me)− jY3(s− jω̃me)
]

Y5(s) =
1

2

[
− jX3(s + jω̃me) + jX3(s− jω̃me) . . .

+ Y3(s+ jω̃me) + Y3(s− jω̃me)
]

(15)

where Ud(s) and Uq(s) are the Laplace transforms of the high
frequency injected signals ûh,d(t) and ûh,q(t), respectively.

The demodulation process is the most critical ele-
ment of the observer. With a slight abuse of nota-
tion, the demodulated signal can be written as y8(t) =
FLPF(s) [(FHPF(s)y5(t))× sin(ωht)], then its Laplace trans-
form is:

Y8(s) =
jFLPF(s)

2

[
FHPF(s + jωh)Y5(s + jωh) . . .

−FHPF(s− jωh)Y5(s− jωh)
]
.

(16)

Expression (16) can be expanded by using (14) and (15),
and remembering that the Laplace transform of the injected
signal (3) is Ud(s) = Uhs/(s2 + ω2

h) while Uq(s) = 0, the
approximated estimator TF is:

Ih,q(s) =
L∆Uh

LddLqqωh
FΣ

HPF(s)FLPF(s)(ϑ̂me(s)− ϑme(s)) (17)

where:

FΣ
HPF(s) =

1

2
(FHPF(s + jωh) + FHPF(s− jωh)) . (18)

See the Appendix for the proof.
The new estimator TF is:

P new
obs (s) =

Ih,q(s)

ϑ̂me(s)
=

UhL∆

ωhLddLqq
FLPF(s)FΣ

HPF(s) (19)

which differs from the classic expression (8), both for the
generalised static gain, i.e. the function gain without zeros
and/or poles in the origin, and for the frequency behaviour. It
is worth reminding that motor inductances are still dependent
from stator currents, thus static gain of (8) and (19) varies
as a function of the operating point. Figure 4 depicts the
frequency response of FΣ

HPF(s) and FHPF(s) obtained with the
parameters utilised in this paper and reported in Table II. It is
worth noting that FΣ

HPF(s) is akin to a (weak) notch filter at
the injection pulsation ωh with a non unitary generalised static
gain FΣ

HPF(0) = ω2
h/(ω

2
h+ω2

H). The sag depth is bounded from
below to -6dB with respect to the static gain when the cut-off
frequency of the high pass filter is lower enough respect to
the injection one.

The observer static gain of (19) differs from the one in
(8) for the factor FΣ

HPF(0) which, however, tends to 1 in
the above condition, i.e. when the cut-off frequency of the
high pass filter is lower enough respect to the injection one.
Thus, the gain mismatch between (8) and (19) is almost
negligible. These considerations allow to draw the conclu-
sion that the two observer TF, with a proper HPF cut-off
frequency, have the same generalised static gain and high-
frequency behaviour, while they differ in the low frequency
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Fig. 4: Transfer function of the conventional high–pass filter
FHPF(s) and the new representation FΣ

HPF(s).

range. Finally, it is worth remembering that FΣ
HPF(s) is the

Laplace description of FHPF(s) used in a control scheme
with a modulation/demodulation process. The discretisation of
FHPF(s) is implemented in the estimator, whereas FΣ

HPF(s) is
used to design the estimator regulator.

C. Cross–Inductances Effects

The high frequency q-current in (4) is rearranged as:

îh,q =
Uh
√
L2

∆ + L2
dq

ωh(LddLqq − L2
dq)

sin(2ϑ̃me + 2ϑ̄) sin(ωht) (20)

where ϑ̄ , 0.5 atan2(−Ldq, L∆). In order to obtain the
rotor position estimation, the îh,q is demodulated by means
of the technique described in Section II-A. The output of the
demodulation process is steered to zero through an observer.

Actually, the stable point of the observer is ϑ̃me = −ϑ̄, that
is the solution of the demodulated high frequency current.
It is worth highlighting that ϑ̄ 6= 0 if Ldq 6= 0, thus the
observer is unable to perfectly track the rotor position due
to the non–zero cross–differential inductances. Furthermore,
the position estimation error induced by the cross-inductances
could lead to stability issues in the observer [3] for highly
saturated machines. Despite this, its effects and its compensa-
tion overcomes the purpose of this paper which focuses on an
accurate description of the observer and the TF of the plant
at high frequencies.

The existing observer TF including the cross differential
inductances can be obtained by combining (20) with the low-
pass and the high-pass filter, as in (8), i.e.:

P past
obs (s) =

Uh
√
L2

∆ + L2
dq

ωh(LddLqq − L2
dq)

FLPF(s)FHPF(s) (21)

where only the static gain changes due to cross-inductances.
However, the same observation about the arbitrary combina-
tion of time– and frequency–domain quantities reported in
(8) applies to (21). In order to derive the estimator TF with
the proposed method based on the modulation/demodulation
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theory, it is enough to remember that signals x3(s) and y3(s)
in Figure 2 are:

X3(s) = Gd(s)X2(s) +Gdq(s)Y2(s)
Y3(s) = Gdq(s)X2(s) +Gq(s)Y2(s)

(22)

but Gd(s) = Lqq/[(LddLqq−L2
dq)s], Gq(s) = Ldd/[(LddLqq−

L2
dq)s] and Gdq(s) = −Ldq/[(LddLqq − L2

dq)s] are now
considered. Following the procedure described in Section III,
the demodulated q-axis current Laplace transform is:

Ih,q(s) =
Uh
√
L2

∆ + L2
dq

ωh(LddLqq − L2
dq)

FΣ
HPF(s)FLPF(s)(ϑ̃me(s) + ϑ̄(s))

(23)
and the observer TF is:

P new
obs (s) =

Ih,q(s)

ϑ̂me(s)
=

Uh
√
L2

∆ + L2
dq

ωh(LddLqq − L2
dq)

FLPF(s)FΣ
HPF(s)

(24)
which is akin to (19), except for the static gain which takes
into account no zero cross–differential inductances.

IV. OBSERVER REGULATOR DESIGN

A sensorless drive is composed by four closed control loops,
namely the observer loop, the dq-current loops and the speed
one. The observer controller requirements are twofold, i.e. a
wide and well–known closed–loop bandwidth and a high dis-
turbance rejection capability. In particular, the former allows
to boost the position tracking capability during transients and
it may improve the latter. Moreover, the observer loop interacts
with the other control loops [9]. Therefore, the actual design
of the real bandwidth is crucial to guarantee the whole motor
drive stability and performance.

The observer scheme is reported in Figure 5, where the
actual position acts as a disturbance with detrimental effects on
control performances. In other words, the disturbance rejection
capability of the observer is critical. Finally, the (19) is
considered in Figure 5 for simplicity, since the only difference
with (24) is the different static gain.

In this paper, the direct synthesis (DS) method, which
allows an accurate closed–loop bandwidth supervision, and
the internal model principle with the Bode’s synthesis, which
can design an effective controller against a disturbance, are
analysed. Finally, the DS is used to verify the proposed
observer model (19) correctness against the classical one (8).

A. Direct Synthesis Tuning

Direct synthesis method is based upon prescribing a desired
form for the system’s response and then finding a controller
strategy and parameters to give that response. It is able to take
into account systems with a non unitary feedback. Let R(s),

P (s) and F (s) be the TFs of the regulator, the plant and the
feedback of a negative feedback control loop, respectively. The
closed loop function W (s) is:

W (s) =
ϑ̂me(s)
ϑme(s)

=
R(s)P (s)

1 +R(s)P (s)F (s)
. (25)

Let W ∗(s) be the desired closed loop TF, the regulator can be
designed as:

R(s) =
W ∗(s)

P (s) [1− F (s)W ∗(s)]
. (26)

The DS method could lead to a no-proper TF of the regulator.
The closed loop function must be selected carefully and in
compliance with the analysed system. It is not seldom to get
a regulator more complex than a simple proportional integral
control. However, if P (s) well describes the real system, the
synthesised regulator allows to have the desired and accurate
input-output behaviour. Finally, it is worth highlighting that
the regulator obtained by the DS method is only able to
accomplish an input-output relationship. Thus, the rejection
capability can be verified only a-posteriori.

The observer loop schematic is reported in Figure 5, and
the open loop TF is composed by (19) with an additional
integrator to get the motor position from the estimated speed,
namely:

P (s) =
L∆Uh
LdLqωhs

FΣ
HPF(s)FLPF(s) =

P new
obs (s)

s
. (27)

In order to obtain a feasible regulator, a second–order closed
loop TF must be chosen, such as:

W ∗(s) =
ω2

obs

s2 + 2ωobsξobss + ω2
obs

(28)

where ωobs is the desired bandwidth of the observer and
ξobs = 1/

√
2 is the critical damping factor which allows to

have a −3 dB gain at ωobs. By substituting (27) and (28) in
(26) and considering F (s) = 1, the design of the DS observer
regulator is obtained in Laplace domain. The implementation
in discrete time can be obtained by the well–known Tustin ap-
proximation. A third order TF in the z TF domain is obtained
and its implementation requires only seven multiplications and
seven additions. Figure 6 shows the synthesised controller with
two desired closed–loop bandwidth. It has an almost constant
frequency behaviour with a small ditch due to the FΣ

HPF(s) sag
and it lacks of integrators in the origin.

B. Internal Model Principle

The internal model principle states that a feedback system
can completely reject a disturbance if the open loop TF
includes its model [13], [14]. In a sensorless drive, the desired
disturbance to be rejected is the actual position, see Figure 5,
in steady-state condition which corresponds to a ramp–varying
signal. In order to attain the control objective, the open loop
TF must include the disturbance model, namely a double
integrator. In order to obtain the position from the speed,
an integrator is already present in the open loop transfer
function as inferable from Figure 5. Then, the regulator can
have only one additional integrator. An appropriate controller
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Fig. 6: Transfer function of the observer regulators: a) PI for
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that satisfies the internal model principle is a proportional-
integral (PI) controller that can be tuned imposing cross-over
frequency and phase margin. The PI controller can completely
reject the position disturbance, but its design cannot guarantee
a fine control on the closed-loop roll-off frequency as in the
direct synthesis method.

C. Comparison between observer regulators

The proposed controller design procedures aim at two
different goals, i.e. to get an accurate control on the system
bandwidth and the complete disturbance rejection. Two reg-
ulators obtained by the DS approach, with a desired closed-
loop bandwidth of 60 Hz and 80 Hz, and a PI with cross–over
frequency of 60 Hz and phase margin of 70 ◦ are depicted
in Fig. 6. The 80 Hz PI controller is not feasible. The first
important difference between the two methods is that the direct
synthesis is always able to synthesise a feasible regulator,
provided that a suitable desired closed loop TF is chosen.
Moreover, the obtained closed–loop bandwidth coincides with
the desired specifics. Indeed, a −3 dB closed–loop gain at
60 Hz is obtained by the DS regulator. On the other hand,
the actual bandwidth obtained by the PI controller is about
85 Hz, i.e. almost 50% greater that the desired one.

The disturbance rejection capability of the controllers can
be evaluated by using the final value theorem. The steady–state
estimation error in response to a ramp varying disturbance can
be computed as:

ϑ̃me(+∞) = lim
s→0

sU(s)
ϑ̃me(s)
ϑme(s)

= lim
s→0

1

s

ϑ̃me(s)
ϑme(s)

(29)

where U(s) is the input TF. The PI regulator with its integral
part satisfy the requirement of the internal mode principle, and
therefore it is able to fully reject the ramp-varying disturbance
(ϑ̃me(+∞) = 0). Conversely, the DS regulator steady state
error is:

ϑ̃me(+∞) = −2ξobs

ωobs
ωme (30)

TABLE I: Plate data of the motor under test

Parameter Symbol PMSM

Resistance R 2.726 Ω
d-axis inductance Ld 26.5 mH
q-axis inductance Lq 114.7 mH
Permanent magnet Λmg 0.22 V s
Nominal current IN 4.2 A
Nominal torque TN 4.7 N m
Nominal speed ωN 3000 rpm

TABLE II: Sensorless parameters

Parameter Symbol

Injection pulsation ωh 2π1 000 rad/s
Injection magnitude Uh 60 V
FHPF cutoff pulsation ωH 2π 100 rad/s
FLPF cutoff pulsation ωL 2π 200 rad/s

which is proportional to the electromechanical speed ωme. In
order to decrease it, the damping factor could be reduced, but
a resonance peak will appear in the closed loop observer TF.
It is worth noting that ξobs = 1/

√
2 is the smallest damping

factor which avoids peaks in the TF. To decrease ϑ̃me(+∞),
the only effective way is to increase the observer bandwidth,
but at the price of a more disturbed position estimate.

V. EXPERIMENTAL RESULTS AND DISCUSSION

The proposed estimator TF was verified throughout an
extensive experimental stage. The tests were performed on
an IPM motor, whose parameters are reported in Table I.
The sensorless drive parameters are listed in Table II. The
current controllers were designed to achieve a bandwidth of
100 Hz. The sampling frequency was set equal to the switching
frequency at 10 kHz. The techniques were implemented on a
dSpace MicroLabBox platform. Since the focus was on the
design of the observer, the experimental AC drive made used
of measured position and speed. So doing, the improvements
of the design obtained by the proposed system model are not
influenced by any other factor and the comparison with the
conventional model is made easier.

In order to prove the effectiveness of the proposed estimator
TF, three different tests were carried out. The first test was
aimed at verifying the time response and the feasibility of
the observers and it is reported in Section V-A. The goal
of the second test was to identify the closed-loop frequency
behaviour of the observer and it is described in Section V-B.
Finally, the position tracking capability of the observer is
verified with a real test case, and it is reported in Section V-C.

A. Observer time response and stability issues

Several controllers were designed to validate the proposed
plant model and to compare the effects on the design of
both DS and PI regulators. For the two observer models,
i.e. (8) and (19), and for both DS and PI regulators, five
designs with different control bandwidths were synthesised.
The PIs were designed to achieve a phase margin of 70 ◦.
Some preliminary experiments put in evidence that some
combinations of required bandwidth and type of regulator
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TABLE III: Stable observer combinations as function of the
required bandwidth.

10 Hz 30 Hz 50 Hz 100 Hz 150 Hz

DS + P new
obs (s) X X X X X

DS + P past
obs (s) X X

PI + P new
obs (s) X X X

PI + P past
obs (s) X X X

were unstable. Table III reports all cases that exhibit a stable
behaviour. Only the direct synthesis method coupled to the
proposed model P new

obs (s) is able to return a stable observer in
the whole wide range of desired closed–loop bandwidths.

The results of Table III point out the controllers feasibility
without showing any information on the dynamic behaviour
of the obtained observers. To evaluate the real performance
of a system, the time response to a step reference can be
evaluated and Figure 7 depicts the observer responses to a I∗h,q
step variation (see Figure 5). The observer behaviour can be
estimated by evaluating the current transient. Each subfigure
reports Ih,q when a I∗h,q current step of 1 mA is applied at time
5 ms. The step magnitude has to fulfil two opposing objectives,
namely it has to be small because a small–signal analysis
must be carried out to study a non-linear system but it has
to be large enough to be measurable. It is worth noting that
Ih,q is the projection on the estimated q-axis of the current
induced by the d–axis voltage injection. Therefore, Ih,q is
not a directly measured quantity. Actually, the injected high
frequency voltage was 60 V and the induced high frequency
d-axis current was about 360 mA. A forced step of 1 mA in
the q-axis reference is a feasible way to investigate the closed
loop behaviour of Fig. 5. In each subfigure, the desired step
transient, namely the one corresponding to (28), is drawn.
It is worth remembering that if the plant is well described
via a TF, the DS output is a regulator that perfectly attains
the desired behaviour. Therefore, if the measured Ih,q is
overlapped with the theoretical curve, it means that the system
is well described.

All the step responses obtained with a regulator designed
by the DS and the new TF (19) are in accordance with
the theoretical ones, proving that (19) properly describes
the estimator plant. System responses obtained with a DS
controller synthesised with the wrong TF (8) deviate from the
theoretical curves, becoming first oscillating and then unstable
reducing the desired bandwidth. It is worth noting that (8) has
a smaller static gain in the low frequency range than (19). If the
desired closed–loop bandwidth is small, the regulator has to
compensate the small plant gain. Since the real observer TF is
(19), in the low range the resulting open loop TF gain becomes
overblown, leading to instability. Finally, it is worth noting that
PIs tuned with (19) returned a faster transient than the desired
one, in accordance with the transfer function analysis carried
out in Section IV-C.

B. Frequency identification

In Section V-A, the observer time behaviours designed with
both existing and proposed model were studied and compared.

In order to estimate the real frequency response of the position
observer, i.e. the TF (25), the motor was forced to oscillate
by means of an alternating torque produced by an active load
directly connected to the motor shaft. The TF was obtained
from the fundamental components of the measured position
and the estimated one. Figure 8a reports the reference TF
(25) in solid blue line, the actual TF obtained by the observer
designed with the proposed model (red circles) and the TF
relative to the observer based on the existing model (green
diamonds). It is easy to recognise a close correspondence
between the TF obtained by the new model and the designed
reference (28). The same does not applied to the TF obtained
with the conventional model that has a very different behaviour
already from low frequencies. In all cases, the regulator in the
observer was designed by the direct synthesis method and the
desired closed–loop bandwidth was set at 80 Hz. The detail
of the time response at 80 Hz is also reported in Figure 8b.
It is worth noting that the angular shift between the two
signals is 93◦, very close to the theoretical value of 90◦.
This experiments prove that a designed based on the proposed
comprehensive model is fundamental to obtain a frequency
response of the observer close to the reference one.

The slight difference between reference and measured TFs
can be cancelled by replacing the critical damping factor
by 0.82 in equation (28), while keeping constant the natural
frequency ωobs = 2π80 rad/s. This can be explained by con-
sidering that in the real drive a higher damping factor than the
desired one was expected due to dissipative effects. Anyway,
the transfer function mismatch is really modest, so one can
conclude that the plant description (19) can be considered
exact.

C. Position tracking

A suitable experiment was designed to test the tracking
ability of the position observer at zero or low motor speed. The
proposed observer design by both PI and DS were first tested
at zero motor speed and then at 0.1 (p.u.) motor speed, Fig. 9a.
In both cases the load torque has been applied to the motor
shaft (Fig. 9b). The performances are evaluated by mean of the
estimation error ϑ̃me as shown in Figure 9c. The DS regulator
was designed to get a closed-loop bandwidth of about 80 Hz
and a critical damping factor. The PI cross-over frequency and
phase margin were selected as described in Section IV to get
a similar closed-loop bandwidth, (it resulted of about 85 Hz).
The static gain of the observer was kept constant by varying
the parameters, that were stored in a look-up table as function
of the stator currents.

At standstill, the two regulators have comparable per-
formance since the position errors are very close to each
other. The error is close to zero almost everywhere, showing
excellent tracking capability. The error at full load is due
to the cross–differential inductances, since the IPM motor
slightly suffers of saturation and cross coupling among axis,
as described in Section III-C. By computing the position error
ϑ̄ due to the cross-inductances with the estimated ones at
the rated load operating point, it is ϑ̄ = −0.09 rad which
is comparable to the obtained experimental error.
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Fig. 7: Step responses of all synthesizable regulators listed in Table III. Each subfigure depicts the observer response to a
I∗h,q step variation. All the transients are collected according to the desired bandwidth. In each figure, the nominal response is
shown as well.
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Fig. 8: Experimental closed loop frequency response of the
observer (25).

The observers performance deeply differ at non zero motor
speed. The PI was able to fully reject the actual position
disturbance, as motivated in Section IV-C. According to the
related discussion, the DS controller showed a tracking error
proportional to the electromechanical speed, as explained in
Section IV-C. Evaluating (30) at no load condition, error
of ϑ̃me(+∞) = −0.205 rad was obtained, very close to the
experimentally measured error of the test in Figure 9c. When
the load was applied, the position error further increased of
ϑ̄ = −0.09 rad.

VI. CONCLUSIONS

The paper reports a new transfer function description of
the pulsating injection-based position observer. The modu-
lation/demodulation theory has been exploited to derive the
proper TF able to model the system. The new plant description
differs from the classical formulation for a different high pass
filter description due to the demodulation process. In order
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(c) Position error

Fig. 9: Speed, torque and position error of dynamic tests. Four
tests are depicted with two different operating speeds and two
regulators.

to experimentally verify the new TF, a regulator designed by
means of the direct synthesis method is chosen since it allows
to have a fine control on the closed–loop transfer function.
The identified system well matches with the theoretical one,
entailing the correctness of the proposed observer model.

A PI-based observer has been compared with one obtained
by the DS controller, both tuned with the classical observer TF
and the proposed one. A superior bandwidth control has been
attained with the DS regulator, but the disturbance rejection
incapability makes it unsuitable for a practical implementation.
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The PI fully reject the ramp-varying position disturbance at
the expense of less control over the achievable closed–loop
bandwidth. Nevertheless, this flaw can be solved with an
iterative tuned procedure exploiting the proposed sensorless
model.

APPENDIX

Expanding the expression of Y5(s) (15) by using (14) and
zeroing Uq(s) yields:

Y5(s) =
j

4

[
Ud(s) (GΣ(s− jω̃me)−GΣ(s + jω̃me)) . . .

− Ud(s + j2ω̃me)G∆(s + jω̃me) . . .

+ Ud(s− j2ω̃me)G∆(s− jω̃me)
]

(31)

where GΣ(s) = Gd(s) + Gq(s) and G∆(s) = Gd(s) − Gq(s).
When the observer is locked to the actual position of the motor,
the estimation error is small and ω̃me ≈ 0 then (31) can be
approximated as:

Y5(s) =
j

4

[
− Ud(s + j2ω̃me)G∆(s + jω̃me) . . .

+ Ud(s− j2ω̃me)G∆(s− jω̃me)
]
. (32)

Now, replacing the equation (32) into (16) yields:

Y8(s) =
FLPF(s)

8
[FHPF(s− jωh)σ1 − FHPF(s + jωh)σ2]

(33)
where
σ1 =Ud(s− j(ωh + 2ω̃me))G∆(s− j(ωh + ω̃me))

− Ud(s + j(2ω̃me − ωh))G∆(s + j(ω̃me − ωh))

σ2 =Ud(s + j(ωh − 2ω̃me))G∆(s + j(ωh − ω̃me))

− Ud(s + j(2ω̃me + ωh))G∆(s + j(ω̃me + ωh)).

(34)

Neglecting the resistive contribution to the injection frequency,
considering the injection pulsation much greater than ω̃me and
replacing to Ud(s) the Laplace transform of ûh,d, σ1 can be
written as follow:

σ1 =
2L∆Uh
LdLqωh

[
ωh

(s− j(ωh − 2ω̃me))2 + ω2
h

. . .

− ωh
(s− j(ωh + 2ω̃me))2 + ω2

h

]
.

(35)

Expression (35) can be rearranged to highlight that it is
composed by three sinusoidal waves at the pulsations of 2ω̃me,
2(ωh + ω̃me) and 2(ωh − ω̃me), namely:

σ1 =
2L∆Uh
LdLqωh

[
2ω̃me

s2 + 4ω̃2
me
− (ωh + ω̃me) + j0.5s

s2 + 4(ωh + ω̃me)2
. . .

+
(ωh − ω̃me) + j0.5s
s2 + 4(ωh − ω̃me)2

]
.

(36)

After filtering it with the low–pass filter FLPF(s), the terms
around twice the modulation frequency ωh in (36) are sup-
pressed. A similar procedure can be adopted for σ2. Finally,
noting that:

L−1
( 2ω̃me

s2 + 4ω̃2
me

)
= sin(2ω̃met) = sin(2ϑ̃me) (37)

and linearising it for small estimation error, expression (17) is
obtained.
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