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Abstract

Future aircraft concepts proposed to alleviate the environmental impact of the ever-
growing aviation sector feature airframe-embedded engines or ultra-high bypass ratio
turbofans installed on the wings. In either cases, a tight propulsive system integration
will expose the engine fan to distorted inĆow conditions, generated by S-shaped intake
ducts, short nacelle cowls or boundary layer ingestion. This thesis presents a study of a
body force model as a coupled simulation approach for fan/intake interaction. Without
properly replicating the fan effect, in fact, the simulations of these novel aircraft conĄg-
urations not always provide physically consistent results, and neither the required fan
design can be properly studied. In the thesis, the trend towards ultra-high bypass en-
gines as mid-term evolution is Ąrst analysed, showing the importance of an integrated
approach for their design andperformance evaluation at system level. After that, the de-
velopment of a compressible Reynolds-Averaged Ćow solver as a stand-alone tool where
a selected body force model has been implemented is reported. Indications on model
calibration, data extraction from higher-Ądelity simulations, validity, accuracy and lim-
itations are provided, using a high-bypass transonic fan as reference model, validated
against experimental data. Finally, the set of developed numerical tools is employed to
carry out a sensitivity study on the aerodynamics of nacelle intakes at high incidence,
comparing the standard decoupled approach with the body force model.
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Sommario

Le architetture aeronautiche proposte per alleviare il crescente impatto ambientale del
settore dellŠaviazione si caratterizzano per la presenza di motori integrati nella fusoliera
ovvero installati sulle ali, ma ad elevatissimo rapporto di diluizione. In entrambi i casi,
lo stretto accoppiamento tra telaio e sistema propulsivo incrementa lŠesposizione della
soffiante del motore a condizioni di ingresso distorte, generate da prese dinamiche ad
S, gondole con prese dŠaria corte, o ingerimento dello strato limite. Questa tesi presen-
ta lo studio di modelli a forze di volume come approccio accoppiato per la simulazione
dellŠinterazione soffiante/presa dinamica. LŠassenza di una corretta replicazione dellŠef-
fetto della soffiante, infatti, porta a risultati non sempre Ąsicamente coerenti ed impe-
disce lŠadeguata progettazione delle pale. La tesi affronta dapprima lŠevoluzione verso
lŠimpiego di motori ad altissimo rapporto di diluizione, come rimedio a medio termine,
mostrando lŠimportanza di un approccio integrato per la progettazione e la valutazio-
ne delle prestazioni propulsive a livello di sistema. In seguito, è descritto lo sviluppo
di un codice comprimibile per equazioni di Navier-Stokes mediate alla Reynolds, qua-
le strumento a sé stante in cui è stato implementato un modello a forze volumetriche
derivato dalla letteratura. Il documento riporta indicazioni relativamente alla calibra-
zione del modello, lŠestrazione di dati da simulazioni a maggiore livello di affidabilità,
la validità, lŠaccuratezza e le limitazioni dellŠapproccio. Il caso di riferimento adottato
consiste in una moderna soffiante transonica ad elevato rapporto di diluizione, per cui è
stato validato un modello computazionale a partire da dati sperimentali. InĄne, lŠinsie-
me degli strumenti di analisi sviluppati è stato impiegato per uno studio di sensibilità
dellŠaerodinamica di prese dŠaria di motori a turboventola operanti ad alta incidenza,
confrontando lŠapproccio standard disaccoppiato con il modello a forze volumetriche.
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Chapter 1

Introduction

1.1 Introduction

On 2 May 1952, the Ąrst passenger Ćight on a jet propelled aircraft, the De Havil-
land DH106 Comet, took off from London, towards Johannesburg. Despite nowadays
the date and the event are not that much remembered, they marked an historical turn
towards a new era of human mobility. The civil aviation market has seen an impressive
growth ever since, with an outlook of further increasing the number of transported pas-
sengers by a factor of 7 by 2050 [122]. The scientiĄc evolution of the relatively young
Ćight science and the huge technological progress inmany other Ąelds have led, in about
50 years, to a substantial improvement of noise, pollutant emissions, and fuel consump-
tion. For instance, the fuel burnt per seat of a Boeing 777-200, a 2000s aircraft, was only
30% of that of the Comet [17]. The individual aircraft evolution, however, have been
offset by the huge growth of the volume of Ćights. In response to this overall negative
trend, international institutions have set ambitious targets to mitigate the environmen-
tal impact of the aviation sector. In 2001, European Commission ACARE 2020 vision
[44] foresaw a 50% reduction in fuel-burn and noise, and 80% in take-off/landing NOx
emissions, relative to year-2000 aircraft. Whilst these targets will not be achieved, a new
FlightPath 2050 vision [72] has been released in 2011, requiring new limits of 75%, 65%
and 90% on the same basis, respectively. This needs, therefore, the seek of either new
technological stepchanges or novel aircraft paradigms.

In parallel to futuristic designs [92], a smoother change of current technology is
also pursued, on a shorter-term basis. On the engine side, the propulsive efficiency can
be theoretically improved by lowering the speciĄc thrust [19], while increased Overall
Pressure Ratio (OPR) and Turbine Entry Temperature (TET) improve the thermal effi-
ciency[119]. Low speciĄc thrust engines feature reduced Fan Pressure Ratio (FPR) and
higher By-Pass Ratio (BPR), directly improving the speciĄc fuel consumption and the
noise Ągures [109, 197, 305]. The beneĄts brought about by high BPR are, nonetheless,
counterbalanced by increased fan diameter, nacelle drag, engine weight, and enhanced
installation effect of the propulsive unit. Overall, there is a risk that the gains in unin-
stalled engine performance are totally or partially lost upon system integration[158].
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The installation effect is traditionally quantiĄed by the difference between the individ-
ual component performance in isolated condition and the performance after assembly
into the wing body [298]. Its phenomenology is due to alteration of pressure and veloc-
ity Ąelds due to the presence of nacelle, pylon and jet efflux from nozzles [217]. Hence, a
number of problems are to be tackled to allow for full exploitation of Ultra-High By-Pass
Ratio (UHBPR) engines. Without a careful evaluation of system aspects, more tradi-
tional procedures based on sequential and decoupled design are likely to fail in Ąnding
a real working optimum. This encourages a tighter cooperation between the engineers
working on different aspects of the air vehicles, as the sensitivity of engine operating
conditions to the external Ćow Ąeld, and vice versa, is becoming more relevant.

In that respect, developing more coupled procedures for the design and the analysis
of turbofan engines featuring a closely coupled airframe integration or operating with
an inherent sensitivity to the airframe presence has become mandatory for their de-
ployment. This thesis is focused on the evaluation of the suitability of a reduced order
model to better represent the effect of the fan on the ĆowĄeld, especially at speciĄc Ćight
conditions where this is strongly affected by the fan/intake interaction. The numerical
method, which is referred to as body force in the literature, Ąnds a large applicability
in all those situations where it is important, if not indispensable, to model the fan as
a responsive system that exerts a compression work on an incoming Ćuid and reacts
to the boundary conditions in accordance with the conservation principles. Body force
models have been found to greatly improve the simulation of intake Ćows at incidence
and crosswind, providing sound solutions for boundary layer ingesting conĄgurations
and allowing to have a Ąrst-order prediction also of the fan characteristics in distorted
conditions. Before entering into the details of the model, the currently available meth-
ods that are applied to design the nacelle components and to study the interactions with
the airplane structure are presented.

The following sections give an overview of UHBPR engines design studies in terms
of thermodynamic cycle, nacelle, and exhaust, to show how these are affected by the
increased bypass ratio and how it impacts the sizing of the main aircraft components.
The challenges related to UHBPR turbofans implementation are thus highlighted, also
from the point of view of experimental testing, delineating the framework in which the
scope of this study lies. In the following chapter, a more detailed analysis of numerical
methods for installed engines and the limitations of a decoupled approach in fan/intake
modelling for some cases are provided, to motivate the purpose of the present research.

1.2 Installation effects on UHBPR engine design

The adoption of high BPR engines to increase propulsive efficiency, speciĄc fuel con-
sumption and noise signatures brings about a series of issues and challenges that were
already clear when their adoption was Ąrst considered. Borradaile [19] effectively de-
scribed the difficulties associated to high BPR, low speciĄc thrust units: conĆicting re-
quirements for nacelle design, reduced stability margin and inlet distortion for low FPR
fan, fan - Low Pressure Turbine (LPT) coupling, reduced noise frequency and problem-
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atic integration of the powerplant. All these topics characterise the UHBPR turbofans
and, as it will be shown throughout the review, this has pushed the scientiĄc and in-
dustrial community towards elaborating advanced design and analysis tools to propose
remedies in each area.

Zimbrick [305], comparing low BPR turbofans of early Š90s with the advantages in
Thrust SpeciĄc Fuel Consumption (TSFC) achievable by using UHBPR engines, de-
scribed the chain of effects caused by low SpeciĄc Fuel Consumption (SFC) units. A
number of conĆicting requirements associated to an UHBPR are immediately evident,
for which an optimal choice of the relevant parameters must consider several aspects at
the same time, making the design more complex and interdependent. The relationship
between BPR, FPR, OPR and TSFC is provided in [169]. Considering integration effects,
the optimal bypass ratio minimising the TSFC is expected to fall between 14 and 16 for
a small class airplane, with a corresponding FPR as low as 1.3 [224]. Guha [93] derived
an explicit analytical equation linking the optimum fan pressure ratio to BPR, ambient
conditions, speciĄc thrust and efficiency of energy transfer between the core and bypass
Ćow.

A number of studies in open literature was devoted to analysing possible engine
conĄgurations for UHBPR, aimed at estimating the best compromise solutions and tech-
nologies, needed to conciliate some of the requirements. In the following section the
engine concepts cycle design proposed for UHBPR are reviewed.

1.2.1 Engine concepts and cycle design

The design of different UHBPR engine concepts and thermodynamic cycles reported
in the literature are based on predictive assessments of operational costs and propulsive
efficiency, considering how they are impacted by installation effects. Christie [39] pro-
posed a Propulsion System IntegrationModel (PSIMOD) for the engine cycle design. Its
model assessed the propulsion system integration and, furthermore, the overall Ćight
characteristics and mission fuel burn.

UHBPR fan installation on hybrid and all-lifting aircraft concepts is described in
Felder [75] andHall [99] for twodifferentwing bodies, where distributed electric propul-
sion is employed to decouple power generation and usage and realize an effective higher
bypass ratio with large low FPR embedded Boundary Layer Ingestion (BLI) fans.

Larsson [146] conceptually designed a Geared Turbo Fan (GTF) and a geared open
rotor engines with Entry Into Service (EIS) in year 2020. A number of constraints re-
garding engine components and operability for a short haul application were consid-
ered. Kestner [132], Krishnan [140], Aloyo [5] and Yang [294] conducted trade-off
studies for GTF, Variable Area Nozzle (VAN) and Variable Pitch Fan (VPF) for UHBPR
engines. Daggett [49] presented a 2003 NASA research on Ultra Efficient Engine Tech-
nology (UEET), addressed to assess the performance of three advanced General Elec-
tric (GE) and Pratt & Withney (P&W) powerplants on a technology study airplane.
The study is unique in deĄning optimum fan diameters for high bypass ratio turbofan,
targeting 2015-year UEET. A parent aircraft, Boeing 777-200ER, was re-adapted with
new optimised composite wing and three sizes of baseline GE90-94B and P&WPW4090
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engines were considered. The GE family featured an advanced direct drive counter-
rotating fan, while the P&W had a geared fan on medium and big engine. Among the
three engine sizes, the medium one appeared to be the best suited, featuring a BPR 14.3
with an approximate fan diameter of 3.604 m.

Bijewitz [16] presented a similar study of two evolutionary improved UHBPR tur-
bofan engines for an entry-into-service of year 2035+, for a medium to long range ad-
vanced aircraft of 340PAX. It was found that the optimumBPR and the relative improve-
ment potential are dependent on the assumptions of the technology level, the associated
component efficiencies, the block fuel exchange rates for SFC, and the drag and weight.
Berton [15] carried out an optimisation of engine independent design parameters for an
aircraft of Boeing 737 class. The outcome of the study suggested that low ramp weight,
used as a cost indicator, could beminimised by high-FPR (1.70), high-OPR , direct-drive
turbofan. In a follow-up analysis [96], the authors partially revised some of the assump-
tions of the Ąrst research, but in terms of aircraft system, the trend of the Ąrst study was
conĄrmed.

Giesecke [81] carried out a thermodynamic andmechanical investigation of an over-
wing UHBPR for a regional aircraft. The engine technology level was extrapolated for
year 2025. Compared to the Ąxed nozzle UHBPR engine with standard under the wing
installation, the over-the-wing mounted VAN turbofan was claimed to bring an addi-
tional 1.7% reduction in fuel mass per mission and a 0.8% lower DOC. The Ąve-year EU
FP7 project ENOVAL, ended in June 2018, addressed low pressure system of UHBPR (
12-20 ), ultra-high OPR ( 50-70 ) engines [45]. The project analysed numerous compo-
nents and aspects of modern turbofan, from low pressure ratio, low noise fan modules,
including low pressure spool and power gear-box (PGB), to aeroacoustic technologies
and components design, manufacturing and integration. The wide number of methods
and topics examined, and the results achieved in terms of extension of technology readi-
ness level (TRL), are expected to have an important outcome in future engine systems.

Given the complexity of the problem affecting a full exploitation of larger BPR, it
has been shown by various authors that simultaneous attainment of cost and emission
indicators is likely to be possible only in a Pareto optimal sense, in a way that the best
conĄguration depends on which aspect is considered predominant. The segment most
involved in UHBPR is the 300PAX class, like Boeing 777-200 and Airbus A330 aircraft,
where gains in SFChave a big leverage. Moreover, higher BPR can bemore easily accom-
modated. Summary of reviewed research suggested engine diameter now exceeding 3
m, with optimal BPR between 14 and 16. According to Dagget [49], lowering FPR below
1.4 would result in further enlargement of fan size, and the increased nacelle weight and
drag were found to offset the efficiency gain once the engine is installed.

1.2.2 Nacelle design

Despite the complexity of all the phenomena related to installation, the single com-
ponents are typically Ąrst optimised for individual performance, allowing to applied
established procedures in the decoupled design, where constraints other than aerody-
namic can be more easily included. In particular, the design of the nacelle external cowl
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appears as a constrained problem where multiple operating conditions and geometric
bounds must be considered [305]. Dagget [49] describes the main parameters deĄning
the nacelle size. Among them, the overall length Lnac and maximum diameter Dmax

are the most important. An optimal trade-off exists, for which the total drag is min-
imised. The multiple operating conditions and metrics naturally specify a multi-point
and multi-objective problem that can be best addressed using CFD and optimisation
algorithms.

Albert [3] presented a fully automatic procedure for nacelle and intake multi-point
optimisation at cruise and static run forminimumpeakMachnumber, usingClass/Shape
Transformation (CST) [141, 142], B-Spline and Super-ellipse polynomialmodel (SP) pa-
rameterisation. The CST led to best results, with peak Mach numbers at cruise reduced
up to 14% in the external cowl. Christie [40] employed a generalisation of this method
(iCST) for nacelle geometry deĄnition. Robinson [215] used the tool to carry out multi-
objective optimisation for a Ąxed length nacelle, designed for two UHBPR engine archi-
tectures. Tejero [249, 250] used the same framework to derive the relative importance of
the design variables and general guidelines for shape factors of short and slim nacelles.
Fang [74] previously used the combination of CST+Kriging for axisymmetric and 3D
nacelle optimisation. The adoption of elaborated tools based on automatic shape opti-
misation, statistical analysis and meta-modelling appears to have become a standard in
the multi-objective constrained design of nacelle.

1.2.3 Exhaust design

Similarly to the nacelle cowl, the exhaust system where the mass Ćow elaborated
by the engine is ejected into the free stream is subject to pressure forces acting on its
surfaces that are also affected by integration and determine a thrust variation [173]. The
nozzle internal drag is about 1.5-2% of engine thrust, amounting to 15-20 drag counts.
The scrubbing drag introduces an additional 0.3-0.9% thrust loss [67]. Moreover, as
the BPR is increased the engine sensitivity to variations of gross thrust in enhanced,
requiring high-Ądelity CFDmodels and advanced tools for geometry parameterisation,
design space exploration and data post-processing of exhaust system.

Zhang [303] pointed out the accuracy requirements for thrust estimation from noz-
zle simulation. The accuracy of CFD solutions of nozzle Ćows was tested and improved
throughout a series of AIAA Propulsion Aerodynamic Workshops [38, 256, 257]. Gou-
los [90] presented an integrated framework for separate-jet nozzle design. The sensi-
tivity of performance metrics with respect to the physical dimensions were studied in
a DSE and design guidelines were provided. In a following study [91], a response sur-
face model based was employed for optimisation of overall velocity coefficient ( core +
bypass ), reaching a 1.4% increase in net thrust.

Wang [283] performed LES on an UHBPR jet exiting from an isolated serrated noz-
zle, to predict near-Ąeld turbulence and far-Ąeld acoustics. Tyacke [269] continued the
study in the installed case using LES-RANS, to produce a large high-Ądelity validated
aeroacoustic database of installed engines. Among other problems, indeed, noise gen-
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eration is becoming quite important with the constant enlargement of civil aviation vol-
ume, and it is another aspect inĆuenced by mutual interaction of aircraft components.

The European research (FP6) project VITAL [51, 63, 116, 280] characterised the in-
stallation effects for a high BPR engine using advanced numerical and measurement
techniques. Dezitter [63] examined the accuracy of CFD solvers for predicting the aero-
dynamic Ćows of different nozzles installed under the wing. The CFD solvers were
found appropriate for capturing the installation effects and a serrated nozzle produced
a low-frequency reduction and a high-frequency increase in the acoustic signature.

1.3 Experimental approaches for powered engine simulators

In the past, due to the inadequacy of numerical tools, the quantiĄcation of engine
installation penalties was assessed primarily in wind tunnels [23, 33, 298]. Even with
the availability of more powerful resources and turbulent Ćow solvers enabling to do
this analysis via CFD, experimental tests still represent an indispensable stage. Engine
simulation is a key component in wind tunnel testing of engine-airframe integration. A
powered engine simulator (PES), i.e. a fan stage inside a nacelle, is a complete approach
to simulating engine inlet and exhaust. Traditionally, they have been predominantly
powered by air turbines Turbo-Powered Simulator (TPS), fed with externally supplied
compressed air. In wind tunnel testing the replication of only certain Ćow similarity
parameters is strived for, given the impossibility of fully satisfying all the dynamic sim-
ilarities. DeWolf [288] discussed TPS technology and similarity with increasing bypass
ratio. In the case of externally supplied airĆow, the total mass Ćow rate at inlet is deĄ-
cient, and intake shape must be modiĄed to replicate pressure distribution [144].

One of the key issues in wind tunnel testing with installed engines is the correct
determination of the net thrust delivered by the engine simulator. In general the wind
tunnel balance measures the overall forces and moments occurring on the model. The
installed drag is computed by subtracting to the net balance force the thrust produced.
The latter is obtained from TPS calibration, where static thrust is measured at controlled
discharge conditions. Typical accuracies on gross thrust values are 0.2 - 0.3 percent of
the full thrust value [103, 288]. Procedure descriptions can be found in [52, 69, 137,
138]. Von Geyr [79] elaborated precise deĄnitions of engine simulator calibration co-
efficients in wind tunnel experiments and numerical computations. The external Ćow
Machnumberwas identiĄed as being important in the thrust bookkeeping. Burgsmuller
[26] presented a general and qualitative overview of TPS testing. AGARD [173] and
Covert [47] provided guidelines for thrust measurement mainly for in-Ćight situations,
but some work can also be transferred to wind tunnel testing. In an early paper, Hall
[102] and later on Mikkelsen [174] discussed functional dependencies for discharge
and thrust coefficients for (long radius ASME) nozzles and venturi ducts. Mikkelsen
[175] concluded that CFD and experimental results are complementary and that both
are required for effective performance determinations. Wright [290] demonstrated sta-
tistical error analysis of the velocity coefficient of a Ćow-through nacelle. Yoder [296]
and Dippold [297] compared experiments and CFD results for discharge and thrust co-
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efficients of different types of (mostly conical) convergent nozzles. A similar study was
performed earlier by Thornock [255] comparing experiment and analytical expressions.
Harris [103] describedwind tunnel testingwith TPS technology over the course of time.

Burgsmuller [27] presented an overview of the work carried out in past European
frameworkprogrammes, for three engine types, namely a conventional turbofan, aVHBR
and an UHBR. Wind tunnel testing and CFD simulations showed lift loss and drag in-
crease upon engine installation increasing with bypass ratio. McCall [168] highlighted
some key results of wind tunnel tests with high bypass ratio engine nacelles in various
conĄgurations and sizes. Doornbos [66] gave an overview of TPS testing procedures
in the wind tunnel to obtain interference drag values for half-models. Tompkins [261]
described relatively modest modiĄcation of exhaust nozzles of an existing TPS unit to
move from low bypass, high fan pressure ratio to high bypass, low fan pressure ratio
simulation. Hoheisel [110] discussed essential engine simulation parameters and fo-
cuses on the thrust ratio between TPS and full scale engine, examining its inĆuence on
drag behaviour using theory, CFD and wind tunnel experiments conducted in various
European programs. Welge [286] described in quite somedetail a TPS testing procedure
for installed testing of the DC-10 aircraft with an intermediate wind-on assessment of
the isolated engine simulator. Shea [228] used TPS on a blended-wing-body aircraft
in NASAŠs NFAC, reporting calibration strategies and propulsion-airframe integration
results.

In summary, powered engine simulators represent a key technology for the empiri-
cal veriĄcation of the aircraft system performance and the huge amount of work in the
past has led to established procedures for model scaling and accurate data quantiĄca-
tion. However, in the framework of the tighter coupling between engine and airframe
for UHBPR turbofan, a series of issues emerges, related to duplication parameters, cali-
bration procedures, TPS operation, thrust/drag bookkeeping. The effect of the external
Ćow Ąeld on thrust calculation, the possibility of nozzle suppression, the core and by-
pass jet interference, the absence of core Ćow, are all topics that wind tunnel specialists
will have to cover, eventually adapting the existing procedures to account for the speci-
Ącity of UHBPR engines.

1.4 Scope of the work

The challenges related to UHBPR implementation have been brieĆy described, Ąrst
presenting how the key design parameters of the engine cycle are modiĄed when con-
sidering the chain of effects related to high-BPR, low-SFC units, and what the reviewed
literature suggests as optimal ranges. The advances in modelling and optimisation of
nacelle components have also been presented, highlighting the importance acquired by
statistical and optimisation methods to derive Ągures of merits between the geometric
design variables. Finally, the engine simulators for wind tunnel tests have been shortly
reviewed.

The complexity of the interactions characterising the novel UHBPR turbofans re-
quires the employment of advanced numerical tools and empirical veriĄcation through
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experimental campaigns, in order to measure the global system performance and en-
sure that the improvement in individual components is not lost after their assembly.
However, in view of the enlarged intersection between the domain of dependence of
each subsystem, a revision of common approaches for computational and experimental
simulations should be pursued. The enhanced sensitivity of the engine working point
to ambient conditions invites the adoption of closely coupled models for estimating its
response in the numerical environment and the assessment of duplication parameters,
thrust calculation and TPS operation during wind tunnel tests.

This PhD programme is focused on the study of an engine blade model based on
a body force distribution. By approximately representing the effect of the compres-
sor rows on the Ćow, body force models allow to capture the main physical features
of fan/intake coupling and reproduce complex Ćow patterns arising in speciĄc Ćight
conditions, like take-off, crosswind operation, boundary layer ingestion, and inlet dis-
tortion, without a direct simulation of the entire compression rig, thus greatly reducing
the computational effort. Whilst the motivation to employ such a tool has been prelim-
inarily given through the review of the installation effects on UHBPR engines and the
outlook of future airplane concepts, its adoption is still limited and the literature is deĄ-
cient in thoroughly reporting its true nature in terms of Ądelity, reliability, accuracy and
validity. The work was articulated in three main stages, with the purpose of develop-
ing a platform where to implement, test and validate the body force model, in order to
acquire a more complete understanding of the method before employing it in suitable
applications.

Chapter 2 reviews the computational approaches for the simulation of installed en-
gines and the available models for the simpliĄed representation of compressor blade
rows. Chapter 3 describes the stand-alone Ćuid dynamic solver developed to imple-
ment the selected model, serving as a computational platform allowing to test different
formulations and approaches to validate the implementation versus higher-Ądelity tools
and experimental data. Chapter 4 thoroughly presents this validation activity, assessing
the calibration procedure, the duplicated parameters, the domain of validity, the limita-
tions and the issues of the body force model. Having examined in detail its behaviour,
chapter 5 reports its application to intake Ćows, evaluating the inĆuence of geometric
parameters on the intake performance metrics and comparing the closely coupled ap-
proach with traditional power settings based on pressure boundary conditions on the
fan face plane. A summary of the study and Ąnal considerations are provided in the
concluding chapter 6.



Chapter 2

Computational methods for
installed aero-engines

The installation effect in aeronautics is usually deĄned as the difference between
the individual component performance in isolated condition and the performance af-
ter integration into aircraft system [298]. Considering a standard underwing-mounted
engine, this integration has a mutual effect on the Ćow Ąeld around the wing and the
engine nacelle, which cannot be reconstructed by superimposing that of the two parts
taken separately. The measurement of this nonlinear term in terms of change of drag
and thrust quantiĄes the installation effect, which can be established after a consistent
Thrust/Drag Bookkeeping (TDB) has been derived. In the case of UHBPR turbofans,
the increased nacelle size and the lower fan pressure ratio enhance the sensitivity of
drag and thrust to the installation position, as either the nacelle and wing pressure
Ąelds are more closely related due to the tighter integration, and the engine operates
with close to critical Fan Nozzle Pressure Ratio (FNPR) and possibly unchoked core.
The force equivalence at steady cruise operation requires, therefore, a change of the
engine thrust setting to compensate for the installation effect, that can offset the bene-
Ąts brought about by the theoretically better propulsive efficiency of low speciĄc thrust
turbofans. The phenomenology of installation has been described as an alteration of
pressure and velocity Ąelds due to the presence of nacelle, pylon and jet efflux from
nozzles [217]. The gulley between nacelle and wing, for instance, creates a velocity jet
causing suction peaks, vortex drag penalty and in some cases even shock induced sep-
aration. Downstream of engine nozzle, the jet/free-Ćow interaction interferes as well
withwing pressure side, inducing viscous and proĄle drag. The installation drag for the
NASA Common Research Model twin-engine aircraft is 23 drag count (1 dc = 0.0001),
amounting to 16.6% of the total cruise drag. The situation is even more complicated at
high-lift and low-speed conditions, where deployed high-lift devices interact with the
high-speed jets and can inĆuence the engine operating conditions at low-thrust settings
due to backpressure alteration.

Whilst for standard aircraft conĄgurations the installation can be conveniently com-
puted in Computational Fluid Dynamics (CFD) simulations where the components are

9
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Ąrst simulated individually (Wing Body and IsolatedNacelle) and then together to Ąnd
the differences ( Wing Body Nacelle Pylon ), in BLI aircraft this decomposition is arti-
Ącial and does not lead to very useful information. Notwithstanding the high level of
accuracy reached by the computational models and the guidelines that can be derived
using data reduction methods from statistical analysis, in the framework of future con-
cepts with tightly integrated or completely embedded propulsive units, it is emerging
the need to devise more coupled approaches to design the interacting components and
study their performance at a system level.

In the past, due to the inadequacy of numerical tools, wind tunnel tests represented
a primary source of information [23, 33, 298]. With the availability of more powerful
resources and turbulent Ćow solvers, such kind of analyses can be done naturally with
CFD, although wind tunnel tests still represent an indispensable stage. The following
section reviews approaches for measuring the impact of engine installation effects on
aircraft aerodynamic performance, highlighting the published studies, the numerical
methodology and the main Ąndings.

2.1 Computational approaches for engine installation effect

The traditional workĆow for engine integration relies on the design of aircraft com-
ponents based on isolated analysis and successive assembling to evaluate interference
effects [185]. In that phase, changes to the orientation and positioning of nacelle with
respect to wing, as well as partial redesigning the joints are used tomitigate the interfer-
ence and comply with other constraints, deĄning an interference boundary where the
nacelle should Ąt. This is set by safety and maintenance criteria, such as ground clear-
ance, nose-gear collapse, engine failure. The continuous expansion of the capabilities
of numerical tools and computational power has made possible to carry out detailed
studies of the integrated powerplant Ćow Ąeld, making the airframe and engine manu-
facturers more aware of the installation effects and guiding the Ąnal choice of the engine
positioning onto the aircraft structure.

2.1.1 Computational modelling of integrated engines

A key element in the development of future civil aircraft is robust assessment of the
mutual interactions and, furthermore, the thrust and drag characteristics of the com-
bined engine and aircraft conĄguration. The experiences from a series of Drag Pre-
diction Workshops [178] were useful to improve numerical modelling [258], validated
against a large number of experimental tests [23, 213] for a reference wing body, the
NASA Common Research Model (CRM) [277]. The measure of aircraft performance
metrics requires the deĄnition of a consistent TDB method, where forces acting on the
airplane are separated in thrust and drag contributions. AGARD [173] and SAE [219]
described in-Ćight thrust determination, reporting general principles for force decom-
position. Zhang [303] presented a TDBmethod for separated dual-Ćow nozzles of a tur-
bofan, with focus on nozzle metrics. Christie [39] proposed a modiĄed near-Ąeld TDB
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procedure to avoid interpolating forces on highlight plane and captured streamtube.
Robinson [214] compared the approach with wake momentum loss from wind tunnel
tests. In addition to near-Ąeld methods, based on direct integration of surface forces,
far-Ąeld methods for drag extraction are also possible, where the whole computational
volume is considered and scanned for different drag contributions ( e.g wave, viscous,
spurious, induced ). Fan [73] presented a review of these methods. Tognaccini [260]
revised entropy drag extraction for powered conditions. Destarac [61] deĄned several
physical drag components for far-Ąeld method, employing it for pre-entry thrust [162],
internal nacelle drag [164] and installation effects quantiĄcation [163]. Trapp applied
farĄeld method to nacelle drag. Vos [279] showed reduced grid sensitivity and 20 dc
differences for NASACRMof DPW-IV for far-Ąeldmethod, compared to near-Ąeld. The
same case was studied in [232, 271] with similar conclusions. Deng [58] conĄrmed the
better drag result for CRM using far/middle-Ąeld. In that respect, numerical results ob-
tained at ONERAusing the proprietary Ąnite volume code elsA and far-Ąeldmethod for
the sixth DPW are presented by Hue [117]. For the powered-off nacelle the major effect
related to drag increase was a higher friction on the larger wetted surface and modiĄ-
cation of the Ćow path resulting in shock wave displacement and consequent variation
of the pressure Ąeld on the wing. In the powered-on condition, instead, there are two
main effects to be considered: the change in drag caused by modiĄcation of the Ćow
Ąeld around wing and nacelle and the change of thrust caused by variation in velocity
and discharge coefficient of the nozzles.

Oliveira [185] presented results of integration study for Embraer 170 aircraft using
3D Euler solutions, deemed to be conservative in terms of pressure coefficient alteration
caused by engine assembly. The nacelle was moved vertically and horizontally, with
chord normalized displacements from -0.16 to -0.08, and from -0.28 to -0.05, respectively.
He concluded that the horizontal displacement ismore sensitive to generation of suction
peaks on wing lower side, compared to vertical displacement, and that an optimum
trade-off between them exists. A small toe angle is also necessary to align the relative
Ćow to the highlight plane at cruise.

Devine [62] performed turbulent Reynolds-Averaged Navier-Stokes (RANS) CFD
simulations using Spalart-Allmaras and a commercial solver on DLR-F6 aircraft with
wing mounted nacelle, comparing standard and compression pylon shape. He found
that the new thinner shape could lead to 6 dc saving at cruise lift coefficient.

Sibilli [233] reported the implementation of a Propulsion System Integration (PSI)
module, applied to two new concepts engines from NEWAC EU project, a three-shaft
direct-drive high bypass ratio turbofan with an intercooled core, and a two-shaft geared
high bypass turbofan with actively controlled core. The numerical tool was devoted to
quantiĄcation of net propulsive force inĆuence of engine positioning. Nacelle and ex-
haust were designed according to engine speciĄcations for size, BPR, mass Ćow rate,
thrust and total status at nozzles. Nacelle was designed according to NACA and stan-
dard procedures, while exhaust system considered geometric constraints and was man-
ually reĄned through successive RANS CFD simulations. The nacelle generated were
Ąnally installed on NASA CRM, after a manual improvement of pylon design to elim-
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inate shocks on its inboard side. The half aircraft model was simulated using steady
RANS, with κ − ω turbulence model and 14M nodes grids. The installation effect was
then evaluated at different vertical and horizontal displacement of the nacelle. The
range of horizontal positions, computed from root wing trailing edge, was 0.85-1.25 x/c,
while the range of vertical position, calculated fromwing leading edge, was 0.5925-0.633
y/c. ConĄrming the indications from previous studies, the horizontal position had the
largest effect on interference drag. By using a engine performance modeller, the impact
of engine distance from wing LE on cruise fuel consumption was 3.67% between the
extrema for the intercooled engine, and 6.4% for the actively controlled core engine.

Christie [39] studied the interference effect of nacelle position with respect to wing
using CFD and proposed a modiĄed near-Ąeld method to compute nacelle drag. He
reported the vertical and horizontal displacement of several nacelles mounted on exist-
ing aircraft, which is graphically depicted in Figure 2.1. The region above the dashed
line was found to give unacceptable interference drag in wind tunnel tests [33]. A test
matrix was derived to assess the installation effect. To this purpose, NASA CRM was
used and two nacelles, one with diameter 3.133 m and the other with diameter 4.018 m,
were tested for three Ćight conditions and three positions, for a total of 18 cases. Vertical
position was [-0.116 -0.116 -0.050] y/c, while associated horizontal position was [-0.074
-0.200 -0.200] x/c. Simulations were carried out using a commercial solver with steady
RANS and a 30M node grid. A large variation in nacelle drag a different trend was
found for the two conĄgurations at different Ćight conditions. The installation drag re-
sulted to be negative in most of the cases, with only two positions were a large increase
of airframe drag was caused by wing shock pattern alteration. This also led to change
of pressure distribution and loss of lift. The author remarks that, for this reason, com-
parison should be done at equal lift coefficient, rather than equal angle of attack, as in
practice the lift should be recovered by increasing the incidence and, in turns, the drag.

Figure 2.1: Mounting position for several existing engines. Taken from [39].
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Stankowski [243] presented a computational framework for the assessment of en-
gine installation effects, by analysing nacelle position and size and phase of Ćight. The
reference aircraft was NASA CRM, on which two engines with different BPR were in-
stalled. The Ąrst engine, denoted E1, was representative of a typical modern turbofan,
with BPR = 10.4 and overall pressure ratio (OPR) of 50. The second, denoted as E2, had
a BPR = 17.8 and OPR = 58 and featured a diameter 1.23 times larger than E1. Accord-
ing to engine performance and thrust requirement of 55686 N at M = 0.82 and 35000 ft
of altitude for CRM, four Ćight phases were deĄned, in terms of engine operating con-
ditions. A CFD tool was Ąrst validated for axisymmetric throughĆow nacelle and then
applied to NASA CRM. The simulations employed a commercial density-based solver,
with κ − ω SST turbulence model and 30M nodes grid for wing+nacelle conĄgura-
tion. An example of Mach number contours for two engines is shown in Figure 2.2. The
experimental observation of an installation drag due to nacelle/pylon of about 25dc at
M = 0.85, up to a Cl of 0.5 was not very accurately replicated, although the trend was
captured. By means of drag breakdown, the relative merit of airframe components in
terms of pressure and viscous contributions to the total drag was also reported, show-
ing a progressive increase of wing and fuselage pressure drag from 0◦ to 4◦ of angle of
attack, and in parallel a reduction of viscous components. The impact of engine posi-
tion was assessed on nine points, given by [-0.067, -0.267, -0.45]x[-0.065, -0.13, -0.195]
[x/Lnac]x[y/Lnac] ( positions taken from wing LE to nacelle TE ). The interference on
net thrust was mainly affected by horizontal position. For airframe drag, closer nacelles
gave less interference; the nacelle drag, instead, was always reduced by wing mount-
ing. The largest engine E2 exhibited lower sensitivity to installation position. The over-
all effect at constant vertical force coefficient was +27dc for E1 and +36dc for E2, the
difference approximately scaling with increased nacelle size. The computational results
appeared to be consistent with previous wind tunnel tests of TPS for engines of analo-
gous size. In terms of fuel consumption over a nominal cycle, the larger engine beneĄted
from a -4.8%, compared to E1, when the effects of engine weight, installation, and throt-
tle dependent interference were included.

Following the previous study, Otter [189] continued the analysis on exhaust installa-
tion effect, using the same engines. Themainmetrics for nozzle operation are its velocity
coefficient CV , deĄned as the ratio of the actual nozzle gross propulsive force, the force
acting on nozzle exit plane, to the thrust obtained through an isentropic expansion to
atmospheric pressure, and the discharge coefficient Cdisch, deĄned as the ratio between
the actual mass Ćow rate and the ideal isentropicmass Ćow rate. Otter analysed the sen-
sitivity of these coefficients to engine installation position, again on a nine point matrix
[0.35, 0.20, 0.05]x[0.07, 0.12, 0.17] [x/c]x[y/c], and aircraft angle of attack. Example of
pressure coefficient distribution at different incidence is shown in Figure 2.3. The largest
engine exhibited a greater sensitivity of CV to axial position, up to three times bigger
than E1. It was explained by a modiĄcation of the core cowl and core plug afterbody
forces. The change in ambient pressure where the nozzle discharges caused, instead, a
variation of Cdisch, from -2% to -10% for E1 and from 0.75% to -1% for E2. This has an
importance in engine operating conditions, as either it will not be able to operate at the
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Figure 2.2: Mach number contours for E1 (a) and E2 (b) engines at cruise. From [243].

prescribed uninstalled point, or a modiĄcation of nozzle area will be necessary to reset
the operative point. Cdisch also varied from 3.7% to -13% over a range of incidence from
0◦ to 4◦, highlighting the necessity of considering installation and Ćight conditions in
engine calibration.

Recently, Tyacke [269] published a LES-RANS analysis of installed UHBPR coaxial
jets, aimed at producing a large high-Ądelity validated aeroacoustic database of installed
engines. Among other problems, indeed, noise generation is becoming quite important
with the constant enlargement of civil aviation volume, and it is another aspect inĆu-
enced by mutual interaction of aircraft components.

Ritter [212] reported an engine positioning study for a high-lift wing. AUHBPR tur-
bofan representative, with maximum diameter 2.9 m and take-off thrust rating BPR of
19, was placed below an inĄnite DLR-F15 wing with slat and Ćaps, without pylon. The
sensitivity analysis involved ten positions, with 50 mm steps in vertical and horizontal
displacement, with α = 0◦, 5◦, 10◦. An in-house CFD solver with Spalart-Allmaras tur-
bulence model was used. The drag and lift resulted more sensitive to vertical position,
with an increase of bothwhen enginewas put vertically closer to thewing, starting from
the reference horizontal position. Globally, no predominant direction could be found for
a favourable lift and drag development. Slat cut-out was also examined for engine in
top left position ( -100 mm along x and +100 mm along y ), giving different polar char-
acteristics and Ćow pattern, as illustrated in Figure 2.4 for skin friction distribution at
α = 5◦.

2.1.2 Engine positioning studies

The Ąrst attempts of automatic optimisation of nacelle position were made by the
use of Euler solver. Koc [136] used it for DLR-F6 wing-pylon-nacelle assembly. As the
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Figure 2.3: Pressure coefficient at discharge zone for E1 (upper) and E2 (lower) engine
at different incidence. From [189].

Figure 2.4: Skin friction coefficient for two different slat cut-out at low incidence. From
[212].
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baseline was characterised by a shock wave at the pylon at climb, where α = −2.9◦, the
inviscid optimisation allowed to suppress the loss and gain 19.7% of drag, at Ąxed CL.
Smith [238] reported a similar result, that is the elimination of shock wave in nacelle
lower lip and trench region after inviscid optimisation of a throughĆow nacelle and
wing shape. The baseline geometry represented a single-aisle transport with a 34.38m
of span, an aspect ratio of 10.0 and cruise Mach number of 0.785. The engine featured
a fan diameter of 2.1844 m, a BPR of 15 and a capture area ratio of 0.73 at cruise. The
nacelle was placed with a vertical offset of 13.4% of local wing chord at nozzle lip from
wing leading edge.

Jing [153] used free-form deformation (FFD) and particle swarm (PSO) for aero-
dynamic optimisation of wing mounted nacelle, minimising cruise drag coefficient at
constant lift, for DLR-F6 with through-Ćow nacelle. The nacelle position was varied,
keeping the baseline geometry. Despite the advanced optimisation framework, the drag
coefficient improved of 3.6 drag counts only. Lei [150] successively extended the opti-
misation to a full aircraft, simulated using Spalart-Allmaras turbulence model with a
steady open source RANS solver and a 16.8M grid. Wing and tail shape were modiĄed
and nacelle installation parameters ( vertical and horizontal coordinates, and toe angle
) were slightly varied. This led to a 2.7% reduction in total drag, mainly due to suppres-
sion of shock waves and lower wing side suction peaks. This time, a BPR = 8 single core
engine was present into the nacelle, powered by suitable boundary conditions.

Epstein [70] carried out a viscous optimisation of wing camber to minimise drag
coefficient at three design points, two at cruise, with CL = 0.575, Re = 40e06, M = 0.845
and 0.86, and one at take-off. The wing-mounted nacelle was kept unchanged, posi-
tioned close to the wing leading edge, at around 7% of local chord, and not overlapped
to the wing. The optimised wing lead to improvement of lift/drag polars and reduction
of drag divergence Mach, with a mechanism similar to previously described works.

Hooker [111] presented a thorough revision of an alternative over the wing nacelle
(OWN) installation, as compared to traditional under-the-wing (UWN), for four en-
gines with BPR 5.5, 9.0 and 38.0. CFD simulations were carried out using a 12M mesh
and a NASA Ćow solver. He came to the usual conclusion for UWN, that an upward
movement of nacelle can produce a negative, i.e. favourable, interference effect. For
OWN, trailing edge mounting appeared to mitigate the otherwise strong interference,
and such a conĄguration was selected, among other 5, to redesign the wing through
optimisation. The Ąnal conclusions of its study were that an OWN TE ultra fan engine
could reach up to 5% improvement in aerodynamic performance compared to standard
UNW LE, and a better aeroacoustic trace, at the cost of additional wing weight. In this
conĄguration, due to the close interaction between engine and wing, combined opti-
misation of wing and pylon shape was required to achieve satisfactory level of perfor-
mance.
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2.2 Summary of numerical studies outcomes

From this brief overview, it appears that while the issues coming from large engines
are known and the necessity for carefully examining the best trade-off at system level is
evident, the dearth of studies quantifying the sensitivity of engine installation does not
provide a unique picture. The vertical positioning of the nacelle can be regarded more
uniformly as less impacting the installation drag, and it is constrained by other prac-
tical considerations, in particular ground clearance. The horizontal position, instead,
gives more variability but the net effect seems to be problem dependent. Furthermore,
the wing penetration was either positive or negative in the examined literature. What
appears to emerge is that an optimal placement should act on both the direction, as it
is their combined modiĄcation that leads to best installation drag. Pitch and toe an-
gle also require tweaking to compensate for wing upwash. On the engine operation
side, the importance of installed nozzle appears relevant as well. A change in discharge
conditions can alter the operative point on the speedline, causing reduced stall margin
or decreased efficiency. In a standard approach, nozzle resizing is necessary to restore
uninstalled operating conditions.

From the numerical standpoint, the resources needed to performCFD simulations of
full aircraft bodywithwingmounted nacelle are very high. The current methodology is
based on steady RANS simulations solely, in practice. Typical grid sizes are above 20M
cells for coarse mesh, whilst grid reĄnement easily leads to exceed 100M [259]. Despite
such large count, matching experimental data for pressure coefficient distribution in
zones affected by installation effect is still difficult [258].

In order to properly quantifying the very small variation in drag counts related to
different engine placement or pylon shapes, not only is the validity of computational
RANSmodel to be assessed, but also the accuracy of thrust/drag book-keeping method
employed. In addition, the engine effect has to be somehow introduced to simulate pow-
ered conditions. Direct modelling is not feasible, as it would require other tens of mil-
lions of cell, but it is usually implemented via boundary conditions specifying ingested
mass Ćow rate and total status at nozzle exit. The suitability of these simpliĄcation is
examined in the next section for fan-intake interaction cases.

2.3 Review of fan-intake interaction

The mass Ćow passing through the highlight plane of a nacelle is determined by
the engine suction and the external velocity. The engine can be viewed as a turboma-
chinery operating within a duct and its working point is determined by the crossing of
the power and resistance curves. Being part of the duct, the intake, which refers to the
inner part of the nacelle cowl, contributes, together with the nozzle condition and the
throttle setting, to Ąxing the engine working point on its speedline. It is, therefore, the
mutual interference between the engine and intake/nozzle that sets the mass Ćow rate
ingested and the total status at nozzle exit plane. A correct determination of fan-intake
interaction is essential to predict the effective working condition of a Ćying propulsive
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unit. Several computational and experimental studies have been devoted to analysing
this problem, either focused on the external aerodynamic side, or on the fan operating
point. From an aerodynamic side, in fact, the intakemust supply the enginewith a clean
Ćow throughout the entire envelope, while minimising the external nacelle drag. The
lip is the most critical location, as its design is a compromise between a slim shape with
sharp leading edge, favouring the cruise, and a rounder shape with a thicker nose nec-
essary at take-off to avoid separation and reduce the distortion level. A fan operating in
a distorted Ćow, in fact, can move towards the stall point and incur a stability and effi-
ciency drop. Therefore, it is important to account for both aspects, the external nacelle
characteristic and the fan working condition, when designing the intake.

The Ćow Ąeld over an intake operating at incidence is quite complex. The stagnation
pointmoveswell outside the highlight, causing a suction peak and a region of highMach
number, possibly resulting in a shock-wave inducing a separation. Two vortices are
formed in the lower lip, that are ingested by the fan. However, the rotor is able to keep its
operating characteristics even in non-uniform conditions, inducing a Ćow redistribution
to maintain a constant discharge condition, as long as the distortion is not too high to
cause the blade stall. Schulze [224] reported an extensive experimental investigation
of scales dynamics of a stalled nacelle. A laminar separation bubble can form near the
cowl leading edge, followed by a turbulent bubble just inside. The turbulent separation
bubble is a highly unsteady phenomenon and gives rise to two counter-rotating vortices
that are swallowed downstream by the rotor. The blade, therefore, sees a local change
of incidence which can bring to stall or aeroelastic failure. Erbslöh [71] presented wind
tunnel tests of nacelle at incidence, to study the potentials of energising boundary layer
with air jets, to control separation. Oil Ćow visualisation, depicted in Figure 2.5, shows
the complex Ćow pattern previously described, with a primary separation line marked
S1, two focal points F, a secondary separation line S2, and a saddle point S.

The presence of the fan was found to cause an extension of separation-free opera-
tion and attenuation of distortion in the experimental campaign of Hodder [108]. Moty-
cka [176] reported that the separation angle is Reynolds and conĄguration dependent.
Larkin [145] indicated that the extent of separation delay was 3◦ to 4◦ relative to Ćow-
through case, based again onwind tunnel tests. Experimental assessment of nacelle sen-
sitivity to ground atmospheric gust, characteristic of take-off/landing conditions, was
carried out by Übelacker [270], who showed that distortions have a critical effect on
both attached and separated Ćow regime, changing the mean phase-locked Ćow and
Ćuctuation velocities in the nacelle, potentially affecting fan stability.

Kennedy [130] studied the inĆuence of fan modelling for CF34-3A turbofan engine,
by comparing simulation with and without fan interaction with experimental data. The
presence of the fan was conĄrmed to delay separation and reduce distortion level, caus-
ing a signiĄcant change in the path of ingested Ćow. Cao [30] carried out a system-
atic analysis of fan-intake interaction at different intake length over nacelle diameter
L/D ratios using a body force method, previously validated against uRANS. ConĄrm-
ing previous Ąndings, at decreasing L/D the fan had the effect of either increasing the
separation angle of attack or reducing the distortion level. At fan face, low sensitivity of
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Figure 2.5: Oil Ćow visualization of intake at incidence, showing separation lines and
vortices. From [71].

separation level to L/Dwas reported. The suppressionmechanismwas attributed to the
Ćow acceleration close to the casing caused by redistribution of the mass Ćow induced
by the fan. This effect rapidly decades upstream of fan face, but is independent of L/D,
explaining the constancy of reduction level and the lower sensitivity of fan presence for
higher L/D. The separation delay was found to be 5 deg at L/D = 0.17, and zero for L/D
= 0.44.

The European project ASPIRE, involving several research centres and Airbus, inves-
tigated designmethods for advanced nacelles of futureUHBRP engines. A lowpressure
ratio fan installed on an short cowl ( L/D∼ 0.30 ) isolated nacelle was studied by Burlot
[28] using different modelling techniques, including low-order methods like Actuator
Disk (AD) and Body Force Model (BFM). The authors concluded that AD model was
inadequate to reproduce distorted conditions, whilst BFM provided realistic distortion
transfer. Even if steady RANS led to results closer to uRANS, in terms of fan charac-
teristics, their mixing plane boundary between fan and OGV did not allow to simulate
distortion transfer and they recommend uRANS for accurate fan efficiency estimation.
Stuerner [244] performed uRANS computation, assessing the inĆuence of time step size
on the resolution and comparing results obtained with engine speciĄed through stan-
dard boundary conditions. The simplest approach provided axysimmetric solutions,
with larger homogeneity, compared to the full fan simulations, as expected. This differ-
ence could be important for cases like exhaust jet interaction with airframe or high-lift
devices. Furthermore, the drag on external nacelle was also found to be lower of about
4% for the fullmodelled case, mostly due to pressure distribution change, indicating that
for thrust/drag book-keeping Ćow non-uniformities might become relevant. A code-to-
code comparison between DLR, NLR, ONERA and Airbus for the same case was also
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presented in [170].
Schnell [224] summarized a series of activities carried out at DLR related to short

intake and low pressure ratio fan . V2500 two spool, FPR ∼1.7, BPR = 4.8 turbofan,
powering A320, was simulated with 60◦ total pressure inlet distortion and compared
with an FPR = 1.35, BPR ∼ 14 fan, designed at DLR and designated Fan135. As shown
in other studies, the rotor blades crossing the distortion see an induced incidence that
brings them operating closer to spill point, as shown in Figure 2.6 left. A similar effect is
viewed for low FPR fan, although the distorted characteristics are inĆuenced in differ-
ent ways. Sectors closer to the distortion boundary operate well beyond the steady-state
stability margin, whilst for V2500 the local sector characteristics are less spread. More
details of the comparison are provided in [225], where it is remarked that low FPR fan
is subject to large variations of blade forces, which are challenging boundary conditions
for the aeromechanic design. Furthermore, stronger incidence effects from the stream-
line curvature are observed and the distortion is propagated downstreamwith reduced
attenuation, compared to high FPR fan.

Figure 2.6: InstantaneousMach contour of full annulus uRANS for high FPR V2500 and
low FPR Fan135 turbofan. From [224].

Wartzek [284] carried out an experimental investigation of the Darmstadt transonic
compressorwith two realistic distortion patterns, one generatedwith a beam, represent-
ing inlet separation, and one generated via a delta wing, representing a ground vortex.
The latter distortion did not lead to signiĄcant variation in compressor characteristic,
whilst for the beam case, the separation was ingested into the rotor and led to a substan-
tial change on the inĆow, with one passage overloaded near to machine stall.

Barthmes [10] provided an insight in distortion transfer mechanism for the same
compressor using uRANS, identifying three main mechanisms: upstream Ćow Ąeld re-
distribution, associated to a combined state of distorted static pressure, axial velocity,
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and inĆow angle; transport trough the rotor, related to static pressure variation between
clean and distorted region; information exchange between distorted and undistorted re-
gion, due to altered pressure difference on blades crossing the region boundary. For the
examined case, although the blades at the exit of the affected zone operated temporarily
well beyond the stability margin, no compressor stall occurred. In terms of pressure, a
drop in blade loading and a signiĄcant increase was found, at entering and leaving the
distorted sector, respectively. Also, a large modiĄcation of shock wave system resulted
at 100% speed, bringing a breakdown of the tip clearance vortex. Haug [105] presented
the previous computational study more in depth, by analysing rotational speeds of 65%
and 100% at near stall and peak efficiency. The author found that the interaction of the
rotor with the distorted Ćow depends on rotational speed and operating point, and the
blade tip vortex was subject to different breakdown and recovery. The amplitude of
blade loading variation appeared larger at 100% of the speed, despite the general trend
of variation was similar for the same operating point at different speeds.

Peters [201] described a computational framework for the evaluation of short intake
nacelles for low pressure ratio fans, using BFM and uRANS. The author discussed the
design practice driven by competing requirements at cruise and off-design, which are
also different from the top to the bottom sections. Assessment of nacelle drag and fan
performance on three conĄgurations, with L/D of 0.50, 0.25 and 0.19, showed that the
combined effect of external drag and fan efficiency decrease, at lowering L/D, determine
a non-monotonic trend of propulsive efficiency for L/D between 0.25 and 0.50, suggest-
ing the existence of an optimum inside this range. For L/D = 0.25, the external drag
was reduced by 16%, with an almost zero change in propulsive efficiency, relative to the
standard cowl.

2.4 Limitations of the decoupled approach

The literature review has unequivocally shown how the presence of the fan has a
large impact on the Ćow development and on the pressure and velocity Ąelds just up-
stream and downstream of the engine volume, particularly at off-design conditions and
in the case of short and slim intakes. As highlighted before, the engine/airframe inter-
action problem is two-side: on the one hand, the aerodynamic engineer takes care of
the external nacelle shape and the impact of exhaust jets on the wing and on the pylon,
assuming a given Ąxed-state engine working point, provided as a boundary condition;
on the other hand, the engine engineer assumes that the necessarymass Ćow rate can be
provided by the intake and exhausted by the nozzle into a certain atmospheric pressure,
at given Ćight boundary conditions. However, these two aspects are certainly correlated.
Whilst a decoupled design can be effective for certain conĄgurations, and close to the
reference condition, it would be preferable to allow for a physical exchange of informa-
tion between those two conceptually separated areas, especially when, as it is the case
of short inlets, strong mutual interaction occurs. With a crude modelling of respective
boundaries, predictions can be inaccurate or even unphysical.

For the case of UHBPR installed engines, it has been pointed out that the aerody-
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namic interaction between the propulsive unit and the airframe is enhanced by the large
size, the tight physical integration and the speciĄc thermodynamic state at which the
engine is designed to operate, with low speciĄc thrust, low fan presssure ratio and un-
choked nozzle during some Ćight phases. The net propulsive force results from the
balance between thrust and drag forces. Not only from a physical point of view the true
inĆuence of the engine on the Ćow Ąeld becomes indispensable at off-cruise, but also
from a propulsive point of view, as the sensitivity of the working condition on the exter-
nal Ćow Ąeld affects both the thrust and the drag. Moreover, UHBPR turbofans have an
impact on the overall aircraft sizing, concerning the geometric arrangement to respect
all the necessary clearances, but also the aerodynamic surfaces. For instance, the engine
failure event must be controlled by sufficient vertical rudder area and the windmilling
drag of the failed engine is very difficult to be computed.

Most of the phenomena in exam have been shown to be highly three-dimensional
and unsteady. Despite the powerful resources available nowadays, the computational
cost of full-annulus uRANS simulations, even of an isolated nacelle, is still unafford-
able in normal practice. It is here believed that leaner, though inevitably less accurate,
models would be useful in allowing for a more physics-based coupling of the internal
and external aerodynamics, improving the relative boundary conditions and naturally
accounting for the interference effect. This work will be devoted, therefore, to the study
and implementation of simpliĄedmodels that have been shown to have the potentials of
highly reducing the computational cost of a more integrated approach in the simulation
of installed jet-engines, but still capturing the main features of the phenomenon.

2.5 Simplified models for engine representation

Themost limiting hypothesis of standardpowerednacelle boundary conditions used
is the constancy of mass Ćow rate with inlet state and the spatial evenness of total pres-
sure and temperature at nozzle exit plane. The engine response to different inlet and
outlet conditions, in fact, is not modelled and the converged simulation can give mis-
leading, although sometimes conservative, results. In order to overcome this inherent
limitation, several approaches have been used, aimed at recreating a transfer function
of a turbomachinery cascade. Here we are in particular interested in axial fan models,
as it is the most prominent turbo component in high BPR engines.

A variety of methods has been devised in the literature to reproduce the cascade
effect on the Ćow, without a detailed geometric modelling. They will be brieĆy re-
viewed and classiĄed into three main classes, in agreement with [251]: 1Dmethods, 2D
throughĆowmethods, 3D throughĆowmethods. Regardless of their accuracy and com-
plexity, all the approaches are based on removing the cascade, made up of several metal
blades, and adding to the mean axisymmetric Ćow a force corresponding to the average
overall reaction exchanged by the Ćow and the blades. In this way, the circumferential-
averaged Ćow Ąeld leaves the blade region with a distribution that should be close to
the one obtained by performing a circumferential average of the real three-dimensional
Ćow exiting a solid cascade. The effect that the blades have on the Ćow is represented
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by the forces exchanged, that are then added to the solved equations as source terms.
They can be shown to originate due to the axisymmetric representation, but this concept
can be extended also to generic three-dimensional Ćows, as it will be shown in the case
of 3D throughĆow methods. In the following, the three aforementioned classes will be
reviewed.

2.5.1 2D Throughflow methods

Streamline Curvature Throughflow

Marble [165] Ąrst derived thermodynamics relations for an axisymmetric blade row,
highlighting the inĆuence of body forces on Ćow turning and losses. The force normal
to relative velocity is responsible for the former effect, whilst the component parallel to
relative velocity for the latter. The Ąrst implementation of MarbleŠs ideas was the so-
called Streamline Curvature (SLC) [287], solving the circumferential averaged inviscid
equations of motion. The term streamline curvature derives from the radial equilibrium
assumption (REA),

∂p

∂r
= ρ

v2θ
r

allowing to capture the curvature of streamlines in the meridional plane. The models
were then extended by adding entropy generation [112, 125], incidence, deviation and
lean effects [59, 123], endwall boundary layer and turbulent mixing losses [76, 77, 152,
184, 223], shock losses [21, 222]. The possibility of including custom correlations to
model a variety of phenomena and its low computational requirements made SLC the
backbone of preliminary blade design from 1960, and it is still a valid tool [60]. How-
ever, this method is not compatible with transonic Ćows, as the mass Ćow rate must
be speciĄed, no shock wave can be reproduced, choking is not naturally captured and
neither stall can be accurately determined, since reverse Ćow is not admitted.

CFD-based Throughflow

In order to overcome these limitations, the so called CFD-based throughĆow tools
were developed. They rely on solving the steady passage-averaged Euler equations in
a time marching fashion, by adding forces similarly to SLC, to induce the Ćow to follow
the blade mean camberline and to add viscous losses. The force component respon-
sible for the Ćow turning and isentropic work is generally obtained with an implicit
equation, enforcing adjacency of the relative velocity vector to the blade mean cam-
berline [199]. These methods can be regarded as semi-implicit. Again, the solution
is axisymmetric and is found in the meridional plane of the blade row, allowing also
multi-stage calculations. However, the transonic regime is naturally accounted for and
shock waves can be reproduced, although with some limitations. Spurr [242] Ąrst pre-
sented a time marching throughĆow of this kind, followed by Damle [50]. Baralon [8]
included a normal blockage factor in the model, improving the choking mass Ćow rate
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prediction, and highlighted the impossibility of a circumferential-averaged representa-
tion to capture shock waves that are not normal to the meridional plane, which occurs
for supersonic axial Mach number. A CFD-based throughĆow was shown to be able
to deal with transonic compressors [8, 126, 245] and give good results, provided that
it still relies on many external inputs for losses, deviation and incidence [235]. Again,
this level of empiricism makes it possible to obtain high accuracy for calibrated cases,
including also complex phenomena, like cooling and three dimensional losses [190, 191,
202, 211]. In order to overcome the need for external inputs, Simon [234] Ąrst proposed
a Navier-Stokes throughĆow, which inherently captures endwall losses. He also stud-
ied the so-called high-order throughĆow, where a series of rigorous andmathematically
consistent averages are performed, according to Adamczyck [1] approach. In fact, cir-
cumferential averaging neglects higher order terms, which are the Ćuctuations of real
three-dimensional solutions with respect to the axisymmetric one. Baralon [7] found
that some of these terms are important in determining Ćow angle and mixing losses,
especially near the tip. Simon remarked that among all, the stress terms coming from
the average operation that are most important are the viscous and blade forces and the
circumferential stresses, representing the momentum and energy transfer between the
3D and axisymmetric Ćow Ąeld, and they are analogous to Reynolds stress for RANS
averaging [236, 254].

2.5.2 3D Throughflow

2D throughĆow methods represent an evolution of SLC, but they are similar in
essence, as they provide an axisymmetric representation that can be useful for anal-
ysis and design purposes, allowing a very rapid estimation of compressor map and,
with CFD-based methods, also of complex Ćows with transonic and reversed regions,
leakage, 3D losses and acrossmulti-stagemachines. However, due to their inherent two-
dimensionality, their are not suitable to be used in engine/airframe interaction problems
that are three-dimensional by nature. A generalisation of 2D throughĆow is based on
having again a distribution of source terms, inducing in the Ćow the effect of real blades
in terms of work and losses, but this time the body force Ąeld is space-varying and
function of local Ćow variables. In this way, although mathematically derived from a
circumferential-averaged Ćow Ąeld, it can be used to study three dimensional phenom-
ena, which are then obtained by superimposing point-by-point an axisymmetric solu-
tion. The expression for local forces can be either derived from a lookup table database,
be an explicit function of local Ćow variables or be obtained implicitly by solving a dif-
ferential equation. We can, therefore, distinguish four sub-categories within this class.

Interpolation-based methods

Interpolation-based methods use a previously formed database, obtained by three-
dimensional CFD or experimental tests, to include body forces within the volume swept
by the blade. Many works employing this approach were done at the MIT group led by
Prof. E. Greitzer, to study compressor stall. Choi [37] obtained body force Ąeld from
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RANS computations and included into an Euler solver. By use of dimensional analysis,
he showed that for supersonic high-Reynolds Ćows, the forcemagnitude is proportional
to Mach number only. Kiwada [135] proposed a method called "Blade Force Average"
(BFA), that will be discussed later, to extract body force from steady 3D RANS simu-
lations and incorporate these forces into a CFD solver, to study stall inception. He also
extended the extrapolated the extracted forces beyond the stability limits of the com-
pressor using SLC. Patel [195] linked the forces to the local Ćow coefficient times the
overall Ćow coefficient and found that the force slope is important in determining the
stall point and inception type. Walker [281] used forces derived from SLC, again to
study compressor stall, highlighting the importance of capturing the axial component
for stall onset and type determination. Kerner [131] introduced the concept of "Force-
Flow Reconciliation", in order to associate a unique Ćow to a given force Ąeld applied to
the Ćuid, and examined the relation between stall inception and endwall forces.

Explicit methods

Methods belonging to this sub-category make use of an explicit analytic formula
to determine the magnitude of body forces. Compared to the interpolation-based ap-
proach, they can capturemore accurately the response to local Ćow changes and be used
more naturally to study three-dimensional cases. However, external inputs are still re-
quired and the effort is put on the calibration, for which some force Ąelds extracted from
3D solutionsmight be necessary aswell. They can be viewed, in away, as a local interpo-
lation of a force database, which should be more physics-based than a simple look-up
table approach. One of the Ąrst developed method of this kind is due to Gong [87],
who derived an explicit relation for the force responsible for Ćow turning, based on a
pressure balance for a two-dimensional staggered Ćat plate cascade and a cross-passage
momentum balance. Calibration coefficients based on experimental data were used for
proper scaling. Hsiao [113] used the model to study NASA stage 35 compressor and
compared it with experimental observations for a powered nacelle, showing the fan ef-
fect on separation angle of attack. Plas [207] employed the model to study a BLI engine
conĄguration. More recently, Kim [133] used a partially revised version it to optimise
the S-duct inlet of NASA N3-X hybrid wing body. Similar modiĄcations are reported
by Li [154] for the study of supersonic inlet/fan coupling.

Peters [200] improved GongŠs model by using full blade forces, extracted from 3D
steady RANS, to express the calibration coefficients locally, included 3D blade effects
and radial forces and reformulated the parallel force component, responsible for losses
and entropy generation. The model was devoted to the study of short intakes for a low
pressure ratio fan andwas extensively compared to uRANS, showing a good agreement
with the higher Ądelity approach. Thollet [253] compared the original Peters model,
that did not have blockage terms, with the model including blockage terms, showing
that blade blockage is determinant in matching choking mass Ćow rate and improves
simulation convergence. The same author assessed the inĆuence of the pressure based
term in GongŠs model, Ąnding that its inclusion is debatable and removing it usually
improves map prediction.
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Hall [101] proposed a modiĄed model, where the normal force component is ex-
pressed as a function of blade geometry and Ćow quantities only, without the need for
calibration based on external inputs. The model was devoted to the analysis of BLI
conĄgurations. The author showed that the dominant source of Ćow redistribution for
non-uniform Ąelds occurring in BLI engines is the inviscid one, and it can be captured
without the necessity ofmodelling the viscous force component [100]. Themodel could
be conveniently used for blade design, given its simplicity, but it was mostly thought for
low-speed Ćows. Hill [106] introduced modiĄcations to the baseline HallŠs model, by
adding a compressibility correction factor. The procedure, however, was iterative and
cumbersome, requiring a large number of iterations and causing loss of the original sim-
plicity. Indeed, Aykadin [2] employed the baseline version for studying NASA R4 SDT
fan and TF8000 propulsor installed on D8 BLI aircraft, Ąnding qualitative agreement
with experimental data. Thollet [251] proposed to integrate HallŠs model with block-
age terms, a compressibility correction factor with Mach number scaling and entropy
Ąx and losses modelled with a simple skin friction coefficient, obtaining good improve-
ments compared to the baseline version for NASA SDT fan stage.

Thollet also devised one of the last available body force models, based on a lift/drag
analogy. In respect of MIT formulations ( Gong, Peters, Hall ), it keeps a simple single-
point calibration procedure and a straightforward implementation on existing solvers
[251]. Themodel was compared in [252] with GongŠs and an interpolated BF approach,
showing superiority to simpler formulations. Godard [84] employed the L/D model to
study MASCOT2 Safran/GE engine in nacelle crosswind case with encouraging results
[85].

Semi-explicit models

In semi-explicit models, an explicit formulation is used in conjunction with some
interpolation-based parameters. An example of this approach is the work of Kottapalli
[139] for centrifugal compressor, who reported convergence issues for three-dimensional
transonic cases. Chima [35] developed a tool that could be run in 2D throughĆowmode
to rapidly determine the compressor characteristics, 3D steady-state to study response
to radial distortion and 3D unsteady to study rotating stall. Body forces were input at
a single operating point from RANS calculations and were scaled to other points using
normalized characteristic maps. The code was also used to model a serpentine inlet,
fan, and nozzle assembly [36]. Guo [95] combined a 2D throughĆow like approach,
were normal force is determined from relative velocity adherence to blade camberline,
with a parallel force model distributing a bulk entropy increase on the blade surface,
to study a multi-stage compressor operating with inlet distortion. Brand [22] proposed
a modiĄed version of Peters model, where normal force is derived from momentum
equation, accounting for compressibility, and parallel force used streamwise entropy
gradient, Ątted from RANS extracted data. The model, however, exhibited a large sen-
sitivity to external calibration inputs. Defoe [54, 55] combined the steady body force
model of Gong with other two components to study noise generation: a rotor-locked
disturbance Ąeld periodic over a blade passage and a rotating disturbance Ąeld with
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once-per-revolution periodicity to alter shock system and generate multiple pure tone
(MPT) noise. Patel [196] integrated the model with Peters modiĄcations and included
some other improvements.

Implicit models

Implicit models are more similar to 2D throughĆow, as a time-evolved differential
equation is used to compute the magnitude of the force. Within non-axisymmetric tools
of this kind, the work done at University of Cambridge is the most signiĄcant. Cao [29]
proposed a so-called Immersed Boundary with Smeared Geoemtry (IBMSG) method,
conceptually similar to immersed boundary methods (IBM), mainly used for Ąnite-
difference (FD) codes to deal with generic shape bodies. In the IBMSG, the relative
velocity is constrained to be parallel to local wall surface, which is virtually represented
by the blademean camberline. As it happens for 2D throughĆow, all the problems of in-
cluding incidence, deviation and of leading edge discontinuity appear. In contrast, the
method lends to be employed in conjunction with different levels of resolutions, from
steady Euler equations to LES. Cao Ąrst applied it to the NASA Rotor 67 in clean and
distorted inlet conĄguration. Watson [285] applied it to a modern high aspect ratio fan
and to the Darmstadt rotor, obtaining a good agreement with RANS. Moreover, it was
employed in a multi-Ądelity approach for fan-to-Ćap assessment of engine integration
using LES as Ćow solver. Inlet-fan interaction for a high BPR modern fan was studied
by Cui [48] for a short inlet ( L/D ∼ 0.45 ). Ma employed LES with IBMSG to model
the Darmstadt Rotor, achieving good match of total pressure distributions. He also in-
vestigate a subsonic rotor with an annular beam generating inlet distortion, conĄrming
the inĆuence of fan location on the perturbed Ćow. Recently, the same author published
a comparison between RANS and LES using IBMSG for a parametric analysis of a fan
subject to inlet distortion, caused by a circular beam of varying height and placed at dif-
ferent axial distance from fan face [160]. The important outcome of their study was that
whilst in the absence of the fan the difference between RANS and LES are large, due to
the limiting capability of RANS models, in the installed-fan case the discrepancies are
substantially mitigated, as the main effect is due to mass Ćow redistribution caused by
fan suction. This result conĄrms HallŠs Ąndings [100], that even an inviscid solution
can capture the main distortion pattern. The difference between RANS and LES was
reduced as a distortion generator was placed closer to the fan, indicating that for a short
inlet design a mixed-Ądelity modelisation based on RANS is only marginally penalised
with respect to high-Ądelity LES.

2.5.3 1D methods

One-dimensional methods model the blade effect on the Ćuid as a sudden change of
some Ćow quantities across a plane. The AD concept comprises all this class of meth-
ods and was originally conceived by Glauert [82] to represent propellers. It consists in
imposing pressure and enthalpy jumps and Ćow deviation across a thin plane, placed
within the blade region. Downstream conditions depend onupstreamĆowand are eval-
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uated using pre-formatted tables, containing angles, pressure and temperature varia-
tions on the span, for several values of incidence andMach numbers. Despite itwas born
for propellers and also used in rotorcraft dynamics, the AD model could be exploited
also for a lumped fan description. Joo used it to study the asymmetric performance
of a turbofan operating behind a non-axisymmetric intake and due to the presence of
the engine pylon [127]. Marquéz [166] described a complex AD model for assessment
of contra-rotating open rotor, validating against uRANS with good agreement. Wiart
[143] employed AD for the ONERANOVA aircraft, featuring various engine conĄgura-
tions, also BLI. Godard [85] described the use of a RANS-based database to be used for
the AD model, where upstream and downstream conditions taken from 3D RANS are
circumferentially averaged and expressed in theADaxial location bymeans of conserva-
tion equations. A series of interpolations, based on bilinear polynomials or Radial-Basis
Functions (RBF) then allowed to obtain the exit state in the simulation, given the entry
condition. Compared to more advanced formulations, the ADwas found unable to cor-
rectly reproduce the correct fan/intake interaction. The inherent limitations, that do
not allow to capture Ćow redistribution, choking or shock waves, do not make the must
suitable candidate to represent the highly complex phenomena occurring in transonic
fans operating at distorted conditions.

2.5.4 Summary of methods

The variety of methods available has been classiĄed according to the dimensional-
ity, presenting the main logic and related limitations. Figure 2.7 summarises the cat-
egories according to their qualitative accuracy. On the rightmost column, 1D methods
have been shown to be overly simpliĄed to be employedwith sufficient reliability in fan-
intake interaction problems, as they provide results very similar to 0D models, where
total or static quantities are speciĄed at boundaries. In the central column, 2D meth-
ods give obvious advantages over the previous class, and they appear to be mostly used
for design purposes. In fact, the body force terms are implicitly derived from the sup-
plied geometry. However, they still require a substantial external input as regards losses,
mixing and deviation models, which can make the calibration accurate but not general-
isable and probably less capable of handling the multiple distortion Ągures character-
ising airframe-interacting engines. In the leftmost column are the 3D-based methods,
which in principle can provide the greatest Ćexibility and accuracy. Provided that blind
interpolation-based approaches have robustness and extrapolation issues, explicit and
implicit methods have a wider potentials in dealing with generic Ćow Ąelds, as they are
more physics-based. Notwithstanding the attractiveness of implicit methods, which re-
quire less external inputs and have been successfully applied in conjunction with eddy-
resolving schemes, explicit ones offer higher simplicity, easier implementation, possi-
bility of dedicated calibration and low computational overhead. In this work, therefore,
explicit methods only will be considered, studying their implementation, behaviour,
applicability and validity.
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Figure 2.7: Summary of simpliĄed models for engine representation.





Chapter 3

Development of a compressible CFD
solver

The simpliĄed methods for engine representation described in section 2.5 are all
based, except for SLC and some AD, on the solution of Euler or RANS equations for
compressible Ćows, to whom proper source terms are added to reĆect the blade effect
on the Ćow. The implementation of a BFMmodel, belonging to the class of explicitmeth-
ods, requires, therefore, the availability of a compressible Navier-Stokes solver, where
the model is to be inserted. In the literature, BFM was added to in-house codes [253]
and to commercial solvers [200] that allow to include some user-deĄned functions. Al-
though the use of an existing commercial software could provide sufficient Ćexibility to
produce a custom implementation of a BFM, exploiting the underlying solution algo-
rithms, within this PhD programme it was chosen to develop an in-house Ćow solver
from scratch. The creation of a compressible Ćow solver is a troublesome and complex
activity, requiring a knowledge on several Ąelds and a large amount of time to master
the computational techniques and the Ćow physics involved. The motivation to start
the development of a new CFD program arose from the will to provide the research
group with a series of in-house software tackling the advanced design and analysis of
turbomachinery using a multi-Ądelity approach, ranging from one-dimensional mod-
els to Direct Numerical Simulations (DNS). The availability of a staple CFD program, in
fact, guarantees the largest freedom in implementing several simpliĄed methods with
an easy and complete access to the core Ćow solver and the possibility of testing different
approaches, not only restricted to explicit 3D BFMs, but also to CFD-based throughĆow
or implicit methods, for instance, in a stand-alone application. The reach of a validated,
fast, efficient and general purpose code was well-beyond the PhD scope and horizon
and takes several years and many people working on it. The ambition of the project
was, in contrast, to create a simple and easy-to-use platform for testing, benchmark-
ing and developing CFD-based engine models. Given the limited amount of time and
resources available within the doctoral programme, it was decided to target the vali-
dation of a RANS 2D axisymmetric swirl code implementing an explicit BFM model.
Future re-use and extension of the core Ćow-solver might lead to deal with 3D Ćows
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in generic domains. From a numerical standpoint, it is a cell-centred Finite Volume,
density-based, second-order accurate with high-resolution discretisation of convective
Ćuxes, time-explicit for steady or unsteady simulation. In the remainder of this chapter,
the basis of computational methods employed are brieĆy reported, together with some
validation test-case. A more detailed discussion of the numerical methods is given in
Appendix A, whilst additional test cases are shown in Appendix B.

3.1 Numerical methods

The solution of the discretised RANS equations in the developed solver was based
on the Finite VolumeMethod Finite VolumeMethod (FVM). It is a widespread discreti-
sation technique, that has become popular for Ćuid dynamics equations starting from
the 70s, thanks to the foundation work made at the Imperial College of London [88,
147, 194]. The method is naturally applied to conservation laws, which are treated in
their integral form, allowing to inherently capture discontinuous phenomena, deal with
generic domains, and avoid complicated mappings from the physical to the computa-
tional space. Compared to other discretisation methods like Finite Difference Method
(FDM) and Finite Element Method (FEM), the former based on discrete approxima-
tion of derivatives, the latter on variational principles, FVM offers larger Ćexibility in
handling distorted and complex domains arising in industrial problems, maintaining
the physics of the equations solved and their conservation nature. In contrast, other
methods are preferred to tackle Ćuid dynamics problems from amore scientiĄc point of
view, like in the case of turbulent, reacting or multi-phase Ćows, employing high-order
discretisation of LES, DNS or Euler equations.

The application of the FVM to the Navier-Stokes equations gives the so-called semi-
discretised form:

∂

∂t
U⃗ Ω+

∑︂

f∈Ω

[︂

Fc · n̂A
]︂

f
=
∑︂

f∈Ω

[︂

Fd · n̂A
]︂

f
(3.1)

The equation contains three terms, one related to the time-derivative, and the other
two being the convective and diffusive Ćuxes at the control volume boundaries. The
solver developed was based on cell-centre representation, meaning that the cell-average

conservative variable U⃗ is attributed to the centre of the control volume. In the follow-
ing, the basis for the calculation of each term will be presented.

3.1.1 Flux discretisation

The Ćux tensors of equation 3.1 are summed over the faces of the Ąnite volume and
their net balance determines the rate of variation of the cell-averaged variable inside the
control volume. On each face, the Ćux must be integrated according to a quadrature
formula, like the Gauss-Lobatto rule for instance. The use of a single integration point
at the centre of the face with a unit weight gives a second order accurate integration,
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which was employed in the present solver. The very different nature of the convective
and diffusive Ćux terms require a different numerical treatment for their calculation.
The functional used in the numerical solver can be called numerical Ćux function. It is
often a suitable approximation of the physical Ćux, that is more conveniently calculated
but preserves the mathematical and physical characteristics of the exact Ćux.

Convective flux

The convective Ćux Fc = Fc · n̂ is expressed in the one-dimensional case as:

Fc =

⎧

⎨

⎩

ρu
ρuu+ p
(E + p)u

⎫

⎬

⎭
(3.2)

It was computed using the Flux-Difference Splitting (FDS) approach, where a local Rie-
mann problem is solved at each cell interface i+ 1/2:

Fi+1/2 = F̃(Ui,Ui+1) (3.3)

In the present solver, the Ąrst-order Godunov scheme [262], RoeŠs solver [216] and
ToroŠs HLLC [262] are available. The approximate solvers employ linear reconstruc-
tion, which makes them second order accurate on smooth solutions.

Diffusive flux

The viscous Ćux of the Navier-Stokes equations has an elliptic diffusive nature and
central schemes are suitable to approximate the state at cell-to-cell interfaces. In the
current implementation, the following formula is used for gradient approximation from
cells to the right and to the left of the interface:

∇ϕij =
1

2
(∇ϕi +∇ϕj) + αij (ϕL − ϕR) , αij =

2

3

n̂ij
|n̂ij · (r⃗i − r⃗j) |

(3.4)

where ϕL and ϕR denotes the boundary extrapolated values, coming from solution re-
construction, r⃗i and r⃗j are the cell centres positions and n̂ij the face unit normal vector.
This formulation was chosen according to the Ąndings of Jalali [124] for anisotropic
meshes.

3.1.2 Gradient reconstruction

The linear reconstruction requires an estimation of the cell gradients to extrapo-
late the cell centre variable to the faces. The boundary extrapolated values in the cur-
rent code are obtained using either the Green-Gauss (GG) and Least-Squared (LSG)
method. Many variants of these methods are available in literature, see for instance
[239] for a review. Without entering toomuch into details, they are conservative schemes
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naturally arising in Ąnite volume, that are applicable to generic elements and unstruc-
tured grids. Differently from Ąnite differences, which are best exploited in structured
grids with three orthogonal directions ( eventually in the generalised coordinates space
) that allow for a straightforward approximation of derivatives, for instance with cen-
tred or skewed schemes involving an increasing number of points in the stencil for high
order, in general unstructured domains there is no preferential direction that allows
for a simple incremental ratio calculation using cell centre values. Instead, keeping the
integral form of Ąnite volume, one can build schemes that make use of conservation
principles and divergence theorem.

The Green-Gauss gradient reconstruction makes direct use of the Divergence Theo-
rem (DT):

∇ϕ =
1

V

∫︂

Ω
∇ϕ dV =

1

V

∫︂

Ω
∇ · ϕI dV =

1

V

∮︂

∂Ω
ϕ n̂ dA (3.5)

The formula uses the same calculation method of the other Ćuxes and can reuse most
the structure of the core solver. The function value at the face centre can be obtained by
linear interpolation of cell values:

ϕij = gc ϕi + ( 1− gc)ϕj , gc =
|riF |

|riF + rjF |
(3.6)

making the method second-order accurate with O(h2) for regular cartesian grids with
equal spacing h. In presence of non-uniform spacing however, leading truncation er-
ror does not cancel out and the method becomes O(h). For skewed meshes or unstruc-
tured grids with non-vanishing skewness, moreover, the truncation error isO(1), which
makes it not convergent [247]. This is due to the fact that the line joining the cell centres
sharing the face does not pass through the face integration point. Remedies to this situa-
tion have been proposed, based on application of iterative corrections [57, 183, 248, 263],
which are also treated in a deferred correction approach for pressure-based codes, using
implicit pressure-velocity coupling [56, 177]. However, these corrections are computa-
tionally heavy, not robust and can at most mitigate the error in gradient reconstruction,
without fully restoring second order accuracy. Therefore, the GG method appears suit-
able only in regular grids with low skewness and structured arrangement. For more
general cases of meshes with mixed elements or unstructured tetrahedral, other speciĄc
algorithms have been developed.

The least square gradient reconstruction, in the form proposed in [186], is a conser-
vative reconstruction technique applicable to generic grids. The method is derived in
section A.4. It is based on a Taylor expansion of the mean cell gradient and requires the
solution of a constrained overdetermined system of equations. For second order accu-
racy, the system matrix can be reduced to be 2× 2 in two dimensions and easily solved.
The use of weights in the expression of the least-square problem allows to maintain
second-order accuracy even with skewed and high-aspect ratio grids.
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3.1.3 Stencil selection and limitations of standard methods

The Green-Gauss method employs all the face neighbours of the cell whose gra-
dient is to be computed, and can be regarded as a central scheme. For quadrilateral
cells, or hexahedral in three dimensions, the computational molecule involves four ex-
tra cells, centred around the element under consideration. The Least Squared Gradient
was developed with unstructured grids in mind, and can naturally include an arbitrary
number of cells in the stencil. A variety of stencil selection techniques are therefore
available to improve the accuracy of the method for unstructured, mixed-elements or
distorted grids. The face-neighbour stencil is stable for regular grids, both quadrilateral
and triangular, but becomes unstable for deformed meshes [98]. In cases having larger
distortion, high aspect-ratio or curved faces, modiĄcations to computational molecule
for LSG have been proposed, in order to reduce discretisation errors. Nishikawa [182]
compares face- and vertex-neighbour stencil with face2, in which face neighbours of face
neighbours elements are added, a symmetric stencil based on geometric parameters,
and F-decreasing augmentation, in which extra cells are added to the symmetric stencil to
reduce the Frobenius norm of the pseudo-inverse matrix. They are depicted in Figure
3.1 for a skewed triangular mesh.

The inclusion of more elements to the stencil has been shown to increase robustness,
accuracy and stability, but comes at a high computational expense for large molecules
and an unavoidable overhead for adaptive selection. Mixed formulations and node
weighting have also been proposed [65, 129, 300], togetherwith data dependentweights
for LSG [203]. One of the most challenging case for second order methods is high as-
pect ratio cells on curved faces. Katz [129] showed that both standard GG and LSG fail
with that type of grid, which is normally employed in high Reynolds Ćows. For LSG,
an approximate mapping onto curved faces was shown to provide accurate gradients
by Diskin [64] and Jalali [124].
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Figure 3.1: Stencil selection techniques for LSG. Adapted from [182].



3.1. NUMERICAL METHODS 37

3.1.4 Gradient Limiter

In order to avoid unphysical oscillation in the vicinity of a discontinuity, special treat-
ments to the advection schemes are required. A suitable gasdynamic scheme should
be such that it provides high numerical accuracy in regions of smooth Ćow, to capture
the solution with a low truncation error using a reduced number of grid points, and is
able to sharply reproduce the discontinuities that may arise. It is well known that Ąrst
order schemes introduce numerical diffusivity to the equation, leading to a spreading
of the shock thickness over time, whilst second order schemes are dispersive and pro-
duce over- and undershoots, which may lead to negative values of density or pressure,
causing failure of the solution process. In order to switch between these two desired
characteristics, so-called high-resolution schemes have been developed, blending Ąrst
to second-order accuracy, depending on the local solution. This property, that is adap-
tiveness, is a form of nonlinearity, where the scheme coefficients are functions of the
solution Ąeld itself. This has allowed to overcome a famous theorem by Godunov, for
which there are no monotone linear schemes for the advection equation of second or higher or-
der of accuracy. The previously called special treatment, therefore, consists in applying
a nonlinear limiter to the reconstructed cell slope or face Ćux. The choice of the limiter
comes from the attainment of desired qualities, like monotonicity-preserving or Total
Variation Diminishing (TVD) schemes. For the 1D case, the following deĄnitions hold
[231]:

Definition 3.1 (Monotone scheme). A scheme:

un+1
j = unj − λ

(︂

f̃ (uj−p, . . . , uj+q)− f̃ (uj−p−1, . . . , uj+q−1)
)︂

≡ G (uj−p−1, . . . , uj+q)

with λ = ∆t
∆x , is said to be monotone if G is a monotonically nondecreasing function of

each argument.

Definition 3.2 (TVD). A scheme is said to be Total Variation Diminishing (TVD) if

TV (un+1
j ) ≤ TV (unj )

with TV =
∑︁

j |uj+1 − uj |

A monotone scheme is TVD, and a TVD scheme is monotonicity-preserving, that is
it does not introduce new extrema in the solution [104]. A regularisation of the frame-
work for choosing a limiter was due to Sweby [246], who also derived some properties
of the function in order to fulĄl the TVD property [13]. Van Leer had introduced, be-
fore, the idea ofMUSCL (Monotone UpstreamŰcentred Scheme for Conservation Laws)
type schemes [149, 272, 273], where the piecewise-constant reconstruction of Godunov
Ąrst-order method was replaced by a piecewise-linear reconstruction, to whom apply
limiters and avoid oscillations. The MUSCL framework has become standard practice
in second-order FVM in the RANS context. Zhang [304] provided a review of TVD
schemes. Whilst most classical limiters were developed for one-dimensional case and
can be straightforwardly applied in structured grids, where a predominant direction
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can be always uniquely identiĄed, for unstructured grids so-called multi-dimensional
limiters have been derived [24, 114, 192, 301]. In that approach, the stencil involves a
number of spatially distributed neighbour cells, to account for the multi-dimensionality
of the problem. Famous multi-dimensional limiters for unstructured grids are due to
Barth [9] and Venkatakrishnan [278], who proposed a differentiable version of the for-
mer, in order to improve convergence. In the current implementation, the high-order dif-
ferentiable limiter of Michalak-Ollivier Gooch has been employed [171], where a mod-
iĄcation to VenkatakrishnanŠs was introduced, including a successive extension of the
computing stencil [265] proposed by Tsoutsanis. The limiter was derived with time-
accurate resolution using k-exact reconstruction in mind, and thus exhibits superior
performance in terms of accuracy and mesh sensitivity. It is computed separately for
each conservative variable and applied to the gradient of boundary extrapolated values
used to compute the convective Ćux using the approximate Riemann solver:

Ui+1/2 = Ui + ψ (Uj , Uj+1, . . . , Uj+m) ∇ (U) ·
(︁
xi+1/2 − xi

)︁
(3.7)

The limiter function ψ reduces the reconstruction to Ąrst-order, by assuming a zero
value, in cells where this is required by the rapid variation of the solution. Ideally, it
should activate, i.e. be less than one, only in those regions, in order to avoid introduc-
ing numerical viscosity. The sensing mechanism itself and the stencil determine the
effectiveness in the trigger. For second-order reconstruction in two dimensions, the cur-
rent solver uses vertex neighbouring for determination of solution extrema, which is
required by the limiter algorithm. Note that this task, i.e. comparing the computing cell
value with those of many other nearby elements is computationally expensive and the
use of asymmetric and adaptive stencils, especially in high-order k-exact reconstruction,
is troublesome for parallel implementation.

3.1.5 Time discretisation

Equation 3.1 represents the so-called semi-discretised formula of a FV scheme. In
fact, the temporal derivative is still retained undiscretised, while the Ćuxes integral have
been approximated by means of quadrature rules. This approach is consistent with the
Godunov method, where the numerical Ćux function is the advective Ćux evaluated
with the status taken at t = t0, on the t = 0 axis of the local Riemann problem:

F̃i+1/2 = F̃
(︁
Ui+1/2

)︁
=

∫︂

∂Ω
F
(︁
U(xi+1/2, t

)︁
= F

(︁
Ui+1/2, 0

)︁
(3.8)

By keeping the time derivative, it appears that after a proper Ćux discretisation one
gets an ordinary differential equation (ODE) in time:

Ω
∂

∂t
U = −

∑︂

f∈Ω

[Fc · n̂A]f +
∑︂

f∈Ω

[Fd · n̂A]f = R (U) (3.9)

where the Ćuxes can be summarised by the right hand side of the equation, R (U)
which is called the residual. The nonlinear ODE can then be solved using any of the
standard methods, provided that they possess the required numerical stability.
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The time marching methods can be divided into two big families: explicit and im-
plicit. In the former, the solution at time n + 1 depends entirely on the known so-
lution value at time n, and can be directly computed once the residual is known. In
the latter, it depends also on the unknown at next time level, making the relationship
implicit. This requires solving an equation ( actually a system of equations ) at each
time step, making the time advancement more costly and difficult. In comparison, im-
plicit schemes can be unconditionally stable, allowing the selection of large time steps.
In fact, explicit schemes suffer from the stringent CFL stability condition, requiring
∆t < CFLmax × ∆x/a. For Euler equations, a can be taken as the largest eigenvalue
of the Jacobian matrix, which is the maximum wave speed u + c, with c the speed of
sound. Therefore, a can be large and considering that for high-Reynolds wall-bounded
Ćows the boundary layer must be discretised with very thin cells, the deriving time step
requirement for a CFLmax = 1 is very small, taking a huge number of iterations to ad-
vance the solution. Among explicit methods, the Runge-Kutta class has become popu-
lar for its suitability with the mixed hyperbolic-parabolic nature of centrally-discretised
compressible Navier-Stokes equations. A popular method is the three-stage, third order
TVD scheme of Shu and Osher [89], written as:

U (1) = Un (3.10)

U (2) = U (1) +∆tR(1) (3.11)

U (3) =
3

4
U (1) +

1

4
U (2) +

1

4
∆tR(2) (3.12)

U (n+1) =
3

4
U (n) +

2

3
U (3) +

2

3
∆R(3) (3.13)

with a maximum CFL of 1/nd, where nd is the dimension of the problem.
Countless optimised versions with larger allowable CFL, e.g. the strong stability

preserving RK(4,5) of Spiteri [241], or low dissipation and dispersion error for compu-
tational aero acoustics [14] can be also found in the literature.

3.2 Code development roadmap

After presenting the basis of the computational methods employed, the adopted
work plan for the development, validation and veriĄcation of the Ćow solver is here
reported. As the project started from scratch, a certain amount of time was devoted to
acquiring the theory of numerical methods, the physics of compressible Ćows and the
programming skills needed. The workĆow in Figure 3.2 shows the path followed. Af-
ter gathering the necessary information, a systematic approach was followed, tackling
problems of increasing complexity and interposingmilestone validations or veriĄcation
between each successive step. The Ąrst problem approached was 1D diffusion and lin-
ear advection equation. Despite being simple, these model equations possess most of
the fundamental properties that are also part of the full Navier-Stokes system, and they
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allowed to familiarise with the numerical techniques and the programming logic. In
particular for the advection equation, most of the tools needed for the two- and three-
dimensional discretisation were already required at 1D level. The solution of transport
of a scalar into a uniform imposed velocity Ąeld allows to study the differences between
the spatial and temporal discretisation schemes, posing also the basis of high-resolution
limited schemes for discontinuous solutions. In addition to standard benchmarks for
1D linear convection and diffusion, the theory of TVD schemes and space-time coupling
was assessed for 1D Euler equations, representing the secondmajor step. Solving for the
non-linear hyperbolic system of conservation laws in one dimension introduced most
of the physics and programming kernels that have been used in 2D problems since,
as stated in previous section, convective Ćux calculation is done essentially in a one-
dimensional formulation. Analytical solutions of 1D Euler equations are available for
the model case, which is the Riemann initial boundary value problem. Comparison
between exact and approximate Riemann solvers and time-marching algorithms con-
stituted an essential basis of validation of convective Ćux discretisation. Extension to
two dimensions was, therefore, relatively straightforward, except for the gradient re-
construction. In fact, as the code was thought to be applicable in general domains, its
internal data structures and also the numerics are unstructured and the gradient recon-
struction techniques presented in section A.4 were employed.

Despite not strictly necessary for the kind of problems targeted, dealingwith through-
Ćow solutions, it was chosen to keep the code generic for possible further extension.
An important part of the development, indeed, not lumped in a speciĄc period, dealt
with the geometry discretisation and the mesh quantities calculation and storage. Dif-
ferently from structured Cartesian meshes and typical Finite Differences domains, a lot
of geometrical quantities are needed by FVM, such as cell, node and face centres, ar-
eas, volumes, normals, Gauss integration points, connectivity and data hierarchy. All
this information must be stored in memory, as it is frequently accessed during runtime
and on-line calculation becomes inefficient. Continuous improvement of data struc-
tures and mesh topology information was attempted during the development. When
the baseline structure of the code was available, the implementation and validation of
gradient reconstruction techniques in generic domains was possible, representing the
third building block of the code. At that point, a 2D inviscid solver was available and
after a proper veriĄcation it was extended from Ąrst order Godunov to high-resolution,
adding the gradient limitation technique of Section 3.1.4.

The validation of the 2D Euler code was concluded by the Ąrst year of the doctoral
programme. Inclusion of diffusive terms made the solver viscous and allowed subse-
quently to validate the 2DNavier-Stokes equations against analytical solutions or verify
them against available benchmarks in the literature. Among them, Stokes Ąrst and sec-
ond problem, Couette and Poiseuille Ćow, 2D Green vortex, lid-driven cavity, double
shear layer, Ćow past a laminar cylinder were used as reference solutions. A very im-
portant part in Ćow modelling is represented by boundary conditions. If during the
early development periodic boundaries can be used, that do not introduce any approx-
imation, simulating different Ćows require consistent, accurate and well-posed bound-
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ary values. Throughout the development, different types of boundary conditions have
been implemented and tested, ranging from simple extrapolation to attempts to incor-
porate Ąner formulations based on non-reĆective boundary conditions. The approach
commonly employed in RANS FVM codes, however, do not require and neither allow
that level of accuracy, which is instead essential to solvers tackling DNS or LES. Hav-
ing veriĄed the correctness and robustness of the 2D Navier-Stokes solver, the follow-
ing stepwas the conversion to a Reynolds-Averaged formulation. The turbulencemodel
usedwas Spalart-Allmaras one equationmodel, for whichNASATurbulenceModelling
Resource web page [179] provided valuable information for implementation and veriĄ-
cation. RANS solution with time-explicit techniques is always problematic, as the mag-
nitude of the non-linear source terms can cause divergence, requiring special treatments
to be observed. Nonetheless, veriĄcation of the implementation was Ąnally successful
and the last move was rewriting the solver in cylindrical coordinates for axisymmetric
swirl Ćows. This adds another out-of-plane equation to be solved, but the axisymmet-
ric hypothesis removes some terms from the equations so that the additional computa-
tional cost is limited and most of the routines can be reused with minor modiĄcations.
The development of the core Ćow solver, in what is needed for the body force model,
was concluded after eighteen months from the beginning of the doctoral programme.
In the remainder of this chapter, the main steps of the development and validation are
reported. Further test cases are presented in Appendix B.

Compressible Ćows physics
Compressible Ćows numerics

Steady Diffusion Equation
Steady Advection Equation

Unsteady Linear Advection Eq.
Unsteady Linear Transport Eq.

1D Euler equations
Riemann problem

2D Euler equations

Gradient Reconstruction

Axisymmetric swirl
RANS - SA

2D RANS - SA

2D Navier-Stokes

Figure 3.2: WorkĆow for code development
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3.3 Linear advection equation

The model equation for convection is the one-dimensional linear advection:

{︃
∂ϕ

∂t
+ a

∂ϕ

∂x
= 0ϕ(x, t0) = ϕ0(x) (3.14)

It is an hyperbolic equation with constant wave speed a and the solution uniform on
characteristic lines x − at = constant, such that the scalar ϕ is simply convected with
speed a:

ϕ(x, t) = ϕ0(x− at) (3.15)

With this simple model it is possible to implement various space and time schemes
to evolve the solution, enabling to highlight several features of numerical schemes, such
as accuracy, stability, diffusion and dispersion errors. For instance, Figure 3.3 shows
the result for the advection of a square wave for two seconds with unit velocity using
different spatial schemes and Second Order Upwind Euler (SOUE) in time. The dis-
cretisation grid had one hundred equally spaced elements. The CFL number was kept
equal to 0.5 in all the schemes. The square wave advection is a challenging test case for
all the methods as the solution is discontinuous and contains a lot of harmonics that
are subject to dispersion error by even order methods, causing the appearance of over-
and under-shoots and wiggles in the solution. Indeed, central difference in space com-
pletely destroys the scalar distribution after a few characteristic times. The Ąrst order
upwind method (FOU), instead is monotonicity preserving but has a lot of numerical
dissipation and the initial proĄle is rapidly smeared and lost as well. The second order
upwind scheme (SOU) has second order accuracy in space but is not bounded and the
solution also has over- and under-shoots due to the discontinuity. The introduction of
slope limiters helps improving the reconstruction near the steep gradients and tries to
avoid the formation of new extrema. It can be noticed that theMINMOD limiter is more
"generous" and more dissipative that the SUPERBEE, which instead is more compres-
sive. The QUICK scheme, using quadratic reconstruction, is not limited but again gives
rise to oscillations.

These kind of cases represented the Ąrst implementation of numerical schemes and
were used to gain a better understanding of the numerics and error behaviour. It is evi-
dent how the choice of the spatial and time scheme is interdependent for time accurate
simulations and must adapt to the mathematical model. Having set up the basic inte-
gration algorithms, some two-dimensional cases where also diffusion was added to the
linear advection were studied, but are omitted here.

3.4 1D Euler equations. Riemann problem

The previously studied model equations, despite very useful, are not fully repre-
sentative of the non-linear nature of the hyperbolic system of conservation laws formed
by Euler equations, which were tackled starting from the one-dimensional case. The
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Figure 3.3: Comparison of spatial scheme for linear advection of a square wave. Grid
size is 100 cells. CFL = 0.5

initial boundary value problem of reference, known as Riemann problem, requires the
evolution in time and space of an initial uniform Ąeld separated in two discontinuous
regions:

U (x, 0) =

{︄

UL if x < 0

UR if x > 0
(3.16)

The solution in the space-time axis is so separated by four regions by the three fun-
damentals waves arising, compressive, expansive or contact. A complete discussion is
given in [262]. The Riemann problem can thus be solved exactly by a conditional check
on which wave is present on each point, once estimates for the wave speeds have been
obtained. This reference solution can be used to validate the Ćux integration schemes
adopted. Here the Godunov Ąrst-order upwind and high-resolution schemes were con-
sidered. For instance, Figure 3.4 shows the Riemann problem Test 1 of Toro solved with
MUSCL scheme with characteristic waves limiting and HLLC approximate Riemann
solver, comparing the numerical and exact solution after 0.302 time units. The compu-
tational grid had one hundred equispaced points. The problem has one expansion fan
in the left region and a shockwave in the right one, separated by a contact line, visible in
the density change. The shock wave for the velocity is almost entirely captured in three
cells and the solution is in agreement with its exact counterpart.

A series of problems like this were solved with different schemes, adopting Ąrst or-
der, TVD schemes with slope or waves limiters, and WENO, and Forward Euler (FE)



44 CHAPTER 3. DEVELOPMENT OF A COMPRESSIBLE CFD SOLVER

-0.5 0 0.5 1

X [m]

0

0.5

1

1.5
RP Eulero 1D TEST1 MUSCL

Density

Velocity

Pressure

Exact

T = 0.302

Figure 3.4: Riemann problem Test 1 of Toro [262] solved with MUSCL-Hancock, HLLC
Riemann solver and Forward Euler in time, CFL = 0.5

or Runge-Kutta algorithms in time. These benchmarks allowed to familiarise with the
different techniques and the non-linearity of advective Ćux, establishing the procedures
for the set-up of approximate Riemann solvers and their employment in Ćux reconstruc-
tion. After consolidating the understanding of the 1D Euler equations, the following
step described in the next section was extension to two dimensions.

3.5 2D Euler equations

The solution process of the Euler equations in two dimension was essentially analo-
gous to the one-dimensional case, in that an unsplit Godunov solverwas adopted, where
Ćux is computed on each face of the domain elements solving the local projected 1DRie-
mann problem, using rotational invariance of Euler equations. A number of veriĄcation
and validation cases are available to assess the correctness of the implementation.
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3.5.1 Isentropic vortex convection

A common test case with an analytical solution is the convection of an isentropic
vortex over a periodic domain. The solution is initialised with

⎧

⎪⎨

⎪⎩

ρ = [1− (γ − 1)b2

8γπ2
e1−r2 ]

1

γ−1

, p = ργ

u = u∞ − b
2πe

1

2
(1−r2)(y − yc), v = v∞ + b

2πe
1

2
(1−r2)(x− xc)

where b = 0.5 is the vortex strength, r =
√︁

((x− xc)2 + (y − yc)2) is the distance from
the vortex centre. The domain was squared with bounds [0; 10]× [0; 10]. This will result
in a simple convection of the structure, which makes possible to determine the discreti-
sation error after propagation in time. Figure 3.5 shows snapshots of the vortex being
convected with the oblique velocity at different instants of time. Figure 3.6 depicts the
L∞ and L1 norm of the error after an integration time of 10s, corresponding to a full
period for the domain with side length of 10 units, as a function of the grid size h. The
time integrator was Runge-Kutta RK3-TVD, whilst second order limited reconstruction
was used for advection terms. The slope of both norms is -2, conĄrming second order
accuracy of the convective solver and the good behaviour of the limiter, that did not
activate given the smoothness of the solution.

Figure 3.5: 2D isentropic vortex convection. Snapshots at different times.
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Figure 3.6: 2D isentropic vortex convection error after t = 10 s

3.6 2D Navier-Stokes equations

After the validation and veriĄcation of the high-resolution convective solver, the
codewas extended to include the viscous Ćuxes ofNavier-Stokes equations. Before look-
ing at the available analytical solutions, the gradient reconstruction method, which is
the basis of diffusive Ćuxes calculation, was validated on the model equation ∇2ϕ = 0,
the steady Poisson equation. Figure 3.7 illustrates the L∞ and L1 norm of the recon-
struction using the LSG method on a square domain. The test function was in the form
of sin(kxx − α)sin(kyy − β) and periodic or exact Dirichlet boundary conditions were
imposed. The method converged to 2nd order accuracy on both norms and even in the
case of a high aspect ratio of 10000, which is often found in wall-clustered grids for
high-Reynolds Ćows.

To examine the inĆuence of skewness, which was shown to have a detrimental effect
on truncation error convergence for somemethods, a butterĆy domainwith curvedwall
was examined, using as test function tanh(10(x− 0.5))tanh(20y). The domain with the
solution is depicted in Figure 3.8b. The L∞ the L1 norm of the mean absolute error in
Figure 3.8b again converge with -2 slope in the logscale both for a unit aspect ratio and
for an AR=10000, proving that the LSG gradient reconstruction method implemented
keeps second order accuracy for stretched cells on curved domains with smooth func-
tions.
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Figure 3.7: Error scaling for gradient reconstruction
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Figure 3.8: Error scaling for LSG gradient reconstruction on curved domain.
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3.6.1 Couette Flow

A few laminar Ćow cases of Navier-Stokes equations possess an analytical solution,
making them suitable for direct validation. Among them, the simplest one is the planar
Couette Ćow over a channel with parallel walls and inĄnite out-of-plane length, where
wall velocity is imposed. The well-known solution is a linear velocity proĄle for the
incompressible case, with a parabolic temperature proĄle for isothermal walls:

Ũ(Y ) = Y (3.17)

T̃ (Y ) =
T (y)− T0
T1 − T0

= [1 +
1

2
Pr Ec(1− Y )]Y (3.18)

Y = y/L, U = u/U, Pr =
cP µ

k
, Ec =

U2

cP∆T
(3.19)

where L is the channel height, U is the imposed upper wall velocity and T1, T0 the im-
posed upper and lower wall temperature. Figure 3.9a displays the velocity and temper-
ature proĄle for progressively reĄned grids, proving that the linear function is always
exactly matched, whilst the parabolic shape is closer and closer to the reference solu-
tion. Figure 3.9b proves the second order convergence for the L∞ and L1 norm of the
absolute error on the reconstructed quadratic temperature proĄle.
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Figure 3.9: Planar Couette Ćow.

3.7 2D RANS

The successful validation and veriĄcation of the solution of 2D Navier-Stokes equa-
tions cleared theway to the transformation into a RANS solver. The RANS equations are
conceptually obtained through the ensemble-averaging of the Navier-Stokes equations,
after each derived variable has been expressed as the sum of a mean and a perturbed
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value, ϕ = ϕ̄+ϕ′. This is known to give rise to a set of equationswhich are formally iden-
tical to the original ones, but with the addition of stress terms which are responsible for
the momentum and energy transfer from the unsteady to the averaged solution, called
Reynolds stresses. When they are modelled with the Boussinesq approximation, they
are given an analogous expression to the unsteady viscous stresses but using a different
viscosity, called eddy viscosity:

− ρu′iu
′

j = τ ′ij = 2µtS̄ij −
2

3
ρκδij (3.20)

With this approximation, where S̄ij is the symmetric part of the averaged velocity gra-
dient and κ is the turbulent kinetic energy, which is often neglected in the expression in
RANS modelling, it is sufficient to add to the laminar viscosity µ its turbulent counter-
part µt in the viscous Ćuxes. Despite this is a little modiĄcation for the Ćow solver, the
eddy viscosity is unknown and it must be provided by additional equations, forming
the turbulence model. In addition, a variety of issues regarding the need of additional
quantities and numerical stability makes the development of a RANS solver quite dif-
Ącult. In the current implementation, the one equation Spalart-Allmaras turbulence
equation model was employed [240]. It provides a transport equation for a modiĄed
viscosity µ̃, that is related to µt vi a nonlinear relation, and it is widely used in external
aerodynamics and industrial problems.

3.7.1 Spalart-Allmaras turbulence model

The Spalart-Allmaras (SA) model has been corrected and extended throughout the
years, from its Ąrst appearance in 1994, to overcome a series of instabilities of the orig-
inal version [4]. The one used in this code is called SAneg-noft2 in the reference NASA
Turbulence Modelling Resource TMR [179]:

∂ρν̃

∂t
+ ∇⃗ ·

(︂

ρU⃗ ν̃
)︂

= (3.21)

= ρ (P −D + T ) +
1

σ
∇⃗ · [ρ (ν + ν̃fn) ∇⃗ν̃]+

+
cb2
σ

(︂

∇⃗ν̃
)︂2

+
1

σ
(ν + ν̃) ∇⃗ρ · ∇⃗ν̃ (3.22)

where:

νt = ν̃fv1, fv1 =
χ3

χ3 + c3v1
, χ =

ν̃

ν
(3.23)
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The source terms of production P , destruction D, and trip term T are given by:

P =

{︄

cb1 (1− ft2) S̃ν̃, if ν̃ ≥ 0

cb1 (1− ct3) S̃ν̃, if ν̃ < 0
(3.24)

D =

⎧

⎪⎪⎨

⎪⎪⎩

(︃

cw1fw − cb1
κ2ft2

)︃[︃
ν̃

d

]︃2

, if ν̃ ≥ 0

−cw1

[︃
ν̃

d

]︃2

, if ν̃ < 0

(3.25)

T = ft1 (∆u)
2 (3.26)

S is the vorticity magnitude, d is the distance to the closest wall. The other variables and
functions are:

S̃ =

⎧

⎪⎨

⎪⎩

S + S̄, if S̄ ≥ −cv2S

S +
S
(︁
c2v2S + cv3S̄

)︁

(cv3 − 2cv2S)S − S̄
, if S̄ < −cv2S

(3.27)

S̄ =
ν̃

κ2d2fv2
(3.28)

fv2 = 1− χ

1 + χfv1
, fn =

⎧

⎨

⎩

1, if ν̃ ≥ 0

cn1 − χ2

cn1 + χ3
, if ν̃ < 0

(3.29)

fw = g

[︃
1 + c6w3

g6 + c6w3

]︃1/6

, g = r + cw2

(︁
r6 − r

)︁
, r = min

(︃
ν̃

S̃κ2d2
, rlim

)︃

(3.30)

The model default constants are:

cb1 = 0.1355, σ = 2/3, cb2 = 0.622, κ = 0.41

cw1 = cb1/k
2 + (1 + cb2)/σ cw2 = 0.3, cv1 = 7.1, rlim = 10 (3.31)

This variant of the model allows the transported modiĄed turbulent viscosity ν̃,
which is the evolved quantity, to become locally negative. This might happen for under-
resolved grids near the boundary layer, and without a speciĄc treatment it would cause
an instantaneous crash of the computation due to negative density. The SA-neg variant
changes the destruction and production terms when this happens, such that the nega-
tive ν̃ becomes a passive scalar and the system automatically tries to restore to a positive
state. The trip term T was not used, assuming fully turbulent conditions, whichmust be
enforced by choosing at freestream a turbulent viscosity ratio greater than 10 or χ > 3.
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3.7.2 Computation of wall distance via partial differential equations

As it can be noticed from the above equations, the production and destruction terms
require the knowledge of the distance d from the closest wall. This adds noticeable com-
plexity to the code, as the problem of Ąnding the minimum distance between elements
in a set is complex and laborious. A variety of techniques are available, based onNearest
Neighbour (NN) search with calculation of Euclidean distance, of course not directly,
as this would requireO(n2) operations, but using graph theory and smart sorting, or on
model equations. This second way allows to obtain accurate results even for complex
geometric interfaces and curved walls, where the distance must be evaluated precisely
between the cell centre an the reconstructed boundary wall geometry, considering cur-
vature. Far from thewall, the inverse quadratic dependence of the distance in themodel
variables allows a much rougher estimation, as outside the boundary layer the source
terms are very close to zero.

The approach followed in the current implementation is based on solution of a differ-
ential equation. There are three reference models in this framework [266, 267]: Poisson,
Hamilton-Jacobi and Eikonal equation. The Poisson equation

∇2ϕ = −1 (3.32)

was proposed by Spalding and can be used to retrieve a near-wall only accurate distance
by using the gradient of ϕ.

The Hamilton-Jacobi equation

⎧

⎪⎨

⎪⎩

H(∇⃗ϕ, x) = ϵ∇2ϕ

H(∇⃗ϕ, x) = F (x)|∇⃗ϕ| − 1

d = F (x)ϕ

gives the distance from the front propagation velocity F (x), but is not very practical to
be solved.

Finally, the Eikonal equation is a simpliĄcation of the Hamilton-Jacobi

|∇⃗ϕ| = 1 (3.33)

that allows to directly solve for d = ϕ exactly in all the domain, and it is the one chosen
in the current implementation. All the equations can be solved inO(NlogN) operations
[267]. Dedicated methods have been proposed for their solution, see [267] for a review.
For the speciĄc case of the Eikonal equation, it can be turned into a transport-like form
by setting U = ∇⃗ϕ and adding a pseudo-time term:

∂ϕ

∂t
+ U · ∇⃗ϕ = 1 (3.34)

In that form, it is possible to reuse part of the Ćow solver algorithms employed for the
convective Ćuxes. Details of the solution procedure are here omitted and can be found
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in [20, 292, 293]. The time-marching algorithm is best advanced to steady state using
implicit time stepping, or explicit time stepping with multigrid. As developing these
techniques speciĄcally for this subtaskwas reckoned too expensive, a Ąrst order upwind
Ćux calculation with RK51 explicit time stepping with implicit residual smoothing was
Ąnally employed. The Ąnite volume solution of the Eikonal equation was found to re-
quire particular care at the boundaries, to obtain sufficient accuracy. As the target Ćow
solver will have to operate mostly in logically rectangular structured domains, it was
decided to employ the more benign Ąnite difference approximation in curvilinear coor-
dinates. This limits the current applicability of the method to structured domains, but it
is sufficient for the scope of this PhD programme, and given that thewall distance calcu-
lation is a separated module in the program, a future extension to general unstructured
domains using FVM will be always possible.

Figure 3.10 shows examples of wall distance calculation. For the planar wall case,
the solution is exactly linear. For curved walls, the boundary face centroid does not fall
in the actual curved line for a planar face. Higher order FVM suffer from this condition
and high-order meshing can be used. Despite its tolerability in a second order accurate
code, to enhance the local accuracy a cubic interpolation of face vertices was used to Ąnd
a better boundary node where to impose the zero-distance condition. This was easily
allowedby the FDdiscretisation, whilst itwould have beenmore difficult for cell-centred
FVM.
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Figure 3.10: Wall distance calculation using Eikonal equation.
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3.7.3 Numerical methods

The equation for modiĄed turbulent viscosity has the form of a transport equation
with source terms. For the convective and diffusive Ćuxes, the same discretisation em-
ployed for the inviscid and laminar terms can be reused and the two sets of equations
can be solved in a decoupled manner. For the convective part, a Ąrst order upwind dis-
cretisation can be used, providing sufficient accuracy with more stability to a second
order inviscid solver [32]. If the turbulent variable is convected with second order ac-
curacy, instead, a coupling of the convective Ćuxes using a modiĄed HLLC-SA solver
is preferable [6]. The presence of source terms in RANS models pose, however, a com-
mon stability issue, as they have a large varying magnitude that can induce divergence
and negative density or pressure. Spalart [240] already highlighted this in the original
paper, proposing a matrix splitting for implicit time stepping to ensure the positivity
condition. However, this badly affects the convergence rate [302], and other remedies
have been proposed [157, 230]. Given the fact that convergence to steady state is sought,
the use of an implicit Ćow solver would be preferable. SpeciĄc treatments of the turbu-
lent terms have been developed for this approach, to reduce numerical stiffness and
improve convergence ratio of wall-clustered grids [25].

The implementation of an implicit time stepping (ITS) was explored during the de-
velopment of the code. LU-SGS and BLU-SGS techniques (see Appendix A) were suc-
cessfully tested for Euler equations for a variety of boundary conditions. The methods
were then extended to Navier-Stokes and RANS equations, but without a fully operabil-
ity. Within the limited timescale of this PhD programme, the whole task of ITS coding
appeared infeasible, given that the Ćow solver was not the ultimate aim of the research,
but only a necessary mean to study simpliĄed methods for turbomachinery. It was cho-
sen, therefore, to keep an explicit time stepping approach, enhancing the stability of the
algorithm with a point-implicit source terms treatment. In this procedure, only the Ja-
cobian of the source terms with respect to the turbulent variable are computed and acts
as a restriction of the explicit time step [18]:

1

∆teq
=

[︃
1

∆texp
− ∂Q

∂ν̃

]︃

(3.35)

Positive Jacobian contributions reduce the time step trying to increase the stability. The
Jacobians of the source terms are very complicated due to the highly nonlinear formu-
lations of the model, and are approximately computed.

In the framework of explicit time stepping, in addition to remedies to instability,
there exist other ways to improve the algorithm efficiency. For steady-state calculations,
acceleration techniques can be used to speed up the convergence. Among them, the sim-
plest one is the adoption of local time stepping, where each cell is evolved to its maxi-
mum allowable time step. Othermethods are the implicit residual smoothing (IRS) and
multigrid [18, 68, 198]. The latter is based on multiple grid levels that exchange residu-
als among them to cut off high-frequency errors that are responsible for long evolution
to reach convergence. The former is a way to extend the stability region of the explicit
time algorithm by locally smoothing the residual in an implicit way.
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IRS can be performed on different ways and according to the grid arrangement. For
structured grids, a tridiagonal linear system can be formed in each cell to compute the
smoothed residual [78], whilst for unstructured grids an iterative smoothing can be ap-
plied, for instance based on Laplacian operator [167]. A discussion of the smoothing
effect on the stability of the methods and the acceleration mechanism is given in [97].
The method can be applied on a central or an upwind stencil, with different effective-
ness according to the kind of problem [41]. In the current implementation, a central
Laplacian implicit residual smoothing for unstructured grids is used:

R⃗
∗

i +
N∑︂

j=1

ϵ
(︂

R⃗
∗

i − R⃗
∗

j

)︂

= R⃗i (3.36)

where R⃗
∗

i denotes the smoothed residual, ϵ is a smoothing parameter and the sum in-
volves the central stencil around the cell i. The implicit equation is solved with Jacobi it-
erations, that converge in just a couple of steps due to diagonal dominance. With ϵ = 0.5
it is usually possible to double the CFL of the explicit RK.

3.8 2D Axisymmetric swirl solver

The Ąnal step required by the baseline Ćow solverwas the conversion into cylindrical
coordinates for axisymmetric Ćows with swirl. This step required a modiĄcation of the
divergence operators and the inclusion of proper source terms to the equations, coming
from the application of the same operators in cylindrical coordinates. The compressible
Navier-Stokes equations in cylindrical coordinates read:

∂U

∂t
+
∂Fc

∂z
+
∂Gc

∂r
+
∂Hc

r∂θ
=
∂Fv

∂z
+
∂Gv

∂r
+
∂Hv

r∂θ
+

1

r
Sc +

1

r
Sv (3.37)

where the Ćuxes and the source term coming from the divergence theorem are:

U =

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρ
ρuz
ρur
ρuθ
E

⎫

⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(3.38)

Fc =

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρuz
ρuzuz + p
ρuzur
ρuzuθ

(E + p)uz

⎫

⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

Gc =

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρur
ρuruz

ρurur + p
ρuruθ

(E + p)ur

⎫

⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

Hc =

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρuθ
ρuθuz
ρuθur

ρuθuθ + p
(E + p)uθ

⎫

⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

(3.39)
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Fv =

⎧
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0
τzz
τzr
τzθ
θzz
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(3.40)

Sc =
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−ρur
ρuruz
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(3.41)
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θii = ujτij + k
∂T

∂xi
(3.42)

If the equations aremultiplied by the radius r, they can be simpliĄed by grouping the
divergence theorem terms [42], and by use of the Pappo-Guldino theorem it is possible
to update the volume and area integrals operator only bymultiplication of 2πr, allowing
for a little intrusive modiĄcation of the Cartesian solver [299].

In order to verify the correct implementation in the new reference frame, the Taylor-
Couette problemwas solved. In the cylindrical case, it deals with the axisymmetric Ćow
between two circular pipes rotating at different speeds. The solution is nonlinear in the
form Ar + B/r and cannot be exactly computed for a second order solver, differently
from the planar case. Moreover, it exhibits an instability when the Taylor number Ta =

Ω2R1 (R2 −R1)
3

ν2
exceeds 1700, with the formation of complex vortical structures with

varying topology. Figure 3.11 reports the uθ proĄle for a laminar stable case atM = 0.1,
proving a closematchwith the analytical solution, that conĄrmed the correct conversion
of the Cartesian solver into an axisymmetric one.

Axisymmetric Transonic Bump

The NASA TMR axisymmetric transonic bump case was used for the veriĄcation
of the RANS-SA code. It is the analogous of the 2D bump channel problem, but for a
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Figure 3.11: Laminar Taylor-Couette Ćow solution

circular pipe and at transonic regime. Freestream conditions wereM = 0.875, Re/L =
2.763 × 106 [1/m] and were imposed in all boundaries other than the no slip bumped
wall. The hump produces a shock wave impinging on the boundary layer in a lambda
structure, which is followed downstream by a separation bubble. Figure 3.12 depicts
the Mach number contours for the 361x161 grid, illustrating the situation.

Pressure coefficient distribution along the wall is reported in Figure 3.13a, where
close agreement with the reference solution can be noticed. The boundary layer velocity
proĄles at different streamwise locations are shown in Figure 3.13b. Again, apart from
small variations that can be attributed to the different grid levels under comparison, the
match is very good.
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Figure 3.12: NASA TMR Axisymmetric transonic bump case at M = 0.875, Re/L =
2.763× 106. Mach number contours.
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Figure 3.13: NASA TMR Axisymmetric transonic bump case at M = 0.875, Re/L =
2.763× 106.
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3.9 Parallelisation

In the context of computational Ćuid dynamics, the huge cost of the numerical meth-
odsmakes the use of high-performance computing (HPC) techniques unavoidable. The
topic of code parallelisation is vast and complicated. In CFD problems, domain de-
composition is the standard approach in the Single Program Multiple Data (SPMD)
paradigm. For unstructured Ąnite volume solvers, the mesh graph must be distributed
to the computing nodes using a suitable algorithm. A variety of them is available on
open-source libraries, the most used of which is METIS [128], based on k-way multi-
level partitioning. In a distributed memory environment, the Message-Passing Inter-
face (MPI) library is used to establish communication between the computing units,
that exist independently on each other and have a closed access to a reserved portion of
the memory. This allows to employ computational nodes physically residing on differ-
ent machines. The achievement of sufficient levels of parallel scalability is complicated
by the large number of information that must be stored by a FVM and shared between
neighbour processes. In implicit solvers, moreover, the full domain matrices must be
split and solved in parallel, which is far from straightforward.

In the present project, tackling the implementation and assessment of body force
models, most of the cases can be solved in a logically rectangular domain with a lim-
ited number of cells ( in the order of 105). The parallelisation of a serial code requires
several months of full work to reach an acceptable level, and an advanced knowledge
to be acquired during the trial-and-error procedure that is inevitable in HPC software
engineering. Again, this was thought to fall outside the scope of the PhD programme,
and a full parallelisation was avoided. Instead, in a shared-memory environment, the
OpenMP standard was employed for suitable computational kernels in the code. As
the main task in FVM is Ćux calculation, the method does not land itself to loop par-
allelisation, since the cell residual must be accessed and updated by many faces at the
same time, with the likely occurrence of the race condition. Unless using some custom
colouring technique to coordinate the loops, only cell sweeps can be easily parallelised
among tasks. Task parallelism, which is a Multiple Program-Multiple Data (MPMD)
paradigm, has been proposed as a remedy, but it is an advanced cutting-edge approach.
The adoption of OpenMP parallelisation has granted a reduction of computational time
of roughly 25% for a typical run of the current code. Despite the limited advantage, no
other easy modiĄcation would be possible to speed-up the iterations, apart from facing
the full MPI parallelisation.

3.10 Conclusion

The workĆow for the development of a RANS axisymmetric swirl Ćow solver has
been unfolded, presenting the logical steps that led to implement and validate the com-
putational tool from scratch. A systematic approach was followed to establish the cor-
rectness and robustness of the implementation. The second order accuracy has been
proved by examining the error scaling for analytical solutions on all the numerical al-
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gorithms that build up the FVM code. The RANS-SA model has been compared to
reference solutions, showing a consistent and accurate behaviour. At the end of the pro-
cess, the baseline Ćow solver was, therefore, available to allow the implementation of
simpliĄed methods for axial turbomachinery representation. This subject is discussed
in the next chapter.





Chapter 4

Body force model validation

The axisymmetric swirl compressible RANS solver, whose development and vali-
dation was described in the previous Chapter 3, served as a stand-alone baseline tool
where to implement and validate a body force model for axial fan. The code was called
ANTARES ( A Navier-Stokes Tool for Axisymmetric Rapid Engine Simulation) and it
was used for the simulations presented in the remainder of the chapter, proving to
be effective in granting the largest freedom and exploration during the test of differ-
ent approaches and calibration strategies for the chosen BFM. As explained before, in
the BFM context the Ćow equations are supplied with external forces that represent
the force and energy transfer between the fully three-dimensional Ćow solution to the
circumferential-averaged Ąeld and amount to the average momentum and work that
the metal blades exert on the Ćuid. They appear, therefore, as source terms in the Ćow
equations. The circumferential-averaged Ćow equations solved by the BFM program
are:
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The source terms are:
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Sc and Sv come from the application of the divergence theorem in cylindrical coordi-
nates. Sn and Sp come from the force applied to the Ćuid, decomposed in a normal
and parallel component, according to a frame of reference locally aligned with the rel-
ative velocity vector. Ω is the rotational speed of the machine, to whom the force is
synchronous and exerts a work (fnθ + fpθ) Ωr. b is the metal blockage parameter. Sb

and the other terms involving b are due to the thickness of the blade and appear in the
circumferential-averaging procedure. The expression of the force source terms depends
on the body force model employed and it will be disclosed farther in this chapter.

The metal blockage b is deĄned as:

b =
θs − θp
2πZ

(4.6)

where θs and θp represent the suction and pressure side circumferential angle of the
blade, respectively, and Z is the number of blades in the row. It can be shown to be
equivalently acting as a multiplier to the conservative variables and Ćuxes, Ũ = bU
and it ranges from 0, meaning solid material and no Ćuid, to 1, where there is no solid.
It has the effect of reducing the Ćow area felt by the Ćuid and it is important in the
transonic regime to correctly reproduce the choking mass Ćow rate [8, 234, 253]. By
treating the blockage-related terms as source terms, after application of divergence the-
orem, right-hand-side contributions appear also in the density equation, making the
scheme non-conservative. However, if the blockage gradients are computed with the
samemethod used for the Ćow variables, a very little effect is found, andwith this treat-
ment the ANTARES solutions had a typical inlet-outlet mass imbalance less than 0.05%,
although for some cases near stall or choke it could grow up to 0.1%.

4.1 Body Force Model

In chapter 2 an overview of the throughĆow methods for turbomachinery has been
given, citing the main explicit body force models available in the literature. The largest
class ofmethods have been devised atMIT starting from the Š90s, and themajor upgrade
was given byPeters [200], who included the blockage, improved the parallel forcemodel
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and systematised the calibration procedure. An attempt to further improve this version
was made by [22], but with partial success and no other published development, to this
authorŠs knowledge. More recently, Thollet proposed a new model inspired to PetersŠ
and based on a lift/drag analogy [251]. Its L/Dmodel was used to tackle inlet distortion
and BLI conĄgurations [84, 252]. The author also proposed a modiĄcation of HallŠs
inviscidmodel [101], that has been used for the same purpose [12] and alsowith design
in mind [83]. Compared to Peters, its calibration is easier and based on a lower number
of inputs. Given this feature and its recent application to a variety of problems with
apparent promising results, it was decided to employ it inside ANTARES. Prior to any
proposal for a possible improvement in this Ąeld, indeed, it is important to assess the
implementation procedure, the behaviour and the reliability of themodel, which cannot
be simply understood by a literature review.

The Thollet L/D model is given by:

fn =
2πσ

h

(︁
β − β0n

)︁
(4.7)

fp =
Kp

h
W 2 (4.8)

Kp = K0
p + 2πσ

(︁
β − β0p

)︁2
(4.9)

h =
2πσrcos(κ)

Z
(4.10)

κ = r
∂θm (z, r)

∂z
(4.11)

fn is the normal force component, responsible for the Ćow turning, and fp is the par-
allel force causing entropy rise across the streamlines. The normal force is proportional
to the deviation of the relative Ćow with respect to a reference angle β0n, which includes
a correction to the metal camber surface angle κ. Similarly, the parallel force features
a bucket proĄle with a quadratic dependency on a deviation term, with the minimum
losses set by K0

p . The model calibration parameters are β0n, β
0
p , and K

0
p . The Ąrst one is

computed by inverting the normal force equation 4.7. Both the normal force modulus

and the relative Ćow angle β = atan

(︃
wθ

wz

)︃

must be supplied from a circumferential-

averaged fully 3Dpeak efficiency calculation using a standard approachwith solid blade
modelling. The same β equates to β0p , such that the losses through Kp are minimum at
peak efficiency. K0

p is computed by inverting the parallel force equation, where the last
input is the fp modulus. Both fn and fp are extracted from the 3D simulation using one
of the available methods, which will be discussed in the next section. The geometric
inputs are the number of blades Z, the mean camber surface θm(z, r) and its angle κ,
the solidity σ(z, r) and the modiĄed pitch h.
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4.2 Force extraction

As most of the explicit body force models require, the force Ąeld must be extracted
from a standard 3D simulation. Figure 4.1 summarizes the workĆow to obtain the force
distribution on the blade and consequently the model input parameters. The case is
Ąrst simulated using a standard 3D approach. The solution is then circumferentially-
averaged and reduced to a bidimensional Ąeld on the meridional plane, whose support
is a background mesh. The averaged Ąeld is interpolated from this background mesh
to the body force mesh, and Ąnally the blade forces are computed. With this input,
on each cell on the body force region it is possible to calculate the speciĄc model co-
efficients, which are a spatial distribution of axial and radial coordinate f(z, r). The
existing methods to reconstruct the forces from the averaged 3D solution are discussed
in the following.

Circumferential

average

Interpolation on BF 

meshForce extraction

Meridional plane

BF region

Figure 4.1: Force extraction work Ćow

As some geometric features are required by most BF models, a geometry analysis
tool was built in Matlab, to allow extraction and manipulation of the blades. In par-
ticular, the blade surface, its mean camber with the angle on the z − rθ plane and the
normals, the spacing and the solidity are needed. If the blade geometry is given by a
points on a series of layers, on each section the pressure and suction side are Ąrst in-
terpolated. Then, the mean camber line is iteratively computed and the full pressure,
suction and mean surfaces are Ątted through a suitable functional ψ(z, r) ( cubic spline,
thin plate spline, biharmonic interpolation). With that available, it is possible to ex-
tract the θ(z, r) surfaces, the β(z, r) and κ(z, r) angles distribution, the thickness, the
pitch, the solidity and the blockage factor. All these data must be interpolated on the



4.2. FORCE EXTRACTION 65

cell centre of the body force mesh to calibrate the model. Figure 4.2 shows a snapshot
of the visual output of the developed geometric tool, reporting for each layer the main
computed parameters.
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Figure 4.2: Snapshot of geometry manipulation tool output.

4.2.1 Peters

Peters detailed his force extraction procedure in theAppendix B of his thesis [200], to
which the reader is referred if interested. The normal force is computed by Ąrst extract-
ing the pressure at two points, one in the suction and one in the pressure side, where
the normal to the local averaged relative velocity vectors intercepts the blade surfaces,
as shown in Figure 4.3. The resulting normal force is

f⃗
bl

n,A(z, r) = n̂pspps + n̂sspss (4.12)

f
bl
n,A(z, r) =

f bln,A(z, r)

ρ
2πr

Z
Kcos(β)

(4.13)

where bar variables denotes circumferential average, K a free area factor similar to
blockage, and β is the local relative Ćow angle. The method is difficult to implement,
because involves computing intersection with the geometry, which can be difficult for
large deviations.

4.2.2 Thollet

Thollet [251] highlighted another possibility, directly descending from the passage-
averaged equations, in which the resulting source terms are isolated and the force cylin-
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Figure 4.3: Peters blade pressure force extraction

drical components derived:

Fz =
Pss − Pps

∆θ

∂θm
∂z

+
τpsp,z + τ ssp,z
r∆θ

+
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∂θm
∂r

+
τpsp,z + τ ssp,r
r∆θ
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Fθ =
Pss − Pps

r∆θ
+
τpsp,θ + τ ssp,θ
r∆θ

(4.16)

θm =
θps + θss

2
is the blade mean camber surface, ∆θ = θps + θss is the angular extent

of the blade thickness and p in the stress subscript denotes the parallel direction. The
force now is expressed in its components and can be easily projected into the relative
Ćow frame to get its normal and parallel component. However, as the author pointed
out, the need to interpolate forces on the geometry persists and any error on blademean
camber surface reĆects on the right direction of the force.

4.2.3 Blade Force Average

Kiwada [135] faced the force extraction problemwhen studying stall inception, point-
ing out how the averaging operation applied to the 3D Navier-Stokes equation must
be carried out consistently. Since averaging does not commute for nonlinear terms,
L(ϕ) ̸= L(ϕ), L a nonlinear operator, averaging must be applied to the whole sides of
Navier-Stokes equations, whilst using averaged primitive variables to Ąnd the residual
would introduce additional higher order terms. As in the Thollet method, the forces are
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found as the averaged Ćux residual:
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In this way the forces are conserved from the averaged 3D solution and the body force
calculation. The cell force is again already decoupled and it can be obtained by the same
Ćux balance computation used in the core Ćow solver, if the divergence theorem is used
to convert the derivatives into surface Ćuxes.

4.2.4 Marble thermodynamic approach

The above methods deal directly with the force values and if consistently applied
they should ideally guarantee a direct correspondence between the reference circum-
ferentially averaged Ćow Ąeld and the one obtained once these forces are reinserted
into an axisymmetric Ćow solver. However, the different procedures for their applica-
tion introduce a number of error sources and difficulties that limit the accuracy and the
resolution of the reconstructed Ąeld. Marble long before derived explicit equations from
the energy and entropy balances along the meridional streamlines of an axisymmetric
Ćow Ąeld, that are at the base of the SLC throughĆow method [165]:

vm
∂ (ruθ)

∂m
= rfθ (4.20)

vm
∂h0

∂m
= Ωr fθ (4.21)

vm
∂s

∂m
= −W

T
fp (4.22)

where vm =
√︁

u2z + u2r is the meridional velocity, ∂/∂m = ∂/∂z + ∂/∂r, W is the rel-
ative velocity. The second equation, descending from the Ąrst by application of Euler
equation for turbomachinery, points out that the circumferential force component per-
forms work onto the Ćow increasing its total enthalpy along the meridional streamlines.
In the relative velocity frame, both the normal and parallel θ-components exert work
on the Ćuid. The parallel component itself causes the entropy rise, as from the CroccoŠs
theorem. From these equations it is also possible to isolate the force components, as Ąrst
exploited by Thollet in the BFM context, who used the circumferentially mass-averaged
entropy, tangential velocity and relative Ćow angle to compute their values. The distri-
bution will conserve the energy and entropy rise, rather than the force value.

fp can be obtained directly once the entropy gradient has been computed. As com-
mon in correlations for turbomachinery, the entropy rise can be assumed linear from
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leading edge to trailing edge, which also smooths the parallel force value. fθ is found
with the Ąrst equation and

fx = fp,x − (fθ − fp,θ)
Wθ

W
(4.23)

fn,θ = fθ − fp,θ (4.24)

fn,r = −tan(λ)fn,θ (4.25)

Despite this approach is much more easily implemented, it has the disadvantage
that the boundary layer or shock losses are already naturally included in the viscous
Ćow solver, and they will be applied a second time by the body force Ąeld.

4.2.5 Comparison of force extraction methods

The Ąrst three methods are theoretically equivalent but their implementation is dif-
ferent and can be quite complicated, as in the PetersŠ. The choice of the best suited
method should be based on the quantitative comparison between the BF simulation and
the reference averaged 3D solution. However, in practice the speciĄc procedure might
limit the resolution and prevent a good agreement. To assess this important aspect, the
force methods (Peters, Thollet and BFA) were applied to a transonic fan, derived from
the NASA Rotor 67 to whom a lean and sweep distribution were added. The presence
of these three-dimensional features allowed to highlight the capability of the force ex-
traction method to deal with radial components, which, as it will be treated later, are
sometimes crudely modelled in BFM. The reference 3D solution was a single-passage
steady-state simulation performed with ANSYS CFX commercial solver. The raw data
necessary for each method were computed using a custom script in the software post-
processing module CFD Post and processed in a MatLab code. The derivatives of the
Ćux variables were computed using second order central difference and the forces in-
terpolated on the body force meridional grid using bicubic interpolation.

Figure 4.4 shows the normal force extracted using the three methods. The similar-
ity in the distributions implicitly validates the implementation, as quite different algo-
rithms must be used for each approach. This also explains the differences in terms of
absolute values and smoothness. The magnitude is comparable inside the blade. The
averaged three-dimensional shock structure is highlighted by the oblique banddescend-
ing from the blade tip to the hub leading edge. This pattern is present in all themethods.
The force exhibits two peaks and degrades towards the trailing edge, outside the shock
area, again consistently among the methods. However, near the leading edge and the
endwalls there is more variation. Peters and Thollet, requiring the wall pressure and
stress, are closer. In particular, at the hub no effect is visible, whilst at the blade tip they
both produced a local high increase, greater for Peters, centred around mid chord. The
BFA, conversely, has a more reĄned pattern not present elsewhere. At the hub, a bound-
ary layer effect is visible, with a gently force degradation. At the blade tip, where a gap
was present, secondary Ćows traces appear, detaching from the shock onset and running
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towards lower span. The increased resolution comes at the cost of lower smoothness, as
highlighted by the fragmented contour lines. It must be considered that despite a con-
sistency in the interpolation algorithms across the methods was sought, the necessity
of a different number of interpolation steps has an effect on the recomputed force Ąeld,
its smoothness and resolution. Whilst the latter was evidently better for the BFA, in
principle it could be possible to obtain a different smoothness using other interpolation
schemes.

Figure 4.4: Comparison of extracted normal force Ąeld using different methods for a
transonic compressor derived from NASA R67.

The advantage of the BFA over the other two models is that these interpolations
do not involve blade wall quantities, removing the need to reconstruct the solid blade
geometry and the data Ąeld on top of that. Figure 4.5 compares this method with the
thermodynamic one based on MarbleŠs equations for another transonic fan. The result
is quite similar, both in distribution and in magnitude. The wrinkle of the contours near
the leading and trailing edge and at the endwalls are equally captured, with just a Ąner
trace for Marble near the blade tip.

As regards the parallel force, its extraction is more difficult since it is more sensitive
to small errors on the direction that can give rise to negative values. Figure 4.6 compares
the loss coefficient K0

p computed with the Ąrst three methods, for the same transonic
blade of Figure 4.4, derived from R67. In this case, Peters and BFA have similar traces,
with a loss increment in the boundary layer and near the smeared shocks. The Thol-
let implementation resulted in a smoother distribution. On average, the outcome was
comparable in the absolute value. Areas of negative losses can be recognised for all the
Ągures, in particular towards the trailing edge at mid span and locally near blade tip.
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Figure 4.5: Comparison of extracted normal force Ąeld using BFA and Marble method
for a transonic fan blade.

Although not standard, the addition of negative losses, i.e. a parallel force in the direc-
tion of the velocity, is tolerated by the BFM and poses no numerical difficulty. Negative
values also arose when the thermodynamic relations were used, as the linear entropy
variation assumed only used the leading and trailing edge values, neglecting the real
history across the streamline. At the hub, the boundary layer entropy is convected radi-
ally along three-dimensional streamlies, causing a net decrease from leading to trailing
edge. This assumption greatly affects the loss distribution, which was much smoother
than the one derived with a force-based approach. As a matter of fact, however, either
it is the combined effect of parallel and normal force that determines the local and bulk
Ćow parameters, and there remain a certain level of arbitrariness in the absolute value
and distribution of the losses.

As a Ąnal comment on the force extraction methodology, the use of inputs from the
differentmethods to set themodel calibration parameters resulted, in fact, in a little vari-
ation of the integral performance indexes. For this reason, the Blade Force Average pro-
cedure was retained for the normal force extraction, requiring less interpolation, which
makes it less prone to error and biases, and giving the three-dimensional force vectors.
This is important when 3D effects are accounted for, as the simple knowledge of the
normal force magnitude is insufficient. This normal force should be known as the com-
ponent in the local relative velocity frame of reference, and not just as an absolute value.
Depending on the Ćow turning direction, a wrong sign in fn can cause its spring-like
equation in the model to have a negative elastic constant that causes divergence. With
MarbleŠs equation this information is not available, but it is better suited to provide a
parallel force value, although accounting for viscous and shock losses. In conclusion,
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the BFA was preferred for the normal force extraction, which was in very good agree-
ment with MarbleŠs as shown in Figure 4.5, while the thermodynamic approach for the
parallel force calculation, providing a smoother distribution.

Finally, the set of passages leading from the 3D CFD simulation to the force Ąeld,
made up of the circumferential averaging procedure on the background mesh, the ex-
traction of blade geometric data and their interpolation, the calculation of the equation
residuals through each averaged Ćux term, the interpolation from the background onto
the body force mesh and the ultimate force decomposition, should be all regarded as
part of the body force model, which is not built solely by the force equations, but from
thewhole instruction and calibration procedure, which is, however, often omittedwhen
presenting a BFM result.

Figure 4.6: Comparison of loss coefficient computed using difference models.

4.3 Force decomposition

The reconstructed force Ąeld from the passage-averaged Navier-Stokes equations is
made up of the three cylindrical force components. In the current implementation, the
reference three-dimensional solution was computed using ANSYS CFX, which solves
the RANS equations in cartesian coordinates. The Ćuxes are Ąrst constructed in cylin-
drical coordinates by applying the proper transformation and then circumferentially-
averaged. The residuals of the averaged Ćuxes form the cylindrical force components.
As the L/D model requires the normal and parallel part, the force vector on each cell
must be locally projected into the frame of reference given by the relative velocity. With
fn and fp, the model input coefficients can be retrieved. During a BF simulation, con-
versely, the normal and parallel force must be projected into the local axis of the solver,
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either cylindrical or Cartesian. ANTARES was written in cylindrical coordinates, but in
case of implementation on a Cartesian solver the force must be rotated from cylindri-
cal to Cartesian coordinates and split into the momentum and energy equations. For
both these tasks, the normal and parallel direction must be uniquely deĄned. This is
always true for a two-dimensional Ćow, but there is no single normal vector for a three-
dimensional domain.

In the throughĆow context, the Ćow is usually Ąrst regarded as two-dimensional,
to avoid any ambiguity in the normal and parallel direction deĄnition, and then the
radial out-of-plane force component is set as in equation 4.23, using the lean angle [234,
251]. However, this decomposition does not conserve the force magnitude. A better
approach is to lay down the normal force on a plane containing the normal to the blade
mean camber surface and the relative velocity vector [101]. The normal side should
point towards the blade concavity, as the centrifugal force turning the Ćow is inward.
This deĄnes a unique frame of reference and assumes that the radial component is a
pressure force normal to the blade mean camber surface.

Referring to Figure 4.7, it can be noted that the normal force can be expressed into a
rotated frame of reference < z3, θ3, r3 >, obtained from the initial < z, θ, r > by appli-
cation of the following rotations:

1. rotation of β around r

2. rotation of −λ around θ1

3. rotation of −δ around z2
In the < z3, θ3, r3 > reference, the normal force is written

Fn⃗
3
= {0,−fn, 0}T

By applying the above rotations in the opposite verse and order, it is possible to express
the force in the standard frame:

F⃗n =

⎡

⎣

−fn sin(δ)sin(λ)cos(β) + fn cos(δ)sin(β)
−fn sin(δ)sin(λ)sin(β)− fn cos(δ)cos(β)

−fn sin(δ)cos(β)

⎤

⎦ (4.26)

The angles involved in the calculation are so expressed:

β = atan (wθ/wz) ; λ = atan

(︃

wr/
√︂

w2
θ + w2

z

)︃

; (4.27)

The angle δ is not known a priori. If the plane where the normal force lies is cho-
sen to contain also the normal to the blade mean camber surface, then δ = −lean,
tan(lean) =

1

r

∂θm (z, r)

∂r
. By computing δ from the extracted force Ąeld at peak effi-

ciency, this assumption appeared valid, as outside the boundary layer the equality was
closely satisĄed. Close to stall, the force direction is more varying and it has a greater
importance in the stall phenomena. In principle, δ could be modelled as well with and
additional relation accounting for its variation along the speedline.
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Figure 4.7: Three-dimensional normal force decomposition.
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4.4 Test case

The validation of the body force model implemented in ANTARES was done us-
ing a test case representative of a high by-pass turbofan with design BPR=8.89, the
NASA/GEAE R4 1. The engine, made up of a transonic fan with Outlet Guide Vanes
(OGV) and an axisymmetric nacelle, has been used by some authors in the BFM con-
text [2, 148, 196], and in particular by Thollet [251], allowing for a direct comparison. It
is shown in Figure 4.8 and its characteristics are summarised in Table 4.1. It has been em-
ployed in a large series of experiments for the SourceDiagnostic Test (STD) aeroacoustic
programme and valuable experimental data are available in the NASA repository [118,
120, 208, 209, 268, 274].

Table 4.1: NASA/GEAE R4 characteristics.

Fan OGV baseline

No Blades 22 54
Aspect Ratio 2.0 3.51
Hub/Tip ratio 0.30 0.50
Chord [mm] 91.694 39.878
Solidity 1.73 1.52
Stagger [deg] 37.10 10.29
tmax/c tip 0.028 0.0698

4.4.1 CFD model validation

In order to obtain the reference 3D solutions to be post-processed to extract the
circumferential-averaged Ćow Ąeld and the force distribution, a CFD model for the
NASA R4 turbofan was Ąrst validated. The experimental database covered the rotor-
only Rotor Alone Nacelle (RAN), and the full stage cases. The engine was experimen-
tally tested either with a Ąxed and variable-area nozzle and a bellmouth inlet, to record
the speedline at take-off (Nc=100%), cutback (Nc=87.5%) and approach (Nc=61.7%)
and also at single point with the nozzle representative of a Ćight specimen. Table 4.2
reports the design point and the take-off Ąxed nozzle single-point.

Table 4.2: NASA/GEAE R4 fan performance

Op. Point Nc [rpm] ṁ [kg/s] TPR ηiso

Design 12657 45.586 1.488 92.4 %
Take-Off 12657 44.08 1.508 91.2 %

1The author wish to thank Dr. Edmane Envia from NASA Glenn for sharing the blade geometry
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Figure 4.8: Three-dimensional view of NASA/GEAE R4 stage.

The engine was simulated in different conĄgurations, summarised in Table 4.3, to
replicate the experimental set-up. The rotor was Ąrst tested alone in a contoured ducted
intake and with a variable pressure outlet, to draw its characteristic map. The case was
then run again but with the OGV downstream of the rotor. The second step was the
simulation of the engine installed within its nacelle, exposed to the undisturbed exter-
nal Ćow. The full stage was simulated either with a variable pressure outlet, again to
record thewhole speedline performance indexes, and also at Ąxed point, with the nozzle
discharging in the freestream Ćow.

Table 4.3: NASA/GEAE R4 3D CFD matrix of tested conĄgurations.

ConĄguration Blade row Intake Outlet External Ćow

Ducted rotor Fan Duct Variable Pressure No
Ducted stage Fan+OGV Duct Variable Pressure No
Nacelle+stage Fan+OGV Nacelle Variable Pressure Yes

Single-point stage Fan+OGV Nacelle Nozzle exhaust Yes



76 CHAPTER 4. BODY FORCE MODEL VALIDATION

Computational Model

The CFD analysis was carried out using the ANSYS CFX suite. A series of multi-
block structured computational grids were created using ANSYS TurboGrid Advanced
Topology Management (ATM) utility. Different grid levels were employed to study the
mesh sensitivity. For the rotor the mesh size were coarse (1.5M nodes), medium (2.1M
nodes) and Ąne (3.8M). A sample of the medium mesh for the ducted rotor case is
shown in Figure 4.9. The inĆuence of turbulencemodel was Ąrst assessed for κ−ω SST ,
κ−ϵ RNG and Spalart-Allmaras. The Ąrst resulted in a closer match with reference val-
ues andwas retained in all the simulations. Themeshes employed had a reĄned bound-
ary layer with y+ < 1. Grid convergence was measured using the standard procedure
described in [31] by means of the Grid Convergence Index (GCI). For the registration
of the characteristic maps, the average pressure at the outlet was varied, whilst total
temperature and pressure were imposed at the inlet. For simulations involving also the
external Ćow, the nacelle containing the engine was placed within a cylindrical wedge
domainwith the inlet, outlet and upper ceiling located 10 diameters far from the nacelle
for speedline tracing, and 80 diameters fan for take-off single-point operation, where the
full jet exhaust was present. The static pressure at the domain outlet was Ąxed to give
a freestream Mach number of 0.10 to simulate the wind tunnel quasi-static conditions.
For fan+OGV simulations, a mixing plane was placed as interface between the rotating
and stationary domain.

The mesh convergence study revealed a global little mesh inĆuence on the selected
levels. The total pressure exhibited a slightly higher variation, compared to the other
indexes, with a limited improvement on the experimental prediction. The GCI21fine pa-
rameter for the adiabatic efficiency was at worst 0.73% near stall, with values one order
of magnitude lower elsewhere, indicating limited sensitivity to grid size. The Ąne mesh
was chosen anyway, to have the highest accuracy, and the results presented hereafter
are referred to this grid level. For full-annulus calculations, Ąner meshes could be em-
ployed.
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Figure 4.9: Ducted rotor medium mesh sample.
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Rotor Alone Characteristic Maps

The Ąrst case studied was the ducted rotor alone. The performance maps at Nc =
100%were obtained by varying the outlet pressure and are reported in Figure 4.10. The
total pressure and total temperature ratio experimental curve trends are matched, al-
though an offset in absolute terms is present. At the design point, the predicted TPR is
1.485, versus an experimental value of 1.492, with a -0.47% relative difference. The total
temperature rise in the same point is 1.129 for the CFD versus 1.130 for the experiment.
The isentropic efficiency curve on the right hand Ągure shows good agreement. The
trend is well matched and the peak efficiency is correctly reproduced at a mass Ćow
rate of 46 kg/s, with a CFD value of 93.08%, compared to the 93.2%wind tunnel datum.
Far from the design point, the choking mass Ćow rate is accurately captured, and the
efficiency slope at lower Ćow rates is also in agreement, despite a faster drop for the TPR
and TTR. Overall, the accuracy of the simulation was judged positively, given that the
difference between wind tunnel and numerical data was always within 1% and likely
to fall in the experimental uncertainty band. In addition, the use of a bellmouth inlet
in wind tunnel test seemed to have an inĆuence on the curve slopes towards the stall,
as spanwise proĄles were better matched at single-point take-off operation when the
nacelle and the external Ćow were simulated, and this operation point was at a lower
than design mass Ćow rate.
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Figure 4.10: Ducted rotor alone performance maps at Nc = 100%.

Stage Characteristic Maps

Figure 4.11 reports the characteristic maps for the Fan+OGV ducted case with the
Ąne grid for Nc = 100%. Downstream of the fan, Figure 4.11a, the total pressure ratio
curve shape is matched, with an almost constant underprediction of 1% relative to the
experimental data. The fan isentropic efficiency is similarly captured, with a 0.5% posi-
tive offset in the CFD, but again a very close distribution. The peak efficiency occurred at
a slightly lower mass Ćow rate than experimental, but the difference was small (93.26%
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CFDvs 93.07% experiment). The characteristic curves downstreamof theOGVs in 4.11b
reveal a behaviour consistent with the one described for the rotor. The total pressure rise
is even closer ( less than 1% difference at peak efficiency ), and as seen in the rotor alone
case, the slope tends to reduce faster towards the stall, as a consequence of the slightly
different inĆow conditions during wind tunnel tests. The efficiency has an overpredic-
tion of 1.38 points at peak efficiency and around one point elsewhere, but the trend is
again quite similar. The absence of precise indications on the axial location ofmeasuring
planes during experimental tests could explain the presence of an offset in the CFDdata,
but a good replication of the curve shapes. Even for the complete stage, in summary,
the CFDmodel appeared to consistently predict the integralmachine performance, with
good accuracy.
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Figure 4.11: Fan+OGV ducted stage performance maps at Nc = 100%.

Take-Off Single-Point Operation

At take-off single-point operation the full engine was placed into an undisturbed
Ćow and the intake stream tube and the full jet expansion were simulated. Table 4.4
summarizes the simulation and wind tunnel data. The agreement is very good for all
the reported parameters.

Table 4.4: NASA/GEAE R4 Ąxed nozzle take-off operation. Comparison of Ąne-mesh
CFD result and wind tunnel data.

ṁ [kg/s] TPR TTR ηiso

Exp. 44.09 1.511 1.136 91.7 %
CFD 44.07 1.510 1.1357 92.1 %

The circumferential-averaged spanwise proĄles of total pressure, total temperature
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and isentropic efficiency downstream of rotor blade for the Ąne mesh calculation at
single-point take-off operation fan+OGV case are depicted in Figure 4.12. The total
pressure ratio curve obtained in the 9x15 wind tunnel of Figure 4.12a is replicated by
the CFD analysis, although there is a positive offset of about 1% below 30% of span, that
becomes negative at higher span due to a kink in the experimental rake proĄle. The
agreement is better for the W8 wind tunnel test data. The total temperature rise in the
same Ągure, available only for the 10x15wind tunnel, is verywell matched, instead. The
offset in TPR reĆects in a slight overestimation of the 10x15 isentropic efficiency distri-
bution in Figure 4.12b, but the drop above 75% of the span is well reproduced. The W8
data have a higher efficiency below that span. The reported experimental uncertainty
for the W8 tunnel are ±0.7% on pressure rise and ±3.5% on adiabatic efficiency. The
numerical curve falls between the two experimental datasets and the uncertainty band,
proving a sufficiently accurate estimation.
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Figure 4.12: Comparison of experimental and calculated circumferential-averaged span-
wise proĄles downstream of rotor blade for fan+OGV single-point take-off operation

Figure 4.13 compares the mean axial velocity downstream of the rotor blade Laser
Doppler Velocimetry (LDV) measurement with the CFD result. The experimental dis-
tribution presents a clear wake trace over the span, connected to a lower speed region
at the blade tip, where secondary tip vortex and Ćow reverse occur. A high speed area,
from 50% to 80% of span is also visible. The numerical contours show a similar wake
trace connecting the hub boundary layer ( not captured in the experiment ) to the tip
Ćow. The radial straightening of the wake towards the shroud is also captured. How-
ever, a larger velocity defect near the tip is predicted in theCFD. This structure continues
obliquely across the radius and connects to the wake at about 30% of span. The shape
of the low speed Ćow near the tip gap is well matched. Overall, the comparison is fair,
apart from the distorted structure generated near the tip and rotating with the relative
velocity.
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(a) CFD (b) LDV experimental measurement

Figure 4.13: Comparison of experimental and calculated axial velocity distribution
downstream of rotor blade at single-point take-off operation

Figure 4.14 reports the same comparison for the absolute tangential velocity. The
observations for the axial component are valid also in this case, with the wake trace and
the tip vortex clearly visible in both the Ągures and a spot of lower whirl towards the
shroud present only in the numerical contours.

Finally, the shock structure on a constant radius section at 89% of span is illustrated
in Figure 4.15. The experimental visualisation shows a detached bow shock that em-
anates normally along the passage from the suction side at mid chord and is curved in
front of the next blade leading edge. The incoming Ćow, once crossed the bow shock,
re-accelerates through an expansion fan, that causes the passage-bow shock curvature
in front of the leading edge once it interacts with it. The maximum Mach number of
about 1.35 is reached after the expansion, obliquely before entering the channel. The
major features of the Ćow Ąeld are captured in the CFD simulation. The detached bow
shock stand-off is close to the measured one and even the passage shock impingement
location. What is different is a bump in the shock wave near the centre of the passage,
causing a velocity defect which was seen in the previous axial cut and not observed in
the LDV measurements. This feature was present in all grid levels and its nature could
not be attributed with certainty to a numerical issue caused by the mesh topology or to
a Ćow model limitation. Despite these differences, the performance indexes appeared
sufficiently accurate and the spanwise passage-averaged proĄles in good agreement.
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(a) CFD (b) LDV experimental measurement

Figure 4.14: Comparison of experimental and calculated tangential velocity distribution
downstream of rotor blade at single-point take-off operation
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(a) CFD (b) LDV experimental measurement

Figure 4.15: Comparison of experimental and calculated relative Mach number distri-
bution on a constant radius section 263.1 mm from the axis, at single-point take-off op-
eration



84 CHAPTER 4. BODY FORCE MODEL VALIDATION

4.5 Body Force Model Validation

Once the 3D steady-state single-passage CFD model had been validated against ex-
perimental data in different conĄgurations, showing sufficient agreement and correct
replication of themainĆow features, itwas employed to generate the spatial circumferentially-
averagedĄelds needed to extract the forces and invert the selected L/Dbody forcemodel
equations to derive the calibration coefficients. As stated above, the Blade Force Aver-
age procedure was used for the normal force extraction, due to its simpler implementa-
tion, higher resolution and 3D components output, and the thermodynamic approach
was employed to distribute losses based on a linear entropy rise assumption along the
streamlines crossing the blade region.

The body force model was Ąrst validated for the ducted rotor alone case. As pre-
scribed by its author, the input coefficients were extracted at peak efficiency. ANTARES
was then run by prescribing the same boundary conditions set in the reference 3D sim-
ulation, that is a constant total pressure and temperature at the domain inlet and an
average pressure speciĄcation at the outlet, which was varied to obtain the Nc = 100%
speedline. Before evaluating the characteristic maps, the Ćow Ąelds resulting from the
body force solution and the circumferential-averaged 3D reference solution are com-
pared at the calibration point, the peak efficiency. Ideally, the Ąelds should be identical.
In practice, they differ because of some error in the force extraction, some possible loss if
information during data interpolation from the 3D mesh to the circumferential-average
background mesh and to the body force mesh, the metal-blockage only presence, the
lack in the model of high-order terms, like circumferential stresses, responsible for tur-
bulent mixing and aerodynamic blockage. It is here believed that in addition to the
sole comparison of integral quantities, a careful inspection of the evolution of the Ćow
variables across the blade region is necessary to delineate the features of the body force
model and its adherence to the parent simulation used to instruct it. Often in the liter-
ature the comparison is limited to characteristic maps or some spanwise proĄles. How-
ever, the evaluation of the local Ćow features is important in the Ąrst place because the
closer the point-to-point match is, the better the integral values will be. In the second
place, if the body force is considered for the design of blades subject to non-uniform
Ćow conditions, the local replication of the correct Ćow parameters is essential. Not
only, but even if it is used as a black-box to provide better boundary conditions to pow-
ered engine simulations, it is important to closely predict the spanwise proĄles, which
inĆuence the fan suction and the distortion attenuation, as well as the jet characteristics
and thus the thrust Ągures. For this reason, all over this chapter both integral and local
parameters will be presented and thoroughly discussed.

4.5.1 Peak Efficiency baseline Body Force Model

The BFM of equations 4.7is the baseline L/D model Ąrst employed at the peak effi-
ciency calibration point. In this condition, if correctly implemented the source terms in
the RANS equations should be the very close to the one derived with the force extrac-
tion procedure. In this sense, this operating condition does not highlight the reliability
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of the selected body force model per se, but rather it validates both the force extraction
from the 3D CFD and the force inclusion into the axisymmetric solver.

The circumferential-averaged 3D CFD reference solution is simply denoted as CFD
in the remainder. Figure 4.16a shows the blade contours of axial velocity. The contours
are quite similar and the spatial distributions are in good agreement, with only a slightly
higher acceleration before the smeared shock predicted by the BF. This could be due to
insufficient blockage, as only the metal one is modelled but the boundary layer growth
caused by the impinging shock, that produces aerodynamic blockage, is only partially
included as a deviation effect on the β0n factor, but not as a true reduction of the Ćow
capacity. The radial velocity Ąeld, depicted in Figure 4.16b, also presents very similar
features. Some local differences near the hub and tip can be spotted, but the overall
good comparison proves that the 3D force decomposition here adopted was correct and
consistent. With the radial force component set as−fn,θ tan(lean) such a good outcome
could not be obtained.
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Figure 4.16: Velocity contours on the blade for reference CFD solution and baseline body
force model at peak efficiency.

The absolute circumferential velocity is illustrated in Figure 4.17a, whilst the rela-
tive Ćow angle is shown in Figure 4.17b. The Ćow turning is correctly applied in the
body force model and both quantities present a close match with the reference solu-
tion. The tip and hub trailing edge corner structures are clearly visible in the body force
swirl velocity contours. The major difference is a cusp near the trailing edge at a radius
of 0.26 [m] in the BF contours, not present in the CFD Ągure. The close prediction of
the relative swirl angle is very important, in order to supply the Ćow with the correct
force magnitude, as the model equations are heavily based on this Ćow parameter. This
makes sure that most aerodynamic and thermodynamic variables can be accurately re-
produced across the blade region.

The total pressure ratio distribution on the blade is shown in Figure 4.18a. The
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Figure 4.17: Absolute circumferential velocity and relative swirl angle contours on the
blade for reference CFD solution and baseline body force model at peak efficiency.

streamwise variation predicted by the BFM looks similar to the reference solution, but
the contours are skewed towards the hub and slightly higher exit values are found in
the BFM. The TPR loss at the hub trailing edge corner qualitatively agrees with the CFD,
where a more complex pattern is present, though. The outcome suggests that despite
the entropy rise was smoothed out by assuming linear streamwise variation and redis-
tributed on the blade region, the loss distribution is consistent and reproduces not only
the bulk change, but also some local features. The work exchange, summarised by the
Total Temperature Ratio of Figure 4.18b, was also in good agreement and the same con-
sideration for the total pressure rise can be applied to this picture. The most relevant
difference, that will be more evident later, is a higher work input at the tip. This region
is very hard to be modelled and the absence of force in the tip gap is only the simplest
approach, as there the Ćow pattern is very complicated, resulting from the interaction of
the pressure and inertial forces with the shock waves and the boundary layer. An exces-
sive enthalpy rise near the tip was found in many body force simulations and the exact
cause could not be discovered. The phenomenon seems to be inherent to the model and
amore accuratemodelisationmight require the introduction of additional stresses to ac-
count for higher-order terms, which representation through closed equations appears,
however, probably unpracticable.

The Ćow quantities so far compared prove that the body force model implemented
in ANTARES was able to quite accurately reproduce the circumferential-averaged Ćow
Ąeld obtained from the single-passage 3D CFD simulation. In order to have a closer
insight into the variation of the Ćow variables across the body force region and ascertain
to what extent the source term distributions replicate the reference Ąeld, constant span
cuts are provided in the next Ągures. Figure 4.19a reports the Ćow coefficient at low, mid
and high span. As already noticed in the axial velocity distribution in Figure 4.16a, there
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Figure 4.18: Total pressure and total temperature ratio contours on the blade for refer-
ence CFD solution and baseline body force model at peak efficiency.

are some differences between the body force and reference solution. The global trend is,
however, captured and the exit values are close. It is actually impossible to match either
the Ćow angle and the mass Ćow rate if both the turning force and the blockage are
exactly imposed. In this case, the differences are probably due to a not perfect blockage
factor, as either the radial velocity component forming the meridional velocity and the
relative Ćow angle were closely replicated, meaning that the defect is likely to be fall on
the axial velocity and the density, both largely affected by the real section area felt by the
Ćuid. Moreover, the work coefficient distribution, linked to the absolute circumferential
velocity change through the Euler turbine equation, was remarkably good, as visible in
Figure 4.19b.

These constant span cuts demonstrate once more that the Ćowwas fed with the cor-
rect force Ąeld, in a way that not only the outlet to inlet net evolution was duplicated,
but also, only to a slightly lower extent, the point-to-point local correspondence. It is
also important, however, to examine the bulk effect and in particular the distributions
downstream of the blade, that contain the full history of the external work applied to
the Ćuid by the rotating blades through the body forces. The performance indexes span-
wise distribution one axial chord downstream of rotor blade is reported in Figure 4.20.
The total pressure and total temperature ratio compare very well with their respective
reference curves. The total pressure and total temperature skewness from hub to tip is
almost identical far from the endwalls. At the hub, a local total pressure peak is present
in the CFD curve, also reproduced by the BFM, althoughwith an overshoot. On the con-
trary, the same peak is underestimated for the total temperature. As noticed in Figure
4.18b, the tip Ćow exhibits the largest difference, with a high circumferential velocity
jet providing an excessive enthalpy rise. This phenomenon can be observed in the CFD
solution, but was exacerbated in the body force simulation and attempts to change the
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Figure 4.19: Streamwise variation at constant span section of work and Ćow coefficient
for reference CFD solution and baseline body force model at peak efficiency.

normal force distribution near the tip gap did not lead to any modiĄcation or improve-
ment of this behaviour, whose understanding results very hard by the inherent nature of
the tip leakage Ćow and the sum of extremely hard and nonlinear phenomena occurring
in that region. A direct comparison with the original implementation of Thollet was not
possible, as detailed Ćow data were not provided, but hints of a similar behaviour can
be found in his thesis. Moreover, the same author reported in appendix that the initial
R4 blade was recambered to ensure a monotone distribution of the κ angle. It is possi-
ble that this modiĄcation improved the predicted tip Ćow. Such an arbitrary change of
the geometry has been used elsewhere in the body force context to improve the model
response, but not in the present implementation, as it hides the real behaviour of the
formulation and there is no physics-based closed procedure that dictates its adoption.
It rather looks as another calibration procedure that tries to restore the net integral effect
on the Ćow by correcting some model deĄciencies.

The isentropic efficiency proĄle, resulting from the TPR and TTR curves, illustrated
in Figure 4.20b, conĄrms a very good point-to-point correspondence far from the end-
walls. The contemporary TPR overshoot and TTR undershoot at the hub resulted into
an excessive efficiency, although the local extrema behaviour was captured. Similarly,
near the tip the CFD efficiency drop was lower, due to the overpredicted velocity jet in
the BFM.

4.5.2 Choking mass flow rate calibration

The baseline L/D body forcemodel described by equations 4.7was found to overpre-
dict the choking mass Ćow rate, as a consequence of a too large normal force magnitude
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Figure 4.20: Performance indexes spanwise distribution downstream of rotor blade for
reference CFD solution and baseline body force model at peak efficiency.

variation frompeak efficiency to choking. As a remediation, Thollet proposed tomodify
the normal force coefficient, according to the rule [251]:

fn =
2πσ

h

(︁
β − C(z)β0n

)︁
(4.28)

C(z) = max

{︃

1 + C0

(︃

1− 2
z − zLE
zTE − zLE

)︃

, 1

}︃

(4.29)

The C(z) linear term reduces the difference
(︁
β − β0n

)︁
and so the normal force, from

leading edge to trailing edge. The offset constant C0 must be calibrated in order to catch
the choking mass Ćow rate and the model will be referred to as calibrated.

Figure 4.21 illustrates the characteristic maps for the NASA R4 rotor alone case ob-
tained with the baseline and the calibrated body force model. Without the normal force
modiĄcation, the total temperature and total pressure were slightly overpredicted at
the peak efficiency point, whilst the efficiency was quite close. Conversely, the chok-
ing mass Ćow rate was 3% larger then the CFD calculation. The calibration procedure
greatly improved the choking Ćow rate matching and brings the TTR and TPR closer to
the reference curves. Conversely, the efficiency results shifted by 1 to 1.5 points. This
is known to be a drawback of the calibration approach. Near stall, the TPR and TTR
curves slope was higher than the CFD. Such behaviour appears equally present in the
Thollet implementation [251], conĄrming the validity of the ANTARES code.

As visible from the characteristic maps, the integral effect of the blade on the Ćow
must be corrected by introducing the normal force modiĄcation, in order to restore a
good prediction at choking. Figure 4.22 illustrates the blade-to-blade Ćow at 30%, 45%,
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Figure 4.21: Fan characteristicmaps using baseline and calibrated BFMvsCFD reference
solution

and 60% of span in the single-passage 3D simulation. It can be noticed that near mid-
span the shockwaves arewellwithin the passage and quite orthogonal. The strong static
pressure increase causes the separation of the boundary layer and a large detached area
that corresponds to a signiĄcative change in the cross-sectional area felt by the Ćow. The
aerodynamic blockage is not automatically modelled in the body force approach, and
it is not surprising that such a Ćow Ąeld is not naturally duplicated by the linear elastic
normal force rule and the quadratic loss.

The calibration, although improving the prediction of the integral characteristic pa-
rameters, alters the original force distribution and causes the loss of correlation of the
Ćow development with the reference CFD solution. Figure 4.23 illustrates the blade
contour of the axial velocity near choke for the reference CFD solution, the baseline and
the calibrated body force model. It is evident how in the BFM a higher Ćow accelera-
tion took place, causing a radially oriented shock wave to appear near mid-span. Such
an acceleration was not seen in the circumferential-averaged CFD Ćow Ąeld, where the
streamwise transition was smoother and above 30% of span the resulting downstream
velocity was lowered by the presence of consistent thickening of the boundary layer,
giving an exit value lower than the one in the BF analysis. The calibrated model amelio-
rated this exit velocity value by inducing a higher velocity peak which was terminated
by a stronger shock, occurring farther downstream. Despite correcting the spanwise
velocity distribution downstream of the trailing edge, the streamwise evolution across
the blade region was not improved. Similarly, Figure 4.24a shows that regarding the
downstream spanwise distribution of swirl angles in the absolute and relative frame, it
was not strictly followed by either of the models, and the calibration had only the effect
of increasing the tip jet. Furthermore, the total pressure and total temperature proĄles
of Figure 4.24b highlights a large difference in the prediction, in particular above 40%
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(a) 30% of span (b) 45% of span (c) 60% of span

Figure 4.22: Blade to blade relative Mach number contours near choke for R4 rotor.

of span, where it has already been observed that the BFM did not replicate the CFD
behaviour and largely overpredicted the work exchange.

This analysis near choke demonstrates that despite the good match obtained in the
calibration point, the model is deĄcient in capturing the force variation throughout the
whole speedline, where it is likely that the substantial change of the Ćow Ąeld cannot
be simply modelled by the limited number of parameters and the equation adopted.
Although dimensionally correct, the linear dependency of the normal force from the
deviation does not fully represent the features of a transonic Ćow, requiring some arbi-
trary change to achieve a better match with the reference data. On the other hand, the
possibility of devising a closed-form equation where the force magnitude depends on
the compressible effects appear remote. Ad-hoc corrections to the incompressible force
model have been proposed through a large series of iterations [196] or external models
[53]. In the end, there appears to exist a trade-off between the model simplicity and
easiness of calibration and its accuracy. Among the existing body force formulation, the
one here adopted is judged to possess a good balance of these conĆicting features. Pos-
sible extensions of the original calibration procedure might account for some non-linear
correction to the normal force by considering more than one force extraction point, as in
other models [200]. A Ąrst investigation of this approach, however, failed to recognize
a suitable functional dependency between the force and some Ćow parameter, and past
attempts to systematically derive a compressible force expression did not lead to robust
achievements [22]. When the full operating line is concerned, therefore, the limitations
of the body force model must be taken into account. On the other hand, if only the peak
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efficiency point and its vicinity are regarded, the prediction acquires greater reliability.
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Figure 4.23: Axial velocity contours at near choke for reference CFD solution, baseline
and calibrated BFM.

The effect of the choke calibration at peak efficiency is visible in Figure 4.25, depicting
the total pressure ratio on the blade. Although slightly reducing the values at the trailing
edge and improving the point on themap, an expansion bubble has formed from 50% to
70% of the blade. This side effect, already observed in [252], is better seen in Figure 4.26,
where the blanked area in the rightmost Ągure highlights the fact that the normal force
modiĄcation caused the compressor blade to expand the Ćow on a certain portion of the
chord from the leading edge. This is an undesirable feature of the calibration approach
that in the future should be further inspected and possibly eliminated.
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Figure 4.24: Spanwise distributions downstream of rotor blade at near choke for CFD,
baseline and calibrated body force model.
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Figure 4.25: Total Pressure Ratio contours at peak efficiency for reference CFD solution,
baseline and calibrated BFM.
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Figure 4.26: Total Temperature Ratio contours at peak efficiency for reference CFD so-
lution, baseline and calibrated BFM. The blank area on the right Ągure highlights an
expansion region caused by the choke calibration procedure.
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4.5.3 Near stall condition

In addition to choking, an important working condition that is desirable to be repli-
cated is the near stall operation. The stall is a very complicated and sensitive point that is
characterised by a series of unsteady phenomena with different spatial and time scales
that can remain stable an bounded or degenerate into a destructive breakdown with
the appearance of the surge hysteresis orbit. Several works on body forces were Ąrst
devoted to detect the stall inception, especially at MIT [87, 131, 135, 195]. The character-
istic maps shown in Figure 4.21 show that the body force model overpredicts the TTR
and TPR curves slope towards stall, regardless of the choke calibration. It is important,
therefore, to compare the CFD and BF simulations near stall, as previously done for the
peak efficiency and choke points, in order to detect the differences in the predicted Ćow
Ąelds and performance indexes proĄles. Figure 4.27a reports the absolute tangential
velocity blade contours for the CFD and the BF model. In the Ąrst, a large tip structure
trace appeared, with a high tangential velocity region, not present in the latter. The BF
values at trailing edge were shifted towards the tip compared to the reference solution,
but their proĄle was quite similar, with the exclusion of the tip difference. The total
pressure ratio distribution in Figure 4.27b presents a similar behaviour, with qualitative
agreement between the model but a larger compression for BF above 80% of span.
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Figure 4.27: Blade contours at near stall for reference CFD solution and calibrated BFM.

Constant span cuts of work coefficient, shown in Figure 4.28a, further revealed a
consistent streamwise variation predicted by the BF model. The lower work coefficient
in the Ąrst 50% of chord at 90% of span might be the result of the choke calibration,
reducing the normal force level in that part. The CFD exhibited a kink that was not
found in the BF, where the exit value was larger for all the span sections. The relative
tangential velocity distributions at the same locations, Figure 4.28b, conĄrmed a good
match of the Ćow angles, seen also in the previous working points analysed.
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Figure 4.28: Streamwise proĄles at near stall for reference CFD solution and calibrated
BFM.

Spanwise proĄles downstream of rotor blade are depicted in Figure 4.29. The total
pressure ratio of Figure 4.29a presented a close match up tomid span, apart from a local
minimum near 5% of span coming from the peak efficiency force distribution and lost
in the CFD solution. On the upper half of blade, the total pressure shape was almost
linearly offset until reaching a peak, that despite having a greater value occurred in the
correct position. The total temperature proĄle, in the same Ągure, was less close and
smoother than the CFD one. Surprisingly, the typical overshoot at tip seen in the other
operating points was here verywell matched, as this time it was also present in the CFD.
The TPR and TTR difference effect is well visible on the isentropic efficiency proĄle of
Figure 4.29b. The shape differed from the CFD and also its integral fell below, as already
reported in the maps of Figure 4.21b.

Overall, also at near stall some Ćow parameters were captured in both shape and
magnitude on a region of the blade, like the Ćow angles and the work coefficient, whilst
other were only approximately reproduced. It must be considered that either the choke
calibration somehow arbitrarily altered the force distribution affecting the leading to
trailing edge evolution of the Ćow, and it is unlikely that the body force model be able
to closely capture the force change from peak efficiency to this troublesome operating
point. Moreover, as already stated, the force near tip and in the tip gap ( here not present
) has an inĆuence on the stall inception and probably a dedicated treatment might be
necessary to improve the prediction. What the BF model was able to deliver was the
integral representation of the machine performance with a spanwise distribution not
completely faithful but certainly more precise than a constant hub-to-tip value.
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Figure 4.29: Spanwise proĄles downstream of rotor blade at near stall for reference CFD
solution and calibrated BFM.

4.5.4 Force comparison

The Ćow Ąeld of a body force simulation derives from the application of the external
force distribution, through the calibration surfaces, and the conditions set at the domain
boundaries. The force distribution is actually a function of the local Ćow parameters
and this coupling ensures what Kestner [132] called Ćow Ąeld reconciliation, that is
the consistent link between the applied forces and the Ćow solution, which is in the
end determined by the Navier-Stokes balances. For this reason, it is possible that even
though the source terms of the body force solutions differ to some extent from those
extracted from the CFD calculations and employed to calibrate the BF model, the Ćow
Ąelds show coherent similarities. Although ideally both the Ćow and the force Ąelds
should overlap with their reference counterparts, in practice their coupling allows to
fulĄl the enforced boundary conditions and recover the attributes of the circumferential-
averaged direct simulation even without a perfect agreement of the source terms.

This feature is only kept, however, if the equations expressing the force magnitude
replicate the physical behaviour of its variation along the speedline. Therefore, it is
interesting to examine the converged body force Ąeld and compare it to the one that
should have been resulted if perfect match with the circumferential-averaged CFD so-
lution had been obtained. Figure 4.31 illustrates the nondimensional normal force dis-
tribution as extracted from the CFD and resulting in converged body force simulations
at peak efficiency, before and after the choking calibration procedure. The Ąrst two Ąg-
ures compare relatively well. The BF force was larger in magnitude, especially on the
hub leading edge corner and in the high-speed region. The values near the trailing edge
were instead closer to the CFD one, suggesting a similar exit Ćow direction, as in fact
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proven in 4.5.1.
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Figure 4.30: Normal force distribution at near stall extracted from CFD and obtained in
converged calibrated BF simulation.

The choke calibration alters this distribution with the purpose of reducing the force
magnitude in the Ąrst 50% of chord and match the choking mass Ćow rate. This is
achieved by increasing the β0n term in order to restrict the difference β − β0n determin-
ing the magnitude. Actually, in the Ąrst fraction of chord the force looks reduced in
the Ągure. However, it can be noticed that this resulted in a retardation of the high-
speed region ( which is actually a smeared shock trace, as explained before ) and a large
overshoot. In practice, the same downstream boundary condition has been fulĄlled by
adapting the force distribution in that way an amplifying its variation in order to reach
a similar exit velocity Ąeld.

This analysis recalls the local nature of the body force approach, in which each cell
source term responds to the local Ćow conditions, allowing this methodology to be ap-
plied not only in axisymmetric swirl Ćows, but to fully three-dimensional cases, despite
it was formally derived and calibrated from circumferential-averaged only solutions.

As additional remark to the calibration procedure, the normal force modulus is ac-
tually reduced only if β − β0n is positive, that is β > β0n. Otherwise, an increase of
β0n enlarges the magnitude. Confusion might arise due to the fact that the terms force
modulus and magnitude have been used. However, as stated in section 4.3, the normal
force equation is based on a linear elastic model, in which it acts to reduce the difference
β−β0n and bring the relative Ćow velocity adherent to the streamsurface represented by
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the β0n(z, r) function. A stable behaviour is obtained only if the elastic constant is posi-
tive, which is granted by the square and geometric terms in the equation, and the force
direction is properly imposed. Exactly as in the one-dimensional case F = −k(x− x0),
where the force points towards the negative x if x > x0 and viceversa, the normal force
assumes a positive or negative value in the local< n, p, b > frame given by normal, par-
allel and binormal versors, according to the difference β − β0n. In this respect, equation
4.7 can be interpreted as the real component along the local normal direction, instead of
just a modulus that must be correctly signed. If the Ćow incidence is negative, the chok-
ing calibration acts to increase the force magnitude, which might be questionable. A
discussion of the stability of the deviation-based normal force is also given in Appendix
A of Peters [200], who stressed the change of the force direction, and consequently its
sign, across the speedline.
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Figure 4.31: Normal force distribution at peak efficiency extracted from CFD and ob-
tained in converged BF simulations before and after choke calibration

The analysis of the force distribution near stall for the CFD and calibrated BF nondi-
mensional normal force is shown in 4.30. By Ąrst comparing the reference force with
the peak efficiency point, it can be observed how near stall the distribution was almost
monotonic, with a peak reached near the leading edge and gently degrading towards
the blade exit, and the shock region narrower and almost straight in the last 25% of span.
Towards the stall, the normal force, therefore, degraded and the Ćowwas rapidly turned
over a short portion near the leading edge due to its incoming incidence with respect to
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the metal blade leading edge angle. The body force response was quite similar in the
Ąrst 50% of span, where it can be exactly recognised the same behaviour. Above it, a
larger difference appeared and the BF presented a non-monotonic distribution, as more
clearly visible in Figure 4.32.

This non-matching pattern might suggest that the linear elastic force model be not
fully valid far from its calibration point, as a Ąrst order expansion is strictly accurate in
a neighbourhood of the pivot point. The fact that the major variation occurred on the
top half of blade is also likely to indicate that compressibility effects come into play, in
the form of higher order terms adding further nonlinearity to the force equation. The
actual BFmodel per se, as shown in the previous subsection, approximately matched the
integral Ćow parameters and the downstream spanwise proĄles, but it did not turn out
to be sufficiently accurate to be able to provide a point-to-point local correspondence
over the entire speedline. On the other hand, inferring a better law from extracted force
Ąelds appears overly complex.
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Figure 4.32: Normal force distribution extracted from CFD at peak efficiency and near
stall.

The effect of the different force distributions arising across the speedline on the re-
sulting Ćow Ąeld is summarised by the Mach number distributions over the domain
in Figure 4.33. The blade distribution differed, as thoroughly described in each sec-
tion, but outside the force region the agreement was satisfactory, even behind the rotor.
The major difference arose near choking, where a sharper compression followed by a
re-acceleration took place in the BFM.
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Figure 4.33: Mach number contours for ducted rotor alone case at different operating
points.
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Table 4.5: Swirl Ćow calculations near peak efficiency.

model Swirl [deg] ṁ [kg/s] TPR TTR ηiso

BF +5 47.465 1.478 1.133 0.890
CFD +5 47.276 1.474 1.129 0.906

BF -5 44.653 1.452 1.123 0.916
CFD -5 44.476 1.448 1.119 0.934

4.5.5 Swirl flow

The sensitivity of the body forcemodel to properly react to inĆow conditions was as-
sessed by imposing a pre-swirl to the incoming Ćow, of +5°and -5°, near peak efficiency.
Table 4.5 summarizes the performance indexes result. The overall agreement was good,
meaning that the body force model responded adequately to the variation of incidence.
However, some discrepancies could be found by a deeper examination of the calculation
outcome. Figure 4.34 compares the spanwise distribution of Ćow and work coefficient
downstream the rotor blade between the CFD and BF solution. The Ćow coefficient was
better captured for a positive swirl, whilst for the negative swirl it has a wavy shape
near the tip, not present in the CFD. The work coefficient was well reproduced in both
cases below mid-span, but was overpredicted above, with the usual high peak near the
tip. The Ćow swirl angle, shown in Figure 4.35, presented a closer match again for the
+5°case and the relative component. For the negative pre-swirl, differences of α up to
7°can be observed from 65% to 90% of span, but the tip values are in better agreement.
The efficiency proĄles in Figure 4.36 revealed that it was well predicted up to 40% of
span, but there is a negative offset from 40% to 90%. The curve shape was closer for
the positive swirl. In both cases, an excessive velocity in the Ąrst half of chord could be
noticed. This is visible in the relative velocity contours on the blade, depicted in Figure
4.37 and it was consistent with the observation that due to the choke calibration a por-
tion of the blade operates an expansion of the Ćuid, rather than diffusing the relative
velocity and increasing the pressure. The exit values are, however, not too distant from
the reference solution.
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Figure 4.34: Spanwise distributions downstream of rotor blade of work and Ćow coeffi-
cient for pre-swirled Ćow near peak efficiency.
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Figure 4.35: Spanwise distributions downstream of rotor blade of swirl angles for pre-
swirled Ćow near peak efficiency.
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Figure 4.36: Spanwise distributions downstream of rotor blade of isentropic efficiency
for pre-swirled Ćow near peak efficiency.
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Figure 4.37: Blade contours of relative velocity magnitude for pre-swirled Ćow near
peak efficiency.
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4.5.6 Fan+OGV stage

As a Ąnal comparison case, the full fan+OGV stage was simulated at single-point
with the nacelle immersed into a freestream Ćow at low and high-speed conditions. To
this purpose, the body force model was incorporated into the commercial solver AN-
SYS Fluent, by means of User DeĄned Functions (UDF), where the source terms cor-
responding to the body forces and the necessary pre-processing modules were coded
in C programming language. In fact, the simulation of the full engine was, although
in an axisymmetric fashion, was not affordable in ANTARES, which is best suited for
model development. This section partially anticipates the content of the next chapter,
where a dedicated study on intake Ćows at high incidence is described. The stator blade
BF model was calibrated using the developed force extraction procedure. Choking cal-
ibration only involved the rotor region. The calibration was done using data derived
with a freestream Mach number of 0.10. Given that the force is mainly dependent on
the relative Ćow angles, a calibrated dataset remains valid in the kinematic similitude
even when the freestreamMach number is changed, as it will be proved by the good ad-
herence between reference curves extracted from single-passage CFD simulations and
axisymmetric BF curves.

A cross sectional view of the computational domain, showing the Mach number
distribution over the exterior nacelle and the internal engine duct is given in Figure 4.38,
for the case of a freestreamMach of 0.75. This case represent a wind tunnel test at cruise
condition of an isolated engine at zero incidence. The comparison of the same case
between CFD and experimental data at low speed, presented in 4.4.1, already showed
a very good match for the 3D computational model. Considering this higher speed
case, a smooth Ćow over the external nacelle cowl can be observed. The CFD and BF
results presents a very similar Mach number distribution, with some local differences
due to the different resolution of the solver used, Ansys CFX for the 3D CFD case, and
Ansys Fluent for the BFM. For the internal Ćow, a region of higher Mach number in
the Ąrst third of rotor chord can be seen, which comes from the choking calibration as
previously discussed. In the stator blade region, the CFD circumferentially-averaged
solution highlights the presence of hub corner separation at trailing edge. The velocity
deĄcit begins in the second part of the chord at low span and continues downstream,
up to the nozzle restriction where the Ćow reacquires its full velocity distribution. This
feature is also present in the BF Ąeld, although with a different development. In fact, it
originates earlier and presents a higher thickness. Despite the circumferential averaging
procedure of the 3D CFD data has a limited resolution near the endwalls, it appears
that the hub boundary layer leaving the rotor is thicker, and it is further enlarged across
the stator blade. The body force model replicates a physical Ćow feature present in
the higher-Ądelity solution, but only with a partial agreement. By examining the angle
distribution downstream of the OGVs, showed in Figure 4.39a, it can be noticed that
the stator has a large underturning near the endwalls, with a residual swirl of about
2.5◦. Whilst the tip underturning is well matched by the BF model, the hub is not, as a
consequence of a lower axial and circumferential velocity, the difference in α being up
to 1.5◦. Attempts to improve the prediction in this area by manually altering the force
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distribution were unsuccessful. The effect of this behaviour can be also seen in the TPR
and TTR proĄles downstream of the OGV, reported in Figure 4.39b. Up to 40% of span,
the total pressure predicted by the BFM is below the reference solution of about 2.5%
in absolute value, whilst it is slightly above at higher span. Overall, the curve shape is
well replicated. The situation for the TTR, entirely depending on the rotor, is symmetric,
with the tip overshoot already discussed.

In terms of integral quantities, the single-point operation results are summarised
in Table 4.6. The mass Ćow rate predicted by the BF computation is 0.2% higher of
the CFD calculation. The TPR is also closely matched. However, due to the rotor tip
overprediction, the TTR is too high, which penalises the isentropic efficiency by 1.45%
in absolute terms.

Figure 4.38: Mach number distribution for single-point operation at cruise with CFD
(top) and BF model (bottom).

Table 4.6: Integral performance indexes at full stage single-point operation at cruise
condition for CFD and BF model.

model ṁ [kg/s] TPR TTR ηiso

CFD 45.821 1.461 1.127 0.903
BF 45.912 1.460 1.129 0.889
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Figure 4.39: Single-point fan+OGV stage results atM = 0.75.

4.6 Conclusion

The Lift/Drag BFM of Thollet has been implemented into the developed computa-
tional tool ANTARES and thoroughly investigated using the NASA R4 transonic fan as
test case. The study has Ąrst assessed the model calibration, for which different theoret-
ical approaches are available to obtain the forcing terms of the circumferential-averaged
RANS equations that correspond to the body forces. Previous Ąndings indicating the
combination of Blade Force Average (BFA) for normal force extraction and MarbleŠs
equation for parallel force redistribution have been conĄrmed. In addition, in the cur-
rent formulation a fully three-dimensional normal force accounting has been used, giv-
ing good predictions of radial effects in the Ćow variables.

The method has been validated by comparing the results to higher-Ądelity 3D CFD
simulations in a series of conĄgurations. The BFM has proven to be able to reproduce
the characteristicmapswith good accuracy after a tuning of the normal forcemagnitude
had been introduced, as prescribed in the original version of the model. This arbitrary
modiĄcation causes a change of the streamwise evolution of the Ćow variables across
the blade region, but restores the inlet to outlet variation. Overall, the spanwise distribu-
tions downstream of the stage were found close to those extracted from higher-Ądelity
simulations, which suggests that the lower-order model can be conĄdently applied to
replicate the effect of the full engine in cases were it is required to have a physically
responsive modelling, like in propulsion integration. Local discrepancies have been
observed yet near the endwall regions. These deviations, which took place in the tip
region of the rotor and near the hub of the stator, were responsible for differences in the
integral performance metrics. Attempts to locally correct these behaviour were unsuc-
cessful. The application of the BFMapproach to different transonic rotorsmight disclose
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more about the limits of tip Ćow prediction, but a similar feature was observed in the
simulation of NASA R67, suggesting that it is an intrinsic defect of the model. The de-
veloped set of semi-automatic routines for data extraction from 3D CFD and calculation
of the calibration coefficients should allow in the future to apply it to other machines,
although a similarity in the force distribution for transonic rotors has emerged from the
study.

The BFM formulation appears, therefore, generalisable to study engine/airframe in-
teraction in analysis mode, replacing the overly heavy direct CFD simulations with a
much lighter model. The need to instruct it from higher-Ądelity simulations restrains its
applicability only to the analysis mode and makes it more similar to a surrogate model,
that can be used to explore different conĄgurations and operating conditions extrap-
olating the machine behaviour from a reliable working line. In contrast to this limit, a
comparison between the ĆowĄeld and the characteristic maps is always possible. Given
the large number of interpolations and data reduction operations necessary, it is in fact
recommended to perform this check on the accuracy prior to simulating outside the
calibration point. With the present implementation showing to reliably duplicate the
reference data in different conditions, the next chapter reports its use to study intake
Ćows with a coupled fan engine modelling at high-lift conditions.



Chapter 5

Intake flow

The validated body forcemodel described in chapter 4was employed to study intake
Ćows and compare the Ąelds obtained when the fan is modelled only by prescribing a
boundary condition at the fan face. Nacelle intake is a key component of a propulsion
unit that has to cope with multiple conĆicting requirements. During ground opera-
tion, it has to provide the engine with a sufficient Ćow capacity without an excessive
Ćow acceleration and separation caused by ground interaction or crosswind. At take
off rotation and wing maximum lift, the Ćow must be redirected towards the engine
with minimum distortion to avoid non-uniform blade loading inducing local shift of
the operating orbits towards stall and aeroelastic stress. At cruise, it must decelerate
the Ćow to an acceptable velocity at the fan face without incurring choking or too high
throat Mach number causing shock waves and total pressure losses. Given the inherent
multi-objective and multi-point nature of a nacelle intake operation, a careful design is
required to satisfy at the same time all the requirements without overly penalising any
Ćight phase. In the UHBPR context, where shorter and slimmer nacelle are sought, a
coupled design approach appears to become mandatory.

In this chapter, a sensitivity study on fanmodelling for intake Ćows is presented. The
aim of the studywas to verify the body force behaviour at different Ćight regimes which
are typically considered for the intake design and assess its suitability to be employed
in parametric analysis or optimisations. The test case was again the NASA/GEAE R4
stage with baseline OGV and its nacelle, whose validated CFD and BFM models were
discussed in the chapter 4. The work here described wasmeant to be preparatory for fu-
ture automatic optimisation of intake cowls and in that respect the observations reported
are only preliminary and focused on the identiĄcation of suitable criteria to discriminate
among better geometries and delineate an initial design space.

5.1 Terminology

Before presenting the numerical approach and the results, some terminology re-
ferred to nacelle and intake is given, to avoid any ambiguity during the reading. Figure
5.1 deĄnes some geometric values that will be used hereafter. The highlight point is the

109
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nacelle most upstream point and falls on its leading edge. lmax refers to the length from
the highlight to the point where the external cowl has its maximum diameter. lpost is
the length of the remaining part of the external cowl, up to its trailing edge. The sum
of lmax and lpost gives the nacelle length Lnac. lthroat is the length from the highlight to
the intake throat, ldiff the remaining length up to the fan face (FF) or the aerodynamic
interface plane (AIP). Their proportion with respect to the intake length is indicated by
fthroat and fdiff , respectively.

The ratio between the throat and highlight area, AHL/Athroat is the inlet contrac-
tion ratio, and determines the throat Mach number. The ratio between the throat and
AIP area sets the diffusion rate, DR = Athroat/AFF . The overall diffuser angle θdiff
is atan((rAIP − rthroat)/ldiff ). The intake aspect ratio ARint = (rHL − rthroat)/lthroat.
Other design parameters are the leading edge radius and the maximum thickness over
the chord of the external cowl, indicating the slimness of the inlet that is important both
the cruise drag and the take-off pressure recovery. The leading edge radius will be mea-
sured by the parameter fnose, to whom it is proportional.

It is common to deĄne the shape factors in terms of ratios with the nacelle maximum
diameter, as this gives immediately and idea of the aspect ratios. Of particular impor-
tance to characterise the intake is theLintake/DHL factor, assuming values around 0.5 for
traditional designs and down to 0.20 for very aggressive conĄgurations that might be
employed in UHBPR engines to reduce the nacelle weight. Equivalently for the nacelle
external cowl the ratio Lnac/Dmax is used.

R
HL

L
throat

L
max

L
post

AIP

L
intake

L
diff

HL

Figure 5.1: Geometric parameters of intake.

A common parameter used to characterise the intake operating condition is themass
Ćow capture ratio (MFCR), deĄned as the geometric ratio between the cross-sectional
area of the capture streamtube at freestream and degree.the highlight area. As it is
purely a geometric factor, the term area capture ratio (ACR) should be preferred, al-
though in the literature it is commonly referred to as MFCR and it will be used as such.
It can be expressed as a function of the ingested mass Ćow rate ṁ, the freestream con-
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Table 5.1: R4 nacelle geometric parameters.

Parameter Value

Lnac/Dmax 1.229
RLE/Lnac 0.02
DHL/Dmax 0.821
Lint/DHL 0.472
AHL/Athroat 1.265
Lthroat/Lint 0.288
Ldiff/Lint 0.712
AFF /Athroat 1.182
θdiff [deg] 4.508
ARint 0.408

ditions denoted by∞ subscript and the highlight area A1:

MFCR or ACR =
ṁ√

γ RT∞ p∞M∞A1
(5.1)

Its value is above one at take off and reduces during climbing, reaching a typical value
of 0.7-0.75 at start-of-cruise and around 0.6 at end-of-cruise.

In order tomeasure the distortion level at teh aerodynamic interface plane, a number
of indicators have been developed in industries and academy [86]. In the present work,
two commonly used metrics are employed. Considering total pressure readings from
a rake placed at a suitable engine inlet location, made up of n radial levels, with m
azimuthal probe each, the Index of Circumferential Distortion (IDC) is deĄned as:

IDC = maxr=1,...,n−1 0.5

{︄

P0r − P0min
r + P0r+1 − P0min

r+1

P0

}︄

(5.2)

r denotes the radial stack and P0r the average total pressure on the rth level. The IDC is
useful to detect Ćow separation on the lip, as it suddenly increases once the detachment
has occurred. By comparing themean to theminimumpressure on the same radial level,
it is sensitive to circumferential distortions, but it cannot detect axisymmetric proĄles.
The Index of Radial Distortion (IDR) is then used, deĄned as

IDR = maxr=1,...,n−1
Pface − P0r

Pface

(5.3)

with Pface the face average total pressure.
These metrics have been used in several works dealing with inlet distortion patterns

for civil turbofan engines, e.g [115, 130, 161, 237]. The calculation of the ring aver-
age pressure P0r and face average pressure Pface was compliant with the SAE AIR1419
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indications [221]. P0r is the ring integral mean of pressure readings, whilst the face
average was computed as an area-averaged value. Regarding the rake arrangement,
ARP1420 [220] reports guidelines for its axial location and density. The position of the
rake deĄnes the Aerodynamic Interface Plane (AIP), which should be located as close
as possible to the engine-face plane, compatibly with the experimental test rig and the
interference with the engine. As this study was solely numerical and sampling was to-
tally virtual, the AIP was deĄned just upstream of the rotor blade leading edge. The
recommended typical 5x8 (n = 5,m = 8) rake arrangement of [220] was used, with 5
rings enclosing equal area sectors and having 8 theta-equispaced probes each ( Figure
5.2)

The total pressure loss in the intake boundary layer or shock waves is measured by
the Inlet Pressure Recovery (IPR) factor, IPR = P0AIP /P0∞. In the study, this value
was computed over the entire AIP plane directly, thus not from the probes readings.

Figure 5.2: 5x8 rake used for distortion indexes calculation.

5.2 Computational model

The analysis involving the isolated nacelle without pylon or bifurcation was car-
ried out using the commercial solver ANSYS Fluent. The incorporation of the body
force model was made possible by the use of User DeĄned Functions (UDF), where
the source terms corresponding to the body forces and the necessary pre-processing
modules were coded in C programming language. The isolated nacelle was placed in
a spherical domain of radius 80Rmax on which boundary a Riemann farĄeld condition
with prescribed freestream values was set. For the nacelle powered via boundary con-
ditions, the fan was modelled as a pressure outlet with a Ćoating average pressure spec-
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iĄcation, changed during iterations to match the same target mass Ćow rate obtained in
the body force simulation. In practice, this datum is unknown, since it is the result of
the interaction between the fan model and the external boundary conditions, and a ref-
erence Ąxed value is set for the mass Ćow rate, to match aMFCR, for instance. Similarly,
the nozzle plane was modelled as a pressure outlet, with the average total pressure and
temperature found in the body force computation. Strict mass Ćow conservation be-
tween the fan face and nozzle exit boundary was not enforced. The turbulence model
was the Spalart-Allmaras. The computational mesh in the blade region was the same
used for the BFM validation. The intake and external cowl were Ąnelymeshed to ensure
sufficient resolution to capture the shock waves occurring in the lips for high-incidence
operation and the drag.

Intake gridding guidelines were derived from a validation case on NACA-1 series
intakes. Figure 5.3 reports an example of a grid convergence study for pressure coeffi-
cient distribution. A range ofMach numbers andMFCRswas explored. Systematic grid
reĄnement for three grid levels, coarse (20k), medium (40k) and Ąne (80k), was done.
The Grid Convergence Index (CGI) [31] from coarse to mediumwas largely lower than
0.1% on every case for IPR, suggesting that a medium mesh point distribution on the
intakes could be sufficient.
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Figure 5.3: Pressure coefficient distribution on NASA 1-85-43.9 lip at M = 0.60 and
different MFCR for three grid levels.

No core Ćow was included and the fan nozzle afterbody was prolonged keeping a
constant slope. In the exhaust region the mesh was reĄned in the shear layer zone of the
high-speed jet ejected by the nozzle. The axisymmetricmeshwas obtained by revolution
of a meridional grid with 90 points around the circumference, as suggested in [130],
with the exclusion of the axis, where an H-O-H butterĆy topology was employed to
avoid high skewness. The total grid size for the BF simulations was 10M and 7M for the
simulations employing simply boundary conditions.

5.3 Take-off

The Ąrst condition considered was at a Mach number of 0.20, corresponding to take-
off. In this phase, the intake is exposed to a high-incidence Ćow either at the rotation
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point and at the wing maximum Cl, and it must provide the engine with a clean inĆow
with minimum distortion and total pressure losses. The reference intake was charac-
terised to evaluate the separation angle of attack, which is usually sought to be suffi-
ciently large to include the wing Cl,max incidence. The separation onset was established
visually and by means of the IDC index, plotted in Figure 5.4. The geometric parame-
ters of the R4 intake reported in Table 5.1 indicate a quite standard design with a thick
lip, that favours the low-speed high-incidence operation. The separation angle of attack,
in fact, was found to be 32°.
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Figure 5.4: IDC index at fan face forM = 0.20 with fan modelled through body forces
and boundary condition.

The Ćow Ąeld up to separation resulted quite similar for the two models. Figure 5.5
shows the Mach number contours and the streamlines at α = 28◦. On the intake, the
lower lip shock wave had the same location and strength and the stagnation point and
the dividing streamlines corresponded well. In the exhaust region, the total pressure
and total temperature were uniform on the boundary plane, whilst in the body forces
they featured both a radial and circumferential distribution, which is not detected in this
meridional cut. As the incidencewas increased, the shock locationmoved upstream and
the peak Mach number augmented. Figure 5.6a provides a more detailed view of the
intake region at α = 30◦. No fully separation was noticed, only a thickening of the
boundary layer in both cases. Again, the shock location and strength was in substan-
tial agreement. At the AIP, the fan suction in the body forces slightly attenuated the
boundary layer thickening. At α = 32◦ the Ćow was fully separated and the major dif-
ferences between the twomodels were found. Figure 5.6b highlights a large discrepancy
for the separation bubble height between the two models. The fan suction helped the
Ćow to follow the lip curvature and accelerate up to the formation of a shock wave lo-
cated close to the leading edge and preventing the boundary to remain attached. The
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separation height had a maximum near 60% of the intake length and then decreased
thanks to the presence of the fan, acting to attenuate the distortion and straighten the
Ćow. The distorted region interested the last 20% of the blade span. Conversely, for
the pressure-outlet boundary none of these effects were present and the separation in-
creased monotonically without showing any sign of tendency to reattachment. This
behaviour was expected and well documented in the literature. Cross-sectional cuts of
the ĆowĄeld at different streamwise locations can better explain the inĆuence of the fan,
which propagates upstream due to the induced pre-rotation to the incoming Ćow. Fig-
ure 5.8 shows the relative total pressure p0/p0ref contours from fan face to nozzle plane.
The low total pressure region caused by the separation on the lower lip rotates in the
direction opposite to the fan rotation, indicated in the Ągure. Downstream of the fan,
this pattern rotated on itself mixing a high total pressure area from the tip towards lower
span and stretching the radial distribution from the hub towards the shroud. This trian-
gular excursion of total pressure is clearly visible in Figure 5.8c and it was bounded by
a higher compression spot which rotated from the bottom line following the absolute
whirl. Downstream the OGVs, the Ćow was on average de-swirled and mostly radial
mixing could be observed. This phenomenology was in agreement with the observa-
tions of distortion transfer throughout compressor stages. Themeridional total pressure
distribution depicted in Figure 5.7 highlights the difference between the upper sector
operating with minimum distortion and the lower sector operating with a reduced in-
crement of total pressure due to the separation bubble.

Figure 5.5: Mach number contours and streamlines forM = 0.20 and α = 28◦ with fan
modelled through body forces and boundary condition.
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(a) α = 30◦ (b) α = 32◦

Figure 5.6: Mach number contours and streamlines near intake lip for M = 0.20 with
fan modelled through body forces and boundary condition.

Figure 5.7: Relative Total Pressure distribution atM = 0.20 andα = 32◦ for fanmodelled
through body forces and boundary condition.
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(a) Fan Face (b) Fan Out

(c) OGV Out (d) Nozzle

Figure 5.8: Relative total pressure contours at different streamwise locations. M = 0.20,
α = 32◦.
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5.4 Sensitivity study of intake aerodynamics at high incidence

The computational tools presented above were employed to conduct a sensitivity
study of intake aerodynamics at high-incidence conditions. Among the three typical
Ćight regimes that are considered for the intake design, the take-off is of intermediate
difficulty, as the cruise shape is dictated by the required Ćow capacity and the average
Mach number at fan face, whereas the crosswind is known to be one of themost difficult
certiĄcation conditions [43, 155, 218]. At take-off, minimum distortion with sufficient
separation-free operationmust be ensured. In order to preliminarily evaluate the intake
shape effect on these aspects, the take-off rotation point (α = 16◦) and a target inlet
attached operation (α = 24◦) were chosen for the analysis, based on literature values
[201, 305]. The Mach number was 0.25.

The purpose of the study was two fold: to evaluate the impact of intake internal
shape on the performance metrics deĄned above at the two high-incidence points; and
to evaluate the sensitivity of these metrics to the fan modelling approach employed
( uncoupled approach with boundary conditions (PN) or coupled approach (BF) ).
The analysis was carried out with a parametric intake model based on B-Splines, with
the external nacelle cowl and the highlight point unchanged. For the baseline case the
NASA/GEAE R4 engine was kept, the intake being adapted to Ąt the existing rotor.
Whilst these Ątting could partially alter the outcome of the investigation, as some pa-
rameters result to be constrained, typically the intake is designed to adapt to a given fan
and the highlight point position is mostly determined by the nacelle cruise operation,
in order to guarantee a MFCR within typical ranges and limit spillage drag. Figure 5.9
shows the parameterised intake. A total of 10 design variables (DV) were employed to
change the shape and control the throat length, the contraction ratio, the aspect ratio,
the diffusion rate andwall diffusion angle. The intake lengthwas also kept Ąxed. Whilst
it has been found by other authors that for Lint/DHL > 0.40 the fan effect on the Ćow
development over the intake is limited [30, 200, 251], it was deemed more appropriate
to begin the study from a standard intake, as numerous aspects related to the numeri-
cal setup and data analysis had to be assessed before reaching a robust, affordable and
accurate procedure, that will be devoted in the future to the analysis of more aggressive
intakes.

The computational model was similar to that described in the previous section, ex-
cept for the absence of the nozzle Ćow. The nacelle was supported by a sting connected
to its leading edge and the domain was truncated two chords downstream. Again, in
the PN case the engine was modelled as a pressure outlet boundary inside the nacelle
duct, with the target mass Ćow speciĄed as the one obtained with the baseline nacelle
for the same freestream conditions. For the BF simulation, the inner duct also comprised
the BF fan model, the pressure outlet being placed downstream of the rotor and set at
a speciĄed static pressure, matching the same mass Ćow of the full stage simulations
described in the previous section.
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1 = HighLight 2 = Throat 3 = Fan Face

Figure 5.9: Baseline nacelle with B-Splines parameterising the intake shape.

PN results at α = 16◦ and α = 24◦

A Design Space Exploration (DSE) was Ąrst carried out with a standard boundary
conditions approach, denoted as B/C Powered Nacelle (PN). The aim of the DSEwas to
possibly restrict the ranges of the geometric parameters delimiting the feasible design
space. The simulations were conducted at α = 16◦. The incidence had to be gradually
increased up to the maximum value, to avoid numerical divergence, which made the
computations time expensive. An initial pool of 100 individuals was generated out of
an Halton set. Given the quite large ranges chosen to loosely scan the design space,
not all of the generated individuals presented suitable geometric features. Those with
misplaced throat position or distorted shapes were discarded and 70 individuals were
left for the computation. A total of slightly more than 10000 CPU hours were required
to reach α = 16◦ converged simulations. The outcome of the DSE was analysed for the
performance metrics IPR, IDC, IDR versus the geometric parameters.

Figure 5.10 shows the distribution of IDC, IDR, and IPR across the simulated pool.
Looking at the IPR Ąrst, the Ągure highlights the presence of two regions, whose bounds
are denoted by dashed lines. Between the two lines, only a limited number of individu-
als can be observed. The IPR is plotted as (1−IPR)×10, representing the total pressure
losses (0.1 equals to IPR=99%). The upper bound of the lower region fell at around 0.07,
corresponding to an IPR of 0.993. The lower bound of the upper region was at around
0.1, corresponding to an IPR of 0.990. The distribution suggested, therefore, that total
pressure losses at the AIP in excess of 0.1% were associated to worse individuals. This
parameter alone, however, does not fully describe the Ćow quality, which must be cor-
related also to the distortion indexes. The IDC should allow to recognize a separated
intake, when its value suddenly jumps up. Its distribution actually shows that again
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two main regions could be identiĄed, one with values close to zero, and one with val-
ues above 0.1. A similar pattern was found also for the IDR. In the present study, how-
ever, in order to speed up the already heavy computation, no intermediate converged
solution at lower incidence was obtained, thus the gradient of the distortion metrics as
a function of α could not be computed. In addition, the distinction in two regions was
not completely clear and some points fell between the ideal boundaries.

In summary, it was not possible to discriminate good and bad geometries by looking
at a single parameter. In practice, one might simply look at sufficiently high IPR values
and distortion criteria below a predeĄned threshold, without really caring about the
presence of a small separation. For the purpose of an automatic procedure, and given
the fact that at take-off rotation a Ćow detachment appears undesirable, a criterium to
recognise this event was sought. In the same Ągure, the right axis indicates the number
of reversed faces on the AIP, that is the number of cell faces having a negative axial
velocity. This parameter seemed to better correlate to the presence of a Ćowdetachment,
as it was more clustered. Therefore, it was used to help categorizing the individuals.
Elements featuring a value lower than an empirically found threshold for the number
of faces and with the other plotted metrics below 0.1 were marked as attached, and
represented with Ąlled symbols in the Ągure, whilst geometries exceeding the limits are
plotted with empty symbols. In this way, only the Ąrst set was simulated at a higher
incidence. This criterium did not completely exclude the presence of a small separation,
but was meant to guarantee that, even if present, the measured Ćow quality was still
acceptable.
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Figure 5.10: Metrics distribution across the simulated pool at α = 16◦.

With this classiĄcation, which is however case and mesh dependent, the association
between the three performance metrics could be more easily examined. For instance,
the total pressure loss of attached conĄgurations was in most of the cases below 0.6%,
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with only three points having a greater value, and anyway below the assumed 1%upper
limit. The same held true for the IDC, where only three attached individuals featured a
circumferential distortion above 0.07. The situationwas less clear for the IDR, as in some
cases it did not activate for shapes marked as separated. Individuals falling within this
category featured at least one value between (1− IPR)× 10, IDC and IDR above the
0.1 threshold. For instance, individual number 32 had an IDC of 0.044, but and IDR of
0.3067, as a result of a bad shaping inducing an axisymmetric-like separation involving
the full circle. Some other elements had all the values just close to the upper limit.
Figure 5.11 compares the relative total pressure at the AIP for individuals number 31,
47, and 46. They did not pass the test because of a slightly higher than limit IDC, total
pressure loss and number of reversed faces. The IDC of number 46 was close to that of
47 ( 0.1281 for the Ąrst, versus 0.1247 for the latter), but the IPR was higher in the Ąrst.
Despite the measured distortion level was comparable, this last sample is visibly better
from a qualitative point of view.

Figure 5.11: Comparison of relative total pressure at AIP for selected samples atα = 16◦.

Having established a criterium to separate the pool into two categorical groups, the
correlation with the intake geometric variables was assessed. Figure 5.12 graphically
displays the correlation matrix between the geometric ratios and the performance met-
rics. The correlation indexes plotted in red were statistically signiĄcant. Due to the
constraints adopted in terms of intake length, highlight radius, and AIP inner and outer
radius, some geometric ratios resulted to be correlated, like the CR and the DR, or the
average diffusion angle ( diffa in the Ągure) with both of the previous and the fdiffuser.
In terms of performance metrics, the distortion indexes, being virtually binary variable,
did not correlate with none of the geometric parameters, except for a weak trend found
with the aspect ratioAR. Actually, this last variable appeared the one to be themost cor-
related with the others. The IDC and the IDR resulted to be highly linearly correlated,
whilst a similar negative coefficient was found between them and the IPR, as expected.
The IPR was found to correlate positively with the AR, and negatively with the fdiffuser
( these geometric variables were in turn linked ). Despite no clear relationship between
the metrics and the design variables could be derived, a tendency of IPR improvement
over an extension of the diffuser length, associated to a reduction of lip aspect ratio and
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average diffusion angle was observed.

Figure 5.12: Geometric parameters and performance indexes correlation matrix for DSE
at α = 16◦.

The relatively small dataset in the DSE prevented to extract additional information
regarding the relation between the intake performance and the DVs. However, the fea-
sible design space could be restricted, given the fact that some portions of the initial
ranges were foundwithout any attached solution. Table 5.2 summarizes the new search
bounds for optimal shaping at α = 16◦, that can be used in following studies.

Table 5.2: Intake geometric variables range for attached inlet operation found in theDOE
at α = 16◦.

Parameter Lower Bound Upper Bound

fnose 0.02 0.11
CR 1.19 1.34
AR 1.175 5.0
DR 0.97 1.1
fthroat 0.2 0.5
avg θdiff [deg] 2.0 9.0
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The analysis of the individuals featuring an attached inlet Ćow was continued at
α = 24◦. Figure 5.13 represents the distribution of the previous metrics, (1− IPR)×10,
IDC, and IDR. There appear a clearer clustering in two regions, with a threshold at
around 0.1. 13 individuals out of 42 simulated fell below this limit for all the parameters,
whereas when it was exceeded, large total pressure losses and distortion metrics were
computed. Figure 5.14 shows the relationship between the geometric variables and the
IPR, highlighting in blue those points entirely below the threshold, and in red those
crossing it. By looking at the Ągure, the research bounds for an inlet operating without
an overly separated Ćow and within an acceptable distortion level at α = 24◦ could be
further restricted.
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Figure 5.13: Metrics distribution for the individuals simulated at α = 24◦.

Finally, the best element of the DOE is compared to the baseline. Figure 5.15 shows
the isentropic Mach number distribution on the internal cowls for the individual num-
ber 54 and the baseline, at both α = 16◦ and α = 24◦. At the lower incidence, the
shock wave on the keel proĄle that was present in the baseline has disappeared, with a
smoother deceleration up to the AIP. The throat Mach number resulted also lower for
the sample, compared to the baseline ( 0.83 versus 0.90 ). At α = 24◦, a shock wave
at a similar distance from the highlight was present in both the geometries, although
the DOE element featured a lower Mach number peak of 1.4, compared to 1.5 of the
baseline. The throat Mach number was quite close, around 0.86. Table 5.3 compares the
performance metrics and the geometric parameters. The improvement of the Ćow de-
celeration on the bottom proĄle is associated to an increase of the lip aspect ratio and the
contraction ratio, with a slightly thickening of the nose. However, the IPR of the base-
line remained slightly better in both cases, possibly due to the lower average diffusion
angle, affecting the boundary layer losses on the whole circumference.
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0.1 are depicted in blue, the others in red.
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Table 5.3: Comparison between baseline and best DOE sample.

Parameter baseline best DOE

IPR α = 16◦ 0.9976 0.9970
IDC α = 16◦ 4.4E-04 3.3E-05
IDR α = 16◦ 1.3E-04 1.2E-04

IPR α = 24◦ 0.9980 0.9956
IDC α = 24◦ 5.9E-03 2.7E-03
IDR α = 24◦ 3.0E-03 3.4E-04

fnose 0.0512 0.0421
CR 1.2648 1.2785
AR 2.4517 3.0500
DR 1.0321 1.0433
fthroat 0.2877 0.3734
avg θdiff [deg] 4.3965 5.4538

BF results at α = 16◦

Asmentioned above, the DOE pool was simulated at α = 16◦ also using the coupled
approach, where the fan was represented via the body force model. Figure 5.16 sum-
marizes the metrics distribution for the population. Although the outcome appeared
similar to that of Figure 5.10 for the PN case, some differences can be highlighted. Start-
ing from the IPR, its distribution was smoother and less distinct than in the previous
case, with the total pressure losses at the AIP ranging from 0.3% to 2%. Conversely, the
IDCwasmore clearly clustered, with almost no point falling within 0.01 and 0.03. In ad-
dition, it reachedmuch lower values compared to the PN.An analogous distribution can
be observed for the IDR, again showing netter bounds. As in Figure 5.10, the elements
marked attached in the PN case are here represented with full symbols, the others with
empty ones. Interestingly, none of the individuals featuring a separated intake Ćow in
the PN approach were found to operate with a completely attached inlet with the BF,
although the extent of the separation was smaller in this second case.

Figure 5.17 shows the absolute variation of the metrics from the BF to the PN. When
examining the difference caused by a coupled fan/intake modelling, the boundary con-
ditions must be assessed Ąrst. In the body force simulations, the static pressure was set
at the fan outlet in order to retrieve the full stage engine mass Ćow rate, as it would be in
a real case where the nozzle exit pressure determines the fan operating point for a given
rotational speed. In case of extended separation, the fan might be unable to swallow
all the desired mass Ćow, as this depends on the local features of the incoming Ćow.
Metrics involving the average dynamic pressure, therefore, will be inherently different
for this reason, and large deviations can indicate a different predicted Ćow Ąeld. About
20% of the BF simulations showed a signiĄcant variation of the average dynamic pres-
sure, associated to a lower-than-target mass Ćow rate. The cases where this occurred
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Figure 5.16: Metrics distribution across the simulated pool at α = 16◦ with the BFM.

were likely to be more sensitive to inlet/fan interaction and must be compared with the
PN by restoring the mass Ćow equivalence. Therefore, when the mass Ćow of the BF
simulation resulted to deviate too much from that of the baseline, this datum was use
as input to rerun the PN case and conciliate the boundary conditions.

As visible in the Ągure, most of the variations were negative, especially in the case
of separated intakes, again represented with empty bars. The ∆IDC exceeded -5% for
most of individuals in this last group, with the maximum of -0.1363 for intake number
42. The IDR variation was instead more modest and was particularly large for number
8, 44, and 86. Among attached individuals, the IDC difference was also in general
small. The intakes having a value close to the upper limit in the PN (e.g. 2, 52, 84, 91),
see Figure 5.10, despite featuring a lower index here remained in the upper region.

Figure 5.18 compares the Mach number on a vertical plane for the element number
46, which was close to the upper limit for three out of four criteria in the PN case and
was marked as separated due to a higher than 0.1 IDC. The Mach number distribution
in the right Ągure highlights a Ćow detachment caused by a too small curvature of the
front lip. The BF simulation in the left Ągure shows a smaller separated region and the
tendency to Ćow reattachment close to the fan tip. The relative total pressure contours
of Figure 5.19 shows that the bubble remained almost symmetrical in the BF, but with a
lower radial penetration.

The total pressure at the AIP for individual number 2, that featured the largest IDC
variation among those attached, is shown in Figure 5.20. Although small and conĄned,
a separation bubble was present in the PN, whilst it was much attenuated in the BF. The
geometry was marked attached, though, because the IPR was not overly penalised and
the IDC was still below 0.1. As visible in Figure 5.21, the separation was induced by an
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Figure 5.17: Absolute variation between BF and PN at α = 16◦.

Figure 5.18: Comparison of total pressure distribution at AIP for individual no. 46 with
BF and PN at α = 16◦.
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Figure 5.19: Comparison of Mach number distribution for individual no. 46 with BF
and PN at α = 16◦.

excessivemaximumdiffusion angle, that the Ćowwas not able to bear in the keel proĄle.

Figure 5.20: Comparison of total pressure distribution at AIP for individual no. 2 with
BF and PN at α = 16◦.
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Figure 5.21: Comparison of Mach number distribution for individual no. 2 with BF and
PN at α = 16◦.

5.5 Conclusions

The aerodynamics of intakes operating at high incidence conditions has been exam-
ined for a series of shapes in a preliminary DSE. The study was conducted with the
standard decoupled approach Ąrst, at α = 16◦ and α = 24◦. The analysis of the distri-
bution of the performance metrics across the simulated pool highlighted the presence
of two major groups, one associated to better individuals featuring limited total pres-
sure losses and distortion levels, and one with activated distortion indexes, indicating
an inlet separation. A criterium to distinguish between these two qualitative groups
has been devised based on the IPR, the IDC and the IDR indexes, in addition to the
number of reversed faces at the AIP. The high level of interdependency of the geometric
variables characterising the intake shape prevented to extract a clear Ągure of their rela-
tionshipwith the performancemetrics, also given the relatively small dataset. However,
the bounds where optimal geometries are likely to fall, for this speciĄc intake design,
have been restricted. Similar considerations have been reported for those individuals
simulated at α = 24◦, where an analogous bivariate distribution for the metrics was
found.

The employment of a coupled approach based on BFM has conĄrmed previous lit-
erature evidences related to the attenuating effect of the fan on the distortion level. The
outcome of the coupled simulations at α = 16◦ was in agreement with that of the un-
coupled case from a qualitative point of view, although the metrics were systematically
shifted towards lower values. This agreement was found only by reconciliation of the
boundary conditions, as the mass Ćow rate is not known a priori in the BFM approach,
and it must be equally applied in PN simulations. In terms of Ćow Ąeld, the different
separation extent and the non-uniformity at the AIP were evident. As anticipated in the
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text, for this speciĄc intake design with Lint/Dnac > 0.35, the presence of the fan was
expected to have a primary inĆuence on the Ćow Ąeld, but not much on the separation
onset. The study conĄrmed that the inlets operating with a Ćow detachment in the PN
equally presented a separation bubble in the BF, although much smaller. The effect on
the separation incidence shall be assessed with the BFM also at the maximum lift point,
andmostly for intakes featuring a shorter cowl, where the fanmight allow to enlarge the
feasible design space. The preliminary indications from the study are, anyway, useful
for the future investigation of more aggressive designs and automatic optimisation of
intake shapes.



Chapter 6

Conclusions

Body Force Models have arisen the interest of the scientiĄc community due to the
large saving of computational time that they can provide, compared to standardCFDap-
proaches, in a large variety of situations where an active blade rowmodelling is needed,
but not feasible using the direct approach simulating the solid bladewalls. As described
in chapter 1 and 2, in the framework of the 2050 environmental targets for the civil avia-
tion sector, novel aircraft conĄgurationswith embedded propulsion, electric-driven fans
and BLI engines are being considered, making the correct fan/airframe interaction an
indispensable element for their design and analysis.

Important advances in the body force modelling Ąeld have been brought by recent
fundamental works at the American MIT and French ISAE schools, where some unde-
sired aspects of previous formulations have been overcome by newmodel equations and
calibration procedures. Despite the new proposed solutions have improved the Ądelity
and they open to calibration-free force expressions, that are essential for the application
in fan blade design, some aspects related to the actual implementation workĆow, the
impact of the calibration chain and the extent of reproducibility of local Ćow features
remain unreported in the literature, being either not thoroughly studied or not publicly
available.

The scope of this PhD programme was to shed light on these partially unknown is-
sues and contribute to studying the applicability of the body force paradigm in fan/air-
frame coupling. The research stemmed from the need to clarify the best implementa-
tion practices, comparing theoretically equivalent approaches having different practical
complexities and resolutions, and carry out a systematic comparison between the ref-
erence solution and the BFM simulations, in order to assess the reproducibility of rele-
vant Ćow quantities and the limitations arising from the neglect of high-order terms in
the model derivation. To this purpose, it was decided to develop a numerical platform
granting the largest freedom in testing different algorithms and providing a basis for
future standalone applications or extension to other CFD-based throughĆow methods,
with a more speciĄc focus to the design. This numerical tool, named ANTARES, was
developed from scratch and solves the compressible RANS equations in axisymmetric
form. The workĆow for its generation has been described in chapter 3, where the series

131
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of successive advancements in complexity are reported and the correctness of the code
is proven through several validation and veriĄcation cases.

With the availability of a Ćow solver, a common test case in the literature already
used for BF assessment was Ąrst validated using standard CFD and then employed to
study the BFMcapabilities. It was theNASA/GEAER4 stage, made up of amodern high
BPR transonic rotor and OGVs, installed in a Ćight model nacelle. Chapter 4 reports the
activities carried out to validate and examine the selected body force model, the L/D
model of Thollet [251]. The Ąrst aspect considered regarded the calibration, that is the
calculation of the coefficient distribution over themeridional blade surface that form the
local force equation. By comparing the force extractionmethods from the 3D CFD refer-
ence solution in terms of accuracy, resolution and implementation complexity, KiwadaŠs
Blade Force Average resulted a good compromise for the normal force derivation, as it
does not require local interpolation on the 3D blade surface and provides directly the 3D
normal force vector components. A fully 3D normal force decomposition has been de-
rived, in order to preserve the extracted force modulus and direction and include lean.
The validity of the proposed decomposition was veriĄed by the good replication of the
radial components in BFM simulations. For the parallel force, instead, as suggested
by Thollet, MarbleŠs thermodynamic approach was found convenient from a numerical
standpoint, although the entropy rise evolution is assumed a priori as linear, and this
can lead to negative parallel force values near the endwalls, where streamline curva-
ture can convect entropy outside the boundary layer and give a decrease from leading
to trailing edge. In general, no arbitrary geometry modiĄcation or force alteration has
been introduced. Conversely, the literature reports in some cases blade recambering or
force redistribution as ways to improve the local accuracy. Whilst probably effective,
this alteration is not known a priori and must be found empirically for each problem
studied, which can make the calibration procedure more complicated.

The results obtained with the present BFM implementation appeared comparable
to the others found in the literature in terms of overall performance metrics. The point-
to-point correspondence of the circumferential-averaged CFD solution and the axisym-
metric BFM simulation was analysed at the peak efficiency calibration point and also
at off-design, i.e near choke and near stall. Whilst at the calibration point the local ad-
herence of the two Ćow Ąelds was remarkably good, at off-design the correspondence
was found to be only integral for some Ćow variables. A discussion of the choking mass
Ćow rate calibration procedure devised by the L/D model author has been given. This
point represents a weakness of the model, as it is necessary to restore a good match
at choking in integral terms, but it alters the Ćow development over the whole speed-
line and causes the loss of the local correspondence on the blade region. As a matter
of fact, the assumed linear dependence of the normal force expressions on the relative
Ćow angle might be valid only in the neighbourhood of the calibration point. The com-
pressibility effects taking place at choking, with a large increase of the aerodynamic
blockage and the complexity of the near stall operation appear to be of difficult inclu-
sion into a semi-analytical expression. In other terms, the need for a lean model with
a simple calibration procedure and a little dependency on external parameters has to
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cope with some inevitable limitations. Overall, if the interest is primarily on the effect
that the fan has on the Ćow development over the intake system, some deviations might
be acceptable, as the model represents a sort of active boundary condition fully coupled
to the incoming Ćow. Instead, for the purpose of blade design, differences in the local
Ćow features are less tolerable. In addition to the effects of choke calibration, endwall
Ćows have been found to be different from the reference solution. For the rotor, the
discrepancy occurred at the blade tip, where no force was put inside the tip gap. The
complexity of the phenomena associated with tip leakage, the presence of additional
terms not modelled, like circumferential and mixing stresses, and the reported sensi-
tivity of the normal force treatment on the machine stability make the task of faithfully
replicating the tip Ćow extremely challenging. For the stator, the deviation was found
as an excessive hub separation. Attempts to improve the modelling in both these zones
by altering the force distributions were unsuccessful, leaving room for future research.

Apart from these regions, the comparisons made between circumferential-averaged
CFD and BFM solutions in the variety of the NASA R4 conĄgurations studied, from
ducted rotor alone to full stage into an isolated nacelle, were satisfactory. The good
duplication of both the external and the internal Ćow Ąeld makes the BFM a possible
candidate to study installed engine. In fact, as described in the chapter 1, also in typical
aircraft conĄgurations the adoption of UHBPR turbofans rises the question whether a
classic engine-decoupled approach is sufficient to evaluate the mutual effects of instal-
lation on the airframe and the propulsor operation. On the airframe side, the use of
BFM for short intake design has been already reported in the literature. In chapter 5 a
dedicated analysis on intake Ćows is reported, with the purpose of putting the basis for
future automatic optimisation of intake shape using the coupled approach, which gives
different results from a decoupled model as the intake length is reduced, according to
the literature.

In conclusion, the research has contributed to highlight some aspects of the chosen
body force model that were not completely clear and pave the way to future elabora-
tions. From an implementation point of view, the pre-processing phase is quite involved
and requires a certain time investment before being able to build the coefficient distribu-
tions on the blade surface. If properly calibrated, themodel has proven to be able to cap-
ture the overall inlet/outlet evolution of the Ćowvariables and replicate circumferential-
averaged spanwise proĄles with good accuracy, especially close to the force extraction
point. This opens to the possibility of employing it in coupled airframe/engine sim-
ulations, where a standard pressure boundary leads to unphysical results, such as in
the case of short or S-shaped intakes. Moreover, the replication of radial proĄles makes
the model interesting even for studying the jet/airframe interaction in standard wing-
mounted turbofan, where the tighter installation foreseen for UHBPR units makes the
jet cross-distribution likely to bemore important, in particularwhen interferingwith the
high-lift surfaces. The double nature of the method, that allows to derive information
both on the external Ćow and the turbomachinery behaviour, makes the list of potential
applications countless. From the point of view of the engine operation, it has been ap-
plied to study the response to inlet distortions, proving to being able to replicate many
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features that are found in unsteady RANS simulations. Although not directly consid-
ered in this study, the design of distortion-tolerant fans represents another Ąeld where
the low computational cost of the model could help in the design space exploration and
identiĄcation of suitable geometries for future BLI engines.



Appendices

135





Appendix A

Finite Volume Method

A.1 Finite Volume Method

The application of FVM is straightforward, as it involves the integration of a differ-
ential equation over a portion of the computational domain. Let us consider a system of
conservation laws, as it is the compressible Navier-Stokes equations of Ćuid dynamics,
written in integral conservation form:

∂U⃗

∂t
+ ∇⃗ · Fc = ∇⃗ · Fd (A.1)

where:

U⃗ =

⎧

⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ρ
ρu
ρv
ρw
E

⎫

⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

Fcij = ρuiuj + δijp Fd = 2µ
1

2
(∇⃗V⃗ + ∇⃗V⃗

T
)− 2

3
µ∇⃗ · V⃗ I (A.2)

Integration over the Ąnite volume Ω leads to:

∫︂

Ω

∂U⃗

∂t
dΩ+

∫︂

Ω
∇⃗ · FcdΩ =

∫︂

Ω
∇⃗ · FddΩ (A.3)

For a stationary volume and applying divergence theorem:

∂

∂t

∫︂

Ω
U⃗dΩ+

∮︂

∂Ω
Fc · n̂dA =

∮︂

∂Ω
Fd · n̂dA (A.4)

The surface integral can be replaced by a summation over the faces f enclosing the
Ąnite volume Ω:

∂

∂t

∫︂

Ω
U⃗ dΩ+

∑︂

f∈Ω

∮︂

f
Fc · n̂ dAf =

∑︂

f∈Ω

∮︂

f
Fd · n̂ dAf (A.5)
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So far the equations have remained exact. The fundamental of the method is the
replacement of exact Ćuxes F · n̂ integrated over the faces with an approximate value,
obtained through a numerical integration formula at quadrature points qi with weights
ωi: ∮︂

f
F · n̂ dAf =

∑︂

qi∈f

[︂

ωiF · n̂A
]︂

qi
(A.6)

The choice of the quadrature formula determines, among others, the accuracy of
the method. For a simple mean value integration with qi located in the centre of the
face and ωi = 1, one has a second order accurate method. Higher order discretisation
can be obtained using more integration points and Gauss-Lobatto rule, for instance.
However, since Ćux computation has the largest computational cost in FVM, high-order
discretisations are extremely heavy and can be obtainedmore cheaplywith FDMor FEM
approach, thus in practicemost FVM are limited to second order accuracy. With the Ćux
approximation, whichmust be further disclosed, one gets the so-called semi-discretised
equation, where the time derivative term still holds:

∂

∂t

∫︂

Ω
U⃗dΩ+

∑︂

f∈Ω

[︂

Fc · n̂A
]︂

f
=
∑︂

f∈Ω

[︂

Fd · n̂A
]︂

f
(A.7)

By deĄning the mean cell value of the conserved quantity ϕ in cell Ω as:

ϕ =
1

Ω

∫︂

Ω
ϕ ∂Ω (A.8)

one gets:
∂

∂t
U⃗ Ω+

∑︂

f∈Ω

[︂

Fc · n̂A
]︂

f
=
∑︂

f∈Ω

[︂

Fd · n̂A
]︂

f
(A.9)

This expression ismeaningful and reĆects thewhole physics of the conservation law,
which is directly embedded into themethod: the variation of the conservedmean quan-
tity U in the volume Ω is determined by the balance of the Ćux through its boundary
∂Ω, made up of a closed patch of faces. If the Ćux balance is null, the time derivative

vanishes and the quantity remains constant. If
∂U

∂t
= 0, ∀t the solution is stationary

and steady-state is reached. Hereafter, the mean cell quantity will be indicated without
the bar, to keep a lean notation.

A.2 Domain geometric discretisation

The discretisation procedure, as it has been highlighted, corresponds to a geometric
discretisation: the computational domain is divided into a set of sub-domains, in each of
which the integral conservation law is enforced. Considering a stationary solution, this
equates to computing the value of a Ćow quantity ϕ = ϕ(x, y, z) at a discrete number
of points x = {xi = (x, y, z)i} on its spatial domain. The division of the computational
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domain into patches originates a geometric and functional hierarchy. The deriving tree
is important in establishing the relationship between the entities involved in the dis-
cretisation and calculation and must be codiĄed somehow into each numerical solver
dealing with generic domains.

The locations at which evolved quantities are stored and known determines the type
of the FVM: cell-centred or node-centred. In the Ąrst class, the variables are known at
the cell centroid and represent the cell average. In the second class, they are stored on
the vertex of the grid and an auxiliary control volume formed by the centroid of the cells
sharing that vertex, referred to asmedian-dual volume, is used. None of the approaches
exhibits a net advantage over the other. The Ąrst one is somehow more natural, as it
reĆects the discretisation procedure, but it is more sensitive to grid distortion than cell-
vertex median dual schemes, which suffers in contrast at sharp corners or points shared
by multiple grids. The Ćow solver here developed employs the cell-centred approach.
In equation A.8, the cell average ϕ in general agrees with the value of ϕ (x, t) at the
centre of the interval to O

(︁
∆x2

)︁
[151], which must be considered when constructing

higher-order schemes [156].

A.3 Flux calculation procedure

Before further examining the advancement of the solution in time, it is worth disclos-
ing the main task of a FVM, which is Ćux calculation. Back to Navier-Stokes equations,
Fc and Fd refer to the convective and diffusive Ćux tensors, respectively. The Ćux per
unit area at point q is thus computed asF(U⃗q) = F(U⃗q) · n̂q. In addition to a quadrature
rule for the calculation of the Ćux integral over the faces of control volume, another ap-
proximation is introduced, which is the concept of numerical Ćux function. In fact, the
functional F̃ used to calculate Ćux at quadrature points qi can differ from the physical
Ćux F and represents some sort of approximation:

Fqi = F(U⃗qi) = F̃qi (A.10)

For any particular choice of F̃ a discretisation scheme results. The nature of the
numerical Ćux function, therefore, can determine the order of convergence and the ac-
curacy of the method. In general, the numerical Ćux function depends on a series of
states evaluated at speciĄed points:

F̃ i = F̃ (Ui−m, . . . , Ui, . . . , Ui+n) (A.11)

The consistency of themethod requires it replicates the physical Ćux at stateU when
computed at states Ui all equal to U :

F̃ (Ui, Ui, . . . , Ui) = F (Ui) (A.12)

The numerical Ćux function differs according to the type of Ćux considered, in our
case the convective and diffusive Ćux, and shouldmimic its physical counterpart. With-
out entering into the multitude of discretisation schemes available for hyperbolic and
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elliptic equations, here the methods employed for the convective and diffusive Ćuxes
will be only reported. The set of states Ui upon which the numerical Ćux F̃ i depends
is called the stencil of the scheme. Intuitively, the larger the stencil, the more accurately
the Ćux will approximate the real one. Moreover, depending on the distribution of the
stencil, one can have central schemes, with an equal number of points on all sides of the
quadrature point, or one-sided schemes, which in the case of convective Ćuxes become
upwind or downwind, according to the Ćow direction. The choice of the type of scheme
is related to the nature of the phenomenon and to accuracy, stability and consistency.

In the following, the Ćux schemes used in the developed solver for the convective and
the diffusive part will be treated separately, given their different nature and complexity.

A.3.1 Convective flux

The convective Ćux Fc = Fc · n̂ is expressed in the one-dimensional case as:

Fc =

⎧

⎨

⎩

ρu
ρuu+ p
(E + p)u

⎫

⎬

⎭
(A.13)

The inviscid Navier-Stokes equations are best known as the Euler equations, that
form a system of hyperbolic conservation laws. The hyperbolicity in time of the Euler
equations relates to the fact that the eigenvalues of the convective Ćux Jacobian [A](U⃗) =
∂F

∂U⃗
are all real and distinct in one dimension, as long as the speed of sound remains

positive. The hyperbolicity of the equations expresses the propagation of information
along waves travelling at Ąnite speed. Useful reads for numerical solution of hyper-
bolic systems of conservation laws are Toro [262], Leveque [151], Pirozzoli [206]. This
fundamental property has important consequences on the numerical schemes used to
approximate the Ćux function and it justiĄes the employment of timemarchingmethods
also for steady-state solution. The directional propagation leads naturally to one-sided
schemes, and in particular to upwind ones, for numerical stability. In the Ąnite volume
context, the calculation of the Ćux at grid face i+1/2, shared between cells i and i+1, can
be carried out in the Flux Difference Splitting (FDS) approach considering the Riemann
problem arising at the face [18], where one wants to compute the solution of the initial
value problem given by two initial discontinuous states separated at the local space axis,
coincident with the face location xi+1/2. In this context, the numerical Ćux function as-
sumes the role of a Riemann solver, which in practice will give an approximate result,
since the analytical solution for 1D Euler equations is known, but too expensive to be
computed, and ismore conveniently solved in an approximateway. The Riemann solver
operates by taking the two discontinuous values at both sides of the face, often referred
to as the left and right states, and giving the convective Ćux:

Fi+1/2 = F̃(UL,UR) (A.14)

The left and right states must be extrapolated from the respective cell centre to the face,
and are denoted boundary extrapolated values. This operation is called solution recon-
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struction and sets the theoretical order of the scheme. For constant extrapolation one
has a Ąrst order scheme, for linear reconstruction a second order one and so on. In the
present implementation, the Ąrst-order Godunov scheme, RoeŠs solver [216] and ToroŠs
HLLC [262] are available. The approximate solvers employ linear reconstruction, which
makes them second order accurate on smooth solutions.

The Riemann solver of Roe is a Ćux-difference scheme, which is based on the lineari-
sation of the Ćux Jacobian around a reference state, computed using a speciĄc averaging
technique. The methods can be shown to amount to a central scheme with a numerical
dissipation based on the Roe average Jacobian |Ã|:

Fi+1/2 = F̃(UL,UR) =
1

2
(F(UL) + F(UL))−

1

2
|Ã| (UL −UR) (A.15)

TheHLLC solver of Toro is based on elementarywave decomposition of theRiemann
problem employing all the three kinds of shock, expansion and contact discontinuities.
The Godunov intercell Ćux is computed once estimates of wave speeds have been pro-
vided, using alternatives formulations. See [262] for a complete description.

Note that these numerical Ćux functions have been derived in the one-dimensional
case, but are commonly used in general dimensions, as the Ćux across an intercell bound-
ary is regarded as a locally 1D problem. For non Cartesian grids, the rotational in-
variance of the Euler equations is exploited. In fact, it can be shown that the three-
dimensional Ćux

F (U) · n̂ = [T]−1
F ([T]U) = [T]−1

F (Un) (A.16)

where [T] = [T] (n̂) is the rotation matrix from the reference frame to a frame with the
abscissa lying on the normal direction and the ordinate in the tangential direction ( i.e.
along the face ).

A.3.2 Diffusive flux

The viscous part of theNavier-Stokes equations corresponds to a diffusive Ćux,which
must be again computed at the intercell boundary. The elliptic nature of diffusion, rep-
resented by the steady Poisson equation ∇2ϕ = 0, makes central schemes suitable to
approximate the state at cell face. The computation of the viscous Ćux reduces to ap-
proximating the gradient of velocity and temperature at the face. Whilst simple arith-
metic average of cell-centre gradients can be sufficient in smooth and equispaced grids,
for typical problems adding more terms helps increasing the resolution and stability
[124, 181]. In the current implementation, the formula given in equation 3.4 is used for
gradient approximation on the face.

A.4 Gradient reconstruction

As become evident above, when brieĆy presenting the Ćux calculation procedure,
the solutionmust either be extrapolated from the pointwhere it is evolved to the quadra-
ture points where Ćux is to be computed, or the gradient of the solution must be known
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for diffusive Ćux. Gradient reconstruction constitutes a key and heavy task in a Ąnite
volume solver. Considering a two-dimensional case, the solution around a point (xi, yi)
can be expressed in Taylor series up to a desired accuracy:

ϕ(xi, yi) ≈ ϕ̃(xi, yi) = ϕ|i +
∂ϕ

∂x

⃓
⃓
⃓
⃓
i

(x− xi) +
∂ϕ

∂y

⃓
⃓
⃓
⃓
i

(y − yi)

+
1

2

∂2ϕ

∂x2

⃓
⃓
⃓
⃓
i

(x− xi)
2 +

1

2

∂2ϕ

∂y2

⃓
⃓
⃓
⃓
i

(y − yi)
2+

1

2

∂2ϕ

∂x∂y

⃓
⃓
⃓
⃓
i

(x− xi) (y − yi) +O(x3, y3) (A.17)

For a second order scheme, squared terms can be neglected and a reconstructed
value is simply:

ϕj = ϕ (xj , yj) = ϕ (xi, yi) + ∇ϕ|i · (xj − xi, yj − yi) (A.18)

A.4.1 Green-Gauss gradient reconstruction

The Ostrogradskij or Green-Gauss theorem can be directly applied to estimate the
gradient of a cell value:

∇ϕ =
1

V

∫︂

Ω
∇ϕ dV =

1

V

∫︂

Ω
∇ · ϕI dV =

1

V

∮︂

∂Ω
ϕ n̂ dA (A.19)

The formula uses the same calculation method of the other Ćuxes and can reuse most
the structure of the core solver. The function value at the face centre can be obtained by
linear interpolation of cell values:

ϕij = gc ϕi + ( 1− gc)ϕj , gc =
|riF |

|riF + rjF |
(A.20)

A.4.2 Least Square Gradient reconstruction

The least square gradient reconstruction [186] is a conservative reconstruction tech-
nique applicable to generic grids. It is based on a Taylor expansion of the mean cell
gradient and requires the solution of a constrained overdetermined system of equa-
tions. Considering the Taylor series of the two-dimensional Ąeld ϕ of equation A.17,
conservation of the mean requires:

ϕi =
1

∆Ai

∫︂

Ωi

ϕ̃idA (A.21)

Substituting the reconstructed value ϕ̃i in the integral, one obtains:

ϕi = ϕ|i +
∂ϕ

∂x

⃓
⃓
⃓
⃓
i

xi +
∂ϕ

∂y

⃓
⃓
⃓
⃓
i

yi +
1

2

∂2ϕ

∂x2

⃓
⃓
⃓
⃓
i

x2i +
1

2

∂2ϕ

∂x2

⃓
⃓
⃓
⃓
i

y2i +
1

2

∂2ϕ

∂x∂y

⃓
⃓
⃓
⃓
i

xyi + . . . (A.22)
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The geometric moments are computed as:

xmyn =
1

Ai

∫︂

Ωi

(x− xi) (y − yi) dA (A.23)

In addition to conservation of the mean value of cell i, also the reconstruction error in
the neighbouring cells must be minimised. Imposing this condition quickly results into
an overdetermined set of equations, as the unknown gradient terms, up to kth order, are
less than the number of equations, coming from the fact that addingmore neighbours in
the reconstruction stencil makes it more robust and accurate, in presence of non smooth
grids and Ąelds. Applying conservation of the mean for a neighbour cell j, one gets to
the following expression:

ϕj = ϕi +
∂ϕ

∂x

⃓
⃓
⃓
⃓
i

(xj + (xj − xi)) +
∂ϕ

∂y

⃓
⃓
⃓
⃓
i

(︁
yj + (yj − yi)

)︁
+

1

2

∂2ϕ

∂x2

⃓
⃓
⃓
⃓
i

(xj + (xj − xi))
2 +

1

2

∂2ϕ

∂x2

⃓
⃓
⃓
⃓
i

(︁
yj + (yj − yi)

)︁2
+

1

2

∂2ϕ

∂x∂y

⃓
⃓
⃓
⃓
i

(︁
yj + (yj − yi)

)︁ (︁
yj + (yj − yi)

)︁
+ . . . (A.24)

The Ąnal system of equations is obtained by collecting together all these error min-
imisation relations. By deĄning:

ˆ︂xnymij =
1

Aj

∫︂

Ωj

((x− xj) + (xj − xi))
n + ((y − yj) + (yj − yi))

mdA (A.25)

the system reads, for a second order reconstruction, neglecting higher than Ąrst order
derivatives:

⎡

⎢
⎢
⎢
⎢
⎢
⎣

1 xi yi
wi1 x̂i1 x̂i1
wi2 x̂i2 x̂i2
...

...
...

win x̂in x̂in

⎤

⎥
⎥
⎥
⎥
⎥
⎦

⎧

⎪⎪⎪⎨

⎪⎪⎪⎩

ϕ
∂ϕ

∂x
∂ϕ

∂x

⎫

⎪⎪⎪⎬

⎪⎪⎪⎭

=

⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ϕi
wi1ϕ1
wi2ϕ2

...
winϕn

⎫

⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎭

(A.26)

and has two unknowns and n equations, as many as the size of the stencil. The Ąrst row
can be removed by Gauss elimination, the remaining system solved either directly us-
ing Moore-Penrose pseudo inverse, with Singular Value Decomposition (SVD) to avoid
problems for ill-conditioned matrices [124], or also QR factorisation via Hoseholder
transformation [182]. The terms wik are weights that highly improve the reconstruction
in non-regular and unstructured grids. They can be computed in a variety of ways, with
inverse distant weighting the most popular:

wik =
1

|ri − rj |q
, q ≥ 1 (A.27)



144 APPENDIX A. FINITE VOLUME METHOD

Whilst this is standard practice, to distinguish the method from its Ąrst variants, the lit-
erature sometimes refers to it as weighted least square. In the current implementation,
to avoid storing the pseudo-inverse matrix, that is mesh-dependent and not varying for
Ąxed domains, but requires at least 8 double precision real per elements, only the geo-
metric moments are computed at the code entry and are reused every time to form the
system, which reduces to a square one in two dimensions for second-order reconstruc-
tion.

A.5 Time discretisation

The choice of a Ćuxdiscretisation for equation 3.1 gives an ordinary differential equa-
tion (ODE) in time:

Ω
∂

∂t
U = −

∑︂

f∈Ω

[Fc · n̂A]f +
∑︂

f∈Ω

[Fd · n̂A]f = R (U) (A.28)

where the Ćuxes can be summarised by the right hand side of the equation andR (U)
is called the residual. The nonlinear ODE can be solved using any of the standardmeth-
ods, provided that they possess the required numerical stability. In fact, some combina-
tions of Ćux discretisation schemes and time marching techniques are unconditionally
unstable and cannot be used. A classical example is the forward-in-time, centred-in-
space (FTCS) discretisation of the 1D linear advection equation

un+1 − un
∆t

+ a
ui+1 − ui−1

2∆x

The stability of a scheme can be studied using the von Neumann analysis, which is
based on the assumption of a periodic solution in space. For a thorough discussion of
numerical stability, see Hirsch [107]. Qualitatively, it can be stated that the domain of
dependence of the differential equation should be entirely contained in the numerical domain of
dependence of the discretised equations. This poses a limitation in the choice of the time step
of the time marching technique, which is expressed by a maximum allowed Courant-
Friedrichs-Lewy (CFL) number:

CFL = a
∆t

∆x
(A.29)

where a is the advection velocity.

A.5.1 Explicit Runge-Kutta method

Runge-Kutta methods are a class of numerical algorithms for ODE. They are based
on the idea of evaluating the residual at several intermediate steps between tn and tn+1

and combine them to advance the solution. Each intermediate step is called stage, and
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a k-stage method can be written in general as:

U (1) = Un (A.30)

U (k) = U (1) +∆t
k−1∑︂

j=1

αjkR
(j) (A.31)

U (n+1) = U (n) +∆t
k∑︂

j=1

βjR
(j) (A.32)

The algorithm depends upon the coefficients αjk and βj . In the above formulation,
however, all the intermediate residuals contribute to the solution at next time level, with
a high memory overhead. Low storage forms have then been devised, written as:

U (1) = Un (A.33)

U (k) = U (1) +∆tαkR
(k−1) (A.34)

U (n+1) = U (n) +∆t

k∑︂

j=1

βjR
(j) (A.35)

(A.36)

with
∑︁k

j=1 βj = 1 and often βk = 1, βj = 0, j < k.
A popularmethod is the three-stage, third order TVD scheme of Shu andOsher [89],

3.10, with a maximum CFL of 1/nd, where nd is the dimension of the problem.

A.5.2 Implicit time stepping

In the implicit time stepping method, the newly searched solution at next time level
is written as an implicit equation that cannot be readily inverted, if not solving a linear
system. Consider for instance the Ąrst-order backward Euler method:

un+1 − un

∆t
= R(un+1) (A.37)

The residual being expressed at unknown time level, it is not possible to directly explicit
the solution un+1 and the equationmust be solved using an appropriate method. Before
elaborating more on how to solve it, the notation must be made clearer.

Referring to a system of conservation laws, such is the Navier-Stokes equations, the
above expression holds for each cell in the discretised domain. The solution u actually
is a vector of Ąve components in three dimensions and correpsonds to the conserved
variable Ui in the cell i. The residual Rn+1 is actually again a Ąve component vector in
3D, with the right hand side of each solved scalar equation in cell i: Ri. Now, the resid-
ual includes the convective and diffusive Ćuxes, plus any source term. It is a function,
through the numerical scheme, of the solution values in the cells forming the stencil.
If the scheme is linear, then R is a linear combination of the cell values involved in the



146 APPENDIX A. FINITE VOLUME METHOD

computational molecule for cell i into consideration. Thus, for each cell a linear equa-
tion can be written and advancing the solution at n+1 requires solving a linear system.
The system matrix is sparse and banded and a variety of iterative methods can be ap-
plied to invert it. If either the schemes used to form the residual are non-linear or the
source terms are, thenRi is a nonlinear combination of all the variables involved in the
computational stencil. It can be written as:

Rn
i = R

(︁
Un

i−k, . . . ,U
n
i , . . . ,U

n
i+m

)︁
(A.38)

For higher order schemes, it is also function of the limited gradients of the conser-
vative variables:

Rn
i = R

(︁
Un

j ,∇Un
j , ψj , . . .

)︁
(A.39)

In order to solve the nonlinear equation for the cell mean valueUn+1
i

Ω

(︁
Un+1

i −Un
i

)︁

tn+1 − tn
= Rn+1

i (A.40)

it is possible to linearise the residual aroundUn:

Rn+1
i ≈ Rn
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⃓
⃓
⃓
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j

)︂

(A.41)

where C(i) is the set of cells upon which the residual Ri depends. In this way, the
equation A.40 becomes:
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(A.42)

By setting ∆Un
i =

(︁
Un+1

i −Un
i

)︁
we have:

(︃
Ω

∆t

)︃

∆Un
i − ∂Rn

i

∂Un
j

∆Un
j = Rn

i (A.43)

By writing this equation for each cell i = 1, . . . , n a block linear system is assembled,
whose components are m ×m matrices, with m equal to the number of evolved quan-
tities, Ąve for 3D Navier-Stokes. It can be noted that the residual linearisation has only
affected the left hand side of equation A.40, meaning that the order of accuracy and the
solution at n + 1 are unchanged by this Ąrst order expansion, the solution being deter-
mined solely by the Ćux balance. Instead, the quantities on the left hand side determine
the way the solution is evolved from tn to tn+1.

For steady-state calculations, the time derivative must drop at convergence. The
Ω/∆t term in the equations represents a relaxation factor and, conversely from explicit
time stepping, can assumemuch larger values, according to the time advancementmethod
and the approximation used for forming and solving the linear system. As∆t→ 0, the
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equation reduces to a Newton step, which is a method converging at second order to-
wards the root. There are, in fact, a variety of algorithms that can be applied to solve the
arising linear system. Their behaviour and efficiency depends not only on their intrinsic
approach, but also on the approximations used in deriving the residual Jacobians. In-
deed, their exact expression can be extremely complicated to be derived analytically, due
to the fact that it depends on many variables and their gradients, as in equation A.39.
Numerical derivatives could be computed using Ąnite differences [134]. The fact that
the Jacobians do not inĆuence the Ąnal solution allows for some approximation in their
computations. A typical approach consists in deriving them using Ąrst-order schemes,
for instance the Rusanov one for convective Ćuxes, and the thin shear layer approxima-
tion with centred derivatives for the diffusive Ćuxes [18]. These have expressions much
more easily handled and computationally affordable. Unfolding the full Jacobian ex-
pression using chain rule is also possible, either analytically or using automated differ-
entiation [187]. This is typically used in conjunction with Newton-Krylov linear system
algorithms, in order to restore second order convergence to steady state, but at the cost
of amuch larger storage requirement, as Jacobiansmust be kept inmemory and for each
cell it is at least a 6x6 matrix for a one equation turbulence model, like Spalart-Allmaras.

Solution of linear system

After forming the linear system arising from the expansion of Jacobians around time
leveln, a suitable techniquemust be adopted to solve it for the unknown time increments
∆Un

i . When Ąrst order approximation of Jacobians is employed, a popular solution
strategy is based on Lower-Upper Symmetric Gauss-Sidel (LU-SGS) iterative method
[18]. In equation A.43, the global system can be written as:

(︃
Ω

∆t
I−M

)︃

∆Qn = R (A.44)

whereQ is now the symbol for the conservative variable vector. The implicit block ma-
trix, whose element are 5×5matrices as well, for 3DNavier-Stokes, can be decomposed
as [282]:

Ω

∆t
I−M = L+D+U = (L+D)D−1 (U+D)− LD−1U (A.45)

where L is a block lower triangular matrix,U is a block upper triangular matrix, andU

is a block diagonal matrix. If LD−1U is small and can be neglected, equation A.44 can
be rewritten as

(L+D)D−1 (U+D)∆Un = R (A.46)

With this decomposition, the above equation can be inverted with the following two
sweeps approach:

{︄

D∆Q⋆ = −Rn − L∆Q⋆

D∆Qn = D∆Q⋆ −U∆Qn
(A.47)
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The Ąrst equation represents the forward sweep, and the second the backward. The
name comes from the way the computational domain is looped. In order to highlight
the L,D andU matrices, equation A.43 can be expanded as:
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∆Qn
j = Rn

i (A.48)

L(i) and U(i) are the set of lower and upper cells, with respect to cell i, respectively.
They depend on domain numbering and with suitable choice of cell numeration these
sets can be such that they can be accessed independently during the forward and back-
ward sweep [229, 295]. The residual Jacobians are, in fact, the Jacobian of the convective
and viscous Ćuxes. As stated above, some levels of approximation are possible in their
derivation. The simplest one is to express them using Rusanov Ćux computed with Ąrst
order expansion, i.e. with cell centre values [6]:

Rn
i =

∑︂

j∈C(i)

(Fij · n̂ijSij) (A.49)

Fn
ij =

[︃
1

2
(Fi + Fj − [A]ij (Qj −Qi))

]︃

· n̂ijSij (A.50)

If the dissipation matrix of the Rusanov Ćux is approximated by its spectral radius,
[A]ij = λijI, with

λij = |V · n̂ij |+ a+
2 (µ+ µt)

ρ|n̂ij · (rj − ri)|
(A.51)

Then, for a closed control volume, the Ćux integral

∑︂

j∈C(i)

(Fi · n̂ijSij) = 0 (A.52)

with Fi constant for Ąrst order approximation is zero in equation A.49, and the contri-
bution to the D matrix is only due to (λijI)Qi. The other terms depending on Qj go
either in L or U, according to the position of the cell considered. By introducing the
additional approximation for which:

∂Rn
i

∂Qn
j

∆Qn
j =

∂Fn
ij

∂Qn
j

∆Qn
j ≈ F (Qj +∆Qj)− F (Qj) (A.53)
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equation A.48 can be written as:
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1

2

∑︂

j∈U(i)

[F (Qj +∆Qj)− F (Qj)] = Rn
i (A.54)

and can be solved with the forward and backward sweeps of A.47.
An improvement of the above method is to retain the full matrix of the Ćux Jacobian

of Ąrst order Rusanov Ćux. The dissipation matrix can be taken as the Roe matrix, co-
herently with the Ćux used to compute the right hand side residual, and the viscous Ćux
Jacobian can be approximated by a matrix Jv derived, for instance, using the thin shear
layer approximation of the Navier-Stokes equations or some better estimation [204]. In
this way, we resort to the block feature of the system and the so-called block LU-SGS
(BLU-SGS). Although computationally more expensive than the LU-SGS variant, it can
offer substantial reduction of iterations required and effective time saving [34]. Further-
more, also the number of sweeps can be increased to reduce the error in solution update
at each time step. Again, for a large number of sweeps the beneĄt brought by improved
accuracy is offset by the computational time [34, 193, 291]. In parallel computation,
Ąnally, the communication strategy is cumbersome and requires care and optimal tun-
ing, as the computational domain is split among various processes thatmust sweep each
portion individually [188].

An example of the inĆuence of the degree of residual approximation on the conver-
gence behaviour is shown in Figure A.2. The problem solvedwas an inviscid 2D circular
bump channel at transonic regime. The circular bump acts as a convergent-divergent
nozzle and causes the formation of an oblique shock wave multiply reĆected, starting
from the kink where the arc joins the straight wall, as visible in Figure A.1. The LU-SGS
and BLU-SGS algorithmhave been implemented for the Euler solution and appliedwith
different sweeps. A substantial reduction of the number of iteration for a six order of
magnitude drop of the total energy residual was achieved with the BLU-SGS, Figure
A.2a. However, the computational cost of the full matrix approximation is much higher
than the LU-SGS, where only vector operations on the diagonal are involved. Despite
the slow convergence speed, the time cost of LU-SGS is still better than BLU-SGS. Al-
though the code was not optimised, this highlights the fact that the development of an
implicit Ćow solver requires particular care, since the theoretically better performance
of more advanced methods can be offset by a heavy computational cost, such that there
must be an optimal trade-off between the number of iterations and the time-cost per
iteration.

The programming cost of a turbulent implicit solver is very high. Despite it offers
great advantage in stability convergence, the mathematical and numerical methods are
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Figure A.1: Mach number contours for the 2D circular bump problem at transonic
regime. TheM = 1 isoline is shown in black.

0 1000 2000 3000 4000 5000 6000

iter

10
-6

10
-4

10
-2

10
0

10
2

re
s(

E
to

t)

LU-SGS

BLU-SGS - 2 sweep

BLU-SGS - 4 sweep

(a) Convergence history for Total Energy
residuals as a function of the sweeping al-
gorithm

0 200 400 600 800

CPU time

10
-6

10
-4

10
-2

10
0

10
2

re
s(

E
to

t)

LU-SGS

BLU-SGS - 2 sweep

BLU-SGS - 4 sweep

(b) Convergence time for Total Energy
residuals as a function of the sweeping al-
gorithm

Figure A.2: 2D circular bump channel at transonic regime. Comparison of ITS algo-
rithms on convergence history.



A.5. TIME DISCRETISATION 151

very complicated and the implementation on a formally unstructured code is cumber-
some. Moreover, it adds complexity to the already critical task of parallelisation. As
shown in the example reported in Figure A.2, the employment of more accurate meth-
ods must cope with the heavier computational cost, and without a careful program-
ming strategy and optimisation the net improvement on the convergence time can be-
come negative. In addition, a fully implicit treatment of boundary conditions must be
adopted. A possible way is expressing the contribution to the Jacobian from the ghost
cell l as a function of the boundary cell i [11]:

∂F

∂Ul
∆Ul =

∂F

∂Ul
[C] ∆Ui (A.55)

The relation [C] ∆Ui links the variation of the ghost cell value ∆Ul with that of the
interior boundary cell ∆Ui. By further disclosing this expression, it appears that:

∆Ul =
∂Ul

∂Ui
∆Ui =

=
∂Ul

∂Vl

∂Vl

∂Vi

∂Vi

∂Ui
∆Ui (A.56)

where U is the conservative variable and V the primitive variable. In fact, boundary

conditions are often expressed in terms of the primitive variables. Thematrix [C] =
∂Vl

∂Vi
must be derived for each kind of boundary condition and added to the residual of the
interior boundary cell i at each iteration. The two changes fromprimitive to conservative
variables and vice versa require two more matrix-matrix multiplication. The cost of the
operation itself is high, and the analytical differentiation of the link between the imposed
ghost value and the boundary interior value can be very complicated, by the fact that
the simplest isentropic equations are highly nonlinear.

A number of other issues could be added regarding implementation and efficiency
of implicit methods, although they are believed to fall outside the scope of the present
work. The possibility of using very high Courant numbers without encountering in-
stability represents the major motivation to employ implicit algorithms. For LU-SGS
approach, the time step appears in the diagonal matrix and it helps improving the diag-
onal dominance of the system, which is of great importance for the approximate LDU
decomposition to hold. A suitable choice of CFL is often combined with a relaxation
parameter multiplying the diagonal terms of the dissipation matrix, again to control di-
agonal dominance. In practice, CFL can be ramped from start of iterations and values as
high as 105 can be reached. For inĄnite time-step, the solution update becomes aNewton
method. This is used in Newton-Krylov solvers, usually employing Generalised Mini-
mal Residual (GMRES) in combinationwith preconditioning techniques and line search
relaxation, again with different levels of approximation and storage strategies [121, 172,
180]. These algorithms, however, are much more complicated in the implementation
and parallelisation than LU-SGS, despite offering convergence in a very limited number
of iterations.





Appendix B

Additional test cases for flow solver
development

The appendix provides additional test cases used for the validation and veriĄcation
of the numerical solver during its development.

B.1 Linear advection equation

Figure B.1 compares different time-marching algorithms for SOU+SUPERBEE for
the advection of a square wave with linear velocity, see Section 3.3. After one second of
physical time interval with a CFL = 0.5. The RK46NL low dissipation and low disper-
sion explicit Runge-Kutta algorithm [14] behaves as good as the semi-implicit Crank-
Nicholson scheme, the latter combining one step of backward and one step of forward
Euler. The Adams-Moulton scheme is similar to RK4, while the explicit Ąrst-order back-
ward Euler is very diffusive, as expected. Even for smoother solutions, a small disconti-
nuity in the derivative can cause the appearance of the dispersion error. This is shown
in Figure B.2, where the same grid as before was used for propagation of a sine wave.
The snapshot is at t = 4s, in order to emphasize the behaviour of each scheme. Again,
the FOU has almost completely dissipated the initial compactness of the solution, while
limited SOU remarks the compressive nature of SUPERBEE and the more diffusive at-
tribute of MINMOD. The QUICK algorithm has kept a smooth solution with minimum
oscillations for this speciĄc case.

153
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Figure B.1: Comparison of time scheme for linear advection of a square wave using SOU
in space. Grid size is 100 cells. CFL = 0.5

Figure B.2: Comparison of spatial scheme for linear advection of a sine wave using
RK46NL in time. Grid size is 100 cells. CFL = 0.5
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B.2 2D Euler equations

B.2.1 2D Riemann Problem of Schulz

An interesting test case for the Euler equations is the 2D Riemann problem of Schulz
[226]. It is solved in a square domain with transmissive boundary conditions on each
side. The domain is divided into four regions where primitive variables are constant,
but different in each sector. The resulting solution is a very complex Ćow Ąeld with a se-
ries of waves interacting and bringing Kelvin-Helmholtz instability and vortex roll-up.
The structures evolve at unlimited subscales and they can be captured by a very Ąne dis-
cretisation employing high order methods, such as WENO reconstruction. Therefore,
it is a good way of assessing the effectiveness of the adopted limiter and the resolu-
tion of the methods. In the numerical simulation, the computational grid had 400x400
equally spaced elements and a MUSCL-TVD scheme with the HLLC Riemann solver
was employed, together with RK3-TVD [262] for time integration. Figure B.4 shows the
density gradient magnitude in logarithmic scale, allowing to appreciate the main dis-
continuitywaves and some instabilities that are captured by the code. The discretisation
was, however, relatively coarse for a 2nd order method. A comparison with a 4th order
discretisation on a mesh much Ąner, with a characteristic dimension of 1/1818 [265] in
the lower left quadrant, compared to 1/400 for the current code, shows in Figure B.3
that there was a good overall match between the solutions, with an apparent blur for
the lower order discretisation.

Figure B.3: 2D Riemann problem of Schulz. Density Ąeld after 1 s. (a) 4th orderMUSCL
of [265], h = 1/1818. (b) 2nd order MUSCL, current code, h = 1/400
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Figure B.4: 2D Riemann problem of Schulz. Density gradient magnitude after 1 s.
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B.2.2 Double Mach reflection

Another popular veriĄcation case for inviscid Ćows is the double Mach reĆection
problem of Woodward and Colella [289]. It was derived from several wind tunnel tests
of planar waves impinging on edges, and it consists in a normal shock wave travelling
down a tube and hitting a wedge, from which it is reĆected through a complex pattern
of structures and instabilities of unbounded subscale. Numerically, it can be simulated
by proper imposition of boundary conditions in a rotated domain, where the wedge
wall is horizontal and the Mach 10 shock wave looks inclined, at 60°. Ahead of the
wave, ρ = 1.4 and p = 1.0. Figure B.5a shows the density result at t = 0.2s for the
present 2nd order solver on a square grid with h = 1/300. The solution is compared
to that of Tsoutsanis, obtained with a 4th order MUSCL solver using the same limiter,
Figure B.5b. The Ćow Ąeld is in good agreement, exhibiting similarity for the shock and
discontinuity waves, the position of the triple point and the contours shape. The Kelvin-
Helmholtz instabilities arising in the inner Mach stem are obviously better resolved by
the high-order solver, but the validity of the current implementation appears conĄrmed.

(a) Present 2nd order solver

(b) 4th order solver of Tsoutsanis [265]

Figure B.5: Double Mach reĆection problem.
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B.3 2D Navier-Stokes equations

B.3.1 Stokes First Problem

Stokes Ąrst problem deals with the Ćow near an impulsively started plate at speed
V . An exact similarity solution is given by

v = V erf

(︄

y

2
√︁

(ν t)

)︄

(B.1)

The case can be conveniently simulated with a shear layer on the y velocity component
v. A rectangular domain, with periodic boundary conditions on the upper and lower
side, and constant imposed freestream values at the left and right side, was initialised
with v = −V for x < 0 and v = V for x > 0, and zero u. The result at t = 0.5s for
ν = 0.01, γ = 1.4, p = 1/γ, V = 0.1 is shown in Figure B.6a. The error scaling for v in
L∞,L1 andL2 norm is reported in Figure B.6b, which proves that the parabolic equation
is solved with second order accuracy in space.
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Figure B.6: Stokes Ąrst problem

B.3.2 Laminar flow past a circular cylinder

The laminar Ćow past a circular cylinder is a largely studied problem that is com-
monly used for code veriĄcation, as it is characterised by a variety of regimes and quite
complex phenomena thatmust be correctly captured by a direct Navier-Stokes solver. In
the incompressible case, the leadingparameter determining the Ćow type is theReynolds
number based on diameter D, Re = U∞D/ν. At low Reynolds, a laminar steady sepa-
ration bubble forms behind the cylinder. When the Reynolds number exceeds approx-
imately 70, the Ćow becomes unsteady and the vortex shedding begins, in which there
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appears an oscillation of the wake with a periodic detachment of a von Karman vor-
tex. The solution becomes steady again in the fully turbulent regime. If the Ćuid is
compressible, the Mach number becomes a second non-dimensional parameter and rel-
evant cases for the purpose of numerical methods are for instance those of the cylinder
conĄned in a channel, with the shock structure being reĆected by the lower and upper
walls, the interaction of more than one body and solution methods for moving objects
or geometries with sharp interfaces, in particular in the framework of FD codes using
the Immersed Boundary Method (IBM) [276].

For the present code, the main interest was in the veriĄcation of the laminar Ćow
structures, the periodic vortex shedding, the computation of forces for a body immersed
into a Ćuid and the correct replication of shock structures. By changing the Reynolds
and the Mach number, these Ćow regimes were examined and compared with refer-
ence solutions found in the literature. The computational grid consisted of an O-type
topology with smoothed wall-clustered cells and a circular domain of diameter 100D,
an example of which is shown in Figure B.7. The typical grid size for computations
ranged from 50k to 120k elements, with reĄned grids used for compressible cases. At the
boundary, a Riemann far-Ąeld condition, based on 1D inviscid Riemann invariant, was
imposed. The truncated domain would require some speciĄc treatment at the bound-
aries, like characteristic non-reĆecting boundary conditions (NRBC), but they were not
implemented in the current code, as they are more difficult to impose in unstructured
Ąnite volume solvers and typically escaped in the RANS approach, which was the Ąnal
target of the development line.

Figure B.7: Example of grid used for laminar Ćow past a circular cylinder
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Steady flow

The Ąrst set of solutions were obtained in the nearly incompressible regime,M = 0.1
at Re < 80. Figure B.8a shows the velocity magnitude contours and streamlines at
Re = 40, while Figure B.8b illustrates the normal vorticity ωz contours and streamlines
at Re = 30, highlighting the physical dimensions characterising the separation bubble,
that are compared to those found by other authors in Table B.1. The results appear
within the ranges found in the literature and verify the implemented numerical method.
The pressure coefficient distribution over the circumference at Re = 40 is compared in
Figure B.9a with that of incompressible SUPG-FEM code of Sen [227], deemed accurate
for this class of problems, showing good agreement. Also the variation of the drag
coefficient with Reynolds, reported in Figure B.9b, matches the one found by the same
author.

(a) Velocity magnitude and streamlines at Re = 40

(b) Vorticity magnitude and streamlines, Re = 30. Character-
istic physical dimension of the separation region are indicated

Figure B.8: Steady laminar Ćow around a cylinder.
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Table B.1: Comparison of separation bubble lengths for steady laminar Ćow around
circular cylinder at Re = 30.

Author ReD M a/D b/D L/D θ Cd

Coutanceau and Bouard [exp] [46] 30 - 0.54 0.54 1.55 50.00 -
Tritton [exp.] [264] 30 - - - - - 1.74
Pinelli [205] 30 - 0.56 0.52 1.80 48.05 1.80
Present 30 0.1 0.54 0.53 1.60 48.70 1.71
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Figure B.9: Steady laminar Ćow around a cylinder
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Vortex shedding

When ReD exceeds a critical value around 70, the Ćow turns into a periodic un-
steady motion, with a Ćuctuating pressure Ąeld and an oscillating separation bubble,
from which vortices are detached and convected downstream, in the so-called vortex
shedding. Figure B.10 illustrates the instantaneous z-vorticity contours for a case at
Re = 185 and M = 0.1 showing the phenomenon. The comparison of the character-
istic frequency of the oscillation, represented by the nondimensional Strouhal number
St = Dω/U∞, where ω is the shedding frequency, is given in Table B.2. The parameters
are comparable with those of other authors, whose code were truly incompressible and
based on different discretisation approaches.

Figure B.10: Instantaneous z-vorticity contour for laminar Ćow past a cylinder atReD =
185.

Table B.2: Characteristic coefficients for laminar Ćow around a cylinder at Re = 185.

Author CD Crms
L St

Pinelli [205] 1.430 0.423 0.196
Vanella [275] 1.377 0.461 -
Guilmineau [94] 1.280 0.443 0.195
Lu [159] 1.310 0.422 0.195
Present 1.330 0.450 0.191

High-speed flow

The last studied problemwas the high-speed compressible regime, where a detached
shock wave is formed in front of the cylinder. Density and Mach number contours at
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M = 2.0 and Re = 300 are shown in Figure B.11a and B.11b. The computed Ćow Ąeld
was symmetrical, with a strong bow shock and a wake region. The shock front did
not follow the circular mesh arrangement, resulting in a sharp capturing only near the
central axis, with blurred contours far away. This is inevitable with the circular farĄeld
domain employed. However, the shock standoff was 0.7, which is in agreement with
literature data, for instance referred to Riahi [210], who employed and IBM in the open
source FV solver OpenFOAM.

(a) Density contours (b) Mach number contours

Figure B.11: Supersonic laminar Ćow around a cylinder,M = 2.0, Re = 300
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B.3.3 Other verification cases

Apart from analytical solutions, which are very limited indeed for Navier-Stokes
equations, a wide number of veriĄcation cases is available in the literature for a code-to-
code or numerical versus experimental data comparison. Among them some omitted
cases are the Stokes second problem, the Poiseuille Ćow, the 2D Taylor-Green vortex,
all possessing an analytical solution, the double shear layer, heat conduction in a pipe,
the lid-driven cavity. This last problem is shown in Figure B.12. In all these simulations
consistent solutions were obtained, conĄrming the validity of the implementation.

(a) Velocity magnitude contours and
streamlines
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Figure B.12: Lid-driven cavity problem atRe = 100, t = 10s. Upper wall slides horizon-
tally without leakage.
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B.4 2D RANS

B.4.1 2D turbulent flat plate

The 2D zero pressure gradient turbulent Ćat plate was used as veriĄcation case, re-
lying on the data present in the NASA TMR repository. The Ąrst problem was at low
speed, with M = 0.2 and Re = 5 × 106. The plate was modelled with an isothermal
no-slip wall, while freestream conditions were imposed elsewhere. The outcome of the
simulation was compared with the reference NASA code CFL3D, as shown in Figure

B.13. Figure B.13b illustrates the law of the wall y+ =
yuτ
ν

vs u+ =
u

uτ
, uτ =

√︃
τw
ρ
, for

the present implementation and CFL3D. The curves are closely overlapped and no dif-
ference can be spotted. Figure B.13a depicts the turbulent viscosity ratio. The reference
solutionwas computed on a Ąner grid, which can explain the slight difference, that does
not spoil a very good agreement tough.
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Figure B.13: 2D zero pressure gradient turbulent Ćat plate,M = 0.2, Re = 5× 106

The same problem also appears as an extended case atM = 2.0, Re = 15 × 106 on
NASA TMR. The result of the present code is again compared to CFL3D in Figure B.14.
The skin friction coefficient vs Reθ, in Figure B.14a exhibits a trend very similar to the
reference solution, found on a Ąner grid, with only an almost constant offset. The wall
law in Figure B.14b was extracted at Reθ = 10000 and it appears very well matched,
implicitly remarking the validity of the previous image.
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Figure B.14: 2D zero pressure gradient turbulent Ćat plate at high speed, M = 2.0,
Re = 15× 106

B.4.2 2D bump channel

The very good correspondence between the implemented SA model and the refer-
ence solutions for the previous case indicates a correct inclusion of the turbulence terms
in the present code and the capability of correctly resolving the boundary layer proĄle.
It is also important to verify that wakes are consistently and robustly handled by the
solution method. To this purpose, another NASA TMR case, the 2D bump channel was
considered. The problem is very similar to the previous one, but at a certain streamwise
location the wall has a bump causing a downstream separation with the thickening of
the boundary layer and the activation of the production and destruction source terms,
fed by the generated vorticity in the wake. Figure B.15 illustrates the turbulent viscosity
ratio µt/µ in the boundary layer, highlighting the wake growth behind the bump ( the
horizontal scale has been stretched to magnify the curvature). Figure B.16a reports the
wall skin friction coefficient for reference NASA codes FUN3D and CFL3D and the cur-
rent solver. The shape of the reconstructed coefficient is close to the reference one, but
an overshoot can be noticed at x = 0.7, with some slighter undershoots at x = 0.5 and
x = 1. This discrepancy can be attributed to the factor 5 difference between the mesh
size of the NASA outputs and the one here used, as a larger number of elements was
too time expensive for a serial calculation, and possible interpolation differences. On
the other hand, the pressure coefficient distribution depicted in Figure B.16b has a very
good agreement, so that the result could be regarded conĄdently.
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Figure B.15: Turbulent viscosity ratio for 2D bump channel problem
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Figure B.16: 2D bump channelM = 0.2, Re = 3× 106
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