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Abstract: We define the double ramification hierarchy associated to an F-cohomological
field theory and use this construction to prove that the principal hierarchy of any semisim-
ple (homogeneous) flat F-manifold possesses a (homogeneous) integrable dispersive
deformation at all orders in the dispersion parameter. The proof is based on the recon-
struction of an F-CohFT starting from a semisimple flat F-manifold and additional data
in genus 1, obtained in our previous work. Our construction of these dispersive defor-
mations is quite explicit and we compute several examples. In particular, we provide a
complete classification of rank 1 hierarchies of DR type at the order 9 approximation
in the dispersion parameter and of homogeneous DR hierarchies associated with all
2-dimensional homogeneous flat F-manifolds at genus 1 approximation.
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Introduction

Since Witten’s conjecture [Wit91] and its proof by Kontsevich [Kon92], there have been
growing and fruitful interactions between the area of integrable hierarchies of PDEs
and algebraic geometry of the moduli spaces of algebraic curves. In this context, and
in connection with topological field theory, Dubrovin introduced in the 90s the notion
of Frobenius manifold [Dub96], a differential-geometric structure that encodes genus-
zero information of a cohomological field theory (CohFT) on the moduli space of stable
curves, besides having far reaching connections with other areas of mathematics.

From the point of view of integrable systems, given a Dubrovin—Frobenius manifold,
there exists an associated integrable hierarchy of Hamiltonian quasilinear PDEs called
Dubrovin’s principal hierarchy, or simply principal hierarchy. An important problem
in the theory of integrable systems consists in constructing a full dispersive hierarchy
starting from its dispersionless limit.

In the framework of moduli spaces, the principal hierarchy associated to a Dubrovin—
Frobenius manifold and its dispersive deformation should satisfy additional constraints
coming from the intersection theory of the CohFT. In the semisimple case, there exist two
different (but conjecturally Miura-equivalent [Burl5,BDGR18,BGR19]) constructions
defining such dispersive deformations:

(1) The Dubrovin—Zhang construction [DZ01] is based on the idea that the partition
function of the corresponding CohFT in all genera is the logarithm of the tau-function
of a special solution (called the topological solution) to a full dispersive hierarchy (the
DZ hierarchy). One can construct the hierarchy itself starting from this tau-function,
and it turns out that the principal hierarchy is the dispersionless limit of DZ hierarchy.
Moreover the full DZ hierarchy and the principal hierarchy are related by a special
change of dependent variables, called a quasi-Miura transformation, which can be
uniquely determined in the semisimple case from genus zero information.

(2) The double ramification construction, introduced by one of the authors in [Burl5], is
based on the definition of an infinite set of commuting Hamiltonian densities [BR16a]
in terms of intersection numbers of the CohFT, the double ramification cycles and
other natural tautological classes on the moduli space of curves.

For both constructions and in the (homogeneous) semisimple case, the reconstruction
of the full dispersive hierarchy from its dispersionless limit (the principal hierarchy of
the Dubrovin—Frobenius manifold encoding the genus 0 part of the CohFT) is possible
thanks to the Givental-Teleman reconstruction theorem for the CohFT itself from its
genus 0 part [Tel12,GivOl1].

Notice that, by construction, the dispersionless limits of both the DZ and DR hi-
erarchies coincide with the principal hierarchy of the Dubrovin—Frobenius manifold
underlying the CohFT.
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In the last 20years, it has been observed that many constructions related to
Dubrovin—Frobenius manifolds can be extended to a more general setting [Sab98,Get04,
Man05,LPR09,SZ11,AL13a,Lor14, KMS15,AL17,DH17,BR18,KMS18,AL19,BB19,
ABLR?20]. For instance, it was observed in [LPR09] that the notion of principal hierarchy
does not require the existence of an invariant flat metric. This leads naturally to the con-
sideration of the generalization of Dubrovin—Frobenius manifolds, called F-manifolds
with compatible flat structure [Man05] or simply flat F-manifolds [LPR09], obtained by
replacing a flat metric with a flat torsionless connection and keeping all the axioms of
Dubrovin—Frobenius manifolds apart from those involving explicitly the metric and not
just the associated Levi—Civita connection. In flat coordinates for the flat connection,
the flows of the principal hierarchy are systems of conservation laws. In the case of
Dubrovin-Frobenius manifolds, the presence of an invariant flat metric has to deal with
the presence of a local Hamiltonian structure. In this paper we construct (homogeneous)
double ramification hierarchies starting from a (homogeneous) CohFT. In particular, in
the semisimple case, leveraging on the results of [ABLR20], this provides dispersive
deformations of the principal hierarchy associated to a semisimple (homogeneous) flat
F-manifold. The existence of these dispersive integrable deformations relies on:

(1) ageneralization of the notion of cohomological field theory, called F-cohomological
field theory (or F-CohFT for short) introduced in [BR18,ABLR20];

(2) areconstruction theorem for a semisimple (homogeneous) F-CohFT starting from a
flat F-manifold and additional data in genus 1 [ABLR20];

(3) the definition of an infinite set of commuting flows (the DR hierarchy) in terms of
intersection numbers of the F-CohFT, the double ramification cycles, the top Hodge
class, and psi classes on the moduli space of stable curves.

The paper is organized as follows.

Section 1 is devoted to the construction of the DR hierarchy of an F-CohFT (see also
[BR18]). The main properties of this hierarchy are given in terms of densities of local
vector fields on the formal loop space and a special basis for their integrals of motion.
We also consider the additional properties of the hierarchy in the case of a homogeneous
F-CohFT.

In Sect. 2, after recalling the definition of a flat F-manifold and the construction of its
associated principal hierarchy, we present our main result: given an arbitrary semisimple
flat F-manifold and an associated principal hierarchy, we construct a family of dispersive
integrable deformations of the principal hierarchy. These deformations, called the de-
scendant DR hierarchies, come from the family of DR hierarchies associated to a family
of F-CohFTs parameterized by a semisimple point of our flat F-manifold. The descen-
dant DR hierarchy depends on a choice of a certain vector field on the flat F-manifold,
which we call a framing. We prove that the descendant DR hierarchies corresponding to
different framings are not related to each other by a Miura transformation that is close
to identity.

In Sect. 3, we discuss the role of (descendant) DR hierarchies in the problem of classi-
fication of integrable deformations of integrable dispersionless systems of conservation
laws. One can impose various constraints for such integrable deformations, and we dis-
cuss the corresponding results (mostly at the approximation up to some finite power of )
for flat F-manifolds of dimension 1 and 2 in Sects. 3.2 and 3.1.1. In Sect. 3.3, we briefly
mention the problem of computing general integrable deformations of principal hierar-
chies of flat F-manifolds. It was conjectured in [AL18] that the equivalence classes of
such deformations are labeled by certain functional parameters called Miura invariants.
In the case of Dubrovin—Frobenius manifolds and bihamiltonian deformations, these
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invariants are equivalent to central invariants, which are known to classify deformations
of semisimple local bihamiltonian structures of hydrodynamic type [DLZ06,CPS18].

1. Double Ramification Hierarchy of an F-CohFT

In this section, we associate to any F-CohFT with a vector space V an infinite sequence
of commuting vector fields on the formal loop space of V, i.e., an infinite sequence of
compatible systems of evolutionary PDEs of rank N:=dim V (in particular, in the form
of conservation laws). This construction is a generalization of the double ramification
hierarchy of [Burl5,BR16a] to the context of F-CohFTs and enjoys most of its properties
(for instance, recursion formulas for the higher symmetries), but loses in general the
Hamiltonian nature.

1.1. F-cohomological field theories. We recall from [BR18, ABLR20] the definition of
an F-cohomological field theory on the moduli space ﬂg, n of stable curves of genus g
with n marked points. We will denote by H*(X) the cohomology ring with coefficients
in C of a topological space X. When considering the moduli space of stable curves, X =
M., the even part H®V®" (M, ,) in the cohomology ring H* (M, ,,) can optionally be
replaced by the Chow ring A* (Mg’n). Here and in what follows we perform summation
over repeated Greek indices.

Definition 1. An F-cohomological field theory (or F-CohFT) is a system of linear maps
Cons1: VE@VE - HY"(Mg pi1), 2g—1+n>0,

where V is an arbitrary finite dimensional vector space, together with a special element
e € V, called the unit, such that, chosen any basis ey, . .., edgim v of V and the dual basis

el ..., edmV of V* the following axioms are satisfied:

(i) The maps cg,,+1 are equivariant with respect to the Sy,-action permuting the n copies
of Vin V* ® V®" and the last n marked points in ﬂg7n+1, respectively.

(i) T cg n+1(e™ @ ®Y_ eq;) = Cgni2(e® @ ®_ e, ®e) for 1 < ap, 0y, ..., 0, <
dim V, where 7 : Mg,mz — mg,,ﬁ 1 s the map that forgets the last marked point.

Moreover, cp3(e® @ eg @ e) = (Sg forl <o, <dimV.

ni+ny
(iil) gl*Cgi+gy,ni+nr+1 (€ @R L1 P eq;) = Cgy ni+2(e™ @ Riere; ®e€u) ®Cgy ny+1 (e @

®jejea_,.) forl <ap, o1, ..., 40, <dimV,where IUJ = {2,...,n1+ny+1},

[I| = ny, |J| = n2, and gl: Mg, ni42 X Mg, nprt = Mg iigr.ni4np+1 i8 the
corresponding gluing map.

An F-CohFT taking value in H O(Hg,,m) = C only is called an F-topological field

theory (or F-TFT). Moreover, there is an obvious generalization of the notion of an

F-CohFT where the maps ¢, ,4+1 take value in Heven(mg,nﬂ) ® K, where K is a C-
algebra. We will call such objects F-cohomological field theories with coefficients in K .

Definition 2. AnF-CohFTcg p11: V*® y®n _, peven (Mg, n+1) is called homogeneous
if there exists an operator Q € End(V), a vector 7 € V, and a complex constant y such
that Qe = 0 and the following condition is satisfied:

Deg o cg n+1 + 5 0 Cg 42 © (®T)
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=cenr10 -0 QI+ Y AR ® Q@ Id® | +ygcs s, (1.1)

i+j=n—1

where Deg € End(H* (/\_/lg,n)) is the operator acting on H' (/Vg,n) by the multiplication
by 5, 7 Mg sz = Meg ne1 is the map that forgets the last marked point, ®7: V* ®
ven . y* @ Ver+D g the operator of tensor multiplication from the right by 7,

and Q' € End(V*) is the transposed operator. The constant y is called the conformal
dimension of our F-CohFT.

Remark 1. Our definition of a homogeneous F-CohFT is slightly more general, than the
one from the paper [ABLR20] where the operator Q was required to be diagonaliz-
able. However, it is easy to see that all the results from [ABLR20] about homogeneous
F-CohFTs are true with the new definition (see also Sect. 2.1 with a new definition
of a homogeneous flat F-manifold). An example of a homogeneous F-CohFT with a
nondiagonalizable operator Q will appear in Sect. 3.

1.2. Vector fields on the formal loop space. Let A and A be the spaces of differential
polynomials and local functionals in formal (even) variables uf, 1 < a < N,k > 0,
and ¢, with the differential grading deg, uj =k, degy & = —1 where the definitions
and the notations are taken from [Ros17, Section 2.1].

The space of densities of local multivector fields (on the formal loop space of V) is
the supercommutative associative algebra

A% =C[[u*, 6.11[u% . O ~0][[€]],

where the new formal variables 6, x, 1 < o < N,k > 0, are odd (anti-commuting among
themselves and commuting with & and u}) with degy 6o x:=k, u®:=ug, and 0y:=0q 0,
and the gymbol *, as an index, denotes any of the allowed values for that index. The
algebra A°® is endowed with the super grading, denoted by degy, which is defined by
degy Oy, k:=1 and degy uy = deg, £:=0. The sub-vector space of A° homogeneous of
super degree i > 0is denoted by A" and called the space of densities of local i-vector
fields. We have A= A while A! is called the space of densities of local vector fields.
The hor&(])geneous component of the space Al of differential degree k will be denoted
by (A")
The operator 9, is extended from A'to A* as the super-derivation

0 9
Oy 1= Z (”i(ﬂm + O k1 50 k) .
k o,

k>0

The space of local multivector fields is defined as
A*:=A*/(Im 3y & Cl[=T])

and, for i > 0, the space of local i-vector fields Al s the i image of .A’ in the quotient.
If f e A*, its image in A*® is denoted by f = [ fdx. As before, A =A% and Alis
called the space of local vector fields. Naturally, the spaces A inherit the differential
grading deg, .
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For any 1 < o < N, we define the (super) variational derivatives

‘ a 5
—Z( 00 o —Z<— aeo,k

k=0

which are well defined on A® since they vanish on Im dx @ (C[[s]]
The Schouten—Nijenhuis bracket [-, -]: Al x AV — A1 s defined by

F oole 8f i gk 8F) 9
[f,g].—;o< (59) +(=1)'d <5ua) aea,k>' (12)

This Schouten—Nijenhuis bracket is a lift of the Schouten—Nijenhuis bracket [+, ]: Al x
AJ — A+~ defined by

- 1 J g _,5f6g
[f,g]-—f(w spe TV 5o @ 30, )dx. (1.3)

A further lift of the Schouten—Nijenhuis bracket to Al x AV can be defined employing
formal Dirac delta functions, similarly to what was done in [BR16b] for the quantum
commutator of two differential polynomials,
— of dg Igie i of ag
[f (), g= ) (aemk %) g O BB =)+ (D 25 ()

6I=0 90u.1

() 9958 (x — y)) :
(1.4)

Taking the integral with respect to x of formula (1.4), using that [ §(x — y)g(y)dx =
g(y), reproduces indeed formula (1.2), and further integration with respect to y gives
(1.3).

As usual, fori = j = 1, the above Schouten—Nijenhuis brackets are called the Lie
brackets. For i = 1 and j = 0, the Schouten—Nijenhuis brackets reduce simply to the
differentiation of (a density of) a local functional along (a density of) a Vector field, from
which we see that the symbol 6,  can be interpreted as the operator 8 o5 ‘A — A

Given a local vector field X € A, there isa unique representative X € .A of X such
that X = X“6, with X% € A. This representative is given by X = gTXGa. The system
of evolutionary PDEs associated to X is

u® 85X

_— = *; s =1,...,N. 1.5
” sea(u* ), « (1.5)

Two systems of evolutionary PDEs

ou“ BX( ) 1 N
. = < y€), =1,..., )
o 86, *
ou“ sY W e) : N
= —— WU, ) a=1,..., )
o5 T80, *
are compatible, in the sense that, forany | <o < N, aaz a;s = aa_s az’;a , if and only if the

associated local vector fields X, Y € Al satisfy [X , Y] =0.
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Under a Miura transformation (see [Ros17, Section 2.1] for more details) of the form

0 =0k e) € AV = (A0 l<a <N, (1.6)

- di*
T*limo =0,  det <3u)

the generators u} and 0, , of A* transform according to the formulae
o _ ok, ook, s oy
uf = dgu® (I e). N DICEN! (aua i eu) :

s>0 s
where u® (ii¥; ¢) is obtained by inverting u* = u®(u}; ) order by order in ¢. For a local
vector field, these formulae give

£0, (1.7)

ur=0

l<a <N, k>0,

— ou“ ~
X=/(X°‘9a)dx:/ Zauua;xﬂ Ou | dx.

s>0 ~
= ut=ui(ut;e)

from which we obtain that a system of evolutionary PDEs (1.5) transforms into

oY, ou”
— =X e = Zaux . a=1_...,N.

wi=uk(is;e)

Performing the change of formal variables

uk - ak (Z pa ’ax> ) 90[,]( = a,]r{ (Z Qa,aeiax) ) 1 S (%4 S Na k Z 05

ac’z ac’Z

(1.8)

one can rewrite a density of a local multivector field f(u}, 6 «; €) € (,me)ldl as a formal
Fourier series

_ ap,...,dn,by,..., b, s o] o, i(Z?:l”ﬁZ"L] b./ x
f= Z fou (X:,ﬂl ﬁ’::l;sg Pay -+ Pay 4B1.b1 -+ - AB.bm € ! ) )

..........

n,s>0
Al yeeny ap€l
bi,....byeZ
ot £ b1, b . T
where the coefficient fa1 @m0l Pm  as a function of the indices ay, . .., ay, b1, . . .,
alv“'sansﬁls'“sﬂn‘lss

b, is ahomogeneous polynomial of degree s+d. Formal Fourier series of this type form a
supercommutative associative algebra where the formal variables g .. are odd. Moreover,
the local multivector field f corresponds to the constant term of the Fourier series.
Similarly to the variables 6, ., one should interpret the variable g, , to represent the

vector 57— a . This is coherent with the following formulae for the variational derivatives
in the vanables p¥and gy«

Sua _ Z iax ap_ 2 Z iax aqa’_a

ae’l ac’Z
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acting on local multivector fields to give densities of local multivector fields. Accord-
ingly, using the formal Fourier expansion §(x) = Y, ¢'** for the formal Dirac delta
function, it is easy to obtain the formula for the Schouten—Nijenhuis bracket (1.4) on
A" x A7 in the new variables:

-0 d
[f(x),g(yn:Z( f( +<—1)'8p{: x aqg ) (1.9)

aq
ae’ a.a

from which analogues of (1.2) and (1.3) are easily obtained by integration in x and then
y.

1.3. Densities of local vector fields for the DR hierarchy. Denote by ¥, € H 2(ﬂg,n)
the i-th psi class, which is the first Chern class of the line bundle over Mg,n formed by
the cotangent lines at the i -th marked point. Denote by E the rank g Hodge vector bundle
over ﬂg,n whose fibers are the spaces of holomorphic one-forms on stable curves. Let
rj=c;(E)e H 2 (ﬂg,n), these classes are called the Hodge classes.

For any ay,...,a, € Z, Y ;_; a; = 0, denote by DRy (ay, ..., a,) € Hzg(ﬂg,n)
the double ramification (DR) cycle. We refer the reader, for example, to [BSSZ15] for
the definition of the DR cycle on Mg,n, which is based on the notion of a stable map to
CP! relative to 0 and oco. If not all the multiplicities a; are equal to zero, then one can
think of the class DRg(ay, . . ., a,) as the Poincaré dual to a compactification in ﬂg,n of
the locus of pointed smooth curves (C; py, ..., p,) satisfying O¢ (Z?:l a; pi) = Oc.
Consider the Poincaré dual to the double ramification cycle DR (ay, . . ., a,) in the space

Mg,n. It is an element of H2(2g73+,,)(mg,,,), and abusing notation it is also denoted by
DRg(ay, ..., an).

The restriction DR, (ay, .. an)| Mg, where M?n is the moduli space of stable
curves of compact type, is a homogeneous polynomial in ay, . . ., a, of degree 2g with

the coefficients in H%8 (./\/lcf ). This follows from Hain’s formula [Hai13] for the version
of the DR cycle defined using the universal Jacobian over Mz,‘ ,, and the result of the paper
[MW13], where it is proved that the two versions of the DR cycle coincide on M;En (the
polynomiality of the DR cycle on /\_/lg, n 18 proved in [JPPZ17]). The polynomiality of
the DR cycle on Mg, together with the fact that 1, vanishes on Mg \ Mg, (see,e.g.,
[FPOO, Section 0.4]) imply that the cohomology class A, DR ¢ (— Z'}Zl aj,ag,...,a,) €
H*8 (ﬂg,,m) is a degree 2g homogeneous polynomial in the coefficients ay, .. ., a,.
Given a vector space V withdim V = N andabasisey, ...,ey € V,letcg pr1: V'®

VO — H®"(M, n41) be an F-CohFT withunite = A*e¢,,.Forl < 8 < Nandd > 0,
we define the following system of formal Fourier series:
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g.n=0,2g+n>0
a,ay,....an€%

. 2 n
ia(—e”)8
Yoa:=— . / gVl cgnia(e® ®ep ® _ea) | dua | [ pal
n! DRy (a,~a=Y"j_j aj.ar,....an) ’ j=1
desan), (110

where the integral above is intended to vanish whenever the dimension of the DR cycle
does not match the degree of the integrand. Thanks to the polynomiality property of
the DR cycle (1.10) can be rewritten as a system of densities of local vector fields
Yga € (.A )[1 as

828
Ypa=— Z Fcoefak(al)kl...wn)kn
g.n>0,2g+n>0
k.ki,..., k>0
k+2;f:1 kj=2g
AW Coni2(e” @ eg @ ®_e kel u
</DR(a_a st 2Cg.n B j=1¢¢; o Hk
(1.11)
To this definition, we add the extra densities Yg _1:=—0g1,1 < B < N.

The double ramification hierarchy associated to the given F-CohFT is the infinite
system of local vector fields Yg 4, 1 < B < N,d > —1, associated with the above
densities or, in terms of evolutionary PDEs, the system

ou” o
8—ﬂ=aXPﬁ,d, 1<a,B<N, d=>0, (1.12)
Iy

n
o ._ o)
Py = Z Coef(al)k1 (an)n (/ f:¢2cg n0+2(e ®eﬂ®®j 10 ) Hukj.
g.n>0, 2g+n>0 aj,0,at,.- an) j=1
kyyens kn=0

Z?:] k./:Zg
(1.13)

Let us adopt the convention Pg‘ =06% 'L Notice that the system of evolutionary PDEs
(1.12) carries strictly less 1nformat10n than the corresponding densities (1.11). We have
the following result.

Theorem 1 ([BR18]). All the equations of the DR hierarchy (1.12) are compatible with
each other, namely,

0 u® 0 ou®
=) =5 (5%) 1=ep.p=N dabn=0
dry; \ oty drg' \ oty
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This theorem is proved in [BR18], but we give another proof in Theorem 2 (see
part (ii)). For 1 < B1, B2 < N and di, d>» > 0, let us define the generating series

ia(—e*)®
Yp, diipo.dr (X, )= — Z | )»gw W3 Cg, ne3(e” ® ep, ® ep, ®®] 1ea,)
g.n=0 n DRy (a,by,baay,....an)
a,by,by,ay,....an€% (114)
(l_[ Pa; ) —ibix eiiblv
J )
where we adopt the convention that DRg(a, b1, b2, ay, ..., a,):=0 when a + by + by +

Z?:l aj # 0. To this definition, for future convenience, we add Yg, _1.8,.a(x,y) =
Yg.d:pr—1(x,¥):=0,1< By, < N,d > 0.
We will use the symbol 1, as an index, to denote the sum over the values | <o < N
for that index with the coefficients A“. For example, Yy 4:=A"Y), 4,01 x:=A"6, k. and
o wn_0

@.— W.
Theorem 2. Forall 1 < By, B2 < N and dy,dr > —1 such that dy +dp, > —1, we have

(l) [Yﬁz dz(y) Yﬂ] d](x)] - 8 Yﬂl di+1; 82, dz(-x )’) -0 Yﬁl di; B, d2+l(x }’)
(”) [Yﬂzdzs Yﬂl dl]—o

0 ] d
(iii) [Y 1.1, Ypy.a)] = 0x(D — DYp, ays1, where D= | uf — +0ux—— | +6—;
ouy 00y k de
k>0
N 0
(iv) 1Y 5,0, Ypy,a,]1 = 0x P Y, di+15
o TIN[=1] o Ou® o
(v) Yi,0=—u“04,1 +8xS, S € (AHYY which implies P = 0yu® forl <a < N;
0
d B B
(W) Y,Bl i+l = Ypyap o i Ps a1 = Pplar-
B B
(vii) auﬁz Pyl =DPy
Proof. For n > 0, let us use the notation [n] for the set {1, ..., n}.
Let us prove part (i). If d; = —1 or d» = —1, then the statement easily follows from

the definitions. For d1, dy > 0, the statement is analogous to [BR16b, Lemma 3.3], and
we use [BSSZ15, Corollary 2.2], describing the intersection of the psi classes with the DR
cycle, together with the fact that that A ¢ vanishes on ./Vg, n \./\/lg,f ,-Letn > 0and consider
integers ai, . .., a3 with the vanishing sum. For a subset I = {i1, ..., i)} C [n+3],
i1 <ip <...<1y),denote by A; the string a;,, ai,, ..., 7. For I, J C [n+3]\{2, 3}
with I U J = [n +3]\{2, 3}, and for g1, g2 > 0 with 2g; + [I]| > 0, 2g> + |J| > 0, let
us denote by DRy, (a2, Ay, —k) X DR, (a3, Ay, k) the cycle in M, 4, 143 Obtained
by gluing the two DR cycles at the marked points labeled by the integers —k and k,
respectively. Here, the coefficient a;, 1 < j < n + 3, is attached to the marked point j.
Then we have
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(a2¥2 — a393)AgDRg (Afus3) = > gk -DRg (ay, A, —k) K DRy, (a3, Ay, k).
TuJ=[n+3]\{2.3}
keZ, g1=0, g2>0

81+82=¢
2g1+11, 2g2+|J >0

(1.15)

One then needs to intersect this relation with the class —aje~192* ¢—i43Y 1//;1 ! w;l 2 Cg.n43
("' ® ®?3€a,- ), where, as usual, the covector ¢*! is attached to the marked point 1 and
each vector ey, is attached to the marked point i. Thanks to the gluing axiom of the
F-CohFT, by the definitions (1.10) and (1.14), and after setting «» = f; and a3 = f»,
the left-hand side of Eq. (1.15) produces the right-hand side of the equation in part (i)
and depending on whether, in the above sum, the marked point 1 belongs to the subset
I or J, we obtain either of the two terms in the Lie bracket on the left-hand side of the
equation in part (i).

Part (ii) is immediately obtained from (i) upon integration in both x and y.

Part (iii) is obtained from (i) after setting B, = 1, d» = 1 and integrating in y.
The generating series f Yg, aj+1:1,1(x, y)dy reduces to (D — 1)Yg, 4,41 thanks to the
following simple equality:

di+1
rg¥y' T Yacg a3 ®ep ®e®@®'I_jeq;) = (2g+n)

di+1 o n
AgWs ' Coni2(e® ®ep, @R _eq;),
/DRg(a,bl,a],...,an) 872 g P J=17
which is in turn a consequence of the following behavior of the involved cohomology

classes with respect to the morphism 7 : /Vg,,1+3 — ﬂg, n+2 forgetting the third marked
point:

DR,(a, b1,0,ay,...,a,) = n*DRy(a, by, ai, ..., an), (1.16)
cg,n+3(ea RQeg Qe® ®?:13aj) = 77*Cg,n+2(ea dep ® ®’}=1e(1]‘)9 (1.17)
e =g TS ) = Qg+ myydt (1.18)

Indeed, the operator D multiplies each term of Y, 4,41 by the number of variables ¢, u},
and 0, . appearing in that term, i.e., by 2g +n + 1.

Part (iv) is similarly obtained from (i) by setting d» = 0 and integrating in y, as
[ Yp, ay+1:,,0(x, y)dy reduces by definition to W%Yﬁl,dﬁl.

To deduce (v), we consider formula (1.10) and notice that, for (g, n) # (0, 1),

f Agncg,n+2(ea ®ed® ®7:16a1~) = / Cg,n+l (nea ® ®7:1805_/)a
DRg(a,—a=3}i_j aj.ai,....an) 7 (AgDRg(a,—a—=3"_y aj.a1.....an))

and 77, (A,DRg(a, —a — Z?:l aj,ai,...,ay))isdivisible by (a +Z?:1 a;)? as proved
in [BDGR18, Lemma 5.1], where 7 : Mg,m — /Vg,nﬂ is the map forgetting the
second marked point. When g = O andn = 1, we haveinstead DRo(a, —a—ay, a;) = 1,
ro=1,and co3(e” ® e ® eq,) = &, which gives the desired result.

Part (vi) immediately follows from parts (iv), (v), the properties Ker (ax | ;‘1) =0,

Ker (9;| 7) = Clle]l, and the fact 9, P/flz,dl = ﬁ?lg]m.
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h
P
For part (vii), we compute dy -z —5 aeﬂ [Yup0dxdy = 50,3 (D—1)Yp0=
B B
D5p-Y o= D Pl o= 0 DPL, 0

1.4. Densities of integrals of motion for the DR hierarchy. The DR hierarchy of a CohFT
is a Hamiltonian integrable system [Burl5,BR16a], so the Hamiltonians both generate
the commuting vector fields and provide integrals of motion for the hierarchy. In the
non-Hamiltonian F-CohFT case, integrals of motion have a separate geometric definition
in terms of intersection numbers on the moduli space of curves. For 1 < § < N and
d > 0, we define the following system of formal Fourier series:

pud._ (=eh)® (X ap)x
8= Z ) f— gwl Cg, n+1(€ ®®J 1eot, Hpaj e s
: g

Z, 1 Ajsdlseees ap)

(1.19)

which, thanks to the polynomlallty property of the DR cycle, can be rewritten as differ-
ential polynomials g/ € A A10] a5

2g n )
pd 3 £ Coef A i
8 = | oe ( )klm( ykn gllf Cg, n+2(€ ®® leotj) up. .
g.n>0,2g+n—1>0 " “ o DRg (= Z] 144 an) ! Jj=l1 !
K1k =0
27:1 kj:25’
(1.20)
To this definition, we add the extra densities of conserved quantities g#~! = u®,

1 < B < N, and the “primary” local vector field Yi=— f gﬂ’005,1 dx or, in other words,
0?0 = 1< Bp<N.
Finally, for 1 < g1, B2 < N and d;, d» > 0, let us define the generating series

2
d (—=&9)8 di ,d
AW , ( f AWy U2 g nan (e ®eﬂz®®7_1eaj)>

gn=0.2gn>0 " DRy (b1:b2.a1,w.an)

bl,bz,al,...,aneZ

(1‘[ Pa! ) emih1x gmibay, (1.21)
j=1

To this definition, for future convenience, we add gl32 d (x y) = gﬁ2 _1(x V)=
1 <p1,pp <N,d=0.

Theorem 3. Forall 1 < By, o < N and dy,dr» > —1 such that dy +d, > —1, we have

Jdy+1 ,d:

(i) [Y,.a () 872 (0)] = 0,2 0 (x.y) — Byl P,y (x, 9);
(ii) [V gy.ay» 8721 = 0;
(iii) [Y 1.1, g/32 h) = 3, (D — 1)ghrart;

d. ,do+1 .
(iv) [V 0, 87 P) = 0 om0

ad

(v) gt = ghrdi;

ou
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i) Y11= (D —2)Y;

— 0 —
i) Ygo=—=Y.
(Vll) B,0 814/3
Proof. The proof of (i) is completely analogous to the proof of (i) in Theorem 2. For
di = —1 or dp = —1, the statement easily follows from the definitions. Suppose
di,dy > 0.Letn > 0 and consider integers ay, . . . , a,4+2 with the vanishing sum. Let us
write the same relation as (1.15), but with the psi classes taken at other marked points:

(a1¥1 — a2¥2)AgDRg (A[p42]) = Z Ag -k -DRg (ay, A;, —k) X DRg, (az, Ay, k).
TUT=[n+2]\{1,2}
keZ, £120, g2=0

81+82=¢
2g1+11, 2g2+171>0

Intersecting this relation with the class (—i)e_“lixe_“2i>’1//f2 wgl Cons2(€ ® ®;?J;zzeaj)
and forming the corresponding generating series, we obtain part (i) (after setting oy = 1
and o1 = Bo).

The proof of (ii) to (iv) follows strictly the arguments in the proof of the corresponding
parts in Theorem 2.

The proof of part (v) is the same as the proof of part (vi) in Theorem 2.

For the proof of (vi), consider the equation of part (iii) with d» = —1. Multiplying it
by 6g,, summing over S, and integrating over x we obtain, on the left-hand side,

- 8Y -
/[Yﬂ Is uﬂZ]gﬁzdx = / H’19,32dx =Yy
' 80,

and, on the right-hand side,

/ 3, ((D _ 1)g’32’0> Op,dx = —(D —2) / gf % 1dx = (D - 2)Y.

Part (vii) is proved in an analogous fashion starting from (iv). |

1.5. Homogeneous DR hierarchies. LetYg , € (.Zl\l)[l] and g*? € leTO],l <B,a <N,
q, p = —1, be the densities of local vector fields and of integrals of motion of the DR
hierarchy associated to a homogeneous rank N F-CohFT. Let

cgyzzcog(e“ ®eg®ey,) eC

forl <a,B,y <N.
Consider the following vector field on the space of densities of local multivector
fields on the formal loop space:

~ a d 1—y 0
E::E (8“—“ bis “)——6”—0‘9 — |+ —,
y k>0< ( B Qﬂ)uk k.07 Bu‘,f ( B 51,3) o,k 0.4 ) 888

where qgeﬁ :=Qey and r*ey:=r. For convenience, let us define Yy _» = P£_2:20 and
g¥ %:=A%foralll <a,B <N.

Proposition 1. Forall 1 <a < N andd > —1, we have

(i) Ey(Yo.a) = Ao + g5 Ypa+ 17 clyYya i,
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(ii) Ey(Pgy) = (d+ )Py +q) PSy — g2 P} g+ 17 clg POy 1
(iii) E, (g*") = (d+2)g*" — g5 g’ +r7c5, """

(iv) EV(Y) =Y — rycgﬂ / ut0g 1dx.

Proof. The proof is a simple consequence of Eq. (1.1) together with dimension counting
for the intersection numbers involved in the definitions of g“*d, Yy.a, and Y and the fact

that T*yd = yd — 8 Y1 < i <nd > 1, where m: My — Mg,

forgets the last marked point and 8? 441 18 the closure in ./Vg, n+1 of the locus of stable
curves whose dual graph is a tree with two vertices, one of which has genus 0 and exactly
two legs marked by i and n + 1. O

In [BRS20], the authors presented an explicit conjectural formula for a bihamiltonian
structure of the DR hierarchy corresponding to a homogeneous CohFT. This in particular
gives arecursion of certain type, called a bihamiltonian recursion expressing the flows
3 ID‘ , 1 <a < N, of the hierarchy in terms of the flows T O 1<a<N.Fora general

homogeneous F-CohFT, we don’t expect the correspondmg DR hierarchy to have a
Hamiltonian structure. However, we will now present a conjectural generalization of the
bihamiltonian recursion in this setting.

Following [BRS20], we associate with a differential polynomial f € Aa sequence

of differential operators indexed by« = 1,..., N and k > 0:
of o
Ly(fy=Y (k)a 0
i~k

Consider an arbitrary homogeneous F-CohFT and the corresponding DR hierarchy.
Define an operator R = (Rg) by

- 1—
4:=E, (Lj(e*0) oo, + ( 4

where the notation Ey (L%(g“’o)) (respectively, L% (g*%),) means that we apply the

8 + q;j) LY,(8*%)x + 0y 0 L(g*%) 0 b,

operator Ey (respectively, d) to the coefficients of the operator Lg (g*9).

Conjecture 1. The following recursion relation is satisfied:

3
RyPY = <<d+ T”) 8 +qg> 0Py gy + @ Py g, r’.  1<a, <N, d=-L
(1.22)

Proposition 2.(1) If our homogeneous F-CohFT comes from a homogeneous CohFT,
then the recursion (1.22) coincides with the bihamiltonian recursion from part (2) of
[BRS20, Conjecture 1.13].

(2) Conjecture 1 is true in genus 0, i.e., if we set ¢ = 0.

Proof. For part (1), using the notations from paper [BRS20] let us note that P ﬁ q=
o g'g <. Therefore, we have to check that n,guK = R"‘ This follows from the

properties npu Q@ = L (™) and gl nyup + Napdy = ¥ ap-
The proof of part (2) follows closely the proof of [BRS20, Proposition 2.1]. O



Flat F-Manifolds, F-CohFTs, and Integrable Hierarchies

2. Principal Hierarchy of a Flat F-Manifold and Dispersive Deformations

In this section, using the results from the previous section, we construct a family of
dispersive integrable deformations of a principal hierarchy associated to an arbitrary
semisimple flat F-manifold. Moreover, we prove that different hierarchies from this
family are not equivalent to each other by a Miura transformation that is close to identity.

2.1. Flat F-manifolds. Here we recall the notion of a flat F-manifold ([Get04,Man05],
see also [AL18,LPR09]) and its main properties.

Definition 3. A flat F-manifold (M, V, o, e) is the datum of an analytic manifold M, an
analytic connection V in the tangent bundle 7'M, an algebra structure (7, M, o) with
unit e on each tangent space, analytically depending on the point p € M, such that the
one-parameter family of connections V, = V + zo is flat and torsionless for any z € C,
and Ve = 0.

The algebras (T, M, o) are commutative and associative. Let t*, 1 < a < N, N =
dim M, be flat coordinates for the connection V. Locally, there exist analytic functions

F¢ (tl, el tN), 1 < o < N, such that the second derivatives
2
cs ___3 " 2.1
Br " 9tBary :

are the structure constants of the algebras (T, M, o), azﬂ ° 5y ty = ng 5@+ Also, in the

coordinates 7 the unit e has the form e = A% -2 for some constants A% € C. Moreover,

FIc
the following equations are satisfied:
82Fa
= 85, l<a,B<N, 22
atuazﬂ e fs (&2

2Fe yrpH 2Fe yrpH
ArBar 9rvard — 9rv otk 9tBars’

1<aB,y,6 <N, (2.3)

which are often called the oriented WDVV equations. The N-tuple of functions F =
(F', ..., FN)is called a vector potential of the flat F-manifold.

Conversely, given an open subset M of C" and analytic functions F', ..., FN on M
satisfying Eqs. (2.2) and (2.3), these functions define a flat F-manifold (M, V, o, A* %)
with the connection V given by V o # = 0, and the multiplication o given by the
structure constants (2.1). '

Apoint p € M of an N-dimensional flat F-manifold (M, V, o, e) is called semisimple
if T, M has a basis mq, ..., my satisfying Ty © TTp = 8, Bna Moreover, locally around
such a point one can Choose coordinates u' such that a 7 O 8% = Su o T a These
coordinates are called canonical coordinates. In particular, this means that the set of
semisimple points is open in M. In the canonical coordinates, we have e = ), #.
Following [Dub96, page 196], we call a flat F-manifold (M, V, o, e) semisimple if the
set of semisimple points is dense in M. .

A flat F-manifold given by a vector potential F is called homogeneous if there exists
a vector field E of the form

d
E = (8§ — g1’ + g 45 el (2.4)
—

=E*
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satisfying [e, E] = e and such that

o

E* 9
o
for some A‘g, B* € C. Note that this equation can be written more invariantly as

Lieg (o) = o, where Lieg denotes the Lie derivative. The vector field E is called the
Euler vector field. Around a semisimple point, the Euler vector field has the following

form in canonical coordinates: E = Y *| (u” +a'); for some a € C.

= (285 —q})FF + A41P + B®

Remark 2. As we already mentioned in Remark 1, our definition of a homogeneous flat
F-manifold is slightly more general than the one from [ABLR20], but all the results from
that paper remain valid.

Remark 3. In [AL13a], the authors introduced the closely related notion of a bi-flat
F-manifold that is the datum of two different flat F-manifold structures (V, o, e) and
(V*, %, E) on the same manifold M intertwined by the following conditions: (1) [e, E] =
e,Lieg(0) = 0; Q) X xY:=(Eo) ! XoY (or X oY = (ex)"1 X % Y) for all local vector
fields X,Y on M, where (E o)_1 is the inverse of the endomorphism of the tangent
bundle given by Eo; (3) (dv — dv+)(X o) = 0 for all local vector fields X on M, where
dy is the exterior covariant derivative. For a bi-flat F-manifold, the flat structure given
by (V*, %, E) is called the dual structure. In the semisimple case, the flatness of the dual
structure is equivalent to the condition VVE = 0 [AL17] (see [KMS18] for the regular
case). Thus, the structure of a semisimple homogeneous flat F-manifold is equivalent to
the structure of a semisimple bi-flat F-manifold.

Given an F-CohFT ¢g 41: V¥ @ V& — He"en(/\_/lg,nJrl), dim V = N, and a basis
el,...,ey € V, with e = A%, an N-tuple of functions (Fl, el FN) satisfying
Egs. (2.2) and (2.3) can be constructed as the following generating functions:

1 e
Fa(l‘l,...,lN)Z:Z; Z (/MO ICO,n+1(6a®®?zleai)>l_[tal’
n+ i=1

n>2 """ 1<ay,.,0n <N

thus yielding an associated flat F-manifold structure on a formal neighbourhood of 0
in V (see, e.g., [ABLR20, Proposition 3.2]). The flat F-manifold associated to a homo-
geneous F-CohFT is homogeneous with the Euler vector field (2.4) where qg‘ eq:=Qepg
and r%eg:=r.

2.2. Principal hierarchy of a flat F-manifold. Given a flat F-manifold (M, V, o, e),
one can construct an integrable dispersionless hierarchy called a principal hierarchy
associated to (M, V, o, e) (see [LPR09]). This construction generalizes the notion of
a principal hierarchy associated to a Dubrovin—Frobenius manifold. Before presenting
the construction, let us introduce a small generalization of the space of densities of local
multivector fields.

Let U be an open subset of C, with coordinates u', ..., u". Denote by O(U) the
space of analytic functions on U. Consider the following space:

A3 =OW)[uty, O 4l

Clearly, the space A* can be considered as the space .ZZ/ where U is a formal neighbor-
hood of 0. The space A7, will also be called the space of densities of local multivector
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fields. It is easy to see that all constructions from Sect. 1.2 work with the space .ZZ] The
space of local multivector fields corresponding to .Zl\;j will be denoted by K;]
Consider a flat F-manifold (M, V, o, e). For any point of M, on its open neighbour-
hood U, one can consider a basis (over C[[z]]) Xo(2) = > 02 | Xgaz?t, 1 < a <
N = dim M, in the space of flat sections of the deformed connection V_, = V — zo:

0=(V—20)Xa() =(V—20) ) Xaaz"". (2.5)
d=—1

It is immediate to see from (2.5) that X 1, @ = 1, ... N, are flat vector fields for V,
while the vector fields X 4+1 are obtained via the recurrence relation VXy 441 = Xg q0.
If U is connected, then the collection of flat sections X (z) is determined uniquely up
to a transformation of the form X,(z) — X,g(z)Gg(z), where G(z) = (G‘é (z)) €
Maty n (C)[[z]] is invertible. If M is simply connected, then flat sections X, (z) can be
constructed on the whole M.

Definition 4. A calibration of aflat F-manifold (M, V, o, e)isabasis X, = 2314 Xo.d
241 Xoa € T(M),1 <o < dim M, in the space of flat sections of the deformed con-

nection V — zo. A flat F-manifold with a fixed calibration is called a calibrated flat
F-manifold.

Consider now a flat F-manifold structure on M C CV given by a vector potential F,
together with a calibration Xy (z). The principal hierarchy associated to our calibrated
flat F-manifold is the following system of PDEs:

), l<a.B<N, d=0, (2.6)
tY=uY

where ng d%::X g.d- We see that the system (2.6) has the form of a system of con-
servation laws. Moreover, this is a system of quasilinear evolutionary PDEs, which is
dispersionless and integrable, in the sense that all the flows pairwise commute (see
[LPRO9]).

Suppose that M is a formal neighbourhood of 0 € CV . There exist unique flat sections
X« (z) on M satisfying the condition Xy —1 = % and the condition that X 4 vanish
at 0 for d > 0. The corresponding principal hierarchy is called the ancestor principal
hierarchy.

Proposition 3. Consider an F-CohFT and the associated flat F-manifold and the DR
hierarchy. Then the dispersionless part of the DR hierarchy coincides with the ancestor
principal hierarchy of the flat F-manifold.

Proof. Thisimmediately follows from the construction of the DR hierarchy and [ABLR20,
Proposition 3.2] (see also an analogous statement in [Burl5, Section 4.2.2]). O

We see that this proposition can be immediately used for a construction of dispersive
deformations of ancestor principal hierarchies. In order to construct dispersive deforma-
tions of arbitrary principal hierarchies, we need a generalization of the construction of
the DR hierarchy, which we will introduce in the next section.
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2.3. Dispersive deformations of a principal hierarchy: descendant DR hierarchies. In
order to construct dispersive deformations of a principal hierarchy associated to an
arbitrary semisimple flat F-manifold, we first need to study analytic families of F-CohFTs
depending on a semisimple point of a flat F-manifold together with a vector in the tangent
space to that point.

Consider a semisimple flat F-manifold structure on M C C¥ defined by a vector
potential F. Recall that on a connected open neighborhood U of an arbitrary semisimple
point 7y € M, one has the following objects (we use the notations from [ABLR20,
Section 1.2]):

e canonical coordinates u!;

o the matrix ¥:=(2% a[,1)

e the matrices D and T defined by . d¥ .- U-1'=D+ [F, dU], where Disa diagonal
matrix consisting of one-forms, I" is a matrix with vanishing diagonal entries, and
U:=diag(u', ..., u") (in the homogeneous case this is the operator of multiplication
by the Euler vector field);

e a diagonal nondegenerate matrix H = diag(Hy, ..., Hy) defined by dH - H 1=
— D (the entries of this matrix can be interpreted as the Lamé coefficients of a diagonal
metric associated with the flat F-manifold);

e the matrices W and I" defined by ¥:=HW and I':=H TH-

e a sequence of matrices Ry = Id, Ry, R3, ... defined by the relations dRy_1 +
Ry 1[T,dU]l =[Ry,dU], k > 1.

Note that the matrix H is defined uniquely up to the transformation H — A H, where A
is a constant nondegenerate diagonal matrix. After such a transformation, the matrices
W, I', and Ry transform as follows: ¥ +— AW, " > ATA™ L R; — ARkA’l. Recall
also that if we fix H, then the matrices Ry are defined uniquely up to the transformation

Id+ZRizi — (Id+ZD,»z")<Id+ZR,-z"), (2.7)

i>1 i>1 i>1

where D;, i > 1, are arbitrary constant diagonal matrices.
Using the notations from [ABLR20, Section 4.4], for any G € CN, let us define an
analytic family of F-CohFTs parameterized by a point 7 € U by

GQ,;::(I;—I (;)H_l (;)R—l (_Z, ;)H(;)'ctriV,H_z(?)G()’

where R(z):= Zizo R;7', the above matrix action on F-CohFTs was introduced in
[ABLR20, Section4.2], forany w; = (wll, cee w{v) € (CHN, andw, = (w%, ceey wév)
eCN,

()8
wl w2 g i 1
Con+l (e’ ® ®j lel]) = et
0, otherwise,

ifip=1i1=...=1Iy,

and Ctnv,wZ::c(l,...,l),wZ.

Note that the family cGo.t depends, first, on the choice of H and, second, on the
choice of R(z). However, the dependance on H is simple: under the transformation
H — AH, where A is a nondegenerate constant diagonal matrix, R(z) transforms as

R(z) — AR(z)A~! (and U doesn’t change), and therefore 00T s (AT2G0T
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We see that the simultaneous transformation H — AH, Go > A2Ggdoesn’t change
c©07 This transformation doesn’t change the matrix H _ZGQ, which has a geometrical

meaning: if we denote by X“ the degree zero part of cﬁ?’t(e“) € H *(ﬂlyl), then
X — ZlN=1 Hszf)a%. Let us then choose H such that H;(g) = 1.

a1
Notice that if Gy = 0, then the maps cg‘;’il are zero for g > 1.
Let !, ..., ¥ be formal variables. Recall from [ABLR20, Section 3.2] (note, how-

ever, that we prefer to use a different notation here) that for an F-CohFT cg ,41: V* ®
yen Heven(mg,nﬂ)itsformal shift She(c) g ns1: V*QVE" — Heven(mg,nﬂ)[[r*]
is defined by

f—)

1
Sh?(c)g,n+1:: Z %nm* O Cg.n+m+1 © (®(Taea)®m) s

m=>0

where T = (rl, R ‘L'N) and 7, : Mg,,,mﬂ — ./Vg,,m forgets the last m marked
points. The maps Shz(c)g,,+1 form an F-CohFT with the coefficients in Cl[z™]].

Proposition 4. 1. A vector potential of the flat F-manifold corresponding to the F-
CohFT cG010 is equal to F (t* — t7).
2. Fort =ty +7T € U, the Taylor expansion of ¢®%" at ty coincides with the formal

shift of c9010, je., ch(;l’i?H = Sh?(cGOJO)g,nH, as elements of Hom (V* ® Ver,

HY" (Mg s [[]]).

Go.t

Proof. 1. Since H;(fp) = 1, we have cGosl0 — \IJ_I(?O)R_l(—zlfo).ctriV’GO. The fact
that a vector potential of the associated flat F-manifold is equal to F (t* — ;) was proved
in [ABLR20, Section 4.4] (see equation (4.3) there).

. 7 T g1
2. An elementary computation shows that c%0! = W1 R™1(—z).cH-H ™ CGo_ where

the vector ﬁ::(Hl, ..., Hy) and the matrices w1 gl (—z), and H!are computed
at the point 7. The statement of part 2 of the proposition is equivalent to the property
a

(llf‘lR_l(—z).cﬁ’HflGO) =14 O (\IJ_IR_I(—Z).CH’HflG(’) ,° (®ep),
g,n+

arP

g.n+l

which was proved in [ABLR20, proof of Proposition 4.11]. O

The degree zero parts of cﬁ?’;(e"‘) e H *(ﬂl,l) induce a vector field on U, X =

X %, and we already noticed that X' = ZlN: 1 Hszf) ﬁ . This motivates the following

definition.

Definition 5. Consider a semisimple flat F-manifold (M, V, o, ¢). A vector field X’ on
M is called a framing if around each semisimple point of M, in canonical coordinates
u', the field X has the form X = ZINZI o Hi_Q% for some complex constants «;,
1<i<N.

Using this language, we can say that our family of F-CohFTs ¢G0-/

X =YY, x5 onU, with X' (ip) = G},

Suppose vice versa that all the points of our flat F-manifold M are semisimple and X’
is a framing on M. We see that for any pointzg € M the above construction gives a family
of F-CohFTs around 7 such that the induced framing coincides with X’. This family is not

induces a framing
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unique because the matrix R(z) is defined uniquely only up to the transformation (2.7).
Suppose that M is simply connected. Then it is easy to see that there is a consistent
choice of matrix R(z) in all the charts such that the local families glue in a global family
of F-CohFTs parameterized by 7 € M. Let us denote this global family by ¢ . This
global family is not unique: in order to fix the ambiguity, one can, for example, ﬁx a
choice of matrix R(z) at some fixed point of M. Note thatif X = 0, then the maps X
are zero for g > 1.

Let us now apply the construction of the DR hierarchy to the F-CohFTs ¢/, We
obtain a family of densities Yg’ 4 € (,zl\l)“], where the superscript 7 signals that the

g, n+]

densities Yg 4 analytically depend on 7 € M. It is convenient to consider the generating
series of densities Yg PE

o= X v

d>—1

() YD)

Lemma 1. We have —7— = auy

—Cp, Vi), 1 < By <N.

Proof. This follows from the definition of the densities Y’ ﬂ 4 the property 5 5 (X sl =

1% O (c ) ¢.n+2 © (®eg) (which is equivalent to part 2 of Proposition 4), and the fact

that nl*wd 1/fd 8?n+1n1 1//d ''1<i<n,d> 1, where the classS w41 Was defined
in the proof of Proposmon 1. O

Consider now a calibration X, (z) of our flat F-manifold M. Define densities ?; 4 €
AN 1 < B < N.d 2 —1.by Yoy V427 =T(2) where

Yj(2):=Y, () X4 ().

ayL ar,
Lemma 2. We have aﬁ,‘d = 35;,‘1.
. . X} (2) I
Proof. This immediately follows from Lemma 1 and the property —5— = Cjuz
X% (2). O
B

Define densities of vector fields YGlesc (EM)“], 1<B<N,d=>—1,by

u*:())

The previous lemma implies that for a fixed 7 € M the density Yé 4 1s the Taylor

c (.Z}V[)[l]

tY =u?

desc
yge ( Vi

Ydesc

expansion of the density Y gesc atu? =17, ie., Yt 54 =Yg , as elements of

u?’ >t +u?
(AMHUI Therefore, since for any 7 € M the densities Y ;; 4 produce a hierarchy of pairwise

commuting flows, the densities Ydejc also produce a hierarchy of pairwise commuting

flows. This hierarchy is called the descendant DR hierarchy.
In more details, the equations of the descendant DR hierarchy are given by
ou®

_ﬁzangedSC;“, l<a,B<N, d=>0,
oty ’
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where PJSSY = ple , Pl =yl phe X}" | 4, and P’ are the
B.d ﬁdu*—O o uV B.d =0 u,d—i“*i—1,8° B.d
differential polynomials (1.13) corresponding to the F-CohFT ¢!, 7. Also, we adopt the

l Y m
Py 9Py
ar = 8uV ‘

desc o —Xa

convention P |- Note that we have

Pdesc o

We 1mmed1ately see that 6.d ‘ = X%‘ d , and therefore the dispersionless
P

Y =uv
part of the descendant DR hierarchy coincides with tLllle principal hierarchy. For X = 0,

the descendant DR hierarchy coincides with the principal hierarchy.

Statements analogous to the ones from Theorem 2 are true for the descendant DR
hierarchy. We present here the proof of a couple of them.

Note that if X%‘,—] = 8"‘ then X¢ 1.0 coincides with 7% up to a constant. We will say

that a calibration is of standard type if X§ B—1= =069 B and X§ o =1%.
Proposition 5. 1. We have nge;if‘ = Pgedsc “l<a,B<N,d>-1l
2. If our calibration is of standard type, then iPﬁielSC ¥ = DPgeOSC Y l<a B <N.
_ 9 pdesc;a _ 3 pha _
Proof. To prove part 1, we compute BT Pﬂ’d+1 vy = T P/fi,d+1 =
9 \d+2 phia i _ \d+l pt iz _ pha _ pdescia
FM > i—0 Plavi—iXicip = 2i=o PM d-iXis1p= Pﬁ,z{ T8 |

For part 2, we compute iﬁ Pl‘lielSC “

_ 0 pha _ 93 o Lo
W tyuy  ouP TILLTTG (P“’1+P t)

DPL§ + 152 Pio= DPJGS

u¥—=t¥+u?

To summarize the above constructions, given the following data:

e a flat F-manifold structure on M C CV given by a vector potential F such that M
is simply connected and all the points of M are semisimple;

e its calibration;

e aframing on M;

we have constructed a dispersive integrable deformation of the principal hierarchy. In the
next section, we will prove that the dispersive deformations corresponding to different
framings are not related to each other by a Miura transformation that is close to identity.

2.4. Nonequivalence of dispersive deformations. We say thata Miura transformation (1.6)—
(1.7) is close to identity if U%|.—o = u®.

Definition 6. Two dispersive deformations of the principal hierarchy of a calibrated flat
F-manifold are called equivalent if they are related by a Miura transformation that is
close to identity.

Theorem 4. Let us fix a calibrated flat F-manifold structure on a simply connected open
subset M C CV, with a vector potentialf and which is semisimple at each point
of M. Then, for different framings X and X on M, the corresponding descendant DR
hierarchies are not equivalent.

Proof of Theorem 4. Following [AL18], for a system of evolutionary PDEs of the form

u
. - =" 0 e A}, 1<a<n,
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let us consider the associated Miura matrix S(z) = (Sg (z)) € Maty y (OM)[Iz]])
defined by

Sg@)=y 207

B
d=0 Mgy

uZ:8c,0ty
E=Z

For a Miura transformation (1.6)—(1.7) that is close to identity, introduce its symbol
T(z) = (Tg(2)) € Maty,y (O(M)[[z]]) by

i
T (=) —5

a=o duy

Mcy»:(?c,oty
E=Z

It is easy to see that under the Miura transformation the Miura matrix of our system of
PDEs transforms as follows:

S(z) = T()S@)T ()"

Now consider the descendant DR hierarchies corresponding to different framings X’
and X. Let us denote the Miura matrices of a flow a% from these two hierarchies
d

by $@9(z) and Sled) (z), respectively. Clearly, S (0) = Sled) (0). Suppose that the
hierarchies are related by a Miura transformation that is close to identity. Denote its
symbol by T'(z). For the calibration of our flat F-manifold, without loss of generality,

we can assume that X | = 3. Consider the expansions s@d(z) = 2i=0 Sé‘f’d) A
Sedz) =3 Sed i 7(g) = > i=0 Tiz'. Then we have

71, " "1=0,
SV 418" TT + T2, S¢° 01 = S50,
=530 - 5D = (5D, 1), (2.8)

S@d () = T()S*D ()T () ' = {

For the descendant DR hierarchy corresponding to the framing X', we have

Sha _ pha Loy o Sha _ pho o
=Pt PLoXy ot X, Plo=Plo+ X0

which implies that the matrix § = (Sg)::Sé“’l) — 22’:1 X’]fyoSéﬂ’O) is given by

TR
Sg = Coefez—ﬂléo = Coef 2 / A11pchéf(ea ®e®ep)
uy | o DR (a,0,—a)

= 2Coef 2 / res (€ ®ep),
DRy (a,—a) ’

which is equal to 2Coef 2 fDRl(a,—u) A= 1]—2 times the degreeﬁ zero part of cfz’?(e"‘@eﬁ).
By the construction of the cohomological field theory el the degree zero part of
clxz’t(e“ ® ep) is equal to N Oy \where ZlNzl X"%:X and @' are local

i=1 31 " 1P
canonical coordinates on M. Since X # X', we conclude that if we denote S:::S’;H’ D_
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2;111:1 X ‘If’ofS'\;”’O), then U(S — S)¥ ! is a nonzero diagonal matrix. On the other hand,
since \TIS(()a’d)\II_l is a diagonal matrix for any 1 < ¢ < N and d > 0, the diag-
onal part of [\TJ (S(()“’l) — Zﬁ’zl X’E‘OS(()“’O)) (7 \TJTle_I] is equal to zero, which
contradicts (2.8). |

Note that during the proof of the theorem we have obtained the following explicit
relation between a framing and the differential polynomials defining the flows azi“ and
1

azi“ of a corresponding descendant DR hierarchy.
0

Lemma 3. Consider a flat F-manifold, a calibration satisfying X%"_ | = (Sg, a fram-

ing X = X¢ %, and a corresponding descendant DR hierarchy. Then we have

pdesc; d B
X% = E)u“ Coefz( ﬂefca Pﬂe(;caX )

u*=t*

2.5. Homogeneous dispersive deformations. As at the beginning of Sect. 2.3, consider
a semisimple flat F-manifold structure on M C CN defined by a vector potential F, a
semisimple point, canonical coordinates u' on an open neighborhood U of this point,
the diagonal matrix of one-forms D,a diagonal nondegenerate matrix H, and matrices
Ry. Suppose that our flat F-manifold is homogeneous with an Euler vector field £ of
the form (2.4). By [ABLR20, Proposition 1.14], the diagonal matrix ¢ D is constant,
lED = —diag(éy,...,0n) = —A, §; € C. Moreover, we have E¢ aa H = AH, and by
[ABLR20, Proposmon 1.16] we can fix a choice of matrices Ry by the additional con-
ditions E"‘B%Rk = —kRy +[A, Ri] for k > 1. By [ABLR20, proof of Theorem 4.10],
for an arbitrary 1 <[ < N and an eigenvector G of the matrix A corresponding to the
eigenvalue §; the family of F-CohFTs ¢C0°7 satisfies the property

9 : .
Degocl0f + E* — o Ol =0l o[-0 @1 + Y 1de1d® ® 0 ®1d®
i+j=n—1

Go.t

—281gcg’n+l.

This implies that for any 7 € U the F-CohFT ¢%%! is homogeneous of conformal
dimension —2§;. Note that the corresponding framing X on U satisfies the property
[E, X] = (=285 — DX

Suppose that M is connected, then itis clear that up to permutations of the components
the vector (81, . .., §y) doesn’t depend on a semisimple point. We come to the following
natural definition.

Definition 7. The vector y:=(—2681, ..., —28y) is called the vector of conformal di-
mensions corresponding to our flat F-manifold.

Suppose that all the points of M are semisimple. As in the previous section, we can
now glue the local families of F-CohFTs in a global family. Note that given a framing X’
on M satistying [E, X] = (—26; — 1)&X we can now construct a unique global family
¢¥1 7 € M, of F-CohFTs fixing the choice of matrices Ry using the Euler vector field.

Summarizing the considerations of this section, we obtain the following result.
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Theorem 5. Consider a homogeneous flat F-manifold structure on a connected open
subset M C CV defined by a vector potential F. Suppose that all the points of M are
semisimple. Lety = (y1, ..., YN) be the vector of conformal dimensions. Let1 <1 < N
and let X be a framing on M suchthat [E, X] = (y;—1)X. Then the family of F-CohFTs

et satisfies the property
9 . .
Deg oyl +E*— o ot =cio -0 @™+ Y 1d@1d® ® 0 ®1d%
i+j=n—1
X7
+J/[gCg n+l-

In particular, for anyt € M the F-CohFT Xl s homogeneous of conformal dimension
Vi

Let us now discuss properties of the descendant DR hierarchies in the homogeneous
case. Under the assumptions of the theorem, suppose also that M is simply connected.
By [BB19, Proposition 4.4], there exists a calibration X, (z) and complex matrices R;,
i > 1, such that X%"_l = 5/"3‘, [0, Ri]=iR;, and

0 d
E® 3 (z)—z—X(z)+[X(z) Q]+X(Z)R(Z)

where X (2):=) ;= (X%’d) 24! and R(z):= D= Riz'. Such a calibration is called
homogeneous. Consider now the associated descendant DR hierarchy.
Let us introduce a generating series P9%5¢(z) by

Pdesc(z):= Z (Pg’et;c;a> Zd+l.
d>—1

Proposition 6. We have
a
E PdCSC(Z) — Za PdCSC(Z) + [PdeSC(Z) Q] + PdCSC(Z)R(Z)

Proof. Let us introduce generating series P’ (z) and P'(2) by
Ply= )" (ﬁéi3> L Ply= Y (Pﬁ d) ey
d>—1 d>—1

‘We have to check that

Ey, P(2) = za%ﬁ () +[P'(z), Q1+ P (2)R(2).

u¥ =Y +u¥

For this, we compute

Ey] Pdesc (Z)

~ a ~
= (EVI +ta(8g - Qg)am) PI(Z) =

u¥—=t¥+uv

by Prop. 1.7

~ a -
= <Ey, +1%(8f — Qﬁ)m) P'(2)- X(2)
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=za%1>7(z) X (2) +[P'(2), Q1X (2) + 2P (2)(EY C,) X (2),
2.9)

where C, :=(C;fﬁ), and we recall that ng MM SincezEYC), X (z) = EY 8%X(z) =

z%X(z) +[X(2), O]+ X(z)ﬁ(z), the expression in line (2.9) is equal to

za%Pf(z) - X(2) +[P'(2), Q1X(2) + P'(2) <Z%X(Z) +[X(2), 01+ X(Z)E(z))

=z8%f>7<z> +[P'(2), Q1+ P (2)R(2),

as required. O

3. Towards a Classification of Dispersive Deformations

In this section we consider the problem of classification of dispersive integrable defor-
mations of principal hierarchies for flat F-manifolds and observe the central role played
in it by the DR hierarchies. We propose two a priori different classes of deformations and
we classify them, up to some finite order in ¢, for 1 and 2 dimensional flat F-manifolds,
respectively. Up to that approximation, we observe that both classes contain essentially
the DR hierarchies considered in Sect. 2.

3.1. Dispersive deformations of DR type and the rank 1 case.

3.1.1. Integrable systems of DR R type Given a local vector field X € (A", consider
the operator Dy : Al [[z]] — Al [[z]] defined by

DyY (2):=0:(D — Y (2) — z[X, Y (2)],

Y(2) = Z Yi12, Yi1 € AL
k>0

Suppose there exist N solutions Y,(z) € (.21)[1], 1 < o < N, to the equation
DYy (z) = 0 with the initial conditions Y, (z = 0) = —6,1. Then a new vector of
solutions with the same initial conditions can be found by the following transformation:

Yo (2) = ali (2)Y,(2), (3.1)
where ay (z) =86 +Y ;-0 aa lz e C[[z]].

Theorem 6. Assume that X € (Al)[l] satisfies the following properties:

(a) there exist N solutions Y, (z) = Zd>0 w.d— 129 e (A )[1 [[zIl, 1 <o < N, to the
equation

DyYulz) =0 (32)

with the initial conditions Yy (z = 0) = —6q.1,
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(b) XX = —u%, 1 + 0°R, R € (.Zl)[_l], where 2 = A% and A are some
Sull , X Sull Su
complex constants.

Then, up to a transformation of type (3.1), we have

(i) Yio = —u®0y1 +32(D — )7'R,

(ii) Yu1 =X,
(i) [Yar.dys Yor.ao | =0, 1 Sap a0 < N, dy, dy > —1,

d
(lV) [ 2,0 Dl1 d] = a 92 Ya1,d+l) 1 <ap,ay < N) d > _l’
a
(v) 5,1 Yeudr1 = Yoa, l<a<Nd=-1

Proof. The proof follows closely the proof of [BDGR20, Theorem 5.1-5.2] with Lie
brackets of densities of local vector fields replacing Poisson brackets of differential
polynomials. O

Remark 4. When we restrict to ¢ = 0, a particular local vector field satisfying condi-
tion (a) of Theorem 6 is given by X = —(D — 2) f Feul, ..., uN)Oa,ldx where the
functions F* (¢!, ..., tV) are solutions to the oriented WDV'V Egs. (2.2), (2.3). It is easy
to check that for such X solutions Y, (z) are given by Yy (z) = — a1 Xg JOp120H

where the functions X 5 4 form a calibration of the flat F-manifold satisfying X, s _1 =0y 4
(see Sect. 2.2). Therefore, the functions Yy (z) are the generating series of densmes of
local vector fields of the principal hierarchy of the flat F-manifold. Note that condition
(b) for our X is equivalent to %IL]T = 1%, which can always be fulfilled by adding to F'¢
appropriate linear terms.

Definition 8. Let X e (AH!] satisfy the hypotheses of Theorem 6. Then we say that
X = Yy,1 and the induced hierarchy of compatible densities of local vector fields Y, 4,
1 <a < N,d > —1, are of double ramification (DR) type.

Theorem 7. The double ramification hierarchy (1.11) associated to an F-CohFT is a
hierarchy of double ramification type.

Proof. Hypotheses (a) and (b) of Theorem 6 follow immediately from claims (iii) and (v),
respectively, of Theorem 2. O

3.1.2. Classification of rank 1 hierarchies of DR type Thanks to Theorem 6 and Re-
mark 4, it makes sense to use Eq. (3.2) to find all possible deformations of DR type of a
principal hierarchy associated to a given flat F-manifold, at low order in the dispersion
parameter €. These deformations will, in particular, include the ones coming from all
F-CohFTs with the given genus 0 part.

Consider the ancestor principal hierarchy associated to the genus O part of the trivial
CohFT, i.e., the CohFT with V = C(e) and cg , (€®") = 1 € HY(M, ) forall (g, n) in
the stable range. Let e; = e, uk::ui, Or:=61 i for k > 0, with u:=ug, 6:=0; as usual,
and Y :=Y1,4 = Y1.4. A direct computation (at the approximation up to 89) shows that
its most general deformation of DR type is either of the form

du  8Y

2 4
— = — =uuy+&°Cyuz+¢e (Crius+ Corouru
5 = 50 1 1,143 + &7 (Co,1us + Co pusu3)
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10 (CZ l) 9 SCZ 1C2 2

6 2 , s s
+ ( uruz + ( uz (u + | ——=1 4+ —( ( u7 + — = =7 4 3( u2U.
€ ( 3,1U2Us5 3,2 3( 2) ( 7C1,l 35 1,122 7 ( 3C1,1 3,1) 3u4

+e8 [ Cat (w2)2us +Cap (u2) dus + 15(Ca0)’ e Con ey 1o )
4,1 U2 5 4,2 (U3 3 7(Cl,1)2 105 2,142.2 35 1,131 9
123(Cy1)%Capn 57 , 9 33C2,1C3,1
-+ — (C —C11C30+ —————
( 28(C11)?2 100 (22) 7+ 5C11Ca2 7c, )"
177(C2,1)%Ca 201 , 333 33C2,1C3,1
+|——F—FF—+— (C +—C1,1C3 2+ ————
( 4(C14)2 100 (€22) "+ 55 C11Ca2 L, )M
44Cy C22 2 55C2 1C32 44C2,2C31
= +2Cq | (w3)?
21(Cy 1) 2 12C 21Cy
24 C21 2C22 249 » 9 132C5. 1C3.1
+—(C +-C11C3p+ — 77—
( (€11)? 175 (C22) 7+ 1 €11 7C1, )1
838C> 1 C2 2 2 55C2 1C3,2 88C2_2C3 1
— +6Cy4.1 | upuzuy
21 C11 6C1,1 21C1 1
+0(!0),
(3.3)
with C; ; € Cand Cy 1 # 0, or of the form
ou  8Y
— = — =uuy +&Cuy, C eC. (3.4)
oty 60

Notice that, imposing Cy » = 0 forall k > 1 in Eq. (3.3), we recover the most general
Hamiltonian deformation of DR type, obtained in [BDGR20], which is in turn in one
to one correspondence with the most general rank 1 CohFT. This shows that the extra
parameters Ci 2, k > 1 control the strictly non-Hamiltonian deformations (at least with
respect to the Hamiltonian operator d,). We expect these to correspond to F-CohFTs
that are not CohFTs.

Remark 5. It is easy to check that the r.h.s of Eq. (3.3) is a total x-derivative. Comparing
with the results of [ALM15] we see that a similar result can be obtained starting from
generic scalar conservation laws of the form

ou

=0 Py, d=0,
e
Py=Y &Py Pyge AL (3.5)
>0

choosing

ud+l
o Pyo= @D’
g 5 L = (; the reduction to this form by means of a Miura transformation is always

poss1ble and it is unique,

and imposing the following conditions:

o Commutativity of the flows.
e String property: 5. Pd+1 = P, ford > —1, where P_;:=1.
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According to the conjecture formulated in [ALMI15], it should be possible to write
all the coefficients appearing in the deformation as functions of the coefficients of the
quasilinear part. Moreover, the coefficients of the quasilinear part should be constant
(due to the string property) and arbitrary. This is consistent with the formula (3.3) since
the additional free parameters appearing at the order &3 are related to the coefficients of
the quasilinear part by constraints obtained considering higher order conditions.

Even more intriguing is the isolated deformation (3.4), which, up to reabsorbing the
constant C into the factor ¢, is the celebrated Burgers equation, which is dissipative and
hence non-Hamiltonian. The appearance of terms with odd powers of ¢ in a hierarchy
of DR type rules out the possibility that it is the double ramification hierarchy of an
F-CohFT. However, considering that flat F-manifolds are known to appear in genus O
open Gromov—Witten and Saito theory [PST14,BCT18,BCT19,BB19] it is tempting to
conjecture that Burgers equation (3.4) and its higher symmetries might control some
version of F-CohFT on the space of Riemann surfaces with boundaries, where curves
can indeed possess half-integer genus accounting for odd powers of the genus parameter
e.

The fact that Burgers equation (3.4) and its higher symmetries form a hierarchy of
DR type can be proved rigorously at all orders in ¢ as follows.

Theorem 8. The vector field X = [ (uuy + guyy)0dx of the Burgers equation defines a
hierarchy of DR type, i.e., it satisfies conditions (a) and (b) of Theorem 6.

Proof Let us first present a reformulation of the Schouten—Nijenhuis bracket [-, -]: A Alx
A' = A in terms of formal differential operators. C0n51der an arbitrary local Vector
field X = [ X0dx € A! and a density Y = > k=0 Yubk € A!. The local vector field X
defines a flow on the space of differential polynomials by

ou 85X

ar 86

)

and we consider also formal differential operators ZY and Ly defined by

~ X

. ok 04 ._ k
Ly=) (a0 ™ Ly=) Y3}
k>0 k>0
Directly from the definition (1.2), we obtain the following identity:
o) ~
Lixy = ELY — Ly o L,

where we apply the differentiation % to the operator Ly coefficient-wise.

Let us now take X = [ (uuy + euyy)0dx.
Let us prove condition (a) of Theorem 6 by showing that a required solution Y (z) =
> ko1 Yezk*1 of Eq. (3.2) is given by

Y(z) = _ezaaxez(u—ZsZ)x)el & Ly = Z Zk+1LYk — %0k o ptu=280y) 3.

k>—1
Since ZY = —udy + 83)%, Eq. (3.2) is equivalent to
~ dLy
dcoDLyq) =z ( a:m — Ly o (—udy + saf)) , (3.6)
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where D:= ano un% + 8%, and we apply D to Ly ) coefficient-wise. Note that
DL YY) = Zz?_zLY(Z)- Therefore, Eq. (3.6) is equivalent to

—dy 0 9 (ezsax o o2U=260y) 3x) - (ezsax 0 eXTH Mo ax)
Py at
" ezgax o ez(ufzé‘ax) o 3)6 o (—uax + 88}%) <
0
- ezaax . (_ax ou +83§) o eg(u—253x) ° ax = — ezaax o aer(u—ZSaY) o ax
t

4 %80 o Q2 u=280x) o (—0x ou+ 83)%) 00y &

z(u—2€0dy) :[ez(u72sax)’ —dy ou+ 833].

- a
—e
ot
Note that the last equation follows from the elementary identity %(u —2e0y) = [u —
26y, —0y o u +£02].

Condition (b) of Theorem 6 immediately follows from the equation %Y = —ub +
£bs. O

3.2. Homogeneous dispersive deformations and the rank 2 case.

3.2.1. Homogeneous deformations with string and dilaton property Let us fix a homo-
geneous flat F-manifold structure on an open subset M C CV given by a vector potential
F, together with a homogeneous calibration of standard type. We consider systems of
evolutionary PDEs of the form

Bu“
d
Pg, = ZSZ’Pg,dJ, Pg g€ AL (3.7)

>0
such that the following properties are satisfied:

(1) Commutativity of the flows: the flows %5 a 7 pairwise commute,

(2) The dispersionless limit of the system (3 7) coincides with the principal hierarchy of
the given cahbrated ﬂat F-manifold,

(3) String property: 5t ﬁ dil = ”‘ 4 ford > —1, where Pg 1 :8%‘,

(4) Dilaton property “ L = DPE‘O,

5) Homogeneztycondztzon E P(z) = Za P(2)+[P(2), Q]+P(z)R(z) forsomey € C,

where P(2):=) 4. _ (P yd)Zd”.

In this section, working out the N = 2 case, we observe how descendant DR hier-
archies appear in the problem of classification of dispersive integrable deformations of
principal hierarchies of flat F-manifolds of the above form, which we refer to as a homo-
geneous deformation with string and dilaton properties. The role played by conditions
(3), (4), and (5) is central in producing finite dimensional spaces of deformations even
without having to quotient with respect to equivalence up to Miura transformations of
the dependent variables.
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Remark 6. Axioms (1), (3), and (4) above correspond closely to properties (iii), (iv), and
(v) of Theorem 6 for hierarchies of local vector fields of DR type. Homogeneity (5)
corresponds to property (iii) of Proposition 1 for homogeneous DR hierarchies. Finally,
condition (2) above is satisfied by hierarchies of DR type, see Remark 4. This means
that homogeneous dispersive deformations with string and dilaton properties contain
homogeneous descendant hierarchies of DR type whose local vector fields have only
even powers of ¢. It’s not a priori clear that the converse is true and it would be interesting
to investigate this point.

3.2.2. Classification of semisimple homogeneous flat F-manifolds in dimension 2 In the
semisimple case, using canonical coordinates uy, ..., uy, the structure of a homoge-
neous flat F-manifold can be recovered from a solution of the following system [AL19]:

i
L Pk £ £
duy ijt ik ij" jk ik kj» ’
N i N i
ar, Tt ,
J L] i . .
L —0, =TI, . 3.8
]; ™ k;uk " i i # (3.8)

For N = 2, the above system reduces to (3.8), and the general solution is

€

ri. — ,
H Ui —uj

where €] and €; are arbitrary constants. Note that the corresponding vector of conformal

dimensions is equal to (2¢3, 2¢1). In order to compute a vector potential, we need to

introduce flat coordinates u, v (these correspond to 1, #2 in Sect. 2.1). We have to
distinguish 3 cases:

I. €1 +€ # 0, 1. In this case, flat coordinates are

1
Uy —ux\m 2+c¢ 2—c
Uu—=|—— s V= up+ uz,
4 4 4
—_n €fl=€ _ .o
where ¢ = 2 arer M = T = # 0, 1, and a vector potential is
Mm+l UZ 4_c2 muZm . 1
uv—20m+1,7+ 3 3m=T ) * 1fm7é—1,§,0,1,
2 _2 .
(F', ) = (wv — 2clogu, 5 + =24 2), ifm = —1,
_ 432 2 4= ifm = 1
uv — zceu’'S, 5+ =5 ulogu), 1fm—2.
s D . _ 1.3 9 — _ (@=c)m=1)
The unit is %,the Euler vector field is E = %uﬁﬂ)%,andy = (T’
2+c)(m—1)
2m :

If m is ahalf-integer, these are the vector potentials of the bi-flat F-manifold structures
defined on the orbit space of the dihedral group I,(2m) [AL17]. If also ¢ = 0,
the above vector potential comes from the Dubrovin—Frobenius manifold structure
defined on the orbit space of the dihedral group.
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II. €1 =c¢, e2 =1—c, c # 0 (see the remark about the case ¢ = 0 below). Using the
flat coordinates

uz
U=uy —uy+—, v=—1In(u; —uy),
c

we obtain

1 —
Flefw e Se™, P+ Qo= e, (3.9)

The unit is %%, the Euler vector field is E = u% — a%, andy = (2 — 2c¢, 2¢). For
c= %, the above vector potential comes from the genus 0 Gromov—Witten potential
of the complex projective line.
In the case ¢ = 0, choosing the flat coordinates # = up and v = — In (4] — u2), we
obtain F! = % and F? = uv — e~". This flat F-manifold is isomorphic to the flat
F-manifold (3.9) with ¢ = 1 and shifted by v +— v + 7i.

IIl. €1 =c, ey = —c. If ¢ # 0, then using the flat coordinates

us
u=uy—uz, V= —uz)ln(u—uy)+—,
C
we obtain
c+1
F!' =cuv + u? (T —clnu),

F? =£v2+u2 —3c+1 + C+1lnu — E(lnu)2 .
2 4 2 2

The unit is %%, the Euler vector field is E = u% + (u + v)%, and y = (—2c, 2¢).

If ¢ = 0, then choosing as flat coordinates the canonical coordinates © = u; and
v = up we obtain

a
av’

the Euler vector field is £ = u% + v%, and y = (0, 0).

The unit is % +
3.2.3. Integrable deformations of rank 2 homogeneous principal hierarchies We now
want to classify all homogeneous deformations with string and dilaton properties of
principal hierarchies associated to the homogeneous two-dimensional flat F-manifolds
considered above. In our computations below, we have observed the following remark-
able facts:

e If such a deformation exists and is nontrivial at the £ approximation, then y must
be equal to y; or .

e For y = y;, at the £ approximation, any such deformation coincides with the
descendant DR hierarchy constructed using an appropriate framing. In particular,
any such deformation at the approximation up to £ can be extended to a deformation
at all orders of ¢.
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Let us consider all three cases from Sect. 3.2.2 in detail.
Casel . For simplicity, we consider the case % # 7, which guarantees that there is a

unique homogeneous calibration of standard type such that R; = Ofori > 1.Recall that
the vector of conformal dimensions is (yi, y2) = ((27")(’"71) (2“)(’”71)). We have

2m ’ 2m
three subcases.

Case 11.If y; # y» and y = y1, we obtain

Pll,o =v —2cu”

+ Au—zem=D g2 (m(c —2)(em —c = 2m+MHu"3u +mc —2)2u" uyy — cu"v”> +0O@EY,

2 2
4— ¢
P|20 =%u2m—l +Am(c? - 4)14—%6(111—1)82 (m(cm C e —dm +6)u2m_4u)2€
) e
+m(c — Hu" Py — um’zv”> +0O@EY,
and
2 ,
Py ) =uv — nicl W Ay e g2 (m(c —2)(em — ¢ —2m — 2u""2u?
m—1 m—1
5 V2 m4—c?) 2 | b2 s o
Pli=g g Ame s umi e <m(cm —c—dm)(c — P2
L mlem —c—4m)(c—2) W2y wu’"—]vu + O,
m—1 m—1

Here A is an arbitrary complex constant. This deformation is given by the descendant
DR hierarchy corresponding to the framing (X!, X?) = 124 (%u’%c(’”’l),
dm(c+2) w3 Dm=1Y
Case I2.1f y1 # y» and y = y», we obtain
Pll,O =v —2cu™
+ Bu2emn=Dg2 (m(c +2)(em —c+2m —Hu"3u +mic + 22" uyy —cu”! vxx) +0@Y),

) mi4— 02)u2m71
1.0 2m — 1

+mic +DHu Bup — umfzvxx) +0@Y,

) _
+ Bm(c? — 4yuzcm—N,2 (m(cm —c+4m — 6" 4u§

and
2
P211 —uv — ’ch W 4 gy rem=1 2 (m(c +2)(ecm —c+2m + Z)Mmfzuﬁ
: m
+2 —c+2m+2 —c+4
+m(c )(cm — ¢ +2m )um—lu”_%vm + 0O,
m—1 m—1
, v om@d—-c* , Lem—1) .2 2m=3,2
Py =5t M 4+ Bm(c —2)uzMm Vg (m(cm —c+dm)(c+2u " uy
N m(cm — ¢ +4;n)(c +2) W2y wum—lvm> +O@EY.
m— m =
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Here B is an arbitrary complex constant. This deformation is given by the descendant
DR hierarchy corresponding to the framing (X!, X?) = 12B (—%uéc(’"_l),

_ 4rr’lrfc_—12) uzEm=-Y

Case I3. If y; = y» (which is equivalent to ¢ = 0) and y coincides with them,
we get a two-parameter family of deformations formed by linear combinations of the
deformations from Cases I1 and I2.

Casell. There is a unique homogeneous calibration of standard type such that
Xg,o = Bi)tL:’ ﬁl = (_OC 8), and ﬁi = 0 for i > 2. Recall that the vector of con-
formal dimensions is (y1, y2) = (2 — 2c¢, 2¢). We have three subcases.

Case Il1.If y; # y and y = y;, we obtain

—1 . 2c -3 2c—3
le 0 =L ey Ac — 1)e?eDvg? <Mxx -= e Ui+ < e_vvxx> +0(eh),
’ 2 2¢ c
2 —v 2(c—1v 2 2c—1, €—1? P G n? 4
PZOZCM—(Q.C—I)C' + Ae e - e Uxx + Vy — vex | + O,
) 2 c c
and
2
c clc—1 _ _
Pl =?u2 + T)Qv + e 2 + A% ‘)“sz(c((c — D+ Dutyy

e = 3ppa et 4+ E2
2 S

P2, =c2uv — c(2c — (v + De™ + A2 D2 (—%((2c — D +2)eVuy,

! (2c —3)v + 2)e_”vxx> + O,

+

< ; ! (2c—=2)v+ 3)v§ —(c—=D{(c=DHv+ l)vxx) +O(e"),

where A is an arbitrary complex constant. This deformation is given by the descendant
DR hierarchy corresponding to the framing (X!, X2) = 124 (¢2(=Dv, _C2e=Dv),
Case 1I12. If y1 # y and y = y», we obtain

c—1 . 2c+1 2c+1
P21,0 = e 2V + B(c — 1)e 2Ve? <—uxx + 2—6670U3 - e“vxx) +0(eh),
2 -v —2cv 2 2c—1 v 2 4
Pig=cu—e "(2c—1)+Be £ 5 e'Uyy — cVy + Uy | +O(e),
and
2 _
P :%Lﬂ LD oy e 4 Be — 1)e 2062 <—(cv — Dty + %((2c + v —3)e V2

1
—5 Qe+ - 2)e*”u”) +0(%),
Pl =ctuv — c2c — D+ e

. 1 1
+ Bee 22 (5((26 — 1D —2)e%uyy — E(ZCU — S)U)% + (cv — l)vxx> +0@Y),
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where B is an arbitrary complex constant. This deformation is given by the descendant

DR hierarchy corresponding to the framing (X!, X?) = IZTB (%e‘zcv, —e_(zc_l)“).
Case II3. If y1 = y» (which is equivalent to ¢ = %) and y coincides with them,

we get a two-parameter family of deformations formed by linear combinations of the

deformations from Cases II1 and II2.

_ Caselll. There is a unique homogeneous calibration of standard type such that

R; = Ofori > 1.Recall that the vector of conformal dimensionsis (y1, 2) = (—2c, 2¢).

Case II11.If y1 # v (equivalently, ¢ # 0) and y = y; = —2c¢, we obtain
Pl =u(l = 2cInu) +cv+ Au=2""e? (— <c + %) w2 4 cugy + (% —c(1+1n u)) Mxx) +0(eh),
P12,0 =u(lnu —c(1 +In2u)) + Au—21¢2 (—u‘l <<c+ %) Inu+ c) u§+

+ (c(l +Inu) — %) Uyx + <2(1 +1nu) —c(1 +111u)2 - 2i> uxx> + 0(84),
c

and
Pli=- %u(cu(l +21Inu) — 2cv — u) + Au— 2712 (c(c — Dutvey +c(1 — ul+
1
+u <c(l —O)lnu— (c - 5) (- 2)) uxx) +0(eh,
2 €2 c? 2
Py =- Zu Qchu+c—1+c—1)Inu+ 71} +

3 3
+ Ay 12 (c ((1 —c)lnu+ 3 —c> u)zc +cu ((c —DInu+c— E) Uyy +
3
+u (c(l —o)In?u— Q2% —4dc+ 1) Inu —c? +3c — 5) uxx) +0(eh,

where A is an arbitrary complex constant. This deformation is given by the descendant
DR hierarchy corresponding to the framing (X!, X?) = — % w2, 421 + Inw)).
Case I112. If y| # v, (equivalently, ¢ # 0) and y = y» = 2¢, we obtain

1 1
Plly0 =u(l —2cInu) +cv+ Bu*~1¢2 <(c — 5) u71u§ — CUyx + (clnu +c+ 5) uxx) +0O@Y),

: 1
Pl =u(nu —c(l+In?u)) + Bu*~'e? <(E —c(1+In u)> Vxt

1 1 1
+ (c(lnu+ 1)2 — 2—) Uxx +u! ((c - E) Inu+c—1+ 2—) u%) +O(84),
c c

and

L %u(cu(l +2Inu) — 2cv — u) + %Buzc”sz (26c+ D = 26 + Duvyer
Qe+ D Inu+2¢ + 3)uyy) + O@EY),
2

Pzz’l =— %uz(Z(clnu+c— D+c—Dlnu+ %vz+

+ Bu21g2 <<62+%—1+c(c+1)lnu)u%+u(1—%—cz—c(c+1)lnu)vxx+

+u <C2 +c— % +c(c+ 1)(nu+2)In u)) uM—) + (9(64),
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Table 1. Functional parameters for the integrable deformations at the approximation up to &2

Case Values of ¢ Integrable first order deformations Integrable second order deformations
I c#+£2 Miura trivial Two functional parameters
I c==2 One functional parameter Two functional parameters
I c#1 Miura trivial Two functional parameters
1II c=1 One functional parameter Two functional parameters
I arbitrary ¢ Miura trivial Two functional parameters

where B is an arbitrary complex constant. This deformation is given by the descendant
DR hierarchy corresponding to the framing (X!, A?) = 128 (-2 42 (L — 1 —Inu)).

Case I1I3.1f y1 = y» (equivalently, ¢ = 0) and y = y; = 0, we get the two-parameter
family of deformations

MZ

2 =+ A&y, + O(e"),
v2
P, =+ Be?vy, + O(%),

which is given by the descendant DR hierarchy corresponding to the framing (X1, X?) =
12(A, B). This hierarchy is just the DR hierarchy of the rank 2 F-topological field theory

A8, ifag=...=a, =1,
Cont1(e @ ®_jeq,) = { B8, ifag=...=a, =2,
0, otherwise,

and it coincides with the system of two uncoupled KdV hierarchies.

3.3. General integrable deformations and open problems. In Sect. 3.2.1, we considered
the problem of classification of dispersive deformations, containing only even powers
of ¢ and satisfying properties (1)—(5), of principal hierarchies of two-dimensional ho-
mogeneous semisimple flat F-manifolds. We observed that at the approximation up to
&2 all such deformations are given by the descendant DR hierarchies.

In this section, we consider more general dispersive deformations of the same rank 2
principal hierarchies: first, we allow odd powers of ¢ in the dispersive deformation (3.7),
and, second, we require that only properties (1)—(2) are satisfied. In other words, we
require only integrability, i.e., pairwise commutativity of the flows. In the table below,
we summarize the results of computations of such deformations at the approximation
up to &2 (the results for Case I were already obtained in [AL18]). When we refer to a
functional parameter relative to an integrable deformation, we mean that at a specified
order the equivalence classes of deformations depend on an arbitrary function. Recall
(see Definition 6) that two deformations are said to be equivalent if they are related by
a Miura transformation that is close to identity.

For special values of the functional parameters, we recover the genus one approxi-
mations of the descendant DR hierarchies from Sect. 3.2.3. Unfortunately, for generic
choices of the functional parameters the existence of a full dispersive hierarchy is an
open problem. Concerning this we point out that, in [AL18], it was conjectured that, up
to equivalence, integrable deformations for systems of any rank are labelled by a simple
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set of invariants called Miura invariants. Consider a system of evolutionary PDEs of the
form

u*

T A‘é (u*)uf+8 (Bg (u*)ufx + Bgy (u*)ufgu%)

+&2 (Cg (u*)ufxx + ng (u*)ufu,’:x + ng(g (u*)ufu%ui) +...,
a=1,...,N, (3.10)
and as in the proof of Theorem 4 consider the associated Miura matrix

M u*, p) = AGu*) + By u*)p + Chu*)p* + ...

The Miura invariants of the system (3.10) are the eigenvalues A’ (u*, p) of the Miura ma-

trix. If the eigenvalues of the matrix (A%) are pairwise distinct at some point (u Loou™)
= (u (lm g u(])\ﬁig) € CV, then the Miura invariants are well defined as formal power
series whose coefficients are functions on an open neighbourhood of (u, ; greeealt N o)

M=o e Mp+aip?+..., i=1,...,N. (3.11)

The functional parameters of Table 1 can be identified with a part of the coefficients
AbaZ ol A% in formula (3.11). The presence of odd powers of p in the expansion
(3.11) seems an exceptional phenomenon. In the case of special deformations satisfying
all the properties (1)—(5) from Sect. 3.2.1, there are examples related to open Gromov—
Witten theory [BR18] and we expect that this is not a coincidence. However, this point
requires further investigation.
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