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Abstract. In this article, we provide sufficient conditions under which the controlled vector
fields solution of optimal control problems formulated on continuity equations are Lipschitz regular
in space. Our approach involves a novel combination of mean-field approximations for infinite-
dimensional multi-agent optimal control problems, along with a careful extension of an existence
result of locally optimal Lipschitz feedbacks. The latter is based on the reformulation of a coercivity
estimate in the language of Wasserstein calculus, which is used to obtain uniform Lipschitz bounds
along sequences of approximations by empirical measures.
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1. Introduction. The mathematical analysis of collective behaviors in large sys-
tems of interacting agents has received an increasing attention from several commu-
nities during the past decades. Multi-agent systems are ubiquitous in applications
ranging from aggregation phenomena in biology [15] to the understanding of crowd
motion [28], animal flocks [29], and swarms of autonomous vehicles [13]. While the
first studies on multi-agent systems were formulated in a graph-theoretic framework
(see, e.g., [50] and references therein), several models now rely on continuous-time dy-
namical systems to depict this type of dynamics. In this context, a multi-agent system
is usually described by a family of coupled ordinary differential equations (ODEs) of
the form

(1) \.xi(t) = \bfitv N (t,\bfitx (t), xi(t)),

where \bfitx = (x1, . . . , xN ) denotes the state of all the agents and \bfitv N : [0, T ]\times (\BbbR d)N \times 
\BbbR d \rightarrow \BbbR d is a non-local velocity field depending both on the running agent and on
the whole state of the system (see, e.g., [6, 28, 29]). However general and useful,
these models are generically not the most powerful ones when it comes to capturing
the global features of a multi-agent system. Besides, their intrinsic dependence on
the number N \geq 1 of agents makes most of the classical computational approaches
practically intractable for realistic scenarios.

One of the most natural ideas to circumvent this model limitation is to approxi-
mate the large system of coupled ODEs written in (1) by a single infinite-dimensional
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2012 BENO\^IT BONNET AND FRANCESCO ROSSI

dynamics via a process called mean-field limit (see, e.g., the survey [51]). In this
setting, the agents are supposed to be indistinguishable, and the assembly of particles
is described by means of its spatial density \mu (\cdot ), which is represented by a measure.
The evolution through time of this global quantity is then prescribed by a non-local
continuity equation of the form

(2) \partial t\mu (t) +\nabla \cdot (v(t, \mu (t), \cdot )\mu (t)) = 0.

Such a macroscopic approach has been successfully used, e.g., to model pedestrian
dynamics and biological systems [15, 28], as well as to transpose the study of classical
patterns such as consensus or flocking formation to the mean-field setting [21, 44].
These research endeavors have hugely benefited from the recent progress made in the
theory of optimal transportation, for which we point the reader to the monographs
[5, 55, 56].

More recently, the problem of controlling multi-agent systems in order to pro-
mote a desired behavior or configuration became relevant in a growing number of
applications. Motivated by implementability and efficiency, many contributions have
therefore aimed at generalizing relevant notions of control theory to PDEs of the form
(2) serving as mean-field approximations of the discrete system (1). The resulting class
of controlled continuity equations are usually written as

(3) \partial t\mu (t) +\nabla \cdot 
\bigl( 
(v(t, \mu (t), \cdot ) + u(t, \cdot ))\mu (t)

\bigr) 
= 0.

While a few articles have been dealing with controllability results [34, 35] or explicit
syntheses of control laws [16, 53], the major part of the literature has been focusing
on mean-field optimal control problems, with contributions ranging from existence
results [38, 39, 40] to first-order optimality conditions [7, 8, 10, 11, 22, 23, 46, 54] and
numerical methods [1, 14].

One of the distinctive features of continuity equations is that they require fairly
restrictive regularity assumptions to be classically well-posed. While (3) makes sense
whenever the drift and control are measurable and satisfy some integrability bounds,
the associated notion of a so-called superposition solution (see, e.g., [5, Theorem
8.2.1]) is relatively weak and of limited practical use. In [2, 31], a theory of well-
posedness was developed for continuity equations with Sobolev and bounded varia-
tions velocity fields. However and general, the latter has not yet been generalized to
non-local driving fields, and is inherently restricted to measures which are absolutely
continuous with respect to the ambient Lebesgue measure. Up to now, the only iden-
tified setting in which a strong form of classical well-posedness (see Theorem 5 below)
holds for an arbitrary measure curves solution of (3) is that of Cauchy--Lipschitz reg-
ularity (see, e.g., [3, section 3]). In this framework, solutions of non-local continuity
equations exist, are unique, and stability estimates are available both with respect
to the initial data and the velocity fields; see, e.g., [9, 52]. This latter fact is highly
relevant to our purpose, since optimal control problems formulated on continuity equa-
tions are frequently studied in an ``optimize-then-discretize"" spirit. Indeed, the main
desirable property of a control law designed for the kinetic model (3) is to provide
a strategy which can be in turn applied---either exactly or approximately---to finite-
dimensional systems of the form (1). As the infinite-dimensional strategy is not strictly
optimal for the discrete multi-agent system in general, one would also like to have ac-
cess to quantitative error estimates between the true solution and the approximate
one. From a computational standpoint, Cauchy--Lipschitz regularity is also relevant
to ensure the well-posedness of numerical methods such as semi-Lagrangian schemes
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(see, e.g., [20, 24]), as well as to prevent the apparition of Lavrentiev-type instabilities
in the context of optimal control (see, e.g., [48]). For all these reasons, a wide portion
of the literature of mean-field control has been dealing with problems in which one
imposes an a priori Lipschitz-in-space regularity on the admissible controls (see, e.g.,
[8, 11, 17, 39, 40, 53]), or at least some continuity assumptions on the driving fields
(see [22, 23, 46]). A natural question is then to ask whether such a regularity property
may hold intrinsically or not. In this paper, we investigate this problem in the setting
of mean-field optimal control problems formulated on the controlled dynamics (3).

It is well-known that solutions of optimal control problems in Wasserstein spaces
need not be regular in general. Indeed, there exists a vast literature devoted to the
study of the regularity properties of solutions to the optimal transport problem in the
Monge formulation (see, e.g., [30, 37] for some of the farthest-reaching contributions on
this topic), mostly via PDE techniques. However, few of these results can be translated
into regularity properties on the optimal tangent velocity field v\ast (\cdot , \cdot ) solving the
Benamou--Brenier problem

(\scrP BB)

\left\{           
min
v\in L2

\Biggl[ \int T

0

\int 
\BbbR d

| v(t, x)| 2d\mu (t)(x)dt

\Biggr] 

s.t.

\Biggl\{ 
\partial t\mu (t) +\nabla \cdot (v(t, \cdot )\mu (t)) = 0,

\mu (0) = \mu 0, and \mu (T ) = \mu 1.

For the optimal control problem (\scrP BB), it can be shown for instance by building

on [56, Theorem 12.50]) that v(t, \cdot ) \in Ck+1,\alpha 
loc (\BbbR d,\BbbR d) whenever \mu 0, \mu 1 \in \scrP ac(\BbbR d)

have densities with respect to the ambient Lebesgue measure with regularity at least
Ck,\alpha loc (\BbbR d,\BbbR d) for some \alpha > 0, and that their supports are smooth and convex. Another
context in which the regularity of mean-field optimal controls has been (indirectly)
investigated is that ofmean-field games (see [45, 47]). Indeed, there is a large literature
dedicated to the regularity of the value function (t, x) \mapsto \rightarrow V \ast (t, x) \in \BbbR solving the
backward Hamilton-Jacobi equation of the coupled system\Biggl\{ 

\partial tV (t, x) +H(t, x,\nabla xV (t, x)) = f(t, x, \mu (t)), V (T, x) = gT (x, \mu (T )),

\partial t\mu (t) - \nabla \cdot (\nabla pH(t, x,\nabla xV (t, x))\mu (t)) = 0, \mu (0) = \mu 0.

In the setting of variational mean-field games, the velocity field

v\ast (t, x) =  - \nabla pH(t, x,DxV
\ast (t, x))

is the optimal control associated with a mean-field optimal control problem. There-
fore, v\ast (t, \cdot ) is expected to have a regularity with one order of differentiation fewer than
the value function. We refer the reader, e.g., to [18] for Sobolev regularity results on
the value function V \ast (\cdot , \cdot ) and to [19] for H\"older regularity (see also Remark 1 below).

In this article, we investigate the intrinsic Lipschitz regularity with respect to the
space variable of the solutions of general mean-field optimal control problems of the
form

(\scrP )

\left\{           
min
u(\cdot )\in \scrU 

\Biggl[ \int T

0

\biggl( 
L(t, \mu (t)) +

\int 
\BbbR d

\psi (u(t, x))d\mu (t)(x)

\biggr) 
dt+ \varphi (\mu (T ))

\Biggr] 

s.t.

\Biggl\{ 
\partial t\mu (t) +\nabla \cdot 

\bigl( 
(v(t, \mu (t), \cdot ) + u(t, \cdot ))\mu (t)

\bigr) 
= 0,

\mu (0) = \mu 0.
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2014 BENO\^IT BONNET AND FRANCESCO ROSSI

The set of admissible controls for (\scrP ) is defined by \scrU = L\infty ([0, T ], L1(\BbbR d, U ;\mu (t))),
where U \subset \BbbR d is a convex and compact set, and \mu 0 \in \scrP c(\BbbR d) is a fixed initial datum.
Remark that, since we do not impose any a priori regularity assumptions on the
control vector fields u : [0, T ]\times \BbbR d \rightarrow U , there may exist no solutions to the non-local
transport equation (3) driving problem (\scrP ). Moreover even when solutions do exist,
they may not be classically well-posed and defined in a weak sense only.

The first main contribution of this manuscript is the following existence result of
intrinsically Lipschitz-in-space mean-field optimal controls for (\scrP ).

Theorem 1 (existence of Lipschitz-in-space solutions for (\scrP )). Let \mu 0 \in \scrP c(\BbbR d)
and assume that hypotheses (H) of section 4 below hold. Moreover, suppose that the
control cost \psi (\cdot ) is strongly convex with a constant \lambda \psi > \lambda (\scrP ) \geq 0, where \lambda (\scrP ) \geq 0
only depends on supp(\mu 0), T and on the C2-norm with respect to the measure and
space variables of the dynamics and cost functionals of (\scrP ).

Then, there exists a constant \scrL U > 0 and a trajectory-control pair (\mu \ast (\cdot ), u\ast (\cdot , \cdot )) \in 
Lip([0, T ],\scrP c(\BbbR d))\times \scrU which is optimal for (\scrP ) such that x \in \BbbR d \mapsto \rightarrow u\ast (t, x) \in U is
\scrL U -Lipschitz for \scrL 1-almost every t \in [0, T ].

The proof of this result is obtained by combining two fairly separated arguments.
The first one is an existence result for mean-field optimal controls which was derived
in [38], and recalled in Theorem 6 below. In the latter, it is proven under very general

assumptions that, given a sequence \mu 0
N := 1

N

\sum N
i=1 \delta x0

i
converging in the W1-metric

towards \mu 0, there exist optimal solutions of problem (\scrP ) which can be recovered as
\Gamma -limits in a suitable topology of sequences of solutions to the discrete problems

(\scrP N )

\left\{             
min

\bfitu (\cdot )\in \scrU N

\Biggl[ \int T

0

\Biggl( 
\bfitL N (t,\bfitx (t)) +

1

N

N\sum 
i=1

\psi (ui(t))

\Biggr) 
dt+\bfitvarphi N (\bfitx (T ))

\Biggr] 

s.t.

\Biggl\{ 
\.xi(t) = \bfitv N (t,\bfitx N (t), xi(t)) + ui(t),

xi(0) = x0i \in \BbbR d.

Here, \scrU N = L\infty ([0, T ], UN ), and the functionals \bfitv N : [0, T ] \times \BbbR d \times (\BbbR d)N \rightarrow \BbbR d,
\bfitL N : [0, T ] \times (\BbbR d)N \rightarrow \BbbR , and \bfitvarphi N : (\BbbR d)N \rightarrow \BbbR are discrete approximations of
v(\cdot , \cdot , \cdot ), L(\cdot , \cdot ), and \varphi (\cdot ), respectively (see Definition 10 below).

The second key component of our approach is a careful adaptation of a method-
ology recently developed in [26, 33] to the family of problems (\scrP N ), which provides
sufficient conditions for the existence of locally optimal Lipschitz feedbacks around
solutions of optimal control problems. In the context of mean-field control problems,
this part crucially relies on the following uniform mean-field coercivity estimate

Hess\bfitx \bfitvarphi N [\bfitx \ast 
N (T )](\bfity (T ),\bfity (T ))

 - 
\int T

0

Hess\bfitx \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfity (t),\bfity (t))dt

 - 
\int T

0

Hess\bfitu \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfitw (t),\bfitw (t))dt \geq \rho T

\int T

0

| \bfitw (t)| 2Ndt,

which holds along any optimal mean-field Pontryagin triple (\bfitu \ast 
N (\cdot ),\bfitx \ast 

N (\cdot ), \bfitr \ast N (\cdot )) (see
Proposition 6 below) for (\scrP N ), where \BbbH N : [0, T ]\times (\BbbR 2d)N\times U \rightarrow \BbbR is the Hamiltonian
of the discrete problem. In this context, the operatorHess [\bullet ] stands for the restriction
to empirical measures of the intrinsic Wasserstein Hessian bilinear form (see, e.g., [25]),
whose construction is further detailed in section 2. In essence, this uniform coercivity
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estimate allows one to invert the optimality conditions stemming from the application
of the Pontryagin maximum principle (PMP) to (\scrP N ), with a control on the Lipschitz
constant of such inverse. The main subtlety here lies in the fact that we need these
estimates to be uniform with respect to N , which would not be the case if we were
to apply verbatim the results of [33] to (\scrP N ). For these reasons, we work with an
adapted mean-field PMP---which is the discrete counterpart of the Wasserstein PMP
studied in [7, 8, 10, 11]---and express the coercivity condition in terms of Wasserstein
calculus.

From the combination of these two steps together with delicate projection argu-
ments, we can build an optimal feedback (t, x) \in [0, T ]\times \BbbR d \mapsto \rightarrow u\ast N (t, x) \in U for (\scrP N )
that is Lipschitz in x \in \BbbR d uniformly with respect to N \geq 1. By standard compact-
ness arguments (see, e.g., [7, 40]), this allows us to obtain a result that is stronger
than Theorem 1, which is the second main contribution of this manuscript.

Theorem 2 (convergence of optimal Lipschitz feedbacks towards solutions of
(\scrP )). Let \mu 0 \in \scrP c(\BbbR d) and (\mu 0

N ) \subset \scrP c(\BbbR d) be a sequence of empirical measures
with uniformly compact supports such that W1(\mu 

0
N , \mu 

0) \rightarrow 0 as N \rightarrow +\infty . Suppose
that hypotheses (H) of section 4 below are satisfied, and that the mean-field coerciv-
ity estimate (CON ) described in section 5 holds along any optimal Pontryagin triple
(\bfitx \ast 
N (\cdot ), \bfitr \ast N (\cdot ),\bfitu \ast 

N (\cdot )) for (\scrP N ) defined in the sense of Proposition 6.
Then, there exists a uniform constant \scrL U > 0 depending only on the data of (\scrP )

and a sequence of trajectory-control pairs (\mu \ast 
N (\cdot ), u\ast N (\cdot , \cdot )) \subset Lip([0, T ],\scrP c(\BbbR d)) \times 

L2([0, T ],W 1,\infty (\BbbR d, U)) such that the following holds:
(a) For any N \geq 1 the pair (\mu \ast 

N (\cdot ), u\ast N (\cdot , \cdot )) is optimal for (\scrP N ), i.e., \mu \ast 
N (t) =

1
N

\sum N
i=1 \delta x\ast 

i (t)
and u\ast N (t, x\ast i (t)) = u\ast i (t) for \scrL 1-almost every t \in [0, T ].

(b) The maps x \in \BbbR d \mapsto \rightarrow u\ast N (t, x) \in U are \scrL U -Lipschitz for \scrL 1-almost every
t \in [0, T ] and any N \geq 1.

(c) For every p \in (d,+\infty ), the cluster points of the sequence (u\ast N (\cdot , \cdot )) in the
weak L2([0, T ],W 1,p(\Omega , U))-topology are optimal controls for (\scrP ) and are \scrL U -
Lipschitz in space.

While they are more general than that of Theorem 1, the statements of Theorem
2 are less intrinsic by nature, as they rely on the mean-field coercivity estimate (CON )
which can only be formulated on the discrete approximations (\scrP N ). For this reason,
in Proposition 8 below, we show that the strong convexity assumption imposed on
\psi (\cdot ) in Theorem 1 is in fact a sufficient condition for (CON ). Hence, the statements
of Theorem 1---which present the advantage of involving quantities which are intrinsic
to (\scrP )---can be recovered as a direct corollary of Theorem 2.

Remark 1 (comparison with related contributions in mean-field games). It was
recently brought to our attention that a result related to Theorems 1 and 2 above was
derived in [42]. In the latter, the authors show that the value function of a certain class
of first-order mean-field games is continuously differentiable with Lipschitz derivative
when the data are of class C3 and the time horizon T > 0 is sufficiently small.
These two requirement are very close to our standing assumptions. Indeed, we posit
in hypotheses (H) below that all our data are C2,1

loc , and it is illustrated in section
6 that our uniform coercivity estimate (CON ) can be interpreted as a quantitative
condition comparing the size of the time horizon T > 0 relative to other constants of
the problem, and in particular with the semiconvexity constant of the cost functionals.
The results of [42] have then been extended in [49] to broader classes of first-order
mean-field games systems, and improved in the very recent [41], in which it is shown
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that the value function is regular when the small time horizon condition is replaced by
the displacement convexity (see, e.g., [5, Chapter 9]) of the Lagrangian. Incidentally
for mean-field control problems, this scenario is also contained in our main result
Theorem 1. Indeed, if the running cost of the problem is displacement convex, the
final cost equal to zero, and the non-local dynamics reduced to a linear controlled
vector field, it can be shown that \lambda (\scrP ) = 0 and the controls are Lipschitz regular in
space whenever the control cost \psi (\cdot ) is strongly convex with constant \lambda > 0.

We also stress that the proof strategies developed in [41, 42, 49] are fairly close to
the one that we independently propose here, as they rely on the application of inverse
function mappings to sequences of approximations by empirical measures, with a
quantitative control on the Lipschitz constant of the inverse.

The structure of this article is the following. In section 2, we recall several gen-
eral prerequisites on measure theory and optimal transport. In particular in section
2.3, we investigate in detail the interplay between Wasserstein derivatives of function-
als at empirical measures and classical derivatives of the discrete functionals which
arguments are the corresponding support points. In section 3, we review notions
pertaining to finite-dimensional optimal control problems, with a particular emphasis
on Lipschitz feedbacks. We proceed by exposing in section 4 concepts dealing with
continuity equations and mean-field optimal control problems, and move on to the
proofs of our main results Theorems 1 and 2 in section 5. More precisely, in section
5.1, we state the coercivity assumption (CON ) and use it to prove Theorem 2. We
then show in section 5.2 how the latter together with a standard convexity estimate
for C2

loc-regular functions on convex compact sets allows us to recover Theorem 1. We
conclude by providing in section 6 an analytical example in which our coercivity esti-
mate is both necessary and sufficient for the existence of Lipschitz-in-space mean-field
optimal controls.

2. Preliminaries. In this section, we introduce results and notations that we
will use throughout the article. Section 2.1 presents known results of analysis in
measure spaces and optimal transport, while section 2.2 deals with first- and second-
order differential calculus in Wasserstein spaces. We introduce in section 2.3 the
notion of mean-field approximating sequence, along with a discretized counterpart of
the Wasserstein calculus.

2.1. Analysis in measure spaces. In this section, we introduce some classical
notations and results of analysis in measure spaces and optimal transport. For these
topics, we refer the reader to [4] and [5, 55, 56], respectively.

We denote by (\scrM (\BbbR d,\BbbR m), \| \cdot \| TV ) the Banach space of m-dimensional vector-
valued finite Radon measures defined on \BbbR d endowed with the total variation norm,
defined for any \bfitnu \in \scrM (\BbbR d,\BbbR m) by \| \bfitnu \| TV := | \bfitnu | (\BbbR d). Here, the total variation
measure | \bfitnu | \in \scrM (\BbbR d,\BbbR +) associated with \bfitnu is given on any Borel set B \subset \BbbR d by

| \bfitnu | (B) = sup

\Biggl\{ 
+\infty \sum 
k=1

| \bfitnu (Bk)| s.t. Bk are disjoint Borel sets and

+\infty \bigcup 
k=1

Bk = B

\Biggr\} 
,

where | \bfitnu (B)| is the norm of the element \bfitnu (B) \in \BbbR m. It is known by Riesz's theorem
(see, e.g., [4, Theorem 1.54]) that \scrM (\BbbR d,\BbbR m) can be identified with the topological
dual of the Banach space (C0

0 (\BbbR d,\BbbR m), \| \cdot \| C0), which is the completion of the space
C0
c (\BbbR d,\BbbR m) of continuous and compactly supported functions. The latter is endowed
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with the duality product

(4) \langle \bfitnu , \phi \rangle C0(\BbbR d,\BbbR m) :=

m\sum 
k=1

\int 
\BbbR d

\phi k(x)d\nu k(x),

defined for any \bfitnu \in \scrM (\BbbR d,\BbbR m) and \phi \in C0
c (\BbbR d,\BbbR m). Given a positive Borel mea-

sure \nu \in \scrM (\BbbR d,\BbbR +) and an element p \in [1,+\infty ], the notations Lp(\Omega ,\BbbR m; \nu ) and
W 1,p(\Omega ,\BbbR m; \nu ) stand for the spaces of p-integrable and Sobolev functions, respec-
tively. In the case where \nu = \scrL d is the standard d-dimensional Lebesgue measure
\scrL d, we simply denote these spaces by Lp(\Omega ,\BbbR m) and W 1,p(\Omega ,\BbbR m).

We use the notation \scrP (\BbbR d) \subset \scrM (\BbbR d,\BbbR +) for the space of Borel probability
measures, and given p \geq 1, we denote by \scrP p(\BbbR d) the subset of \scrP (\BbbR d) of measures
having finite pth moment, i.e.,

\scrP p(\BbbR d) =
\biggl\{ 
\mu \in \scrP (\BbbR d) s.t.

\int 
\BbbR d

| x| pd\mu (x) < +\infty 
\biggr\} 
.

We define the support of \bfitnu \in \scrM (\BbbR d,\BbbR m) as the closed set

supp(\bfitnu ) := \{ x \in \BbbR d s.t. | \bfitnu (\scrN )| \not = 0 for any neighborhood \scrN of x\} ,

and denote by \scrP c(\BbbR d) the subset of probability measures with compact support.

Definition 1 (absolute continuity and Radon--Nikodym derivative). Let \Omega \subset 
\BbbR m and U \subset \BbbR d be two Borel sets. Given a pair of measures (\bfitnu , \mu ) \in \scrM (\Omega , U) \times 
\scrM (\Omega ,\BbbR +), we say that \bfitnu is absolutely continuous with respect to \mu , and write \bfitnu \ll \mu ,
provided that | \bfitnu (B)| = 0 whenever \mu (B) = 0 for any Borel set B \subset \Omega . Moreover, it
holds that \bfitnu \ll \mu if and only if there exists a Borel map u \in L1(\Omega , U ;\mu ) such that
\bfitnu = u\mu . This map is referred to as the Radon--Nikodym derivative of \bfitnu with respect
to \mu , and denoted by u := d\bfitnu 

d\mu .

We now recall the definitions of pushforward and transport plan for the Borel
probability measures.

Definition 2 (pushforward of a measure through a Borel map). Given a measure
\mu \in \scrP (\BbbR d) and a Borel map f : \BbbR d \rightarrow \BbbR d, the pushforward f\#\mu of \mu through f is the
Borel probability measure defined by f\#\mu (B) := \mu (f - 1(B)) for any Borel set B \subset \BbbR d.

Definition 3 (transport plans). Let \mu , \nu \in \scrP (\BbbR d). We say that \gamma \in \scrP (\BbbR 2d) is
a transport plan between \mu and \nu , denoted by \gamma \in \Gamma (\mu , \nu ), if \pi 1

\#\gamma = \mu and \pi 2
\#\gamma = \nu ,

where \pi 1, \pi 2 : \BbbR 2d \rightarrow \BbbR d denote the projection on the first and second component,
respectively.

In what follows, we recall the definition and some of the main properties of the
so-called Wasserstein spaces (see, e.g., [5, Chapter 7] or [56, Chapter 6]).

Definition 4 (Wasserstein spaces). Given p \in [1,+\infty ) and \mu , \nu \in \scrP p(\BbbR d), the
Wasserstein distance of order p between \mu and \nu is defined by

Wp(\mu , \nu ) := inf
\gamma 

\biggl\{ \Bigl( \int 
\BbbR 2d

| x - y| pd\gamma (x, y)
\Bigr) 1/p

s.t. \gamma \in \Gamma (\mu , \nu )

\biggr\} 
.

The set of optimal transport plans realizing this optimal value is non-empty and
denoted by \Gamma o(\mu , \nu ). The space (\scrP p(\BbbR d),Wp) of probability measures with finite mo-
mentum of order p endowed with the Wp-metric is called the Wasserstein space of
order p.
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Proposition 1 (elementary properties of the Wasserstein spaces). For any
p \in [1,+\infty ), the metric space (\scrP p(\BbbR d),Wp) is complete and separable, and the Wp-
distance metrizes the weak-\ast topology induced by (4), i.e.,

Wp(\mu , \mu n)  - \rightarrow 
n\rightarrow +\infty 

0 if and only if

\left\{     
\mu n \rightharpoonup \ast 

n\rightarrow +\infty 
\mu ,\int 

\BbbR d

| x| pd\mu n(x)  - \rightarrow 
n\rightarrow +\infty 

\int 
\BbbR d

| x| pd\mu (x).

Given two elements \mu , \nu \in \scrP (\BbbR d), the Wasserstein distances are ordered, i.e.,
Wp1(\mu , \nu ) \leq Wp2(\mu , \nu ) whenever p1 \leq p2. Moreover when \mu , \nu \in \scrP c(\BbbR d), the fol-
lowing Kantorovich--Rubinstein duality formula holds:

(5) W1(\mu , \nu ) = sup
\phi 

\biggl\{ \int 
\BbbR d

\phi (x) d(\mu  - \nu )(x) s.t. Lip(\phi (\cdot ) ;\BbbR d) \leq 1

\biggr\} 
.

where Lip(\phi (\cdot ) ; \Omega ) denotes the Lipschitz constant of \phi (\cdot ) over a subset \Omega \subset \BbbR d.

We end this introductory paragraph by recalling the concept of disintegration for
vector-valued measures (see, e.g., [4, Theorem 2.28]).

Theorem 3 (disintegration). Let \Omega 1 \subset \BbbR m1 , \Omega 2 \subset \BbbR m2 , and U \subset \BbbR d be Borel
sets. Let \bfitnu \in \scrM (\Omega 1 \times \Omega 2, U) and \pi 1 : \BbbR m1 \times \BbbR m2 \rightarrow \BbbR m1 be the projection on the
first factor. Defining the measure \mu := \pi 1

\#| \bfitnu | \in \scrM (\Omega 1,\BbbR +), there exists a \mu -almost
uniquely determined Borel family of measures \{ \bfitnu x\} x\in \Omega 1

\subset \scrM (\Omega 2, U) such that

(6)

\int 
\Omega 1\times \Omega 2

f(x, y)d\bfitnu (x, y) =

\int 
\Omega 1

\biggl( \int 
\Omega 2

f(x, y)d\bfitnu x(y)

\biggr) 
d\mu (x)

for any Borel map f \in L1(\Omega 1 \times \Omega 2, | \bfitnu | ). This construction is referred to as the
disintegration of \bfitnu onto \mu , and it is denoted by \bfitnu =

\int 
\Omega 1

\bfitnu xd\mu (x).

2.2. First- and second-order differential calculus over (\scrP \bftwo (\BbbR \bfitd ),\bfitW \bftwo ).
In this section, we recall key concepts related to first- and second-order differential
calculus in the Wasserstein space (\scrP 2(\BbbR d),W2). We refer the reader to [5, Chapters
9--11] and [43] for an exhaustive treatment of the first-order theory, and borrow the
main notions dealing with Wasserstein Hessians from [25, section 3].

Throughout this section, we denote by \phi : \scrP 2(\BbbR d) \rightarrow \BbbR \cup \{ \pm \infty \} an extended real-
valued functional with non-empty effective domain D(\phi ) = \{ \mu \in \scrP 2(\BbbR d) s.t. \phi (\mu ) \not =
\pm \infty \} . We will also denote by \phi : \scrP c(\BbbR d) \rightarrow \BbbR any functional such that \scrP c(\BbbR d) \subset 
D(\phi ). In the following definition, we recall the notions of classical subdifferential and
superdifferential for functionals defined over (\scrP 2(\BbbR d),W2).

Definition 5 (Wasserstein subdifferential and superdifferentials). Let \mu \in D(\phi ).
We say that a map \xi \in L2(\BbbR d,\BbbR d;\mu ) belongs to the classical subdifferential \partial  - \phi (\mu )
of \phi (\cdot ) at \mu provided that

\phi (\nu ) - \phi (\mu ) \geq sup
\gamma \in \Gamma o(\mu ,\nu )

\int 
\BbbR 2d

\langle \xi (x), y  - x\rangle d\gamma (x, y) + o(W2(\mu , \nu ))

for all \nu \in \scrP 2(\BbbR d). Similarly, we say that a map \xi \in L2(\BbbR d,\BbbR d;\mu ) belongs to the
classical superdifferential \partial +\phi (\mu ) of \phi (\cdot ) at \mu if ( - \xi ) \in \partial  - ( - \phi )(\mu ).
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Following [5, Chapter 8], we define the analytical tangent space Tan\mu \scrP 2(\BbbR d) at
\mu \in \scrP 2(\BbbR d) by

(7) Tan\mu \scrP 2(\BbbR d) := \nabla C\infty 
c (\BbbR d)

L2(\mu )
=
\bigl\{ 
\nabla \xi s.t. \xi \in C\infty 

c (\BbbR d)
\bigr\} L2(\mu )

.

In the next definition, we recall the notion of differentiable functional over \scrP 2(\BbbR d).
Definition 6 (differentiable functionals in (\scrP 2(\BbbR d),W2)). A functional \phi :

\scrP 2(\BbbR d) \mapsto \rightarrow \BbbR is said to be differentiable at \mu \in D(\phi ) if \partial  - \phi (\mu )\cap \partial +\phi (\mu ) \not = \emptyset . In this
case, there exists a unique element \nabla \mu \phi (\mu ) \in \partial  - \phi (\mu )\cap \partial +\phi (\mu )\cap Tan\mu \scrP 2(\BbbR d), called
the Wasserstein gradient of \phi (\cdot ) at \mu , which satisfies

(8) \phi (\nu ) - \phi (\mu ) =

\int 
\BbbR 2d

\langle \nabla \mu \phi (\mu )(x), y  - x\rangle d\gamma (x, y) + o(W2(\mu , \nu ))

for any \nu \in \scrP 2(\BbbR d) and \gamma \in \Gamma o(\mu , \nu ).

From the characterization (8) of the Wasserstein gradient \nabla \mu \phi (\mu ), we can write
a chain rule along elements of Tan\mu \scrP 2(\BbbR d) (see, e.g., [5, Proposition 10.3.18] or the
recent improvement of [10, Proposition 3.6]).

Proposition 2 (first-order chain rule). Suppose that \phi (\cdot ) is differentiable at
\mu \in D(\phi ). Then for any \xi \in Tan\mu \scrP 2(\BbbR d), the map s \in \BbbR \mapsto \rightarrow \phi ((Id + s\xi )\#\mu ) is
differentiable at s = 0 with

(9) \scrL \xi \phi (\mu ) := d
ds\phi ((Id + s\xi )\#\mu )| s=0 =

\int 
\BbbR d

\langle \nabla \mu \phi (\mu )(x), \xi (x)\rangle d\mu (x),

where \scrL \xi \phi (\mu ) denotes the Lie derivative of \phi (\cdot ) at \mu in the direction \xi \in Tan\mu \scrP 2(\BbbR d).
In the following, we will also need a notion of second-order derivatives for func-

tionals defined over \scrP 2(\BbbR d).
Definition 7 (Hessian bilinear form in (\scrP 2(\BbbR d),W2)). Suppose that \phi (\cdot ) is

differentiable at \mu \in D(\phi ) and suppose that for any \xi \in \nabla C\infty 
c (\BbbR d), the map

\scrL \xi \phi : \nu \in \scrP 2(\BbbR d) \mapsto \rightarrow \langle \nabla \mu \phi (\nu ), \xi \rangle L2(\nu ) \in \BbbR ,

is also differentiable at \mu . Then, the partial Wasserstein Hessian of \phi (\cdot ) at \mu is the
bilinear form defined by

(10) Hess\phi [\mu ](\xi 1, \xi 2) := \scrL \xi 2 (\scrL \xi 1\phi (\mu )) - \scrL D\xi 1\xi 2\phi (\mu )

for any \xi 1, \xi 2 \in \nabla C\infty 
c (\BbbR d). Moreover, if there exists a constant C\mu > 0 such that

Hess\phi [\mu ](\xi 1, \xi 2) \leq C\mu \| \xi 1\| L2(\mu )\| \xi 2\| L2(\mu ),

we denote again by Hess\phi [\mu ](\cdot , \cdot ) its extension to Tan\mu \scrP 2(\BbbR d) and say that \phi (\cdot ) is
twice differentiable at \mu .

In the following proposition, we recollect several statements from [25, section 3]
which yield an analytical expression of the Wasserstein Hessian. This also allows us
to write a second-order differentiation formula for functionals defined over \scrP 2(\BbbR d).

Proposition 3 (Wasserstein Hessian and second-order expansion). Suppose
that \phi (\cdot ) is differentiable at \mu \in D(\phi ) in the sense of Definition 6, and that the maps

y \in \BbbR d \mapsto \rightarrow \nabla \mu \phi (\mu )(y) \in \BbbR d and \nu \in \scrP 2(\BbbR d) \mapsto \rightarrow \nabla \mu \phi (\nu )(x) \in \BbbR d
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are continuously differentiable at x \in \BbbR d and \mu \in D(\phi ), respectively. Then, \phi (\cdot ) is
twice differentiable in the sense of Definition 7, and its Wasserstein Hessian can be
written explicitly as

(11)

Hess\phi [\mu ](\xi 1, \xi 2) =

\int 
\BbbR d

\bigl\langle 
Dx\nabla \mu \phi (\mu )(x)\xi 1(x), \xi 2(x)

\bigr\rangle 
d\mu (x)

+

\int 
\BbbR 2d

\bigl\langle 
D2
\mu \phi (\mu )(x, y)\xi 1(x), \xi 2(y)

\bigr\rangle 
d\mu (x)d\mu (y)

for any \xi 1, \xi 2 \in Tan\mu \scrP 2(\BbbR d). Here, Dx\nabla \mu \phi (\mu )(x) \in \BbbR d\times d is the Fr\'echet differen-
tial of \nabla \mu \phi (\mu )(\cdot ) at x \in \BbbR d, while D2

\mu \phi (\mu )(x, \cdot ) : \BbbR d \rightarrow \BbbR d\times d denotes the matrix-valued
map whose columns are the Wasserstein gradients of the components
((\nabla \mu \phi (\mu )(x))i)1\leq i\leq d in the sense of Definition 6. Moreover, the following identity,

(12) d
ds\scrL \xi 1\phi ((Id + s\xi 2)\#\mu )| s=0 = Hess\phi [\mu ](\xi 1, \xi 2) + \scrL D\xi 1\xi 2\phi (\mu ),

holds for any \xi 1, \xi 2 \in \nabla C\infty 
c (\BbbR d).

We finally introduce the notion of \scrC 2,1
loc -Wasserstein regularity, which will be used

throughout this article.

Definition 8 (\scrC 2,1
loc -Wasserstein regularity). A functional \phi (\cdot ) is said to be \scrC 2,1

loc -
Wasserstein regular if it is twice differentiable over (\scrP (K),W2) for any compact set
K \subset \BbbR d, and satisfies
(13)
\| \phi (\cdot )\| \scrC 2,1(K) := max

\mu \in \scrP (K)
| \phi (\mu )| + \| \nabla \mu \phi (\mu )(\cdot )\| C0(K,\BbbR d)

+ \| Dx\nabla \mu \phi (\mu )(\cdot )\| C0(K,\BbbR d\times d)+
\bigm\| \bigm\| D2

\mu \phi (\mu )(\cdot , \cdot )
\bigm\| \bigm\| 
C0(K\times K,\BbbR d\times d)

+ Lip
\bigl( 
Dx\nabla \mu \phi (\cdot )(\cdot );\scrP (K)\times K

\bigr) 
+ Lip

\bigl( 
D2
\mu \phi (\cdot )(\cdot , \cdot );\scrP (K)\times K \times K

\bigr) 
\leq CK ,

where CK > 0 is a constant which only depends K \subset \BbbR d.

2.3. Mean-field adapted structures and empirical measures. In this sec-
tion, we present several notions dealing with functionals defined over empirical mea-
sures in the spirit of [38], along with an adapted discrete version of the differential
structure described in section 2.2.

We denote by \scrP N (\BbbR d) := \{ 1
N

\sum N
i=1 \delta xi s.t. (x1, . . . , xN ) \in (\BbbR d)N\} the set of N -

empirical probability measures over \BbbR d. For anyN \geq 1, we denote by \bfitx = (x1, . . . , xN )

a given element of (\BbbR d)N and by \mu [\bfitx ] := 1
N

\sum N
i=1 \delta xi

\in \scrP N (\BbbR d) its associated empir-
ical measure.

Definition 9 (symmetric maps defined over (\BbbR d)N ). A map \bfitphi : (\BbbR d)N \rightarrow \BbbR m is
said to be symmetric if \bfitphi \circ \sigma (\cdot ) = \bfitphi (\cdot ) for any d-blockwise permutation \sigma : (\BbbR d)N \rightarrow 
(\BbbR d)N .

In the following definition, we introduce the notion of mean-field approximating
sequence for continuous functionals defined over \scrP c(\BbbR d).

Definition 10 (mean-field approximating sequence). Given an integer n \geq 1
and a set \Omega \subset \BbbR n, we define the mean-field approximating sequence of a functional
F \in C0(\Omega \times \scrP c(\BbbR d),\BbbR m) as the family of symmetric maps (\bfitF N (\cdot , \cdot )) \subset C0(\Omega \times 
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(\BbbR d)N ,\BbbR m), defined by

(14) \bfitF N (x,\bfitx ) := F (x, \mu [\bfitx ])

for any N \geq 1 and all (x,\bfitx ) \in \Omega \times (\BbbR d)N .

We henceforth endow the vector space (\BbbR d)N with the rescaled inner product
\langle \cdot , \cdot \rangle N defined by

(15) \langle \bfitx ,\bfity \rangle N = 1
N

N\sum 
i=1

\langle xi, yi\rangle 

for any \bfitx ,\bfity \in (\BbbR d)N , where \langle \cdot , \cdot \rangle is the standard Euclidean product of \BbbR d. We also
denote by | \cdot | N =

\sqrt{} 
\langle \cdot , \cdot \rangle N the corresponding norm over (\BbbR d)N , and observe that

((\BbbR d)N , \langle \cdot , \cdot \rangle N ) is a Hilbert space.
In the following proposition, we show that the Wasserstein differential structure

described in section 2.2 for functionals defined over \scrP 2(\BbbR d) induces a natural differ-
ential structure on the Hilbert space ((\BbbR d)N , \langle \cdot , \cdot \rangle N ). We will use the notation C2,1

loc to
refer to functionals between finite-dimensional normed vector spaces which are twice
differentiable with locally Lipschitz derivatives up to the second order.

Proposition 4 (mean-field derivatives of symmetric maps). Let \phi (\cdot ) be \scrC 2,1
loc -

Wasserstein regular in the sense of Definition 8 above and (\bfitphi N (\cdot )) \subset C0((\BbbR d)N ) be
the mean-field approximating sequence of \phi (\cdot ).

Then, \bfitphi N \in C2,1
loc ((\BbbR d)N ,\BbbR ) for any N \geq 1, and the following Taylor expansion

formula,

(16) \bfitphi N (\bfitx + \bfith ) = \bfitphi N (\bfitx ) + \langle Grad \bfitphi N (\bfitx ),\bfith \rangle N + 1
2Hess \bfitphi N [\bfitx ](\bfith ,\bfith ) + o(| \bfith | 2N ),

holds for any \bfitx ,\bfith \in (\BbbR d)N . Here, we introduced the mean-field gradient Grad \bfitphi N (\cdot )
and mean-field Hessian bilinear form Hess \bfitphi N [\cdot ] of \bfitphi N (\cdot ), given, respectively, by

(17) Grad \bfitphi N (\bfitx ) := (\nabla \mu \phi (\mu [\bfitx ])(xi))1\leq i\leq N

and

(18)

Hess \bfitphi N [\bfitx ](\bfith 1,\bfith 2) :=
1

N

N\sum 
i=1

\langle Dx\nabla \mu \phi (\mu [\bfitx ])(xi)h
1
i , h

2
i \rangle N

+
1

N2

N\sum 
i,j=1

\langle D2
\mu \phi (\mu [\bfitx ])(xi, xj)h

1
i , h

2
j \rangle 

for any \bfitx ,\bfith 1,\bfith 2 \in (\BbbR d)N . Defining the C2,1
N -norm of \bfitphi N (\cdot ) over \bfitK \subset (\BbbR d)N with

respect to the differential structure of ((\BbbR d)N , \langle \cdot , \cdot \rangle N ) as
(19)

\| \bfitphi N (\cdot )\| C2,1
N (\bfitK ) := max

\bfitx \in \bfitK 

\Bigl( 
\bfitphi N (\bfitx ) + | Grad \bfitphi N (\bfitx )| N + max

| \bfith | N=1
| Hess \bfitphi N [\bfitx ](\bfith ,\bfith )| 

\Bigr) 
+ Lip (Hess \bfitphi N [\cdot ] ;\bfitK ) ,

it further holds for each compact set K \subset \BbbR d that

(20) \| \bfitphi N (\cdot )\| C2,1
N (KN ) \leq \| \phi (\cdot )\| \scrC 2,1(K),

where the \scrC 2,1-Wasserstein norm \| \phi (\cdot )\| \scrC 2,1(K) of \phi (\cdot ) is defined as in (13).
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Proof. Take \bfitx := (x1, . . . , xN ) \in (\BbbR d)N and \bfith := (h1, . . . , hN ) \in (\BbbR d)N and
define \epsilon := 1

4 minxi \not =xj
| xi  - xj | . Consider the map \zeta N (\cdot ) given by

\zeta N : x \in \BbbR d \mapsto \rightarrow 

\Biggl\{ 
\langle x, hi\rangle if x \in B(xi, 2\epsilon ) with i \in \{ 1, . . . , N\} ,
0 otherwise,

and let \eta \in C\infty 
c (\BbbR d) be a symmetric mollifier centered at the origin and supported on

B(0, \epsilon ). We define the tangent vector \xi N \in \nabla C\infty 
c (\BbbR d) \subset Tan\mu [\bfitx ]\scrP 2(\BbbR d) at \mu [\bfitx ] by

(21) \xi N : x \in \BbbR d \mapsto \rightarrow \nabla (\eta \ast \zeta N )(x).

Remark that by construction, one has

(22) \xi N (xi) = hi and Dx\xi N (xi) = 0,

so that in particular \mu [\bfitx + s\bfith ] = (Id + s\xi N )\#\mu [\bfitx ] for any s \in \BbbR sufficiently small.
Recall now that \phi (\cdot ) is differentiable at \mu [\bfitx ] \in \scrP c(\BbbR d) by hypothesis. Hence by

Proposition 2, it holds

lim
s\rightarrow 0

\biggl[ 
\phi (\mu [\bfitx + s\bfith ]) - \phi (\mu [\bfitx ])

s

\biggr] 
= \scrL \xi N\phi (\mu [\bfitx ]) =

\int 
\BbbR d

\langle \nabla \mu \phi (\mu [\bfitx ])(x), \xi N (x)\rangle d\mu [\bfitx ](x).

Recalling the definition of approximating maps \bfitphi N (\cdot ) given in (14), we further obtain

(23) \bfitphi \prime 
N (\bfitx ;\bfith ) := lim

s\rightarrow 0

\biggl[ 
\bfitphi N (\bfitx + s\bfith ) - \bfitphi N (\bfitx )

s

\biggr] 
=

1

N

N\sum 
i=1

\langle \nabla \mu \phi (\mu [\bfitx ])(xi), hi\rangle ,

where we used (22) along with the fact that \mu [\bfitx ] = 1
N

\sum N
i=1 \delta xi

. It is straightforward
to check that the directional derivative \bfith \mapsto \rightarrow \bfitphi \prime 

N (\bfitx ;\bfith ) of \bfitphi N (\cdot ) defined in (23) is a
linear form and that it is continuous with respect to the rescaled Euclidean metric | \cdot | N .
Whence, the map \bfitphi N (\cdot ) is Fr\'echet differentiable at \bfitx \in (\BbbR d)N , and by Riesz's theorem
(see, e.g., [12, Theorem 5.5]), its differential can be represented in the Hilbert space
((\BbbR d)N , \langle \cdot , \cdot \rangle N ) by the mean-field gradient Grad \bfitphi N (\bfitx ) := (\nabla \mu \phi (\mu [\bfitx ])(xi))1\leq i\leq N
defined in (17).

Consider now two elements \bfith 1,\bfith 2 \in (\BbbR d)N and the corresponding tangent vectors
\xi 1N , \xi 

2
N \in \nabla C\infty 

c (\BbbR d) built as in (21). Since \phi (\cdot ) is twice differentiable in the sense of
Definition 7, it holds by (12) in Proposition 3 that
(24)

lim
s\rightarrow 0

\Biggl[ 
\scrL \xi 1N\phi ((Id + s\xi 2N )\#\mu [\bfitx ]) - \scrL \xi 1N\phi (\mu [\bfitx ])

s

\Biggr] 
=Hess\phi [\mu [\bfitx ]](\xi 1N , \xi 

2
N )+\scrL D\xi 1N\xi 

2
N
\phi (\mu [\bfitx ]).

Observe now that D\xi 1N (x) = 0 for \mu [\bfitx ]-almost every x \in \BbbR d by (21), so that
\scrL D\xi 1N\xi 

2
N
\phi (\mu [\bfitx ]) = 0. Furthermore, by the definition of \bfitphi N (\cdot ) along with that of

Grad \bfitphi N (\cdot ), equation (24) can be equivalently rewritten as
(25)

lim
s\rightarrow 0

\biggl[ 
\langle Grad \bfitphi N (\bfitx + s\bfith 2) - Grad \bfitphi N (\bfitx ),\bfith 1\rangle N

s

\biggr] 
=

1

N

N\sum 
i=1

\langle Dx\nabla \mu \phi (\mu [\bfitx ])(xi)h
1
i , h

2
i \rangle +

1

N2

N\sum 
i,j=1

\langle D2
\mu \phi (\mu [\bfitx ])(xi, xj)h

1
i , h

2
j \rangle ,
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LIPSCHITZ REGULARITY OF MEAN-FIELD OPTIMAL CONTROL 2023

where we used the analytical expression (11) of the Wasserstein Hessian. We ac-
cordingly introduce the mean-field Hessian bilinear form Hess \bfitphi N [\bfitx ](\cdot , \cdot ) of \bfitphi N (\cdot ) at
\bfitx \in (\BbbR d)N , defined as in (18). It is again possible to verify that Hess \bfitphi N [\bfitx ](\cdot , \cdot )
defines a continuous bilinear form with respect to the rescaled metric | \cdot | N , so that
the map \bfitphi N (\cdot ) is twice Fr\'echet differentiable over (\BbbR d)N . The expansion formula (16)
can then be derived by developing \bfitphi N (\bfitx + \bfith ) using the classical Taylor theorem in
(\BbbR d)N along with (23) and (25).

We now prove the regularity bound of (20). Given K \subset \BbbR d, we obtain from the
fact that (\bfitphi N (\cdot )) is a mean-field approximating sequence for \phi (\cdot ) together with the
definition of Grad \bfitphi N (\cdot ) displayed in (17), that

(26) max
\bfitx \in KN

| \bfitphi N (\bfitx )| = max
\bfitx \in KN

| \phi (\mu [\bfitx ])| \leq max
\mu \in \scrP (K)

| \phi (\mu )| 

and

(27)
max
\bfitx \in KN

| Grad \bfitphi N (\bfitx )| N = max
\bfitx \in KN

\Bigl( 
1
N

\sum N
i=1| \nabla \mu \phi (\mu [\bfitx ])(xi)| 2

\Bigr) 1/2
\leq max
\mu \in \scrP (K)

\| \nabla \mu \phi (\mu )(\cdot )\| C0(K,\BbbR d) .

Analogously, using the definition of Hess \bfitphi N (\cdot ) given in (18), we can deduce

(28)

max
\bfitx \in KN

Hess \bfitphi [\bfitx ](\bfith ,\bfith ) \leq max
\mu \in \scrP (K)

\Bigl( 
\| Dx\nabla \mu \phi (\mu )(\cdot )\| C0(K,\BbbR d\times d)

+
\bigm\| \bigm\| D2

\mu \phi (\mu )(\cdot , \cdot )
\bigm\| \bigm\| 
C0(K\times K,\BbbR d\times d)

\Bigr) 
,

as well as the Lipschitz estimate

(29)
Lip(Hess \bfitphi N [\cdot ] ;KN )

\leq Lip(Dx\nabla \mu \phi (\cdot )(\cdot ) ;\scrP (K)\times K) + Lip(D2
\mu \phi (\cdot )(\cdot , \cdot ) ;\scrP (K)\times K \times K),

where we used the fact that W2(\mu [\bfitx ], \mu [\bfity ]) \leq | \bfitx  - \bfity | N for \bfitx ,\bfity \in (\BbbR d)N . By plugging
(26), (27), (28), and (29) into (19) and recalling the definition (13) of \| \phi (\cdot )\| \scrC 2,1(K),
we conclude that (20) holds.

Remark 2 (matrix representation of the mean-field Hessian in (\BbbR d)N ). By Riesz's
theorem applied in the Hilbert space ((\BbbR d)N ), \langle \cdot , \cdot \rangle N ), the action of the Hessian bilin-
ear form Hess \bfitphi N [\bfitx ](\cdot , \cdot ) can be represented as

(30) Hess \bfitphi N [\bfitx ](\bfith 1,\bfith 2) =
\bigl\langle 
Hess \bfitphi N (\bfitx )\bfith 1,\bfith 2

\bigr\rangle 
N

for any \bfitx ,\bfith 1,\bfith 2 \in (\BbbR d)N , where Hess \bfitphi N (\bfitx ) \in \BbbR dN\times dN is a matrix. In this case,
its components can be obtained via a simple identification in (18), and be written
explicitly as

(Hess \bfitphi N (\bfitx ))i,j = D2
\mu \phi (\mu [\bfitx ])(xi, xj),

(Hess \bfitphi N (\bfitx ))i,i = NDx\nabla \mu \phi (\mu [\bfitx ])(xi) + D2
\mu \phi (\mu [\bfitx ])(xi, xi)

for any pair of indices i, j \in \{ 1, . . . , N\} such that i \not = j.
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2024 BENO\^IT BONNET AND FRANCESCO ROSSI

3. Locally optimal Lipschitz feedback in optimal control. In this sec-
tion, we recall classical facts about finite-dimensional optimal control problems, and
describe in Theorem 4 a result proven in [33], which provides sufficient conditions
for the existence of locally optimal Lipschitz feedback in a neighborhood of an opti-
mal trajectory. Throughout this section, we will study the finite-dimensional optimal
control problem

(\scrP oc)

\left\{           
min
u(\cdot )\in \scrU 

\Biggl[ \int T

0

\Bigl( 
l(t, x(t)) + \psi (u(t))

\Bigr) 
dt+ g(x(T ))

\Biggr] 

s.t.

\Biggl\{ 
\.x(t) = f(t, x(t)) + u(t),

x(0) = x0

under the following assumptions.

Hypotheses (Hoc).
(i) The set of admissible controls is given by \scrU = L\infty ([0, T ], U), where U \subset \BbbR d

is convex and compact.
(ii) The control cost u \mapsto \rightarrow \psi (u) \in \BbbR is C2,1-regular and strictly convex over U .
(iii) The map (t, x) \mapsto \rightarrow f(t, x) \in \BbbR d is Lipschitz with respect to t \in [0, T ] and

C2,1
loc -regular with respect to x \in \BbbR d. Moreover, there exists a constant M > 0

such that

| f(t, x)| \leq M(1 + | x| )

for any (t, x) \in [0, T ]\times \BbbR d.
(iv) The running cost (t, x) \mapsto \rightarrow l(t, x) \in \BbbR is Lipschitz with respect to t \in [0, T ] and

C2,1
loc -regular with respect to x \in \BbbR d. Similarly, the final cost x \mapsto \rightarrow g(x) \in \BbbR is

C2,1
loc -regular over \BbbR d.

It can be easily seen that one could choose integrable maps to express the sub-
linearity and Lipschitz regularity of f(\cdot , \cdot ) instead of constants. As a direct conse-
quence of (Hoc), we have the following lemma.

Lemma 1 (uniform compactness of admissible trajectories). Given x0 \in \BbbR d,
there exists a compact set K \subset \BbbR d such that each admissible curve x(\cdot ) for (\scrP oc)
associated with a control u(\cdot ) \in \scrU satisfies x(\cdot ) \in Lip([0, T ],K).

Proof. This follows directly from an application of Gr\"onwall's lemma.

Proposition 5 (existence of solutions for problem (\scrP oc)). Let K \subset \BbbR d be a
compact set given as in Lemma 1 and suppose that Hypotheses (Hoc) hold. Then,
there exists an optimal trajectory-control pair (x\ast (\cdot ), u\ast (\cdot )) \in Lip([0, T ],K) \times \scrU for
problem (\scrP oc).

Proof. This result is standard under our working hypotheses and can be found,
e.g., in [27, Theorem 23.11].

We introduce the Hamiltonian function associated with (\scrP oc), defined by

H : (t, x, p, u) \in [0, T ]\times (\BbbR d)3 \mapsto \rightarrow \langle p, f(t, x) + u\rangle  - 
\bigl( 
l(t, x) + \psi (u)

\bigr) 
.

Let (x\ast (\cdot ), u\ast (\cdot )) be an optimal trajectory-control pair for (\scrP oc). By the PMP (see,
e.g., [27, Theorem 22.2]), there exists a curve p\ast (\cdot ) such that the couple (x\ast (\cdot ), p\ast (\cdot ))
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is a solution of the forward-backward Hamiltonian system

(31)

\Biggl\{ 
\.x\ast (t) = \nabla pH(t, x\ast (t), p\ast (t), u\ast (t)), x\ast (0) = x0,

\.p\ast (t) =  - \nabla xH(t, x\ast (t), p\ast (t), u\ast (t)), p\ast (T ) =  - \nabla g(x\ast (T )).

Moreover, the Pontryagin maximization condition,

(32) H(t, x\ast (t), p\ast (t), u\ast (t)) = max
v\in U

H(t, x\ast (t), p\ast (t), v),

holds along this extremal pair for \scrL 1-almost every t \in [0, T ]. Such a collection
of optimal state, costate, and control curves (x\ast (\cdot ), p\ast (\cdot ), u\ast (\cdot )) is called an optimal
Pontryagin triple for (\scrP oc). Let it be noted that, since the endpoints of (\scrP oc) are
free, there are no abnormal curves stemming from the maximum principle.

Lemma 2 (compactness and regularity of the costate). Let K \subset \BbbR d be a compact
set given by Lemma 1 and suppose that Hypotheses (Hoc) hold. Then, there exists a
compact set K \prime \subset \BbbR d such that p\ast (\cdot ) \in Lip([0, T ],K \prime ).

Proof. The backward Cauchy problem satisfied by p\ast (\cdot ) in (31) can be written
explicitly as

\.p\ast (t) = \nabla xl(t, x
\ast (t)) - Dxf(t, x

\ast (t))\top p\ast (t)

for \scrL 1-almost every t \in [0, T ]. Since (t, x) \in [0, T ] \times K \mapsto \rightarrow | Dxf(t, x)| \in \BbbR +

is uniformly bounded by (Hoc)(iii), it follows from Gr\"onwall's lemma that p\ast (\cdot ) \in 
Lip([0, T ],\BbbR d). Moreover, recall that x \in K \mapsto \rightarrow | \nabla g(x)| \in \BbbR + is also uniformly
bounded as a consequence of (Hoc)(iv), thus upon invoking Gr\"onwall's lemma again,
there exists a compact set K \prime \subset \BbbR d such that p\ast (\cdot ) \in Lip([0, T ],K \prime ).

From now on, we denote by \scrK = [0, T ] \times K \times K \prime \times U the uniform compact set
containing the admissible times, states, costates, and controls for (\scrP oc), and \scrL \scrK > 0
the Lipschitz constant over \scrK of the maps H(\cdot , \cdot , \cdot , \cdot ), l(\cdot , \cdot ), \psi (\cdot ), and g(\cdot ) and of their
derivatives with respect to the variables (x, u) up to the second order. Observe that
both quantities exist as a consequence of Lemmas 1 and 2 and Hypotheses (Hoc).

Definition 11 (coercivity estimate). We say that an optimal Pontryagin triple
(x\ast (\cdot ), p\ast (\cdot ), u\ast (\cdot )) for (\scrP oc) satisfies the uniform coercivity estimate with constant
\rho > 0 if the following inequality holds:

(33)

\bigl\langle 
\nabla 2
x g(x

\ast (T ))y(T ), y(T )
\bigr\rangle 
 - 
\int T

0

\bigl\langle 
\nabla 2
xH(t, x\ast (t), p\ast (t), u\ast (t))y(t), y(t)

\bigr\rangle 
dt

 - 
\int T

0

\bigl\langle 
\nabla 2
uH(t, x\ast (t), p\ast (t), u\ast (t))w(t), w(t)

\bigr\rangle 
dt

\geq \rho 

\int T

0

| w(t)| 2dt

for any pair of maps (y(\cdot ), w(\cdot )) \in W 1,2([0, T ],\BbbR d) \times L2([0, T ],\BbbR d) solution of the
linearized system

(34)

\Biggl\{ 
\.y(t) = Dxf(t, x

\ast (t))y(t) + w(t),

y(0) = 0 and u\ast (t) + w(t) \in U for \scrL 1-almost every t \in [0, T ].
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2026 BENO\^IT BONNET AND FRANCESCO ROSSI

We are now ready to recall the main contribution of [33, Theorem 5.2], which
we will use in the proof of Theorem 2. Below, we use the notations Graph(x(\cdot )) :=
\{ (t, x(t)) s.t. t \in [0, T ]\} and B(x, r) \subset \BbbR d for the closed ball of center x \in \BbbR m and
radius r > 0 in \BbbR d.

Theorem 4 (existence of locally optimal feedback for (\scrP oc)). Let (x\ast (\cdot ), p\ast (\cdot ),
u\ast (\cdot )) \in Lip([0, T ],K)\times Lip([0, T ],K \prime )\times \scrU be an optimal Pontryagin triple for prob-
lem (\scrP oc). Suppose that (Hoc) hold and that (x\ast (\cdot ), p\ast (\cdot ), u\ast (\cdot )) satisfies the uniform
coercivity estimate (33)--(34) with constant \rho > 0.

Then, there exist positive constants \epsilon , \eta > 0, an open subset \scrN \subset [0, T ]\times \BbbR d, and
a locally optimal feedback \=u(\cdot , \cdot ) \in Lip(\scrN ,\BbbR d) whose Lipschitz constant depends only
on \scrL K and \rho , such that the following hold:

(a) \=u(t, x\ast (t)) = u\ast (t) for all times t \in [0, T ].
(b)

\bigl( 
Graph(x\ast (\cdot )) + \{ 0\} \times B(0, \epsilon )

\bigr) 
\subset \scrN .

(c) For each (\tau , \xi ) \in \scrN , the equation

(35) \.x(t) = f(t, x(t)) + \=u(t, x(t)), x(\tau ) = \xi ,

has a unique solution \^x(\tau ,\xi )(\cdot ) such that Graph(\^x(\tau ,\xi )(\cdot )) \subset \scrN .
(d) The map \^u(\tau ,\xi ) : t \in [\tau , T ] \mapsto \rightarrow \=u(t, \^x(\tau ,\xi )(t)) \in U satisfies\int T

\tau 

l
\bigl( 
t, \^x(\tau ,\xi )(t), \^u(\tau ,\xi )(t)

\bigr) 
dt+ g(\^x(\tau ,\xi )(T )) \leq 

\int T

\tau 

l
\bigl( 
t, x(t), u(t)

\bigr) 
dt+ g(x(T ))

for any open-loop pair (u(\cdot ), x(\cdot )) \in \scrU \times Lip([\tau , T ],\BbbR d) for (\scrP oc) such that
\| u(\cdot ) - \^u(\tau ,\xi )(\cdot )\| L\infty ([\tau ,T ])\leq \eta .

The proof of Theorem 4 in [33] is based on a general strategy elaborated in [26],
in which several quantitative inverse function theorems are proven under hypotheses
akin to (33) for nonlinear optimal control problems. The key point of this approach
is to remark (see, e.g., [32]) that the first-order linearization of the PMP system
(31)--(32) corresponds to the PMP of the linearized problem

(\scrP \prime 
oc)

\left\{           
min

w(\cdot )\in \scrU \prime 

\Biggl[ \int T

0

\bigl( 
1
2 \langle A(t)y(t), y(t)\rangle +

1
2 \langle B(t)w(t), w(t)\rangle 

\bigr) 
dt+ 1

2 \langle C(T )y(T ), y(T )\rangle 

\Biggr] 

s.t.

\Biggl\{ 
\.y(t) = Dxf(t, x

\ast (t))y(t) + w(t),

y(0) = 0,

associated with (\scrP oc), where

\scrU \prime =
\Bigl\{ 
v \in L2([0, T ], U) s.t. u\ast (t) + v(t) \in U for \scrL 1-almost every t \in [0, T ]

\Bigr\} 
and \Biggl\{ 

A(t) =  - \nabla 2
xH(t, x\ast (t), p\ast (t), u\ast (t)), B(t) =  - \nabla 2

uH(t, x\ast (t), p\ast (t), u\ast (t)),

C(T ) = \nabla 2
xg(x

\ast (T ))

for all times t \in [0, T ]. In this context, the coercivity estimate plays the role of a
strong positive-definiteness condition on the cost of (\scrP \prime 

oc) along optimal trajectories,
which allows us to invert the corresponding optimality system with a control on the
Lipschitz constant of the inverse. In the following, we will use the important fact that
Theorem 4 holds true in any finite-dimensional Hilbert space and, in particular, in
((\BbbR d)N , \langle \cdot , \cdot \rangle N ).
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4. Non-local transport equations and mean-field optimal control. In
this section, we recall some results concerning continuity equations and mean-feld
optimal control problems. We recall in section 4.1 concepts pertaining to non-local
continuity equations, and detail in section 4.2 a powerful existence result of so-called
mean-field optimal controls for problem (\scrP ), which is borrowed from [38].

In the following, we focus on the optimal control problems in Wasserstein spaces
written in the general form

(\scrP )

\left\{           
min
u\in \scrU 

\Biggl[ \int T

0

\biggl( 
L(t, \mu (t)) +

\int 
\BbbR d

\psi (u(t, x))d\mu (t)(x)

\biggr) 
dt+ \varphi (\mu (T ))

\Biggr] 

s.t.

\Biggl\{ 
\partial t\mu (t) +\nabla \cdot 

\bigl( 
(v(t, \mu (t), \cdot ) + u(t, \cdot ))\mu (t)

\bigr) 
= 0,

\mu (0) = \mu 0.

Here, \mu 0 \in \scrP c(\BbbR d) is a fixed initial datum, and the minimization is taken over
the set of admissible controls \scrU := L\infty ([0, T ], L1(\BbbR d, U ;\mu (t)), where (\mu (\cdot ), u(\cdot )) is a
trajectory-control pair. We make the following working assumption on the data of
problem (\scrP ).

Hypotheses (H).
(i) The set of admissible control values U \subset \BbbR d is convex and compact.
(ii) The control cost u \mapsto \rightarrow \psi (u) \in \BbbR is C2,1-regular and strictly convex over U .
(iii) The non-local velocity field (t, x, \mu ) \mapsto \rightarrow v(t, \mu , x) \in \BbbR d is Lipschitz with respect

to t \in [0, T ] and continuous in the | \cdot | \times W2-topology with respect to (x, \mu ) \in 
\BbbR d \times \scrP c(\BbbR d). Besides, there exists M > 0 such that

| v(t, \mu , x)| \leq M
\Bigl( 
1 + | x| +

\bigl( \int 
\BbbR d | y| d\mu (y)

\bigr) \Bigr) 
for all times t \in [0, T ] and any (x, \mu ) \in \BbbR d \times \scrP c(\BbbR d). Moreover, there exist
lK , LK > 0 such that

| v(t, \mu , x) - v(t, \mu , y)| \leq lK | x - y| and | v(t, \mu , x) - v(t, \nu , x)| \leq LKW2(\mu , \nu )

for any x, y \in K and \mu , \nu \in \scrP (K), where K \subset \BbbR d is an arbitrary compact
set.

(iv) The map \mu \mapsto \rightarrow v(t, \mu , x) \in \BbbR d is \scrC 2,1
loc -Wasserstein regular.

(v) The running cost (t, \mu ) \mapsto \rightarrow L(t, \mu ) \in \BbbR is Lipschitz with respect to t \in [0, T ]
and \scrC 2,1

loc -Wasserstein regular with respect to \mu \in \scrP c(\BbbR d).
(vi) The final cost \mu \mapsto \rightarrow \varphi (\mu ) \in \BbbR is \scrC 2,1

loc -Wasserstein regular.

Observe that by classical well-posedness results for non-local continuity equations
(see, e.g., [9, 52]) together with known existence results in the context mean-field
optimal control problems (see, e.g., [38]), it would be sufficient to have locally Lipschitz
dynamics and continuous cost functionals for solutions of (\scrP ) to exist.

4.1. Non-local transport equations in \BbbR \bfitd . Given a time horizon T > 0,
we denote by \lambda := 1

T \scrL 1
\llcorner [0,T ] the renormalized Lebesgue measure on [0, T ]. For any

p \geq 1, a curve of measures \mu (\cdot ) \in C0([0, T ],\scrP p(\BbbR d)) can be uniquely lifted to a
measure \~\mu \in \scrP p([0, T ] \times \BbbR d) defined by disintegration as \~\mu =

\int 
[0,T ]

\mu (t)d\lambda (t) in the

sense of Theorem 3. We shall say that \mu (\cdot ) \in C0([0, T ],\scrP p(\BbbR d)) solves a continuity
equation with initial condition \mu 0 \in \scrP p(\BbbR d) driven by a Lebesgue--Borel velocity field
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2028 BENO\^IT BONNET AND FRANCESCO ROSSI

\bfitw \in Lp([0, T ]\times \BbbR d,\BbbR d; \~\mu ) provided that

(36)

\Biggl\{ 
\partial t\mu (t) +\nabla \cdot (\bfitw (t, \cdot )\mu (t)) = 0,

\mu (0) = \mu 0.

This equation has to be understood in duality against smooth and compactly sup-
ported functions, namely,

(37)

\int T

0

\int 
\BbbR d

\Bigl( 
\partial t\xi (t, x) + \langle \nabla x\xi (t, x),\bfitw (t, x)\rangle 

\Bigr) 
d\mu (t)(x)dt = 0

for any \xi \in C\infty 
c ((0, T )\times \BbbR d).

It has been well known since the works of Ambrosio in [2] (see also [5, Chapter
8]) that weak solutions of continuity equations can exist in this low regularity con-
text. However as already explained in the introduction above, such solutions are not
well tailored to the practical investigation of a mean-field control problem. Thus in
Theorem 5 below, we recall an existence result which was first derived in [52], and
that is concerned with classical well-posedness for non-local transport equations in
(\scrP c(\BbbR d),W1) under stronger regularity assumptions.

Theorem 5 (well-posedness of non-local transport equations). Let v : (t, \mu , x) \in 
[0, T ]\times \scrP c(\BbbR d)\times \BbbR d \rightarrow \BbbR d be a non-local velocity field satisfying hypotheses (H)-(iii).
Then for each \mu 0 \in \scrP c(\BbbR d), there exists a unique solution \mu (\cdot ) \in Lip([0, T ],\scrP c(\BbbR d))
of (36) driven by \bfitw : (t, x) \in [0, T ] \mapsto \rightarrow v(t, \mu (t), x) \in \BbbR d. Furthermore, there exist
constants RT , LT > 0 such that

supp(\mu (t)) \subset B(0, RT ) and W1(\mu (t), \mu (s)) \leq LT | t - s| 

for all times s, t \in [0, T ].

4.2. Existence of mean-field optimal controls for problem (\scrP ). In this
section, we show how problem (\scrP ) can be reformulated so as to encompass a suitable
sequence of approximating discrete problems (\scrP N ). We subsequently recall a power-
ful existence result derived in [38] for general multi-agent optimal control problems
formulated in Wasserstein spaces.

We start by fixing an integer N \geq 1, an initial datum \bfitx 0
N \in (\BbbR d)N , and the associ-

ated empirical measure \mu 0
N = \mu [\bfitx 0

N ] as in section 2.3. As exposed in the introduction,
we consider the family of discrete problems

(\scrP N )

\left\{             
min

\bfitu (\cdot )\in \scrU N

\Biggl[ \int T

0

\Bigl( 
\bfitL N (t,\bfitx (t)) +

1

N

N\sum 
i=1

\psi (ui(t))
\Bigr) 
dt+\bfitvarphi N (\bfitx (T ))

\Biggr] 

s.t.

\Biggl\{ 
\.xi(t) = \bfitv N (t,\bfitx (t), xi(t)) + ui(t),

xi(0) = x0i

with \scrU N = L\infty ([0, T ], UN ), and where the mean-field approximating functionals are
defined by
(38)
\bfitv N (t,\bfitx , x) := v(t, \mu [\bfitx ], x), \bfitL N (t,\bfitx ) := L(t, \mu [\bfitx ]), and \bfitvarphi N (\bfitx ) := \varphi (\mu [\bfitx ])

for any (t,\bfitx , x) \in [0, T ] \times (\BbbR d)N \times \BbbR d. It can be checked that as a consequence of
hypotheses (H), the problems (\scrP N ) satisfy hypotheses (Hoc). We can thus deduce the
following lemma directly from Proposition 5.
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Lemma 3 (existence of solutions for (\scrP N )). Under hypotheses (H) for each N \geq 
1, there exists an optimal trajectory-control pair (\bfitx \ast 

N (\cdot ),\bfitu \ast 
N (\cdot )) \in Lip([0, T ], (\BbbR d)N )\times 

\scrU N solution of (\scrP N ).

We proceed by recasting problem (\scrP ) into a framework which also encompasses
the sequence of problems (\scrP N ). Recall that, by Definition 1, a vector-valued measure
\bfitnu \in \scrM ([0, T ]\times \BbbR d, U) is absolutely continuous with respect to \~\mu if and only if there
exists a map u(\cdot , \cdot ) \in L1([0, T ] \times \BbbR d, U ; \~\mu ) such that \bfitnu = u(\cdot , \cdot )\~\mu . Moreover, the
absolute continuity of \bfitnu with respect to \~\mu implies the existence of a \lambda -almost unique
family of measures \{ \bfitnu (t)\} t\in [0,T ] such that \bfitnu =

\int 
[0,T ]

\bfitnu (t)d\lambda (t) in the sense of Theorem

3. Whence, problem (\scrP ) can be relaxed as

(\scrP meas)

\left\{           
min
\bfitnu \in \scrU 

\Biggl[ \int T

0

\Bigl( 
L(t, \mu (t)) + \Psi (\bfitnu (t)| \mu (t))

\Bigr) 
dt+ \varphi (\mu (T ))

\Biggr] 

s.t.

\Biggl\{ 
\partial t\mu (t) +\nabla \cdot 

\bigl( 
v(t, \mu (t), \cdot )\mu (t) + \bfitnu (t)

\bigr) 
= 0,

\mu (0) = \mu 0,

where we introduced the set \scrU = \scrM ([0, T ]\times \BbbR d, U) of generalized measure controls,
and the map

\Psi ( \cdot | \mu ) : \bfitsigma \in \scrM (\BbbR d, U) \mapsto \rightarrow 

\left\{     
\int 
\BbbR d

\psi 

\biggl( 
d\bfitsigma 

d\mu 
(x)

\biggr) 
d\mu (x) if \bfitsigma \ll \mu ,

+\infty otherwise.

One can then associate with any optimal trajectory-control pair (\bfitx \ast 
N (\cdot ),\bfitu \ast 

N (\cdot )) \in 
Lip([0, T ], (\BbbR d)N ) \times \scrU N for (\scrP N ) a measure trajectory-control pair (\mu \ast 

N (\cdot ),\bfitnu \ast 
N ) \in 

Lip([0, T ],\scrP N (\BbbR d))\times \scrU , defined by

(39) \mu \ast 
N (\cdot ) = 1

N

N\sum 
i=1

\delta x\ast 
i (\cdot ), \bfitnu \ast 

N =

\int 
[0,T ]

\Biggl( 
1

N

N\sum 
i=1

u\ast i (t)\delta x\ast 
i (t)

\Biggr) 
d\lambda (t).

In the following theorem, we state a condensed version of the main result of [38],
which shows that this relaxation allows us to prove the \Gamma -convergence of the discrete
problems (\scrP N ) towards (\scrP ).

Theorem 6 (existence of mean-field optimal controls for (\scrP )). Let \mu 0 \in \scrP c(\BbbR d)
be given, (\mu 0

N ) \subset \scrP c(\BbbR d) be a sequence of uniformly compactly supported empir-
ical measures associated with (\bfitx 0

N ) \subset (\BbbR d)N such that W1(\mu 
0
N , \mu 

0) \rightarrow 0 as N \rightarrow 
+\infty , and assume that hypotheses (H) hold. For any N \geq 1, let (\bfitx \ast 

N (\cdot ),\bfitu \ast 
N (\cdot )) \in 

Lip([0, T ], (\BbbR d)N )\times \scrU N be an optimal trajectory-control pair for (\scrP N ) and (\mu \ast 
N (\cdot ),\bfitnu \ast 

N ) \in 
Lip([0, T ],\scrP N (\BbbR d))\times \scrU be the corresponding measure trajectory-control pair defined
as in (39).

Then, there exists a pair (\mu \ast (\cdot ),\bfitnu \ast ) \in Lip([0, T ],\scrP c(\BbbR d))\times \scrU such that

max
t\in [0,T ]

W1(\mu 
\ast 
N (t), \mu \ast (t))  - \rightarrow 

N\rightarrow +\infty 
0 and \bfitnu \ast 

N \rightharpoonup \ast 
N\rightarrow +\infty 

\bfitnu \ast ,

along a suitable subsequence. Moreover, the classical trajectory-control pair,\Bigl( 
\mu \ast (\cdot ), d\bfitnu 

\ast 

d\~\mu \ast (\cdot , \cdot )
\Bigr) 
\in Lip([0, T ],\scrP c(\BbbR d))\times L\infty ([0, T ]\times \BbbR d, U ; \~\mu \ast ),

is optimal for (\scrP ), where \~\mu \ast =
\int 
[0,T ]

\mu \ast (t)d\lambda (t).
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2030 BENO\^IT BONNET AND FRANCESCO ROSSI

Remark 3 (comparison between (H) and the assumptions of [38]). In [38], it is
assumed that U \subset \BbbR d is a subspace of \BbbR d in order to recover the \Gamma -lim sup inequality
in the proof of their main result Theorem 3.2. This hypothesis could be relaxed up to
an additional projection argument by asking that U be convex and closed. Besides,
the requirements that \psi (\cdot ) is radial and superlinear at infinity are primarily used to
recover integral bounds on the controls, which automatically hold in our context since
we posit that the control set U is compact.

5. Proof of Theorems 1 and 2. In this section, we prove the two main results
of this article. We start by working with the discrete approximations (\scrP N ) of (\scrP ) in
order to prove Theorem 2. We then proceed to recover Theorem 1 as a corollary, by
formulating a sufficient condition under which (CON ) below holds.

5.1. Mean-field coercivity estimate and proof of Theorem 2. In this
section, we start by proving Theorem 2. We suppose that hypotheses (H) of section
4 hold, along with the following additional mean-field coercivity assumption.

Hypothesis (CON ). There exists a constant \rho T > 0 such that for every mean-
field optimal Pontryagin triple (\bfitx \ast 

N (\cdot ), \bfitr \ast N (\cdot ),\bfitu \ast 
N (\cdot )) for (\scrP N ) defined in the sense of

Proposition 6 below, the following coercivity estimate holds:

Hess\bfitx \bfitvarphi N [\bfitx \ast 
N (T )](\bfity (T ),\bfity (T ))

 - 
\int T

0

Hess\bfitx \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfity (t),\bfity (t))dt

 - 
\int T

0

Hess\bfitu \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfitw (t),\bfitw (t))dt \geq \rho T

\int T

0

| \bfitw (t)| 2Ndt,

along all the solutions (\bfity (\cdot ),\bfitw (\cdot )) \in W 1,2([0, T ], (\BbbR d)N ) \times L2([0, T ], UN ) of the lin-
earized system\Biggl\{ 

\.yi(t) = Dx\bfitv N (t,\bfitx \ast 
N (t), x\ast i (t))yi(t) +

1
N

\sum N
j=1Dxj

\bfitv N (t,\bfitx \ast 
N (t), x\ast i (t))yj(t) + wi(t),

yi(0) = 0 and \bfitu \ast 
N (t) +\bfitw (t) \in UN for \scrL 1-almost every t \in [0, T ].

Our argument is split into three steps. In Step 1, we write a PMP adapted to the
mean-field structure of problem (\scrP N ). We proceed by building in Step 2 a sequence of
Lipschitz-in-space optimal control maps for the discrete problems (\scrP N ) by combining
Theorem 4 and (CON ). We then show in Step 3 that this sequence of control maps
is compact in a suitable weak topology preserving its Lipschitz regularity in space,
and that its limit point coincides with the mean-field optimal control introduced in
Theorem 6.

Step 1: Solutions of (\scrP N ) and mean-field PMP. In this first step, we characterize
and derive uniform estimates on the optimal pairs (\bfitx \ast 

N (\cdot ),\bfitu \ast 
N (\cdot )) for (\scrP N ). Our

analysis is based on a reformulation of the PMP applied to (\scrP N ) as a Hamiltonian
flow with respect to the inner product \langle \cdot , \cdot \rangle N .

Proposition 6 (characterization of the solutions of (\scrP N )). Let (\bfitx \ast 
N (\cdot ),\bfitu \ast 

N (\cdot )) \in 
Lip([0, T ], (\BbbR d)N ))\times \scrU N be an optimal trajectory-control pair for (\scrP N ). Then, there
exists a rescaled covector \bfitr \ast N (\cdot ) \in Lip([0, T ], (\BbbR d)N ) such that (\bfitx \ast 

N (\cdot ), \bfitr \ast N (\cdot ),\bfitu \ast 
N (\cdot ))
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satisfies the mean-field PMP
(40)\left\{       

\.\bfitx \ast 
N (t) = Grad\bfitr \BbbH N (t,\bfitx \ast 

N (t), \bfitr \ast N (t),\bfitu \ast 
N (t)), \bfitx \ast 

N (0) = \bfitx 0
N ,

\.\bfitr \ast N (t) =  - Grad\bfitx \BbbH N (t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)), \bfitr \ast N (T ) =  - Grad\bfitx \bfitvarphi N (\bfitx \ast 
N (T )),

\bfitu \ast 
N (t) \in argmax

\bfitv \in UN

\BbbH N (t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitv ) for \scrL 1-almost every t \in [0, T ],

where the mean-field Hamiltonian of the system is defined by

(41) \BbbH N (t,\bfitx , \bfitr ,\bfitu ) :=
1

N

N\sum 
i=1

\Bigl( 
\langle ri,\bfitv N (t,\bfitx , xi) + ui\rangle  - \psi (ui)

\Bigr) 
 - \bfitL N (t,\bfitx )

for all (t,\bfitx , \bfitr ,\bfitu ) \in [0, T ] \times (\BbbR d)N \times (\BbbR d)N \times UN . Furthermore, there exist uniform
constants RT , LT > 0 which are independent of N \geq 1, such that
(42)

Graph
\bigl( 
(\bfitx \ast 
N (\cdot ), \bfitr \ast N (\cdot ))

\bigr) 
\subset [0, T ]\times B(0, RT )

2N and Lip
\Bigl( 
(\bfitx \ast 
N (\cdot ), \bfitr \ast N (\cdot )) ; [0, T ]

\Bigr) 
\leq LT .

Proof. By hypothesis (H)(i), there exists a constant RU > 0 such that U \subset 
B(0, RU ). Together with the definition (38) of the approximating sequences and
(H)(iii), this implies

(43)

| x\ast i (t)| \leq | x0i | +
\int t

0

\bigm| \bigm| \bfitv N (s,\bfitx \ast 
N (s), x\ast i (s)) + u\ast i (t)

\bigm| \bigm| ds
\leq | x0i | +

\int t

0

M
\Bigl( 
1 + | x\ast i (t)| + 1

N

\sum N
j=1| x

\ast 
j (t)| 

\Bigr) 
ds+RUT

for all times t \in [0, T ]. By summing over the indices i \in \{ 1, . . . , N\} and applying
Gr\"onwall's lemma, there exists a constant AT > 0 independent of N \geq 1 such that

(44) max
t\in [0,T ]

1
N

\sum N
i=1| x

\ast 
i (t)| \leq AT .

Plugging (44) into (43) and applying Gr\"owall's lemma yet another time, we recover
the existence of two constants R1

T , L
1
T > 0 independent of N \geq 1 such that for every

index i \in \{ 1, . . . , N\} , it holds that

(45) max
t\in [0,T ]

| x\ast i (t)| \leq R1
T and Lip(x\ast i (\cdot ) ; [0, T ]) \leq L1

T .

As a consequence of the standard PMP applied to (\scrP N ) (see, for instance, [27,
Theorem 22.2]), there exists a family of costate curves

\bfitp \ast : t \in [0, T ] \mapsto \rightarrow (p\ast 1(t), . . . , p
\ast 
N (t)) \in (\BbbR d)N

such that

(46)

\left\{       
\.x\ast i (t) = \nabla pi\scrH N (t,\bfitx \ast (t),\bfitp \ast (t),\bfitu \ast (t)), x\ast i (0) = x0i ,

\.p\ast i (t) =  - \nabla xi
\scrH N (t,\bfitx \ast (t),\bfitp \ast (t),\bfitu \ast (t)), p\ast i (T ) =  - \nabla xi

\bfitvarphi N (\bfitx \ast (T )),

u\ast i (t) \in argmax
v\in U

\bigl[ 
\langle p\ast i (t), v\rangle  - 1

N\psi (v)
\bigr] 
,

where the classical Hamiltonian of the system is defined as

\scrH N (t,\bfitx ,\bfitp ,\bfitu ) =

N\sum 
i=1

\langle pi,\bfitv N (t,\bfitx , xi) + ui\rangle  - 
1

N

N\sum 
i=1

\psi (ui) - \bfitL N (t,\bfitx )

D
ow

nl
oa

de
d 

06
/0

8/
21

 to
 1

47
.1

62
.1

10
.9

9.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/p
ag

e/
te

rm
s



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

2032 BENO\^IT BONNET AND FRANCESCO ROSSI

for every (t,\bfitx ,\bfitp ,\bfitu ) \in [0, T ]\times (\BbbR d)N \times (\BbbR d)N \times UN . Introducing the rescaled curves
r\ast i (\cdot ) := Np\ast i (\cdot ), one has

(47) \.x\ast i (t) = N\nabla ri\BbbH N (t,\bfitx \ast (t), \bfitr \ast (t),\bfitu \ast (t)) = Gradri \BbbH N (t,\bfitx \ast (t), \bfitr \ast (t),\bfitu \ast (t)),

(48)
\.r\ast i (t) =  - N\nabla xi\BbbH N (t,\bfitx \ast (t), \bfitr \ast (t),\bfitu \ast (t)) =  - Gradxi \BbbH N (t,\bfitx \ast (t), \bfitr \ast (t),\bfitu \ast (t)),

(49) r\ast i (T ) =  - N\nabla xi
\bfitvarphi (\bfitx \ast (T )) =  - Gradxi

\bfitvarphi (\bfitx \ast (T )),

where we used the definition of the mean-field gradient Grad (\bullet ) given in Proposition
4. Moreover, in this setting, the maximization condition in (46) can be rewritten for
\scrL 1-almost every t \in [0, T ] as

u\ast i (t) \in argmax
v\in U

[\langle r\ast i (t), v\rangle  - \psi (v)] .

Merging this condition with (47), (48), and (49), we recover that (\bfitx \ast (\cdot ), \bfitr \ast (\cdot ),\bfitu \ast (\cdot ))
satisfies the mean-field PMP (40) associated with the mean-field Hamiltonian
\BbbH N (\cdot , \cdot , \cdot , \cdot ).

We now prove an estimate akin to (45) for the costate variable (\bfitr \ast N (\cdot )). Observe
that, as a consequence of the uniform bounds of (45) and Proposition 4, it holds for
all times t \in [0, T ] and any i, j \in \{ 1, . . . , N\} that

| Gradxi \bfitL N (t,\bfitx \ast (t))| = | \nabla \mu L(t, \mu [\bfitx 
\ast 
N (t)])(x\ast i (t))| 

\leq max
\mu \in \scrP (B(0,R1

T ))
\| \nabla \mu L(t, \mu )(\cdot )\| C0(B(0,R1

T ),\BbbR d)

and

| Dx\bfitv N (t,\bfitx \ast (t), x\ast i (t))| + | Dxj\bfitv N (t,\bfitx \ast (t), x\ast i (t))| 
\leq max
\mu \in \scrP (B(0,R1

T ))
\| Dxv(t, \mu , \cdot ) + D\mu v(t, \mu , \cdot )(\cdot )\| C0(B(0,R1

T )2,\BbbR d\times d) .

By invoking the \scrC 2,1
loc -Wasserstein regularity assumptions (H)(iv), (v) and by Gr\"onwall's

lemma, we obtain

(50) max
t\in [0,T ]

| r\ast i (t)| \leq C \prime 
\Bigl( 
T + | Gradxi \bfitvarphi N (\bfitx \ast 

N (T ))| 
\Bigr) 
eC

\prime T

for all i \in \{ 1, . . . , N\} , where C \prime > 0 is independent of N \geq 1. Again as a consequence
of Proposition 4, it holds

| Gradxi \bfitvarphi (\bfitx 
\ast 
N (T ))| = | \nabla \mu \varphi (\mu [\bfitx 

\ast 
N (T )])(x\ast i (T ))| 

\leq max
\mu \in \scrP (B(0,R1

T ))
\| \nabla \mu \varphi (\mu )(\cdot )\| C0(B(0,R1

T ),\BbbR d) ,

which is uniformly bounded by hypothesis (H)(vi), so that

(51) max
t\in [0,T ]

| r\ast i (t)| \leq R2
T and Lip(r\ast i (\cdot ); [0, T ]) \leq L2

T

for all i \in \{ 1, . . . , N\} and some uniform constants R2
T , L

2
T > 0. Thus, we have shown

that there exist two constants RT , LT > 0 independent of N \geq 1, such that

Graph
\Bigl( 
(\bfitx \ast (\cdot ), \bfitr \ast (\cdot ))

\Bigr) 
\subset [0, T ]\times B(0, RT )

2N and Lip
\Bigl( 
(\bfitx \ast (\cdot ), \bfitr \ast (\cdot )) ; [0, T ]

\Bigr) 
\leq LT .

This concludes the proof of Proposition 6.
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We end the first step of our proof by a simple corollary in which we provide a
common Lipschitz constant for all the maps involved in (\scrP N ) that is uniform with
respect to N \geq 1.

Corollary 1. Let \scrK := [0, T ]\times B(0, RT )
2N \times UN , where RT > 0 is defined as

in Proposition 6. Then, there exists a constant \scrL \scrK > 0 such that

t \mapsto \rightarrow \BbbH N (t,\bfitx , \bfitr ,\bfitu ) and t \mapsto \rightarrow \bfitL N (t,\bfitx )

are bounded by \scrL \scrK and \scrL \scrK -Lipschitz over [0, T ] uniformly with respect to (\bfitx , \bfitr ,\bfitu ) \in 
B(0, RT )

2N \times UN , and such that the C2,1
N -norms defined in the sense of (19) of the

maps

(\bfitx ,\bfitu ) \mapsto \rightarrow \BbbH N (t,\bfitx , \bfitr ,\bfitu ), \bfitx \mapsto \rightarrow \bfitL N (t,\bfitx ), \bfitu \mapsto \rightarrow 1
N

\sum N
i=1\psi (ui), and \bfitx \mapsto \rightarrow \bfitvarphi N (\bfitx ),

are bounded by \scrL \scrK over B(0, RT )
N \times UN , uniformly with respect to (t, \bfitr ) \in [0, T ] \times 

B(0, RT )
N .

Proof. This result follows directly from the the Lipschitz regularity (H)(iii) of the
velocity field and the \scrC 2,1

loc -Wasserstein regularity hypotheses (H)(iv), (v), (vi), along
with the estimate (20) of Proposition 4.

Step 2: Construction of Lipschitz-in-space optimal controls for (\scrP N ). In this
second step, we associate with any optimal pair (\bfitx \ast 

N (\cdot ),\bfitu \ast 
N (\cdot )) for (\scrP N ) a mean-field

optimal control map u\ast N \in Lip([0, T ]\times \BbbR d, U)), which Lipschitz constant with respect
to the space variable is uniformly bounded with respect to N \geq 1.

Proposition 7 (existence of locally optimal uniformly Lipschitz feedback for
(\scrP N )). Assume that hypotheses (H) hold and let

(\bfitx \ast 
N (\cdot ), \bfitr \ast N (\cdot ),\bfitu \ast 

N (\cdot )) \in Lip([0, T ], B(0, RT )
N )\times \scrU N

be an optimal Pontryagin triple for (\scrP N ) in the sense of Proposition 6 along which
the mean-field coercivity estimate (CON ) holds.

Then, for any N \geq 1, there exists a Lipschitz map u\ast N (\cdot , \cdot ) \in Lip([0, T ] \times \BbbR d, U)
such that

u\ast N (t, xi(t)) = u\ast i (t) and Lip(u\ast N (t, \cdot ) ;\BbbR d) \leq \scrL U

for all times t \in [0, T ], where \scrL U > 0 is independent of N \geq 1.

Proof. Recall first that by Corollary 1, the bounded-Lipschitz norms in t \in [0, T ]
and the C2,1

N -norms in (\bfitx ,\bfitu ) \in B(0, RT )
N \times UN of the datum of (\scrP N ) are uniformly

bounded over \scrK = [0, T ] \times B(0, RT )
2N \times UN by a constant \scrL \scrK > 0. As mentioned

in section 3, Theorem 4 can be applied in ((\BbbR d)N , \langle \cdot , \cdot \rangle N ) provided that (CON ) is
indeed a strong positive-definiteness condition for the canonical linearized problem
associated with (\scrP N ). To verify this, consider (\bfity (\cdot ), \bfits (\cdot ),\bfitw (\cdot )) \in W 1,2([0, T ], (\BbbR d)N )\times 
W 1,2([0, T ], (\BbbR d)N ) \times L2(([0, T ], UN ) such that \bfitu \ast 

N (t) + \bfitw (t) \in UN for \scrL 1-almost
every t \in [0, T ] and i \in \{ 1, . . . , N\} . Then, it holds

(52)

\bfitv N (t,\bfitx \ast 
N (t) + \bfity (t), x\ast i (t) + yi(t))

= \bfitv N (t,\bfitx \ast 
N (t), x\ast i (t)

\bigr) 
+Dx\bfitv N

\bigl( 
t,\bfitx \ast 

N (t), x\ast i (t))yi(t)

+ 1
N

N\sum 
j=1

Dxj\bfitv N (t,\bfitx \ast 
N (t), x\ast i (t))yj(t) + o(| yi(t)| ) + o(| \bfity (t)| N )
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2034 BENO\^IT BONNET AND FRANCESCO ROSSI

for all times t \in [0, T ], where Dxj
\bfitv N (t,\bfitx , xi) is the matrix whose rows are the

mean-field gradients with respect to xj of the components \bfitx \mapsto \rightarrow \bfitv kN (t,\bfitx , xi) for
k \in \{ 1, . . . , d\} \in \BbbR d. Analogously, one also has1

(53)
Grad\bfitx \BbbH N (t,\bfitx \ast 

N (t) + \bfity (t), \bfitr \ast N (t) + \bfits (t),\bfitu \ast 
N (t) +\bfitw (t))

= Grad\bfitx \BbbH N (t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t))

+Hess\bfitx \BbbH N (t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t))\bfity (t)

+Hess\bfitr \bfitx \BbbH N (t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t))\bfits (t) + o(| \bfity (t)| N ) + o(| \bfitw (t)| N ),

(54)
Grad\bfitu \BbbH N (t,\bfitx \ast 

N (t) + \bfity (t), \bfitr \ast N (t) + \bfits (t),\bfitu \ast 
N (t) +\bfitw (t))

= Grad\bfitu \BbbH N (t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t))

+Hess\bfitu \BbbH N (t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t))\bfitw (t)

+Hess\bfitr \bfitu \BbbH N (t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t))\bfits (t) + o(| \bfits (t)| N ) + o(| \bfitw (t)| N ),

(55)
Grad\bfitx \bfitvarphi N (\bfitx \ast 

N (T )+\bfity (T )) = Grad\bfitx \bfitvarphi (\bfitx \ast 
N (T ))+Hess\bfitx \bfitvarphi N (\bfitx \ast 

N (T ))\bfity (T )+o(| \bfity (T )| N ),

as a consequence of the chain rule of Proposition 4. Following [32], it can be checked
that the first-order linearization of the optimality system (40) obtain by combining
(52), (53), (54), and (55) is the PMP of

(\scrP \prime 
N )

\left\{                       

min
\bfitw (\cdot )\in \scrU \prime 

N

\Biggl[ \int T

0

\bigl( 
1
2 \langle \bfitA (t)\bfity (t),\bfity (t)\rangle N + 1

2 \langle \bfitB (t)\bfitw (t),\bfitw (t)\rangle N
\bigr) 
dt

+ 1
2 \langle \bfitC (T )\bfity (T ),\bfity (T )\rangle N

\bigr] 
s.t.

\left\{     \.yi(t) = Dx\bfitv N (t,\bfitx \ast 
N (t), x\ast i (t))yi(t) +

1
N

N\sum 
j=1

Dxj
\bfitv N (t,\bfitx \ast 

N (t), x\ast i (t))yj(t),

yi(0) = 0,

where the set of admissible controls is defined by

\scrU \prime 
N =

\bigl\{ 
v \in L\infty ([0, T ], UN ) s.t. \bfitu \ast 

N (t) +\bfitw (t) \in UN for \scrL 1-almost every t \in [0, T ]
\bigr\} 

and the matrices defining the cost functionals are written\Biggl\{ 
\bfitA (t) =  - Hess\bfitx \BbbH N (t,\bfitx \ast 

N (t), \bfitr \ast N (t),\bfitu \ast 
N (t)), \bfitC (T ) = Hess\bfitx \bfitvarphi N (\bfitx \ast 

N (T )),

\bfitB (t) =  - Hess\bfitu \BbbH N (t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t))

for all times t \in [0, T ]. Thus, the coercivity estimate (CON ) is indeed a strong
positive-definiteness condition for (\scrP \prime 

N ) expressed in terms of the differential structure
of ((\BbbR d)N , \langle \cdot , \cdot \rangle N ). Hence, by Theorem 4 applied to (\scrP N ), there exists a neighborhood
\scrN \subset [0, T ]\times (\BbbR d)N of Graph(\bfitx \ast (\cdot )) and a locally optimal feedback

(56) \~\bfitu N :
\Bigl( 
[0, T ]\times B(0, RT )

N
\Bigr) 
\cap \scrN \rightarrow UN ,

1Here for convenience, we use the matrix representation (30) introduced in Remark 2 for mean-
field Hessians.
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such that \~\bfitu N (t,\bfitx \ast (t)) = \bfitu \ast 
N (t) for all times t \in [0, T ] and

(57)
\bigm| \bigm| \~\bfitu N (t,\bfitx ) - \~\bfitu N (s,\bfity )

\bigm| \bigm| 
N

\leq \scrL \prime 
U

\bigl( 
| t - s| + | \bfitx  - \bfity | N

\bigr) 
for any (t,\bfitx ), (s,\bfity ) \in \scrN , where \scrL \prime 

U > 0 depends only on the structural constant \scrL \scrK 
introduced in Corollary 1 and on the coercivity constant \rho T exhibited in (CON ). In
particular, \scrL \prime 

U is independent of N \geq 1.
For any i \in \{ 1, . . . , N\} , we can in turn associate with each agent trajectory x\ast i (\cdot )

the projected control map

\~ui : (t, x) \in \scrN i \mapsto \rightarrow \~\bfitu iN (t, \^\bfitx xi (t))

for any (t, x) \in \scrN i, where we introduced the notation

(58) \^\bfitx xi (t) := (x\ast 1(t), . . . , x
\ast 
i - 1(t), x, x

\ast 
i+1(t), . . . , x

\ast 
N (t)),

and where the agent-based neighborhoods \scrN i \subset [0, T ]\times \BbbR d are defined by

\scrN i :=
\Bigl\{ 
(t, x) \in [0, T ]\times \BbbR d s.t. \^\bfitx xi (t) \in \scrN 

\Bigr\} 
.

These sets are well-defined and non-empty, since the projection operations onto co-
ordinates are open mappings. Moreover, for any t \in [0, T ] and x, y \in \BbbR d such that
(t, x), (t, y) \in \scrN i, it holds that
(59)
| \~ui(t, x) - \~ui(t, y)| =

\bigm| \bigm| \~\bfitu iN (t, \^\bfitx xi (t)) - \~\bfitu iN (t, \^\bfitx yi (t))
\bigm| \bigm| 

\leq 
\biggl( 

N\sum 
j=1

| \~\bfitu jN (t, \^\bfitx xi (t)) - \~\bfitu jN (t, \^\bfitx yi (t))| 
2

\biggr) 1/2

=
\surd 
N
\bigm| \bigm| \~\bfitu N (t, \^\bfitx xi (t)) - \~\bfitu N (t, \^\bfitx yi (t))

\bigm| \bigm| 
N

\leq 
\surd 
N\scrL \prime 

U | \^\bfitx 
x
i (t) - \^\bfitx yi (t)| N

as a consequence of (57). Observe now that by (58), the quantity | \^\bfitx yi (t)  - \^\bfitx xi (t)| N
can be further estimated as

(60) | \^\bfitx xi (t) - \^\bfitx yi (t)| N =

\biggl( 
1
N

N\sum 
j=1

\bigm| \bigm| (\^\bfitx xi (t))j  - (\^\bfitx yi (t))j
\bigm| \bigm| 2\biggr) 1/2

= 1\surd 
N
| y  - x| 

for all t \in [0, T ], since (\^\bfitx xi (t))j = (\^\bfitx yi (t))j = x\ast j (t) for any j \not = i. By merging (59) and
(60), we recover that the maps \~ui(\cdot , \cdot ) defined in (56) are \scrL \prime 

U -Lipschitz in space over
\scrN i for any i \in \{ 1, . . . , N\} .

To conclude the proof of Proposition 7, there remains to ``patch together"" the
locally optimal agent feedbacks \~ui(\cdot , \cdot ) defined above. First, observe that since the
maps x \mapsto \rightarrow \~ui(t, x) \in U are Lipschitz for any i \in \{ 1, . . . , N\} , all the individual agent
trajectories are solution of the well-posed Cauchy--Lipschitz ODEs

\.x\ast i (t) = \bfitv N (t,\bfitx \ast 
N (t), x\ast i (t)) + \~ui(t, x

\ast 
i (t))

for \scrL 1-almost every t \in [0, T ]. Besides, if x\ast j (\tau ) \in \scrN i for some time \tau \in [0, T ] with
j \not = i, then the fact that \~ui(\cdot , \cdot ) is a locally optimal feedback necessarily implies that
u\ast j (t) = \~ui(t, x

\ast 
j (t)) for all times t \in [\tau , T ] such that x\ast j (t) \in \scrN i. Thus, no finite-time

collisions can occur between agents, so that the sets \scrN i can be chosen to be disjoint
and the map

u\ast N : (t, x) \in 
N\bigcup 
i=1

\scrN i \mapsto \rightarrow \~ui(t, x) \in U whenever (t, x) \in \scrN i,
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2036 BENO\^IT BONNET AND FRANCESCO ROSSI

is well-defined. By using McShane's extension theorem (see, e.g., [36, Theorem 3.1])
combined with a projection on the convex and compact set U \subset \BbbR d, one can define
a global optimal control map u\ast N : [0, T ]\times \BbbR d \rightarrow U such that u\ast N (t, x\ast i (t)) = u\ast i (t) for
all t \in [0, T ] and

Lip(u\ast N (t, \cdot );\BbbR d) \leq \scrL U

for \scrL 1-almost every t \in [0, T ], where the new Lipschitz constant is \scrL U :=
\surd 
d\scrL \prime 

U .

Step 3: Existence of Lipschitz optimal controls for problem (\scrP ). In this third step,
we show that the sequence of optimal maps (u\ast N (\cdot , \cdot )) constructed in Proposition 7 is
compact in a suitable topology and that the limits along subsequences are optimal
solutions of problem (\scrP ).

Lemma 4 (compactness of Lipschitz-in-space optimal maps). Let \scrL U > 0 be a
positive constant and \Omega \subset \BbbR d be a bounded set. Then, the set

\scrU \scrL U
=
\Bigl\{ 
u(\cdot , \cdot ) \in L2([0, T ],W 1,\infty (\Omega , U)) s.t. sup

t\in [0,T ]

\| u\ast (t, \cdot )\| W 1,\infty (\Omega ,\BbbR d)\leq \scrL U
\Bigr\} 

is compact in the weak L2([0, T ],W 1,p(\Omega ,\BbbR d))-topology for any p \in (1,+\infty ).

Proof. See, e.g., [40, Theorem 2.5] for the proof.

This allows us to derive the following convergence result on the sequence of con-
trols (u\ast N (\cdot , \cdot )) built in Step 2.

Corollary 2 (convergence of Lipschitz optimal control). There exists a map
u\ast (\cdot , \cdot ) \in L2([0, T ],W 1,\infty (\BbbR d, U)) such that the sequence of Lipschitz optimal controls
(u\ast N (\cdot , \cdot )) defined in Proposition 7 converges up to a subsequence towards u\ast (\cdot , \cdot ) in
the weak L2([0, T ],W 1,p(\Omega ,\BbbR d))-topology for any p \in (1,+\infty ).

Proof. This result comes from a direct application of Lemma 4 to the sequence
of optimal maps built in Proposition 7 up to choosing \Omega := B(0, RT ) and redefining
\scrL U := max\{ LU ,\scrL U\} .

We now prove that the generalized optimal control \bfitnu \ast \in \scrU for problem (\scrP meas)
is induced by the Lipschitz-in-space optimal control u\ast (\cdot , \cdot ) defined in Corollary 2. By
construction, it holds for any N \geq 1 that

\bfitnu \ast 
N :=

\int 
[0,T ]

\Biggl( 
1

N

N\sum 
i=1

u\ast i (t)\delta x\ast 
i (t)

\Biggr) 
d\lambda (t)

=

\int 
[0,T ]

\Biggl( 
1

N

N\sum 
i=1

u\ast N (t, x\ast i (t))\delta x\ast 
i (t)

\Biggr) 
d\lambda (t) = u\ast N (\cdot , \cdot )\~\mu \ast 

N ,

where \bfitnu \ast 
N \in \scrU denotes the generalized empirical control measure introduced in Theo-

rem 6. In the following proposition, we prove that the sequence (u\ast N (\cdot , \cdot )\~\mu \ast 
N ) converges

weakly-\ast towards u\ast (\cdot , \cdot )\~\mu \ast .

Lemma 5 (convergence of generalized Lipschitz optimal controls). Let RT > 0
be given by Proposition 6, \Omega := B(0, RT ) and (\mu \ast 

N (\cdot )) \subset Lip([0, T ],\scrP 1(\Omega )) be the
sequence of optimal measure curves associated with (\scrP N ). Let

(u\ast N (\cdot , \cdot )) \subset L2([0, T ],W 1,\infty (\Omega , U))

D
ow

nl
oa

de
d 

06
/0

8/
21

 to
 1

47
.1

62
.1

10
.9

9.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/p
ag

e/
te

rm
s



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

LIPSCHITZ REGULARITY OF MEAN-FIELD OPTIMAL CONTROL 2037

be as in Proposition 7 and u\ast (\cdot , \cdot ) be one of its cluster points in the weak
L2([0, T ],W 1,p(\Omega , U))-topology for some p \in (d,+\infty ). Then, (\bfitnu \ast 

N ) := (u\ast N (\cdot , \cdot )\~\mu \ast 
N )

converges towards \bfitnu \ast = u\ast (\cdot , \cdot )\~\mu \ast in the weak-\ast topology of \scrM ([0, T ]\times \Omega , U).

Proof. Recall first that the topological dual of the Banach space L2([0, T ],W 1,p(\Omega , U))
can be identified with L2([0, T ],W - 1,p\prime (\Omega , U)), where p\prime is the conjugate exponent of
p. Hence, the fact that uN (\cdot , \cdot )\rightharpoonup u(\cdot , \cdot ) in L2([0, T ],W 1,p(\Omega , U)) as N \rightarrow +\infty can be
reformulated as

(61)

\int T

0

\langle \xi (t), u\ast N (t, \cdot )\rangle W 1,p(\Omega ,U)dt  - \rightarrow 
N\rightarrow +\infty 

\int T

0

\langle \xi (t), u\ast (t, \cdot )\rangle W 1,p(\Omega ,U)dt

for any \xi \in L2([0, T ],W - 1,p\prime (\Omega ,\BbbR d)), where \langle \cdot , \cdot \rangle W 1,p(\Omega ,U) denotes the duality bracket
of W 1,p(\Omega , U).

Since we assumed that p \in (d,+\infty ), it holds by Morrey's embedding (see, e.g.,
[12, Theorem 9.12]) that W 1,p(\Omega , U) \subset C0(\Omega , U). By taking the topological dual
of this inclusion, we obtain that \scrM (\Omega , U) \subset W - 1,p\prime (\Omega , U). This relation, combined
with (4) and (61), yields
(62)\int T

0

\int 
\BbbR d

\langle \xi (t, x), u\ast N (t, x)\rangle d\sigma (t)(x)dt  - \rightarrow 
N\rightarrow +\infty 

\int T

0

\int 
\BbbR d

\langle \xi (t, x), u\ast (t, x)\rangle d\sigma (t)(x)dt

for any curve \sigma (\cdot ) \in C0([0, T ],\scrM (\Omega ,\BbbR +)) and any \xi \in C1
c ([0, T ]\times \Omega ,\BbbR d). Moreover,

for each N \geq 1 it holds that
(63) \bigm| \bigm| \bigm| \bigm| \bigm| 

\int T

0

\int 
\BbbR d

\langle \xi (t, x), u\ast (t, x)\rangle d\mu \ast (t)(x)dt - 
\int T

0

\int 
\BbbR d

\langle \xi (t, x), u\ast N (t, x)\rangle d\mu \ast 
N (t)(x)dt

\bigm| \bigm| \bigm| \bigm| \bigm| 
\leq 

\bigm| \bigm| \bigm| \bigm| \bigm| 
\int T

0

\int 
\BbbR d

\langle \xi (t, x), u\ast (t, x) - u\ast N (t, x)\rangle d\mu \ast (t)(x)dt

\bigm| \bigm| \bigm| \bigm| \bigm| 
+

\bigm| \bigm| \bigm| \bigm| \bigm| 
\int T

0

\int 
\BbbR d

\langle \xi (t, x), u\ast N (t, x)\rangle d(\mu \ast (t) - \mu \ast 
N (t))(x)dt

\bigm| \bigm| \bigm| \bigm| \bigm| .
The first term in the right-hand side of (63) vanishes as N \rightarrow +\infty as a consequence
of (62). By invoking the Kantorovich--Rubinstein duality formula (5) along with the
\scrL U -Lipschitz regularity of the maps x \in \BbbR d \mapsto \rightarrow u\ast N (t, x) \in U , we obtain the following
upper bound on the second term in the right-hand side of (63):\bigm| \bigm| \bigm| \bigm| \bigm| 
\int T

0

\int 
\BbbR d

\langle \xi (t, x), u\ast N (t, x)\rangle d(\mu \ast (t) - \mu \ast 
N (t))(x)dt

\bigm| \bigm| \bigm| \bigm| \bigm| 
\leq C\xi max

t\in [0,T ]
W1(\mu 

\ast 
N (t), \mu \ast (t))  - \rightarrow 

N\rightarrow +\infty 
0,

where C\xi := \scrL U maxt\in [0,T ]

\bigl( 
\| \xi (t, \cdot )\| C0(\Omega )+Lip(\xi (t, \cdot ); \Omega )

\bigr) 
. Therefore, we recover the

convergence result
(64)\int T

0

\int 
\BbbR d

\langle \xi (t, x), u\ast N (t, x)\rangle d\mu \ast 
N (t)(x)dt  - \rightarrow 

N\rightarrow +\infty 

\int T

0

\int 
\BbbR d

\langle \xi (t, x), u\ast (t, x)\rangle d\mu \ast (t)(x)dt,

for any \xi \in C1
c ([0, T ] \times \BbbR d,\BbbR d). Since the measure curves \mu \ast 

N (\cdot ) are uniformly com-
pactly supported in \Omega \subset \BbbR d, one can show that (64) holds for any \xi \in C0

c ([0, T ] \times 
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2038 BENO\^IT BONNET AND FRANCESCO ROSSI

\BbbR d,\BbbR d) by a classical approximation argument (see, e.g., [38]). This precisely amounts
to saying that \bfitnu \ast 

N \rightharpoonup \ast u\ast (\cdot , \cdot )\~\mu \ast as N \rightarrow +\infty along the same subsequence.

By uniqueness of the weak-\ast limit in \scrM ([0, T ]\times \BbbR d, U), we obtain by combining
Lemma 5 with Theorem 6 that the optimal solution \bfitnu \ast \in \scrU of (\scrP meas) is induced
by u\ast (\cdot , \cdot ). Whence the pair (\mu \ast (\cdot ), u\ast (\cdot , \cdot )) is a classical optimal pair for (\scrP ), which
concludes the proof of Theorem 2.

5.2. A sufficient condition for coercivity and proof of Theorem 1. In this
section, we prove a simple and general sufficient condition for the coercivity estimate
(CON ) to hold, and use it to deduce Theorem 1 from Theorem 2.

Proposition 8 (a sufficient condition for mean-field coercivity). Let \mu 0 \in 
\scrP c(\BbbR d) and suppose that hypotheses (H) hold. Then, there exists a constant \lambda (\scrP ) \geq 0
such that, if the control cost \psi : U \rightarrow \BbbR is strongly convex with constant \lambda \psi > \lambda (\scrP ),
then the coercivity (CON ) holds along any optimal mean-field Pontryagin triple

(\bfitx \ast 
N (\cdot ), \bfitr \ast N (\cdot ),\bfitu \ast 

N (\cdot ))

with \rho T := \lambda \psi  - \lambda (\scrP ). Moreover, the constant \lambda (\scrP ) is intrinsic to (\scrP ), in the sense that
it only depends on the \scrC 2

loc-Wasserstein norms of the dynamics and cost functionals.

The main ingredient involved in this result is contained in the following technical
lemma, whose proof is provided for the sake of completeness.

Lemma 6 (C2
N -functions are \lambda -convex on products of convex compact sets). Let

K \subset \BbbR d be a convex compact set and \phi : \scrP c(\BbbR d) \rightarrow \BbbR be \scrC 2,1
loc -Wasserstein regular

with discrete approximating sequence (\bfitphi N (\cdot )), then

Hess \bfitphi N [\bfitx ](\bfith ,\bfith )

\geq  - max
\mu \in \scrP (K)

\Bigl( 
\| Dx\nabla \mu \phi (\mu )(\cdot )\| C0(K,\BbbR d\times d) +

\bigm\| \bigm\| D2
\mu \phi (\mu )(\cdot , \cdot )

\bigm\| \bigm\| 
C0(K\times K,\BbbR d\times d)

\Bigr) 
| \bfith | 2N

for any \bfitx ,\bfith \in KN .

Proof. Let \bfitx ,\bfity \in KN and t \in [0, 1]. As a consequence of Proposition 4, one can
write the following integral Taylor formulas for \bfitphi N (\cdot ):

(65)

\left\{         
\bfitphi N ((1 - t)\bfitx + t\bfity ) = \bfitphi N (\bfitx ) +

\int 1

0

\langle Grad \bfitphi N (\bfitx + st(\bfity  - \bfitx )), t(\bfity  - \bfitx )\rangle Nds,

\bfitphi N (\bfity ) = \bfitphi N (\bfitx ) +

\int 1

0

\langle Grad \bfitphi N (\bfitx + s(\bfity  - \bfitx )),\bfity  - \bfitx \rangle Nds.

Combining the two equations of (65), it then holds that

(66)

\bfitphi N ((1 - t)\bfitx + t\bfity ) - (1 - t)\bfitphi N (\bfitx ) - t\bfitphi N (\bfity )

=

\int 1

0

\bigl\langle 
Grad \bfitphi N (\bfitx + st(\bfity  - \bfitx )), t(\bfity  - \bfitx )

\bigr\rangle 
N
ds

 - 
\int 1

0

\bigl\langle 
Grad \bfitphi N (\bfitx + s(\bfity  - \bfitx )), t(\bfity  - \bfitx )

\bigr\rangle 
N
ds

\leq t(1 - t)

2
Lip
\bigl( 
Grad \bfitphi N (\cdot );KN

\bigr) 
| \bfity  - \bfitx | 2N ,

where we used the fact that both (\bfitx + st(\bfity  - \bfitx )) and (\bfitx + s(\bfity  - \bfitx )) belong to KN ,
since this set is convex. Therefore, we have shown that the map \bfitphi N (\cdot ) is \lambda -convex
over KN with \lambda =  - Lip(Grad \bfitphi N (\cdot );KN ).
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Choosing in particular \bfity = \bfitx + s\bfith with s \in (0, 1) small, the \lambda -convexity (66) of
\bfitphi N (\cdot ) can be expressed as

(67) \bfitphi N (\bfitx +st\bfith ) \leq t
\bigl( 
\bfitphi N (\bfitx +s\bfith ) - \bfitphi N (\bfitx )

\bigr) 
+s2

t(1 - t)

2
Lip
\bigl( 
Grad \bfitphi N (\cdot );KN

\bigr) 
| \bfith | 2N .

By applying the chain rule (16) to (67), we obtain

(st)2Hess \bfitphi N [\bfitx ](\bfith ,\bfith )

\leq s2tHess \bfitphi N [\bfitx ](\bfith ,\bfith ) + s2t(1 - t)Lip
\bigl( 
Grad \bfitphi N (\cdot );KN

\bigr) 
| \bfith | 2N + o((st)2) + o(s2t),

so that dividing by s2t > 0 and letting s, t\rightarrow 0+, we finally recover that

Hess \bfitphi N [\bfitx ](\bfith ,\bfith ) \geq  - Lip
\bigl( 
Grad \bfitphi N (\cdot );KN

\bigr) 
| \bfith | 2N

for any \bfitx ,\bfith \in KN . One can finally check that, as a consequence of (17), it holds

| Lip(Grad \bfitphi N (\cdot ) ;KN )| 
\leq max

\bfitx \in KN
max

| \bfith | N=1
| Hess \bfitphi N [\bfitx ](\bfith ,\bfith )| 

\leq max
\mu \in \scrP (K)

\Bigl( 
\| Dx\nabla \mu \phi (\mu )(\cdot )\| C0(K,\BbbR d\times d) +

\bigm\| \bigm\| D2
\mu \phi (\mu )(\cdot , \cdot )

\bigm\| \bigm\| 
C0(K\times K,\BbbR d\times d)

\Bigr) 
,

which concludes the proof of our claim, since \mu [\bfitx ] \in \scrP (K) for any \bfitx \in KN .

Proof of Proposition 8. As a consequence of hypotheses (H) together with Propo-
sition 4, the partial Hamiltonian (\bfitx ,\bfitu ) \in B(0, RT )

N \times UN \mapsto \rightarrow \BbbH N (t,\bfitx , \bfitr ,\bfitu ) and
the final cost \bfitx \in (\BbbR d)N \mapsto \rightarrow \bfitvarphi N (\bfitx ) are C2,1

N -regular uniformly with respect to

(t, \bfitr ) \in [0, T ] \times B(0, RT )
N with constants \scrL \scrK > 0 that only depend on the \scrC 2,1

loc -
Wasserstein norms of the dynamics and cost functionals, where RT > 0 is given by
Proposition 6.

By repeating the Gr\"onwall estimates made on the costate variables in the proof
of Proposition 6, one can check that the solutions \bfity (\cdot ) of the mean-field linearized
system described in (CON ) are contained in a product of compact sets KN \subset (\BbbR d)N .
Moreover, they also satisfy the estimate

max

\biggl\{ 
| \bfity (T )| 2N ,

\int T

0

| \bfity (t)| 2Ndt

\biggr\} 
\leq CT

\int T

0

| \bfitw (t)| 2Ndt

for a given uniform constant CT > 0. Merging these facts together along with the
statement of Lemma 6, there exists an intrinsic constant \lambda (\scrP ) \geq 0 independent of
N \geq 1 such that
(68)

Hess\bfitx \bfitvarphi N [\bfitx \ast 
N (T )](\bfity (T ),\bfity (T ))

 - 
\int T

0

Hess\bfitx \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfity (t),\bfity (t))dt \geq  - \lambda (\scrP )

\int T

0

| \bfitw (t)| 2Ndt,

along any linearizing pair (\bfity (\cdot ),\bfitw (\cdot )). Observe now that if \psi (\cdot ) is \lambda \psi -strongly convex,
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2040 BENO\^IT BONNET AND FRANCESCO ROSSI

it also holds that

(69)

 - 
\int T

0

Hess\bfitu \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfitw (t),\bfitw (t))dt

=

\int T

0

\biggl( 
1

N

N\sum 
i=1

\langle \nabla 2\psi (u\ast i (t))wi(t), wi(t)\rangle 
\biggr) 
dt

\geq \lambda \psi 

\int T

0

| \bfitw (t)| 2Ndt

for any map \bfitw (\cdot ) \in L2([0, T ], UN ). Combining (68) and (69), we obtain the uniform
coercivity-type estimate

Hess\bfitx \bfitvarphi N [\bfitx \ast 
N (T )](\bfity (T ),\bfity (T ))

 - 
\int T

0

Hess\bfitx \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfity (t),\bfity (t))dt

 - 
\int T

0

Hess\bfitu \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfitw (t),\bfitw (t))dt

\geq (\lambda \psi  - \lambda (\scrP ))

\int T

0

| \bfitw (t)| 2Ndt.

Therefore, up to choosing a control cost with strong convexity constant \lambda \psi > \lambda (\scrP ),
the coercivity estimate (CON ) holds along any optimal mean-field Pontryagin triple
with \rho T := \lambda \psi  - \lambda (\scrP ).

We can now use this intermediate result together with Theorem 2 to prove The-
orem 1.

Proof of Theorem 1. By Theorem 6 and under hypotheses (H), one can associate
with any sequence of uniformly compactly supported measures (\mu 0

N ) \subset \scrP c(\BbbR d) such
that W1(\mu 

0
N , \mu 

0) \rightarrow 0 as N \rightarrow +\infty a sequence of generalized trajectory-control pairs
(\mu \ast 
N (\cdot ),\bfitnu \ast 

N ) \in Lip([0, T ],\scrP 1(\BbbR d))\times \scrU which converges to an optimal pair for (\scrP ).
Moreover, we assumed that \psi (\cdot ) is strongly convex with \lambda \psi > \lambda (\scrP ), where \lambda (\scrP ) \geq 0

is the intrinsic constant introduced in Proposition 8. Thus, the coercivity estimate
(CON ) holds along any optimal mean-field Pontryagin triple for (\scrP N ). Thus, by
Theorem 2 there exist a constant \scrL U > 0 together with a mean-field optimal control
u\ast (\cdot , \cdot ) for (\scrP ) such that x \in \BbbR d \mapsto \rightarrow u\ast (t, x) \in U is \scrL U -Lipschitz for \scrL 1-almost every
t \in [0, T ].

6. Sharpness of the coercivity estimate (CON). In this section, we develop
an example in which the mean-field coercivity condition (CON ) is both necessary and
sufficient for the Lipschitz-in-space regularity of optimal controls. With this goal in
mind, we consider the mean-field optimal control problem

(\scrP V )

\left\{           
min
u(\cdot )\in \scrU 

\Biggl[ 
\lambda 

2

\int T

0

\int 
\BbbR 
| u(t, x)| 2d\mu (t)(x)dt - 1

2

\int 
\BbbR 
| x - \=\mu (T )| 2 d\mu (T )(x)

\Biggr] 

s.t.

\Biggl\{ 
\partial t\mu (t) +\nabla \cdot (u(t, \cdot )\mu (t)) = 0,

\mu (0) = 1
21[ - 1,1]\scrL 

1.

In (\scrP V ), one aims at maximizing the variance at time T > 0 of a measure curve \mu (\cdot )
starting from the normalized indicator function of [ - 1, 1], while penalizing the running
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L2(\mu (t))-norm of the control. Here, the set of admissible control values is U = [ - C,C]
for a positive constant C > 0, and the parameter \lambda > 0 is the relative weight between
the final cost and the control penalization. It can be verified straightforwardly that
this problem satisfies hypotheses (H) of section 4.

Given a sequence of empirical measures (\mu 0
N ) := (\mu [\bfitx N ]) \subset \scrP N ([ - 1, 1]) con-

verging in the W1-metric towards \mu 0, we can define the family (\scrP V
N ) of discretized

multi-agent problems associated with (\scrP V ) as

(\scrP V
N )

\left\{             
min

\bfitu (\cdot )\in \scrU N

\Biggl[ 
\lambda 

2N

N\sum 
i=1

\int T

0

u2i (t)dt - 
1

2N

N\sum 
i=1

| xi(T ) - \=\bfitx (T )| 2
\Biggr] 

s.t.

\Biggl\{ 
\.xi(t) = ui(t),

xi(0) = x0i ,

where \=\bfitx (\cdot ) = 1
N

\sum N
i=1 xi(\cdot ) and \scrU N = L\infty ([0, T ], UN ). As a consequence of Proposi-

tion 5, there exists for any N \geq 1 an optimal trajectory-control pair (\bfitx \ast 
N (\cdot ),\bfitu \ast 

N (\cdot )) \in 
Lip([0, T ], (\BbbR d)N )\times \scrU N solution of (\scrP V

N ). The mean-field Hamiltonian associated with
(\scrP V

N ) is given by

(70) \BbbH N : (t,\bfitx , \bfitr ,\bfitu ) \in [0, T ]\times (\BbbR 2)N \times [ - C,C]N \mapsto \rightarrow 1

N

N\sum 
i=1

\Bigl( 
\langle ri, ui\rangle  - \lambda 

2 | ui| 
2
\Bigr) 
.

By the mean-field PMP of Proposition 6, there exists a covector \bfitr \ast N (\cdot ) \in Lip([0, T ],\BbbR N )
such that \left\{       

\.r\ast i (t) =  - Gradxi
\BbbH N (t,\bfitx \ast 

N (t), \bfitr \ast N (t),\bfitu \ast 
N (t)) = 0,

r\ast i (T ) = Gradxi
VarN (\bfitx \ast 

N (T )) = x\ast i (T ) - \=\bfitx \ast (T ),

u\ast i (t) \in argmax
v\in U

[r\ast i (t)v  - \lambda 
2 v

2].

Therefore, the optimal covector \bfitr \ast N (\cdot ) is constant and uniquely determined via

r\ast i (t) = x\ast i (T ) - \=\bfitx \ast (T )

for any i \in \{ 1, . . . , N\} . As a consequence of the maximization condition one can
express the components of the optimal control \bfitu \ast 

N (\cdot ) explicitly as

(71) u\ast i (t) = \pi U

\Bigl( r\ast i (t)
\lambda 

\Bigr) 
\equiv \pi [ - C,C]

\Bigl( x\ast i (T ) - \=\bfitx \ast (T )

\lambda 

\Bigr) 
for all i \in \{ 1, . . . , N\} , where \pi U : \BbbR \rightarrow U is the standard projection onto the closed
convex set U := [ - C,C] \subset \BbbR . It follows directly from this expression that

\.\=\bfitx \ast (t) =
1

N

N\sum 
i=1

u\ast i (t) =
1

N

N\sum 
i=1

\pi [ - C,C]

\biggl( 
x\ast i (T ) - \=\bfitx \ast (T )

\lambda 

\biggr) 
for all times t \in [0, T ]. In the following lemma, we derive a simple and explicit
necessary and sufficient condition such that (CON ) holds for (\scrP V ).

Lemma 7 (charaterization of the coercivity condition for (\scrP V )). The mean-field
coercivity condition (CON ) holds for (\scrP V ) if and only if \lambda > T . In this case, the
optimal coercivity constant is given by \rho T = \lambda  - T .
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2042 BENO\^IT BONNET AND FRANCESCO ROSSI

Proof. We first compute the Hessians involved in the coercivity estimate. For any
\bfitx ,\bfity ,\bfitu ,\bfitw \in \BbbR N , one has

Hess\bfitx VarN [\bfitx ](\bfity ,\bfity ) = | \bfity | 2N - | \=\bfity | 2 \leq | \bfity | 2N and Hess\bfitu \BbbH N [t,\bfitx , \bfitr ,\bfitu ](\bfitw ,\bfitw ) = \lambda | \bfitw | 2N .

Let (\bfity (\cdot ),\bfitw (\cdot )) \in W 1,2([0, T ],\BbbR N )\times \in L2([0, T ], UN ) be the solution of the linearized
Cauchy problem along a given optimal pair (\bfitx \ast 

N (\cdot ),\bfitu \ast 
N (\cdot )) for (\scrP V

N ), which is written

(72) \.\bfity (t) = \bfitw (t), \bfity (0) = 0,

with \bfitu \ast 
N (t)+\bfitw (t) \in UN . By Cauchy--Schwarz's inequality, one can estimate | \bfity (T )| 2N

as

| \bfity (T )| 2N =
\bigm| \bigm| \bigm| \int T0 \bfitw (t)dt

\bigm| \bigm| \bigm| 2
N

\leq T

\int T

0

| \bfitw (t)| 2Ndt,

which allows us to recover

 - Hess\bfitx VarN [\bfitx \ast 
N (T )](\bfity (T ),\bfity (T ))

 - 
\int T

0

Hess\bfitu \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfitw (t),\bfitw (t))dt

\geq (\lambda  - T )

\int T

0

| \bfitw (t)| 2Ndt.

Thus, the mean-field coercivity condition (CON ) holds whenever \lambda > T .
Conversely, let us choose a constant admissible control perturbation \bfitw c(\cdot ) := \bfitw c

such that \=\bfitw c = 0. It is always possible to make such a choice, since by (71), there
exist at least two indices i, j \in \{ 1, . . . , N\} such that sign(u\ast i (t)) =  - sign(u\ast j (t)) for all

times t \in [0, T ]. It is then sufficient to choose \bfitw c \in [ - C,C]N such that\Biggl\{ 
(\bfitw c)i =  - sign(ui)\epsilon , (\bfitw c)j =  - (\bfitw c)i,

(\bfitw c)k = 0 if k \in \{ 1, . . . , N\} and k \not = i, j,

where \epsilon > 0 is a small parameter. As a consequence of (72), the corresponding state
perturbation \bfity c(\cdot ) is such that \=\bfity c(\cdot ) \equiv 0. Moreover, it also holds that

| \bfity c(T )| 2N = T 2| \bfitw c| 2N = T

\int T

0

| \bfitw c| 2Ndt.

Therefore, we have shown that this particular linearized trajectory-control pair is such
that

 - HessVarN [\bfitx \ast 
N (T )](\bfity c(T ),\bfity c(T ))

 - 
\int T

0

Hess\bfitu \BbbH N [t,\bfitx \ast 
N (t), \bfitr \ast N (t),\bfitu \ast 

N (t)](\bfitw c(t),\bfitw c(t))dt = (\lambda  - T )

\int T

0

| \bfitw (t)| 2Ndt,

so that \rho T = \lambda  - T is the sharp mean-field coercivity constant of (\scrP ), and (CON )
holds if and only if \lambda > T .

Remark 4 (connection with the sufficient coercivity conditions). In Lemma 7,
we have proven that the sharpest constant depending for (\scrP V ) which may serve as
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a sufficient lower bound for coercivity via Proposition 8 is given by \lambda (\scrP V ) := T .
Performing the same computations in the context of a final variance minimization,
our sharp constant would be given by \lambda (\scrP V ) := 0, so that (CON ) would hold for every
\lambda > 0.

We can now use this characterization of the coercivity condition to show that it is
itself equivalent to the uniform Lipschitz regularity in space of the optimal controls.
For the sake of computational tractability, we will assume that the initial condition
\bfitx 0 = (x01, . . . , x

0
N ) is symmetric with respect to the origin and that \=\bfitx \ast (\cdot ) \equiv 0.

Proposition 9 (coercivity and regularity for (\scrP V )). The following assertions
are equivalent:

(a) The mean-field coercivity condition \lambda > T holds.
(b) For any sequence of symmetrically distributed empirical measures (\mu 0

N ) \subset 
\scrP N ([ - 1, 1]) converging narrowly towards \mu 0 = 1

21[ - 1,1]\scrL 
1 with associated

discrete optimal pairs (\bfitx \ast 
N (\cdot ),\bfitu \ast 

N (\cdot )), it holds that

| u\ast i (t) - u\ast j (t)| \leq 
1

\rho T
| x\ast i (t) - x\ast j (t)| 

for all t \in [0, T ], where \rho T := \lambda  - T is the sharp coercivity constant of (\scrP V ).

Proof. First, suppose that (a) does not hold, i.e., \lambda \leq T . Since the optimal
controls are constant over [0, T ] as a consequence of (71) and we assumed that \=\bfitx (T ) =
0, the total cost of (\scrP V

N ) can be rewritten as

\scrC (u1, . . . , uN ) =
1

2N

N\sum 
i=1

\Bigl( 
T (\lambda  - T )u2i  - 2Tx0iui  - | x0i | 2

\Bigr) 
for any N -tuple \bfitu = (u1, . . . , uN ) \in [ - C,C]N . Since \lambda \leq T , the minimum of \scrC is
achieved by taking u\ast i = sign(x0i )C for all i \in \{ 1, . . . , N\} . This further implies

| u\ast i (t) - u\ast j (t)| =

\Biggl\{ 
0 if sign(xi) = sign(xj),

2C otherwise,

so that for any pair of indices such that sign(x0i ) =  - sign(x0j ), it holds that

(73) | u\ast i (t) - u\ast j (t)| =
2C

| x0i  - x0j | + 2Ct
| x\ast i (t) - x\ast j (t)| .

The fact that \mu N \rightharpoonup \ast \mu 0 = 1
21[ - 1,1]\scrL 

1 as N \rightarrow +\infty implies that for all \epsilon > 0, there
exists N\epsilon \geq 1 such that for any N \geq N\epsilon , there exists at least one pair of indices
i, j \in \{ 1, . . . , N\} such that sign(x0i ) =  - sign(x0j ) and | x0i  - x0j | \leq \epsilon . Thus, it follows
from (73) that (b) fails to hold for some pairs of indices, at least for small times.

Suppose now that (a) is true, i.e., \lambda > T , and denote by \rho T := \lambda  - T the
corresponding sharp coercivity constant. Let IN , JN \subset \{ 1, . . . , N\} be the sets of
indices defined, respectively, by

IN =
\bigl\{ 
i \in \{ 1, . . . , N\} s.t. | x0i | \leq \rho TC

\bigr\} 
, JN = \{ 1, . . . , N\} \setminus IN .

For N \geq 1 sufficiently large, IN is necessarily non-empty since \rho T > 0 and (\mu 0
N )

narrowly converges towards \mu 0. Then for any i \in IN , one has that

| x\ast i (T )| \leq | x0i | + CT \leq (\rho T + T )C = \lambda C,
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and for any such indices, the optimal controls are given by u\ast i = 1
\lambda x

\ast 
i (T ). In which

case, one has

x\ast i (T ) =
x0i

1 - T/\lambda 
and u\ast i (t) =

x\ast i (t)

\rho T + t
,

so that

(74) | u\ast i (t) - u\ast j (t)| \leq 
1

\rho T + t
| x\ast i (t) - x\ast j (t)| 

for any pair of indices i, j \in IN . It can be checked reciprocally that u\ast i = sign(x0i )C
for any i \in JN , which furthermore yields by (73) that

(75) | u\ast i (t) - u\ast j (t)| \leq 

\left\{     
0 if sign(xi) = sign(xj),

| x\ast i (t) - x\ast j (t)| 
\rho T + t

otherwise.

Indeed, in this case | x0i  - x0j | \geq 2\rho TC whenever i, j \in JN and sign(xi) =  - sign(xj).
Suppose now that we are given a pair of indices i, j \in \{ 1, . . . , N\} such that i \in IN
and j \in JN . If sign(x0i ) = sign(x0j ), it holds that
(76)

| u\ast i (t) - u\ast j (t)| = u\ast j (t) - u\ast i (t) = sign(x0j )C  - x\ast i (t)

\rho T + t

=
x\ast j (t)C

| x\ast j (t)| 
 - x\ast i (t)

\rho T + t
\leq 
x\ast j (t) - x\ast i (t)

\rho T
=

| x\ast i (t) - x\ast j (t)| 
\rho T

,

since | x\ast j (t)| \geq \rho TC by definition of JN . Symmetrically if sign(x0i ) =  - sign(x0j ), one
can easily show that

(77) | u\ast i (t) - u\ast j (t)| \leq 
1

\rho T
| x\ast i (t) - x\ast j (t)| .

By merging (74), (75), (76), (77), we conclude that (b) holds whenever \lambda > T .

In Proposition 9, we have proven that the mean-field coercivity estimate is both
necessary and sufficient for the existence of a uniform Lipschitz constant for the se-
quence of finite-dimensional optimal controls with symmetric initial data. Since we
assumed that (\mu 0

N ) \subset \scrP N ([ - 1, 1]) and \mu 0
N \rightharpoonup \ast \mu 0 := 1

21[ - 1,1]\scrL 
1, the fact that the ini-

tial distribution is symmetric about the origin holds up to a small error as N \rightarrow +\infty .
Observing in addition that for any \mu 0

N \in \scrP ([ - 1, 1]) the discrete optimal trajectory-
control pairs (\bfitx \ast 

N (\cdot ),\bfitu \ast 
N (\cdot )) \in Lip([0, T ],\BbbR N )\times \scrU N are uniquely determined, we con-

clude that the mean-field coercivity condition (CON ) is necessary and sufficient in
the limit for the existence of a Lipschitz-in-space optimal control for (\scrP V ).
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