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Abstract: We study the dependence of the eigenvalues of time-harmonic Maxwell’s
equations in a cavity upon variation of its shape. The analysis concerns all eigenvalues
both simple and multiple. We provide analyticity results for the dependence of the ele-
mentary symmetric functions of the eigenvalues splitting a multiple eigenvalue, as well
as a Rellich-Nagy-type result describing the corresponding bifurcation phenomenon.
We also address an isoperimetric problem and characterize the critical cavities for the
symmetric functions of the eigenvalues subject to isovolumetric or isoperimetric do-
main perturbations and prove that balls are critical. We include known formulas for
the eigenpairs in a ball and calculate the first one.
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1 Introduction

This paper is devoted to the analysis of the dependence of eigenvalues of time-harmonic
Maxwell’s equations in a cavity € of R? upon variation of the shape of 2. Here cavities
are understood as bounded connected open sets, in other words, bounded domains of
the Euclidean space. Moreover, unless otherwise indicated, they are assumed to be
sufficiently smooth in order to guarantee the validity of a number of facts, primarily
the celebrated Gaffney inequality.

We point out from the very beginning that the study of electromagnetic cavities has
many applications, for example in designing cavity resonators or shielding structures
for electronic circuits, see e.g., [I7, Chp. 10] for a detailed introduction to this field
of investigation. See also the classical books [8], [15], [L6] and the more recent [30)
311, [33] for extensive discussions and references concerning the mathematical theory of
electromagnetism. We also refer to the well-known papers [10} 11 [12] by M. Costabel
and M. Dauge, as well as to the more recent papers [3, 4, [7, 9] 13, 26}, 32| [34].

Recall that time-harmonic Maxwell’s equations in a homogeneous isotropic medium
filling a domain € in R? can be written as

curltl —iwH =0, cwlH +iwE =0, (1.1)

where E, H denote the spatial parts of the electric and the magnetic field respectively
and w > 0 is the angular frequency. Here, for simplicity the electric permittivity £ and



the magnetic permeability p of the medium have been normalized by setting e = u = 1.
Note that the solutions E, H to are divergence-free.

As far as the boundary conditions are concerned, we consider those of a perfect
conductor, hence we require that

vxE=0 and H-v=0, (1.2)

where v denotes the unit outer normal to the boundary 0 of €.
Operating by curl in each of the equations (I.1) and setting A = w?, one obtains
the following well-known boundary value problems

(1.3)

curl?’E = \E, in Q,
vx E=0, in 012,

and
curl?H = \H, in Q,
H.-v=0, in 092, (1.4)
v X curlH =0, in 0f.

Note that the solutions to (1.3) automatically satisfy the boundary condition curlE-v =
0, on 09, see Lemma [2.3] As it is natural, each of the two problems provide the same
eigenvalues (cf., [36]) which can be represented by an increasing, divergent sequence

0<M[Q <l <... <A <...

where each eigenvalue is repeated according to its multiplicity (that is, the dimension
of the corresponding eigenspace), which is finite. Note that, in fact, the corresponding
resolvent operators are compact and self-adjoint.

In this paper, we study the dependence of \,[Q2] on  and we aim at proving
analyticity results for all eigenvalues, both simple and multiple, and addressing an
optimization problem concerning the role of balls in isovolumetric or isoperimetric
domain perturbations.

Despite the importance of problem , these issues are not much discussed in
the literature and we are aware only of the paper [2I] by S. Jimbo which provides a
Hadamard-type formula for the shape derivatives of simple eigenvalues and quotes the
book [20] by K. Hirakawa where an analogous but different formula is provided on the
base of heuristic computations. In particular, we note that the formula in [20] (4-88),
p. 92] agrees with our Hadamard formula below.

On the contrary, analogous stability and optimization issues for problems arising
in elasticity theory have been largely investigated in the literature and many results
are available, see e.g., the classical monograph [19] by D. Henry. See also [5] 18] for
more information about the variational approach, and the forthcoming monograph
[14] for a functional analytic approach to stability problems. In particular, it appears
that for classical boundary value problems involving rotational invariant operators, a
kind of principle holds, namely, all simple eigenvalues and the elementary symmetric
functions of multiple eigenvalues depend real analytically on the domain, and balls are
corresponding critical domains with respect to isovolumetric and isoperimetric domain
perturbations, see [6]. In this paper, we prove that the eigenvalue problem obeys
this principle. In particular, in Theorem we provide the analyticity result with the
appropriate Hadamard formula, and in Theorem [5.10| we prove that an open set {2 is



a critical domain, under the volume constraint Vol(€2) = constant, for the elementary
symmetric functions of the eigenvalues bifurcating from an eigenvalue A of multiplicity
m if and only if the following extra boundary condition is satisfied:

Zm: (|E<i>\2—|H<i>|2) = ¢ on 99, (1.5)

k=1

where ¢ is a constant, E(®, i = 1,...m, is an orthonormal basis in (L?(€))? of the
(electric) eigenspace associated with A, and H®) = —icurl E®) /v/X is the magnetic field
associated with E(®) as in . Then, in Theorem we prove that condition
is satisfied if ) is a ball. Similarly, in the case of isoperimetric domain perturbations
and perimeter constraint Per(€)) = constant, the extra boundary condition reads

i (1E<i>|2—yH<i>\2) = M on 99, (1.6)
k=1

where ¢ is a constant and H is the mean curvature of 9Q (the sum of the principal
curvatures).

It would be interesting to characterise all domains for which the above conditions
are satisfied.

We note that using the elementary symmetric functions of multiple eigenvalue,
rather than the eigenvalues themselves, is quite natural since domain perturbations
typically split the multiplicities of the eigenvalues and produce bifurcation phenomena
responsible for corner points in the corresponding diagrams. Moreover, we believe that
in the specific case of Maxwell equations, being able to deal with multiple eigenvalues
is quite important since all eigenvalues of the Maxwell system in a ball are multiple (in
particular, the first eigenvalue has multiplicity equal to three, see Theorem [6.4)).

In order to discuss the behaviour of the eigenvalues A, [Q], it is clearly equivalent to
study either problem or problem . We have decided to choose the first one.

Our method is based on the theoretical results obtained in [25] which concerns the
case of general families of compact self-adjoint operators in Hilbert space with variable
scalar product. Here we consider a class of open sets ®({2) identified by a class of
diffeomorphisms ® defined on a fixed reference domain 2. Then our problem is set
on ®(Q) and pulled-back to © by means of the covariant Piola transform associated
with ®. This allows to recast the problem on 2 and to reduce it to the study of a
curl-div problem with parameters depending on @, the eigenvalues of which are exactly
An[®(2)]. Then, passing to the analysis of the corresponding resolvents defined in
(L?(2))3 (with an appropriate equivalent scalar product depending on ®) we can prove
our analyticity results for the maps ® — A, [®(Q2)] and study their critical points under
volume constraint Vol (®(£2)) = const. or perimeter constraint |Per ®(2)|= const.

We note that the families of compact self-adjoint operators under consideration
are obtained by following the method of [I1] which consists in adding the penalty term
—7V div F in the equation , depending on an arbitrary positive number 7. Then it
is enough to observe that the eigenvalues of the penalized problem are given by the union
of the eigenvalues of problem and the eigenvalues of the Dirichlet Laplacian —A in
Q, multiplied by 7, see [12, Theorem 1.1], Lemma and Remark In particular,
it follows that the analyticity result stated in the first part of our Theorem below
yields (in the case of regular domains) also the analyticity result proved in [25] for the
eigenvalues of the Dirichlet Laplacian.



Besides the results described above, we would like to highlight two by-pass products
of our analysis. First, we prove a Rellich-Nagy-type result describing the bifurcation
phenomenon mentioned above. Namely, given an eigenvalue A\ of multiplicity m, say
A =X, = = Atm-1, and a perturbation of Q of the form ®.(Q) with ®.(z) =
x+ eV (z) for all x € Q where V is a C1! vector field defined on €2, we prove that the
set of right derivatives at € = 0 of A, 1 x[P(Q)] for all £ =0,...,m—1 (which coincides
with the set of left derivatives, although each right and left derivative may be different)
are given by the eigenvalues of the matrix (M; ;)i j—1,.. m where

M;; :/ (AED - B — curl EO - cuart EO) V- v dor, (1.7)
o0

and @ i = 1,...m, is a (real) orthonormal basis in (L?(Q))3 of the (electric)
eigenspace associated with A. In particular, if A\, is a simple eigenvalue we get the
Hadamard formula

d :/ ()\|E|2—]cur1E|2> v.yda:A/ (|E]2—|H\2) Vvdo, (1.8)
oN oN

e=0

where E is an eigenvector normalized in (L?(Q2))? and H = —icurl E/v/X as above.
Second, by using these formulas we prove a Rellich-Pohozaev formula for the Maxwell
eigenvalues, namely any eigenvalue A can be represented by the formula

A= / (|cur1E|2—|cur1H|2)x-yda, (1.9)
o0

where E is any (electric) eigenvector associated with A normalized in (L?(2))? and
H = —icurl E/v/\. In particular, we have the identity

/89 (|H|2—|E\2) v vdo=1. (1.10)

We note that our formulas are proved under the assumption that the eigenvectors
under consideration are of class H? (which means that they have square summable
derivatives up to the second order) and that this assumption is satisfied if the corre-
sponding domain is sufficiently regular, for example of class C?*!, see Remark

This paper is organized as follows. Section |2] is devoted to a number of prelimi-
nary results on the function spaces involved and to the variational formulations of the
eigenvalue problems under consideration. In Section [3] we formulate the domain per-
turbation problem and the corresponding domain transplantation process. In Section
we prove our main analyticity results, while in Section [5| we address the optimization
problem, we characterize the critical domains by means of appropriate overdetermined
problems and prove that balls are critical domains. In Appendix, for the convenience
of the reader, we include a few known facts about the eigenvalue problem in a ball and
we compute the first eigenpair.

2 Preliminaries on the eigenvalue problem

In this paper, the vectors of R? are understood as row vectors. The transpose of a
matrix A is denoted by A7, hence if a € R3, then a” is a column vector. If a,b € R?
are two vectors, we denote by - the usual scalar product, that is a - b = ab” .



Let Q be a bounded open set in R3. Since problems and are associated
with self-adjoint operators, for the sake of simplicity and without any loss of generality,
the space L%(Q) is understood as a space of real-valued functions. In particular, the
usual scalar product of two vector fields u,v € (L*(Q))% is given by [,u - vde =
fﬂ uvl dx.

We denote by H(curl, Q) the space of vector fields u € (L?(£2))? with distributional
curl in (L2(Q))3, endowed with the norm

ullieanan= (11l +llewtul o))
We denote by Hp(curl, Q) the closure in H(curl, Q) of the space of C*-functions with
compact support in . Similarly, we denote by H(div,2) the space of vector fields
u € (L%(Q))? with distributional divergence in (L?(£2))3, endowed with the norm

ullsraivan= (1l By +ldivul oy )
Moreover, we consider the space
Xx(2) = Ho(curl, Q) N H(div, )
and we endow it with the norm defined by
e = (el gy feurlua] 72 )+ dive |75 o)) /2,

for all u € Xy(€2). Finally, we set

Xn(div0,Q) = {u € Xx(Q) : divu = 0 in Q}.

For details on these operators and spaces we refer to [§], [15], [16], [33].

If  is sufficiently regular, say of class C!'!, the space X () is continuously embed-
ded into the space (H'(£2))3 of vector fields with components in the standard Sobolev
space H1(Q) of functions in L?(£2) with first order weak derivatives in L%(2). On the
other hand, since H'(Q2) is compactly embedded into L?(f2), it follows that also Xy(2)
is compactly embedded into (L?(2))3. We note that the compactness of this embed-
ding holds also under weaker assumptions on the regularity of €. More precisely, we
have the the following theorem the proof of which can be found in [16, Lemma 3.4,
Theorem 3.7].

Theorem 2.1. The following statements hold.

(i) If Q is a bounded, simply connected open set in R® of class C%' and 9 has only
one connected component then there exists ¢ > 0 such that

lull 2y < ellowrlull 2o,
for all u € Xx(div0,9Q), and
lullz2(0)< e (Jlewlull 2y +ldival o) )

or all u € Xx(Q). Moreover, the embedding Xx(Q) C (L2(02))3 is compact.
f ) g P



(ii) IfQ is a bounded open set in R3 of class CY' then Xx(Q) is continuously embedded
into (H'(2))3, and there exists ¢ > 0 such that the Gaffney inequality

lull (g (a))s< ¢ (||U||L2(Q)+||Cur1u||L2(Q)+||diVUHL2(Q)) : (2.2)

holds for all u € Xx(Q). In particular, the embedding Xx(Q2)) C (L?(2))3 is
compact.

At some point, we shall also need the following

Lemma 2.3. Let Q be a bounded open set in R? of class C%'. Then
curlu - v =0 on 01, (2.4)

for all u € Hy(curl, Q) such that curlu € H ().

Proof. By integrating by parts and using the well-known formula

/curlu'Fdx:/u-curlex—l—/ (v xu)-Fdo, (2.5)
Q Q o0

we get

/ (curlu-u)npda:/ (curlu‘y)goda—/divcurlugpdx
onN o0 Q

:churlu-V(pdz:fﬂu-cuergpdx+faQ(y><u)Vg@szO,

for all ¢ € H?(Q), hence by a standard approximation argument, we deduce that

/ (curlu - v)pdo =0
oN

for all ¢ € H'(Q), which allows to prove the validity of (2.4) by the Fundamental
Lemma of the Calculus of Variations. O

Recall that the electric problem under consideration is

curlcurlu = Au,  in €,
divu = 0, in Q, (2.6)
vxu=0, on 052,

which is nothing but problem ((1.3)) with the precise indication that the vector field u
is divergent free.
It is not difficult to see that the weak formulation of (2.6 can be written as

/ curlu - curlp dz = /\/ u-pdr, forall p € Xx(div0,Q), (2.7)
Q Q
in the unknowns u € Xy(div0,2) and A € R.

Since for our purposes we prefer to work in the space Xy (€2) rather than in the
space Xx(div 0, ), following [12, 1], we introduce a penalty term in the equation and
we replace problem (12.6)) by the problem

(2.8)

curl curlu — 7Vdivu = \u,  in §,
vxu=0, on 012,



where 7 is any fixed positive real number. Problem ([2.8]) is understood in the weak
sense as follows:

/ curlu - curlp dz + 7'/ divudivp dz = )\/ u-pdr, forall p € Xx(2), (2.9)
Q Q Q

in the unknowns u € Xy(2) and A € R.

It is obvious that the solutions of problem are the divergence free solutions of
. On the other hand, it is also not difficult to see that the solutions of problem
which are not divergence free are given by the vector fields u = V f of the gradients of
the solutions f to the Helmohltz equation with Dirichlet boundary conditions, that is

_Af = %f’ in Q’
{ f=0, on 9. (2.10)

In fact, we have the following result from [12]

Lemma 2.11. Let §) be a bounded domain in R?® of class C%t. A vector field u € Xx(9)
1s a solution of problem with divu = 0 if and only if u € Xy(div0,Q) is a solution
of problem . Moreover, a vector field u € Xy () with divu # 0 is a solution of
problem if and only if u =V f where f € H&(Q) s a solution of problem .
In particular, the set of eigenvalues of problem are given by the union of the set
of eigenvalues of problem and the set of eigenvalues of the Dirichlet Laplacian in
Q multiplied by T.

In view of the previous lemma, in order to distinguish the solutions arising from
the original Maxwell system from the spurious solutions associated with the Helmohltz
equation, we give the following definition.

Definition 2.12. We say that a couple (u,A) in Xy(Q) x R is a (electric) Mazwell
eigenpair if (u, \) is an eigenpair of equation (2.9) with divu = 0 in Q, in which case
w is called a (electric) Mazwell eigenvector and A a Mazwell eigenvalue.

Remark 2.13. In this paper, it will be understood that the value of T in 18 fized.
It is important to note that in applying our results one is free to choose T > 0 in or-
der to avoid the overlapping of Maxwell and Helmholtz eigenvalues. In fact, since the
set of eigenvalues of problem are given by the union of the set of eigenvalues of
problem and the set of eigenvalues of the Dirichlet Laplacian in  multiplied by
T, one cannot exclude that a Mazwell eigenvalue could coincide with an eigenvalue of
the Dirichlet Laplacian multiplied by some T €]0, 00[. However, if X is a fized Mazwell
eigenvalue it is possible to choose T €]0,00[ such that A\ # 10 for all eigenvalues ¥ of
the Dirichlet Laplacian, in other words one can choose T in order to avoid ‘resonance’.
It is also useful to recall that the eigenvalues of the Dirichlet Laplacian depend with
continuity upon sufficiently reqular perturbations of (), as those considered in this paper
(see e.qg., [25]), hence it is possible to avoid ‘resonance’ around a fired Mazwell eigen-
value A(Y), possibly multiple, and all those eigenvalues bifurcating from it when Q is
slightly perturbed.

We now describe a standard procedure that allows us to recast the eigenvalue prob-
lem (2.9) as an eigenvalue problem for a compact self-adjoint operator in Hilbert space.
We consider the operator T' from Xy(€2) to its dual (Xx(£2))’ defined by the pairing

< Tu,p >= / curlu - curly dx + 7'/ divu divep dr, (2.14)
Q Q

7



for all u, p € Xx(£2). Then, we consider the map J from (L?(£2))3 to (Xx(2))" defined
by the pairing

< Ju,p >:/u~g0da:,
Q

for all u € (L3(Q2))? and ¢ € Xy(f2). By the Riesz Theorem, the operator T + J is a
homeomorphism from Xy (£2) to its dual.

Lemma 2.15. Let Q be a bounded open set in R3. The operator S from (L?())? to
itself defined by
Su=10(T+J) oJ

where 1 denotes the embedding of Xx(Q) into (L?(2))3 is a non-negative self-adjoint
operator in (L*(Q))3. Moreover, X\ is an eigenvalue of problem (2.9) if and only if
p=(A+1)"1is an eigenvalue of the operator S, the eigenfunctions being the same.

If the space Xy(f2) is compactly embedded into (L?(Q))3, that is, ¢ is a compact
map, then the operator S is compact, hence the spectrum o (.S) of S can be represented
as 0(S) = {0} U {un(Q)}neny where 1, (£2), n € N is a decreasing sequence of positive
eigenvalues of finite multiplicity, which converges to zero. Accordingly, the eigenvalues
of problem are given by the sequence A\, (), n € N defined by A, () = u,;1(Q)—1.
As customary, we agree to repeat each eigenvalue in the sequence as many times as its
multiplicity. Thus, we have the following result where formula can be proved by
applying the classical Min-Max Principle to the operator S.

Theorem 2.16. Let Q be a bounded open set such that the embedding Xy(Q) C
(L2(2))3 is compact. The eigenvalues of problem have finite multiplicity and
are given by a divergent sequence \p,(2), n € N which can be represented by means of
the following min-max formula:

Joleurlu|?+7|divu|*d

@)= i ST Jufde (2.17)
dimV=n

3 Domain transplantation

Given a bounded domain (i.e., a bounded connected open set) € in R3, we consider
problem (2.9) on a class of domains ®(2) obtained as diffeomorphic images of .

Namely, we consider the family of diffeomorphisms
Ag = {<1> € CUL(QL R -  is injective, detD &(z) £ 0 Vo € ﬁ} ,

where C1'1(Q, R?) is the space of C! functions from €2 to R endowed with its standard
norm defined by [|®[c1.1= ||®co+||VP|lso+|V P01 for all @ € CLH(Q,R3), where |-o1
denotes the Lipschitz seminorm. We note that if ® € Ag then ®(£) is a bounded
domain in R3, 9®(Q) = ®(92) = 9®(Q2), and ®() is the interior of ®(Q). The map
is a homeomorphism of Q onto ®(2). Moreover, if Q is of class C1' then ®(Q) is also
of class C1'. Finally, we recall that if € is sufficiently regular, say of class C'!, then Agq
is an open set in C11(Q, R3). See [24] and [27] for details.

In order to study problem on ®(Q), it is convenient to pull it back to 2 by
means of a change of variables. As is known, in order to transform the curl in a natural



way and preserve our boundary conditions, it is necessary to pull back any vector field
v defined on ®(12) to the vector field u defined on € by means of the covariant Piola
transform defined by

u(@) = ((vo®)D®) (z), forall z €. (3.1)

By setting
y = ®(x), forall z e,

equality (3.1)) can be rewritten in the form

o(y) = (uD®) ™) 0@ V() = (o) D@ V)y), yea@).  (32)
Note that in the sequel we shall often use the following notation
. 611/1 / _ 8'Ub
Ojui(x) = oz, () and O,u(y) = 9% (y).

Then we have the following known result, which can be found for example in [30]
Corollary 3.58]. For the convenience of the reader, we include a proof (which differs
from that of [30, Corollary 3.58]). Note that the assumption ® € C1'! can be relaxed,
but some care is required, see Remark [3.8|

Theorem 3.3 (Change of variables for curl). Let Q be a bounded domain in R? and ® €

Aq. Then a function v belongs to H(curl, ®(2)) (Ho(curl, ®(Q2)), respectively), if and

only if the function u defined by belongs to H(curl, Q) (Hp(curl,Q2), respectively),

in which case

curly u(z) (D <I>(93))T
det (D ®())

(curlyv(y)) o ® = (3.4)

Proof. Assume for the time being that u is a vector field of class C%!'. The chain
rule yields

O](u; 0 D) a7 ]
0Yq

ovp
Ya

(y) =

_ Oul

0a)  gp-D
— (=1) J
oz, (@ (y))

0Ya

Note that summation symbols are omitted here and in the sequel. Recall that the
c-component of the curl of v is given by

[curly v(y)], = 04vs(y) Eave »

where &g is the Levi-Civita symbol defined by

+1 if (a,b, c) is an even permutation of (1,2, 3),
Eabe =< —1 if (a,b,¢) is an odd permutation of (1,2, 3),
0 ifa=0b, orb=c, ora=c.

Then

[curl, v(y)], = 85w (@ (1)) 8,04 () DL (3) Ease
+ui (D ()01, () Eape.
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Since £4pe = —E&pae We have that for all e =1,2,3

Z a, ab éabc =0.

a,b=1

Thus

o) (0900 = o], 0

k 0Ye
= Qui(@V(y) 40\ (y >ab<1>< D(y) 0.0 (y) ape
= 0us( @ () & det (D 2 N(y))
= (curlx u(CI)(*l))) . det ( D(y)),

where we have used the fact that 0 F;j 0, F; OLF}) {ape = &jir det (D F), for any vector
field F of class C!.
Therefore
-T
curl, v(y) = curl, u(®V(y)) (D @(*1)(y)> det (D dD(y )) )
and formula (3.4]) follows.
We now prove the validity of formula (3.4]) in the weak sense. We begin with proving

that if v € H(curl, ®(£2)) then the distributional curl of the function u defined above
belongs to L?(Q) and satisfies formula (3.4). To do so, it suffices to prove that for

/ u (curlp)l dz = / (curly v(y))(®(z)) (D ®(z)) " detD ®(z)p! () dz, (3.5)

Q Q

for all ¢ € C°(R2). Following formula (3.1)), we define a function ¢ on ®(Q2) by setting
p()= (Y o®)D®)(z). (3.6)

By formula we get

curlp(z) = (curly ¥ (y))(®(z)) (D ®(x)) T detD d(x)

and this implies that

/ u (curlp)l dz = / u (D @(w))_l (curly 1 (y))T (®(x)) det D ®(z)dx
Q Q
= /Q v(®(x))(curl, ¥(y)T (®(x)) det D ®(x)dx
N / v(y)(curly ¢ (y)) sgn(det D 21 (y))dy
B(Q)
_ / (curl, v(y))¥ " sgn(det D D (y))dy
B(Q)

_ /Q (curl, v(y)) (@(x)) (D ®(x)) T det D ®(2)7 (x)de,

10



as required. In the same way, one can prove that if v € H(curl,Q) then the distribu-
tional curl of the function v belongs to L?(®(£2)), which completes the first part of the
proof.

In order to prove that v belongs to Hp(curl, ®(€2)) if and only u belongs to Hy(curl, )
one can directly use formula and the definition of the these spaces. ]

Remark 3.7. Theorem holds also under weaker assumptions on ®. Namely, as-
sume that ® € C1(Q,R3) is injective and that detD ®(z) # 0 Vz € Q. Then the thesis
of Theorem holds. Indeed, given any smooth domain U with U C ), one can find
an approzimating sequence ®,, € Ay, n € N which converges to ® in C1(U,R3). This
can be done by using standard mollifiers. Then, since the set of functions C'(U,R?)
which are injective and such that det D ®(z) # 0 Vo € U, is an open set in C1(U,R3)
(cfr., [27, Lemma 5.2]), it follows that ®, € Ay for all n sufficiently large, hence
Theorem [3.3 is applicable to ®,,. Passing to the limit as n — oo we get the validity of
formula in U, and since U is arbitrary, formula holds also in the whole of
Q. The preservation of the spaces easily follows by formula itself and changing
variables in integrarls.

Remark 3.8. The fact that v belongs to Hp(curl, ®(Q2)) if and only if the function
u defined by belongs to Ho(curl,Q) as stated in Theorem has a immediate
explanation by using traces in the classical sense as follows. It is not difficult to realise
that the unit outer normals to Q2 and 0P(Q) satisfy the relation

I/@Q(D (I))_l

vor@ 0P = D@ ]

Then, using the fact that aM x bM = det(M)(a x b)(M)~t for all vectors a,b € R3
and for all invertible matrices M € GL3(R), we immediately deduce that

U X Vagay = 0 on 0P() if and only if u X vpq =0 on 09, (3.9)
for all vector fields admitting boundary values in the classical sense.

In order to transplant problem ([2.9)) from ®(€2) to 2 we also need a formula for the
transformation of the divergence under the action of the pull-back operator defined in

B-1).

Theorem 3.10. Let Q2 be a bounded domain in R? and ® € Aq. Then a function v
belongs to HY(®(2)) if and only if the function u defined by ([3.1]) belongs to H'(S2), in
which case

‘ div, |u(z)(D ®(2)) YD &(z))~7 det(D @(x))]
(divyv) o ®(z) = det(D B (2)) . (3.11)

Proof. The first part of the statement is standard and can be carried out by
using the chain rule and changing variables in integrals. The proof of formula (3.11]) is
more involved. To simplify notation, we set M = D ®(~1) so that 0!, = M, ,0;, where

M;, = 8@5_1)/8%. Note that M;, = Zi’mk:l ijka,m(M_l)mk simply because
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M;, = (MMTMfT)jﬂ. Since v, = (u; o @(*1))6/@
that

divy v = Avg = a;[(uj o q><—1>) M; ]
= 8;[(1@ © (I)(_l))Mj,ka,m(M_l)a k]

= Ohl(u; 0 B) (0,257 (0,87 (91a) 0 V)
= 0,[P Q] = (9,P)Q + P(9,Q)

where we have set P = P(k) = 3 (ujo @(71))(8%@5—1))(8%(1)](;1)) det™1(D &)

7,m=1
and Q = Q(k,a) = ((0x®,)o®(~1)) det(D ®(~1). We claim that 22:1 0,Q = 0. Indeed,

if by C' we denote the cofactor matrix of M, we have that (see [29], p.12)

3
Z fanm gkijMi,nMj,m )

n7m7i7j:1

1
Ck,a = 5

hence

1
Oh (M ™)0 det(D @) ) = 8,(Cra) = 50%(Eanm Ebiy Min Mim)

1
= igkiij,m (&;Mz,n) ganm + faanz’,n (621Mj,m) {kz]
Moreover
3 3 3 3
Z §anm 8éMi,n = Z fanm a;LMi,a = Z gnam 8;Mi,n = - Z ganm aéLMi,n-
an=1 a,n=1 an=1 a,n=1

Thus 30 ) &anm O Miy = 0. Similarly 370 ) Lanm 9, M;m = 0 and the claim is
proved. Then

div, v = (9, P)Q = det <D q><—1>) (M), 10LP
— det (D <1><*1>) (M), 1M; o[0:(P o @)] 0 &

— det (D <1>(—1>) 5; 1[0:(P o ®)] 0 -V

(s 0 @) (@5, 0 V)@, 00"

(-1
det (D) i

— det (D@(™V) ,

P [uj ((D o)-1(D q»)—T) det(D @)}

_ Ji (-1)
det(D @) P

) 8Z~[(u(D@)—I(be)—T)idet(Dq))} O
det(D @)

div, [u(D ®)"1(D ®)~7 det(D @)}
= o d(-1
det(D @) ’

12



hence formula (3.11)) is proved. O

We consider equation (2.9) on ®(2) that is

/ curlv - curly dy + 7'/ divv divey de = )\/ v-pde, forall ¥ € Xy(P(0)),
() 1(9) ()

(3.12)
in the unknowns v € Xx(®(€2)) and A € R. If u is the function defined in 2 by formula
@ and, analogously, ¢ is the function defined by (3.6)), by changing variables in

3.12)) we get
) g

/ curlu (D ®)7 D ®(curl )7
Q |det(D @)

div, <u(D 3)~"(D ®)~7 det(D <1>)) div, (w(D 3)~(D®)~7 det(D @))
" T/Q [det(D @)]

T

dx

:)\/ u(D®) "D ®) Tl |det D ®| da .
Q
(3.13)

Thus, instead of studying problem in the varying domain ®(£2), we can study
problem where the unknown u € Xy () is defined on the fixed domain 2 and
the test functions ¢ have to be taken in the fixed space Xx(2) as well. Recall that
under our regularity assumptions on €2, the space Xy (€2) is contained in (H*'(2))3.

It is clear that the natural L?-space for problem is the usual L?-space endowed
with the scalar product (-, -)¢ defined by

(u,g0>q>:/Qu(Dq))_l(D@)_TgoT]detD@d:v, (3.14)

for all u, o € (L*(Q))3, which is equivalent to the usual one. We denote by L3 () the
space (L?(Q))? endowed with scalar product (3.14)). As we have done for equation ([2.9)
we recast problem (3.13)) as a problem for a compact self-adjoint operator. To do so,
we consider the operator T from the space X (2) to its dual by setting (Tpu, ¢) equal
to the left-hand side of equation (3.13]). In the same way, we define the operator Jg
from L3(2) to the dual of X\() by setting (Jopu, p) equal to the right-hand side of
equation (3.13)) divided by A.
Lemma 3.15. Let Q be a bounded domain in R®. The operator Se from L2(Q) to
itself defined by

Seu=10(Tp +Jg) ' o Jp
where ¢ denotes the embedding of Xx(Q) into L3(R2), is a non-negative self-adjoint
operator in L%(S2). Moreover, X is an eigenvalue of problem (B.13) if and only if
p=(A+1)"1 is an eigenvalue of the operator Sg, the eigenfunctions being the same.

Clearly, if the space Xy () is compactly embedded into (L?(€2))? then the operator
S is compact and its spectrum is given by o(Sp) = {0} U {tn(®P) }neny where

pa[®] = (Aa[®] + 1)
and \p[®] := A\, (P(Q)) are the eigenvalues of problem ([3.12]).
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4 Analyticity results and Hadamard-type formulas

Given a finite set of indices F' C N, we consider
Aq[Fl:={® € Aq : \j[®] #£ N[®], Vj € F,l e N\ F}
and the elementary symmetric functions of the corresponding eigenvalues

AF,S[(I)] = Z Ajl[q)} "'Ajs[q)]v s=1,...|F]. (4.1)

j;[?"'?jSEIF
J1<-<Js

It is also convenient to consider

Apsl@ = D (Aul®+1) - (A.[@] +1), (4.2)

J1rnds€F
J1<<Js

for all ® € Aq[F] and to note that

Aps[®] = (-1)"* Ci "f) Arp[@], (4.3)

k=0

where we have set Apg = /A\RO = 1.
Finally, we set

Oq[F]:= {® € Aq[F] : \;[®] have a common value Ap[®] Vj € F}.

Then, we can state our main theorem the proof of which is also based on Lemma [4.7]
below. Concerning the assumption on the summability of the second order derivatives
of the eigenvectors, we include the following remark.

Remark 4.4. If Q is of class C*' (which means that locally at the boundary Q@ can
be described by the subgraphs of functions of class C? with Lipschitz continuous second
order derivatives), hence in particular if 0 is of class C3, then the eigenvectors of
problem belong to the standard Sobolev space H?(Q) of functions in L*(Q) with
weak derivatives up to the second order in L?(Y). See e.g., [35] or the more recent
paper [2].
Theorem 4.5. Let Q be a bounded domain in R3 of class C'. Let F be a finite
non-empty subset of N. Then Aq[F] is an open set in C11(Q,R3) and Aps[®] depends
real-analytically on ® € Aqg[F].

Let ® € Oq[F]. Assume that Ap[®] is a Mazwell eigenvalue and EV ... EFD ¢
Xx(div 0, &)(Q)) s an orthonormal basis of Mazwell eigenvectors for the corresponding

eigenspace, where the orthonormality is taken in (L2(®())?, and assume that those
eigenvectors belong to H*(®(Q)). Then for any s € {1,...,|F|}, we have

d|<p:ci>(AF,8)[\I']
|F|

_(IFI=1 D))~ w1l _ ~<>2> o d-Dy.
(T [ (e o) (wedn )
(4.6)
for all U € CLH(Q,R3).
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Proof. Recall that u;[®] = (A\;[®] + 1)71, j € N, are the eigenvalues of the operator
Sa, hence the set Aqg[F] coincides with the set {® € Aq : pu;[®] # w[®], Vj € F,l €
N\ F}. Moreover, Sg is a compact self-adjoint operator in L2 (). Since both the
operator Sg and the scalar product (-, -)¢ depend real-analytically on ®, being obtained
by compositions and inversions of real-analytic maps (such as linear and multilinear
continuous maps), we can apply the general result [25, Thm. 2.30]. Thus, the set
{® € Aq : p;[®] # u[®], Vj € F,l € N\ F} is open in C*' (€, R®) as required, and the
functions

MF,S[(I)]:: E Hjy [(I)] T g [(I)L
J1ysJs€F
1<<Us

depend real-analytically on ® € Aq[F]. Since

A Mg p[®]
Ap[®] = W,

we deduce that Ap[®] depend real-analytically on ® € Agq[F]. Finally, by formula
(4.3) we conclude that Ap[®] depend real-analytically on ® € Aq[F].

We now prove formula (4.6). We set a() = (EWo®)D® foralll =1,...,|F| and
we observe that @), [ € 1,...,|F| is an orthonormal basis in Lé(Q) of the eigenspace

associated with the eigenvalue yup[®] := (Ap[®] 4+ 1)~ of the operator Ss. By applying
[25, Thm. 2.30], we have that

tlyaMraf) = (117 ) 18]+ 17 Y (el g S0, 505,

Therefore, by Lemma [4.7]

d|<1>:<i>(AF,S)[\I’]
= {d|g_sMpr|—s [®][Y]Mp p| (2] — Mg, p|—s [®] d|g_s MF | r| [®][¥]}

N e A [ (A

7|
Ar[®] + 1) 1721 (Ap[®] + )P (d]y g So ][], @)
=1

C(Ap[®] 4+ 1) =

— (Ap[@] + 1) (‘F ’_‘11) i /6 o (AF[@\M e E(Df) (¥od0) 1) do.
=1
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Thus, using (4.3), we get
d|g— @(AFS)[ ]
F|—k\ [|F|—-1
_ e (]
=St (950 ()
IFI

Z/a (AF[(@]‘E(Z)‘Q — )curlE(l)F) ((\I' o @(71)) : I/) do
D(Q

(TS o s

|F|

Z/% ( ”‘2 —)cuﬂE(”(Q) ((\yo@(ﬂ)).y) do
N (|Z|__11) " 12/@@(9 <AF[<i>})E(’>‘2 —‘CurlE(l)‘Z) ((\Ifo(i)(_l)).y) do

which proves formula (4.6]). O

Lemma 4.7. Let Q be a bounded domain in R? of class C*' and ® € Aq. Let 0, €
Xx(div 0, CIJ(Q)) be two Mazwell eigenvectors associated with a Mazwell eigenvalue A
Assume that 0,7 € H*(®(Q)). Let i = (00 ®)D®, p = (o ®)D®. Then

(dlp_3S2[¥][a], £)g
=(A+1)72 /8&)(9) (curlv curlw — A © ) ((\Il o -1y y) do, (4.8)

for all U € CLH(Q,R3).

Proof. To shorten our notation, we set Yo = Ty + Jo. Since Jz[a] = A+1)" Irglal,
Jl@) = (A + 1)7!'T5[¢], and Tj is symmetric, we have that

(d]p—550[¥][t], §)§
= (oY  odlg_gJa[V][a], §)g + (o dlg_g T [V] o I3[, @)g

= 318 [0 15" 0 dly_g Ja[ W] + J5[2] [t 0 dly_ T3 [¥] o Jglal]

= 3+ D)7 [8] | 15" 0 dlgg JolW][i] — Y5 0 dlg_g YolW] 0 T5" 0 Jglil]

=\ +1)7'Ty [r; o dly_gJalW][i] — T3' o dly_gYTal¥]o T3 o (A + 1)*1%[@]] (7]
= O+ )7 (dlgg oW — (A + 1) dly_g Yo [W][al[5])

= O+ D)7 (A + ) dlgg olW[alg] — A+ 1) dlg_g Tol¥][[4])

= A+ )72 (A dlgg o WI[a)[2] — dlgp To ][a][4]) (4.9)
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We claim that

g Wf[F) =~ [ & (¥ #) 4 Do BT il ay

B (4.10)
+ / o7 div(¥ o @) dy.
()
Indeed, it is easy to see that
[ [dlg—g(det(D @))[¥]] 0 &) det DSV = div (wo dD).  (411)

Moreover, since

Jolu)[p] = / @ Rep ¢ |det D ®| dz,
Q

where Rg = (D ®)"1(D®)~7, then

Iy Jo [ V)[i][3] = /Q id]y_s Ro[W] &7|det D ®| da+ /Q iRy 37d|y_g|det D @] [¥] da

(4.12)
Note that
[d|g_g Ra[¥]] 0 D = —D D | D(W 0 &) 4 (D(W 0 1Y) } (DT
(4 13)

Therefore by equalities (4.11)), (4.12]), (4.13]) and a change of variables, equality (4.10)
follows.

We now compute the second term in the right-hand side of (4.9). Obviously, we
have that

dlq_gTa[V][a][p] = /Q curl @ (d|y_s Go[¥]) (curl §)T de + 7 d|y_g /Q m dz,

(D®)TDe

2 " and N(®,d,$) = N(®,@)N(®, 3) with
oDy 2 N(®8.0) = N(@D)N(@.§) vi

where we have set Gp =

N(@®,7) = div, (n(D ®)"L(D ®)~7T det(D @)) ,

for any vector field n. To shorten our notation, we also set { = W o ®(-1 . By a change
of variables one can see that

/ curl @ d|y_3Go (curl ¢)T dz =
Q

DUVI'D®+ (DO)'DW
:/curlﬁ( ) +(~ ) (curl p)T dx
Q ‘det(DCID)‘

/ _ (D®)TD® d|y_g|det(D ®)| [¥]

— [ curlw —

Q (det(D <1>))

= / curl o (DC + (D C)T) (curl )T dy — / curl o (curl @) div(¢) dy.
() ()

(curl )T dz
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Now by standard calculus we have

al. N(M,@)dw/d(N(@Hfﬂ,a,@)
*=% Jo |det(D @) o dt \ |det(D(® + tT)]

t=0
- L(N(® + 1T, )]0 ‘det(D é)‘ — N(®,1, $) d|y_g|det(D @) [¥] ]
_/Q (det(D 3))> v
- LN+ 10, D)o N (. 3) + N, 0) L (N (G + 10, detDd| " d
_/Q<dt( (@ +tW,0)|=0N (P, P) + N( ﬂU@( (®+t ,so)\t:0>‘ et ‘ x
- / divy () divy(w) divy () dy. (4.14)
d(Q)

Going back to formula (4.10)), we note that by integrating by parts we obtain that
@( () ()

@iy + | (50 div(@)dy - [

(92)

(6-¢)(@-v)do

)

/i 8%(Q)

+ /@ o Q@) dy ¢ A o UG dy /8 IRCROICROLY
[ (83‘171')11)]'@ dy + / (&-ﬁ)j)ﬁigj dy + / (17 . C) div(ﬁ)) dy
() () B(0)

+[m)(u? - Q) div(v) dy — 2/@@(9)(@@)(@“ V) do,

where we have used the fact that v x ¥ = 0 = @ X v hence

on A®(). Now, since

3

Z (8]’[)1)12)]{1 - (az’[)])’LZ)JCZ =curl?v - (’LZ) X C),
1,7=1

3
D (i) Bi¢s — (95bi)iGy = curlad - (T % (),
1,j=1

we deduce that

/ (9;0;)w;C; dy + / (0305) ;¢ dy
B( ()

2

= (0;0;)w; ¢ dy + /
b(0)

(9i0)5:C, dy + A IR(CRORYD

(030;)0i¢; dy — / (0i05)w;C; dy

() ()

@

|

curlf)-(wxg)dy+/ curlw - (0 x ¢) dy + V(o w)-(dy.

() d(Q) (Q)
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Thus we get
—/ 5(D¢+DOT) @ dy
d(Q)
:/ 17~(C><curlzb)dy+/ ﬂw((xcurlf))dy—k/ V(o-w)-Cdy
(Q) $(Q) 3(Q)

+/ (17-()div1bdy—|—/ (ﬂw()divﬁdy—Q/ (0-w)(¢-v)do.
3(Q) $(Q) 9% ()
Since v and w satisfy the equation in (2.9) on ®(9), we have

/ 0+ (¢ x curlw) dy

()

37t [ culeul (¢ x curla)dy < A7 [ Vdive (¢ x cul ) dy
d(Q) ()

curl 5 D ¢ (curl )T dy (4.15)

=\t / (curl @ - curl 9) div(¢) dy + A7 /
o(Q) ()

- )\_1/~ curl 3 D(curl @) (F'dy — A7 | Vdive - (¢ x curlw) dy
(%) B(Q)

+A7! / (C-v)(curlw - curl ¥) do — A~* / (¢ - curl0)(v - curlw) do,
9d(Q) 0%(Q)
where, in order to compute the boundary integrals, we have used the following formula
(v x curld) - (¢ x curlw)
= fijij (curl ﬁ)k&lmg(curl Zb)m = (5jl5km — 6jm5kl)yj§l(curl f))k(CU_I‘l ﬂ))m
= (¢-v)(curlw - curl 0) — (v - curlw)(¢ - curl v) . (4.16)

We note that the last boundary term in formula (4.15) vanishes by Lemma
Then

—Xé(mﬁ (DC+(DC)T> @ dy

= —2/~ (curlw - curl ©) div ¢ dy + /

3(Q) (Q)

curl @ (D ¢+ (D ()T) (curl 3)T dy
—/ V(curlw - curld) - (dy —7 | Vdivo- (¢ x curlw) dy

(%) 2 ($2)
-7 Vdivu?-((xcurl@)dy—i—2/ (¢ - v)(curlw - curl v) do

8% (0)

+X[ V(@-w)-gderX[ (w-g)divﬁderX/ (% - ¢)divaw dy
®(9) B(9) B(9)

_25‘/~ (@'w)(C‘V)dUz—/ (curlw - curl 0) div ¢ dy

99() ()

- curlw (D ¢+ (D C)T) (curld)" dy — T[ Vdivo - (¢ x curlw) dy
()

Vdivw - (¢ x cu]rlﬁ)dy—S\/~

(ﬁ-w)ouvcderX/~ (@ - ) div o dy
®(9)

2(2)

(0-w)(¢-v)do + /aé(ﬂ) (curlw - curl 9)(¢ - v) do.

(f;-g)divwdy—ﬂ/

8%(Q)
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Hence
A+ 1)%(dly_gSa[V][a], §)

Y L(Q) B (Dg + (D C)T) w” dy + X/&)(Q) vw’ div(¢) dy

- [ curl © (D ¢+ (D C)T> (curl )T dy + [ curl o(curl )T div(¢) dy
b(Q)

()

—7 d|p_j A |det(D(I>)} dx_/aé((z) (curlv curlw — A 0 )(C v)do

-7 Vdivo - (¢ x curlw)dy — 7 Vdivd)-((xcurl{/)dy—l—S\[ (w - ¢)div(v) dy
d(Q

B(Q) B(Q)
N(®,a,p)
A ¢)di dy—7 dlg_z | ————— dx.
+ / iv(w)dy — 7 dlg_g o [det(D )] x

By the previous equality, (4.14]) and by observing that

divy [a(x)(D &(2))"1(D &(2))~7 det(D é(x))}
det(D ®(x))

= div, 5(®(z)) = 0,

div, [@(@(D &(2))"1(D &(x))~7 det(D é(x))]
det(D ®(x))

for almost all x € €2, we conclude. O

In the case of domain perturbations depending real analytically on one scalar pa-
rameter, it is possible to prove a Rellich-Nagy-type theorem and describe all the eigen-
values splitting from a multiple eigenvalue of multiplicity m by means of m real-analytic
functions.

Theorem 4.17. Let Q be a bounded domain in RN of class CH'. Let ® € Aq and
{®c}eer C Aq be a family depending real-analytically on € such that <I)0 — &. Assume
that X is a Mazwell eigenvalue on <I>( ) of multiplicity m, X = A\, [®] = - - = Apym_1[®P]
for some n € N and that EV ... E(™ € X (div0,®(Q)) is an orthonormal basis of
the eigenspace ofj\ the orthonormalzty being taken in (L2(®(Q))>. Moreover, assume
that E©) ¢ H*(®(Q)) for all i =1,.

Then there exists an open mterval I contaim'ng zero and m real-analytic functions
G1s- s gm from I to R such that {\,[®], ..., Antm—-1[Pc]} = {g1(€), ..., gm(e)} for all
€ € I. Moreover, the derivatives g’l(O),...,gm(O) at zero of the functions gi1,...,gm
coincide with the eigenvalues of the matrix

(/ (AF[é]E(i) -EY) — curl EO) -curlE(j)) ¢- I/d0'> (4.18)
9%()

ij=1,...m
where ( = éo o @(_1), ‘i)() denotes the derivative at zero of the map € — ..

Proof. First of all, we note that by our assumptions, A does not coincide with any
of the eigenvalues of the Dirichlet Laplacian in 2 multiplied by 7, see Remark
and by the well-known continuity of the eigenvalues of the Dirichlet Laplacian, this
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implies that for all € in a sufficiently small neighbourhood of zero, the eigenvalues
{Pe, - oy Antm—1[Pc]} satisfy the same property. By applying [25, Theorem 2.27,
Corollary 2.28] to the family of operators Sg, we deduce that there exists an open
interval I containing zero and m real-analytic functions gy, . . ., gn, from I to R such that
{A+ 2@ (U N1 [ @) 7 = {G1(e), ..., Gm(e)} for all € € I; moreover,
the derivatives of those functions at zero are given by the eigenvalues of the matrix

((dlp_gSol@]@?],aM)g)

i,j=1,...m

where @) = E@Do® for alli = 1,..., m. The proof follows by setting g;(e) = g;l(e) -1,
i=1,...,m, and using Lemma [1.7] O

We conclude this section by proving an immediate consequence of our results,
namely the Rellich-Pohozaev identity for Maxwell eigenvalues.

Theorem 4.19 (Rellich-Pohozaev Identity). Let Q2 be a bounded domain in R? of class
CYl. Let \ be a Mazwell eigenvalue and E € Xy(div,0,9Q) a corresponding nontrivial
eigenvector normalized in (L?(2))3. Assume that E € H?(Y). Then

_1 2 2 )
A= 2/89 (|curlE] A E]| )(x v) do.

Proof. Assume that A = A\, () = -+ = Apim—1(02) is a Maxwell eigenvalue with mul-
tiplicity m (with the understanding that the corresponding m-dimensional eigenspace
is made of Maxwell eigenvectors, see Remark . We consider a family of dilations
(14 €)Q of Q which can viewed as a family of diffcomorphisms & = I +€l, € € R.
It is obvious that A,ii[®] = (14€) 2 for all i = 0,...,m — 1. In particular, the
domain perturbation under consideration preserves the multiplicity of A and the matrix
is a multiple of the identity. By differentiating with respect to ¢ and applying
Theorem with ® = { = I, we obtain

— [P

- / ()\|E]2 —|cur1E\2) (z-v) do, (4.20)
e=0 o0
where the given normalized eigenvector E is serving as an element of the orthonormal
basis of the eigenspace. If we differentiate the equality A, [®] = (1 + e)_2 A with respect
to €, we obtain

d d 9

el =2 (a A — 2\ 4.21

hed] =g (asay) (4:21)
By combining (4.20)) and (4.21]) we conclude. O

5 Criticality for symmetric functions of the eigenvalues

We denote by V[®] the measure of ®(£2), that is
V[<I>]::/ dr = / |det D ®@| dz, (5.1)
a(Q) Q
and by P[®] the perimeter of ®(2) that is

P[@] ::/ da:/ ‘u(ch)—l‘ydetchma. (5.2)
9B(Q) o9

21



We are interested in extremum problems of the type

i Aps[® Ar,[®], 5.3
patin | Ars[®] or | max  Aps[®] (53)

as well as problems of the type

min ~ Apg[®] or max Apg[P]. (5.4)
P[®]=const. P[®]=const.

It is convenient to recall the following lemma from [23], where H = divy denotes
the mean curvature of €2, that is, the sum of the principal curvatures.

Lemma 5.5. Let Q be a bounded domain in RN of class CY'. Then the maps V, P
from Agq to R defined in (5.1)) are real-analytic. Moreover, the differentials of V and P
at any point ® € Aq are given by the formulas

dlp_aVIO)[Y] = /a oo 0BV i) (5.6)

and

dlp_sPl®][] = /a oy 1) (002 @) 2o (5.7)

for all U € CLH(Q,R3).
For a €0, +00[, we set
Via):={® e Ag: V(®) =a}, Pla):={PcAq:P(®)=a}.

Keeping in mind the Lagrange Multiplier Theorem (which holds also in infinite
dimensional spaces), we note that if ® € Ag[F] is a minimizer/maximizer in or
(5.4) respectively, then it is a critical point for the function ® +— Aps[®] under the
constraint ® € V(@) or the constraint ® € P(j3) respectively, where & = V(®) and
B = P(®), which means that

Kerd]q,:&,V[@] C Kerd\q,:i)AES[(ID], (58)

or
Kerd|,_sP[®] C Kerd|y_gArs[P], (5.9)

respectively. B
The following theorem provides a characterization of those points ® € Aq[F] satis-

fying or .

Theorem 5.10. Let Q be a bounded domain in RN of class Cb'. Let F be a non-empty
finite subset of N and & €)0,+oc[. The following statements hold:

(i) Assume that ® € Oq[F] NV (&) is such that \;[®] are Mazwell eigenvalues with
common value \p[®] for all j € F. Assume that V... EWFD ¢ Xn(div0, ®(Q))
is an orthonormal basis of the eigenspace corresponding to )\F[i)] and that those
eigenvectors belong to H?(®(Q)).

Fors=1,...,|F| the function ® is a critical point for AF s with volume constraint
® € V(a) (that is, condition (5.8) is satisfied) if and only if there exists a constant
c € R such that

|F|

3 (AF@]’E@

=1

‘2 —’curlEN(l)f) =, on 0P (1). (5.11)
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(i) Assume that ® € Oq[F] N P(a) is such that \; [®] are Mazwell eigenvalues with
common value Ap[®] for all j € F. Assume that E(l) L EWD € Xn(divo, ®(Q))
is an orthonormal basis of the eigenspace correspondmg to )\F[i)] and that those
eigenvectors belong to H*(®(Q)). For s = 1,...,|F| the function ® is a critical
point for Apg with perimeter constraint ® € P(&) (that is, condition is
satisfied) if and only if there exists a constant ¢ € R such that

i <)\F[&>”E~’(1)‘2 — ‘curlE(l)‘2> = cH, on 9P (Q). (5.12)

Proof. 1t suffices to observe that by standard linear algebra condition (5.8]) or condition
(5.9) is satisfied if and only if there exists a constant [ € R such that d|,_sAFrs[®] =

ld|o_gV[®] or d|y_gAF,s[®] = ld|s_5P[®] respectively . By formulas (4.6)), . .
and the Fundamental Lemma, of the Calculus of Variations, we conclude.

In the next theorem, we show that balls are critical domains.

Theorem 5.13. Let Q be a bounded domain in R® of class CY1. Let ® € Aq be
such that ®(Q) is a ball. Let X be a Mazwell eigenvalue in ®() with an eigenspace
of dimension m in Xy(div0, ®(Q)). Assume that A\, 1[®(Q)] < M[B(Q)] = --- =
An-tm— 1[B(Q)] < Aam[®(Q)] for some n € N, and let F = {n,.. ;n+m—1}. Then
® is both a critical point for Ap s with volume constraint ¢ € V(V( )) and a critical
point for Ars with perimeter constraint ® € P(P(®)), for all s = 1,...,|F|.

Proof. Conditions (5.11)) and (5.12)) are satisfied thanks to Lemma below. O

Lemma 5.14. Let B be a ball in R centered at zero. Let \ be a Mazwell eigenvalue
in B with an eigenspace of dimension m in Xy(div0, B) and let EW . EM pe q
corresponding orthonormal basis. Then, the functions

S B0 S feur £Of
=1 =1

are radial.

Proof. Let E be an eigenvector of problem (2.6 with eigenvalue A\. Take an orthogonal
matrix A € O3(R) and consider the vector field v defined by u = (E o A)A. Then

Du(z) = AT D E(Az) A.

Note that in this proof, for simplicity, we denote by Az the row vector (AzT)T which is
identified with the image of x via the linear transformation associated with the matrix
A. Thus

divu (z) = Tr(Du(x)) = Tr(AT D E(Az) A) = Tr(D E(z)) = div E (Az).

Moreover, we have

J Ou; B 0 A B
Txkaxk (z) = aixk[Ark(arEy)(Ax)Aﬂ]

= Ark(asﬁrE])(A:r)AskAﬂ = (asﬁrEj)(Ax)érsAﬂ = 8,2,Ej (ACL‘)AJZ = [AE(A:L‘) A]z

Au;(z) =
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Therefore the vector laplacian of u satisfies
Au(z) = AE(Az) A.
Finally, we get that

curl curl u(z) = Ddivu(z) — Au(z) = [(Ddiv E)(Az) — (AE)(Az)] A
= [(curlcurl E)(Az)] A = AE(Az)A = u(z).

This proves that if EO), ..., E(™) is an orthonormal basis of the eigenspace associated
with the eigenvalue A, then {u(j) = (E(j) cA)A:j=1,... ,m} is another orthonor-

mal basis for the eigenspace associate with A. Since both {E(j) 7=1,.. .,m} and

ul) :j=1,... ,m} are orthonormal bases, then there exists R[A] € O,,(R) with
matrix (R;;[A])i,j =1,..., m such that

Therefore

(B9 0 4) Ar _ i‘u(j)‘Z

Jj=1 j=1
j=1 \I=1 —

2
which proves that » ;" ’E(l)‘ is a radial function.
m
Note that curl ut/) = Z Rj[Alcurl E ). By formula (3.4) we have that
=1

curlu AT

l1Eo A=
curl F o ot A

Thus

m 12
Z‘curl EW)
j=1

NE

0 A=

(curl EW o A) . <cur1E(j) o A)

<.
Il
-

(curl ul) AT) . (curlu(j) AT) detlA 5

I
NE

i NP
= Z’curlu(])’
j=1

1

<.
Il

ZRJZ curlE ZRJh curlE h)
1=1

NERINGE

9

2
o1, curl EW . curl EW = Z’curl EW®
1 =1

~

which proves that >, [curl EW|? is also a radial function. O
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6 Appendix: eigenfunctions on the ball

Let B the ball in R? of radius R centred at zero. Here we use the spherical coordinates
(p,0,¢) € [0, R] x [0, 7] x [0, 27r] where 6 is the polar angle (6 = 0 at the north pole) and
@ is the azimuthal angle. It is also convenient to use the standard local orthonormal
base (p, 0, @) canonically associated with (p, 6, ¢), namely

p = (sin 0 cos ¢, sin 0 sin @, cos )
6 = (cos 6 cos g, cos 0 sin ¢, — sin 0)
@ = (—sinp, cosp,0)
The eigenpairs (A, u) of problem in B can be expressed in terms of the Riccati-
Bessel functions 1, and the spherical harmonics Y.
Recall that ¢, (z \/ﬁ , where J it denote Bessel functions of the first

kind and half—mteger order, and that the functlons 1y, satisfy the differential equation
2f"(2) + (22 = n(n +1))f(2) = 0.

Recall also that the spherical harmonics Y,"(0, ¢), with |m|< n, are eigenfunctions of
the Laplace-Beltrami operator Ag2 on the unit sphere S?, namely
AgY " +n(n+1)Y," =0.

For more details on these functions we refer to [1J.

It it proved in [13] and in [I7] that the eigenpairs (A, u) of problem in B are
given by the union of the two families

(k2 a0, @) (bnp)pl b and { (i), curl ewrl [V (0, )i (Kiap)]
nmh nml

(6.1)
where n, h,l € N, m € Z with |m|< n. Here kyj,, h € N denote the positive zeros of the
function k — 1, (kR), arranged in increasing order and k/,, I € N denote the positive
zeros of the function k — v (kR), arranged in the same way.

Now, we compute explicitly the eigenvectors in . Recalling the formula curl(gp) =
Vq x p we have

url[Y (8, ) (k)]
1< 1 . )
L (L, (V0. 9)) a0 — 9 (Y7 (0, 0)) v (o) ) (6.2)

p \sinf ¥

Note that the vector in is zero if and only if n = 0. Similarly, using the for-
mula curl curl(gp) = V(apq) — pA(L )p and the fact that —pA(Y,"" (0, 0)n(kp)/p) =

k2Y™ (8, @%Ei p), see [13], we have that
curl curl (Y7 (8, )tbn (K1) ]
= (ky,)?Y" (0. 0) | ”(k’m) +u(klp)] B+ Sk 00 (Y(8,0)) 0 (Ky0)0
+osmaknde (Yo (97@))%(%1,0)95:l<n(np+1)y (0, 0)¥n (k)P
Ko (Y (0,0)) v ()8 + 5 k0 (Vi (0,0)) U1 (k) @) (6.3)
and again this vector is zero if and only if n = 0.

Then, we are ready to prove the following theorem. Recall that the Riccati-Bessel

function 1 is given by 91(z) = % — oS 2.
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Theorem 6.4. The first Mazwell eigenvalue in a ball of radius R centred at zero is

where is the first positive zero of the derivative of the rescaled Riccati-Besse
k1)? where K}, is the first positi the derivati th led Riccati-Bessel
function k — Y} (Rk). Its multiplicity is three and the corresponding Electric eigenspace
is generated by the three Electric fields

1/2 . ~
E<m><p,e,sa>:p(pnmw,so)wl(k’np)pwilaa (Y19, 0)) 0} (K1)

1 m
+ <o 110, (YT™(8, 0)) ¥, (K1 1p) ) (6.5)

form = —1,0,1. The associated magnetic fields are given by

H™(p,0,¢) = ———curlE™ (p, 0, )
kll
ik 1 . A ~ )
- (Smeap (Y7™(0,9)) v1(K;10)6 — 99 (YI™(0, ) wl(kh/))cp) . (6.6)

Proof. Recall that v, (z) = zj,(z) where j, are the spherical Bessel functions of the
first kind. Due to the above observations, we need to find the smallest positive number
z > 0 such that there exists n > 1 with either 1, (Z) = 0 or ¢/,(2); the first eigenvalue
would then be (z/R)2. Notice that the positive zeros of 1, coincide with the zeros of
Jn. First, we recall a useful result about the zeros of the spherical Bessel functions and
their derivatives. Denote by a,_ s and by a’ms the s-th positive zero of the function j,
and j!, respectively, for all n € N; then we have the following interlacing relations:

ap1 < Ap+11 < Ap2 < apt12 < Ap3 < -

and
/ / / / /
Up1 < Apy1] <Opo < Upyjo < Gygz<---

For a proof of these relations we refer to [28]. From this we can easily deduce that for
each s € N, the sequences {a,,s}pe; and {a;, (}72; are strictly monotonically increasing.

Observe that since the functions 1, are smooth and 1, (0) = 0 for all n € N, the
number Z we are looking for is the first positive zero of ¢/, for some n € N. We claim
that it is the first positive zero of the function

CoS 2 . sin z
+sinz — 5
z

Pi(z) =
i.e. Z~ 2.74+0.01. To prove this, note that

Un(2) = jn(2) + 245 (2). (6.7)

Since

L (-1 2\"
in(2) =2 %m! 2m + 2n + D! (2) )

then j,(0) = 0 and j,(z) > 0 for all n € N and for all z between zero and ay, 1.

Then by (6.7), ¢,(2) > 0 for all z €]0,a;,,[. Due to the monotonicity of the
sequence a;m, n € N, it is then sufficient to prove that z 6]0,&’271[, because in this
way the first positive zero of all other functions v/, n > 2, will be necessarily larger.
Since ah; ~ 3.34 £ 0.01, the claim is proved, and the first eigenvalue is k{; = (z/R)?,
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where Z is the first positive zero of the function ¢}. The eigenvectors and their curls
are computed by using formulas (6.2) and (6.3) above and it is easily seen that the
multiplicity is three.
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