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Abstract. We are concerned with stochastic processes on surfaces in three-dimensional contact sub-Riemannian manifolds. Employing
the Riemannian approximations to the sub-Riemannian manifold which make use of the Reeb vector field, we obtain a second order
partial differential operator on the surface arising as the limit of Laplace—Beltrami operators. The stochastic process associated with
the limiting operator moves along the characteristic foliation induced on the surface by the contact distribution. We show that for
this stochastic process elliptic characteristic points are inaccessible, while hyperbolic characteristic points are accessible from the
separatrices. We illustrate the results with examples and we identify canonical surfaces in the Heisenberg group, and in SU(2) and
SL(2, R) equipped with the standard sub-Riemannian contact structures as model cases for this setting. Our techniques further allow
us to derive an expression for an intrinsic Gaussian curvature of a surface in a general three-dimensional contact sub-Riemannian
manifold.

Résumé. On considere des processus stochastiques sur des surfaces dans des espaces tridimensionnels de contact sous-riemanniens.
En utilisant des approximations riemanniennes définies par le champ de Reeb, on obtient un opérateur différentiel du second ordre sur
la surface comme limite des opérateurs de Laplace—Beltrami correspondants. Le processus stochastique associé a I’opérateur limite est
défini le long de la foliation caractéristique induite sur la surface par la distribution de contact. Nous montrons que pour ce processus
stochastique, les points elliptiques sont inaccessibles alors que les points hyperboliques sont accessibles a travers les séparatrices.
On discute les résultats sur des exemples et on identifie des surfaces canoniques dans le groupe de Heisenberg, ainsi que dans les
groupes SU(2) et SL(2, R) équipés de leurs structures sous-riemanniennes de contact canoniques, jouant le role de cas modeles dans
ce contexte. Ces techniques nous permettent de plus de dériver une expression de la courbure gaussienne intrinseque d’une surface
générale dans une variété sous-riemannienne de dimension trois.
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1. Introduction

The study of surfaces in three-dimensional contact manifolds has found a lot of interest, amongst others, since the so-
called oriented singular foliation on the surface provides an important invariant used to classify contact structures, see
Abbas and Hofer [1, Chapter 3], Geiges [17, Chapter 4], and Giroux [18,19]. In recent years, there has been an increased
activity in studying surfaces in three-dimensional contact manifolds whose contact distributions additionally carry a
metric. Balogh [4] analyses the Hausdorff dimension of the so-called characteristic set of a hypersurface in the Heisenberg
group. Balogh, Tyson and Vecchi [5] define an intrinsic Gaussian curvature for surfaces in the Heisenberg group and an
intrinsic signed geodesic curvature for curves on surfaces to obtain a Gauss—Bonnet theorem in the Heisenberg group.
Veloso [27] extends the results in [5] to general three-dimensional contact manifolds for non-characteristic surfaces.
Danielli, Garofalo and Nhieu [16] discuss the local summability of the sub-Riemannian mean curvature of surfaces in
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the Heisenberg group. The contribution of this paper is to introduce a canonical stochastic process on a given surface in
a three-dimensional contact manifold whose contact distribution is equipped with a metric, to analyse properties of the
induced stochastic process and to identify model cases for this setting.

Let (M, D, g) be a three-dimensional contact sub-Riemannian manifold, that is, we consider a three-dimensional
manifold M which is equipped with a sub-Riemannian structure (D, g) that is contact. A sub-Riemannian structure on a
manifold M consists of a bracket generating distribution D C T M and a smooth fibre inner product g defined on D. Such
a sub-Riemannian structure is said to be contact if the distribution D is a contact structure on M. Under the assumption
that D is coorientable, the latter means that there exists a global one-form @ on M satisfying w A dw # 0 and such that
D = kerw. The one-form w is called a contact form and the pair (M, D) is called a contact manifold. Throughout, we
choose the contact form @ to be normalised such that dw|p = — vol, for vol, denoting the Euclidean volume form on D
induced by the fibre inner product g. Associated with the contact form w, we have the Reeb vector field X which is the
unique vector field on M satisfying dw (Xo, -) =0 and w(Xo) = 1.

Let S be an orientable surface embedded in the contact manifold (M, D). We call a point x € S a characteristic point
of § if the contact plane D, coincides with the tangent space 7, S. Note that characteristic points are also called singular
points, cf. [1] and [17]. We denote the set of all characteristic points of S by I'(S). If x € § is not a characteristic point
then D, and T, S intersect in a one-dimensional subspace. These subspaces induce a singular one-dimensional foliation
on S, that is, an equivalence class of vector fields which differ by a strictly positive or strictly negative function. This
foliation is called the characteristic foliation of S induced by the contact structure D. The canonical stochastic process
we define on the surface S turns out to move along this characteristic foliation, and we shall see that the process does
not hit elliptic characteristic points, whereas a hyperbolic characteristic point is hit subject to an appropriate choice of the
starting point. In the dynamical systems terminology, an elliptic point corresponds to a node or a focus, and a hyperbolic
point is called a saddle, see Robinson [25].

To construct the canonical stochastic process on S, we consider the Riemannian approximations to the sub-Riemannian
manifold (M, D, g) which make use of the Reeb vector field X¢. For ¢ > 0, the Riemannian approximation to (M, D, g)
defined uniquely by requiring /¢ X to be unit-length and to be orthogonal to the distribution D everywhere induces a
Riemannian metric g, on S. This gives rise to the two-dimensional Riemannian manifold (S, g,) and its Laplace—Beltrami
operator A.. We show that the operators A, converge uniformly on compacts in S \ I'(S) to an operator Ag on S\ I'(S),
and we study the stochastic process on S \ I'(S) whose generator is %Ao.

To simplify the presentation of the paper, we shall assume that the distribution D is trivialisable, that is, globally
generated by a pair of vector fields, and we choose vector fields X; and X, such that (X1, X7) is an oriented orthonormal
frame for D with respect to the fibre inner product g. By the Cartan formula and due to dw|p = — vol,, we have

Since X is the Reeb vector field, we obtain
o([Xo, Xi]) = —do(Xo, X;) =0 fori e {l,2}.

It follows that there exist functions ¢!, ¢%: M — R, for i, j €1{0, 1, 2}, such that

ij>rij
(X1, X2] =, X1 + 2, X2 + Xo, (1.1)
[Xo, X1]1=cb; X1 + c§; Xa, (1.2)
[Xo, X2] = ¢, X1 + ¢ Xa. (1.3)

In particular, the vector fields X, X, and [X{, X»] on M are linearly independent everywhere. The Riemannian approxi-
mation to (M, D, g) for ¢ > 0 is then obtained by requiring (X1, X2, /¢ X) to be a global orthonormal frame. We further
suppose that the surface S embedded in M is given by

S={xeM:u(x)=0} forueC*(M)withdu0onS. (1.4)

While this might define a surface consisting of multiple connected components, we could always restrict our attention to
a single connected component. A point x € § is a characteristic point if and only if (X u)(x) = (X2u)(x) =0, that is,

xel(S) ifandonlyif ((X1u0)(x))” + ((Xau)(x))> =0. (1.5)
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Consequently, the characteristic set I'(S) is a closed subset of S. With Hess u denoting the horizontal Hessian of u defined
by

(1.6)

Hess it — <X1X1u X1X2u> 7

XoX1u XXou

we can classify the characteristic points of S as follows.

Definition. A characteristic point x € I'(S) is called non-degenerate if det((Hessu)(x)) # O, it is called elliptic if
det((Hessu)(x)) > 0, and it is called hyperbolic if det((Hessu)(x)) < O.

With the notations introduced above, we can explicitly write down the expression of a unit-length representative of the
characteristic foliation of S induced by the contact structure D. Let X g be the vector field on S\ I'(S) defined by

S (Xou) X1 — (X1u)Xo

Xs
V(X1u)? + (Xou)?

Note that while X, s is expressed in terms of X1, X, and u, it only depends on the sub-Riemannian manifold (M, D, g),
the embedded surface S and a choice of sign. It is a vector field on S \ I'(S) whose vectors have unit length and lie in
D|s N TS with a continuous choice of sign. In particular, the vector field X s remains unchanged if u is multiplied by a
positive function. Let b: S\ I'(S) — R be the function given by

(1.7)

X
b= o (1.8)

VX 11)? + (Xou)?

Similarly to the vector field X s, the function b can be understood intrinsically. Let X _Jq- be such that (5(\ Ss X é) is an

oriented orthonormal frame for D|s\r(s). The function b is then uniquely given by requiring bX é‘ — Xo to be a vector
field on S\ I'(S). Set

Ao = X2 +bXs, (1.9)

which is a second order partial differential operator on S \ I'(S). The operator A is invariant under multiplications of
u by functions which do not change its zero set. As stated in the theorem below, it arises as the limiting operator of the
Laplace—Beltrami operators A, in the limit & — 0.

Theorem 1.1. For any twice differentiable function f € CCZ.(S \ I'(S)) compactly supported in S\ T'(S), the functions
A f converge uniformly on S\ T'(S) to Ao f as e — 0.

Since the theorem above only concerns twice differentiable functions of compact support in S \ I'(S), we do not have
to put any additional assumptions on the set of characteristic points of S.

Following the definition in Balogh, Tyson and Vecchi [5] for surfaces in the Heisenberg group, we introduce an
intrinsic Gaussian curvature K of a surface in a general three-dimensional contact sub-Riemannian manifold as the limit
as ¢ — 0 of the Gaussian curvatures K. of the Riemannian manifolds (S, g-). To derive the expression given in the
following proposition, we employ the same orthogonal frame exhibited to prove Theorem 1.1.

Proposition 1.2. Uniformly on compact subsets of S\ I'(S), we have

Ko = lim K = —Xg(b) — b2
e—

We now consider the canonical stochastic process on S \ I'(S) whose generator is %Ao. Assuming that it starts at
a fixed point then, up to explosion, the process moves along the unique leaf of the characteristic foliation picked out
by the starting point. As shown by the next theorem and the following proposition, for this stochastic process, elliptic
characteristic points are inaccessible, meaning almost surely they are not hit, while hyperbolic characteristic points are
accessible from the separatrices, that is, they are hit with positive probability if the process is started along a separatrix.
Recall that what we call hyperbolic characteristic points are known as saddles in the dynamical systems literature, whereas
what is referred to as hyperbolic points in their language are non-degenerate characteristic points in our terminology.
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Theorem 1.3. The set of elliptic characteristic points in a surface S embedded in M is inaccessible for the stochastic
process with generator %Ao on S\ T'(S).

In Section 4.3, we discuss an example of a surface in the Heisenberg group whose induced stochastic process is killed
in finite time if started along the separatrices of the characteristic point. Indeed, this phenomena always occurs in the
presence of a hyperbolic characteristic point.

Proposition 1.4. Suppose that the surface S embedded in M has a hyperbolic characteristic point. Then the stochas-
tic process having generator %Ao and started on the separatrices of the hyperbolic characteristic point reaches that
characteristic point with positive probability.

The Sections 4 and 5 are devoted to illustrating the various behaviours the canonical stochastic process induced on
the surface S can show. Besides illustrating Proposition 1.4, we show that three classes of familiar stochastic processes
arise when considering a natural choice for the surface § in the three classes of model spaces for three-dimensional
sub-Riemannian structures, which are the Heisenberg group H, and the special unitary group SU(2) and the special
linear group SL(2, R) equipped with sub-Riemannian contact structures for fibre inner products differing by a constant
multiple. In all these cases, the orthonormal frame (X1, X») for the distribution D is formed by two left-invariant vector
fields which together with the Reeb vector field X satisfy, for some « € R, the commutation relations

[X1, X2] = Xo, [Xo0, X1l =« X7, [Xo, X2] = —« X,

with ¥ = 0 in the Heisenberg group, « > 0 in SU(2) and « < 0 in SL(2, R). Associated with each of these Lie groups
and their Lie algebras, we have the group exponential map exp for which we identify a left-invariant vector field with its
value at the origin.

Theorem 1.5. Fix k € R. For k #0, let k € R with k > 0 be such that |k| = 4k2. Set I = (0, %) ifk >0and I = (0, 00)
otherwise. In the model space for three-dimensional sub-Riemannian structures corresponding to k, we consider the
embedded surface S parameterised as

S= {exp(r cosOX|+rsinfXy):rel andb €0, 271)}.

Then the limiting operator Ay on S is given by
2

Ay=—=
0 ar?

0
b PN
+b(r) ar
where

2kcot(kr)  if k = 4k?,
b(ry=12 ifc =0,
2k coth(kr) if k = —4k>.

The stochastic process induced by the operator %Ao moving along the leaves of the characteristic foliation of S is a
Bessel process of order 3 if k =0, a Legendre process of order 3 if k > 0 and a hyperbolic Bessel process of order 3 if
k <0.

Notably, the stochastic processes recovered in the above theorem are all related to one-dimensional Brownian motion
by the same type of Girsanov transformation, with only the sign of a parameter distinguishing between them. For the
details, see Revuz and Yor [24, p. 357]. A Bessel process of order 3 arises by conditioning a one-dimensional Brownian
motion started on the positive real line to never hit the origin, whereas a Legendre process of order 3 is obtained by
conditioning a Brownian motion started inside an interval to never hit either endpoint of the interval. The examples
making up Theorem 1.5 can be considered as model cases for our setting, and all of them illustrate Theorem 1.3.

Notice that the limiting operator we obtain on the leaves is not the Laplacian associated with the metric structure
restricted to the leaves as the latter has no drift term. However, the operator A restricted to a leaf can be considered as
a weighted Laplacian. For a smooth measure i = A% dx on an interval I of the Euclidean line R, the weighted Laplacian
applied to a scalar function f yields

_(Of\ 0% | 2W(x)df
dw“(ﬁ)‘ﬁJr h(x) ox
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In the model cases above, we have

sin(kr)  if k = 4k2,
h(ry=13r if «k =0,
sinh(kr) if k = —4k2.

This corresponds well with the construction of Bessel processes, Legendre processes and hyperbolic Bessel processes via
Doob h-transforms.

Remark 1.6. In our setting, we require the contact form w to be normalised in such a way that dw|p = — vol, and we
assume the distribution D = ker w to be trivialisable. We stress that the requirement on the contact form w can always be
satisfied after multiplication by a suitable nowhere vanishing function f, which does not change the distribution due to
ker w = ker fw. Moreover, as every distribution is locally trivialisable and since the results of this paper are based on local
considerations, our theorems hold without the trivialisability assumption. We only keep it to simplify the presentation.

Remark 1.7. It is natural to extend the presented setting and to consider higher dimensional (contact) manifolds. How-
ever, the situation can be quite different there. Indeed, if we consider a distribution D of rank k on a n-dimensional
manifold M, and an embedded m-dimensional submanifold S, then at a generic point x the intersection D, N Ty S gives
rise to a vector subspace of dimension d =k 4+ m — n. Unless d = 1 as in our paper, this distribution is in general not
integrable.

We prove Theorem 1.1 and Proposition 1.2 in Section 2, where the proof of the theorem relies on the expression of
A¢|s\r(s) given in Lemma 2.2 in terms of an orthogonal frame for 7°(S \ I'(S)). In Section 3, we prove Theorem 1.3 and
Proposition 1.4 using Lemma 3.1 and Lemma 3.2, which expand the function b: § \ I'(S) — R from (1.8) in terms of
the arc length along the integral curves of X s- The results are illustrated in the last two sections. In Section 4, we study
quadric surfaces in the Heisenberg group, whereas in Section 5, we consider canonical surfaces in SU(2) and SL(2, R)
equipped with the standard sub-Riemannian contact structures. The examples establishing Theorem 1.5 are discussed in
Section 4.1, Section 5.1 and Section 5.2, with a unified viewpoint presented in Section 5.3.

2. Family of Laplace-Beltrami operators on the embedded surface

We express the Laplace—Beltrami operators A, of the Riemannian manifolds (S, g¢) in terms of two vector fields on the
surface S which are orthogonal for each of the Riemannian approximations employing the Reeb vector field. Using these
expressions of the Laplace—Beltrami operators A, where only the coefficients and not the vector fields depend on ¢ > 0,
we prove Theorem 1.1. The orthogonal frame exhibited further allows us to establish Proposition 1.2.

For a vector field X on the manifold M, the property Xu|s = 0 ensures that X (x) € T, S for all x € S. Therefore, we
see that F| and F; given by

_ (Xou) Xy — (X1u)Xo

Fi and 2.1)
V(X1u)? + (Xou)?
Fr— (Xou)(X1u) X1 + (Xou) (Xou) X Xo. 2.2)

(X1u)? + (Xou)?

are indeed well-defined vector fields on S \ I'(S) due to (1.5) and because Fiuls\r(s) =0 as well as Fou|s\r(s) = 0.
Here, S\ I'(S) is a manifold itself because the characteristic set I'(S) is a closed subset of S. We observe that both F and
F> remain unchanged if the function u defining the surface S is multiplied by a positive function, whereas F; changes
sign and F> remains unchanged if u is multiplied by a negative function. Since the zero set of the twice differentiable
submersion defining S needs to remain unchanged, these are the only two options which can occur. Note that in terms of
the oriented orthonormal frame (}? S, X é‘) for D|s\r(s) with X s the vector field defined by (1.7), we have nothing but

Fi :)?S and F» :b?é‘ — Xo.

Recalling that g is the restriction to the surface S of the Riemannian metric on M obtained by requiring (X1, X2, /¢ X0)
to be a global orthonormal frame, we further obtain

gs(F1,F2)=0
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as well as

(Xou)? 1

Fi,F1)=1 d hh))=——"F———+-.
ge(F1, F1) and  g.(F2, F2) Xt (2 s

2.3)

Thus, (F1, F>) is an orthogonal frame for 7' (S \ I'(S)) for each Riemannian manifold (S, g.). While in general, the frame
(F1, F>) is not orthonormal it has the nice property that it does not depend on & > 0, which aids the analysis of the
convergence of the operators A, in the limit ¢ — 0. Since F| and F; are vector fields on S \ ['(S), there exist functions
b1,by: S\ T(S) — R, not depending on ¢ > 0, such that

[F1, 21=b1F1 + by F,. 2.4

Whereas determining the functions by and b, explicitly from (2.1) and (2.2) is a painful task, we can express them
nicely in terms of, following the notations in [7], the characteristic deviation /& and a tensor 1, related to the torsion. Let
J: D — D be the linear transformation induced by the contact form w by requiring that, for vector fields X and Y in the
distribution D,

g(X, J(Y)) =do(X,Y). (2.5)
Under the assumption of the existence of the global orthonormal frame (X, X») this amounts to saying that
J(X1)=X> and J(X2)=-X]. (2.6)

For a unit-length vector field X in the distribution D, we use [X, J(X)]|p to denote the restriction of the vector field
[X, J(X)] on M to the distribution D and we set

h(X) =—¢([X, J(X)]Ip, X),
n(X) = —g([Xo. X]. X).

where the expression for 7 is indeed well-defined because according to (1.2) and (1.3), the vector field [ X, X] lies in the
distribution D.

Lemma 2.1. Forb: S\ T'(S) — R defined by (1.8), we have
[F1, Fa] = —(bh(F1) +n(F1))F1 — bF,
that is, by = —bh(F1) — n(F1) and by = —b.
Proof. We first observe that due to (2.6), we can write
F, =bJ(F1) — Xo.
Using (1.2) and (1.3) as well as (2.5), it follows that
o([F1, F2]) = o([F1,bJ (F)) — Xo]) = —dw(Fy, bJ (F)) = —g(F1, bJ*(F})) = b.
On the other hand, from (2.1), (2.2) and (2.4), we deduce
o([F1, Fy]) = 0(byFy) = —by,
which implies that b, = —b, as claimed. It remains to determine b;. From (2.5), we see that
g(Fi, J(F) = —o([F1, F11) =0.
Together with (2.4) this yields
b1 =g(LF1, F2l, F1) = g([F1.bJ (F1) — Xo|. F1) = bg([F1. J(FD)]Ip. F1) + g([Xo. F1]. F1),

and therefore, we have b1 = —bh(F1) — n(F1), as required. |
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To derive an expression for the Laplace—Beltrami operators A, of (S, g¢) restricted to S \ I'(S) in terms of the vector
fields F| and F», it is helpful to consider the normalised frame associated with the orthogonal frame (Fi, F>). For ¢ > 0
fixed, we define a;: S\ T'(S) — R by

1
(Xou)* 172
_ 4= 2.7
“ ((Xlu)Z +(Xow? e @7
and we introduce the vector fields E1 and E> . on S\ I'(S) given by
Ei=F and E.=a.F. (2.8)

In the Riemannian manifold (S, g.), this yields the orthonormal frame (E1, E2 ¢) for T (S \ I'(S)).

Lemma 2.2. For ¢ > 0, the operator A, restricted to S\ T'(S) can be expressed as

Fi(ae)

de

Ag|5\r(s) = Flz +a§F22 + (b— )Fl —ag(bh(Fl) —‘,—)’](F]))Fz.

Proof. Fix ¢ > 0 and let div, denote the divergence operator on the Riemannian manifold (S, g.) with respect to the
corresponding Riemannian volume form. Since (E1, E2 ¢) is an orthonormal frame for 7(S \ I'(S)), we have
Agls\r(s) = E% + E%yg + (dive EV)Ey + (dive E2 ) E . (2.9)

Let (v1, v2,¢) denote the dual to the orthonormal frame (E1, E» ¢). Proceeding, for instance, in the same way as in [6,
Proof of Proposition 11], we show that, for any vector field X on S\ I'(S),

dive X = v ([E1, X1) + 2,6 ([E2e, X]1).
This together with (2.8) and Lemma 2.1 implies that

_ Fi(ae)

de

dive Ey = v2¢([ac F2, F1]) = —v2.e(ac[ Fi, F2]l + Fi(ag)F2) = b

as well as
dive Ez o = vi([F1, ac F21) = vi(ac[F1, F2l 4 Fi(as) F2) = —ag (bh(F1) 4+ n(F1)).
The desired result follows from (2.8) and (2.9). O
Note that A;|s\r(s) in Lemma 2.2 can equivalently be written as

Fi(a?)
2a?

Ag|5\r(s) = Flz +a§F22 + (b— )F] —ag(bh(Fl) +r)(F1))F2.

Using Lemma 2.2 we can prove Theorem 1.1.

Proof of Theorem 1.1. From (1.8) and (2.7), we obtain that

-1

2=(r+l) =& (2.10)
€ € eb? +1

which we use to compute

Fi(as) _ Fi(a) _ ebFi(b)
ac 2a? eb?+1"

It follows that
Fi(ae)

g

<e|bFi(b)]. .11

as2 <e aswellas ’
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Since u € C2(M) by assumption, both b: S\ T'(S) — Rand Fi(b): S\T'(S) — R are continuous and therefore bounded
on compact subsets of S\ I'(S). In a similar way, we argue that the function by = —bh(F1) — n(F1) is bounded on
compact subsets of S \ I'(S). Due to (2.11), this implies that, uniformly on compact subsets of S \ I"(S),

F
lima?=0, lim (@)
e—0 e—0 ag

=0 and  lima 2(bh(F1) + n(F1)) = 2.12)

Let f € C2(S\T'(S)). We then have F; f, F» f € CH(S\T'(S)) and F{ f, F3 f € C2(S\ T'(S)). Since the expression (1.9)
for Ag can be rewritten as

Ao:F12+bF1

and since the convergence in (2.12) is uniformly on compact subsets of S \ I'(S), we deduce from Lemma 2.2 that

. . 2.2 Fi(ae)
lim [[Ae f — Ao flloo,s\r(s) = lim|la; F5 f — ——F1f —a (bh(Fl) +n(F))Ff =0,
e—0 e—0 ag 00,S\I"(S)
that is, the functions A, f indeed converge uniformly on S \ I'(S) to Ao f. O
Observe that while we make use of b, = —b in establishing Theorem 1.1, for b; it only matters that it does not depend

on ¢, which is immediate from (2.4). We use the exact expression for b for completeness and since we expect it to be
important for further investigations.

Using the orthonormal frames (E;, E3 ), we easily derive the express1on given in Proposition 1.2 for the intrinsic
Gaussian curvature K of the surface S in terms of the vector field X s and the function b. Unlike the reasoning presented
in [5], which further exploits intrinsic symmetries of the Heisenberg group H, our derivation does not rely on the cancel-
lation of divergent quantities and holds for surfaces in any three-dimensional contact sub-Riemannian manifold, cf. [5,
Remark 5.3].

Proof of Proposition 1.2. From Lemma 2.1 and due to (2.4) as well as (2.8), we have

Fi(a;)
[E1, Ercl=[F1,a: 2] =a.[F1, 2]+ Fi(ag) > =agb Ey + (—b + ) Eae.

dg

According to the classical formula for the Gaussian curvature of a surface in terms of an orthonormal frame, see e.g. [3,
Proposition 4.40], the Gaussian curvature K, of the Riemannian manifold (S, g.) is given by

F F
K. = ( bt 1(““")) e Falashy) — (acby)? — ( bt 1(“8)) 2.13)
A dg
We deduce from (2.10) that
1 5 e2bF,(b)

aehala) =5 Polad) =~y
as well as

(@) __p (bR __eRi(G0F (k) 262b%(Fy (b))*

e )7 eb? +1 eb? +1 (eb24+1)2 °

which, in addition to (2.11), implies

|ac F>(as)| < e*|bFa(b)| and ‘F(%) <&|Fi(bF1 ()| + 26707 (F1 (1)),

By passing to the limit & — 0 in (2.13), the desired expression follows. (|

Notice that, by construction, the function b and the intrinsic Gaussian curvature K are related by the Riccati-like
equation

b+b>+Ky=0,

with the notation b = X s(b).
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3. Canonical stochastic process on the embedded surface

We study the stochastic process with generator %AO on S\ I'(S). After analysing the behaviour of the drift of the process
around non-degenerate characteristic points, we prove Theorem 1.3 and Proposition 1.4.

By construction, the process with generator %Ao moves along the characteristic foliation of S, that is, along the integral
curves of the vector field X, s on S\ I'(S) defined in (1.7). Around a fixed non-degenerate characteristic point x € I'(S),
the behaviour of the canonical stochastic process is determined by how b: S\ I'(S) — R given in (1.8) depends on the arc
length along integral curves emanating from x. Since the vector fields X1, X» and the Reeb vector field X are linearly
independent everywhere, the function Xou: S — R does not vanish near characteristic points. In particular, we may and
do choose the function u € CZ(M) defining the surface S such that Xou = 1 in a neighbourhood of x.

Understanding the expression for the horizontal Hessian Hess « in (1.6) as a matrix representation in the dual frame of
(X1, X2), and noting that the linear transformation J: D — D defined in (2.5) has the matrix representation

0 -1
I = (1 0 ) ’
we see that

(Hessu)J = (Xleu —X1X1u>

XoXou —XoXu

The dynamics around the characteristic point x € I'(S) is uniquely determined by the eigenvalues A; and A of
((Hessu)(x))J. Since x € I'(S) is non-degenerate by assumption both eigenvalues are non-zero, and due to Xou = 1
in a neighbourhood of x, we further have

A1+ A =Tr(((Hessu)(x))J) = (X1 Xou) (x) — (X2 X 1u)(x) = (Xou)(x) = 1. (3.1

Thus, one of the following three cases occurs, where we use the terminology from [25, Section 4.4] to distinguish between
them. In the first case, where the eigenvalues A1 and A, are complex conjugate, the characteristic point x is of focus type
and the integral curves of X s spiral towards the point x. In the second case, where both eigenvalues are real and of positive
sign, we call x € I'(S) of node type, and all integral curves of Xs approaching x do so tangentially to the eigendirection
corresponding to the smaller eigenvalue, with the exception of the separatrices of the larger eigenvalue. In the third case
with the characteristic point x being of saddle type, the two eigenvalues are real but of opposite sign, and the only integral
curves of X s approaching x are the separatrices.

Note that an elliptic characteristic point is of focus type or of node type, whereas a hyperbolic characteristic point
is of saddle type. Depending on which of theses cases arises, we can determine how the function b depends on the
arc length along integral curves of X s emanating from x. The choice of the function u € C>(M) such that Xou = 1
in a neighbourhood of x fixes the sign of the vector field Xs. In particular, an integral curve y of X which extends
continuously to y (0) = x might be defined either on the interval [0, §) or on (—4§, 0] for some § > 0. As the derivation
presented below works irrespective of the sign of the parameter of y, we combine the two cases by writing y: Is — S
for integral curves of X s extended continuously to y (0) = x.

The expansion around a characteristic point of focus type is a result of the fact that the real parts of complex conjugate
eigenvalues satisfying (3.1) equal %

Lemma 3.1. Let x € I'(S) be a non-degenerate characteristic point and suppose that u € C*>(M) is chosen such that
Xou =1 in a neighbourhood of x. For § > 0, let y : Is — S be an integral curve of the vector field X s extended continu-
ously to y (0) = x. If the eigenvalues of (Hessu)(x))J are complex conjugate then, as s — 0,

2
b(y() =<+ 0.

Proof. Since Xou =1 in a neighbourhood of x, we may suppose that § > 0 is chosen small enough such that, for
s € 15\ {0},

1
VX ) (r ())? + (Xau) (v ()2

b(y(s)) =
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A direct computation shows

0 _ ~ _ ~ ~

2 ) ™) =Rsblr ) ™) = (Hess () (U (Rs(y ). Ks(r()).
By the Hartman—Grobman theorem, it follows that, for s — 0,

%(b(ym)‘l) = ((Hessu)(0)) (4 (Xs5(r(5))), X5(r(5))) + O(s).

As complex conjugate eigenvalues of ((Hessu)(x))J have real part equal to % and due to X s being a unit-length vector
field, the previous expression simplifies to

1

i(b(y(s))‘l) ==+ 0(). (3.2)
as 2

Since (X1u)(x) = (Xou)(x) = 0 at the characteristic point x, we further have

li =0. 3.3

20 b(y (5)) G-
A Taylor expansion together with (3.2) and (3.3) then implies that, as s — 0,

1 s
==+ 0(s%),

b(y(s)) 2 )

which yields, for s — 0,
2 -1 2

b(y(s)) = ;(1 +0(s)) = B +0(),

as claimed. (]

The expansion of the function b around characteristic points of node type or of saddle type depends on along which
integral curve of Xg we are expanding. By the discussions preceding Lemma 3.1, all possible behaviours are covered by
the next result.

Lemma 3.2. Fix a non-degenerate characteristic point x € I'(S). For § > 0, let y: Is — S be an integral curve of
the vector field 5(\5 which extends continuously to y(0) = x. Assume u € C2(M) is chosen such that Xou =1 in a
neighbourhood of x and suppose ((Hessu)(x))J has real eigenvalues. If the curve y approaches x tangentially to the
eigendirection corresponding to the eigenvalue A;, for i € {1,2}, then, as s — 0,

1
b(y(s)) = s +0().

Proof. As in the proof of Lemma 3.1, we obtain, for § > 0 small enough and s € I5 \ {0},

Xs(b(y() ") = (Hessu) (v ())) ( (Xs(¥ (), Xs(r(5)))-

Since y is an integral curve of the vector field X s, we deduce that

0 1
ds b(v(s) = H J ! k ! .

(o ) = s GO 0). Y 0)
By Taylor expansion, this together with (3.3) yields, for s — 0,

1
b(y(s))

By assumption, the vector y’'(0) € T S is a unit-length eigenvector of ((Hessu)(x))J corresponding to the eigenvalue A;,
which has to be non-zero because x is a non-degenerate characteristic point. It follows that

(Hessu)(x))(J (¥’ (0)), ¥'(0)) = A; #0,

= (Hessu)(0))(J (¥ (), ' (0))s + O(s?).
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which implies, for s — 0,

| IR
b(y(s)) = m(l +0@s) ' = oM,

as required. ]

Remark 3.3. We stress Lemma 3.2 does not contradict the positivity of the function b near the point x ensured by the
choice of u € C>(M) such that Xou = 1 in neighbourhood of x. The derived expansion for » simply implies that on
the separatrices corresponding to the negative eigenvalue of a hyperbolic characteristic point, the vector field X g points

towards the characteristic point for that choice of u, that is, we have s € (—§, 0). At the same time, we notice that
2 ]

—— 4+ b(y(s))—

ds2 (y( )) s

remains invariant under a change from s to —s. Therefore, in our analysis of the one-dimensional diffusion processes
induced on integral curves of X g, we may again assume that the integral curves are parameterised by a positive parameter.

With the classification of singular points for stochastic differential equations given by Cherny and Engelbert in [15,
Section 2.3], the previous two lemmas provide what is needed to prove Theorem 1.3 and Proposition 1.4. One additional
crucial observation is that for a characteristic point of node type both eigenvalues of ((Hessu)(x))J are positive and less
than one, whereas for a characteristic point of saddle type, the positive eigenvalue is greater than one.

Proof of Theorem 1.3. Fix an elliptic characteristic point x € I'(S). For § > 0, let y : [0, 8] — S be an integral curve of
the vector field X g extended continuously to x = limg o ¥ (s). Following Cherny and Engelbert [15, Section 2.3], since
the one-dimensional diffusion process on y induced by %Ao has unit diffusivity and drift equal to %b, we set

5
p(t) = exp(/ b(y(s)) ds) for t € (0, 8]. (3.4)
t

If the characteristic point x is of node type the real positive eigenvalues A1 and A, of ((Hessu)(x))J satisfy 0 < A1, A2 < 1
by (3.1). As x is of focus type or of node type by assumption, Lemma 3.1 and Lemma 3.2 establish the existence of some
A €R with0 <A < 1 such that,as s | 0,

1
b(y(s)) =% + O0(1).

We deduce, for § > 0 sufficiently small,

1) = 8101d—11808t—5%108t
= [/ (1 +om)as) =ew(Fm(2) = 06 -) = (%) 1+ 000

Due to % > 1, this implies that

)
/ p(t)dt = oco.
0

According to [15, Theorem 2.16 and Theorem 2.17], it follows that the elliptic characteristic point x is an inaccessible
boundary point for the one-dimensional diffusion processes induced on the integral curves of X g emanating from x. Since
x € I'(S) was an arbitrary elliptic characteristic point, the claimed result follows. U

Proof of Proposition 1.4. We consider the stochastic process with generator %Ao on S\ I'(S) near a hyperbolic point
x € T'(S). Let y be one of the four separatrices of x parameterised by arc length s > 0 and such that y (0) = x. Let A| be
the positive eigenvalue and A, be the negative eigenvalue of ((Hessu)(x))J. From the trace property (3.1), we see that
A1 > 1. By Lemma 3.2 and Remark 3.3, we have, fori € {1,2} and as s | 0,

1
b(y(s)) = s +0().
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As in the previous proof, for § > 0 sufficiently small and p: (0, ] — R defined by (3.4), we have

5\ i
M0=<;>(1+Ow—n)

Howeyver, this time, due to % < 1fori €{1, 2}, we obtain
1

B
/ p(t)dt < oo.
0

Using % > (, we further compute that, on the separatrices corresponding to the positive eigenvalue,

1

5141 5
/ 71+2|b(y(t))|dt=f (14 00)d <o
0 p(t) 0 25,8

and

)
/|mmmm:w
)

On the separatrices corresponding to the negative eigenvalue, we have, due to A]_z <0,

1

51+ Lb(y ()] 5 47T
A le—/ 1 (1+0(f))dt—00

0 22,872
as well as
1
! AR 1L
o(t)=/ p(s)ds = 1" (1+ 0()),
0 A —1
which yields

/®1+%wwum
0

b
p(t) O'(f)dt =/(; m(l + O(I))dt < OQ.

Hence, as a consequence of the criterions [15, Theorem 2.12 and Theorem 2.13], the hyperbolic characteristic point x
is reached with positive probability by the one-dimensional diffusion processes induced on the separatrices. Thus, the
canonical stochastic process started on the separatrices is killed in finite time with positive probability. (]

4. Stochastic processes on quadric surfaces in the Heisenberg group

Let H be the first Heisenberg group, that is, the Lie group obtained by endowing R3 with the group law, expressed in
Cartesian coordinates,

1
(x1, y1,21) * (X2, y2,22) = <X1 +x2,y1+¥y2,21+22+ 5(X1y2 —xz)’1)).

On H, we consider the two left-invariant vector fields

d y d 0] x d
X=——->— and Y=—+-—,
ox 20z ady 20z

and the contact form

1
w=dz — E(xdy—ydx).
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We note that the vector fields X and Y span the contact distribution D corresponding to w, that they are orthonormal with
respect to the smooth fibre inner product g on D given by

8(x.y,z) = dx ® dx +dy ®dy,
and that
dw|p = —dx Ady = —volg.

Therefore, the Heisenberg group H understood as the three-dimensional contact sub-Riemannian manifold (R3, D, g)
falls into our setting, with X| = X, X2 =Y and the Reeb vector field

0
Xo=—=[Xy1, X2].
90z

In Section 4.1 and in Section 4.2, we discuss paraboloids and ellipsoids of revolution admitting one or two characteristic
points, respectively, which are elliptic and of focus type. For these examples, the characteristic foliations can be described
by logarithmic spirals in R? lifted to the paraboloids and spirals between the poles on the ellipsoids, which are loxodromes,
also called rhumb lines, on spheres. The induced stochastic processes are the Bessel process of order 3 for the paraboloids
and Legendre-like processes for the ellipsoids moving along the leaves of the characteristic foliation. In Section 4.3, we
consider hyperbolic paraboloids where, depending on a parameter, the unique characteristic point is either of saddle type
or of node type, and we analyse the induced stochastic processes on the separatrices.

4.1. Paraboloid of revolution

For a € R, let S be the Euclidean paraboloid of revolution given by the equation z = a (x> + y?) for Cartesian coordinates
(x, v, z) in the Heisenberg group H. This corresponds to the surface given by (1.4) with u: R?> — R defined as

u(x,y,z2)=z—a(x>+y%).
We compute

Xou=1, (Xlu)(x,y,z)=—2ax—% and (qu)(x,y,z)z—Zay+§,

which yields

(1 +16a%)(x* + y?). .1

=

(X1u)(x, y,2)) + ((Xaw)(x, y,2))7 =

Thus, the origin of R? is the only characteristic point on the paraboloid S. It is elliptic and of focus type because Xou = 1
and

1
(Hessu)J = ( 2 21a>

—2a b

has eigenvalues % 4 2ai. On S\ I'(S), the vector field X s defined by (1.7) can be expressed as

- 1
Xs=
V(1 +16a%)(x2 + y?)

<(x - 4ay)i +(y +4ax)i +2a(x* + yz)i> “4.2)
0x ay az )’ .

Changing to cylindrical coordinates (r, 6, z) for R3 \ {0} with r > 0, 6 € [0, 27), z € R and using

% 1y2 Has - o .
F— = x— — aswellas —=—y— +x—,
rn 0 Yox oy

the expression (4.2) for the vector field X s simplifies to

e 1 d Jr4a d i ad
=+ — = ar— |.
5 1+ 16a2 \or r 00 9z
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Fig. 1. Characteristic foliation described by logarithmic spirals.

From (4.1), we further obtain that the function b: S\ I'(S) — R defined by (1.8) can be written as

1 2
VI+16a2r

Characteristic foliation.  The characteristic foliation induced on the paraboloid S of revolution by the contact structure
D of the Heisenberg group H is described through the integral curves of the vector field X, cf. Figure 1. Its integral
curves are spirals emanating from the origin which can be indexed by v € [0, 27) and parameterised by s € (0, 0o) as
follows

b(r,0,z)=

2
s s as
= ,4aln + v, —)
(«/1+16a2 («/1+16a2> 1+ 16a?
By construction, the vector field X is a unit vector field with respect to each metric induced on the surface S from
Riemannian approximations of the Heisenberg group. In particular, it follows that the parameter s € (0, co) describes the
arc length along the spirals (4.3).

(4.3)

Remark 4.1. The spirals on S defined by (4.3) are logarithmic spirals in R? lifted to the paraboloid of revolution. In
polar coordinates (r, #) for R?, a logarithmic spiral can be written as

r =0+ for k e R\ {0} and 6y € [0, 27). (4.4)

Therefore, the spirals in (4.3) correspond to lifts of logarithmic spirals (4.4) with k = %. The arc length s € (0, co) of a
logarithmic spiral (4.4) measured from the origin satisfies

1
S = 1+k—2r,

which for k = ﬁ yields s = +/1 + 16a2r. Note that this is the same relation between arc length and radial distance as

obtained for integral curves (4.3) of the vector field X s. For further information on logarithmic spirals, see e.g. Zwikker
[29, Chapter 16].

Using the spirals (4.3) which describe the characteristic foliation on the paraboloid of revolution, we introduce coordinates
(s, ¥) with s > 0, ¥ € [0, 27) on the surface S\ I'(S). The vector field X on S\ I'(S) and the function b: S\I['(S) - R
are then given by

d 2
Xs=— and b(s,¢y)=—.
as s
Thus, the canonical stochastic process induced on S \ I'(S) has generator
1 1oy o, 13 13
— ) =-— 4+ ——.
20s s ds
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This gives rise to a Bessel process of order 3 which out of all the spirals (4.3) describing the characteristic foliation on §
stays on the unique spiral passing through the chosen starting point of the induced stochastic process. In agreement with
Theorem 1.3, the origin is indeed inaccessible for this stochastic process because a Bessel process of order 3 with positive
starting point remains positive almost surely. It arises as the radial component of a three-dimensional Brownian motion,
and it is equal in law to a one-dimensional Brownian motion started on the positive real line and conditioned to never hit
the origin. We further observe that the operator Ag coincides with the radial part of the Laplace—Beltrami operator for a
quadratic cone, cf. [9,10] for « = —2, where the self-adjointness of Ay is also studied.

As the limiting operator Ay does not depend on the parameter a € R, the behaviour described above is also what we
encounter on the plane {z = 0} in the Heisenberg group H, where the spirals (4.3) degenerate into rays emanating from
the origin. We note that the stochastic process induced by %AO on the rays differs from the singular diffusion introduced
by Walsh [28] on the same type of structure, but that it falls into the setting of Chen and Fukushima [14].

4.2. Ellipsoid of revolution

For a, ¢ € R positive, we study the Euclidean spheroid, also called ellipsoid of revolution, in the Heisenberg group H
given by the equation

2 y2 Z2

— 4 ——=1
a?  a?  a’c?

in Cartesian coordinates (x, y, z). To shorten the subsequent expressions, we choose u: R? — R defining the Euclidean
spheroid S through (1.4) to be given by

2
Z
u(x,y,z):x2+y2+c—2—a2.

Proceeding as in the previous example, we first obtain

2z
(Xou)(x,y,2) = )
as well as

Z XZ
(Xlu)(x,y,z)=2x—i—2 and (Xou)(x,y,2) =2y + .

which yields

2
2 2 Z
(X1 (x, y,2))" + (Xouw)(x, y,2))" = (x* +?) <4 + C—4>. (4.5)
This implies the north pole (0,0, ac) and the south pole (0,0, —ac) are the only two characteristic points on the
spheroid S. We further compute that
(X2 X1 — (X1u) X2 = ( 2y + = Y P — = (*+ 2)i (4.6)
2) X1 Xa =2y + 5 )= 7 )9y )z .

Using adapted spheroidal coordinates (6, ¢) for S \ I'(S) with 8 € (0, ) and ¢ € [0, 2), which are related to the
coordinates (x, y, z) by

x =asin(0) cos(p), y =asin(f) sin(g), z=uaccos(d),

we have

asin() 9 xz 0 yz o
c 90  c2ax 2oy

— ()c2+yz)aa—Z and %:—y—+x—.

It follows that (4.6) on the surface S \ I'(S) simplifies to
in(@) 0 d
asin(9) )

Xou)X1 — (X1u)X2 = 2
(Xou) X1 — (X1u)Xo 29 P
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whereas (4.5) on S \ I'(S) rewrites as

2 0 2
(X106, 9)* + ((Xau)©. 9))* = az(si“(e))z(“ + (Cisz( : )

This shows that the vector field X, son S\ I'(S) defined by (1.7) is given as

X = ! (i —— i). 4.7
Vac? 4 a2(cos(9))2 \ 90 asin(f) d¢
For the function b: S\ I'(S) — R defined by (1.8), we further obtain that
2cot(9)

b, ) = . 4.8
©.%) VAc? + a2(cos(H))? *5)

As in the preceding example, in order to understand the canonical stochastic process induced by the operator 5 L Ao defined
through (1.9), we need to express the vector field X and the function b in terms of the arc length along the integral
curves of X§. Since both Xg and b are invariant under rotations along the azimuthal angle ¢, this amounts to changing
coordinates on the spheroid S from (6, ¢) to (s, ¢) where s = s(0) is uniquely defined by requiring that

J 1 ( 0 2¢ 0

— = — —) and s(0) =
a0  asin(0) dp

9 /4c? + a2(cos(6))?

This corresponds to
o 1
ds /42 + a2 (cos(0))?

(4.9)

which together with s(0) = 0 yields

0 0
s(0) = / \/402 + Clz(COS(‘E))zd‘L’ = / \/(4c2 +a?) — az(sin(t))2 dr for6 e (0, m).
0 0

Hence, the arc length s along the integral curves of X s is given in terms of the polar angle 6 as a multiple of an elliptic
integral of the second kind. Consequently, the question if 6 can be expressed explicitly in terms of s is open. However,
for our analysis, it is sufficient that the map 6 > s(0) is invertible and that (4.8) as well as (4.9) then imply

deo
b(s, @)= 2cot(9(s))a

Therefore, using the coordinates (s, ¢), the operator %Ao on S\ I'(S) can be expressed as

1 1 92 9
—Ag=

+ t(e())dg
2 2952 T\ e

which depends on the constants a, ¢ € R through (4.9). Without the Jacobian factor appearmg in the drift term, the

canonical stochastic process induced by the operator jAo and moving along the leaves of the characteristic foliation
would be a Legendre process, that is, a Brownian motion started inside an 1nterval and conditioned not to hit either end-
point of the interval. The reason for the appearance of the additional factor ¢ d is that the integral curves of X connecting
the two characteristic points are spirals and not just great circles. For some further discussions on the characteristic
foliation of the spheroid, see the subsequent Remark 4.3.

The emergence of an operator which is almost the generator of a Legendre process moving along the leaves of the
characteristic foliation motivates the search for a surface in a three-dimensional contact sub-Riemannian manifold where
we do exhibit a Legendre process moving along the leaves of the characteristic foliation induced by the contact structure.
This is achieved in Section 5.1.

Remark 4.2. The northern hemisphere of the spheroid could equally be defined by the function

”(xay,Z)=Z—c\/m_
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Fig. 2. Characteristic foliation on spheres described by loxodromes.

With this choice we have Xou = 1. We further obtain

1 [4
a

((Hessu)(0,0, ac))J = <? y )

< 4
a

2

whose eigenvalues are % + £i. A similar computation on the southern hemisphere implies that both characteristic points

are elliptic and of focus type. Thus, by Theorem 1.3, the stochastic process with generator %Ao hits neither the north pole
nor the south pole, and it induces a one-dimensional process on the unique leaf of the characteristic foliation picked out
by the starting point.

Remark 4.3. With respect to the Euclidean metric (-, -) on R3, we have for the adapted spheroidal coordinates (6, ¢) of
S\ I'(S) as above that

<8 i>=az(cos(9))2+azc2(sin(9))2 and <i

0 .
Ty —> =a2(sm(9))2.

g’ ¢
It follows that the angle o formed by the vector field Xs given in (4.7) and the azimuthal direction satisfies

2c
- Va2(cos(0))? + a2 (sin(9))? + 4c2

cos(a(8, ¢)) =

Notably, on spheres, that is, if ¢ = 1, the angle « is constant everywhere. Hence, the integral curves of X s considered
as Euclidean curves on an Euclidean sphere are loxodromes, cf. Figure 2, which are also called rhumb lines. They are
related to logarithmic spirals through stereographic projection. Loxodromes arise in navigation by following a path with
constant bearing measured with respect to the north pole or the south pole, see Carlton-Wippern [13].

4.3. Hyperbolic paraboloid

For a € R positive and such that a # %, we consider the Euclidean hyperbolic paraboloid S in the Heisenberg group H
given by (1.4) with u: R? — R defined as

u(-x’yaz)zz_axy7

for Cartesian coordinates (x, y, 7). We compute

Xou=1, (Xu)(x,y,2)=—ay— % aswellas  (Xou)(x, y,2) = —ax + g (4.10)
and further that
1
>—da 0
(Hessu)J = (2 0 %+a)‘ 4.11)
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Due to

1 2 1 2
(X1 (x, y,2))” + ((Xaw)(x, y,2))* = (5 —a) x?+ (5 +a> y2

the hyperbolic paraboloid S has the origin of R? as its unique characteristic point. By (4.11), this characteristic point
is elliptic and of node type if 0 < a < %, and hyperbolic and therefore of saddle type if a > % The reason for having

excluded the case a = % right from the beginning is that it gives rise to a line of degenerate characteristic points.

We note that the x-axis and the y-axis lie in the hyperbolic paraboloid S. From (4.10), we see that the positive and
negative x-axis as well as the positive and negative y-axis are integral curves of the vector field X son S\ T(S). In the
following, we restrict our attention to studying the behaviour of the canonical stochastic process on these integral curves,
which nevertheless nicely illustrates Theorem 1.3 and Proposition 1.4.

We start by analysing the one-dimensional diffusion process induced on the positive y-axis yy+, which by symmetry is

equal in law to the process induced on the negative y-axis. For all positive a € R with a # % we have
e a
sl = '’

implying that the arc length s > 0 along y;r is given by s = y. This yields, for all s > 0,

1

b(yF(s) = —.
(Vy ) (%+a)s

Thus, the one-dimensional diffusion process on y;‘ induced by %Ao has generator

1 9? 1 ]
__+7_7
2052 (142a)s ds

which gives rise to a Bessel process of order 1 + ﬁ If started at a point with positive value this diffusion process stays
positive for all times almost surely if 1 + H% > 2 whereas it hits the origin with positive probability if 1 + H% < 2.

This is consistent with Theorem 1.3 and Proposition 1.4 because for a > % the positive y-axis is a separatrix for the
hyperbolic characteristic point at the origin and

2 1 2 1
2<1l14+—— if0<a<-=- aswellas 2>1+—— ifa>—.
14 2a 2 14+ 2a 2

Some more care is needed when studying the diffusion process induced on the positive x-axis y". As before, this process
is equal in law to the process induced on the negative x-axis. We obtain

d : 1
-~ == if0<a< 5,
XS|),X+: Bxa if 1 2
~3x 1 a>§
as well as, for x > 0,
1 if0<a<%,

1
b(x,0,0) = § G~

- (%—a)x

. 1
ifa > 5

It follows that the one-dimensional diffusion process on y induced by %Ao has generator

1 92 1 3

s T T o

2 0x (1 —2a)x 0x
This yields a Bessel process of order 1 + ﬁ In agreement with Theorem 1.3 and Proposition 1.4, if started at a point
with positive value this process never reaches the origin if 0 < a < % which ensures 1 + ﬁ > 3, whereas the process

reaches the origin with positive probability if a > % as this corresponds to 1 + ﬁ < 1.
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5. Stochastic processes on canonical surfaces in SU(2) and SL(2, R)

In Section 4.1, we establish that for a paraboloid of revolution embedded in the Heisenberg group H, the operator %Ao
induces a Bessel process of order 3 moving along the leaves of the characteristic foliation, which is described by lifts of
logarithmic spirals emanating from the origin. As discussed in Revuz and Yor [24, Chapter VIII.3], the Legendre processes
and the hyperbolic Bessel processes arise from the same type of Girsanov transformation as the Bessel process, where
these three cases only differ by the sign of a parameter. We further recall that in Section 4.2 we encounter a canonical
stochastic process which is almost a Legendre process moving along the leaves of the characteristic foliation induced on a
spheroid in the Heisenberg group H. This motivates the search for surfaces in three-dimensional contact sub-Riemannian
manifolds where the canonical stochastic process is a Legendre process of order 3 or a hyperbolic Bessel process of order
3 moving along the leaves of the characteristic foliation.

We consider surfaces in the Lie groups SU(2) and SL(2, R) endowed with standard sub-Riemannian structures. To-
gether with the Heisenberg group, these sub-Riemannian geometries play the role of model spaces for three-dimensional
contact sub-Riemannian manifolds. In the first two subsections, we find, by explicit computations, the canonical stochas-
tic processes induced on certain surfaces in these groups, when expressed in convenient coordinates. The last subsection
proposes a unified geometric description, justifying the choice of our surfaces.

5.1. Special unitary group SU(2)

One obstruction to recovering Legendre processes moving along the characteristic foliation in Section 4.2 is that the

characteristic foliation of a spheroid in the Heisenberg group is described by spirals connecting the north pole and the

south pole instead of great circles. This is the reason for considering S? as a surface embedded in SU(2) ~ §3 understood

as a contact sub-Riemannian manifold because this gives rise to a characteristic foliation on S? described by great circles.
The special unitary group SU(2) is the Lie group of 2 x 2 unitary matrices of determinant 1, that is,

SUQ) = {(_Z)::_w;i ;j;j}i) : x,y,z,weRwithxz—i—yz—i—zz—i—wz: 1},

with the group operation being given by matrix multiplication. Using the Pauli matrices

0 1 0 —i 1 O
01:(1 O)’ 02:<i O) and 03:<0 _1),

we identify SU(2) with the unit quaternions, and hence also with 3, via the map

z+wi  y+xi . . .
(—y Txi oz wi) = zIr 4 x101 4 yiop + wios.
The Lie algebra su(2) of SU(2) is the algebra formed by the 2 x 2 skew-Hermitian matrices with trace zero. A basis for
su(2) is {‘%‘, %, ‘%} and the corresponding left-invariant vector fields on the Lie group SU(2) are

s (0 00
=——x—4+z——w—+y— ),
P\ T T T Yy T aw

which satisfy the commutation relations [U;, Uz] = —Us, [Ua, U3] = —U; and [U3, U] = —U,. Thus, any two of these
three left-invariant vector fields give rise to a sub-Riemannian structure on SU(2). To streamline the subsequent compu-
tations, we choose k € R with k > 0 and equip SU(2) with the sub-Riemannian structure obtained by setting X| = 2kUj,
X5 =2kU, and by requiring (X1, X») to be an orthonormal frame for the distribution D spanned by the vector fields X
and X»;. The appropriately normalised contact form w for the contact distribution D is

1
w= Z—ICZ(wdz+ydx—xdy—zdw)
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and the associated Reeb vector field X satisfies

2 2 el d 0 0
0z ax dy ow

In SU(2), we consider the surface S given by the function u: SU(2) — R defined by
ulx,y,z,w)=uw.

The surface S is isomorphic to S? because

SZ{(—yz-l-xi yt“):x,y,zeRWithxz—i—yz—l-zz:l}.

We compute
Xou)(x,y,z,w) = —2kzz, Xu)(x,y,z,w)=ky and (Xou)(x,y,z, w)=—kx,

which yields
(X1u)(x,y,z, w))2 + ((X2u)(x, y, z, w))2 =k*(x2 +y?).

Due to x? + y? +z% = 1, it follows that a point on S is characteristic if and only if z = =%1. Thus, the characteristic points
on § are the north pole (0, 0, 1) and the south pole (0, 0, —1). The vector field Xg on S\ T'(S) defined by (1.7) is given
as

~

k
Xg=—=—=
g \/x2+y2<

and for the function b: S\ I'(§) — R defined by (1.8), we obtain

0 0 a
2., .2
+y)— —xz— —yz— |, 5.1
(x y)az Xz yzay> (5.1

2kz
Nl

We now change coordinates for S \ I'(S) from (x, y, z) with X2+ y2 +z72=1andz # +1to (0, ¢) with 6 € (0, %) and
¢ €0, 2m) by

b(x,y,2)=— 5.2)

x =sin(kf) cos(p), y=sin(k@)sin(p) and z=cos(kO).

‘We note that
9 0 . i . 0
— =kcos(kf) cos(p) — + k cos(k) sin(p) — — ksin(kf) —
00 0x dy 9z
as well as

xz =sin(kf) cos(k@) cos(¢), vz =sin(kf)cos(kf)sin(p) and /x2+ y? =sin(k0).

This together with (5.1) and (5.2) implies that
0
Xs= ~39 and b(9, ¢) = —2kcot(k6).

We deduce that the integral curves of X are great circles on S and that

lA L +k t(k@)8
“ANo==-— co —,
2707 2902 26
which indeed, on each great circle, induces a Legendre process of order 3 on the interval (0, 7). These processes first
appeared in Knight [23] as so-called taboo processes and are obtained by conditioning Brownian motion started inside the
interval (0, %) to never hit either of the two boundary points, see Bougerol and Defosseux [12, Section 5.1]. As discussed
in Itd and McKean [21, Section 7.15], they also arise as the latitude of a Brownian motion on the three-dimensional sphere
of radius 1.

k
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5.2. Special linear group SL(2, R)

The appearance of the Bessel process on the plane {z = 0} in the Heisenberg group H and of the Legendre processes
on a compactified plane in SU(2) understood as a contact sub-Riemannian manifold suggests that the hyperbolic Bessel
processes arise on planes in the special linear group SL(2, R) equipped with a sub-Riemannian structure. This is indeed
the case if we consider the standard sub-Riemannian structures on SL(2,R) where the flow of the Reeb vector field
preserves the distribution and the fibre inner product.

The special linear group SL(2, R) of degree two over the field R is the Lie group of 2 x 2 matrices with determinant
1, that is,

SL(2,R)={<)ZC Z)):x,y,z,weRwithxw—yz:l},

where the group operation is taken to be matrix multiplication. The Lie algebra s[(2, R) of SL(2, R) is the algebra of
traceless 2 x 2 real matrices. A basis of s[(2, R) is formed by the three matrices

11 0 Loy oo 1/0 1
P=35\o -1) 9=3\1 o J=3\=1 o)

whose corresponding left-invariant vector fields on SL(2, R) are

ML 9
=—|lx——y—+z——w—),
2\ ox yay Zaz ow
DLV N
=—|ly—+x—+w—+z—),
2\ax Ty T T hw

% 1 0 n d 0 n 0
=—l-y—+xr——w—+z2—).
2\ 7 T T Y T
These vector fields satisfy the commutation relations [X, Y] =K, [X, K] =Y and [Y, K] = —X. For k € R with k > 0,
we equip SL(2, R) with the sub-Riemannian structure obtain by considering the distribution D spanned by X| = 2kX

and X, = 2kY as well as the fibre inner product uniquely given by requiring (X1, X2) to be a global orthonormal frame.
The appropriately normalised contact form corresponding to this choice is

1
w= m(zdx—l—wdy—xdz—ydw),

and the Reeb vector field X associated with the contact form w satisfies

d d 0 0
0x dy 0z Jw

The plane in SL(2, R) passing tangentially to the contact distribution through the identity element is the surface S given
as (1.4) by the function u: SL(2, R) — R defined by

ux,y,z,w)=y—z.

Observe that, on S, we have the relation xw = 1 + y2 > 1. Therefore, if a point (x, y, z, w) lies on the surface S then
so does the point (—x, y, z, —w), and neither x nor w can vanish on S. Thus, the function u: SL(2, R) — R induces a
surface consisting of two sheets. By symmetry, we restrict our attention to the sheet containing the 2 x 2 identity matrix,
henceforth referred to as the upper sheet. We compute

Xiuw)(x,y,z,w)=—k(y+2z) and (Xou)(x,y,z,w)=k(x —w),
as well as

(Xou)(x, y, 2, w) = 2k (x + w).
We note that

(X1 (x, y, 2, w))2 + ((Xauw)(x, y, z, w))2 =k (y +2)* + K2 (x — w)?
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vanishes on S if and only if y =z = 0 and x = w. From xw = 1 + y?, it follows that the surface S admits the two charac-
teristic points (1,0, 0, 1) and (—1, 0, 0, —1), that is, one unique characteristic point on each sheet. Following Rogers and
Williams [26, Section V.36], we choose coordinates (7, 8) with r > 0 and 6 € [0, 27) on the upper sheet of S\ I'(S) such
that

x = cosh(kr) + sinh(kr)cos(@), w = cosh(kr) — sinh(kr)cos(f), and y = sinh(kr)sin(d).
On the upper sheet of S\ I'(S), we obtain
(Xqu)(r,0) = —2ksinh(kr)sin(@) and (Xpu)(r,0) = 2k sinh(kr) cos(9),

which yields

\/((Xlu)(r, 0))” + ((Xau)(r, 0))* = 2k sinh(kr),
as well as
(Xou)(r,0) = 4k* cosh(kr).

A direct computation shows that on the upper sheet of S\ I'(S), we have
= 0
Xs= 3 and b(r,0) = 2k coth(kr),
r

which implies that

1 19? 3

EAO =332 + kcoth(kr)g.
Hence, we recover all hyperbolic Bessel processes of order 3 as the canonical stochastic processes moving along the leaves
of the characteristic foliation of the upper sheet of S\ I'(S), and similarly on its lower sheet. For further discussions on
hyperbolic Bessel processes, see Borodin [8], Gruet [20], Jakubowski and Wisniewolski [22], and Revuz and Yor [24,
Exercise 3.19]. As for the Bessel process of order 3 and the Legendre processes of order 3, the hyperbolic Bessel processes
of order 3 can be defined as the radial component of Brownian motion on three-dimensional hyperbolic spaces.

5.3. A unified viewpoint

The surfaces considered in the last two examples together with the plane {z = 0} in the Heisenberg group are particular
cases of the following construction.

Let G be a three-dimensional Lie group endowed with a contact sub-Riemannian structure whose distribution D is
spanned by two left-invariant vector fields X; and X, which are orthonormal for the fibre inner product g defined on D.
Assume that the commutation relations between X1, X, and the Reeb vector field X are given by, for some « € R,

[X1, X2] = Xo, [Xo0, X1] =« X3, [Xo, X2] = —«X.

Under these assumptions the flow of the Reeb vector field X preserves not only the distribution, namely eka" D =D,
but also the fibre inner product g. The examples presented in Section 4.1 and in Sections 5.1 and 5.2 satisfy the above
commutation relations with ¥ = 0 in the Heisenberg group, and for a parameter k > 0, with x = 4k? in SU(2) and
k = —4k? in SL(2, R). These are the three classes of model spaces for three-dimensional sub-Riemannian structures on
Lie groups with respect to local sub-Riemannian isometries, see for instance [3, Chapter 17] and [2] for more details.

In each of the examples concerned, the surface S that we consider can be parameterised as

S ={exp(x; X1 +x2X2) : x1,x2 € R}
= {exp(r cosOX| +rsinfX):r=>0,60 €0, 271)}.

Observe that the surface S is automatically smooth, connected, and contains the origin of the group. Under these as-
sumptions, the sub-Riemannian structure is of type d & s in the sense of [3, Section 7.7.1], and for 6 fixed, the curve
r > exp(rcosf X1 +rsinf Xy) is a geodesic parameterised by length. Hence, » > 0 is the arc length parameter along the
corresponding trajectory. It follows that the surface S is ruled by geodesics, each of them having vertical component of
the initial covector equal to zero. We refer to [3, Chapter 7] for more details on explicit expressions for sub-Riemannian
geodesics in these cases, see also [11].
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