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Abstract: We have analyzed the distribution of early-type galaxies (ETGs) in the effective surface
intensity vs. effective radius (Ie − Re) plane and in the total luminosity vs. central stellar velocity
dispersion (L− σ) diagram, with the aim of studying the physical variables that allow the transforma-
tion of one space-parameter into the other. We find that the classical Faber–Jackson relation L = L0σα,
in which the parameters L0 and α are confined in a small range of possible values, is incompatible
with the distribution observed in the Ie − Re plane. The two distributions become mutually consistent
only if luminosity is not considered a pure proxy of mass but a variable tightly dependent on the past
history of mass assembling and star formation and on the present evolutionary state of the stellar
content of a galaxy. The solution comes by considering the L = L′0σβ law proposed by D’Onofrio
et al. in 2020, in which both L′0 and β can vary considerably from galaxy to galaxy. We will also show
that the data of the Illustris numerical simulation prove the physical foundation of the L = L′0σβ law
and confirm the prediction of the Zone of Exclusion (ZoE) originating from the intersection of the
virial law with the L = L′0σβ relation. The ZoE is the region in the Ie − Re and Re −Ms diagrams
avoided by real galaxies, and the border of which marks the condition of ‘full’ virial equilibrium with
no recent significant merger events and no undergoing star formation.

Keywords: galaxies; general–galaxies; elliptical and lenticular; cD–galaxies; evolution–galaxies;
fundamental parameters–galaxies; structure–galaxies; clusters; general

1. Introduction

The scaling relations (SRs) are the chief tool at our disposal to decipher the physical
properties of galaxies and their past history of formation and evolution. They are often
represented by mathematical expressions that are fit of observed distributions in a parame-
ters space. The most famous SRs generally involve the structural parameters of galaxies,
such as the effective radius (Re, enclosing half the total luminosity), the mean effective
surface intensity (< Ie >)1 inside Re, the central velocity dispersion of stars (σ0), and the
total luminosity in a given pass-band ∆λ (L∆λ).

Although the body of the SRs is widely used, there are still points of uncertainty and
even mutual contradictions that are not fully understood that we try to alleviate in this
study. A typical example is provided by the SRs that involve the total luminosity L as
a parameter (either explicitly or implicitly involved). At variance with mass, luminosity
is a parameter that brings in the statistical correlations an intrinsic “degeneracy”, being
closely related with Ie and Re in the relation L = 2π IeR2

e . This implies that a big number of
combinations of Ie and Re might belong to objects with the same luminosity. In addition,
luminosity might increase/decrease for different reasons related to the star formation
activity and/or the mass accumulation/stripping during merger events and the passive
stellar evolution. This makes L a parameter that is not a simple proxy of mass but conceals
the non-linear history of a galaxy growth. Consequently, in some SRs, luminosity enters
simply as a proxy of mass, while in others, it displays its full physical background.

The most famous example is that of the “tilt” of the Fundamental Plane (FP), i.e.,
the planar distribution of ETGs observed in the log(σ)− log(Ie)− log(Re) space [1,2]. In
that problem the use of the total luminosity instead of the total mass determines the well
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known ‘tilt’ of the plane with respect to the virial prediction. It is widely known that
such a correlation contains a lot of information about galaxies’ evolution, such as, e.g., the
systematic variation of the mass-to-light ratio with mass, the universality of the initial mass
function, the role of metallicity, the amount and distribution of dark matter, etc.

Here, we want to recall two other milestone relationships that are still controversial
and show a very different behavior of the ETGs despite both involving the total luminosity:
the Ie − Re and L− σ relations.

The distribution of galaxies in the parameter space formed by effective radius Re and
effective surface intensity inside this radius Ie, otherwise known as the Ie − Re plane, was
discovered by Kormendy in 1977 [3]. He found a log-linear relation with a slope ∼3 (when
Ie is expressed in mag arcsec−2 units, and ∼−1.5 when Ie in L�pc−2 units) between these
parameters using a sample of bright ETGs. As soon as new data for faint ETGs and late-type
galaxies (LTGs) became available, the observed linear distribution started to show an ample
curvature, clearly separating faint and dwarf objects with respect to bright ETGs [4]. Today,
we know that the Ie − Re space is an orthogonal projection of the FP, and it is the most
easily accessible correlation of galaxies parameters at low and high redshift.

The peculiar distribution observed in the Ie − Re plane suggested the existence of two
different populations of ETGs, the ‘ordinary’ and the ‘bright’, which follow two different
trends in this space. The ‘ordinary’ family is bi-parametric (L ∝ IeR2

e ), and its members are
fainter than MB ∼−19, while their radii are smaller than Re ∼3 kpc. The ‘bright’ family
is mono-parametric (Ie depends only on Re), as it hosts only the brightest cluster galaxies
(BCGs), and their members have radii larger than Re = 3 kpc. The spiral galaxies and their
bulges belong to the ‘ordinary’ family and are not visible in the ‘bright’ sequence (see [4,5]).

This curved distribution has been used to argue for distinct channels of formation
for dwarfs and giants ETGs (see, e.g., [6–11]). Many authors believe that there are two
distinct kinds of ETGs, whose properties differ mainly for the different history of merging
events, in particular for the characteristics of the last major mergers, wet or dry, according
to whether cold gas dissipation and starbursts occurred or not. However, the existence
of two physically distinct families of ETGs is not universally accepted. Many researchers
advocated for a continuity among the ETG population [12–15]. Graham [16] in particular
explored a range of alternative radii, including those where the projected intensity drops
by a fixed percentage, showing that the transition at MB ∼−19 mag is likely artificial
and does not mark a boundary between two different types of ETGs. According to this
view, the curved distribution of ETGs in the Ie − Re space is likely associated with the
continuous change of the Sérsic index n with the absolute magnitude (the MB − n relation
found by [17,18]). Along the same line, Graham and Guzmán [19] argued that the only
magnitude of importance in the Ie − Re plane is at MB = −20.5 mag, where a division
between the spheroidal components with Sérsic profile and those with core-Sérsic profile is
visible. This magnitude corresponds to a mass of ∼2 × 1011M�.

There are indeed two SRs involving the total luminosity of ETGs and other photometric
parameters that do not show any evidence of curvature: the MB − µ0 relation between total
luminosity and central surface brightness and the MB − n relation between total luminosity
and Sérsic index n. The first one is linked to the concentration classes introduced by [20],
later quantified by the concentration index C [13,21–23]. The second is a consequence of the
first, being the Sérsic parameter, which is a measure of the radial concentration of galaxy
light. Further examples of the MB − n diagram have been derived by [7,24–27]. The lack of
curvature in these diagrams does not support the view of different formation mechanisms
at work for the formation of ETGs.

Another interesting feature of the Ie− Re diagram is the presence of a zone of exclusion
(ZoE), a region strictly avoided by galaxies. The distribution of galaxies appears limited in
the maximum surface intensity at each Re. The slope of this line of avoidance is close to
−1 (when Ie is L�pc−2 units), i.e., the slope predicted by the Virial Theorem (VT) [5]. The
existence of the ZoE was first noted by [28,29] using the k-space version of the FP. They
described the ZoE with the equation k1 + k2 ≤ 7.8. In the k-space, the dynamically hot
stellar systems appear segregated, with a major sequence formed by luminous ellipticals,
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bulges and some compact ellipticals. A second sequence is formed by dwarf ellipticals and
dwarf spheroidals. The k-space was used to infer the main physical properties of galaxies,
looking at the role played by merging, dissipation, tidal stripping and winds. Several
speculations have been attempted up to now to explain the origin of the ZoE (see, e.g., [30]).

At variance with the Ie− Re plane, the distribution of ETGs in the L− σ plane, which is
also closely linked to the FP, does not show strong evidence of a curvature or of the presence
of a ZoE. The classical L = L0σα relation was discovered by Faber and Jackson (FJ) [31]
by examining a sample of galaxies of the local Universe. They found that the luminosity
correlates with the central value of the stellar velocity dispersion. The parameters L0 and α
are generally obtained from the fit of all galaxies present in the sample. In this case, the
addition of new available measurements, as time passed, barely changed the almost linear
trend and the small scatter observed in the FJ. The latter remains small and constant over
the whole range of galaxies’ luminosity (a very interesting feature because the velocity
dispersion of stars depend on the whole total mass of the galaxies, which includes the
contribution of dark matter).

Only quite recently, the claim that a different slope exists for the FJ of bright and faint
ETGs (∼4 for bright galaxies to ∼2.7 for faint objects) appeared in literature (see, e.g., [32],
among others). Nigoche-Netro et al. [33] confirmed the different slopes of the FJ relation
in different magnitude ranges and suggested that its intrinsic dispersion depends on the
history of galaxies, i.e., on the number and nature of transformations that have affected the
galaxies along their lifetimes (collapse, accretion, interaction and merging).

Given these premises, there are a number of questions to pose and answer. Why the
same galaxies widely scatter around in the Ie − Re plane while they distribute along a
rather narrow relation in the L− σ plane? Why the two populations of ETGs that are so
well visible in the Ie − Re plane are instead nearly indistinguishable in the L− σ plane?
Why two different SRs involving the total luminosity of the same objects (ETG galaxies)
have so different distributions? What is the link between the two planes? What are the
transformations to pass from one plane to the other? Answering these questions is the basic
motivation of this study.

The plan of the paper is as follows: In Section 2, we describe the data used in our
study; in Section 3, we provide a brief theoretical introduction aimed at demonstrating
that the Ie − Re and L− σ relations can be linked with each other; in Section 4, we prove
that the Ie − Re plane cannot be derived from the classical FJ relation taking into account
the uncertainties on L0 and α nor considering the possibility that the FJ is a bi- or three-
segmented relation with different values for L0 and α passing from low to high luminosity
ETGs; in Section 5, we present simulations of the Ie − Re plane obtained using the new L =
L′0σβ relation with different values for β and L′0; in Section 6, we discuss why the L = L′0σβ

relation explains the observed distribution using the data of the Illustris simulation better;
and finally, in Section 7, we draw our conclusions.

In this study, we will use the data of the WINGS database (see below) that have been
derived assuming the standard values of the Λ-CDM cosmology [34]: Ωm = 0.2726, ΩΛ =
0.7274, Ωb = 0.0456, σ8 = 0.809, ns = 0.963, H0 = 70.4 km s−1 Mpc−1.

2. The Sample

The observational data used in this study are extracted from the WINGS and Omega-
WINGS database [35–44].

The WINGS and Omega-WINGS data-sets are the largest and most complete data
samples for galaxies in nearby clusters (0 < z < 0.07). The database includes galaxy mag-
nitudes, morphological types, effective radii, effective surface brightness, stellar velocity
dispersions, star formation rates and many other useful measurements obtained by the
WINGS team.

The WINGS optical photometric catalog is 90% complete at V ∼21.7 [36]. The spectro-
scopic sample, with the measurements of ∼12,000 redshifts, is ∼80% complete down to
V = 20. The photometric database includes, respectively, 393,013 galaxies in the V band
and 391,983 in the B band detected by Sextractor. The galaxies with an area larger than 100
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pixels (∼33,000) were analyzed with the software GASPHOT [45] that provided effective
parameters. The cluster outskirts were mapped with the Omega-WINGS photometric
survey at the VST telescope [41] covering 57 out of 76 clusters.

The data extracted from the WINGS database [39] are:

1. The effective radii and effective surface brightness in the V-band of several thousand
ETGs’ galaxies derived by [40]. These parameters are obtained by considering the
radius that encloses half the total luminosity and not from the fit of the light profiles.
This means that there are no systematic biases entering the Ie − Re plane due to the
different morphologies, flattening and shapes of the light profiles of the galaxies;

2. The total luminosities and distances derived from the redshifts measured by [37,42];
3. The aperture corrected velocity dispersions of 1729 ETGs, measured by the Sloan

Digital Sky Survey (SDSS) and by the National Optical Astronomical Observatory
(NOAO) survey, already used by [46] to infer the properties of the FP;

4. A set of newly measured velocity dispersions derived by [47] for the dwarf objects
obtained within the same aperture used by the SDSS.

The errors on Re and Ie are always '20%. Owing to the large range of values spanned
by the observational data on Ie and Re, errors of this size will not severely affect the
distribution of galaxies in the Ie − Re plane, and, even more relevant here, they also will
not affect the simulations of the same plane that we are going to show. They are not shown
in the plots of both planes for this reason.

A word of caution is needed on the adopted velocity dispersion. Our sample uses
the σ measured by the SDSS and NOAO surveys (see [46] for details), and it is by no
means complete. The measured velocity dispersion spans a wide interval of luminosity,
so dwarf and giant objects are both present in the sample. The lack of completeness does
not affect our conclusions because we do not use these data in any statistical calculation.
The observational samples are used here only for a qualitative comparison with the objects
derived from our simulations (see below). A second aspect to consider is that we used the
values of σ measured within a fixed aperture of 3 arcsec (as in the SDSS). Thus, one might
question if our results depend on the adoption of this choice and change using a velocity
dispersion averaged within the effective radius Re (temporarily indicated as σe) instead of
σ0 (measured in the central region). The issue is likely relevant for CD galaxies that have
large envelopes that are generally ignored by the standard measurements of the velocity
dispersion. However, this is not a problem in our study because, in our sample, very few
CDs are present and because σ0 and σe are known to be related each other by the relation:
log(σe) = 0.78 log(σ0) + 0.46 (see [48,49] for details). This implies that the net effect of such
change is a variation of the slope α and the proportionality factor L0 of the FJ, while the
scatter of the relation remains nearly the same. Consequently, there are no effects on the
Ie − Re vs. FJ issue.

More details on the WINGS data and the procedures we have followed to select the
sample in use can be found in the aforementioned studies and in [5,50,51] to which the
reader should refer.

With this large database, we construct the Ie − Re plane (about 30,000 objects), out
of which we select the sample of sole ETGs (about 1800 objects) with available velocity
dispersions. For a sub-sample of these, we also derive the MV − log(σ) and the log(L)−
log(σ) relations. The huge difference in richness of the sub-samples mirrors the difficulty
in measuring the velocity dispersion compared to surface brightness and half-light radii.
Nevertheless, this bias is less of a problem in our analysis because our log(L)− log(σ)
closely agrees with the one we would derive from the log(M)− log(σ) relationship of [33]
obtained from a much richer sample of about 90,000 ETGs from the Sloan Digital Sky
Survey (SDSS-DR7) spanning a magnitude range of 7 mag in both g and r filters. Their
procedure requires either the mass derived from a mass–luminosity relation or the mass
estimated from the VT. Both are affected by some uncertainty. However, what matters
here is whether a luminosity (mass) vs. velocity dispersion relation with an almost unique
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slope is possible or not. Their FJ is very similar to the original one, with no clear signs of a
curvature over the whole range of velocity dispersion.

In addition to real data, we used the ample database of artificial galaxies of the Illustris
simulation ([52–54] to whom we refer for all details). A full description of this data-set is
provided in [43,51]. In brief, we used the run with full-physics (with both baryonic and
dark matter) having the highest degree of resolution, i.e., Illustris-1 (see Table 1 of [52]),
extracting in particular the V-band photometry, the mass, the velocity dispersion and the
half-mass radii of the stellar particles (i.e., the integrated stellar populations), as well as the
co-moving coordinates (x′, y′, z′).

The projected light and mass profiles using the z′ = 0 plane as a reference plane were
studied in the paper of [51]. Starting from the V magnitudes and positions of the stellar
particles, we computed the effective radius Re and effective surface brightness 〈µ〉e, the
radial surface brightness profiles, the best-fit Sérsic index and the line-of-sight velocity
dispersion σ following Zahid et al. [55].

Furthermore, in order to follow the evolution of the galaxies back in time, we extracted
from the Illustris database the stellar mass, the V luminosity, the half-mass radius, the
velocity dispersion and the star formation rate (SFR) for the whole set of galaxies (with
mass log(Ms) ≥ 9 at z = 0) in the selected clusters at redshift z = 0, z = 0.2, z = 1, z = 1.6,
z = 2.2, z = 3 and z = 4. With these data, we were able to follow the progenitors of each
object across the epochs and compare observations with simulations up to redshift z = 4.

It is often claimed that Illustris models are in conflict with real data on velocity
dispersions, radii or masses. However, the careful comparison of the Illustris models with
the data by [29] and those of WINGS made by [5,56] shows that they nicely reproduce the
tail of the Ie − Re plane, the tail of the Re −Ms relation of ETGs and also the location of
dwarf galaxies (masses in the interval 108 to 1010M�) on the Re−Ms plane [56]. The relative
larger radii of these latter galaxies can be easily explained as an indirect effect of recent
mergers and galactic winds (see [56] for more details). Finally, the velocity dispersions of
the Illustris model are in perfect agreement with the observed ones, as well as the FJ based
on them (see below).

For all these reasons, we feel safe in using the Illustris models for the purposes of
the present study. We remark, however, to avoid misunderstanding, that the data of the
simulated galaxies are not used here to prove the existence of the L = L′0σβ law but rather
to confirm the idea that the values of β can be both positive and negative and can vary
together with L′0 from galaxy to galaxy and with time.

3. A Bit of Theory

Prior to any other consideration, let us recall what follows. If log Ie, log Re and log σ
are the variables of the 3D space of ETGs in which the FP is defined, strictly speaking, the
FJ relation is not a projection of this space because the projection matrix A involved in
the transformation (log Ie, log Re, log σ)×A = (log L, log σ) does not satisfy the condition
A×A = A. This is only achieved by considering the space log L, log Re, log σ in which the
projection matrix B satisfies the condition B × B = B. This means that the same physical
FP might have different projections according to the variables used to represent it. In this
sense, the FJ is said to be a projection of the FP.

The first explanation given to justify the existence of the FP was based on the as-
sumption that ETGs are in virial equilibrium. In this case, the scalar virial theorem can be
written as:

Ms =
kv

G
Reσ2 (1)

where Ms is the total stellar mass of the galaxy, kv a factor taking into account the struc-
tural/dynamical non-homology and the content of dark matter (see [50]), G the gravita-
tional constant, Re the effective radius and σ the central velocity dispersion of the stars (or
its average within a given radius). This way of writing the theorem implies that ETGs are
systems dynamically supported by the velocity dispersion, i.e., that the kinetic energy is
associated with the random motion of stars within a spherical potential (with no rotation).
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This is almost true for many ETGs, so we can consider Equation (1) as the starting point of
our reasoning.

Now, if we multiply and divide the above expression by the total luminosity L, pass
to the logarithm, use the definition of average surface intensity (Ie = L/2πR2

e ) and solve
for log(Re), we obtain:

log(Re) = 2 log(σ)− log(Ie) + K (2)

where K contains the terms kv, G and the stellar Ms/L. From a theoretical perspective,
Equation (1), therefore, implies that the distribution of ETGs in the log(σ) − log(Ie) −
log(Re) space must be close to a plane. The well-known problem of the ‘tilt’ of the FP resides
indeed in the fact that the fit of the observed distribution of ETGs provides coefficients
for the plane that are a bit different from those expected on the basis of the VT. The most
accepted explanation is that the last term K is not strictly a constant, although ETGs have a
high degree of self-similarity, but it varies systematically with the mass of the galaxies.

When the variable Ie is not used, one obtains the same virial plane, but this time
written as:

log(Re) = −2 log(σ) + log(L) + K′ (3)

where K′ = K/2π. This way of writing the VT is substantially similar to the first one,
except for the use of the variable L, which is not split in its two components Ie and Re. Even
in this case, the fit of the FP differs from the expected theoretical values.

The reason for writing Equations (2) and (3) in these ways is that it allows us to show
the distributions of ETGs in the orthogonal projections of the two planes (see Figure 1).
From this figure, we can observe the following:

1. The scatter of the galaxy distribution is very different in every projection of the FP;
2. There is a marked curvature in several observed distributions;
3. Some regions in the diagrams are empty of galaxies, suggesting the possible existence

of a ZoE;
4. Although the samples used have different sizes, there is ample evidence (even coming

from the literature) that the observed distributions have quite different scatters when
the selection bias is taken into account (see Section 4).

It should be remarked that the construction of Ie depends on L and Re, the luminosity,
in turn, on the stellar mass Ms and, finally, σ on Ms and Re. Therefore, the large dispersion
in each group can be ascribed to the large range of Re spanned by objects of a given mass.

The various planes of Figure 1 strongly hint that suitable relations among the three
coordinates ought to exist. The most remarkable fact to note is the profound difference
between the Ie vs. σ and the L vs. σ relationships: the first is very dispersed, while the
second is narrow. In other words, the tightness of the L vs. σ relation is largely due
to the fact that the effect of Re varying from object to object is masked in the product
Ie × R2

e ; equivalently, two objects with the same L may have different Ie and Re (intrinsic
degeneracy).

The aim of this work is to analyze these two diagrams: the Ie − Re and L− σ planes.
These diagrams give us the opportunity to clarify the different roles played by luminosity
in such correlations. Since both diagrams are projections of the same physical plane, the
question arises whether it is possible to reproduce the galaxy distribution in one space
starting from the other and vice versa. We will see that this is the case under some
assumptions. If we rewrite Equation (1) as:

L =
kv

G
L

Ms
Reσ2 = L0σ2 (4)

encrypting in L0 the mean properties of the stellar population and its structural and
kinematical properties, one can derive a theoretical expression for the FJ relation in a way
similar to that used for the FP.
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Figure 1. The different projections of the virial plane. The panels including only photometric
variables contain a much large number of ETGs with respect to those where the spectroscopic variable
σ is involved.

When we compare the observed L − σ distribution with Equation (4), it is easy to
note that the observed FJ relation (see Section 4) is only a bit different from the prediction
of the VT2. As for the FP case, the most accepted explanation for such difference is that
a smooth variation of L0, essentially linked to the variable mass-to-light ratio and the
structural/dynamical non-homology of ETGs, determines a different trend in the observed
slope (much closer to 3 than 2).

It should be stressed that the classical FJ relation represented by Equation (4) does not
say anything about the particular evolutionary state of a galaxy, i.e., if the luminosity is
still increasing because of active star formation and/or mass accumulation by mergers or
decreasing because no star formation is taking place and the bulk of stars are becoming
older and older, and/or the galaxy mass is decreasing by interactions with nearby objects.
What Equation (4) states is only that luminosity can be used instead of mass in the VT once
the mean properties of the stellar population and the structure/dynamics of the systems
are hidden in the parameter L0.

As a matter of fact, the luminosity of an ETG can simultaneously be written as:

L = 2π IeRe2 = L0σα. (5)

where observations prove that α ∼3.0± 1.0 and L0 shows an rms scatter of ∼0.4 in log
units. Since the errors on the single parameters involved in this equation are very small
compared to the intrinsic range spanned by the single variables, we are mathematically
legitimated to write:

Ie =
L0σα

2πRe2 , (6)

which implies that the Ie − Re distribution can be recovered from the FJ relation through a
simple analytical simulation under some assumptions on the behavior of σ and Re. In log
units, we have:



Universe 2022, 8, 8 8 of 36

log(Ie) = − log(2π)− 2 log(Re) + log(L0) + α log(σ). (7)

Indeed, once the mutual variations of Re and σ are taken into account, and some
values for L0 and α are adopted, it is quite easy to obtain the observed range of variation
of Ie as a function of Re, which can be compared with the observed distribution in the
Ie − Re plane.

It is important to note, however, that the luminosity of each galaxy enters in the above
equations only as a proxy of the stellar mass without considering its physical intrinsic
characteristics, i.e., neglecting the role of mass accretion, star formation and evolution of the
stellar content, while taking only the mean mass-to-light ratio into account. As remarked
by [50], when the total luminosity enters in a SR, it brings with it a “degeneracy” that,
depending on the correlation under exam, may imply either the use of L as a proxy of M or
as the tracer of a past merger and the star forming activity and even the natural evolution
of the stellar content. They showed that the total luminosity can be written as:

L ∼ 〈Ψ(t)× Lsp〉TG ∼ 〈Ψ(t)〉〈 L
Ms
〉TG, (8)

where 〈Ψ(t)〉 is the time average of the current star formation, Lsp the luminosity per unit
mass of a single stellar population, TG the age of the galaxy and 〈L/Ms〉 the mean stellar
mass-to-light ratio. This means that Equation (5) can also be related with Equation (8) and,
consequently, that:

L0 = 〈Ψ(t)× Lsp〉TG/σα (9)

This demonstrates that the parameter L0 might contain several variables and could be
connected with several evolutionary properties of ETGs. In this case, L0 must be strongly
different from galaxy to galaxy and not be confined in a small range as it appears in the
L− σ plane.

The solution for this problem could come from the hypothesis made by [50], who wrote
the connection between total luminosity and stellar velocity dispersion in a conceptually
different way from the FJ relation:

L = L′0σβ (10)

where L′0 and β are now parameters strictly linked to the star mass assembly and the star
formation activity (they can vary considerably from galaxy to galaxy). In Equation (10), the
variables are not L and σ (that are observable quantities) but L′0 and β, which are linked to
the temporal variation of luminosity and velocity dispersion as the evolution proceeds. If
this is true, Equation (7) can be also written in the form:

log(Ie) = − log(2π)− 2 log(Re) + log(L′0) + β log(σ). (11)

In the following, we will show that Equation (11) is able to reproduce the Ie − Re plane
much better than Equation (7).

Before proceeding further, let us make some general considerations about our
Equation (10) in light of recent understandings about the evolutionary histories of ETGs.
Nowadays, it is clear that a single SSP or burst of star formation is not enough to explain
their evolution. The mass-assembly history of ETGs is more complex and changing from
galaxy to galaxy, modulated by their final mass (a proxy of their evolution), the dynamical
stage (slow or fast rotators), the environment (central or satellite galaxies, isolated object or
members or bigger complexes), etc. (see [57–63] for instance). Therefore, Equation (10) is a
very simplified approximation of a more complex reality, in which ETGs present a wide
range of possible star formation histories. Most likely both L′0 and β are more complex
functions than what it is assumed here. However, the parameterization expressed by
Equation (10) will turn out to be fully adequate for our purposes.

The aim of this study is neither to address the question whether two families of
ETGs with different formation and evolutionary history ought to be invoked to explain
the distributions in the Ie − Re and L − σ planes (the so-called dichotomy) nor to rule
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out the FJ relation, which is the correct link between mass and stellar velocity dispersion.
Rather, we aim to convincingly show that the classical FJ law is not able to create the link
between the Ie − Re and L− σ planes. This link can only be established if we accept that
Equation (10) is the right form to express the connection between total luminosity and
stellar velocity dispersion. In this framework, the classical FJ relation becomes only the
average relation produced by the new L = L′0σβ relation. We will see from the simulations
that each galaxy follows its own evolutionary path.

A consequence of this is that the same explanation invoked by [50] for the tilt of the FP
works for the tilt of the FJ relation. The assembly of points in the L− σ plane is the result of
two different actions: from one side, the mass of a galaxy always constrains the range in
luminosity and the values of σ, keeping the scatter around the FJ relation small (galaxies
are always close to the virial equilibrium); on the other side, the luminosity of a galaxy
depends on the history of mass accretion and star formation, probably keeping memory of
the velocity dispersion of the gas clouds that formed its stars. In other words, mass and
luminosity are two different physical quantities that do not follow the same evolutionary
path exactly. As a matter of fact, even the pure luminosity evolution of stars progressively
move mass and luminosity on different roads; the first remaining approximately constant
and the second progressively decreasing. The key point is therefore to understand why
luminosity, that is a non-linear variable linked to star formation and merging, is a good
tracer of mass.

4. The Ie-Re Plane with the Standard FJ

In this section, we present the Ie− Re plane and the FJ relation that we obtain using the
WINGS data. The distribution of galaxies in the Ie − Re plane for more than 30,000 ETGs
is shown in Figure 2. First of all, we recognize the good similarity with the 〈µ〉e − log(Re)
relation obtained by [4] (their Figure 4). The two families of ‘ordinary’ and ‘bright’ ETGs
are well visible. In log units, the error bars affecting each point have a length of about
0.3 dex and turn out to be small compared to the large ranges of values spanned by Ie and
Re. Therefore, the error bars are not displayed in the Ie − Re plane of Figure 2.

The features of interest in such a distribution are:

1. The tail at large effective radii (log(Re[pc] ≥ 4) for bright galaxies (MV ≤ −21.5);
2. The cloud of ‘ordinary’ galaxies with maximum radii of log(Re[pc]) ∼4;
3. The sharp boundary due to the ZoE, i.e., the region avoided by galaxies of any type;
4. The lower limit in magnitude at MV ∼−15.5, providing the maximum performance of

the WINGS survey in detecting faint objects.

An obvious point of concern is whether the distribution of Figure 2 is affected by some
systematic bias that could alter the observed shape. Chief among others is a luminosity
selection. To highlight the issue, we plot the line of constant luminosity for MV = −21.5
(above which bright galaxies occur) and the line at MV = −15.5 that gives the magnitude
limit of the WINGS survey. The slope of these lines is −2. This means that the distribution
in the plane is necessarily different for galaxies of different luminosity. The brightest
galaxies fall in the region at the right of the upper dotted line (the bright tail owes its name
to this fact). This also implies that there is no magnitude bias in this plane. The only bias is
that faint galaxies with MV > −15.5 are not present in the sample because they fall below
the detection limit of the WINGS survey. The magnitude effect has no effect at all.

Finally, we want to highlight that the Ie − Re distribution of the ETGs with available
velocity dispersion is almost identical to that of the photometric sample. This means that
there is no bias working against the connection of the two planes. As a matter of fact, the
Ie − Re plane shows a large distribution of points, while the L− σ plane does not, and this
does not depend on the adopted samples.
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Figure 2. Distribution of galaxies in the Ie − Re plane. The gray dots mark the WINGS ETGs. The
black dots are the ETGs with available velocity dispersion. The dashed line marks the ZoE, i.e., the
line with slope −1 that is predicted for virialized objects. The dotted lines mark the locus of constant
luminosity for MV = −21.5 and MV = −15.5, respectively.

We now present the FJ relation based on the WINGS data in Figure 3. In the upper
panel, we display the MV − log σ plane so that the lower limits of the photometric and
spectroscopic databases (close to MV = −16) can be compared. In the bottom panel, we
show the same but in the log(L) − log(σ) plane. In both panels, the WINGs data are
displayed only for galaxies with errors in both coordinates lower that 20%. The galaxies
fainter MV = −21.5 are indicated by red dots and those brighter than MV = −21.5 by
black dots. Finally, for the sake of comparison, we also plot the Illustris models for redshift
z = 0 (yellow dots).

Figure 3. (Lest Panel): The FJ relation in the MV vs. log σ plane for the WINGS galaxies (black and
red dots) and the Illustris simulation (yellow dots). The red dots and the solid red line mark the data
and the fit for faint objects (MV ≥ −21.5 mag) with errors lower than 20%, while the black dots and
the dashed line are the same but for bright galaxies (MV < −21.5 mag). (Right Panel): the same as
in the left panel but in the L− σ plane.
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The observational data have approximately 1800 measurements of σ for ETGs (∼350
of which with very small errors), while the Illustris database contains instead∼2400 objects.
However, both samples span the same wide magnitude range going from MV = −16 to
MV = −24, although real data and theoretical models show different richness in different
part of the relationship. This is simply due to observational (WINGS) and computational
reasons (Illustris). At the low luminosity side, WINGS suffers a deficit of low luminosity
(mass) galaxies with respect to the low mass ones for technical reasons, whereas, at the
high luminosity interval, the Illustris database shows an obvious deficiency of high mass
galaxies with respect to the low mass ones. All this is less of a problem in our study because
what matters here is to check whether the theoretical and observational FJ relations have
the same slope all over the range spanned by the data. As far as we can see, this seems to
be the case with the possible exception of the brightest ETGs. Therefore, the classical Faber–
Jackson relation L = L0σα [31], i.e., the log relation observed between total luminosity and
central velocity dispersion, seems to be confirmed. Note the possible change of slope for the
bright galaxies at MV ∼−21.5. The orthogonal fit marked by the black solid line, obtained
with the SLOPES software [64] for the ETGs fainter than MV = −21.5, gives:

MV = −6.05(±0.23) log(σ)− 7.32(±0.51). (12)

For the galaxies brighter than MV = −21.5, the orthogonal fit is:

MV = −14.08(±2.37) log(σ) + 10.92(±5.64). (13)

In log(L) units, the slope of the FJ relation is ∼2.7 for the faint ETGs and ∼5.1 for the
bright ETGs, while the scatter is always ∼0.4. We, therefore, confirm the result of [32]. A
summary of the fit parameters of the FJ relation for the ETGs of our sample are given in
Table 1.

Table 1. Fit of the Faber–Jackson relation for the WINGS and Omega-WINGS data in the MV − log(σ)
and log(L)− log(σ) planes. The luminosity is in solar units and the velocity dispersion σ in km/s.

A ∆A B ∆B rms Note

MV = (A + ∆A) log(σ) + (B + ∆B)

−6.05 ±0.23 −7.32 ±0.08 0.55 MV ≥ −21.5
−14.08 ±3.37 10.92 ±5.64 0.55 MV < −21.5

log(L) = (A + ∆A) log(σ) + (B + ∆B)

2.70 ±0.11 4.46 ±0.23 0.25 log(L) ≤ 10.53
5.11 ±0.95 −1.18 ±2.05 0.26 log(L) > 10.53

Despite the fact that the Ie − Re and MV − log σ relations cannot be built with the
same galaxies because of the different sources of data, the ones we have presented are fully
adequate as far as our aims are concerned, i.e., (i) to highlight the bi-modal distribution of
the data in the Ie − Re relation and prove the curved behavior of the classical FJ relation
that are seen to occur at the same luminosity in both diagrams (MV ∼ −21.5); (ii) to show
that the distribution in the Ie − Re plane (Figure 2) is much broader and curved than that
of the L− σ plane (Figure 3); and (iii) to call attention to the fact that it is not possible to
pass from the FJ to the Ie − Re without using other information. In other words, as already
pointed out above in Equation (5), we will demonstrate here that the classical FJ relation
(luminosity steadily increasing with the velocity dispersion) of ETGs (Figure 3), in which
L0 and α are confined in a small range, is not consistent with the distribution of the same
objects observed in Figure 2.

Before proceeding further, we point out what follows: starting from the hypothesis
that both the Ie − Re and L− σ planes originate from the FP (although in different ways),
one could be led to believe that the different distributions of ETGs in the two planes is
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due to projection effects and/or selection effects affecting the different samples of ETGs in
usage (those in Figure 3 are a subset of those in Figure 2 and therefore unable to account
for the spread seen in the Ie − Re plane). This conclusion is not acceptable because the
L− σ plane is not an orthogonal projection of the log(σ)− log(Ie)− log(Re) space but a
contraction of the 3D FP to a 2D space (Ie and Re are contracted to L), so in this comparison,
there is a missing variable. The mathematical simulation will demonstrate that the two
distributions do not differ for selection or projection effects but because the hypothesis of
keeping L0 and α almost constant does not work.

Going back to the FJ relation obtained with our data, we note that the slope ranges
from 2.7 to 5.2 according to the luminosity (magnitude) interval covered by the data sample
in usage (in the original FJ, the slope was ∼ 4) and the zero-point L0 also changes from 4.46
to −1.18 passing from faint to bright objects (see the entries of Table 1).

For what concerns the quite large scatter of the FJ relation obtained here, we guess that
it could be due to the presence of a large fraction of disky ellipticals that are known to be
dominated by ordered stellar orbits in our sample, e.g., [65]. This is a well-known problem
that has required the redefinition of the velocity dispersion as Σ2

k = kV2
rot + σ2

s [66,67]. The
discovery of these fast rotators among ETGs was a core result of the SAURON and Atlas3D
surveys (see [68] for a detailed review of the topic). Taking this into account would lead to
an FJ relation that is narrower than the classical one (about 0.05 dex thickness instead of
about 0.1 of the standard case). To evaluate the maximum effect of Σ2

k > σ2
s on the Ie − Re

plane, we suppose that kV2
rot ' σ2

s ' 2σ2
s . This implies a ratio Re,Σ ' 0.5Re,σ and, keeping

constant the mass and luminosity of a galaxy, a ratio Ie,Σ ' 4Ie,σ. In the Ie − Re plane, an
ordinary, low-luminosity galaxy (in which L ∝ IeR2

e ) would be displaced by a factor of
0.6 in log Ie and 0.3 in log Re. Therefore, the bulk of galaxies would still exhibit a broad
distribution, leaving the correspondence between L− σ and Ie − Re unchanged.

We now start to explore Equation (7) to obtain the Ie − Re plane. Since Re and σ are
each are correlated by the VT via the mass, we decided to use the dependence of σ on Re
(σ(Re), see below) and to express Ie as a function of Re only. It is important to keep in mind
here that, at each luminosity, only a small spread of possible σ is permitted by the FJ. The
function σ(Re) can be derived from the WINGS database and is shown in Figure 4. As
expected for each value of Re, there is a large dispersion of σ and vice versa at variance
with the FJ. To cope with this, we try two kinds of fits of the log(Re)− log(σ) relation with
the SLOPES software [64]: the bi-linear least square fit (shortly bisector) indicated by the
blue line and the standard least square fit (shortly best fit) shown by the magenta line in
Figure 4.

Figure 4. The correlation between log(σ) and log(Re). The black dots are the WINGS data. The blue
line is the fit given by Equation (14), while the magenta line is the fit given by Equation (15).
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The bisector fit gives:

log(σ) = 0.64(±0.02) log(Re[pc])− 0.046(±0.071) (14)

with an rms scatter of 0.11 and a correlation coefficient of 0.3.
The standard least square fit gives:

log(σ) = 0.14(±0.01) log(Re[pc]) + 1.722(±0.037). (15)

The resulting Ie − Re planes are shown in Figure 5, which displays again the Ie − Re
data for the real galaxies with superposed the expected values of log(Ie) obtained from
Equation (7) when we vary Re in the observed interval of measured values and we assume
a given σ(Re) relation.

Figure 5. Four different simulations trying to reproduce the log(Ie)− log(Re) plane from Equation (7).
In all panels, the gray dots are the WINGS data and the yellow dots the Illustris data.
(Upper Left Panel): the magenta dots are obtained assuming: log(σ) = 0.14 log(Re) + 1.722, α = 2.1
and log(L0) = 5.65. The blue dots are obtained assuming: log(σ) = 0.14 log(Re) + 1.722,
α = 3.45 and log(L0) = 2.65. (Upper Right Panel): the magenta dots are obtained assuming:
log(σ) = 1.647 log(Re)− 3.046, α = 2.1 and log(L0) = 5.65. The blue dots are obtained assuming:
log(σ) = 1.647 log(Re) − 3.046, α = 3.45 and log(L0) = 2.65. (Lower Left Panel): the magenta
dots are obtained assuming: log(σ) = 2.14 log(Re) − 5.65, α = 2.10 and log(L0) = 5.65. The
blue dots are obtained assuming: log(σ) = 2.14 log(Re) − 5.65, α = 4.45 and log(L0) = −0.65.
(Lower Right Panel): the magenta dots are obtained assuming: log(Re > 4), log(σ) = 0.05 log(Re) +

2.122, α = 4.0 and log(L0) = 1.65. The blue dots are obtained assuming: log(Re) ≤ 4,
log(σ) = 1.18log(Re) − 1.722, α = 2.0 and log(L0) = 5.65. The simulated galaxies falling into
the ZoE region have not been plotted.

Note that the spread in the values of Ie at each Re comes from the small scatter around
L0 observed in the L = L0σα relation. It is evident that the distribution in the Ie − Re plane
depends on this relation and on the Re − σ relation. The slope of the simulated distribution
depends critically on the slope of the Re − σ relation, whereas the scatter in the distribution
(length of the thick bars) depends on the permitted variation of L0.

The upper left panel shows the case in which Equation (15) is adopted, α can vary
from 2.1 to 3.45, and log(L0) may change from 5.65 to 2.65 with a scatter log(L0) ∼0.4. It
is clear that, in this case, the ordinary family of ETGs is not reproduced. The upper right
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panel uses Equation (14) instead and the same values for α and log(L0). Note the different
slope of the simulated data and the small coverage of the Ie − Re plane. In the lower left
panel, we use a steeper σ(Re) relation and a larger interval of values for α. Again, only
a small part of the plane is reproduced. Finally, in the lower right panel, we adopt two
different σ(Re) functions obtained by putting Equations (14) and (15) together with the
measured mass–radius relations for bright and faint ETGs derived by [56]. Again, despite
the variations of α and log(L0), only part of the plane is covered by the simulated data.

The most relevant fact to note in Figure 5 is that, even though the values of σ might
vary significantly at any given Re, the small spread of L0 around the values expected from
the FJ of low and high luminosity ETGs does not permit covering the whole area observed
in the Ie − Re space. However, if we artificially increase the scatter on L0, the Ie − Re
becomes progressively filled by the blue and magenta simulations. We conclude that the
standard FJ relation (either linear or curved) is incompatible with the observed distribution
in the Ie − Re plane.

Why is this possible? What factor enters into the Ie − Re relation that is not present
in the L − σ relation? According to D’Onofrio et al. [50], the problem resides in the FJ
L = L0σα relation itself.

5. Digging Deeper into the FJ Relation

The FJ relation is, by construction, a fit of the observational data for a sample of ETGs,
which simply mirrors the relation between mass and velocity dispersion, i.e., L− σ is a
modified version of the VT, written using L instead of M (the total luminosity of a galaxy
is primarily driven by the total mass). However, when applied to individual galaxies,
the FJ relations loses a great part of its physical meaning because other parameters are
also governing the luminosity of a galaxy, including the age of its stellar content together
with the presence or absence of star formation activity. In other words, the true relation
between L and σ might have a different origin and intrinsic complexity with respect to the
simple VT.

The fact that the FJ relation is a translation of the VT is suggested by the value of its
exponent α, and it can be shown with simple arguments. The exponent α of modern FJs
falls in the range of 2.7 to 4 and even 5. Why? The luminosity of a galaxy is due to its stellar
content, which, in turn, is composed by a manifold of single stellar populations (SSPs), each
of which weighed by the star formation rate at the time of its generation. The mass-to-light
ratio of old SSPs (the majority in ETGs) is nearly constant so that the total luminosity can
be expressed as L =< L/Mssp > Ms, where < Mssp > is the mass of the mean SSP and Ms
the stellar mass of the galaxy. The velocity dispersion of the stars is σ2 = (2GMs/Re) (the
virial theorem). The radius Re is related to the mass by a relation of type Re ∝ Mκ

s , where
observational data (see, e.g., [69,70]) and theory for the dissipationless collapse [71], leading
to κ ' 0.5–0.6. This means that σ2 ∝ M(1−κ)

s or, vice versa, that Ms ∝ σ(2/(1−κ). Therefore,
the exponent α can easily be as high as 4 to 5 for ETGs. Therefore, the value for α along the
FJ can be easily recovered. For the sake of completeness, we recall that for CD galaxies, the
value of α is highly uncertain. According to Naab et al. [72], if a galaxy increases its mass
by minor mergers, the radius Re should increase with the law Re ∝ M2

s , which implies that
σ ∝ M−0.5. Does it imply that the FJ relation can bend over at the highest luminosities,
masses? The problem is still open. Fortunately, since our sample is nearly CD-free, we can
leave the subject aside.

Looking for a more fundamental relation between luminosity and velocity dispersion
of ETGs, which we suspect can be hidden in the classical FJ, in the absence of any other
information, we make the ansatz of [50] that for each galaxy, the L− σ relationship keeps
the formal dependence of the FJ relation but with exponent and proportionality factors that
can vary from galaxy to galaxy. However, the collective behavior of any sample of ETGs
should also obey the classical FJ, as clearly indicated by the observational data. In other
words, we are looking for additional parameters that are missing in the classical FJ and not
rejecting the FJ relationship.
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In the L = L′0σβ law proposed by [5], the proportionality factor L′0 must depend on
the star formation and mass assembling history of each galaxy, and the exponent β must
mirror the peculiar motion of each object in the L− σ plane across the cosmic epochs due
to mergers and star formation events. Nevertheless, these two variables must be intimately
connected to each other in order to keep the scatter of the observed classical L = L0σα

relation small. This is an important constraint to keep in mind.
In the following, we intend to explore the consequences of our assumption, i.e., to

look at the distribution of galaxies in the Ie − Re plane engendered by the L = L′0σβ law. In
other words, we want to study the relation:

log(Ie) = − log(2π)− 2 log(Re) + log(L′0) + β log(σ). (16)

The main problem in this relation is that we do not know the present values of L′0
and β for each galaxy. These values cannot be measured in a real galaxy without knowing
its past history of mass accretion by mergers (or mass stripping by interaction) and star
formation by different causes, both internal and external. The past values of L, Re, Ie and σ
for a galaxy are unknown. To cope with this, we resort to the Illustris simulations. With the
aid of the Illustris model, we can, in fact, demonstrate that β and L′0 are parameters subject
to variations from object to object and across the cosmic epochs. In particular, the slope β
turns out to span a big range from large negative to large positive values. This analysis has
already been made by [5] from whom we take the most salient results.

Here, we derive the possible value of β by considering the variation in luminosity
∆ log(L) and central velocity dispersion ∆ log(σ) of the same object between the different
cosmic epochs (redshifts). All the data required by this analysis are available in the Illustris
database. By construction, β = ∆ log(L)/∆ log(σ) yields the displacement of a galaxy in
the L− σ plane between two cosmic epochs. In Figure 6, we show the histogram of the
values of β obtained considering the two epochs at redshift z = 1 and z = 0. We can see
clearly that the values of β are both positive and negative. The distribution of β peaks in
the interval 0 to 5 with wings at both sides up to 10 and −10. However, in the negative
interval, the second peak occurs from zero to −5. This means that there are two numerous
subgroups of galaxies whose luminosity either increases or decreases with σ. Furthermore,
indicating the distribution of β for the galaxies with log Re > 4 with a black solid line and
those with log Re ≤ 4 with a red thin line, we note that the big galaxies have preferentially
negative values of β; this means that their luminosity decreased during the time interval
from z = 1 to z = 0. They are likely objects in which the star formation is either decreasing
or has ceased and the bulk of stars are becoming less and less luminous at an increasing
age.

Figure 6. Histogram of the values of β derived from the Illustris simulation. The black (red) histogram
is conducted for objects that have log(Re) > 4 (log Re ≤ 4), respectively.
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Once β is known, we must determine L′0. We noted that using all pairs of progenitors-
descendants (for which L and σ are known) of the Illustris samples for two near redshifts,
a tight correlation between L′0 and β can be derived. This is shown in Figure 7 for the
particular case of z = 1 and z = 0. The fit gives:

log(L′0) = −1.976 β + 10.246 (17)

with an rms ∼5 and a correlation coefficient c.c. =∼0.99.

Figure 7. The relation between β and L′0 derived from the Illustris simulation. We plotted only the
central interval with the most frequent values of β.

The same procedure can be used for all the different epochs (redshifts) available in
the Illustris database. Table 2 summarizes the slopes (γ), intercepts (δ), rms scatters and
correlation coefficients for the relations between L′0 and β obtained considering all redshift
intervals to disposal. This correlation is rather strong and may easily account for the
tightness and small scatter of the L− σ relation.

Table 2. Slopes, intercepts, rms scatter and correlation coefficient (c.c). of the relations between β and
L′0 extracted from the Illustris galaxy models.

Slope (γ) Intercept (δ) rms c.c. z Interval

−1.738 8.960 7.405 −0.994 z = 4.0 – z = 3.0
−1.775 9.429 6.171 −0.996 z = 3.0 – z = 2.2
−1.763 9.660 5.755 −0.996 z = 2.2 – z = 1.6
−1.881 10.070 6.962 −0.993 z = 1.6 – z = 1.0
−1.916 10.170 6.149 −0.993 z = 1.0 – z = 0.6
−1.990 10.420 5.835 −0.992 z = 0.6 – z = 0.2
−1.789 9.684 5.177 −0.993 z = 0.2 – z = 0.0

We can see in the Table that both the slope γ and intercept δ of the L′0 − β relationship
smoothly vary with the cosmic time. The reason for this deserves future careful investiga-
tions. We suspect that it could be related to the variation of the mean star formation and
merging rates of the galaxies with redshift (see, e.g., [73]).

Thanks to this result, we can explore the effects of varying β and L′0 in Equation (17).
By inserting Equation (17) and Equation (14) or (15) into Equation (16), we can see what
happens to Ie when we vary the effective radius Re in the range of the observational values.
The technique we use is the Monte-Carlo method applied to β. Once β is known, we derive
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L′0 and Re to obtain σ and L and, finally, Ie. Care is paid to vary each quantity within the
permitted range of existence.

Figure 8 shows that when the L = L′0σβ relation is inserted into Equation (5), the
Ie − Re plane is well reproduced, i.e., the real and artificial distributions almost overlap
exactly, well beyond the natural uncertainty caused by the small size of the errors affecting
the quantities in usage. This agreement leads us to claim that this is the correct solution for
the mutual inconsistency between the Ie − Re distribution and the classical FJ relation.

Figure 8. The Ie − Re plane of Figure 2 with the data of the Illustris simulation in yellow. Red and
green dots mark the artificial data obtained from Equation (16) when different values of β and L′0
are considered. The artificial data above the ZoE have not been plotted as well as those below the
limiting surface brightness of the observational data.

However, plotting the results for the L = L′0σβ distribution in Figure 8, we drop all
cases that would fall in the ZoE region. Furthermore, we do not plot the points that fall
below the lower limit in surface brightness of the WINGS survey. In conclusion, we can
note the following:

(i) The data with negative values of β do fill preferentially the region of ‘bright’ galaxies;
(ii) The data with positive values of β are instead preferentially in the region of the

‘ordinary’ galaxies;
(iii) The distribution of galaxies in this space critically depends on: (a) the assumed relation

between Re and σ; (b) the values adopted for the zero-point and slope of the L′0 − β
relation.

(iv) The density of simulated galaxies plotted on the figure depends on the adopted
maximum width of interval spanned by β, either positive or negative.

In addition, we note that:

1. the Ie − Re distribution is not in contrast with the FJ relation, if the L = L′0σβ distribu-
tion for each individual galaxy is used;

2. The negative values of β are preferentially found in objects that are today in virial
equilibrium and in a passive state of evolution, i.e., objects whose luminosity is now
decreasing at nearly constant σ;

3. The shape of the distribution of galaxies in the Ie − Re plane depends only on their
evolution in the L− σ plane. Both L and σ depend on the merging/stripping and star
formation history experienced by each galaxy. When all this is over, the luminosity of
the stellar content can only decrease by the natural dimming of the light emitted by
the stars as time goes on.
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An illustrative way for understanding the role of the parameters affecting the Ie − Re
plane is shown in Figure 9. The figure shows four different cases in which we produce quite
different distributions using Equation (16). The top panels show the effect of changing the
Re − σ relation of the galaxies, while the bottom panels show that for varying the values
of β and L′0. Note that keeping β and L′0 fixed and varying only σ as a function of Re, one
obtains two distributions that do not fill the region of the ‘ordinary’ galaxies (upper panels).
On the other hand, keeping the Re − σ relation fixed, one can produce a distribution that
is much more similar to that observed. The interval of permitted βs is also important for
determining the degree of filling of the Ie − Re plane (lower panels). At variance with the
previous figures, we keep the galaxies falling in the ZoE here. Clearly, this mathematical
exercise produces objects that do not exist in nature. This means that the distribution we
observe in the Ie − Re plane is the result of a complex balance between the Re − σ relation
of each galaxy and the parameters β and L′0 that define its evolution.

Figure 9. Four different examples of the use of Equation (16) for reproducing the Ie − Re plane. In the
top panels, the parameters β and L′0 are fixed and the Re − σ relation is changed. In the bottom panels,
we make the opposite. The red and green dots mark the data with β > 0 and β < 0, respectively. The
dashed line is the ZoE, and the dotted lines are the curves of the constant MV at −15.5 and −21.5.

To strengthen the idea that the L = L′0σβ relation is the one at work in individual
galaxies, we perform in addition two experiments with the Monte-Carlo method.

First experiment. The procedure is as follows: (i) we select an array of Re values in the
range typical of ETGs, i.e., 2.5 ≤ log Re ≤ 4.8 (Re in pc), and steps ∆ log Re = 0.115 (16 val-
ues in total); (ii) to each Re, we associate a velocity dispersion σ according to Equation (14);
(iii) given σ, we randomly choose the exponent β in the interval −20 ≤ β ≤ 20, and with
the aid of relation Equation (17), we determine L′0; finally, (iv) we derive the luminosity L
from relation L = L′0σβ. The sequence from (ii) to (iv) is repeated 50 times. As a result of
this, for each value of Re, we obtain an array of luminosities L. Each point has a different
value of β that can be either positive (red) or negative (green). Once L and Re are known,
we derive Ie. The total number of cases is about 800 so that the statistics are significant.
The results are plotted in the log(L)− log(σ) plane of Figure 10 (left panel). In the same
panel, we also display the data of our observational sample (the small gray dots). They
show the classical FJ relation for the WINGS data. In the same plane, we also highlight the
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group of simulations that crowd the same area populated by the observational data (the
red/green squares with a black contour enclosed by the black broken solid line). This same
group is also plotted in the right panel of Figure 10 that displays the Ie − Re plane. The gray
squares are the ETGs and the yellow dots the Illustris galaxies used for comparison. It is
soon evident that L = L′0σβ with β either positive or negative are equally legitimate in the
Ie − Re plane and, vice versa, that the classical FJ relation is compatible with the idea that
individual galaxies may, in reality, follow a dependence L = L′0σβ with β both positive and
negative. Simple considerations suggest that β ought to be positive during the building up
of the stellar content by the star formation triggered by internal (gas collapse) and external
causes (mergers, interactions, shocks, etc.) and negative when this initial phase is over and
the bulk of stars becomes older and fainter. In this simple experiment, cases are found that
do not correspond to real ETGs (see the left panel). This is simply the consequence of the
unconstrained Monte-Carlo procedure that does not include any of the physical processes
taking place during the complex evolutionary history of a galaxy. For instance, we have not
constrained the simulation by imposing a mass–radius relation that contrarily is present
in the observational data3. Since the three relations are very similar, we only quote the
one by [74] that is based on the richest sample (about 60,000 objects). This mass–radius
relationship is:

log Re = (0.537± 0.001) log Ms − (5.26± 0.01) (18)

where Ms and Rs are in solar units and kpc, respectively, the rms = 0.094 and the correlation
coefficient c.c. = 0.89. The maximum thickness of the relation is ∆ log Re ' 0.5. What
matters here is that within the area enclosed by the solid line in the left panel of Figure 10,
which closely mimics the observational L− σ relation, both types of models are possible
(red and green). Looking at the right panel of the same figure, the sequence of bright
galaxies also contains red models (positive β) and green models (negative β). Finally, we
note that both models are compatible with the observational Ie − Re plane.

Figure 10. (Left Panel): The classical L− σ plane with the simulations in which each galaxy follows
its own L = L′0σβ relation. The red dots have β > 0, and the green dots have β < 0. The black squares
are the data selected as belonging to the FJ relation. (Right Panel): the Ie − Re plane with the same
data selected in the left panel.

There is another interesting property to note. In Figure 11, we show the histogram of
the β values for the whole simulation (the black solid line) and for the models enclosed by
the solid broken line in the right panel of Figure 10 (the red solid line). The initial uniform
distribution of random numbers is now turned into a bi-modal one where a first peak is
centered at β ' −2 and a second at β ' 4.
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Figure 11. Histogram of the β values in the classical L− σ relation for model galaxies each of which
obeys the L = L′0σβ relation. The black line is the histogram for the random assignment of β to
each model galaxy, while the red line is the resulting distribution of βs in the group of models
corresponding to the classical FJ distribution.

Second experiment. We have already argued that the galaxies obeying the classical FJ
cannot reproduce the observed distribution in the Ie − Re plane with the current L = L0σα

relation. The question can be raised whether galaxies that are nicely distributed in the
Ie − Re plane and individually obeying the L = L′0σβ relation can reproduce the FJ relation.
To this aim, we start from the Ie− Re plane of Figure 2, using the same WINGS objects of the
known L, Re, Ie and σ, to which the FJ relation of Figure 3 is associated. For these galaxies,
we keep all parameters fixed, but suppose that the real correlation between L and σ is not
L = L0σα but L = L′0σβ. Given L and σ, we suppose that β can randomly vary between
−20 and 20, and for each value of β, we derive the factor L′0 from Equation L = L′0σβ. As
expected, we find that (i) all the values of L′0 and β obey a relation very similar to that shown
in Figure 7 but with minor differences, log L′0 = −(2.176± 0.002) β + 10.045± 0.096; the
values of β show a bi-modal distribution with two peaks: one at β = −3 and the other
at β = 3 (see the left panel of Figure 12). Then, we calculate the expected luminosity for
values of log(σ) in the interval 1.4 to 3 (i.e., covering the whole interval spanned by the
observational data) in steps of 0.1 and all possible values of β in the interval of −20 to 20 in
steps of 1. The above relation L′0 − β relation yields the value of L′0 to be used. The results
are plotted in the right panel of Figure 12; the red triangles are for β > 0 and the black
squares for β < 0. These arrays of points represent all possible values of luminosity for
each combination of σ and β. In the same figure, we also plot the observational L = L0σα

proposed for bright (massive) ETGs indicated by the central blue solid line with dots,
together with two parallel lines of the same color showing the associated dispersion, and
do the same for the less luminous (less massive) ETGs indicated by the green dashed lines.
These relations are those of Table 1. An intersection occurs at log(σ) ' 2.4. In general,
the observational relations log(L)− log(σ) run in the quadrants for β > 0 and through
values of β compatible with the observational determination of α. However, there are
regions in which both positive and negative values of β are possible, i.e., in the interval
2.1 ≤ log(σ) ≤ 2.4. In this case, together with galaxies increasing the luminosity there are
also others doing the opposite.
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Figure 12. (Left Panel): The histogram of the parameter β of the L = L′0σβ relation applied to the
galaxies used to build the Ie − Re plane. Two peaks are present, one in the interval −10 ≤ β ≤ 0
and the other in the interval 0 ≤ β ≤ 10. (Right Panel): the classical L = L0σα relation expected for
the same galaxies at varying parameter βs. The velocity dispersion (log(σ), in km/s) goes from 1.2
to 3.2 in steps of 0.1. For each value of β, we derive the specific luminosity log L′0 from the relation
log L′0 = −(2.176± 0.002) β + 10.045± 0.096 previously derived from the simulations in the left
panel. With the aid of the relation L = L′0σβ we obtain the luminosity. The red triangles are for β > 0,
while the black squares are for β < 0. Finally, we plot two observational L = L0σα, i.e., for ETGs
fainter than MV = −21.5 (green dashed lines) and those brighter than MV = −21.5 (solid blue lines).
For each case, there are three lines: the central one is the mean relation, while the two wing lines
yield an idea of observational spread around it. The comparison shows that while many objects are
compatible with β > 0, there are others, fewer in number, that are compatible with β < 0. In any
case, the mean value of β (equivalent to α of the classical interpretation of the L = L0σα relation) is
positive.

Finally, we have also determined the mean slope of the two sub-populations weighed
on the occurrence number per interval of β: they are < β >>0= 4.7 and < β ><0= −3.8.
The slope of the final L = L0σα will depend on the percentages of the two populations with
respect to the total.

In Figure 13, we show the L− σ predicted by this simulation together with the ob-
servational data. The green dots show the galaxies whose individual L− σ has negative
β. They are a small fraction of the total so that the mean slope of the whole sample with
log(σ) > 2.3 remains with < β >≡ α positive and in the range 4 to 5, while the remaining
population also has < β >≡ α positive but with lower values falling in the range 1 to 3.
Finally, we would like to point out that the galaxies with β < 0 are those along the tail
towards low surface brightness in Figure 2.

In conclusion, these experiments lend strong support to the hypothesis that, masked
by the classical L = L0σα relation, there is another relation driving the behavior of each
individual galaxy. For the latter, we have assumed the same analytical dependence of the
L = L0σα but with the proportionality factor L′0 and exponent β that vary from galaxy to
galaxy. This hypothesis is also supported by the Illustris models of galaxy formation in
a hierarchical scheme. Thanks to this hypothesis, the incompatibility between the plane
Ie − Re and the standard L− σ can be ruled out.
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Figure 13. The classical log(L)− log(σ) plane with the simulations in which each galaxy follows its
own L = L′0σβ relation. The red dots are β > 0, and the green dots are β < 0. The black dots are the
data of the classical FJ relation. The green dots are confined in the region of bright ETGs. In our view
of the problem, this means that the luminosity is decreasing; in other words, no star formation or
mass building is taking place in these galaxies.

6. Discussion

We have demonstrated above that the Ie−Re and L− σ distributions are only mutually
compatible if we accept the idea that luminosity and velocity dispersion of each individual
galaxy are related by the L = L′0σβ law, where L′0 and β vary from galaxy to galaxy and over
the course of time. The L = L′0σβ relation hides the complex interplay between the baryonic
and dark matter components of a galaxy and the mass accretion and star formation history
experienced by each galaxy. Contrary to the classical L = L0σα, the new relation does not
originate from the VT but leads to results that are compatible with it.

The idea behind this new perspective is that the total luminosity of galaxies is essen-
tially the result of the mass assembly, star formation history and temporal evolution of
the stellar populations inside. Therefore, the luminosity of a galaxy is expected to be a
complex function of all these phenomena. It is worth recalling in this context that long ago,
Brosche [75] questioned the simple, largely empirical, star formation law of Schmidt [76],
based only on the gas density ρ, and favored a scenario in which the star formation and
the rate at which it occurs are functions of several parameters, among which we recall the
gas density ρ and the rotation velocity vλ, where λ may vary from galaxy to galaxy. Stars
born in large gas complexes have a characteristic velocity that depends on the physical
condition of the galaxy during the star formation event (collapse, shock, merging, etc.).
For this reason, the global star formation and galaxy luminosity (the chief fingerprints
of stellar activity) ought to keep memory of the gas velocity. The work of Brosche [75]
spurred D’Onofrio et al. [50] to introduce the new L = L′0σβ relation.

To lend support to this idea, we resort again to the Illustris simulations and look at
the properties of galaxies at different epochs (redshifts). To this aim, we randomly select a
small number of galaxies out of the sample at z = 0, for which we know the whole history
through the cosmic epochs for the set of redshfits provided by Illustris, i.e., we know the
sequence of progenitors that, through a number of mergers, gave origin to the objects seen
at z = 0. We limit this to the redshifts z = 4 and z = 1. For this small sample of galaxies,
we know how the basic quantities Ms, Re, σ and L have changed with time. The results for
three typical cases are shown in Figure 14, which displays the log(L)− log(σ) plane on the
left, the Ie − Re plane on the top right and the Re −Ms plane on the bottom right. The color
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code is blue for models at z = 4, green for models at z = 1, red for models at z = 0 and,
finally, gray for the observational data at z = 0.

Figure 14. (Left Panel): The FJ plane. The gray dots are the observational data from the WINGS
database. The filled circles of different colors are the three ETGs of the Illustris database taken at
different redshift epochs: z = 4 (blue), z = 1 (green) and z = 0 (red). (Right Panels): the Ie − Re

plane (upper plot) and the Re −Ms plane (lower plot). The gray dots are again the observational
data present in the WINGS database. The samples have different sizes in each plot because the
spectroscopic and photometric datasets have different richness.

In relation to our discussion, the models plotted on the log(L) − log(σ) plane are
particularly enlightening. Let us compare the models to each other at a given redshift
with the data at z = 0. The three blue circles, green circles and red circles separately draw
sequences in which the luminosity grows with the velocity dispersion, i.e., follows the
classical L = L0σα relation, the dispersion of which always remains rather small. The
sequence of red circles is fully compatible with the present day data (gray dots). In other
words, during the cosmic evolution in the hierarchical scheme, the FJ relation is in place,
although with a slightly different slope at each redshift. The whole ranges spanned by L,
Ms and σ progressively shift to higher and higher values. This indirectly confirms that the
FJ simply mirrors the L ∝ Ms relation. What is mostly relevant here anyhow is that all the
three cases shown here present a decrease in luminosity at nearly constant σ passing from
z = 1 to z = 0 (in one case, σ even decreases), the opposite occurs from z = 4 to z = 1. In
general, looking at many other cases not shown here for the sake of clarity, the path of a
galaxy in the log(L)− log(σ) plane is a combination of different possible trends depending
on the accretion history of mass. In brief, the general trend follows the L = L0σα relation,
while individual galaxies follow the L = L′0σβ law.

The distribution of theoretical models in the Ie − Re plane is intriguing and needs
some explanation. We start labeling the three groups of models “A, B, C”, as indicated in
the panels of Figure 14. With our cosmological parameters, the present age of the universe
is tu(z = 0) = 13.86 Gyr, while at the redshift epochs of the models, it is tu(z = 4) = 1.60
Gyr and tu(z = 1) = 6.02 Gyr. Taking z = 5 (tu(z = 5) = 1.21 Gyr) as an indicative redshift
for the start of galaxy formation, the age of the model galaxies are tg,i(z = 4) = 0.39 Gyr,
tg,i(z = 1) = 4.81 Gyr and tg,i(z = 0) = 12.85 Gyr, with i = A, B, C. Along each sequence
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A, B, C, the radius Re and mass Ms increase, as indicated in the top and bottom right panels
of Figure 14, respectively. Having set the scene, we note that: (i) the most massive and
oldest objects (red circles) of each sequence draw a curved line in the Ie − Re plane that
nicely coincides with the border of the galaxy distribution in this plane. The other models
overlap the data. (ii) As the mass and size of galaxies increase, they move progressively
toward the limits imposed by the ZoE, i.e., the limit drawn by galaxies in virial equilibrium
and passive evolutionary stage (see [5]). (iii) The tail in the Ie − Re plane corresponds to
the tail of the Re − Ms plane (see the bottom right panel of Figure 14). (iv) As already
said, the data refer to galaxies at z = 0, so the comparison of data with models for z = 4
and z = 1 requires that the ages of these latter are suitably rescaled. It is obvious that
the age of models born at z = z f and seen at z = zob, e.g., tg(z = zob), is fully equivalent
to a model born at tage = tu(z = 0)− tg(z = zob) and observed now. This allows us to
consider all the galaxies in the Ie − Re plane as spanning a wide range of ages from the
last episode of star formation dominating the light (and luminosity and surface brightness
in turn). Pre-existing stellar populations in each galaxy that were generated by the past
merger and star forming activity would determine the stellar mass Ms, radius Re, velocity
dispersion σ and part of the light. In brief, the large scatter in the Ie − Re plane can be easily
accounted for.

Coming back to the characteristics of the Ie − Re and Re −Ms planes, the first inter-
esting feature of both diagrams is the existence of ‘tails’ in correspondence of the most
massive systems. These tails are well reproduced by the Illustris models [5]. The Re −Ms
plane has also been thoroughly investigated by [56]. The tails are formed by objects with a
mass higher than 1010M� and seem to appear starting from redshift z = 2. On the basis
of the previous discussion, the formation of the bright family tails in the Ie − Re (and the
Re −Ms planes) can be associated with the quenching of the star formation activity (both
spontaneous and/or triggered by mergers).

The second relevant characteristic is the existence of two groups. In the Ie − Re plane,
the ‘ordinary’ family, in which Ie ∝ L/R2

e , and the ‘bright’ family with Ie ∝ Re are well
visible. This latter owes their large radii to the variation of the effective radius, possibly
induced by minor merger events [5,72]. Such events likely change the whole structure
of the galaxies and consequently modify the Sércic index n of the light profiles to values
higher than 5. The mergers of stellar systems with no gas should engender systems with
dimensions larger than usual for a given total mass because no dissipation of energy can
take place with the generation of new stars (see also the discussion in [56] for more details).
However, even ignoring the effect of minor mergers, Ie could decrease by natural fading
of the luminosity emitted by the stellar populations of a galaxy and the absence of any
rejuvenation of the stellar content by the star formation. The inspection of current libraries
of stellar populations, e.g., [77,78], shows that the magnitudes and log(L/L�) scale linearly
with log(age), which means that the total luminosity can easily go down by a large factor
past the last significant episode of star formation, thus causing a large decrease in Ie even if
Re remains nearly constant.

In this framework, it is also instructive to examine the following parameters extracted
from the Illustris simulation: the stellar mass Ms, the total luminosity L, the star formation
rate SFR (in M� per year) and the stellar velocity dispersion σ. The results are shown in
the four panels of Figure 15. The color code indicates galaxies at different redshifts, namely
z = 4 (blue dots), z = 1 (green dots) and z = 0 (black dots). The upper left panel shows
the Ms − SFR plane. It is evident that at z = 0, many galaxies are decreasing their SFR
(the rain of dots toward low values of SFR). The process is also visible at z = 1, while it is
absent at z = 4. The same trend is visible in the L− SFR plane (the upper right panel). The
brightest galaxies, in particular, are those where the SFR is drastically decreasing. Notably,
the Ms − L plane (bottom left panel) shows how the mass-luminosity relation tends to bend
with an increasing mass (the luminosity decreases because the SFR decreases). The relation
is steep at z = 4 and much less steep at z = 0; the scatter, however, is quite similar in all
cases. Finally, the same trend is visible in the bottom right panel showing the SFR vs. σ
plane.
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Figure 15. (Upper Left Panel): the Ms − SFR relation at three different redshifts: z = 4 (blue
dots), z = 1 (green dots) and z = 0 black dots. (Upper Right Panel): the L − SFR relation.
(Lower Left Panel): the Ms − L relation. (Lower Right Panel): the σ− SFR relation. Stellar masses
are in M� and are indicated by M∗ in the plot, SFR in M�/yr, luminosities in L� and velocity
dispersions σ in km/s.

The evolution along the SFR−Ms plane has been the subject of many studies using
cosmological surveys, compilation of data and fossil records (see, for instance, [79,80]
and references therein), while the evolution along this diagram of present-day ETGs was
presented by Sánchez et al. [81]. Although the comparison of the Illustris results with those
studies is beyond the aims of this study, the mutual agreement is fairly good, securing that
the Illustris models can be safely used in our analysis.

Figure 16. (Left Panel): the ∆ log(L) − β plane. The epochs of different redshifts are marked by
dots of different colors: the most remote one, starting at z = 4 and going to z = 3 (blue dots), is
followed by that from z = 3 to z = 2.2 (green dots), that from z = 2.2 to z = 1.6 (magenta dots),
that from z = 1.6 to z = 1 (yellow dots), that from z = 1 to z = 0.6 (red dots), that from z = 0.6 to
z = 0.2 (gray dots) and that from z = 0.2 to z = 0 (brown dots). (Right Panel): a sketch of the same
plane showing the variation of mass, luminosity and velocity dispersion associated to each position
of a galaxy in this diagram. The left and right panels are, in turn, made of four quadrants according
to the combinations of positive and negative values of ∆ log(L) and β.
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The last test using the Illustris data, made to better understand the behavior of galaxies
in the Ie − Re and L = L0σα planes, is a simple experiment conducted using the values of β
predicted by the simulation in correspondence to the changes of Ms, Re, L and σ passing
from one value of the redshift to another. We compare here the variations in β and in
luminosity ∆ log(L) predicted by the simulation between seven pairs of redshift intervals.
Figure 16 shows the ∆ log(L)− β plane for all these redshift intervals using different colors
in the left panel. The right panel shows the possible shifts of a galaxy in the left panel
passing from one redshift to another. Each panel is made of four quadrants according to the
combinations of positive and negative values of ∆ log(L) and β. The left panel of Figure 16
shows that the galaxy transformations occurring at nearby epochs, marked by gray and
brown dots, are preferentially located in the left quadrants of the plot, where ∆ log(L) < 0
and β > 0. On the other hand, those at a high redshift are preferentially observed where
∆ log(L) > 0 and β > 0. The right panel of Figure 16 schematically sketches the change in
the properties of galaxies located in the different quadrants of this diagram. By construction,
β = ∆ log(L)/∆ log(σ)); therefore: (i) Galaxies that have β > 0 and ∆ log(L) < 0 are likely
objects that have lost mass and are consequently less luminous, (but the direction of their
motion in the L− σ plane is that with β > 0). The only process that can give such result is
the stripping of a significant amount of stars during galaxy encounters. (ii) Galaxies with
β < 0 and ∆ log(L) < 0 have decreased their luminosity at nearly constant mass, or their
mass has moderately increased (∆ log(σ > 0)), but the luminosity decrease is very large.
(iii) Galaxies where β > 0 and ∆ log(L) > 0 are still merging with each other so that both
the mass and the luminosity increase. (iv) Finally, galaxies with β < 0 and ∆ log(L) > 0 are
those probably rich of gas that have lost stellar mass (∆ log σ < 0) during a close encounter.
In this case, shocks might induce a burst of star formation increasing the luminosity, but
the total mass of the galaxies decreases.

According to the values of β and ∆ log(L) each galaxy has its peculiar motion in the
log(L)− log(σ) plane. The galaxies belonging to the upper part of the diagram with β > 0
do move along the L = L0σα relation, while those with β < 0 move perpendicularly to
this relation.

Figure 17 now shows the distribution of the SFR for the galaxies belonging to the
different quadrants of the left panel of Figure 16 at two values of the redshift: namely
z = 0 (upper panel) and z = 4 (lower panel). We can see very clearly that the situation
significantly changes passing from one redshift to another. At z = 0, most of the galaxies
fall in the red and blue histograms, i.e., they are galaxies that have lost significant amount
of mass and/or are now in a quenched state of star formation (SFR = 0). On the contrary,
at z = 4, most of the galaxies fall in the green and black histograms, i.e., they are galaxies
still undergoing a merger or have formed new stars soon after a close encounter where
they have lost part of their mass.

Finally, we can address the question of the distribution of ETGs in the Ie − Re plane
from the point of view of analytical models of galaxy formation and evolution. To this aim,
we resort to the simple models developed by Chiosi [82], extended by Tantalo et al. [83] and
recently used by Chiosi et al. [73] to study the cosmic star formation rate and by Sciarratta
et al. [84] to investigate the galaxy color-magnitude diagram. In brief, a galaxy of total mass
MG is made of baryonic (B) and dark matter (D), with mass MB and MD, respectively, and,
at any time, satisfies the equation:

MG(t) = MB(t) + MD(t). (19)

The baryonic mass is supposed to be originally in the form of gas to flow in at
a suitable rate and, when physical conditions allow it, to transform into stars. With
the same rate, dark matter also flows in, together with baryonic matter, to build up the
total gravitational potential. A suitable prescription is adopted to describe their spatial
distribution (see [83] for more details). Baryonic and dark matter are in proportions fixed
by the adopted cosmological model of the Universe. This kind of galaxy model is named
‘infall model’, the essence of which resides in the gas accretion into the central region of the
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proto-galaxy at a suitable rate (driven by the timescale τ) and in the gas consumption by a
Schmidt-like law of star formation. The gas accretion and consumption coupled together
give rise to a time dependence of the SFR closely resembling the one resulting from the
N-body simulations, e.g., [85–88]. At any time t, the baryonic mass MB is given by the sum:

MB(t) = Mg(t) + Ms(t), (20)

where Mg(t) is the gaseous mass and Ms(t) the star mass. At the beginning, both the gas
and the star mass in the proto-galaxy are zero Mg(t = 0) = Ms(t = 0) = 0. The rate of the
baryonic mass (and gas in turn) accretion is driven by the accretion timescale τ according to

dMB(t)
dt

= MB,τ exp(−t/τ), (21)

where τ is the accretion timescale and MB,τ a constant with the dimensions of (Mass/Time)
to be determined by imposing that, at the galaxy age TG, the total baryonic mass of the
galaxy MB(TG) is reached:

MB,τ =
MB(TG)

τ[1− exp(−TG/τ)]
. (22)

Figure 17. (Upper Panel): histogram of the SFR at z = 0 for the galaxies belonging to the four parts
of the β− ∆ log(L) diagram. Blue lines mark galaxies with ∆ log(L) < 0 and β < 0; green lines mark
those with ∆ log(L) > 0 and β < 0; red lines mark those with ∆ log(L) < 0 and β > 0; black lines
mark those with ∆ log(L) > 0 and β > 0. The galaxies that have SFR = 0 have been assigned to the
bin 10−6. (Lower Panel): the same histogram for the galaxies at z = 4.

Therefore, by integrating the accretion law, the time dependence of MB(t) is:

MB(t) =
MB(TG)

[1− exp(−TG/τ)]
[1− exp(−t/τ)]. (23)

The timescale τ is related to the collapse time and the average rate of gas cooling.
Therefore, it is expected to depend on the mass of the system. The gas mass not only
increases by infall but also decreases by star formation. The rate of star formation is
modeled throughout the whole life of the galaxy with the [76] law:

Ψ(t) ≡ dMs

dt
≡ dMs

dt
= νMg(t)k, (24)

where k regulates the dependency of SFR on the gas content (classically, it can be linear or
quadratic: we fix it as k = 1), and ν is the efficiency parameter of the star formation process.
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In the infall model, because of the interplay between gas accretion and consumption,
the SFR starts low, reaches a peak after a time approximately equal to τ and then declines.
The functional form that could mimic this behavior is the time delayed exponentially
declining law:

Ψ(t) ∝
t
τ

exp
(
− t

τ

)
. (25)

The Schmidt law in Equation (24) is therefore the link between gas accretion by infall
and gas consumption by star formation.

As a whole, this kind of approach stands on a number of observational and theo-
retical arguments, among which we recall: (i) the parameters ν and τ can be related to
morphology [89] and the presence of ongoing star formation activity inside observed galax-
ies [90]; (ii) the aforementioned quantities can be easily tuned in order to fit observational
data, and complex phenomena that would affect the rate of gas cooling, such as active
galactic nuclei (AGN), can also be empirically taken into account without going into detail
(see, e.g., [73]). These galaxy models include many important physical phenomena, for
instance, gas heating by supernova explosions (both type Ia and type II), stellar winds, gas
cooling by radiative emission, galactic winds and the presence of dark matter in shaping
the gravitational potential. See the study by Tantalo et al. [83] for all details on these topics.
The list of the key model parameters used in this study is given in Table 3.

Table 3. The key parameters of model galaxies: MB(TG), ν and τ. Masses are in solar units and τ

in Gyr.

log MB(TG) 6 7 8 9 10 11 12 13

τ 10 6 5 4 3 2 2 1
ν 10 10 10 10 10 10 10 10

A short comment is necessary about the efficiency of star formation ν, which has been
assumed to be independent of the galaxy mass (morphological type) and thermo-dynamical
condition of the gas. While this assumption is fully adequate to our present aims, it is not
in line with the recent understanding of this parameter. Colombo et al. [91] showed that
the depletion time associated with the SFR efficiency depends on the morphology (and
mass); the results were later confirmed by Sánchez et al. [92] and Sánchez et al. [93] using
direct and indirect estimations of the molecular gas content in galaxies and the distribution
of [α/Fe] elements in galaxies.

Three series of models are calculated with the same input parameters:

(i) In the first group, there is no constraint on the star formation activity, which never
stops in the course of formation and evolution. Although reduced to minimal levels of
activity, the star formation is also active at the present age. However, even minimal
traces of star formation should be excluded for present ETGs. For this reason, we
calculate a second group of models (see below) in which the SFR is zero at the present
time. The results indicate that, in practice, there is no effect on our analysis.

(ii) In the second group soon after the activity peak (approximately soon after the age t '
τ, when the bulk of stars is already in place), star formation is stopped. Consequently,
at the present age, the light emitted by the galaxies is free from contamination by
newly formed stars. This allows us to evaluate the effect on the luminosity and Ie, in
turn, by ongoing star-forming events. As already mentioned, we evaluate the decrease
in luminosity ∆ log(L/L�) in the range 1 to 2. We take the lowest value as a minimum
estimate. At each time, we evaluate the radius Re of the stellar component Ms by
means of the mass–radius relation (MRR) proposed by Chiosi et al. [56]. The MRR
of Chiosi et al. [56] is:

log Re = 0.00758[log(m ·Ms)]
3 − 0.1874[log(m ·Ms)]

2 + 1.908[log(m ·Ms)]− 9.027, (26)
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where Re is in kpc and Ms in M�. The variable m = MD/Ms is the ratio of dark to
stellar mass and, in principle, can vary with the galaxy mass; here, we assume the
typical mean value m = 25 (see [56] for all details);

(iii) In the third group, we examine the effect of the MRR. While massive galaxies (mass
greater than about 1010 M�) at the present time obey a sharp MRR, this is not the
case of less massive galaxies whose Ms and Re are apparently weakly correlated.
They indeed crowd in a cloud on the MR-plane, although a weak correlation can be
derived (see [56] for a thorough discussion of this problem). To this aim, we calculate
a third group of models in which the MRR for less massive galaxies is taken from
Woo et al. [94], which is much flatter (about a factor of two) than the one adopted for
the more massive galaxies.4 Finally, the luminosity of the galaxy as a function of time
is calculated with the population synthesis technique described in Bressan et al. [95]
so that the detailed star formation history is taken into account.

The results are shown in Figure 18, where the blue lines are for the models with
the standard MRR and no constraint on the SFR, while the red lines are for those with
interrupted SFR. In the same figure, the green and magenta models are the same (green
for active star formation and magenta for extinguished star formation) for those with the
flatter MRR in the range of low mass objects. The dashed line is the ZoE.

1e13

1e6

1e13

1e6

1e6

1e6

Figure 18. The Ie − Re plane of the analytical model galaxies with infall. The mass MB(TG) grows
from left to right in steps of a factor of 10 from 106 to 1013 M�. The infall time scale τ and specific
efficiency ν of the star formation are listed in Table 3. The Re −Ms relation is from Chiosi et al. [56].
The blue lines are models with active star formation all over the evolutionary history. The red lines
are models in which star formation is quenched off past the age t ' τ. The green and magenta lines
indicate the model with active (green) and quenched off (magenta) star formation, but in which the
Re −Ms relation for galaxies with stellar mass in the interval 106 to 109 M� is that of dwarf galaxies
of Woo et al. [94]. See the text for more details. The dashed line is the ZoE.

Looking at the first and second group (models with standard MRR and different
SFR), it is worth recalling that a galaxy moves along this line from the top to the bottom
at a decreasing speed because the variation in luminosity tends to slow down as the
evolution proceeds. The present age is the last point of each line. The distribution of
the final stage (present age) mimics the distribution of observational data in the Ie − Re
plane. Large radii are reached by massive galaxies thanks to the adopted MR relation.
Remarkably, all the final points of the blue lines fall either along or below the ZoE, and
those of the red lines are well below this. The obvious implication is that the effect of
star formation cannot be ignored when examining the properties of the Ie − Re plane.
Passing now to the third group (models with shallower MRR for less massive galaxies),
thanks to their larger radii at a given Ms, they greatly shift toward lower Ie and larger
Re. Since from the observational point of view, galaxies in this mass range show radii
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Re in the range predicted by Chiosi et al. [56] and Woo et al. [94], the terminal stages of all
models presented in Figure 17 encompass all reasonable situations that can be seen at the
present time in this diagnostic plane. Furthermore, they provide an idea of the spread
to be expected because of a spread in the epoch of galaxy formation (galaxies nowadays
detected in different evolutionary stage), different SFR histories and different histories of
their dimensions caused by internal (galactic winds) external (mergers) events. They also
strongly suggest that the most massive galaxies ceased their star formation histories back
in the past. Moreover, these results are in perfect agreement with the observational data in
Figure 2. Finally, it lends strong support to the notion that the ZoE is traced by galaxies in
virial equilibrium and passive internal evolution.

From an observational perspective, the tails of bright galaxies in the Ie − Re and
Re −Ms planes trace the border of the ZoE. When a galaxy reaches the passive state of its
stellar content with no star formation activity, no important energy injections by supernova
explosions and no significant mergers, it soon relaxes to virial equilibrium.

We name this ideal situation a state of ‘full virial’ condition. In this context, in the
various diagnostic planes, such as the Ie − Re Re − Ms and also the so called kappa-
space defined by [28,29], there is a special locus populated by galaxies in this ideal state:
virialization and passiveness.

As demonstrated by [5], the intersection of the VT equation with the L = L′0σβ relation
naturally explains the origin of the ZoE. Their Tab. 4 indeed shows that the slopes achieved
in the Ie − Re and Re −Ms planes are converging to a limit of −1 and 1, respectively, when
β becomes progressively more negative. Objects beyond this limit cannot exist, as the
ZoE is acting as a physical barrier in the Ie − Re (and Re − Ms) plane. When a ‘bright’
galaxy is in this state, β is negative because the luminosity can only decrease. Consequently,
the path followed in these diagrams by galaxies in this peculiar state of evolution cannot
deviate from the limiting slope fixed by the intersection of the L = L′0σβ relation with the
VT. Such condition preferentially occurs in massive galaxies because they rarely undergo
major mergers and are scarcely affected by the minor ones. They are also passive objects
since their stellar content indicates that star formation has ceased long time ago. Therefore,
massive galaxies are the closest systems to the condition of ‘full virialization’. Consequently,
their luminosity must decrease at a nearly constant σ (high negative values of β). For the
objects of the ‘ordinary’ family, the full virial equilibrium is frequently disturbed by mergers
with other objects of comparable mass, the removal of stars and gas by interactions with
other galaxies and intense star formation activity either continuous or in sporadic episodes.
Although virial equilibrium can be reached on dynamical time scales, in reality, these objects
are often far from the ideal condition of full virialization and passiveness and therefore far
from the ZoE. Consequently, their luminosity can both increase or decrease and so does
their velocity dispersion, and their β can be positive or negative and low or high.

From the above considerations, we can deduce the following conclusions:

(i) The galaxies that move almost perpendicularly to the FJ relation in the L− σ plane are
those with β < 0, i.e., they are either inactive in forming stars or experiencing a burst
of star formation triggered by a close encounter with another galaxy during which
they underwent significant mass loss;

(ii) The galaxies while loosing or acquiring mass by close encounters and/or mergers
move along the FJ relation. The deviations from the FJ distribution is always small,
keeping the scatter observed at z = 0.

(iii) The classical FJ relation must be understood as the mean behavior on the present
day log(L)− log(σ) plane of the path followed by each galaxy with its own values
of β and L′0. The slope α and proportionality factor L0 of the FJ should be given by
the mean values of β and L′0 of the sample under consideration, i.e., α ≡< β > and
L0 ≡< L′0 >. The problem is that the arrays of βs and L′0s are not known, unless one
resorts to simulations, such as Illustris. Introducing the L = L′0σβ distribution has no
practical advantage, but it clarifies that the information provided by the classical FJ is
not enough to highlight the complexity of physical phenomena hidden in the Ie − Re
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and L− σ relations. It is mandatory to obtain a relationship between the luminosity
of a galaxy and not only its stellar mass but also other properties, such as the radius
(at least) and the past history of mass assembly and star formation, from general
principles.

7. Conclusions

In conclusion, the present work has demonstrated that:

1. The distribution observed in the Ie − Re plane originates from the L = L′0σβ relation,
in particular, on the spectrum of values attained by β and L′0 that each galaxy can
experience during its evolution;

2. The distribution does not depend on the definition of Re and Ms (see the arguments
by [16]) but only on the history of mass assembly, mass removal, star formation and
evolution of the stellar content;

3. All the scaling relations based on the effective radius Re can be interpreted as originat-
ing from the combination of the VT and the L = L′0σβ distribution.

4. The L = L′0σβ law does not replace the FJ relation. They are two different things. The
FJ relation mirrors the fundamental and obvious fact that the total light emitted by an
assembly of stars is almost proportional to their total mass. In the FJ, the total light
is the luminosity, and the total stellar mass is replaced by the velocity dispersion via
the VT (some hints on the radius-mass relation is, however, required). Furthermore,
the FJ relation is a 2D representation of the 3D space of the FP. Passing from 3D to
a 2D space, some degeneracy among two of the three variables is introduced. The
L = L′0σβ distribution intends to remove this degeneracy when going back from the
L− σ plane to the Ie − Re plane. The task is achieved by looking at the evolutionary
history of the quantities L, σ, β and L′0 that is reconstructed with the aid of the library
of hydrodynamical large-scale simulations of structure formations and evolution in the
hierarchical scheme. In this context, each galaxy is characterized by its own L = L′0σβ

and its history, represented by a different path in the L− σ plane, a path that varies
with time.

5. The FJ is a snapshot of the L-σ plane taken at the present time, and the L− σ relation
is the average location of all the individual positions of galaxies, as seen at the present
time. Thanks the L = L′0σβ relation and its time variation shown by the Illustris
simulations, we can now go deeper into the physical causes generating the FJ relation
and the Ie − Re plane.

6. In our L = L′0σβ relation, the terms L′0 and β resume the history of the mass as-
sembly of galaxies. L′0 in particular must depend on the inverse M/L ratio of the
stellar populations (see Equation (9)). Luminosity can be expressed as the product
of (M/L)−1 and σ. If ETGs follow a downsizing trend, then one expects their M/L
ratio to increase with the galaxy mass (σ) with the brightest ETGs completing their
mass assembly earlier than the lower-mass ETGs and showing the highest M/L ratios
(see [88] and references there in). If this is the case, then ordinary ETGs should, on
average, be characterized by a lower mass and light-weighted stellar age than brighter
ETGs. In other words, the β exponent should follow an inverse relation with the
light-weighted stellar age (negative βs for bright ETGs that have experienced passive
photometric evolution since redshift z ' 1). Our analysis already lends support to this
view that could be better strengthened by detailed spectro-photometric evolutionary
descriptions implemented in numerical NB-TSPH models of ETGs.

The last thing to comment on is the problem of the trend observed in the relations
MV − n and MV − µ0 (central surface brightness), which are both linear. Why do we not
see any curvature in these relations? Our explanation is that all of them simply mirror
the virial relation, which, in turn, has the mass as a driving parameter, i.e., they are not
real relations involving the luminosity of galaxies and its history. The real driver of these
relations is the mass of the galaxies instead of the luminosity, as is the case of the FJ relation.
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The luminosity affects the scaling relations when the half-luminosity radius Re and the
effective surface intensity Ie are taken into account as key parameters.

Concerning the MV − µ0 relationship, it is likely that µ0 is a parameter that does not
depend on the past history of a galaxy, made by mergers and star formation, but a local
property strongly dependent on the total mass.

In conclusion, we can say that the L = L′0σβ law proposed by [50] and analyzed
by [5] has now a solid empirical evidence because it can easily explain the distribution
of real galaxies in the observed Ie − Re and Re −Ms planes (and others projections of the
FP) but also a theoretical basis grounded on the numerical simulations. The L = L′0σβ

law must therefore be considered the ‘true’ relation connecting luminosity and velocity
dispersion. The parameters β and L′0 of present-day galaxies encrypt the history of the mass
assembly made by mergers and star formation and can likely be derived by combining two
or more projections of the FP that turn out to depend on them (D’Onofrio et al. in prep.).
Their presence, evolution and significance can be linked to theoretical studies on the star
formation and merging activity, for example, by exploring the effects of a star formation
depending not only on the gas density but also on the clouds’ velocities or by numerical
simulations of merger events. These parameters can also be useful for characterizing
the evolutionary status of a cluster of galaxies—their values being a proxy of the galaxy
evolution (activity or quenching). This important subject is left to future studies. It is highly
desirable that, in the near future, by deciphering the physical processes encoded in the
parameters β and L′0, we may identify the possible ancestors of present day galaxies.
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Notes
1 The formal definition of effective surface intensity is < Ie >= L

2πR2
e
. For the sake of simplicity, we drop the notation of the mean

value and write Ie ≡< Ie >. In the whole paper, by the notation Ie − Re we mean the plane log Ie versus log Re in suitable units.
2 This is again the well-known problem of the FP “tilt”.
3 See, for instance, the three Re −Ms relations for ETGs analyzed by [56] using the data by [29,74], and WINGS.
4 The MR relation for low mass galaxies (the dwarf galaxies) in the mass interval 106 to 109 M� of Woo et al. [94] is log Re =

0.28 log Ms − 2.4. See the paper for all details.
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