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A class of linear sets in PG(1, q5)

Maria Montanucci - Corrado Zanella

November 25, 2021

Abstract

Maximum scattered linear sets in PG(1, ¢™) have been completely
classified for n < 4, see [B. Csajbdk and C. Zanella, Discrete Math. 341
(2018), 74-80; M. Lavrauw and G. Van de Voorde, Des. Codes Cryp-
togr. 56 (2010), 89-104]. Here a wide class of linear sets in PG(1, ¢%)
is studied which depends on two parameters. Conditions for the exis-
tence, in this class, of possible new maximum scattered linear sets in
PG(1,¢%) are exhibited.

AMS subject classification: 51E20, 05B25

Keywords: Linear set, Finite projective line, Subgeometry, Finite pro-
jective space

1 Introduction

A point in PG(1,¢") is the F-span (v)th of a nonzero vector v in a two-
dimensional vector space, say W, over F. If U is a subspace over F,
of W, then Ly = {<V>1qui v € U\ {0}} denotes the associated F,-linear

set (or simply linear set) in PG(1,q"). The rank of such a linear set is
r = dimp, U. Any linear set in PG(1, q') of rank greater than t coincides
with the whole projective line. The weight of a point P = (v)th of Ly
is wr, (P) = dimp, (U N P). If the rank and the size of Ly are r and
(¢" — 1)/(q — 1), respectively, then Ly is scattered. Equivalently, Ly is
scattered if and only if all its points have weight one. A scattered F,-linear
set of rank ¢ in PG(1,q") is mazimum scattered (MSLS for short). For any
¢ € T'L(2,¢") with related collineation ¢ € PI'L(2,¢") and any F,-linear
set Ly, Lye = (Ly)?. As it was showed in [8], the converse is not true;
that is, there are examples of MSLSs Ly = Ly C PG(1,¢') such that no



© € TL(2,¢") exists satisfying U¥ = V. See also [6] for the problem of the
I'L-equivalence of the underlying [F,-subspaces of two linear sets.
Up to our knowledge, only three types of MSLS in PG(1, ¢°) are known:

e The linear set of pseudoregulus type Lo = {<(u,uq)>]pq5 tu € IF;5}; see
[9] for a geometric description.

e L7 and L3, where

L7 = {{(z,me” +27 Ve, ¢ @ € B}, Nsje(n) € 0,1},

They were constructed by Lunardon-Polverino [13] for s = 1 and
by Sheekey [16] for s = 2 (see also [15]). We will refer to MSLS
in PG(1,¢%) of type L] and LI with s = 2 as MSLS of Lunardon-
Polverino type and Sheekey type, respectively.

For any 1,7 with Nys 4 (n), Ngs /4 (n')® € {0,1}, LY and Lgl are not PT'L(2, ¢°)-
equivalent [0, Theorem 5.5]. The aim of this paper is to find algebraic con-
ditions for possible new examples that on the other hand could also serve
to prove their nonexistence. Up to our knowledge, the problem of the clas-
sification of the MSLSs in PG(1, ¢°) remains open.

In Section |2, a canonical form L, g is found for a wide class of linear sets
in PG(1, ). Based on the representation given in [14) Theorems 1 and 2],
any linear set L of rank five in PG(1, ¢°) can be obtained as the projection
of a canonical subgeometry ¥ = PG (4, q) from a plane A of PG(4,¢%) such
that ANY = (). Let o denote a generator of the collineation group fixing
pointwise. As a consequence of [9, Theorem 2.3], assuming that the linear
set L is maximum scattered, it is a linear set of pseudoregulus type if and
only if at least one of the intersections A N A% and A N A” * is not a point.
So it is assumed that P = A N A% is a point. Adding the assumption
that the projective closure P, P7, Po>, Po® P is equal to PG(4,¢°) leads
to the algebraic form in Equation 1' namely Log = {{((z — azd, 29 —
6xq2)>]pq5 tx € Fys}for L.

Sections 3 and 4 are based on the interpretation of algebraic equations in
one unknown in Fs as algebraic varieties in A®(F,). More precisely, taking
a basis B of Fys over Fy, from f(x) = 0 a set of five equations is obtained
by equating to zero the coordinates of f(x) with respect to B.

In Section 3 it is shown that if ¢ is large enough, then there are no MSLSs
of type Lo . This is consequence of a stronger result (Lemma [3.1)), stating

that for ¢ > 223 any element of Fy; is equal to (w? — wiv)/(u? v — W)
for some u,v € F ;5 such that dim(u,v)r, = 2. The proof is achieved by
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proving the existence of suitable F,-rational points of the degree-5 hyper-
surface given by Equation in A®(F,) not lying on a special hyperplane.
The aforementioned degree-5 hypersurface can be also seen as a variety in
PG(4, q) as its model in Equation is given by a homogeneous polyno-
mial. This is based on a recent bound by Slavov [I7] for the number of
[F,-rational points on hypersurfaces (see Proposition . An exhaustive
computer search allowed to extend such a result also to ¢ < 17.

Any MSLS of type L is of Lunardon-Polverino type. If a? = BItL then
either L, g is of pseudoregulus type, or it has rank less than five (Proposition
. Motivated by this, in Sections 4 and 5 MSLSs L, g are dealt with under
the assumption af # 0.

Proposition states that any MSLS of type L, g satisfies the condition
al/patl ¢ F,. This is a consequence of the existence of Fy-rational points
on a special quartic curve Q described explicitly in Equation . In order
to prove that, Q is shown to be irreducible, allowing to apply the Hasse-Weil
bound. No L, g with o # 0 is of Lunardon-Polverino type (Lemma .
A necessary and sufficient condition is proved for a MSLS L, g to be of
Sheekey type, that for ¢ < 11 is always satisfied (Theorem [5.5). The proof
is based on the results by Csajbdk, Marino and Polverino [5, Theorem 5.4],
implying that if a linear set L is PT'L(2, ¢°)-equivalent to a Sheekey’s L1,
then U is T'L(2, ¢°)-equivalent to the underlying F,-subspace of a (possibly
different) Sheekey linear set.

2 Canonical forms

Let ¥ = PG(4, q) be an F,-canonical subgeometry of PG(4, ¢°); that is, the
set of all points of PG(4, ¢°) having coordinates rational over F, with respect
to some projective reference system. Furthermore, let o € PI'L(5,¢°) of
order five fixing 3 pointwise. In this section L denotes a maximum scattered
F,-linear set in PG(1,¢%), not of pseudoregulus type. By [9, [14], L is the
projection pp(X) with vertex a plane A such that AN X = (), and dim(A N
A7) = 0 for any generator 7 of (o).
The standard subgeometry 3 is the set of all points of type

P, = ((u,uq,uq2,uq3,uq4)>Fq5, = IF;E,.
and P, = P, if and only if u/v € F,;. A possible choice for o is

[ <(X0,X1,X2,X3,X4)>Fq5 — <(XZ,X§,X?,X§,X§)>F[15.



height Sh

The height of a point P with respect ¥, denoted by ht(P), is the projective
dimension of the o-cyclic subspace P, P, Po* Po® po* . Note that ht(AN
A%) = ht(A N A7) and ht(A N A°") = ht(A N A7),

As usual, if f(z) = Z?:o a;x? is a g-polynomial, then

Ly ={{(z, f(2))p5: © € Fis}

denotes the related linear set.

Proposition 2.1. There exists a g-polynomial f(x) = Z?Zl a;x? with aq =
1, such that 1L is projectively equivalent to Ly, or I is projectively equivalent
to Ly where g(z) = ax” + 19, a € F's. Ngs/q(a) #0,1.

Proof. Up to projective equivalence, . = Lj with h = Z?:l aixqi may be
assumed. If ay # 0 a further projectivity leads to ay = 1. If a1 # 0, then
L = L; where h= Z?Zl ags_lx‘f)ﬂ [1, Lemma 2.6], [0, Lemma 3.1], leading
once again to the desired form. Finally, if a1 = a4 = 0, then asas # 0 since
otherwise L. would be of pseudoregulus type. In this case Ngs/(a) # 1 is a
necessary and sufficient condition for the linear set to be scattered [2l, Cor.

3.7). 0

In the following, Oy = ((1,0,0,0,0)>Fq5, 01 = ((0, 1707070)>Fq57 and so
on.

Proposition 2.2. Let g(x) = az?’ +xq3, a € IFZ5. Then L is the projection
of the standard subgeometry from the vertex

A =01,04,((0,0,1, —a, 0)>Fq5'
The intersection A N A% is a point for any i = 1,2,3,4. Furthermore,
AN A° has height four if and only if Nqs/q(a)2 — Ngs jq(@) + 1 # 0, whereas
ANA° = Oy has height four for any a € IF‘},.

Proof. As regards the first assertion, just take into consideration the follow-
ing singular matrix:

0O 0 O 0 1

0 0 1 —a 0

0 1 0 0 0 (1)
w ul ud ud ud

u 0 0 au? + w0

'S denotes the projective closure of S.

e:vertice



Straightforward computations give dim(A U A?) = dim(A U A?*) = 4. The
intersection A N A? is the point ((0,0, 1, —a, aq+1)>]Fq5, and

0 0 1 —a qff!
a’ta 0 0 1 —af
2 3 2
det | —a” a0 0 1 | =Ngj(a)®> = Ngjla) +1. O
1 —a? al +4 0 0
0 1 —a? @'l

The proof of the following is similar to the one of Proposition

Proposition 2.3. The Lunardon-Polverino linear set Ly with f = a:vq+:xq4,
Nqs/q(a) # 0,1, is the projection of the standard subgeometry from the vertex

A - 027 035 <(0) 1) O) 07 _a)>]Fq5 .

The point AN A° = Oz has height four, whereas A N A% has height four if
and only if Ny j4(a)® = Ngs g(a) +1 #0.
Proposition 2.4. Assume ht(ANA%) = 4. Then, up to projectivities,

L= Las={((z — aa® a9 — Ba® )} ,: 7 € Fls} (2)

for some a, B € F s satisfying o # Bt

Proof. Since the setwise stabilizer PGL(5,q5){E} acts transitively on the
points of PG(4, ¢°) of height four, [4, Proposition 3.1], it may be assumed
that Oy, = AN A°. This in turn implies O3 € A, and

A= <(a7b7 C70a0)>Fq5703704 (3)

for some a,b,c € Fys, not all zero. The hyperplane coordinates of the span
of A and P, are

[cu? — bu?” : —cu+ au? :bu—aud: 0 0].
So, for ¢ = 0 the linear set LL is projectively equivalent to
2 * 3 4 *
{{(?, bz — a:cq)>]Fq5 rx € Fis} = {((w, 027 — aa? )>Fq5 rx € Fist,

and by [I, Lemma 2.6], [6, Lemma 3.1] this can be expressed in the form
Ly where f = dz? + ea:qz; more precisely, d = —a? and e = b?*. Since L is
not of pseudoregulus type, de # 0. In this case L is projectively equivalent

e:canonicasi

e.zero



to Ly _eqg-1- If ¢ # 0, then ¢ = 1 may be assumed. Let filu) = u? — buq2,
folu) = —u+ au?, f3(u) = bu — au?. Clearly f3 = —af; — bfa. So, taking
into account that L is scattered, the pairs (fi(u), fo(u)) and (fi(v), f2(v))
are [F-linearly dependent if and only if u and v are. Therefore fi(u) and
fa(u) can be chosen as homogeneous coordinates of the points of L.

If the intersection ANA? is not a point then L is a linear set of pseudoreg-

ulus type, a contradiction. Furthermore, direct computations show that
AN A% is a point if and only if b9 — ca? # 0. This implies o4 # B4, O

Proposition 2.5. (i) The linear set Lo g has rank less than five if and
only if
af = ﬁqﬂ and Nqs/q(a) = Nqs/q(ﬂ) = 1. (4)
(ii) If % # B+ then Lo g is not of pseudoregulus type.

(iii) If a9 = B+ and (Ngs/q(a),Ngs 1g(8)) # (1,1), then Lag is of pseu-
doregulus type.

Proof. Note that x — ax? has non-trivial zeros if and only if Ngs /o(a) =1

and x9 — ﬂ:cq2 has non-trivial zeros if and only if Ngs /q(ﬂ) = 1. Also, L,
is of rank less than 5 if and only if there is a common non-trivial root of the
defining polynomials, that is, there exists x € F;5 such that z(@+D1-0) — o
and (197 = 3. This is equivalent to Equation .

Since for a? # B971 both AN A° and A N A are points, no linear set
of type L, g satisfying such inequality is of pseudoregulus type, whereas, as
mentioned in proof of Proposition if o = B9+, then AN A is a line,
so L g is of pseudoregulus type. O

Remarks.

1) For 8 = 0 and Ngs/o(a) # —1, Equation (2) defines a linear set of
Lunardon-Polverino type. As a matter of fact take y = x9, then up to
projective equivalence L, g is

{(y, —ay +y7)r 5y € Fis}

which is maximum scattered if and only if Ngs ,(—a) # 1 [13].

2) Similarly to Proposition if ht(A N A°") = 4 and L is not of Sheekey
type, then LL is projectively equivalent to

{{(x — aa? 0t = B2 ))p s @ € Fis}

for some a, 8 € Fys not both zero.

eqalphabeta



3 On some binomial linear sets

Lemma 3.1. Let ¢ > 223. Then any b € ]F:;g) can be written as

q _ 4
b— uv u*v (5) eql

u?®v — uv?®
for some u,v € Fi5 such that dim(u, v)p, = 2.
We will use the following preliminary result.

Lemma 3.2. [I7, Corollary 7] Let G € Fylx1,...,x,] be an absolutely irre-
ducible polynomial of degree d, and let H € Fy[xq,...,x,) be a polynomial
of degree e, not divisible by G. Then there exists a nonsingular zero of G
over [Fy, which is not a zero of H, provided that

1 2

- _ _ —1)2(d — 2)2 2
q> 4<(d D)((d —2) +/(d —1)2(d — 2)2 + 4(d +de+10)> . (6)
Now we can proceed with the proof of Lemma [3.1

Proof. First note that the right hand side of Equation only makes sense
when dim(u, v)r, = 2.
Let b be an arbitrary element of Fff,. Clearly,

(uq2v - uvq2)b = w? —ulv

holds for u,v € Fzs if and only if

() () )

which is equivalent to

() O)-=(()-() o=

since v # 0. Let  := u/v and y = 1/v?. Then Equation (7)) reads,

1 P -
y =—b . (8) |ea3

9 —x
Note that if we can find a couple (z,y) where z € Fjs \ F, and y € Frs
such that Equation (8)) is satisfied, then we can find a couple (u, v) € FZ5 XFZE‘
satisfying Equation simply defining v = v, where v? = 1/y and u = vz.



Given x € F 5\, there exists y € IF‘;']‘5 such that Equation is satisfied

if and only if
@ _ m P _\™
xd —x xq —x

where m = (¢°—1)/(qg—1). In fact if y € s exists then it is sufficient to use
5

that (y9~1)™ = y? ~! = 1 to note that Equation @ is satisfied. Conversely,
if Equation (9] is satisfied, then —b(a? — z)/(29 — z) is a (¢ — 1)-th power
in F s and hence it is sufficient to define y to be an arbitrary (g — 1)-th root
of —b(z?" — z) /(a7 — z).

Hence our aim is to show that for any a € I}, there exists z € Fgs \ F,
such that

(27 — 2)™ = a(z? — )™, (10)

so that defining a := —b"™ the claim will follow.

A geometrical interpretation of Equation as the set of Fy-rational
points of an algebraic variety in A®(F,) can be given as follows.

From [I2, Theorem 2.35] we know that F s admits a normal basis over
[F,, that is a basis of type {v, 7, 'yq2,yq3, 7‘14} for some v € F 5 \F,. So every
solution x of Equation can be written as z = Z?:o :L‘mqi where z; € Fy
for every i = 0,...4. By applying the identification F = IFZ the g elements
of Fy in Fys can be identified with the elements of type z = Z?:o £y where
§e€FgasTrgp /() =v+77+ SCAREP PN S [F7; while Equation can
be rewritten as a system of 5 equations in 5 variables of type

¢

Co(xo,...,x4) = d,
Ci(20, .-, 24) = d,
Vi Coxg,...,xq) =d, (11)
Cs(xg,...,x4) = d,
04(560, ,.%'4) = CLI

where a' = a(Trgs /q(fy))_l. Indeed the algebraic variety V C A*(F,) is
obtained by forcing each coefficient Cy(zq, . . ., 24) of ¥ in (29" —z)™ /(29 —
)™ = ((x9 — )97 4+ 1) to be equal to a for i =0,...,4.

We apply the following change of variables in F s (whose matrix is a
so-called Moore matrix and is nonsingular):

eqd
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(A = zoy + 2177 + £U27q2 + $37q3 + 1‘47q4,
B = x4y + 207 + 2179 + 2277 + 2377,
C =237+ 2477 + 207" + 2197 + 2277,
D = zoy + 2379 + 277 + 207? + 2177,

|E = 217 + 2277 + 2377 + 2477 + 2077,

that is (A, B,C,D,FE) = (m,xq,$q2, xq3,$q4). In these new variables, recall-
ing that m = ¢* + ¢ + ¢ + ¢ + 1, Equation reads,

H: (C-A)(D-B)(E-C)(A-D)(B—FE)—a(B—A)(C-B)(D-C)(E-D)(A-FE) =0,
(2

which is a hypersurface in A®(F5). We showed that the change of variables
implies that the algebraic variety ¥V C A®(F,) is birationally isomorphic to
the hypersurface H over F 5. Since the dimension of a variety is a birational
invariant, also V is a hypersurface of degree 5 in A®(F,), that is C; = Cj for
1,7 =0,...,4.

Also, for the same reason we can show that H is absolutely irreducible
to prove the absolute irreducibility of V.

To ensure the existence of at least one point of the algebraic variety in
Equation , we will use the following strategy.

e We prove that H is absolutely irreducible, so that V C A®(F,) is an
absolutely irreducible hypersurface of degree 5.

e We apply Lemma with respect to the hyperplane H(xq,...,x4) =
xo—x1 = 0 to ensure the existence of a point P = (pg, p1, p2, p3,p4) € V
with po # p1. Recalling that the elements in F, are identified with the
vectors in IE‘Z of type (a, a, a,a,a) with a € F, this implies the existence
of a solution = € F s \ Fy of Equation (10)).

We start with some preliminary observations that will help us to deal
with the first point of the aforementioned strategy. First, note that the
variety H can also be seen as a projective variety in PG(4, q) as the defining
polynomial in Equation is homogeneous. Doing so we can consider the
projective transformation 7 given by 7 : (A, B,C,D,E) — (B,C,D,E, A).
Then the map 7 has order 5 and fixes H. Also when de-homogenizing with
respect to the variable E, monomials in H have degree 3,4 or 5 in the
variables A, B,C and D. Finally since the degree of H is five either H is



absolutely irreducible, or it has a linear component (hyperplane) or it splits
in an absolutely irreducible cubic and an absolutely irreducible quadric. We
divide the proof in two steps accordingly.

e Step 1: H has no linear component. Let ¢t : a;A+ B + c1C +
di1D + e1E = 0 be a linear component of ‘H in PG(4,q). There are
clearly two possibilities: either ¢ is not fixed by 7 or 7(¢) = t.

Suppose that the first case occurs, that is, 7(t) # t. Since H is fixed
by 7 also 7i(t) is a linear component of H for all i > 0. The fact
that 7 has order 5 implies hence, that H decomposes completely as
the union of such (five) linear components, namely ¢ and 7°(¢) with
i =1,...,4. However as observed before, each monomial in has
degree at least 3 in the variables A, B, C and D, implying that the same
should happen for the product of ¢ and all the 7(¢)"’s with i = 1,2, 3, 4.
This implies that ¢ is a binomial in A, B, C, D and E. Indeed if at least
3 terms appear in t then there must exist a monomial in A, B,C, D
and F of degree at least 3 in E, and hence of degree at most 2 in the
other variables. However the term —C D?E? that appears in H cannot
be obtained by any product of ¢ and the 7°(¢)’s when only two terms
appear in t, which is a contradiction.

Assume hence that 7(t) = ¢, that is, a1 = by = ¢ = d1 = e;1 # 0.
Sincea; # 0 then A = (bjB+c¢1C+diD+e1 E+ f1)/a1. Substituting in
‘H and considering the evaluation at (A, B, C,0,0) we get that by = 0,
a contradiction.

e Step 2: H does not split as the product of an absolutely
irreducible cubic and an absolutely irreducible quadric.

Assume by contradiction that the projective variety H has a quadric
component C. Then C must be fixed by 7, as H has degree 5 and hence
cannot have 7(C) as an additional component. This implies that C can
be written as

C: a(a1A2 + b132 + 6102 + d1D2 + €1E2)
+ﬂ(a1,2AB +a23BC + a3 4CD +ay5DE + CL571AE)

—I—’}/((I173AC + a2,4BD + (I375CE + a471DA + a57QBE) =0,

where all the coefficients apart from possibly «, 3, are non-zero. Eval-
uating the resultant of # and C with respect to B in (A4, B,C,0,0) we

10



get that aay A% 4+ aciC? +va13AC is identically zero, which in particu-
lar yields aa; = ya13 = 0, that is, « = v = 0. By direct substitution in
the same resultant and the corresponding evaluation in (0, B,0, D, E)
we get B = 0, a contradiction.This method can fail only if all the co-
efficients of terms involving A in C are equal to zero. However,this is
not possible as it would immediately imply that « = g =~ = 0.

This shows that H (and hence V) is absolutely irreducible.
From Lemma applied with respect to the hyperplane H (zo,...,z4) =
xo — x1 we get that if

q > ﬁ <(5 —1D)((5-2)+V/(B-1)2(5-22+4(25+5-1+ 10)>2J — 216

then V has at least an [F -rational point P which does not correspond to a
solution of Equation in F,. Since in our hypothesis ¢ > 223 the claim
follows. [

Proposition 3.3. Let ¢ > 223 and let f(x) = 29+ ba?” for some b € F;E,.
Then Ly = {((z,f($))>yq5 S FZ5} is not a mazximum Sscattered linear

set of PG(1,¢°).

Proof. Tt is enough to show that there exists m € Fs such that h,,(z) :=
mz + 27 + ba? has ¢? roots in Fg5. From Lemma there exist u,v € FZE‘
such that Equation is satisfied and dim(u,v)r, = 2. Put m = (udv?” —
u?’v?) /(u?v — wv?). Then by direct checking hum(u) = hm(v) = 0. O

Remark 3.4. Proposition [3.3] has been extended by an exhaustive com-
puter search using GAP also to any ¢ < 17.

Remark 3.5. By Proposition and Remark for B # 0 no Lo g is
scattered for ¢ > 223 or ¢ < 17.
4 The linear sets L, g

Let L, g denote the linear set defined in Equation . Motivated by Propo-
sitions 2.5 and [3.3] and Remark 3.4 at the end of Section 2, we will always
assume a? # 397! and a3 # 0. Since the point {((0, 1)>Fqs has weight less or

11



equal to one, L, g is maximum scattered if and only if there is no m € Fs
such that

() :=m(z — ozxq2) + (27 — ﬁazqz) =mx + 27 — wq2(ﬁ +ma)  (13)

has ¢ roots in [Fgs, that is, if and only if there is no m € F s such that
hm(x) has a two-dimensional kernel.

Using this fact, we prove the following characterization of maximum
scattered Fy-linear sets of type L, 5. It follows as a direct application of [7,
Theorem 3.3 and Section 3.3].

Lemma 4.1. Let o, 3 € Fs with (o, 8) # (0,0). Then Lqop is mazimum
scattered if and only if there is no A\ € Fys such that (EI)

N(A) = —1, 14
NBEHITL 4 B¢ (1 — \q)2T! — NP Fatl(] — \q)?*grt] = 0. (14)

Proof. As recalled, L, is maximum scattered if and only if there is no
m € Fgs such that h,,(z) has maximum kernel. We note that both m # 0
and 4+ ma # 0 can be assumed. Indeed ho(z) = 29 — :UqQﬁ and such
polynomial has clearly less than ¢ roots. The same holds if § 4+ ma = 0
as in this case hy,(z) = ma + 2%, So, L, g is maximum scattered if and
only if there is no m € FZ5 with 8 + ma # 0 such that the polynomial

2 .
km(z) = apx + a129 — 27" has maximum kernel, where

m q 1
= , and a; = .
B+ ma ' B+ ma

ao

From [7, Theorem 3.3 and Section 3.3] &y, (x) has maximum kernel if and
only if

q g+1 q*+q+1 ¢
1 _ 1
<5+mma> + <B+ma> - <5+Tna> <B+ma> ’

Write A = m/(8 + ma), so that m = AF/(1 — Aa) and 1/(5 + ma) =
(1 —Xa)/B. We get that L, g is maximum scattered if and only if there is
no A € Fys such that

*In order to simplify the notation, from now on we write N(—) instead of Nys ,,(—).
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N(A) = —1,

N (2T g2y (1) (16)
+ g — = T
and this is equivalent to Equation . O

Our aim is to show with the help of Lemmathat if 9/B71 € F 5 \Fy,
B # 0, then L, g is not maximum scattered.

Applying the same strategy as in the proof of Lemma 3.1} we write
A=Ilvy+ Z?:i 1;v9" where {y,~9,... ,fyq4} is a normal basis of F,s over IF,.
In this way, the set of solutions of Equation (equivalently Equation
(16])) coincides with the set of Fy-rational points of an algebraic variety Vs
in A5(F,) given by the equations

(EQi: 11y -1o-15 -1y = 1,
EQy: AT 4 B9 (1 — [ia®) (1 —la) — Iy -1y - |- (1 — I3a9°) B0 = 0,
EQaq : 1oB7 T+ 4 89" (1 — ,a%)(1 — 1) — I3 - Iy - Iy - (1 — [409")Be" T4 = 0,
EQog : 13840 + B(1 — 1307 ) (1 — ha) — Iy I3 - Iy - (1 — lor) B2+ = 0,
EQogp : LT+ +0 + 891 — 1409 ) (1 = I3a8") — 1 -1y - I3 - (1 — 11a9) 39 +0° = 0,
EQygs : 18T T4 1 (1 —la)(1 — 14ad") — 1y - 1-1g - (1 — lra?") 14" =0,
(17)
Hence in the following we will prove that L, g with a4/ patt & F, is not
maximum scattered proving that Equation has an [F,-rational solution.
To this aim we will study the variety Vs proving that it is equivalent to an
algebraic curve of degree 4. Since the dimension is a birational invariant
this will show that also Vs is an algebraic curve. Showing that the curve of
degree 4 is absolutely irreducible of genus at most 3, and using again that
genus and irreducibility are invariant, we will obtain the same properties for
Va. At this point, the existence of an Fs-rational point of V2 will be ensured
by the Hasse-Weil Theorem.
According to this general strategy, we start with the following technical
lemma.

Lemma 4.2. Let o, f € Fys with 8 # 0 and o/ € Fs \ Fy. Then the
variety Vs, is equivalent to the quartic curve Q : F(X,Y) =0, where

Vs
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F(X,Y) = X2y2p0°tatlq0' 4207+ _ x2y23,,0"+20°+2¢* _ X2y 230°+20° +0q0°
FX2Y2PIHC A L XY N(B)al T~ 2X 2y gl e
— XY BUHCHL T2 9 X2y Bod't AT | X2y a2
—X2Y BRI 00 — XEN(B)a? + X2BT Tt T | X250 P+ 207
X280 20 | xy?2p0° 2 Hatl G0 e xy 28207 HaP et g
_2Xy25q3+q2+1aq4+q3+q2 + 2Xy25aq4+2q3+q2 4 Xy252q3+2q2
_XY2R0HC 0 XYN(B)B‘J?U“JQ _ Xy e ratl et
—XYN(B)aq3 1L oXY U e Xy pet 200 rat 0
LoXYRLHPHL G | o xy I+ 0a*+e® _ 4 Xy gt Ta e
_ XYt ey Xy5q4+2q3+2q2 ad + XYBq3+q2N(a)
+Xyﬁq3+q2 + XN(B) — X6q2+q+1aq4 _ 2Xﬁq4+q3+1a42
Jr2Xﬁoﬂ4+q2 + Xﬁq4+2q3+q2 Q?tatl _ X6q3+q2 Q' te+atl _ Y2ﬁ2q3+2q2+1aq4
1oV 2T y23,4" 207 4y ga 2L oy gat el gt

_YRIHTHINE 4 9y ot | Y g0 20 (0t ety gt e gt et et

1,3 4 41031 42 3142 4
1B  gatt _ grt et et g gt gt (1)

Proof. First we note that the polynomial F'(X,Y") defines indeed a quartic
curve, that is, the coefficient of X2Y 2 does not vanish. Indeed this coefficient
coincides with

5q2+q+1aq4+2q3+q2 _ 50/14-5-2613-%12 _ ﬁq3+2q2+qaq3 + Bq3+q2aq3+q2 —
(5q+1 . aq)q(ﬁaq4+2q3+q2 _ /3q3+q2aq3)'
Clearly 8911 — a4 # 0 as /89" ¢ F,. If Bad'+2a°+a* _ gi*+a® 0@® = () then

since both 8 and « are non-zero we get ¢ +9°+¢* = g’+¢*~1 This implies
2
that N(a) = a4t g7°+¢*~1 ¢ F_. However

, 1
Qdt1gei =1 <Bjjl>(a5q3+q2+q) — (ﬁjﬁl)q N(B),

and hence also (a4/7t1)4'+1 ¢ F,. Since a?/39t! € Fgs, we get that
al/patl ¢ Fy, which is not possible. The following computations can be
checked using MAGMA. The system of equations admits a solution if

14



and only if Iy = —1/(l- 11 - I3 - I3) and EQ2,EQ2, and EQ, evaluated at
(I,01,12,13,—1/(L - 1y - I3 - I3)) are equal to zero for all i = 2,...,4. Clearly
l, ll, lz, 13, l4 7& 0. Since

EQop (1,11, 1l2,13,—=1/(1 -1y -l -13)) : 1-(l1-12- 13- Bad’te — 1y -1y - Bt

Hy g BUFCTN 0y g Ba + 14— BT a) + BT =,
we get
1 R+’

_ | =
l-ly-lg-l3’ P(ly,l2,13)’

ly =
with
P(l1,la,13) = ly-la-l3- Bt T —11-0p- ot +11 1357 T 1y 05 Bat +1, 7T a

and EQ2,EQ2q and EQ,y: evaluated at (—39 49"/ P(l1, 2, 13), 11, I2, I3, —1/(I-
ly -1y -13)) are equal to zero for i = 3,4. Clearly P(l1,l2,l3) # 0 as 8 # 0.
Now, EQ2, = 0 implies

Ci(la,13)l1 + Ca(l2,l3) = 0,

where

Oy (I, I3) = lolz 914" T4 +4* _ [, . 1,397 +4*+a _ ], gatlaa"+a* 4 |, 34" +4¢° (a*+a
)
3 2 4 4 2 4 4 3
+1381 +e e+l 90" 135(1“@(1 +q +5q+1aq — B4 +q a4,

and
Co(la, Is) = BT (1T FTH1 — T ot — BT F1aT+1 4 ga'y,

We distinguish two cases: Ci(la,l3) = Cy(le,ls) = 0 or [; =
—Ca(l,13)/C1(l2,13).

e Case 1: (C(l2,l3) = Ca(l2,13) = 0. Hence

pl+aga+1 _ gat
- patt+a*+a — gata®’

I

and
Iz =—P/ Py,

where

P = N(B)aq4 _ 5q4+q+1aq4+q3 + 6q+1a2q4+q3+q2+1 _ Bq4+q3+1aq4+q2

15



4 2 4 4 3
_ﬂq +a°+a,4 +1 —i—ﬁq +q ,

4 4 44 2 44 .3 44,3 41,2 1
PQZIBQ +q+1aq _quJrlaQq +q +1_62q +q Oﬂ+5q +q aq +q +q+‘

Indeed if Py = P, = 0 then o4/p9"! € [F,. This fact can observed not-
ing that from P, = 0, either 8 = (8977 a%)/(89a4") or B = @ Ta+1,
In the former case a?/89t! = o' /34" +4* = (q2/3771)¢°  In the latter
case a?/B7T! = 1/N(a). Substituting l; and I3 in EQy,s we get

L1 +Q2=0,

where

Q) = ﬂq4+2q3+q2 (5q4 _qltta )BT —af) (52q+q2 Q'+l _ﬁ2q4+q3+q2+qaq

2 4 3 4 4 2 4 3 2
+52 a0+ _ g +‘1N(a) — BIta 4 gt e +q)7
and

423 2 1 142 2 324 41 142 2 4241
QQZBq—Fq-&-q(Bq—i-7aq)q(5+q+q+q+qaq+7ﬁ+q+q+qaq+

4 1 3 4 142 4 2 2 2 4 1 3 2 4 1 2 4 1 2 4 4

_61+2q+2q alte +q +/3 +2q+q a +q“+2q —ﬁ +q+q°+2q a +q“+q +B +q+2q ol
2, 3, 4 4 2 4 3 4 4 3, 4
_52q+q +a°+q" \2+g 4 52q+q o2tz + ﬁquq +29% + 5q+2q altata+a

—ﬁq+q4aq4+1N(a) _ 5q+q4aq4 _ 6q3+3q4aq + 5q3+2q4a1+q+q2+q4)'

If @1 = Q2 = 0 then using again that a?/87"! ¢ F,, B2a+a qa'+1
B+’ +a*+aqa 4 g2t +ag e’ +a ﬂq4+qN(a) — paHa 4 g2+ P Ha =

and 51+2q+q2+q3+2q4aq4+1 _ /81+2q+q2+q4a2q4+1 _/81+2q+2q4a1+q3+q4 +
Bl2a+a" o 240°+20" _ glHat+a’ 20" o1+ +a' | glta+2at (0! _ gRatat et g 2+4a"
Ba+4a* 2424 4 gata’+2d" o 4 gat2d' (l+atai+at _gatd’ nat+l N(a) —
patd' qat — gI’H34 (a4 g’ +24" g la+a?+at —

If B21q4"+1 — B20°+¢°+a04 = () then also 524" T4ae°T7 — BN (q) —
/Bq4+q + B2q4+q3aq2+q = 0 from the first equation. From the first
equation 87 = B20'+¢°41/q4" 1 Substituting to the second equa-

tion yields 0 = B20'a4’+7 — B N(a) — B7" + o' T2+ = (pd' —
o't (34 4% e — 1), Hence a?/87t! € F,, a contradiction.

Hence 87" = (—pB9+20" 00" +a4 1" +a N ()4 B7'+4— g2+ 04°+0) /(320 0" +1 —
B2'+4*+a04) for the first equation. Substituting 49° in the second
equation we get that either 89a — B9 a4 = 0, or Blad' T4 +1 — ga'+¢* =
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0, or Bitlad" — B+’ 4 = 0. If B%a — B9'a? = 0 then substitut-
ing ﬁq2 in the expressions of I3 and I; above we get that [ and 4 are
function of «v and . This fact is compatible with the description al-
ready obtained for Iy if and only if —3%4°T9q + 289 +aqd' +a’+a+l _
120 +20°+20+1 — aﬂ(ﬁq3 - aq4+q3+q), which is not possible. If the
second case occurs then, subsituting again ls, I3 and Bq4 we get that
a?'T134(B1a1° — BT 04%)(Blal a0’ +a' g4 (h — o2 +atl) = 0. In any
case a?/B9"! € F,. The last case implies that a?/89%" € F,s, so that
again we get a contradiction.

This shows that I; = —Q2/Q1. Substituting [; we get that all the
conditions are satisfied. Hence the related point of Vs is

l 1 l —p’+e l B +aqa'+1 _ ga
YTy 13T Pl ls)’ 0 patte e — Bat e
s = —P I = —Q2

P’ Q1

2 4 4
Substituting in F(lg,l3) the value Iy = % we get that
I3 = —P»/P; is a solution. This implies that [l1,l2] is a point of the

quartic.

Case 2: [y = —C5(l2,13)/C1(l2,13). Substituting the expression of Iy
in £Q2, EQyp and EQq, we get that all the conditions are satisfied
once F(lg,13) = 0 (cf. Equation (18)).

This shows that in any case a point of Vo corresponds uniquely to a
point of the quartic F(l2,l3) = 0. Hence the variety V, is a curve.

O]

Following the general strategy described before we are going to show
that the quartic Q is absolutely irreducible. Since its genus is at most g =
(4—1)(4—2)/2 = 3, and irreducibility, genus and dimension are birationally
invariant, from Lemma and the Hasse-Weil bound we would obtain that
the number of [F -rational points of Vs is at least:

q+1-29/q>q+1-6,/q>0

provided that ¢ > 37. If ¢ < 37 it can be easily checked with MAGMA that
the quartic Q has at least an [F s-rational point of type [£, 9], implying by

linearity of the other variables, a solution [¢, ¢, ... ,€q4] of V5 and hence a
solution of Equation ((14]).
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Proposition 4.3. Let o, 8 € Fys with § # 0 and al/patl ¢ Fos \Fy. Then

L, g is not maximum scattered.

Proof. From Lemma it is sufficient to show that the quartic Q is abso-
lutely irreducible. The irreducibility of Q is equivalent to the non-existence
of lines or quadrics as components.

To do so, we observe first that the shape of the quartic Q can help us to
specify how components can look like a priori. Indeed linear components of
Q can only be of type X — A =0 or Y — B = 0, while quadric components
can only be of type XY + AX + BY +C =0, X? + AX +BY +C =0
or Y24+ AX 4+ BY + C = 0. This follows from Equation , as the only
monomial of degree 4 in F(X,Y) is X2Y?2.

e Step 1: O has not linear components.

If Q has a linear component, say L since it is either of type X —A =0
or Y — B = 0, we get that either F(A,Y) or F(X,B) should be
identically zero for some A and B. These two cases has been analyzed
using MAGMA and the code called CI attached in Appendix [6] In
any case a contradiction is obtained by proving that the coefficients of
F(A)Y) (resp. F(X,B)) with respect to Y (resp. X) cannot vanish
at the same time, unless a?/39%! € F,.

e Step 2: O is not the product of two irreducible quadrics.

Nore first that (X2 4+ AX + BY +C)(Y?+ DX + EY + F) cannot be
a factorization of F(X,Y). This is true because the coefficients of X3
and Y3 in F(X,Y) are zero, implying that D = B = 0 and hence that
the two quadrics are reducible. Hence the only case to analyze is the
one in which a factorization of F'(X,Y’) is given by a product of type

(XY + AX + BY + C)(XY + DX + EY + F),

up to multiply by the coefficient of X?Y? in F(X,Y). Also this case
has been analyzed using MAGMA, code C2 in the appendix and in
any case a contradiction to a?/B7T! ¢ F, is obtained.

O]

5 On the equivalence of L, with known linear
sets in PG(1, ¢°)

According to [5, Proposition 5.1 and Theorem 5.4] the maximum scattered
F,-linear set L, 3 is equivalent to some L (see Sect. 1 for its definition) if

18



and only if there exist A, B,C, D, € F;s with AD — BC # 0, A # 0 and 7
automorphism of Fgs such that

A B T — a7 z
(e 1) (m—ﬁ) = (00) 1)

where fs,(2) = 729 + 27", We note that it is sufficient to consider the

case A =1 as
(fs,n?Az)> N (Ao | (1)> <fs,:(x)> ’

with z = A~'z. We first deal with the case s = 1. Then defining y = 27,
Equation reads

A B y—ofyq2 - z
C D)\y1 -8y ) \nz"+21)"

Hence,
(A =0,
pTiBIn =0,
Ca™ + DB = —nBY, (20)
D= -p1'7p,
| C = B,

As stated in Section 2} if 8 = 0 then L, g is equivalent to LY. If 3 # 0 then
from Equation B =0 = A, which is not possible. The following lemma
is now proved.

Lemma 5.1. Let L, g be mazimum scattered. Then L, g is equivalent to
LY for some n € Fys wih N(n) # 1 if and only if B =0 and N(a) # —1.

We now analyze the case s = 2. If
A B T _ z
C D 297 — /BquQT - nzq2 + 2113 ’

( 3 3 3 3
—_ T T
C = —ATq?T — BI° LT,

then

D =0,
nA? + Ca™ =0, (21) [eqs
A7 4 nB? =0,

BT — n[AT a9’ + BT BTT) = 0.
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Define A7 = —an2 so that A7 = —nq4Bq. Since @ = 0 would imply
the contradiction A = B = 0, we can also define C = —(nA?)/a™ =
(n9't1B7)/a". At this point reads

n?*+1B4 — nBP o’ +D7 4 7T BT = (),
B? 4 pi'+1q9°T B4 — n B’ BT = ),
which is equivalent to require that the polynomials

Pi(B) := B — i BT B1 4+ 't q" B = 0,
{p2(B) = ' TRITRY — '@ +a) T pa 4 pi*+i’ B =, (22)

have at least one common root B € IFZ5. Since a, 8 # 0, (22)) is equivalent
to

{ﬁq%a(f@l(m — P(B) =0,

23 eqsS21
Py(B) = 0. (23)
Since 897! £ o as otherwise L, s is of pseudoregulus type, reads
o' 7 BT BT — pd* (' +a*)T Ba 4 i+’ B =,

_Big 77q3(/3(12706(q4+q>f_1)B —0.

adlT(Blat DT _qar)a

Since in general —BY + kB = 0, B # 0 implies N (k) = 1, we obtain

ad'7 39T B _ pa* o(a*+4*)7 Ba 4 pa'+e’ B = g,
nq?’ (5q2fa(q4+q)771)

— B4+ 1 B=0
T(Bla+ DT _qar ’ 24 S22
| Tt T g (24)
N n? (B9 al" T 1) -1
aq?’r(ﬁ(q+1)7_aqr) .

Hence we write

) )\(aq3(5(q+1) - aq))T

@ _
n BiaPH _ 1

where N(A) = 1, so that B? = A?B. Substituting in P» and recalling that
B # 0 we get

aq475q27)\q2+q _ 77tz‘loé(q‘“qu)T/\q + nq4+q3 =0

and taking the ¢*-power and dividing by A7+!
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a®TRIT ot (8D — af) T @ N a@®* (Blat) _ qa)\ (@7 i
Blaa*+1 — 1 Baaa*+1 — 1 )

which is equivalent to
aq4/3q2+q+1 _ 0/14“12/3 _ aq4+qﬂq2 + N(a) — Bqaq3+1 +1=0. (25)

Furthermore if the previous condition is satisfied, recalling our definition
of n, then L, g is maximum scattered if and only if

N<O‘q3(ﬁ(q+l) - aq)> £1.

IBQQq3+1 -1

This proves the following lemma.

Lemma 5.2. A linear set Ly g is equivalent to L] for some n € Fgs if and
only if Equation 1$ satisfied.
If this is the case then L g is mazimum scattered if and only if

N<aq3(5(q+1) - Oﬂ)) 41,

Baaa’+1 — 1

Remark 5.3. It can be checked with MAGMA or GAP that using Lemmas
and [5.2 then no new maximum scattered linear sets of type L, 3 can be
obtained for ¢ < 11.

From N(«a)+ 1 € Fy, we note that a necessary condition for Equation
to hold is that

ot BUFAHL_ o 0'+a* g oa*+agd® a1 — o pIHC Aol ge_oa*+13e° gt natta
which is equivalent to
al' BB T — o) = aB? (BT — o).
Since B9t! #£ o from Lemma we get ot b — aﬁqs = 0 and hence
a?/BIt! € Fr. (26) [shi
Hence let ad/p9H1 = )\ € F7. In this case Equation reads

NN(B)2+ A1 —=3\NN(B)+1=0. (27) [sn2
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Thus, from Lemmaif « and 3 satisfy and L, g is equivalent
to L] with 7 = o (Bt — a9)/(59a2° 1 — 1). Tt follows that Lag is
maximum scattered if and only if

Nen) = N<aq3 (Blat) — aq)> _ N()\Bq3+q2 (Ba+! — )\ﬁq+1)> _

Baae®+1 — 1 BaN2pat+a’+a?+1

N(B)*- N(Ml_)‘)) £1.

NN(B) — 1
Since A € Fy we get that equivalently

No(1 = AN (B)! # (2N () — 1)°. (28)

Computing the resultant of the polynomials A*(1 — A\)?Y* — (A\2Y — 1) and
NY2 + A1 — 3\)Y + 1 with respect to Y we get A4(\ — 1)!°. Hence if
A1 = AN)PNys (B)* = (AN jq(8) — 1)° then either X = 0 or A = 1. If
A = 0 then o = 0, contradicting . If X =1 then L, g is of pseudoregulus
type, a contradiction.

Thus the following remark holds.

Remark 5.4. A linear set of type L, g is equivalent to LJ if and only if
a?/p7H = X\ € F} \ {1} and Equation holds. If it is the case then L, g
is maximum scattered.

Summarizing, the following theorem collects all the possibile equivalences
of maximum scattered linear sets of type L, g and known linear sets.

Theorem 5.5. Let L, g be scattered, a3 # 0, a? # BITL. Then
e \=al/pr € Fy;

o L, 3 is equivalent (up to collineations) neither to LT for any n, nor to
a linear set of pseudorequlus type;

o L, is equivalent to the Sheekey linear set L] for some n if and only
if A Ngs /q(8)? + A1 = 3X) Nys 1 (8) +1 = 0; s0,

o if \° Nq5/q(ﬁ)2+)\(1—3)\) Ngs/q(8)+1 # 0, then Ly g is of a new type;
this does not occur for g < 11.

Remark 5.6. Even though every maximum scattered linear set either of
pseudoregulus type or of Lunardon-Polverino type is L, g for some «, 8 €
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g5, the same statement is not true in general for Sheekey linear sets L]
with N(n) # 1.

Indeed let n € Fzs such that N(n)? — N(n) +1 = 0. This implies that
q # 2 (mod 3). From Theorem we want to show that there are no
AeFy\ {1} and B € s such that

o )\Bq3+q2(5q+l_)\5q+l)
= Bar2pat+ad+a?+1_1 7

NN(B)2+ X1 —=3\N(B)+1=0.

3 2
Suppose by contradiction that n = Ag Z};;qifg:ﬁﬁqi) and M>N(B)% +

A1 =3X\)N(B) +1=0. Then as in Equation (28)), we have that

AL — A AP(1L—=N)°
N(n)=N(B)*- Nq5/q</\2]57(5)_)1> = N<5)4(()\2]£[(ﬂ) _) 1)5

and hence N(n)? — N(n) + 1 = 0 implies

N(BEAI(1 = A0 = N(BYIAP (1= AP (SN () = 1)° + (A2N(8) - 1)1 = 0.

Since the resultant of the polynomials P;(\, N) = N8AO(1—-\)10— N4\>(1—
AP(A2N —1)° + (A2N — 1)1 and Py(\, N) = A>N2 + A\(1 — 3\)N + 1 with
respect to N is A*®(A—1)?? and A € F}; \ {1} we have a contradiction. From
Proposition [2.2| the cases N(n)2 — N(n) + 1 = 0 are exactly those for which
A N A% has not height four. This explicit construction is hence consistent
with Proposition [2.4]

We end this section with the following question.

Question 5.7. It has been proven in Proposition that for 8 # 0,
al/patl ¢ I, is a necessary condition for L, g to be maximum scattered.
From Lemma Lo g is equivalent to L] for some n with N(n) # 1 if
and only if 3 = 0, while if a9/397! =1 then L g is of pseudoregulus type.
From Remark Lo g is equivalent to Lo, for some n with N(n) # 1 if
and only if A = /8% € F; \ {1} and holds. Is it true that L, g
with o4/49%! € F}\ {1} is maximum scattered if and only if it is equivalent
to L for some N(n) # 17 If the answer to this question is negative then
the family of L, g contains new maximum scattered linear sets. Otherwise,
it would provide a new characterization of the known maximum scattered
linear sets in PG(1, ¢°).
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6 Appendix: MAGMA code for Proposition 4.3

In the MAGMA codes C1 and C2 the following notation has been used:
a:=aandb:= 4. Foralli=1,...,4, ai (resp. bi) denotes a? (resp. 57 ).

6.1 The code C1
K<X,Y,b,bl,b2,b3,bd a,al,a2,a3,a4 ,A,B,C,D,E,F> := PolynomialRing(Integers (), 18);

Q:=X"2xY"2xbxblxb2xa2xa3 "2xad — X "2xY " 2xb*xa2"2xa3 " 2xad4d — X "2xY 2xblxb2"2xb3xa3 +
X"2xY " 2xb2xb3xa2xa3 + X "2xYxbxbl*xb2xb3xbdxa2xad — 2xX 2xYxbxblxb2xa2xad3xad —
X "2%Y*xbxb3xb4d*xa2 " 2xad + 2xX " 2xYxbxa2 2xa3xad + X " 2xYxblxb2 2xb3 —
X "2xY*b2xb3xa2 — X 2«bxbl*b2xb3xbdxa2 + X 2xbxblxb2xa2xad + X 2xbxb3xb4xa2”2
— X"2xbxa2 " 2xad + XxY 2xbxblxb2 " 2xb3xa3xad — XxY 2xbxblxb2xa3 2xad —
2+ X*xY " 2xbxb2xb3*xa2xad3xad + 2xXxY 2xbxa2*xa3d " 2xad + XxY 2xb2°2«b3 2 —
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XY 2xb2xb3xa3 + XxY*xbxblxb2 2xb3 2xb4d — XxY*bxblxb2 2xb3xad —
X*xYxbxblxb2xb3xb4dxa3 + 2+X*Yxbxblxb2xa3xad — XxY*xbxb2xb3 2xbdxa2 +
2xXxYxbxb2+xb3xa2xad + 2xXxYxbxb3xb4xa2xa3 — 4xXxYxbxa2xadxad —
XxYxb1lxb2 2xb3 " 2xa — XxY*b2 2xb3 " 2xbdxal + XxYxb2xb3xaxalxa2xa3xad +
XxYxb2xb3 + Xxbxblxb2xb3xb4d — Xxbxblxb2xad — 2xXxbxb3xbdxa2 + 2xXxbxa2xad +
X*xb2xb3 " 2xbdxaxalxa2 — Xxb2xb3xaxal*xa2xad — Y 2xbxb2"2xb3 " 2xad +

2xY " 2xbxb2xb3*xa3*xad — Y 2«bxa3 " 2xa4d + Yxbxb2xb3 2xb4d — 2xYxbxb2xb3xad —
Yxbxb3xb4xa3d + 2xYxbxa3d*xad + Yxb2 2xb3 2xaxalxad — Yxb2«b3xaxalxadxad +
bxb3xb4 — bxad4d — b2xb3 2xb4dxaxal 4+ b2xb3xaxalxad;

//SUBCASE 1: L1 is the line X-A=0;

pol:=Evaluate (Q,[A,Y,b,bl,b2,b3,bd,a,al ,a2,a3,a4d ,A,B,C,D,E,F]);
//{Factorization (Coefficients (pol,Y)[i]): i in [1..# Coefficients(pol,Y)]};

/1l
//
/1l

1: <a2*xA — 1, 1>,
2: <b3xb4 — a4, 1>, cannot occur
3: <b*bl*xb2xA — bxa2*A + b — b2xb3xaxal, 1>

//Analysis of 1:

poll:=Numerator ( Evaluate (Q,[1/a2,Y,b,bl,b2,b3,bd,a,al ,a2,a3,a4,A,B,C,D,E,F]));
//{Factorization ( Coefficients (poll ,Y)[i]): i in [1..# Coefficients(poll ,Y)]

Coefficients (poll ,Y)[i] ne 0};

<b3, 1>,

<b2, 2>,

<blxa3 — b3xa2, 1>,
<bxa2xad — 1, 1>

//in any case al/(blxb) is in Fq, contradiction;

//Analysis of 3:

pol2:=Numerator (Evaluate (Q,[ — (b — b2xb3xaxal)/(bxblxb2 — bxa2),Y,b,bl,b2,b3 b4,
a,al,a2,a3,ad ,A,B,C,D,E,F]));

//{Factorization (Coefficients (pol2,Y)[i]): i in [1..# Coefficients(pol2,Y)] |
Coefficients (pol2,Y)[i] ne 0};

<b3, 1>, cannot occur

<b2, 2>, cannot occur

<b — axal=*xa3, 1>, cannot occur

<b"2xblxb2«b3*xad — b 2xblxad*xad — b "2xb3*xa2xad + bxb3xaxalxa2xadxad +
bxb3 — b2xb3 " 2xaxal, 1>

new:=b 2xblxb2xb3*xad4d — b "2xbl*xa3dxad — b 2xb3xa2xad + bxb3xaxal*xa2xadxad + bx*xb3
— b2xb3"2xaxal;
pol3:=Resultant (pol2 ,new, a3 );
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//{Factorization (Coefficients (pol3,Y)[i]): 1 in [1..# Coefficients(pol3,Y)] |
Coefficients (pol3,Y)[i] ne 0};

// <ad, 1>,

// <b3, 1>,

// <b2, 2>,

// <b, 2>,

// <b — b2xb3xaxal, 1>,

// <bxa4 — b3xa, 1>,

// <bxbl — b3xaxalxa2, 2>,
// <bxblxad — b3xbdxal, 1>

//in any case a contradiction is obtained;

//SUBCASE 2: L1 is the line Y-B=O0;

pol:=Evaluate (Q,[X,B,b,bl,b2,b3,bd,a,al,a2,a3,ad ,A,B,C,D,E,F]);
//{Factorization (Coefficients (pol ,X)[i]): i in [1..# Coefficients(pol,X)]};

//1: <a3xB — 1, 1>,
//2: <blxb2 — a2, 1>, cannot occur
//3: <bxb3xb4xa2 + bxa2xa3xad*xB — bxa2xad — b2xb3xB, 1>

//Analysis of 1:

poll:=Numerator ( Evaluate (Q,[X,1/a3,b,bl,b2,b3,bd,a,al,a2,a3,a4,A,B,C,D,E,F]));
//{Factorization (Coefficients (poll ,X)[i]): i in [l..# Coefficients (poll ,X)] |
Coefficients (poll ,X)[i] ne 0};

// <b3, 2>,

// <b2, 1>,

// <b2xa4 — bdxa3, 1>,
// <b — axal*a3, 1>

//in any case a contradiction is obtained;
//Analysis of 3:

pol2:=Numerator (Evaluate (Q, [X,—(b*b3xb4dxa2— bxa2xad)/(bxa2xa3+ad— b2xb3) ,b,bl,
b2,b3,bd,a,al,a2,a3,ad ,A,B,C,D,E,F]));
//{Factorization ( Coefficients (pol2 ,X)[i]): i in [1..# Coefficients(pol2 ,X)] |
Coefficients (pol2 ,X)[i] ne 0};

// <b3, 2>, cannot occur
// <b3xb4 — a4, 1>, cannot occur
// <b2, 1>, cannot occur
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// <bxa2xa4 — 1, 1>, cannot occur
// <b"2xb2xb3xbdxa2 — b "2xb2xa2xad — b 2xbd*xa2xa3 + bxb2xaxalxa2xadxad +
// bxb2 — b2 2xb3xaxal, 1>

new:=b " 2xb2+xb3xb4dxa2 — b "2xb2xa2xad — b 2xbdxa2xad 4+ bxb2xaxalxa2xa3d*xad

+bxb2 — b2"2xb3xaxal;

pol3:=Resultant (pol2 ,new, a3 );

{Factorization ( Coefficients (pol3 ,X)[i]): i in [1..# Coefficients(pol3 ,X)] |
Coefficients (pol3 ,X)[i] ne 0};

// <a2, 1>,

// <b3, 2>,

// <b3xbd — ad, 2>,

// <b2, 2>,

// <b, 2>,

// <bxa2 — b2xal, 1>,

// <bxa2*xad — 1, 1>,

// <bxb4xa2 — blxb2xa, 1>

//a contradiction is obtained in any case;

6.2 The code C2

Q:=X"2xY"2xbxblxb2xa2xa3 "2xad — X "2xY 2xb*xa2"2xa3 " 2xad — X "2xY 2xblxb2"2xb3xa3 +
X 2xY " 2xb2xb3xa2xa3 + X 2xYxbxblxb2xb3xbdxa2xa3 — 2xX 2xYxbxblxb2xa2xa3xad —
X "2%xYxbxb3xb4d*xa2 " 2xad3 + 2xX " 2xYxbxa2 2xa3d3xad + X " 2xYxblxb2 2xb3 —

X "2xY*b2xb3xa2 — X 2xbxbl*b2xb3xbdxa2 + X 2xbxblxb2xa2xad + X" 2xbxb3xb4xa2”2
— X"2xbxa2 " 2xad + XxY 2xbxblxb2 " 2xb3xa3xad — XxY 2xbxblxb2xa3 2xad —

2% X*xY " 2xbxb2xb3*xa2xad3xad + 2xXxY 2xbxa2*xa3d " 2xad + XxY 2xb2°2xb3"2 —

X+xY " 2%b2xb3xa3 + XxYxbxbl+xb2 2xb3"2xb4d — X*xY*bxbl*b2 2xb3xad —
X*xYxbxblxb2xb3xb4dxa3 + 2+X*xYxbxblxb2xa3xad — XxYxbxb2xb3 2xbdxa2 +
2xXxYxbxb2xb3xa2xad + 2xXxYxbxb3xb4xa2xa3 — 4xXxYxbxa2xadxad —
X*xY*blxb2 " 2xb3 " 2xa — X*xY*b2 2xb3 " 2xbdxal + XxYxb2xb3*xaxalxa2*xa3d*xad +
XxY*xb2xb3 + Xxbxblxb2xb3*xb4d — Xsxbxblxb2xad — 2+Xxbxb3xb4xa2 4+ 2xXxbxa2xad +
Xxb2xb3 " 2xbdxaxal*xa2 — Xx«b2xb3*xaxalxa2xad — Y 2xbxb2"2xb3"2xad +

2xY " 2xbxb2xb3xad*xad — Y 2xbxa3d " 2xad + Yxbxb2xb3 2xb4d — 2xYxbxb2xb3xad —
Yxbxb3xb4xa3d + 2xYxbxa3xad + Y*b2 2xb3 " 2xaxal*ad — Yxb2xb3xaxalxadxad +
bxb3xb4d — bxad — b2xb3 2xbdxaxal 4+ b2xb3xaxalxad;

//leading coefficient of Q;
lc:=bxblxb2xa2xa3 "2xad4d — bxa2 2xa3 2xad4d — blxb2"2xb3xa3 +b2xb3xa2xa3;

FACT:=1c * (X« YHA*X4B+Y4C ) * (X YHD+ XAE+YHF ) ;
pol:=Q-FACT;
SET:={};

for t in Coefficients (pol,X) do
for 1 in Coefficients (t,Y) do
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if 1 ne 0 then

SET:=SET join {Factorization(1)};
end if;

end for;

end for;

//SET;

//FROM SET the following two conditions need to be satisfied at the same time;
CONDI1:=b*b3xb4xa2 + bxa2*xa3 " 2xad*xAxD — bxa2xa4d — b2xb3xa3xAxD;

COND2:=bxb3xb4xa2xa3 — bxa2xa3 2+xadxA — bxa2xa3 2xadxD — 2xbxa2xa3dxad +
b2xb3*ad3*xA + b2xb3xa3*D + b2xb3;

//Note that the resultant can be computed as
//the coefficient of D in CONDI cannot be zero;

//Factorization (Resultant (COND1,COND2,D));

/71

// <a3, 1>, not possible;

// 1: <a3xA + 1, 1>,

// <bxa2xa3xa4 — b2xb3, 1>, not possible;

/] 2: <bxb3xb4dxa2 — bxa2xad*adxA — bxa2xad + b2xb3xA, 1>

//CASES 1 and 2 will be analyzed separately;

LITTTLLITILT LD iierrirelrri
//ANALYSIS OF CASE 1;

//Factorization (Numerator (Evaluate (COND1, [X,Y,b,bl,b2,b3,b4 ,a,
al,a2,a3,a4,—1/a3,B,C,D,E,F])));

// <bxb3xbdxa2 — bxa2xa3xad«D — bxa2xad + b2xb3x«D, 1>

poll:=Numerator ( Evaluate (pol ,[X,Y,b,bl,b2,b3,b4d,a,al ,a2,a3,ad4,—1/a3,B,
C,—(bxb3xbdxa2—bxa2xad)/(— bxa2xaldxad+ b2xb3) ,E,F]));

SET:={};

for t in Coefficients (poll ,X) do

for 1 in Coefficients (t,Y) do

if 1 ne O then

SET:=SET join {Factorization(1l)};

end if;

end for;

end for;

//SET;

//we get that the following 2 conditions need to be satisfied at the same time;

COND3:=bx*blxb2xa2*a3 " 2xa4+*B*E 4+ bxb2"2xb3"2xa4 — 2+xb*xb2xb3xad3xad —
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bxa2 " 2xa3 " 2xa4+«BxE 4+ bxa3"2xa4d — blxb2 2xb3*xa3*xBxE +
b2xb3*a2+xad*xBxE;

COND4:=b#*blxb2 " 2xb3xa3xad — bxblxb2xa2xa3 " 2xadxB — bxblxb2xa2*xad 2xadxE —
bxblxb2xa3"2xad — 2xbxb2xb3xa2xa3xad + bxa2 2xa3 2xadxB +
bxa2 2xa3 " 2xad+E + 2xbxa2xa3 " 2xad4d + blxb2"2xb3xa3xB +
bl*xb2"2xb3*a3*xE + b2"2xb3°2 — b2xb3*xa2+xa3*B — b2xb3xa2*xa3*xE —
b2xb3xa3;

//Factorization (Resultant (COND3,COND4,E));
//we have two subcases that we will analyze separately;

//1.A: blxb2xa3+«B 4+ b2xb3 — a2xa3xB — a3=0
// 1.B: bxb2xb3xad — bxa2xa3xad+«B — bxa3xad + b2xb3xB=0

N Ny,
//The subcase 1.A;

//Factorization (Resultant (COND3,blxb2+a3*B + b2xb3 — a2xa3«B — a3 ,B));
//bxb2xb3xad — bxa2xal3xad+«E — bxa3xad + b2xb3xE=0

pol2:=Numerator ( Evaluate (poll ,[X,Y,b,bl ,b2,b3,b4d,a,al,a2,a3,ad A,
—(b2xb3— a3)/(blxb2xa3— a2xa3),C,D,—(b*b2xb3xad— bxa3xad)/(— bxa2xa3xad+ b2xb3) ,F]));
SET:={};

for t in Coefficients (pol2,X) do

for 1 in Coefficients (t,Y) do

if 1 ne 0 then

SET:=SET join {Factorization(1)};

end if;

end for;

end for;

//SET;

//bxblxb2xa3*ad+xC — bxb3xb4d — bxa2xa3xad+xC — bxa2xa3xadxF
//+ 2xbxad —b2xb3xaxalxad + b2xb3xF=0

pol2:=Numerator ( Evaluate (pol2 ,[X,Y,b,bl,b2,b3,bd,a,al,a2,a3,ad ,A,B,
—(— bxa2xa3xad*F + 2xbxad —b2xb3xaxalxad + b2xb3xF— bxb3xbd )
/(bxblxb2xa3+xad— bxa2xa3xad) ,D,E,F]));

SET:={};

for t in Coefficients (pol2,X) do

for 1 in Coefficients (t,Y) do

if 1 ne O then

SET:=SET join {Factorization(1)};

end if;

end for;

end for;
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//SET;
//bxb3xb4d + bxa2xadxadxF — bxad — b2xb3x*F

pol2:=Numerator ( Evaluate (pol2 ,[X,Y,b,bl,b2,b3,bd,a,al,a2,a3,ad4,A,B,C,D,
E,—(bxb3xb4d— bxad)/(bxa2xa3xad— b2xb3)]));

SET:={};

for t in Coefficients (pol2,X) do

for 1 in Coefficients (t,Y) do

if 1 ne O then

SET:=SET join {Factorization(1)};

end if;

end for;

end for;

//SET;

// [

// <ad, 1>,

// <b3, 2>,

// <b2, 2>,

// <bxb4d — a, 1>,
// <bxbl — al, 1>
// ]

//a contradiction;

N YNy,
//The subcase 1.B;

//Factorization (Resultant (COND3,bxb2xb3xad — bxa2xa3xad*xB — bxa3xad + b2xb3xB,B));
//blxb2xa3*E + b2xb3 — a2xa3+E — a3

pol2:=Numerator ( Evaluate (poll ,[X,Y,b,bl ,b2,b3,b4d,a,al,a2,a3,ad A,
—(bxb2xb3xad— bxa3xad)/(— bxa2xa3xad+ b2xb3),C,D,—(b2xb3— a3)/(blxb2xa3— a2xa3) ,F]));
SET:={};

for t in Coefficients (pol2,X) do

for 1 in Coefficients (t,Y) do

if 1 ne 0 then

SET:=SET join {Factorization(1)};

end if;

end for;

end for;

//SET;

// Dbxblxb2xa3xad+«F — bxb3xb4d — bxa2xa3*xad+xC — bxa2xa3dxadxF
// + 2xbxa4d —b2xb3xaxalxad + b2xb3+xC=0

pol2:=Numerator (Evaluate (pol2 ,[X,Y,b,bl,b2,b3 b4 ,a,al,a2,a3,ad A B,
—(b*blxb2xa3*ad+«F — bxb3xbd— bxa2xadxad*F + 2xbxad —b2xb3xaxalxad )
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/(— bxa2xa3xad+ b2xb3) ,D,E,F]));

SET:={};

for t in Coefficients (pol2,X) do

for 1 in Coefficients (t,Y) do

if 1 ne O then

SET:=SET join {Factorization(1)};
end if;

end for;

end for;

//SET;

//We have two possibilities: either Newl or New2 is equal to zero, where

Newl:=blxb2xa3*ad*xF — b3xb4d — a2xa3d*ad«F + ad;
New2:=bx*bl*b2xad3*xF — bxa2xad3xF + b — b2xb3xaxal;

pol2:=Resultant (pol2 ,Newl ,F);
SET:={};

for t in Coefficients (pol2,X) do
for 1 in Coefficients (t,Y) do

if 1 ne O then

SET:=SET join {Factorization(1)};
end if;

end for;

end for;

//SET;

//a contradiction;

// [

// <ad, 1>,

// <a3, 2>,

// <axal*a2xa3xad — 1, 1>,
// <b3, 1>,

// <b3xb4d — ad, 1>,

// <b2, 2>,

// <blxb2 — a2, 2>,

// <bxbl*a3*ad — b3, 1>
// ]

pol2:=Resultant (pol2 ,New2,F);
SET:={};

for t in Coefficients (pol2,X) do
for 1 in Coefficients (t,Y) do

if 1 ne O then

SET:=SET join {Factorization(1)};
end if;

end for;

end for;
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//SET;
//same contradiction;

N N Yy ye
//ANALYSIS OF CASE 2: bxb3xb4xa2 — bxa2xa3xadxA — bxa2xad + b2xb3%xA=0;

Factorization (Numerator (Evaluate (COND1, [X,Y,b,bl,b2,b3,bd,a,al,a2,a3 a4,
—(b*b3xbdxa2— bxa2xad)/(— bxa2xa3xad+ b2xb3) ,B,C,D,E,F])));

//a3+«D + 1=0 is obtained;
//This means that the coefficients A and D are simply replaced in role

//with respect to the strategy proposed in CASE 1;
//The same contradiction is hence obtained by repeating the same steps;
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